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Abstract. The diamond cone is a combinatorial description for a basis of a natural indecom-
posable n-module, where n is the nilpotent factor of a complex semisimple Lie algebra g. After
N. J. Wildberger who introduced this notion, this description was achieved for g = sl(n), the rank
2 semisimple Lie algebras and g = sp(2n).

In this work, we generalize these constructions to the Lie algebra g = so(2n + 1). The orthogo-
nal semistandard Young tableaux were defined by M. Kashiwara and T.Nakashima, they index a
basis for the shape algebra of so(2n + 1). Defining the notion of orthogonal quasistandard Young
tableaux, we prove that these tableaux describe a basis for a quotient of the shape algebra, the
reduced shape algebra of so(2n +1).
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1. Introduction

Semistandard Young tableaux were introduced since the nineteenth century, for
the study of representations of GL(n) and the symmetric group. There are many
operations on Young tableaux, one of them is the jeu de taquin (jdt). It was defined
by Schiitzenberger in [13] to associate to each skew semistandard Young tableau a
semistandard one, by a successive elimination of empty boxes.

There are various classes of Young tableaux, associated to representations of classical
simple Lie algebras. For instance, the symplectic (associated to sp(2n)) and odd
orthogonal tableaux (associated to so(2n + 1)) are defined through their splitting,
which associate to them a well defined unique semistandard tableau with 2 times
more columns. There are also generalizations of the jeu de taquin to these symplectic
and orthogonal tableaux. The symplectic jeu de taquin denoted sjdt was defined by
Sheats in [12], it uses the splitting of the tableau and a rebuilding of the columns,
step by step. The orthogonal jeu de taquin, ojdt, was defined by Lecouvey in [10],
by a double application of the symplectic jeu de taquin on the splitting of the skew
orthogonal tableau. In [4], a step by step description of this jeu de taquin is presented.

On the other hand, to describe finite dimensional, nilpotent modules of the nilpotent
Lie algebra t(n) of strictly upper triangular matrices, a commutative algebra was
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defined in [2]. This algebra, the reduced shape algebra, is a quotient of the shape
algebra of sl(n). Since semistandard Young tableaux are elements of a natural basis
of the shape algebra of sl(n), a basis for the algebra is given by a selection of
some semistandard tableaux, the so-called quasistandard tableaux. A quasistandard
tableau is a semistandard tableau, from which it is impossible to extract any ‘trivial’
tableau by using an always horizontal jdt.

Replacing t(n) by the nilpotent factor n (the sum of all positive root spaces) in sp(n),
and jdt by sjdt, these results are extended to the symplectic case in [3] where the
notion of symplectic reduced shape algebra, quasistandard symplectic tableaux are
studied. Our goal in the present article is to generalize these results to the case of
the nilpotent factor in so(2n + 1).

This paper is organized as follows:

In Section 2, we recall the definition of usual and symplectic semistandard tableaux,
and the various jeux de taquin. Then, in Section 3, we present orthogonal semis-
tandard tableaux and jeu de taquin (ojdt), and its step by step presentation. We
use this presentation to prove that the ojdt is horizontal, on the row r, if the split
orthogonal tableau is not quasistandard in 7. In Section 4, we describe the links
between usual, symplectic and orthogonal semistandard one column tableaux and
fundamental g-modules, when g = sl(n) (resp. sp(2n), so(2n+1)). Then we define
the shape algebra of g and its natural basis, given by the collection of all semis-
tandard (usual, symplectic or orthogonal) tableaux. In Section 5, we recall classical
results on finite dimensional, nilpotent modules of a nilpotent Lie algebra. Then
we specialize this to the case of a nilpotent factor n of a semisimple Lie algebra g,
showing the role of the reduced shape algebra of g to describe these modules. This
proves that the family of all (usual, symplectic, and now orthogonal) quasistandard
tableaux is a canonical basis for the reduced shape algebra, viewed as n-module.

2. Jeu de taquin for semistandard and symplectic tableaux

2.1. Young tableaux
Recall that a Ferrer diagram is a collection of columns of empty boxes. The heights
of the columns are decreasing from left to right. For instance:

|

is a Ferrer diagram. A box b in a Ferrer diagram is said a corner of the diagram if
there is no boxes at the right and under b. In our example, there are:

* ]
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A semistandard Young tableau is the filling of a Ferrer diagram by natural numbers
a;,j, in such a manner that the entries are strictly increasing along each column, from
the top to the bottom, an increasing along each row, from left to right.

From now, we adopt the following convention:

If y does not exist, then the relation x < y holds. (1)

For instance the relation a;; < a;41; for any ¢« and j means: for any ¢, j, either
there isno a1 j, or the entries a; ; and a;4; ; exist and a; ; < a;+1,;. A semistandard
tableau is a tableau such that, for any existing a,; entry, a;; < @415, @i; < ;41
hold. Such a semistandard tableau 7" is associated to GL(n) if a;; < n for any i
and j. Here is an example (n > 6):

112]2]2]

234
T=[3]5]5

5

6

2.2. Jeu de taquin

Suppose now F' and G are two Ferrer diagrams such that for each j, the height of
the column 7 in G is not larger than the height of the column j in F'. The skew
Ferrer diagram H = F'\ G is the collection of boxes which are in F' but not in G.
The corners of G are inner corners of H, denoted ic. Similarly, the boxes b such
that b ¢ F', FF U {b} is a Ferrer diagram and b is a corner of F'U {b} are outer
corners oc of H = F'\ G. Here is an example:

1C oc

‘ ic

F = , G= , F\G= oc

oc

Observe that it can happen that H = '\ G = F’\ G’; the inner (resp. outer) corners
of H is the union of all the set of corners of any G (resp. of any b such that F'U{b}
is a Ferrer diagram) such that H = '\ G:

ic oc
‘ ic
G' = , F\G=F\G = oc
— ic oc
L oc

F' =

Y

By definition, a skew semistandard tableau is the filling of a skew Ferrer diagram
with entries a;; which are natural numbers such that: a;; < a;11,;, ai; < @i j1.

For instance, here is a skew semistandard Young tableau:

22|
2| 4
T'=3|4]|5

ot
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The inner and outer corners of the corresponding Ferrer diagram will be simply the
inner and the outer corners of the tableau T'. Denote In(T'), Out(T') the set of inner
(resp. outer) corners of T'.

The Schiitzenberger jeu de taquin is now the following operation: Consider a skew
semistandard tableau 7', and ic € In(T).

