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Abstract. Any involutive derivation D on a 3-Lie algebra A induces a local cocycle 3-Lie
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1. Introduction

The notion of an n-Lie algebra, which is closely related to the fields of mathematics
and physics, was introduced by Filippov in [10]. n-Lie algebras are the algebraic
structure underlying Nambu mechanics [1, 7, 8, 13, 22]. In particular, as a special
case of n-Lie algebras, 3-Lie algebras are extensively studied, because they play a
significant role in string theory and M-theory [2, 12, 15, 20]. For example, the basic
model of Bagger-Lambert-Gustavsson theory is based on the structure of metric 3-
Lie algebras, and the Jacobi equation of 3-Lie algebras is the foundation for defining
the N = 8 supersymmetry action.

Usually the bialgebra theory for an algebraic structure is very important. Associa-
tive bialgebras and Lie bialgebras are two of the most famous examples of bialgebras,
which have important applications in both mathematics and mathematical physics.
A Lie bialgebra is defined to be a vector space endowed with a Lie algebra structure
(A,[-,]]) and a Lie coalgebra structure (A, A) (where A: A — A%A is the comul-
tiplication) satisfying the compatibility condition which is proposed based on the
Hamiltonian dynamics and Poisson Lie groups [8, 16, 18, 19]. Lie bialgebras have a
rich structure theory since it contains the coboundary case, which gives the connec-
tion to the classical Yang-Baxter equation [14]. Note that there are three equivalent
compatibility conditions in the definition of a Lie bialgebra: requiring the comulti-
plication A to be a derivation; requiring the comultiplication A to be a 1-cocycle
and requiring (A @ A*, A, A*) to be a Manin triple.
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Due to the importance of the bialgebra theory for an algebraic structure, some
studies of the bialgebra structure for 3-Lie algebras are carried out recently. In
particular, the authors introduced the notion of a 3-Lie bialgebra in [4] by requiring
the comultiplication to be certain derivation; while in [3], the authors introduced
the notion of a local cocycle 3-Lie bialgebra and the notion of a double construction
3-Lie bialgebra, which enjoy the coboundary theory and the Manin triple theory
respectively. However, a solution of the classical 3-Lie Yang-Baxter equation can
not give rise to a Manin triple of 3-Lie algebras in general. This fact is totally
different from the case of Lie bialgebras, and it is still unknown why this happens.
Nevertheless, this shows that 3-Lie algebras enjoy their own properties that different
from Lie algebras.

The purpose of this paper is to find some special solutions of the classical 3-Lie Yang-
Baxter equation so that they also give rise to Manin triples of 3-Lie algebras. We
show that using an involutive derivation D on a 3-Lie algebra A, we can obtain a
skew-symmetric solution of the classical 3-Lie Yang-Baxter equation in the semidirect
3-Lie algebra A x,q« A*. Moreover, the corresponding local cocycle 3-Lie bialgebra
(AX,q+A*, A) induced by the involutive derivation D gives rise to a Manin triple of 3-
Lie algebras. Some examples of 12-dimensional and 16-dimensional Manin triples are
given using involutive derivations on 3-dimensional and 4-dimensional 3-Lie algebras.

The paper is organized as follows. In Section 2, we recall some elementary facts on
3-Lie algebras, and give precise formulas of the semi-direct product 3-Lie algebra
associated to the coadjoint representation. In Section 3, by means of involutive
derivations, we construct a class of local cocycle 3-Lie bialgebras (A x4+ A*, A). We
further give the precise formula of the 3-Lie algebra ((A® A*)*, A*). In Section 4, we
show that the local cocycle 3-Lie bialgebras (A X .4+ A*, A) induced by an involutive
derivation give rise to a Manin triple as well as a matched pair of 3-Lie algebras.
In Section 5, we construct 12-dimensional and 16-dimensional Manin triples using
involutive derivations on certain 3-dimensional and 4-dimensional 3-Lie algebras.

In the paper, we suppose that all algebras and vector spaces are over a field F of
characteristic zero, and for a subset S of a vector space V', we use (S) to denote
the subspace of V' spanned by S.

2. The semi-direct product 3-Lie algebra A x,q+ A*

A 3-Lie algebra is a vector space A with a multiplication (or 3-Lie bracket) of the
form [-,-,-]: A3 A — A satisfying for all z; € 4,1 <i<5:

(1, T2, (X3, 4, 5] = [[T1, T2, T3], Ta, 5] +[x3, [T1, o, 4], 5| (23, 24, [1, T2, x5]]. (1)
A derivation on a 3-Lie algebra A is a linear map D: A — A satisfying
Dlxy, x9, 3] = [Dx1,x9, 23] + |21, Do, 23] + (21, 22, D3], ¥V 21,279,723 € A. (2)
Thanks to (1), for all 21,25 € A, the map ad: A* A — gl(A) defined by
ady, 2, = [T1,22,2], V€A, (3)
satisfies

ady, 2, [T3, T4, 5] = [ady, 4T3, Ta, T5| + (T3, adyy 2, T4, T5] + (T3, T4, adyy 2o25]. (4)
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Therefore, ad,, ,, is a derivation on (A, [-,-,-]), which is called an inner derivation.
The notion of a representation of an m-algebra was introduced in ([17]). See also
([9, 11]) for more information. A representation (or an A-module) of a 3-Lie algebra
A is a pair (V;p), where V is a vector space, and p: A? A — gl(V) is a linear map
satisfying, for all x1,xo, 23, x4 € A,

[p(xlv 'TQ)a p(x?n 134)] = )0([371, L2, 563], LC4) + p(ﬂf;g, [‘rh L2, LC4]), (5)
P([Ila L2, l‘3]7 1'4) = p(l‘lv x?)p<m3a :L‘4) + ,0(172, x3)p('r17 m4) + P($3; xl)ﬂ(l‘% 'T4)~ (6)
It is straightforward to obtain

Lemma 2.1.  Let A be a 3-Lie algebra. Then (V;p) is a representation of A if
and only if there is a 3-Lie algebra structure (called the semi-direct product) on the
direct sum A @V of vector spaces, defined for x; € A, v; € V, 1 <1<3, by

[x1+v1, o+ 09, X3+ V3] gy = X1, T2, T3]+ p(21, T2)v3+ p(x3, 1) V2 + (X2, 3)V1, (7)

We denote this semi-direct product 3-Lie algebra by A x, V.