(1) Add a starred box at ic, getting the filling T'U[x| of a Ferrer diagram F'
(start of jdt), after some steps, the star is in a box b of F, in the column j
and the row 1.

(2) If a;j41 < @iy1j: exchange the star and the entry a; ;1 (horizontal sliding),
for instance:

(3) If aiy1; < a;41: exchange the star and the entry a;41; (vertical sliding), for
instance:

* 13 213 1| * 113
214 * 14 213 2| %

(4) If a;11,; and a; ;41 do not exist, the star is in a corner ¢ of F', suppress the box
in ¢, getting the semistandard filling 7", with a star in an outer corner oc of
F\b (end of jdt).

By definition the jeu de taquin is the map: jdt : (T,ic) — (1", oc).

Here is an example:

2] 2] 2] 2] 2] 2] 2] 2] 2|2
x| 214 x| 2|4 2|1 x| 4 21414 21414
3l4]5] = 3l4a]5] = [3[4]l5] = [3|x]5] = [3]5]~
| 9 | | 9 | | 9 | | 5 | | 5 ]

1 6 | 1 6 | 1 6 | 1 6 | 1 6|

Repeating this operation to 1", it is possible to suppress an other inner corner, and
so on, at the end the total jeu de taquin transforms the skew semistandard tableau
T into a semistandard tableau totaljdt(T).

The following properties hold for jdt (see [13, 11, 5]):

Proposition 2.1.  jdt is a bijective mapping from the set of pairs (T, ic) consisting
by a skew semistandard tableau and one of its inner corner to the set of pairs (1", oc)
consisting of a skew semistandard tableau and one of its outer corner.
The inverse map can be defined by performing a rotation of 180° of the tableau T
and if sup(a; ;) < n, by replacing each entry a;; by n+1—a;; and * by *. Let o
be this operation, then:

jdt™' =cojdtoo.

The map totaljdt does not depend on the choice of the successive punctured inner
coTners.
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Denote by A; = {ay,...,an} the set of the entries in the column j of a semistandard
tableau, and C; = f[A;]| the column itself. In the case of a skew tableau, filling of
the skew diagram F'\ G, we index the set A; by the number of the row in the skew
tableau, writing A; = {ag, apy1,...ap} if the height of the j column in G is ¢ — 1.
We shall write C;" or f[A; U {%.}] to say that we are considering an instant of a
jdt where the star is in the column j, on the row r.

With this notation, a vertical sliding is simply:

FIA; U] = 1A U g}l
And the horizontal sliding can be written:
FIA UL A ] = FIA U{ud] FIA i\ {w ) U {3,
if u, is an element of A;,; with index r.

2.3. Symplectic columns and tableaux
Symplectic semistandard tableaux are used in different versions by various authors.
Here, we use the presentation of [10], in the form of [3].

Fix a natural number n. We first define the ordered set:
I={l<2<---<n<n<---<2<1}.

The entries of each column in a symplectic tableau are elements of Z. In each column,
the entries increase strictly from the top to the bottom.

Fix now Y C [1,n] = {1,...,n} and say that a subset J = {y; < -+ < ys} admits
left subsets in Y if there is subsets X = {a; < --- < as} such that:

#X =#J, XNY =0, anda; <y; (1<j<s).

If J admits left subsets in Y¢, then there is a unique greatest such subset, namely
I ={xy,...,2s} defined by:

ro=max{t¢Y : t<y,}, xj=max{t¢Y: t<y;, t<zjn}, (s>j>1).

If X ={ai,...,as} is any left subset for J in Y, then a; < x; for any j. We shall
write [ = vy (J).

Similarly, if I = {z1,...,z}, we say that I admits right subsets in Y¢ if there is
subsets X = {ay,...,as} such that:

#X =#I, XNY =0, anda;>z; (1<j<s).

If I admits right subsets in Y¢, then there is a unique smallest such subset, namely

J={w1,...,ys} defined by:
pr=min{t ¢Y : t>a}, y;=min{t¢Y: t>z; t>y; 1}, (1<j<s).

If X ={ay,...,as} is any right subset for I in Y, then a; > y; for any j. We shall
use the notation J = 6y (I).
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Remark 2.1. In [1] the definition of 7y, dy was slightly different. We used the maps:
Y (J) = wvus(J), Sy (I) = oyur(1).

W (03 (1)) = Yyusyor(n (Oyur (1)) =1,

It is easy to prove that: { o
0y (W (J)) = vy (n(vus(J)) = J.

Let C be the column C = % with entries in Z strictly increasing from the top to the
bottom, where A and D are two subsets of [1,n]. Define

I=AND={x < <x}.

Put AAD = (AUD)\ (AND) and AAND =[1,n]\ (AAD). The column C is a
symplectic column if I admits right subsets in (AU D)¢. Put then

J - (sAuD(])

(Remark that this implies that the height of the column is at most n).

For later use, let us also put, for any x € [1,n]:
yw(z) =max{t ¢ Y : t <z}, (resp. Oy(x) =min{t ¢ Y : t >z} ).

Example 2.2. Suppose n = 4. Then the column:

DI [ DO [ =

is symplectic. Indeed A = {1,2}, D ={2,3}, I = {2}, J = {4}.

If C= % is a symplectic column, the splitting of C is the 2-columns tableau:

A B

where, with our notation: B = (A\ 1)U J, C=(D\I)U..

Notice that this tableau is semistandard.

Example 2.3. Suppose n = 4, then:

spl (

Now, if the sets B and C are known, it is possible to rebuild A and D. Indeed,
consider J = BNC, and put I = vygyc(J). Then A= (B\J)UI, D= (C\J)UI.

DI [l [N [
~—
Il
QI[N =
D[ QO [ [

Denote also: C=f {g] =g {g] )
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Now the splitting of a Young tableau 7" whose each column C; (j = 1,...,q) is
symplectic is the tableau:

Al Bl

Bq
G Dy D,

spl(T') = spl(Cy1)spl(Cq) ... spl(Cy) = D,

Aq
Cq

Definition 2.4. A symplectic tableau is a Young tableau T with entries in Z,
such that each column of T is symplectic and the tableau spl(T) is semistandard.

2.4. Symplectic jeu de taquin

In [12], J. T. Sheats defined the symplectic jeu de taquin (sjdt) on skew symplectic
tableaux: i.e. skew tableaux T whose each column is symplectic and such that
spl(T) is skew semistandard.

With our presentation, the sjdt is defined as follows: T is a skew symplectic tableau,
pick ic € In(T).

(1) Add a starred box at ic, getting the filling T"U[x| of a Ferrer diagram F
(start of sjdt),

after some steps, the tableau becomes 77, the star is in a box b of F', in the
column j and the row ¢,

(2) Split T}, i.e. split each column of 7} and insert two stars in (4,25 — 1), (4, 2j)
in spl(1y), getting a skew semistandard tableau, with two stars on the same

line (splitting),

(3) If, in the usual jdt for spl(T7), the right star is sliding vertically, then slide
vertically the star in T} (vertical sliding),

(4) If, in the usual jdt for spl(T7), the right star is sliding horizontally, then perform
a ‘colored’ horizontal sliding in 77 as follows:

if in spl(T*) there is | x | x | a |, then the sliding is unbarred, it is:
Bj B, U {(I} A'+1:| |:A '+1\{(I}:| c .
U{*} — / , T / U {*, -sliding),
sl uty o[BI e [P o uesaing
if in spl(T™) there is , then the sliding is barred, it is:
A; A } [BjH] { Bj ] .
> , — U {*, b-sliding).
o e e e I PR S E S

(5) If the star is in a corner ¢ of F', suppress the box in ¢, getting the symplectic
filling T" of F'\ b, with a star in an outer corner (end of sjdt).

It is clear that the symplectic jeu de taquin differs completely from the usual jeu de
taquin. Here is an example.



284 AGREBAOUI, ARNAL AND BEN HASSINE

Example 2.5. Suppose n = 4. Then:

1]2 1]2 113
314 414 414
=515 ug [T 12 g [13]=
311 311 311
2 2 12
1 1 L1
On the other hand,
1]2 1]2
314 314
[502] u [315]2]
311 211
2 1
1 *
In [1] (see also [4]), it is proved:
Lemma 2.2. In the sjdt, the resulting columns are symplectic, more precisely:

suppose that the star is in the column 7, at the row r:
N A B
¢ =t plutsd =g 2| Ut

and the sliding is horizontal. Let a (resp. ¢ ) be the element in the row r and column
j+ 1. Then after the sliding, the column j becomes:

g {B Uc{a}] _f { 0 S{UVZ?ZZ)(?)){{G}] . resp. | [D Jl{c}] _y [(B g 35?5352)(}0))}{0} |

Finally, Proposition 2.1 holds for the sjdt: the inverse of sjdt is:
sjdt™' = oo sjdt oo,

where o is the 180° rotation of the tableau 7™, and the transform of each entry is
as follows:
T T, T x, and x> .

Moreover, applying repetitively the sjdt on a skew symplectic tableau 17", we get a
symplectic tableau totalsjdt(T). This tableau does not depend on the choice of the
successive used inner corners (see [9]).

3. Tableaux and jeu de taquin for odd orthogonal Lie algebra

3.1. Admissible and orthogonal columns
The definition of admissible column given in this section is equivalent but not
identical to the definition given by Cedric Lecouvey in [10].

With the ordering 1 <2< ---<n<0<7n<---<1 of its entries, a column is said
to be admissible if it satisfies the following properties:



AGREBAOUI, ARNAL AND BEN HASSINE 285

(1) The entries are increasing from the top to the bottom and if an entry is not 0,
it appears at most one time.

A
(2) Let C = O be such a column. In O all the entries are 0 and A, D are subsets
D
of [1,n], and % is a symplectic column.
A A B
(3) Put 5=/ [D} =g {C} , then #(AUC) + #0 <n.

Put k = #0, and as above [ = AND, J =640p(I), B=(A\I)UJ, C = (D\I)UJ
there exist subsets in [1,n]\ (AUDUJ) = AUC having k elements. Denote by K
the greatest of these subsets: explicitly K = {z,..., 2} with

zp=max{t ¢ AUC: t<n}, zij=max{t¢ AUC: t<z}, (k>j>1).

A A B
Let us denote such a column by: C=0=f 0| =9 |0
D D C

In addition to the admissible columns we have the spin columns denoted:

A A
5,14

sp

where #A + #D =n, AN D = () and the entries increase strictly.

Definition 3.1. A column is orthogonal if it is an admissible column or a spin
column.

The splitting of an orthogonal column is the two columns tableau:

A A B A I A
sp5<c>:spz<9)= K spz<¢>=spZ(5 ): .
D/ © D w/ . D

sp

where it is understood that A U K and D U K are reordered to be written in a
strictly increasing way. Clearly the splitting of a spin column characterizes this
column. Moreover, as in the symplectic case, the splitting of an admissible column

then A and D are defined

C characterizes also C. Indeed if this splitting is g g ,

by f [é} —y [g] and the list O has k — #K — #(E N F) elements.

3.2. Relation with Lecouvey admissibility
Recall that the admissible columns in the sense of Lecouvey (the Lecouvey-admissible
columns) are those such that:

(1) The entries are increasing from the top to the bottom and if an entry ¢ is not
0, then it appears at most one time,
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B

(2) Let Cp, such a column. We denote it by C;, = O . In O all entries are 0 and

there is no zero in B and C. ¢

(3) Let k=+#0,and J' = {y{,..., Y.} betheset (BNC)U[n+1,n+ k|, define
n'=n+kand (Y =[l,n+k\(BUC). Then J' admits left subsets in
(¥yh)e.

Put now I' =y (JY), E = (B\JYHUI', F = (C\J")UI' and define the Lecouvey

split of the column Cj, as:

Ql =

spl(Cr) =

.Let J=BNC ={y1,...,ys}-

AOW =t

Consider a Lecouvey-admissible column Cj,

Recall J' ={yi,...,yt.,} =(BNC)U[n+1,n+k].

Put Y = BUC, by definition, J = {y1,...,yl} C J'. Therefore J admits left
subsets in Y, for instance {z},...,zl}. Let I = {xy,...,2,} = 7y (J). Similarly,
{z1,..., 2!} is a left subset for J in I' C [1,n]. Put

]/ = {I‘ll, ce ,ZE;} = ’Y([l)c(J).
Lemma 3.2.  The subsets I and I' do coincide: r; = x; for any j.

Proof. Let j € [1,s]. Suppose that for any i > j, 2} = z;. Since 7} is such that
€Y wh ¢ J, xf <y and o) <y, then 2 < ;.
Suppose now x; < x;, then x; ¢ I'. Indeed, if z; is in I', then

{oy, o2l a2k}
would be a subset of I, which is on the left of J. This would imply z; < ;. Since
f, %y, arein I', there is i, > j such that 2} <z} <z; <z}, <af,,. Since z;
is in (Y1) \ J', the subset

1 1 1 1 1
{wy, g, 2,75, 0,7} CY

is greater than I', thus not in the left of J'. This implies z; > yl-le > y;. This is
impossible. This proves that 2/ = z; and I' = I. [

Let us now prove the equivalence between the two notions of admissible column.