Let (V;p) be a representation of a 3-Lie algebra A. Define p*: A? A — gl(V*) by

(p* (1, 20),v) = —(a, p(x1,22)V), Va,20€ A aeV*, veV. (8)
Lemma 2.2.  Let (V;p) be a representation of a 3-Lie algebra (A,[-,-,"]).
Then (V*; p*) is a representation of the 3-Lie algebra (A, |-, -,-]), which is called the

dual representation.

Example 2.3.  Let (A, [, -,]) bea 3-Lie algebra. Then (A4;ad) is a representation
of A, which is called the adjoint representation of A. The dual representation
(A*;ad”) of the adjoint representation (A;ad) of a 3-Lie algebra A is called the
coadjoint representation. [ ]

Let (V; p) be a representation of a 3-Lie algebra (A, [-,-,-]). Denote by C% ., (A;V)
the space of n-cochains:

Ci (A V) = Hom(A’A®--- @ A’ANA V) (n>1).
(n-1)
The coboundary operator d: C% ;. (A; V) — Ci4L (A; V) is defined by

(@) Xr o X)) = 3 (1P f(Rr -, Ey - X,

1<j<k<n
[':C]" y]a xk’] A Yk + g, A [xja Yij, yk]r%k-‘rl? e a%na xn-‘rl)
+Z xla -%Ajf" a%m[%jaxrﬂrl])
+Z J+1 (fla 7%Aj7”' 7%naxn+1)

+ <_1)n+1(p(ynaxn+l)f(xla e 7%117173:71) + p(anrla xn)f(%la T >xn717yn))7

for all X; = x; Ay; € A2A,i=1,2,...,n, and z,,1 € A. It was proved in [6, 23]
that dod = 0.
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Definition 2.4. Let A be a 3-Lie algebra and (V;p) be a representation of A.
A linear map f: A — V is called a 1-cocycle on A associated to (V;p) if it satisfies

f([z1, 22, x3]) = p(a1, x2) f(23) + p(2, 23) f(21) + p(as, 1) f(22) (9)
for all x1,T9, T3 cA. [ |

For convenience the semi-direct product 3-Lie algebra A x,q+ A* associated with
(A*;ad™) is denoted by By = (A Xaq A [,+,-]B,). More precisely, for all z; € A,
xfe A, 1 <i <3,

3 +ad;

x3, xl

vy +adt .zt (10)

* * *
[T1 + 2], 22 + x5, 23 + 3| g, = [T1, T2, x3] + ad], vz Tl

X1, 172

Let A be a 3-Lie algebra with a basis {e1,--- ,e,}, {€}, - ,es} be the dual basis
of A, that is, {ej,---,e:} is a basis of the dual space A* satisfying

<6”6;>:5U:{ ’ 7’ j.) _7i7]‘_n7 (11)

It is clear that the entire multiplication table of A can be recovered from the structure
constants T'%, which occur in the expressions

[€q, €p, €c] Zfabcek, . e€F, 1<a,bck<n. (12)

We have the following result.

Theorem 2.5.  Let (A,[,-,]) be a 3-Lie algebra with the basis {e1,--- ,e,}, the
multiplication of A be given by (12). Then the multiplication table of the semi-direct
product 3-Lie algebra By = (A Xaq+ A% [-,+,]B,) is given by

leas €, €, = Zf‘fjbcek, V1<ab,c<n, (13)
k=1

leq, ep,€ilp, = — ZFabkek, V1<a,bc<n, (14)

lea, €5, €8], = [ea,eb,ec]Bl =0, V1<a,bc<n. (15)

Proof. By (10) and (12), the (13) and (15) is obvious.
For any e,, ey, e; € A, e} € A*, assume

[€q, €, €x] B, = ad Z MNeer, A e F, 1<a,bck<n.

eebc

By (8), we have
<[6a7 €p, €, Bl7 et Z )\abcelw et - abc? )\];bc € F7

* - * 2 : c
<[€a7 €b, ec]BN et> - <ec7 adea ebet - c’ Fabtek abt’ Fabt € F.
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Therefore, for 1 < a,b,c,t <n, A\, = —T¢,. Thus, we have

abc —

n n
* ko c *
[€q, €, €x]B, = g Aocr = — E Ieer, ¥V 1<abect<n.
k=1 k=1

The proof is finished. [ |

3. The local cocycle 3-Lie bialgebras induced by involutive derivations

In this section, we construct a local cocycle 3-Lie bialgebra structure on the semi-
direct product 3-Lie algebra A X4+ A* by an involutive derivation on a 3-Lie algebra
A, and obtain a class of 3-Lie algebra structure on the dual space (A & A*)*. First
let us recall some definitions.

Let A be a 3-Lie algebra, A* be the dual space of A, and A: A— ANAANA bea
linear map. The dual map A* of A is a linear map A*: A* A A* A A* — A* defined
by

(A*(a, B,7),z) = (a AB A7y, Ax)), YVa,p,yve A, zeA. (16)

Definition 3.1 ([3]). A local cocycle 3-Lie bialgebra is a pair (A, A), where A
is a 3-Lie algebra and
A=A +A+A3: A ANANA

is a linear map, and the following conditions are satisfied:

o (A*, A*) is a 3-Lie algebra;

o A is a l-cocycle associated to the representation (A® A® A,ad®1® 1);

o A, is a l-cocycle associated to the representation (A® A® A, 1®ad ® 1);

o Aj is a l-cocycle associated to the representation (A® A® A, 1®1® ad).