A B
Proposition 3.1. The map C= O +— O = Cy, is a bijection from the set of
D C

admissible columns to the set of Lecouvey admissible columns. Moreover this map
preserves the splitting: spl(C) = splp(Cr).

Proof. Define now K = I'\ I. Remark that if I' = {z; < --- < z_,}, and
K ={z <--- < 2}, we do not necessarily have z; = z} and z; = xiﬂ for any i, j.
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For instance, if n = 3, the following column is Lecouvey-admissible:

Indeed, we have here n = 3, k = 1, B = C = {3}, J = {3}, J' = {3,4},
I' = {1,2} = {z}, 2}, and T* U J' = {1,2,3,4}. Then I = {2} = {z;} and
K ={1} ={x},or 1 =3 and z; = 2 # z1,,.

Put now A= FE\K, D=F\ K. Wehave A= (B\J)UIl, D= (C\J)UI, and:

A B
spli(Cr) = I_( K :
¢ D

On the other hand, the column C = is orthogonal. In fact its splitting is the

SO =

Lecouvey split of Cy:
spl(C) = spl(Cp).

The preceding construction defines a map ® from the set of Lecouvey-admissible
columns to the set of admissible columns. Conversely, if

A B B
C=f|O|=g|0O] isadmissible, then C, =¥(C)= O
D C c

is Lecouvey-admissible. By construction the mapping & is the inverse of W. This
gives an equivalence between the two notions of admissibility. Moreover, the splitting
of the corresponding admissible columns coincide. |

3.3. Admissible tableaux and jeu de taquin

Definition 3.3. Let T be a Young tableau, whose each column is orthogonal and
only the first can be a spin column. Denote by spl(T") the Young tableau obtained
by splitting each column of 7" and deleting the eventual subscript sp. We say that
T is an orthogonal tableau if spl(T) is semistandard.

If T is orthogonal without any spin column, we shall say that T is an admissible
tableau.

Especially, each row in an orthogonal tableau 7' contains at most one 0.

Example 3.4. For instance, if n = 5, the following tableau is admissible:

wlo O

~
Il
IS IS [JUR | NGR T

Wl [T |ho |~
DOl ol DO |
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Indeed each column is admissible and its splitting is:

wl|on |~
ol [l

spl(T) =

O[> [ [N =
O[O (DO |
WO [ DO |
QO[O DO =
O[O DO =
= Dol eol Ot [~

The (odd) orthogonal jeu de taquin, denoted ojdt was defined by C. Lecouvey in [10]
for admissible tableaux. As for the sjdt, its definition uses the splitting of tableaux.
As above, a skew tableau T is admissible if each column of T is admissible and
spl(T) is skew semistandard.

With our presentation, the ojdt is defined as follows:

(1) Start with a skew admissible tableau 7', put a star in an inner corner ic = (i, j)
of T', getting a punctured tableau T*.

(2) Split T*, that means split each column of 7" and put two stars in the position
(4,25 — 1), (i,27) in spl(T"). We get a skew symplectic tableau spl(T*) =
spl(T)*Q’*1 , with two stars on the same row, the right one *! in an inner corner
of spl(T).

(3) Perform the sjdt for x', until an outer corner, getting a symplectic tableau
with one star sjdt(spl(T)*") = sjdt(spl(T))*" . Now the star +? is in an inner
corner of sjdt(spl(T)).

(4) Perform the sjdt for ¥* and we get a skew tableau
sjdt(sjdt(spl(T))*") = sjdt*(spl(T)).
This tableau is the splitting of an admissible tableau, denoted ojdt(T).

By definition, sjdt*(spl(T)) = spl(ojdt(T)).
Example 3.5. Put n =5 and consider the punctured orthogonal tableau:
112]2 1]1]1]2]2]2
*1 2|33 x2 o« | 212121333
T"=[3]3]4]4} spl(T*) =3 |3 13[3|3[4/4/[4
414150 4 14144[4]5]5]5
51501 515555111
Then the sjdt for ' on spl(T) is the following:
111111222 1 [1[1]2]2]2
2 1212121333 2|21 121213]13[3
3131313[3]4]4 /4|~ (33333444
4 1414|4145 ]5]5 41414414 ]5]5]|5
5155|551 |11 515555111
111 [1(2]2][]2 111 1(2]2][]2
x2 2121121333 x2 1212121333
= 13131313 [3[4[4]4|,— (33333444
4 14(4141]14]|5]5]5 4 414|141 4]5]|5]|5
51555 |51 |11 515|555 1|11
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1111112122 1111112122
2 12121213 13[3]3 2 12121213 13[3]3
= 1313133 |« (444|713 |3|3[3]4|4]4]4
4 14141414 |5]5]5 4 141414 |5]5]5
5151555 1|11 5 51515 1/1]1
1111222 11112 12]2
2 (21212131333 2 (212121313133
= 1313131344144 133|334 ]41[4]|4
4 1414145 |5|5|5 4 14(414|5[5]5]|5
515155« |1]1]1 515551« |1]1
1111112212 11111 ]12]2] 2
2 1212123131313 2 12122313133 ,
=3 13[3[3[4lalalal—=[3[3[3[3]4]4]4a]4 |=sjdt(spl(T))".
4 1414 |4|5|5|5 |5 4 |4(4|4|5|5|5]5
51515511 [«]1 5 (515511 [1]x
Computing now the sjdt for «*, we quickly get:
111122 2 111 (1122 2
21212 |3]3[3]3 212121313 13]13]3
e = 1313131344414 == 1[3|3[3]4]4]4[4]4
41414[4|5]|5|5|5 414[4[5]5]|5|5]5
505551 ]1]1]« 5155« |1]1]1]x
1111211212 2 11112122 2
212121313 [13[3]3 21212(3[3]3[3]3
= 1313131414 (4[4]4 ] = 13133444144
414455 ]5|5]5 414(4[5]|5]|5]|5 1|5
505|152 |1]|1]x 50515 [2[1[1]s «
1122
213[3]3
= spl( 3044 4)
415|510
5101~
1122
2131313
Therefore: ojdt(T*) = 3|44 |4
415[51]0
5101

As for the usual and the symplectic jeu de taquin, there exists a direct presentation
of the orthogonal jeu de taquin, as a succession of steps, of the form:

CiU{xr}Cir1 = CjU {kra}Chpa, or CGU Ik }Ciu = GG U{z}(Ciaa \ {z}) U {5}

Notice that it is however impossible to use only horizontal and vertical sliding. It
happens that the star is going simultaneously to the right and the bottom. Here is
an example:
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Example 3.6. Fix n =7 and consider:

* |2 x o+ 1]02 * 1] 22 *x[1]2] 2
213 221273 212313 212]3] 3
34| [3[3[3[4 30344 303[4]4
45| Blalalals|=]alals]s]|—=4a]a]5]5
510 51557 5 5717 5 51717
77 7171716 7171616 7171616
6|6 66161 66| |1 6 16|1]*

1]212]2 1272712 212

213133 213313 303

31 4]4]4 3lafalal _, l4]4

—l4]5]|5]|5]|—=l4]l5]5]5] = |5]5

517177 50717 |7 07

716 (6] 6 716|616 716

Glx2 | 1]+ G111+ «! 6|~

This description step-by-step of the ojdt is given in [4]. Let us recall it :

Proposition 3.2.  Let (C; U {x,})Cj41 be an instant of the ojdt. Suppose that
in the splitting of the orthogonal tableau, the stars are as follows (z,, Y., z41 are
barred or unbarred):

2 1

* *

z, |, |

Zr4l

Then the next sliding is as follows:

Vertical sliding: if z..1 < x,., then the sliding is vertical:
(€ U{x})Ci1 = (G U k1 })Cin
Non-vertical sliding: if z..1 > x,, the sliding is not vertical, more precisely, writing

1 U
E; B;

8 l C = —‘7+1 —‘]+1 = . . y
PiCi1) Cjy1 Djyn °

Tp Yp
there are 8 cases:

(1) w-sliding: if {z1,...,2,} C Aji1, then the sliding is horizontal:

B Ajn B;U{x,} Aja \ {z}
(9 10;| UixH)f |Ojsa| = g O, (f Ojt U{x})
Cj Dijia LG Dji
Aj U{ya,ue; (@)} B\ {y-}
=f 0; (9 Oj1 U{x})
(D; U{va,uc;(zr)}) \ {2} ] (Cir U{z}) \ {y-}
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(2) 0-sliding: if v, € Ejyq, but {z1,...,2,} € Aji1, then define the row index T,
as the index of the row of T, in the column

Eja \{z,}

Cror U}

The sliding is simultaneously horizontal and vertical:

Aj Ajia 4, Ajn
(SO0 | WD | O | = [ 1O;U{0}] (f |05 \ {0} | U {5r})
Dj Dijn D;j Dijn
B; Bjn
= 9 |0; U{0}| (9 [Oj42 \ {0}| U {}).
Cj Cin

(3) b-sliding: if x, =7, € Cjy1, yr =, € Fj11, the sliding is horizontal:

A; Bj A; B
(f10;| U{xhg |Ojsa| = f 0; (9] Ojn U{x})
D; Cin Dj U {u,} Cjrr \ {u}

Let us now describe the inverse map ojdt=*.

Let T\ S be an admissible skew tableau. Denote o°(T \ S) the tableau obtained
from T\ S by rotating 7'\ S half a tour, and replace each entry as follows

r—T, T—x, 0—0, and *— *.

Lemma 3.3. If o is the map defined on symplectic skew tableaux in the preceding
section, the following holds:

o (spl(T'\ 5)) = spl (0°(T'\ 5)).

Aj
Proof. If T'\'S has k columns and the column C; is C; = f |O; |, then ¢°(T'\ S)
D;j
D;
has k columns and its k +1 —j columnis Cp,, ;= f | O;
J
. - A; UK, B
The columns number 25 — 1, and 2j in spl(T"\ S) are f [ C, } f {Dj UK,
Splitting the column C;,, ;, we immediately see that Kj , ;, = Kj;. Therefore in

spl(c®(T'\ S)), the columns 2(k — j) + 3, and 2(k — j) + 4 are:

D; UK, C
f[ B ]f[AjUKJ'

J

This proves the lemma. u
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The Lemma proves that ojdt is invertible and

(0jdt)™" = spl~ o (sjdt) " o spl = spl ' o o o (sjdt)* o 7 0 spl = ¢° o (0jdt) o 0°.
As for the jdt and the sjdt, starting from a skew admissible tableau, and applying
the ojdt successively, we get an admissible tableau totalojdt(T') which is independent
of the chosen sequence of successive used inner corners.

3.4. Quasistandard admissible tableaux

Recall now that a semistandard Young tableau 7', with entries ¢; ; is non quasistan-
dard on the row r, if the following holds:

(1) The entry t.; is r,

(2) There is a column in T with height r,

(3) The entries on the rows r, r+ 1 satisfy: for any j, ¢, ;41 < ty41;.

Suppose T is non quasistandard on the row r, if we delete the r first entries of the
first column of 7', and their boxes, we get a skew semistandard tableau with exactly
one inner corner (in the box r, 1), and, in the jdt, each sliding is horizontal.

In [3], it is proved that the same holds for symplectic tableaux and jeu de taquin: if
the splitting of a symplectic tableau is not quasistandard at the row r, then deleting
the first 7 entries of the first column and their boxes, that is the empty tableau Cj
we get a symplectic skew tableau T\ C] with one inner corner, and a sjdt always
horizontal. As an application of Proposition 3.2, let us show that the same is holding
for the ojdt.

Definition 3.7.  An admissible tableau T, with entries ¢
on the row r, if the following holds:

(1) The entry t.; is r,
(2) There is a column in T with height r,

i,j» 1s non quasistandard

(3) In spl(T'), the entries on the rows 7, r+ 1 satisfy: for any j, st, ;11 < Sty41;.

If one of the above condition does not hold, we say that T is quasistandard on
the row r. If T is quasistandard on each row, we say that T is a quasistandard
admissible (QA) tableau.

Proposition 3.4.  Let T be an admissible tableau, with first column Cy. Suppose
T non quasistandard on the row r, delete the r first entries in the first column of T
and their bozes, getting a skew admissible tableau T, = T \ C}, with only one inner
corner. Then any sliding of the ojdt on T, is horizontal.

If > 1, complete the top of the first column in ojdt(T,) by the column C] ' =
f[{l, e 7’—1}] , getting a tableau T'. Then T" is non quasistandard on the row r—1.

Proof.  We use argument similar to proofs of Lemmas 5.1 - 5.3 in [3]. Consider a
column C of T, suppose the rows of C are the rows 1,2,...,p and 1 <r <p.