Let (A,[,-,+]) be a 3-Lie algebra. For any r =) .2, ®y, € A® A, define

[[r,r,7]] = Z ([zi, 25, 1) @ Yi @ Y5 @ Y + 25 @ [yi, T4, 1] @ Y; © Y
gk

+ 2 ® T ® [Yi, Yjs Tk @ Y + T @ 15 @ 11 ® [yi, Yz, yk]). (17)
The equation [[r,r,r]] =0 (18)
is called the 3-Lie classical Yang-Baxter equation[3].
Forany r=5) . 2,0y, € A® A and = € A, set

Ay(x) = Zi’j[x7xi7xj] ® Y; O Yi;

Do) =37, iy ® [z, 34, 75] ® yy; (19)

As(@) =329 @y @ [, 25, 25,

In the Lie bialgebra theory, a skew-symmetric solution of the classical Yang-Baxter
equation gives a Lie bialgebra. Similarly, we have



244 Hou, BAl, AND SHENG

Lemma 3.2. [3] Let A be a 3-Lie algebra and r € A® A skew-symmetric. If
[[Tu Ty T]] =0, (20)

then A* defines a 3-Lie algebra structure on A*, where A = Ay + Ay 4+ Az: A —
AR A® A, in which Ay, Ay, As are induced by r as in (19). Furthermore, (A, A)
1s a local cocycle 3-Lie bialgebra.

Definition 3.3. [3] Let (A,[-,]) be a 3-Lie algebra, and (V;p) be a represen-
tation of A. A linear operator T: V — A is called an O-operator associated to
(V5 p) if T satistfies

[Tu, Tv, Tw| =T (p(Tu, Tv)w + p(Tv, Tw)u + p(Tw, Tu)v), Y u,v,weV. (21)
Lemma 3.4. [3] Let T: V — A be a linear map and T € V*® A the corresponding
tensor. Then T is an O-operator if and only if

r= T — O'lgT (22)

is a skew-symmetric solution of the 3-Lie classical Yang-Baxter equation in the semi-
direct product 3-Lie algebra A X ,- V*, where 012 is the exchanging operator.

For a 3-Lie algebra A, if a derivation D on A satisfies D? = Id, then D is called
an involutive derivation on A ([5]).

By (2), for all z,y,z € A, the involutive derivation satisfies
[Dz, Dy, Dz] = D([Dx, Dy, 2] + [Dy, Dz, z] 4 [Dz, Dz, y]), (23)

which implies that the involutive derivation D on A is an O-operator associated to
the adjoint representation (A;ad).

Lemma 3.5. [5] Let A be a 3-Lie algebra. Then there is an involutive derivation
D on A if and only if A has a decomposition as vector spaces

A = A ®A,, (24)

where Ay and A_q are abelian subalgebras of A, such that

[A1, A1, A C Ay, [AL AL AL C AL

Remark 3.6. In fact, such an involutive derivation D is a special product struc-
ture on this 3-Lie algebra. See [21] for more details about product structures on
3-Lie algebras. [ ]
Let (A,[,-]) be a 3-Lie algebra, D be an involutive derivation on A. Let
{e1, -+ ,en} be the basis of A such that ey, e, € Ay, and €541, €, € Ay,
Define the tensor D € A* ® A by

D(z,¢) = (¢, Dx), VaweAfleA (25)
More precisely D= Z e; @ De; € A" ® A. (26)

i=1
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By Lemma 3.4, we have

r:ﬁ—algﬁzz:ef@Dei—ZDei@efEA*@A (27)
i=1 i=1
is a skew-symmetric solution of 3-Lie classical Yang-Baxter equation in the semi-
direct product 3-Lie algebra By = (A Xaq+ A%, [, ]B,)-

Proposition 3.7. With the above notations, (By,A) is a local cocycle 3-Lie
bialgebra, where By is the semidirect product 3-Lie algebra A X,q+ A* given in

Theorem 2.5, A is given by (19), for r given by (27). More precisely, for all
X € By, we have

A (X):A( ) + Ao (X) + Az(X),

ZZ e, —€ ®e ®€Z+Z Z (X, e 1,6] ®e ® e;

i=1 j=1 i=1 j=s+1
+ Z Z[X7€Z7_€j] Z Z ’ 1763 ®6 ®(—61)
i=s5+1 j*l i=5+1 j=s5+1
+ZZ —ei el @e; @€ +ZZ —ei, 5] ® (—€;) @ €]
i=1 j=1 =1 j=s+1
+ Y Y Xeeloegee+ > > [Xee]@(—e) e
i=s+1 j=1 i=s+1 j=s+1
+ZZ[X’€i’ej] ®e}f®e§‘—|—z Z (X, e, —ejl ®ef ®ef
=1 j—l i=1 j—s+1
+ZZ —ei, €] ® €] ®6+Z ZXe,,e]]@)e ® €],
i=s+1 j=1 i=s+1 j=s+1
A2<X) 2013012A1(X)7
Ag(X) = O'120'13A1(X). (28)

Proof. By (19) and (27), we can obtain

n

A(X) =D [X, e}, —Dej]®@¢€; @ De; + Y _[X,—De;, ;] ® De; @ ¢;

,j=1 i,j=1
+ Z (X, De;, Dej] @ €] @ e (29)
ij=1
By Lemma 3.5, (29) is equivalent to (28). Hence the conclusion holds. n

Corollary 3.8. According to Lemma 3.4, ((A Xaq- A*)*, A%) = (A® A*)*,A%) is a
3-Lie algebra which is induced by an involutive derivation D on a 3-Lie algebra A.

For convenience, we denote it by By = ((A & A*)*, A*), where
A (A AV NADA ) N(AB A" — (A AY)"
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is the dual map of A = A;+Ay+Aj defined by (16), and A; is given by Proposition
3.7.

Remark 3.9. Since A® A* = (A& A*)*, so the underlying vector spaces of the
3-Lie algebra B; and B, are the same. This fact will be frequently used in the
sequel.

Theorem 3.10.  Let A be a 3-Lie algebra with an involutive derivation D. Then
the involutive derivation D induces a 3-Lie algebra By, where the 3-Lie bracket

[, B, is given by
(X,Y, Z]p, = A" (X,Y,Z)=—[X,Y, Z]p,, VX,Y,Z¢€ By=By. (30)
Proof. Let A be a 3-Lie algebra with an involutive derivation D. Suppose that
I, = {e1, - ,e5,€541, - ,€n, €7, 7€:,€:+1,“' sen) (31)
is a basis of By = (A X+ A* [-,,"]B,), and

HQZ{ela"' N 770 755 PERE 7enae>{7"' aeza s—i—l?“'? n} (32)

is a basis of By = ((A® A*)*, A*), where e¢; € A,ef € A* for 1 <i <n and e, € Ay,
e €A, 1<k<s,s+1<Il<n, satisfying

<€i7 Qj;> = <€:, €j> = <€i,€;> = (51']'7 <€i7 €j> = <€;<, €j> = 0, 1 S ’l,j S n. (33)
Thanks to Theorem 2.5, (29) and (28), for all 1 <t <n, we have
S n S S n n S n S n

S P IED IR 35 3 3D 3 3D D ol
i,j=1k=s+1 ijk=1 ik=1j=s+1 ik=s+1j=1 ij=s+1 k=1 i jk=s+1

ijk(e}i®ej®ei+ei®62®e;+ej®ei®e",;)

(Er sy Ty -yyey sy
ij=1k=s+1 ijk=1 i jk=s+1 i=s+ljk=1 ij=s+l k=1 i jk=s+1

Di(e;®e@ej+e;®ef Qe+ et ®e; ®e;)

(r-rr-ry-yy-ysey
igk=1  ik=1j=s+1 i jk=s+1 i=s+1jk=1 ik=s+lj=1  ijk=s+1

Ffz]( :®6;®ek+ek®6;®€z+€j®€k®€;),

s n s s n n s s
*
Ae;) = DIDIDIEDIDHS
i=1 j=s+1 k=1 i=1 j=s+1 k=s+1 i=s+1 j=1 k=1
s n s s s n n n s
2 P IDIEDIDIDD
i=1 j=s+1 k=1 i=1 j=1 k=s+1 i=s+1j=s+1 k=1

Tier®el@el +e@ep @€ +¢; Qe Qef).
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First, we suppose

ea, eb, ec Z Aabcek + Zﬂabcek, 2567 /Jsbc G F, 1 S a, b, C S n. (34)

Thanks to (33), for 1 < a,b,c,t <n,

<A (eav €p, € = < Z Aabcek + Z :uabcekv 6t> = :ufzbc?
<A (eaa €y, € 6z‘, = < Z )‘abcek + Z Nabcek7 et> - Aabc'

We can now give the proof for the 3-Lie structure [-, -] B,-
Case 1: if 1 <a,b,c <s,1 <t <mn, by the expression of A(e;) and A(e}), then

(A% (eq, ep,0),6) = (6 ® ¢y R e, Aley)) =0,

<A*(ea7 p, ec)? e;ik> = <€a ® € ® €c; A<€:)> = O
Therefore, Ay, = pily, = 0, by (34), A*(eq, e, ¢.) = 0.

Case 2: if 1<a,b<s<c<n,1<t<n, then
(A%(eq, eps0c), €)= (ea @ ey @ ec, Aley)) =0,

<A*(eaaebuec>76:> = <ea®eb®ecuA<€:ﬁk)> = {_

Therefore, put, =0, A, = —T%, . Thus we have A*(eq,ep,¢.) = — > I'F, es.

ab

Case 3: if 1<a<s<bc<n,1<t<n, then

(A% (earen ee)yer) = (ea @ ey @ e, Aler)) =0,

0 1<t <s
A(eq, e, ¢0),67) = (ea®@ep@ec, Alef)) =13 )
(A*( b €c), €r) ( b (€7)) _FZbc: s+1<t<n
We get Mgbc = 07 )\Zbc = _ngm and A*(eaa €, eC) = - Z FIgbcek'
k=s+1

Thus the multiplication table of A*(e,, ¢, ¢.) is given by

= e Danetrs 1<a,b<s<c<n,
n
=50 Tk e 1<a<s<bec<n
A*(eq, ep,8.) = > hes+1 Labelh: <a< e <,
0, 1<abc<s or

s+1<a,b,c<n.

Similarly, we suppose

A*(eq, ep,05) Z AFeer + Zﬂabc% MNoorttF. € F, 1< a,bc<n.
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Thanks to (33), for all 1 < a,b,c,t <n,
<A*(€a, b, e:)v et> = <e¢l ® ep © e:)v A(et» - :uibc?

(A*(ea’%’ei)»@D = <ea®eb®ez)>A( )) )\abc

Case 1”: if 1 <a,b,c<s,1<t<n, by the expression of A(e;) and A(e}), then
we have

0, 1<t<s,
<A (ea7 eb7 ec) €t> — <ea ® eb ® QZ,A(et» = { - - §

re,., s+1<t<m
(A%(eq, ep,00),6f) = (ea ® e @ ep, Aley)) = 0.
Hence, Xy, =0, pub,. =T¢,, A*(eq, e ¢) = Z LCper-

k=s+1
Case 2: if 1<a,c<s<b<n,1<t<n, then

Ie 1<t<s
A(eq,ep,et),e) = (e, ®@e®@es, Ale)) =< ’
(B ec)a) = (@ ®e, Ae) {0, s+1<t<n
(A*(eq, ep,00),61) = (ea®@e®¢5,Ale))) =0.
Therefore, Ay, =0, fige = gy, A%(eq, ep,¢7) = Zrabkek
Case 3’: if1§a§s<b,c§n,1§t§n,then
0 1<t<s
A*(eq,ep,00),6) = (e, @ep@es, Aley)) =< - =
(A (e enel)e) = (ea®e®elAler)) {% let<n

<A (eaa €b, ec) €t> = <ea ® €h ® ez7 A(e:)> = 0.

Therefore, Ny, =0, pb, =T¢,, A*(eq,ep,¢l) = Z ¢, 5. Thus the multiplica-
k=s+1
tion table of A*(e,,ep, ¢}) is given by

Yoresri Domers 1<abc<s or 1<a<s<bc<n
A(eq e,er) = > 5 I er, s+1<a,b,c<nor 1<a,c<s<b<n,
0, 1<a,b<s<c<norl<c<s<ab<n.
By a similar argumentation we can get
A*(eq, 05, 00) = A™(el, ep,¢x) =0, 1<a,bc<n.