A B A
Write: C=f|0]|=¢g|0|, and spl(C)=K
D C c

ol =
[
Al
| b
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As usual, an element in A, B,C, D, E, or F', which appears on the row ¢ is denoted
respectively by ay, by, ¢y, dy, e or fi. There are 3 possibilities for the row 7 in spl(C).

(1) u-case: The two entries are unbarred. The row is .

Put B~ = {by,...,b.} = (B~ NC)U (B~ \ C). By definition, B~ \ C C A,
and if e,y ; € FE exists on the row r + 1, the relation b, < e, ; implies
B-\CcCcA ={a€ A: a< ey} On the other hand, with our usual
notation: B~ NC = J~ = {y,...,y} is formed by the t first elements in
J =BNC, and there are x1,...,2; in A~ the ¢ first elementsin [ = AN D.
This implies #A~ > r, thus A~ = {ey,..., e} . More precisely, if e, = a, ¢ D,
then b, = a, = e,, if a, € D, then e, = x; and b, = y;.

(2) 0-case: The first entry is unbarred, the second one is barred. The row is
e [ fr ]
Suppose that n is not in F, thus n ¢ K, by definition of K, n € AU C and
n ¢ A, thus n € C, m is the smallest element of C, thus it is the first entry
Cr11 in the row 7+ 1. The relation TT < Cp41 = n is impossible. Thus n is the
greatest element of F, e, =n. Since K # (). This implies {e1,...¢e,} ¢ A.
Suppose now there is f,, € D, with u < r, thus either f, ¢ A, this would imply
fu€C, f, < f, <41, this is impossible, or f, € I = AN D, put f, = x,,
consider the corresponding element y, € J C C, then 7, < T, = f, < f, <
C,11, this is still impossible. Thus K contains all the elements in any row u < r
in the second column, since #K is the number of these rows,

K={feF: f>f}, D={feF: <[}
(3) b-case: The two entries are barred. The row is .

The same argument as in the u-case proves that if F'={f,, fo—1,..., ft}, then
{fpafp—h .. '7f7'} C D

Suppose that C is the first column in 7', then e, = r, and in 7T, the first column is:

A\ 1,7 Al B’ A B
C=f O =f|O| =¢g|0O|, denote spl(C')=K' K’
D D c’ [

In the u-case, O does not change A’ = {a € A : a > r}, by construction
B ' ={be€ B: b> b}, thus K' = K, and the two first columns in spl(7,)
are simply the elements of the two first columns of spl(T), which are on the rows
r+1,...,p. Therefore the entries st;; of spl(T}) verify st.5 < st,+12, and the first
sliding in the ojdt is horizontal.

In the O-case, 7 = n, and the two first columns disappear (except for the stars on
last row) and 7T, and in te ojdt, each sliding is horizontal.

Suppose now C = C; is any other column of T,., we are at a step of ojdt where the
star is on the row r and the column j — 1 and the next sliding is not vertical: in the
corresponding splitting, we have in the columns 25 — 3 to 2j:

2 1 41
% Zy Yr

Zr41 | Up41 | Upqa

and z, < zp41.
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In the u-case, x, = a,, y, = b, the sliding is a horizontal u-sliding, after this sliding,
the column ;7 becomes

A\ {a,} B\ {b,}

Cuix}) = (] O |U{x}) = (g 0 U {5 }),
D (CU{ar )\ {br}
A B
— E B
! oo 9F

If #A > r, then in the splitting of this column, the row r + 1 is | €., , in
the next step, the new entry v, = b1 = st,41,2j = Vpy1-

If #A = r the row r + 1 in this splitting is ’ it ‘ fryq |>or ’ Crp1 ‘ [l ‘ But we
saw that K C {e € E,e > e,41}, and €,47 > b,.. Since AUC" = (AU )\ {b,.},
and #K' = #K, this implies K/ = K and F' = (F \ {b.}) U {a,}. In this case,

1 = min(F’) <min(F) = f,41. Therefore v, = fl.| > fr41 = vrpa.

r

In any case, v, > stp.g;41 and the next sliding will be not vertical.

In the O-case, since e, = n, the conjugate entry e, is n, it is on the row r in the

column
EN\{n}
cu{n}

This means 7 = r, the sliding is a horizontal 0-sliding, the column j becomes:

A B
(CGU{m}) = (f |ON{O} U{x}) = (g [ON{0}]| U{xD),
D C

A
spl(C)) = K' K' = = =
C D

By definition, K’ = K\ {min(K)} = K\ {f,}. Here too, v, ., = fl., = fi41 = vr1
and the next sliding is still not vertical.

Finally, in the b-case, the sliding is horizontal, z, = &, vy, = d,, after this sliding,
the column j becomes

B (AU{d,})\{e,}

Ciu{x}) = (g O Uix}) = (f O U {*}),
C\{c} D\ {d,}
A B
— E B
spl(C) = K' K' = = —
p & COF

As in the u-case, K C {f € F, f > f. =d,}, therefore K’ = K, and F' = F\{/f,},
the new entry v; ;, on the row r+1 in the column 2j is v, = v,41, the next sliding
will be not vertical.
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This proves that in the ojdt each sliding is horizontal, therefore for the corresponding
two sjdt on spl(T,), each sliding is also horizontal. Considering the rows r — 1 and
r during these two sjdt, in the columns 25 — 2, 27 — 1 and 27, we can write this:

/ / / " " "
Rr—1 | Up—1 | Up—1 Br—1 | Upq | VUpq Bp—1 | Upq | Vpq
T = 2 = "

/ "
* Ty | Yr Xl | x| Y Wy | T | Y,

*2

Now in such a horizontal sliding the following inequalities are proved in [3], Propo-
sition 5.1:

U,y < Zp, U <x, then wul | <w,, v_;<uz.
This achieves the proof of the Proposition. [ |

Let A = (ay,...,a,) be a n-tuple of natural numbers, an admissible tableau T has
shape \ if it has exactly a; columns with height j (1 < j < n). Denote by A™ the
set of admissible tableaux with shape .

If = (by,...,b,) in the shape, we say that p < A if b; < a; for each j.
Proposition 3.4 allows us to define a map p from the set AN onto the set Up<a QA
of quasistandard admissible tableaux with a shape smaller than \.

Let T be in AN, If T is quasistandard, the algorithm stops, we put p(T') =T .