Hence, from the multiplication table of the 3-Lie algebra (B, |-, -, ]p,) in the basis
{er, - - e 6o, oo e, 0], oo eh, e, - -+, ¢} we conclude that it is given by (30). =

4. Manin triples of 3-Lie algebras induced by involutive derivations

In this section, first we recall the notion of Manin triples of 3-Lie algebras and its
related matched pairs. Next, we use the 3-Lie algebras discussed in the previous two
sections to construct Manin triples and matched pairs of 3-Lie algebras.
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Proposition 4.1.  Let (A, [-,-,-]) and (A',[,-,-]") be 3-Lie algebras. Suppose that
there are skew-symmetric linear maps p: ANA — Der(A’) and x: A’ANA" — Der(A)
such that (A';p) and (A;x) are representations of A and A’ respectively, and the
following conditions are satisfied

adwl,wQX(ala CL2)$3
= x(a1, az)ady, ,v3 + x(p(x1, 22)aq, az)xs + x (a1, p(x1, T2)az)ws; (35)

ady,, ,,p(r1,22)as

= p(z1, I2>ad;1,aga3 + p(x(ay, ag)w1, x2)as + p(x1, x(a1, az)ws)as; (36)
adﬂfl,mX(ala (Zz)ilfg
= x(p(1, 72)a1, az)ws — x(a, p(x3, T1)az)ws — x(a1, p(22, ¥3)az)zr;  (37)
ady, o,0(71, 22)as
= p(x(a1, a2)x1, x2)as — p(z1, x(as, a1)x2)az — p(x1, X (a2, as)x2)ax, (38)
then (A@® A’ [-,-,-]apar) is a 3-Lie algebra, where [-,-,-|aga is given by
(21 + a1, 23 + az, 13 + azlagar
= [z1, w2, m3] + p(a1, T2)az + p(w3, T1)az + p(w2, ¥3)an
+ a1, az, a3]" + x(a1, az)zs + x (a3, a1)zs + x (a2, as)z1.
Definition 4.2. [3] Let (A4,[-,-,-]) and (4, [-,-,-]') be 3-Lie algebras.
Suppose that there are skew-symmetric linear maps p: A A A — Der(A’) and

x: AP NA — Der(A), and p, x satisfy (35)—(38). Then the 4-tuple (A, A, p,x)
is called a matched pair of 3-Lie algebras. [ |

Definition 4.3. Let A be a 3-Lie algebra. A non-degenerate symmetric bilinear
form S(-,-): A® A — F on A is called invariant if it satisfies

S([ﬂfl,ﬂ?g,l’g},lﬁ)+S([l’1,l’2,$4],l‘3) :()7 Vxl,x2,$3,:£4 GA (39)

The pair (A, S(+,)) is called a metric 3-Lie algebra. u

If there are two subalgebras A; and Ay of (A, S(+,-)) such that A = A; & A, as the
direct sum of vector spaces, S(A1, A1) =0, S(Az, Ay) =0, [A1, A1, Ao € Ay and
[Ay, Ag, A1) C Ay, then the 5-tuple

(A, [+, S(, ), A1, Ag)  (or 4-tuple (A, S(-,-), A1, As))

is called a Manin triple of 3-Lie algebras ([3]).

Let (A, S(-,-), A1, As) be a Manin triple, and (A’, S'(-,-)) be a metric 3-Lie algebra.
If there is a 3-Lie algebra isomorphism f: A — A’ satisfying

S(xz,y) = 5" (f(2), f(y), Vz,y €A,

then (A’,S'(-,-), f(A1), f(As)) is also a Manin triple. And in this case we say
that (A, S(,), A1, As) is isomorphic to (A’,S'(+,-), A}, Ay), where f(A;) = A,
f(A2) = A5
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Let (A, [,-,-]) and (A% [, ]«) be 3-Lie algebras, where A* is the dual space of A.
There is a natural non-degenerate symmetric bilinear form S(-,-) on A & A* given
by

S+&y+n) =(z,n+(y), YrycAl {neA (40)
Define a multiplication [, -, Jaga<: A3 (A® A*) — A® A* for x; € A, y; € A*,
1<i<3, by

(21 + Y1, T2 + Yo, T3 + Ys] 4w
- [1’17 X2, [L’3] + ad;thy?, + ad;3,m1y2 + ad:2,13y1
+ a0y, T3+ ad; o+ ad,, w1+ (Y1, Y2, Ys)s, (41)

where (A*;ad™) and (A;ad*) are the coadjoint representations of the 3-Lie algebras
(A, [-,+,+]), and (A* [, ]«) respectively. Then by (40) and (41), for all z; € A,
y; € A*, 1 < i <4, we have
S([z1 +y1, T2 + Yo, T3 + Yslawar, T4 + ya) + S(w3 + Y3, [T1 + Y1, T2 + Yo, Ta + Ya]awa-)

= ([z1, T2, 23] + abzhyzxg + “ng,yl

Ty + ady, . T1,Ya)
+ <ad;17$2y3 + adZS,wlyz + ad;27z3y1 + [Y1, Y2, Y3]«, 4)

* *
T4+ a0, , To+ a0y27y4x1>

+ <y3, [CCl,IQ, 56'4] + ab*

Y1,y2

+ (w3, ady, ,,ya +ady, . v2 +ady, , y1 + [Y1, Y2, Yals)

= ([z1, 2, 73}, y4) — (@3, [Y1, Y2, Yal+) — (T2, (Y3, Y1, Yal«) — (21, [y2, Y3, yals)

+ (@4 [y1, 92, ysl) — (@1, w2, 4], y3) — ([23, 1, 2], y2) — ([w2, 23, 24], 1)

+ (21, w2, wa], y3) — (4, (Y1, yo, Ysle) — (@2, [Yas v1, Ysls) — (21, [Yo, Ya, ysls)

+ (s, [y1, y2, yals) — ([w1, @2, @3], ya) — ([24, 21, 3], 92) — ([w2, 24, 23], 1) = 0,
which implies that S(-,-) is invariant and A, A* are isotropic.
Therefore, if (A® A*,[-,-,-]apa+) is a 3-Lie algebra, then (A® A* [, -, |agas, S(+,*))
is a metric 3-Lie algebra with isotropic subalgebras A and A*, and

(A® A, -, Jagas, S(-,), A, A7)

is a Manin triple, called the standard Manin triple of 3-Lie algebras.