If T is non quasistandard, there is r such that T is non quasistandard on the row
r,and T is quasistandard on each row ¢ > r. Using Proposition 3.4, we perform the
ojdt on the tableau T, = T\ C;,if r > 1 T'_, = 0jdt(T,) = T'\ C; ™! has an unique
inner corner, and is non quasi-stadard on the row » — 1. We repeat this operation,
getting successive admissible skew tableaux

Ty y = 0jdt(T)_,),.... S = Ty = ojdi(Ty"™V).

By construction S is an admissible tableau, and its shape is X' = A—(0,...,1,...,0),
with 1 in the r position.

Lemma 3.5.  For each t > r, S s quasistandard in the row t.

Proof. 1In [3] it is proved that the action of the sjdt on a symplectic semistandard
tableau which is non quasistandard on the row r, but quasistandard on any row ¢ > r
is still quasistandard in each row t > r. The result follows immediately. |

Repeat now the above operation on S = o0jdt"(7,).

After a finite number of steps, this algorithm stops either on an empty tableau U
(a tableau with shape (0,...,0)) or on a quasistandard tableau U € QAW with
p <A Put: U=p(T)=(ojdt)"*(T).

The above algorithm defines the map p : AN — | | <A QA

Theorem 3.6.  The orthogonal jeu de taquin defines a bijection p = (ojdt)™**
from the set AN of admissible tableauz with shape \ onto the disjoint union
QAM of the set of admissible quasistandard tableauz with shape u < \.

L.<x q pe f

Proof. Let us build the inverse mapping of p. For each shape pu, let us denote
by F), the Ferrer diagram with shape . Let now p < X and U € QA
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Apply ¢° to U, one gets an admissible skew tableau, filling of the skew diagram
o(F),) this diagram is a subdiagram of o(F)).

Put a star in the lowest inner corner in o(F)) \ o(F),), and apply the ojdt, getting
a new skew tableau filling of o(F)/) C o(F)). Repeat this operation as far as there
is some inner corner in o(Fy) \ o(F,). Write 7"\ S’ = (0jdt)*~#(U), which is the
filling of the skew Ferrer diagram o (F),qa-uy) such that o(F)) \ o(F,qx-u) has no
inner corner. This implies that F) \ F, Lu(A—nl) 18 the Ferrer diagram F)_,,.

Now the admissible skew tableau ¢°(7"\ S’) can be written in an unique way 7"\ S
where T is admissible, has shape A, S shape A\ — p and § is trivial, meaning that
its entries s;; satisfy s; ; = ¢ for any 7 and j.

Since 0° o (0jdt)* 0 g°(T) = 0jdt™**(T), we have (0jdt)™**(T) = U. This proves
that p is a surjective map.

On the other hand, let T} and T be two admissible tableaux of shape A such that
p(Th) = p(Ty) = U € QAM. Suppose T; is not quasistandard on the row r, and
quasistandard on any row ¢ > r. Then r = min{j : A; — p; > 0}. This means
that the algorithm defining p is starting on the row r for T} and 7T,. After the
first r ojdt, we get two tableaux 7] and Tj with shape A — (0,...,1,...,0), such
that p(7]) = p(T3) = U. By induction this proves that 7] = ojdt"(Ty,) = Ty =
0jdt"(Ty,.), thus Ty = T,. The map p is a bijection and the above map its inverse
mapping. ]

4. Shape and reduced shape algebra of a semisimple Lie algebra

4.1. Shape algebra

Let g be a semisimple complex Lie algebra with a Cartan subalgebra . The theory
of finite dimensional g-module is well known (see for instance [7, 14]. Each module
is a weight modules, which means that the action of § is diagonal on a base of
weight vectors (common eigenvectors). Each module is semisimple and the simple
modules are characterized by their highest weights. More precisely, fix a simple
roots system Il = {«,...,as}, consider the corresponding basis (H;) of b, defined
by o;(H;) = A; ;. If |A;;] is the Cartan matrix of g, then the fundamental weights
w; are defined by w;(H;) = d;;. The set of all possible weights is the lattice generated
by the w;: P =) Zw;. Denote A the semigroup generated by the w;:

A= Zzw.

There is a natural ordering on P: p < v if and only if v — p € A. For each simple
module M, there is a unique greatest weight A, called the highest weight of M,
A € A, the corresponding eigenvector space is one-dimensional and the map M +— A
is a bijective map between the set of equivalence classes of simple modules and the
set A. Especially, the contragredient module M* is simple, denote ‘A its highest
weight.

To describe the simple module M with highest weight A = . a;w;, fix a highest
weight vector vy in M. Associated to the choice of II, the Lie algebra g splits into
g=n" ®HhEn. On vy, h+n acts by dilation:

(H+X)U,\ = )\(H)U)\ (H eh, Xe ‘(‘l).
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If X; (resp. Y;) are the a; (resp. the —a;) root vectors ([H, X;] = «;(H)X;), then
as a Lie algebra n (resp. n~) is generated as a Lie algebra by the X; (the Y;).
The module M is isomorphic with the quotient S* = A(g)/(X;, H; — a;, ;') of
the enveloping algebra of g by the ideal generated by the elements X;, H; — a; and
Y;ai+1 )
Therefore as a vector space and a n~-module, S* is isomorphic to the quotient
A(n~) /(Y ™) of the enveloping algebra of n~ by the ideal generated by Y.
By duality, for each lowest weight vector uy € S*, we denote the n-module S, by:
S = An)us = A(m)/(X])

2

where the natural numbers are such that the weight of uy is —'A = =Y. alw;.

The theory of simple g-modules is therefore described by the space:

S:@SA.

AEA

This space has a commutative algebra structure, it is called the shape algebra
of g. The multiplication is induced by the transpose of the equivariant maps
(M) = (S @ (S)".

Choose a highest weight vector v,, € S (1 < i < ¢). The shape algebra S is

generated (as an algebra and a g module) by the vectors wv,,. More precisely, let
A= > aw; € A. A natural highest weight vector in S* is

14

Then, for any A and p in A, vy - v, = vaq,. The multiplication map
- S®S — S,
is g-equivariant. These properties define completely the multiplication.

4.2. Reduced shape algebra

A natural class of modules for a nilpotent Lie algebra n is the finite dimensional
nilpotent modules M, such that any element X in n has a nilpotent action on M.
Such a module is generally not semisimple, it can be decomposed into a sum of
monogenic modules (module generated by a unique vector v).