By Definition 4.1 and (41), there exists a close relationship between Manin triples
and matched pairs of 3-Lie algebras.

Proposition 4.4.  Let (A,[-,-,-]) and (A*, [, -,]«) be 3-Lie algebras. Then the
S-tuple (A A*, [+, Jaga, S(+, ), A, A*) is a standard Manin triple if and only if
(A, A* ad™, ad*) is a matched pair.

Consider the semi-direct product 3-Lie algebra By = (A Xaq+ A" [+, -, |,) given in
Theorem 2.5, and the 3-Lie algebra By = ((A & A*)*, [, ]B,) given in Theorem
3.10. We have the following conclusions.

Theorem 4.5.  Let A be a 3-Lie algebra with an involutive derivation D. Then
(B1 @ Bs, [, |BioBy, S(,+), B1, Ba) is a Manin triple of 3-Lie algebras, where for
all Xo, Xp, Xe € By, O,, Oy, ©. € By, the multiplication |-, -, |p,ep, s defined by
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[Xa + 6a> Xy + @ba X+ 60]316932
- [Xaa Xb’ Xc]Bl + ad*Bl (Xa’ Xb)@c + ad}}l (Xln Xc)@a + ad};l (Xm Xa,)@b
+ ad*Bz(@av @b)Xc + ad*BQ (@ba @c)Xa + ad*Bz (@m @a)Xb + [@aa ®b7 60]B27

and E(Xa -+ @a, Xb + @b) = S(Xa, @b) -+ S(Xb, @a)-
To prove Theorem 4.5, we give the following lemmas.

Lemma 4.6.  Let adp : Bi A Bi — gl(By) be the coadjoint representation of the
3-Lie algebra (By, [, ]B,) on Ba, i.e.

<ad*Bl(Xa7Xb)@C7XC> = _<@Cv [Xa7Xb7Xc]B1>7 VXCHbeXme Bh@c S BQ- (42)
Then we have adp, (Xq, X3)0, = [ X4, X, Oc]p, . (43)

Proof. Supposethat I} = {e1, -+ ,en, €, - el } and Iy = {eg, -+ ,ep, 05, - el }
are basis of By and B respectively. First, we set

dp, (eq, ep)er = E Aabtek_{_ E Vabt% abt? abt € F.

By (33), for all 1 < a,b,c,t <n, we have

(adp, (eq €p)er, € < E /\abte/f + E Vabtek’ @c> = Vgt
* * k k x % c
<adBl (6(17 eb)et7 €c> = < E :Aabtek + E Vot Cko ec> = )\abt'

Case 1: if 1 <a,b<s,1<t<n,foral 1 <ec<mn,by (13)-(14), (33) and (42),
then we obtain
<a‘d*Bl (eaa eb)et7€c> - _<et7 [eau eb7€c]31> - O) 1 S a7b S S) 1 S t S n?
0, 1<a,b<s, 1<t<s,
ey, 1<a,b<s, s+1<t<mn,

<ad*Bl(6aaeb)etaez> = _<et7 [eaaebaez]31> = {

Hence, v5,, = 0,5, =1¢,, forall 1 <a,b<s,1 <t <n. Thus we have

0, 1<a,bt<s,

adp, (eq,€p)er = ¢ 3
e S Ther, 1<ab<s<t<n.

Case 2: if s+1<a,b<n, 1<t<n,forall 1 <c<n, then we have

(adp, (€q,en)er, ) = —(es, [€arepeelp) =0, s+1<a,b<n1<t<n
ey, 1<t<s+1<a,b<n,
s+1<a,bt<n.

<ad*B1 (eCL’ eb)et7 6:) = _<et7 [em eb?
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Hence v$, = 0,X5, =1¢,, forall s+1<a,b<n, 1<t <n. Therefore,

07 8+1§a7b7t§n7
) IkEer, 1<t<s<ab<n.

adp, (€q,ep)e; = {

Case 3):if 1<a<s<b<n, 1<t<n,forall 1 <c<n, then we have

<adE1 (eay 6(,)2,5, ec> - _<et7 [em €b, ec]Bl> = 07 1<t < n,

. . N ¢y, 1<t<s,
<a‘dBl (eaa eb)eh €c> - _<et7 [em €p, ec]Bl> - { bt

Hence v$, = 0,X,, =1, forall 1 <a <s<b<n, 1<t <n. Therefore,

> ke Daneers s+1<a,t<s<b<n,
D kst Ihep, 1<a<s<bt<n.

adp, (eq,ep)er = {

Thus we obtain the multiplication table of adp (eq,es)e; in the basis II; U1 :

(ZZ:lrsbteka 1<a,b<s<t<n or
1<a,t<s<b<mn

D kst ke, 1<t<s<ab<n or
1<a<s<bt<n;

0, 1<a,bt<s or
s+1<a,bt<n.

adp, (€q,€p)er =

\

By the similar discussion, the multiplication of adj (e, ey)e; and adj (e;,ep)e, are

given by

— > s D, 1<a,0,t<s or
1<a<s<bt<n;

> Iher,  s+1<a,bt<n or
1<a,t<s<b<n;

0, 1<a,b<s<t<n or
1<t<s<ab<n;

adp, (eq, €p)e; = <

\

(S Theer, 1<abt<s, 1<t<s<ab< nor
1<b<s<a,t<n,

Y oro Dder, s+1<a,bt<n, 1<ab<s<t<nor
1<a,t<s<b<n,

0, 1<a<s<bt<n or
1<bht<s<a<n.

adp, (€, ep)er =

\

From the multiplication table of ad} , we can get that it is given by (43).
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Lemma 4.7.  Let adp,: By A By — gl(B1) be the coadjoint representation of the
3-Lie algebra (Bs, [, -, |B,) on By, i.e.

(ad}, (B4, O1) Xc, O.) = —(Xc, [Oa, 4, Oc]B,), V X. € B1,0,,0,,0. € By. (44)
Then we have adp, (O, 0p) Xc = [04, 04, XcB,. (45)

Proof. It follows from a proof similar for Lemma 4.6. The multiplication table of
adp, in the basis II; UIl; is given by

(_ZZ:IF];btek’ 1§a7b§8<t§n or
1<a,t<s<b<n,

adp, (e, ep)er = ¢ — > Thier, 1<t<s<ab<n or
1<a<s<bt<n
0, 1<a,bt<s or s+1<a,bt<mn;

\

)
Y iesit Lonet, 1 <a,0,t<s or
1<a<s<bt<n

adp, (e, e)e; = 4> 7 Ther, s+1<abt<n or
1<a,t<s<b<n,
0, 1<a,b<s<t<n or 1<t<s<a,b<mn;

\

(S i Theer, 1<abt<s 1<t<s<ab<n or
1<b<s<a,t<n,
adp, (e, ep)e; = ¢ —> 7 Ther,  s+1<abt<n or
1<a,b<s<t<n,
0, 1<a<s<bt<n or 1<bht<s<a<n.

\

From the multiplication table of ad}, , we can get that it is given by (45). Hence the
conclusion holds. [

Next we can give the proof of Theorem 4.5.

Proof of Theorem 4.5. Combining Theorem 3.10, Lemma 4.6 and Lemma 4.7, for
all X,, Xy, X. € By, ©,,0;,0. € By, we have

[Xa + @aa Xb + ®b> Xc + @c]BléeBg = [Xaa Xba XC]B1 + [@aa @ba @c]Bg
+ [Xa: Xb, Oc] B, + O, Op, Xcl5, + c.p.(a, b, ¢).

Then it is straightforward to deduce that (B1®Ba, [, -, |5,eB,) is a 3-Lie algebra, and
(B1® Ba, [,y *|ByoB,, S(+, ), Bi, B2) is a standard Manin triple of 3-Lie algebras. m
Corollary 4.8.  Let (By, [, |s,) and (Ba, [+, |B,) be 3-Lie algebras which are

given by Theorem 2.5 and Theorem 3.10. Then (By, By,adp ,adp,) is a matched
pair of 3-Lie algebras.

Proof. By Proposition 4.4 and Theorem 4.5, the conclusion holds. |
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5. Examples

In this section, we end the paper by using involutive derivations on 3-dimensional
and 4-dimensional 3-Lie algebras to construct some examples of Manin triples of
3-Lie algebras. For convenience, we denote the 3-Lie algebra defined in Theorem 4.5
by B, thatis B = (B @ Bo, [, -, "|B,eB,)- As a first example, we have

Example 5.1. Let A be a 3-dimensional 3-Lie algebra given with respect to a
basis {e1, ea,e3} by e, ea,e3] = €.

Then the linear map D: A — A defined by De; = e;, Des = e5 and Des = —eg is
an involutive derivation on A. 1t is obvious that A; = (ej,e5) and A_; = (e3).

By Theorem 4.5, (B = By @ B, [,,"]5,S(+,*), By, B2) is a 12-dimensional Manin
triple of 3-Lie algebras in the basis {ei,eq, e3,¢€7, €5, €5, ¢1,e9, e3,¢], ¢35, ¢35}, where
By = (e1,e9,e3,€5, €5, eb), By = (e1,¢9,¢3,¢],¢5,¢5). By Theorem 4.5, Lemma 4.6

and Lemma 4.7, the 3-Lie bracket [-,-,-|p of the Manin triple of 3-Lie algebras is
given by:
le1,ea,e3]p = €1, lea,e0,€]|p =¢€5, [e1,es,€]]p =e5, [es, e, €]|p =e],
[e1,e3,¢ea]p =¢1, [e1,e0,¢]]p =¢3, [es,e1,¢]|p =c¢3, [eo,e3,¢]|p = ¢],
[61, €2, 83]3 = ¢, [62763, el]B = ¢, [63761, eQ]B = ¢1, [62,61, eﬂB = 327
[62, 91763]3 = €1, [23, 92761]3 = €1, [21, 93762]3 = €1, [91, e27€ﬂB = 9;;
[637 €2, eﬂB = QT, [617637 eﬂB = 637 [617627 e1]3 = e;;? [GL 61763]3 = 237
[eo,e3,€7|p = €], [es,e1,el]lp =e5, [e],e1,e2]p =¢€3, [e],e5,€1]p = €3,
el e2,e1]p =3, [e1, €1, e3]p = ¢3, [e],¢3,e0]p =], [e], €3, 2] = ¢f,
[e],e1,e2]p = €5, [e],es,e1]p =e5, [e],ea,e3]p =¢€], [e],e2,e3]p =¢€].

Example 5.2. Let A be the 4-dimensional 3-Lie algebra given with respect to a
basis {ej, €q,€3,e4} by [ea, e3,€4] = €.

Then the linear map D: A — A defined by De; =e¢; for i =1,2,3 and Dey = —ey
is an involutive derivation on A, and satisfies e, eq,e3 € A7 and e, € A_;.

By Theorem 4.5, (B = By @ B, [,","]5,S(+,*), B1, B2) is a 16-dimensional Manin
triple of 3-Lie algebras in the basis

* %k _* * ok k%
{61762763764761762763764721,62723764721762723764}7

where By = (ey,eq,€3,¢64,€],€5, €5, €1y, Ba = (eq,¢e9,¢3,¢4,¢],¢5,¢5,¢5). Then the
3-Lie bracket [-,-,-|p of the Manin triple is given by:

* * * * * *
[62763764 = €1, [63762761 = €y, [62764761 = €3, [64763761 = €y,
* *
[62,63,24 = €1, [63,64,32 = €1, [64762763 = ¢, [63,62,81 = &y,
* * * * * * * *
[64,63,21 = €9, [62764781 - 637 [61)64763 = €9, [61763762 = €y,
[ * _ [ * * * *
1 1

= €1,

= é1,

*

|5

|5

|5
€], e9, eq4]p = €3,

|5

|5

|5

]B = €3,

|B |5
|5 |5
|5 1
el eq,e3lp =¢5, [e],ea,e4lp =205, e
|5 |5
|5 |5
|5 |5
|5 |5

[ [
[ [e2

= €9, [8476276{ = €3, [81763764
[ [e]
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Example 5.3. Let A be the 4-dimensional 3-Lie algebra given with respect to a
basis {617 €2, €3, 64} by [617 €3, 64] = €9, [627 €3, 64] = €1.

Then the linear map D: A — A defined by De; =e¢; for 1 <i <3 and Dey = —ey
is an involutive derivation of A. It is obvious that A; = (eq,eq,e3) and A_; = (ey).

By Theorem 4.5, (B = By ® B, [, -, "]5,S(+,*), B1, B2) is a 16-dimensional Manin
triple of 3-Lie algebras in the basis

* % % % ® % k%
{61,62,63,64,61,62,63,64,21,22,83,34,31,62,33,64},

where By = (eq, €9, €3, €4, €}, €5, €5, €5), By = (eq, 9, e3, ¢4, ¢, ¢5, ¢%, ¢f). The multipli-

cation [, -, -]p of the Manin triple of 3-Lie algebras is given by:
lea,e3,e4]p = €1, [e1,e3,e4]p =€z, [es,e3,€5lp =¢€], [e1,eq,65p = €3,
les,e1,e5lp = €5, les,ea ellp =€y, les,es,ellp=¢€5,  [ea,eq,€]|p = €5,
[617637 24]3 €2, [63, €4, 91]3 = €9, [64761, 23]3 = €2, [62, €3, 94]3 = €1,
(€3, €4, e2]p = e1, e4, €2, e3]p = e1, €3, €4, ¢5]p = ¢, 1, €4, ¢5]p = €3,
[637 €1, QS]B = QZ, [63’ €2; eﬂB = ezv [647 €3, QT]B = e; [62’ €4, eT]B = e;n
[23763761]3 = 91, [63761’24]3 = e;;v [25764763]3 = QT, [63763’21]3 = ezklv
[2;,61,64]3 = 2;, [63,64,83]3 = QT, [2;,63,62]3 QZ, [e>1k7627e4]3 = e:;n
[QT, €3, 92]3 = QZ, [q’ €4, 63]3 = e;, [qv €2, 64]3 = e}j, [q’ €4, 63]3 = e;
les €0, eqlp =1,  [es e, eqlp =€,  [es,eq,¢5)p =¢],  [es, 01, ¢5)p = €3,
[el7e3>e;]B = 227 [82733?64{]3 = eza [€3,€4,2>{]B = 2;, [84,22,5{]3 = e?;,
[€3, €1, 64]3 = €y, [64, €3, 61]3 = €9, [el, €4, 63]3 = €y, [63, €2, 64]3 = €3,
[94, €3, 62]3 = €1, [82, €4, 63]3 = €1, [93, €4, 6;]3 = e, [64, €1, 6;]3 = ez,
le1,e3,65]p =€), [ea,e3,ellp =€y, [es,es,€l|p=€5,  [es,e0,€]]p = €3,
[85761’63]3 = eza [63’84761]3 = 6?;7 [85763’64]3 = eylﬂ’ [63’61723]3 = 6:(17
[25784761]3 :e;n [63763794]3 = GT, [2T7e2763]3 _627 [QT,64,€2]B = 6;,
[e],ea,e3]p =€), [e],e3,eqlp =€5,  [e],eq,ea]p=€5,  [e],e3,e4]p = €5

Next, we analyse the structure of Manin triples of 3-Lie algebras given in Example
5.1, Example 5.2 and Example 5.3 from the solvability and the nilpotency. First we
recall some definitions.

Let A be a 3-Lie algebra. Denote by A' = [A, A, A], which is called the derived
algebra of A, Z(A) ={x € A| [z, A, A] = 0} is the center of A.

Define A® = A% = A, A = [AG=D AGCD AGD] - AT = [A=1 A A], i > 1.

If there is an 7 such that A = 0, then A is called solvable. If there is an r such

that A" = 0, then A is called nilpotent. It is clear that if A is nilpotent, then A is
solvable.

Corollary 5.4.  The 12-dimensional Manin triple B of 3-Lie algebras in Example
5.1 is 3-step-solvable but non-nilpotent, and dim B =8, dim Z(B) = 4.

Proof. It is obvious that B' = BM) = [B, B, Blp = (e, el, €5, €5, e1,¢%, ¢, ¢5),
and Z(B) = (e}, €3, ¢3,¢5). Therefore, dim B! = 8, dim Z(B) = 4.
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We have
B® — [3(1)73(1)’ B(l)]B — (eb,e5,¢5,e8), B® — [B(Q),B(Q), B(Q)]B =0,
B*=[B',B,Blg = (e1,€},e1,¢l) =B"#0, r>2.
Therefore, B is a 3-step-solvable 3-Lie algebra but non-nilpotent. |

Corollary 5.5.  The 16-dimensional Manin triple B of 3-Lie algebras in Example
5.2 is nilpotent with dim B' =8, and B' = Z(B).

Proof. By a direct computation, we have
B' = (e, €5, €5, ¢5 01,05, ¢5,¢5), B?>=[B',B,B]g=0.
It follows the result. [ |

Corollary 5.6.  The 16-dimensional 3-Lie algebra B in Example 5.3 is 2-step-
solvable but non-nilpotent, and dim B! =12, dim Z(B) = 4.

Proof. It is obvious that

B' = BW = [B, B, Blg = (e1, €2, €}, €5, €5, €5, ¢1, ¢0, €%, €5, €5, €5,
and Z(B) = (€3, €}, ¢5,¢)).
Therefore, dim B' = 12 and dim Z(B) = 4. Since

B® =[BW, BY BW]y =0, B*=[B'B,Blg=B'=B"#0, r>3

Y

B is 2-step-solvable, but non-nilpotent. [ |
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