Suppose that M = (n)v is monogenic, then it is indecomposable (see [1]). Suppose
(X;) is a system of vectors generating n as a Lie algebra. Then there are natural
numbers a, such that:

XS040, XMoo=,
In other words, M is a quotient of the module 24(n)/( X;IHI
i 22[("‘)/()(J)"Jrl) is a quotient of Ql(n)/(Xf%“)_

K3 (2

). Now if b, < a] for any

From now on, we suppose that n is the nilpotent subalgebra of a complex semisimple
Lie algebra split into g =n~ & h & n, and X; are the root vectors associated to the
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simple root system II. In this case, the above modules are the S*|,, and, if pu < X,
the map

fu L SHo — S W Vy_yy s W
is n-invariant and one-to-one: if f, \(w) = 0 and w # 0, since there is U € 2A(n)
such that Uw = v,,, this yields to the impossible relation vy = U f, \(w) = 0.

Due to this observation, for the nilpotent Lie algebra n, it is natural to replace the
sum of the S* by the union of these spaces. This is equivalent to consider a quotient
of the shape algebra of g.

Define the reduced shape algebra S,¢q as the quotient S,.q = S/Z of the shape algebra
S by the ideal Z generated by the 1 —w,,. Denote 7 the canonical projection from S
onto S;eq. The reduced shape algebra is a commutative algebra, with unity 1 = (1),
and a n-module.

Proposition 4.1. [1] Denote by 7 the canonical projection from S onto S,cq. Then
(i)  For any X, the n-modules S*|, and 7(S*|,) are isomorphic.

(i) For any p < X, 7 (S"|s) is a submodule of 7 (S*],).

(iii) The space of vectors w € S;eq such that n-w =0 is C1.

(

V) Syeq s an indecomposable n-module.

As an n-module, S, is the union of all ‘maximal’ monogenic n-modules S*|, =
A(n) /(X5 ), with the stratification S#|, C S*, if p < A.

(2

5. Young tableaux and shape algebras

5.1. The sl(n) and sp(2n) cases

Young tableaux were introduced in the 19th century to describe a well known
decomposition of the tensor algebra T'(V') of a finite dimensional vector space into
gl(n)-invariant spaces (see [7] for instance). Let us recall this decomposition.

Say that the filling of a Ferrer diagram with d boxes is a standard Young tableau
(S € St(d)) if the entries are {1,...,d} and strictly increasing in each column from
the top to the bottom and in each row from the left to the right. Let S be such a
standard tableau. We associate to S the set Pg respectively Qs of permutations
o € Sy preserving each row (resp. each column) of S, then the a Young symmetrizer:

cs=() o)) (o))

o€Ps o€Qs

Up to a constant, cg is an idempotent element Yg of the group algebra (S;). Now
S, thus C(Sy) are acting on ®?V on the right by:

(Ul®...®vd).O':’Uo_(l)®...®fvo_(d)’

and the decompostion of ®?V into irreducible S;-invariant subspaces is given by:

QW = @ V. Ys.
Sest(d)
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The group GL(V) (or SL(V)) is acting on V', thus on @V on the left, this action
is commuting with the S;-action on the right and the spaces invariant under the pair
(SL(V),S,) are irreducible. More precisely, fix a basis (ey,...,e,) for the space V',
identifying the Lie algebra of SL(V') to sl(n). For each shape A\ = (ay,...,a,) with
d =) .ia; boxes, pick a pair (7,S5) of Young tableaux where T' is semistandard
with entries in {1,...,n} and shape A\ (T € SS*) and S is standard with shape
A (S € St*). Denote t7 the entry of T which is in the box with entry j in S
(1 <j<d), put:
er,s) = (en @ - @ eu) - Y.

Then the set B = {e(r,s): T € S5* S € St*, X a shape with d boxes} is a basis of
@4, and if S is fixed, with shape A = (a1, ..., a,_1,0), the set {eqrg): T € S5*}
is a basis of a simple sl(n)-module, with highest weight . a;w;.

Now, for each A, define the standard Young tableau S(\) = s;; with shape A by
numerating the boxes of the Ferrer diagram with shape A column by column from
the left to the right and from the top to the bottom or: j < j' implies s;; < sy ;s
for any 7, 7.

Proposition 5.1.  As a vector space, the shape algebra S°® of sl(n) is a quotient
of T(V) = 34V, by the invariant subspace W = 3, > ocqp. szsoy V- Ys. Let
P:T(V)—S* be the quotient map.

The set By = {e(rspy @ T € SS*, X = (a1,...,a,-1,0)} is a basis of a supplemen-
tary space to W, thus defines a basis of S*, indexed by the collection of semistandard
tableaur with entries in {1,...,n} without any column of height n. For each fized
shape X = (a1,...,a,-1,0), {Plerswy)) : T € SS*} is a basis of S*, the simple
module with highest weight X =", a;w;.

Since the reduced shape algebra S?_; is a quotient of S*, with quotient map m, we
have to select, in the above basis, a basis for a supplementary space of the ideal Z.
Denote QS* the set of quasistandard tableaux with shape A\ = (ay,...,a,_1,0), it
is proved in [2] that:

Proposition 5.2.  The set {P(eqrsoy) @ T € QSY, X = (a1,...,a,-1,0)}
is a basis of a supplementary space to I in S°®, thus defines a basis of S?,,,
indexed by the collection of quasistandard tableaux with entries in {1,...,n} without
any column of height n. For each fized shape A\ = (aq,...,a,-1,0), in S*/I,

{m(Pletrswy)) : T € QS*, w <A} is a basis of ©(S*).

The same presentation is working for sp(2n). Now V' is 2n-dimensional, with basis
{e1,...,en, €m,...,e7}, as a vector space, the corresponding shape algebra S is a
quotient of the shape algebra S* of sl(2n). If A = (ay,...,a,), denote SS™ the set
of symplectic tableaux with shape A. The following is proved in [6]:

Proposition 5.3.  As a vector space, the shape algebra S of sp(2n) is a quotient
of T(V) = > ,@%V, by an invariant subspace W'. Let P' : T(V) — S the
quotient map. Then the set {ersny) : T € SSWN A} is a basis of a supplementary
space to W', thus defines a basis of S, indeved by the collection of symplectic
tableaux with entries in {1,...,n,m,...,1}. For each fized shape X\ = (ay, ..., a,),
{P'(ersiny) : T € SSNVY s a basis of SN, the simple sp(2n)-module with highest
weight A =), a;w; .
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Using the symplectic jeu de taquin, the result of Proposition 5.2 was proved in [3] in
the symplectic case.

Proposition 5.4.  Denote QS™ the set of symplectic quasistandard tableaux with
shape A\ = (ai1,...,a,). The set {P'(erspny) @ T € QS™, A} is a basis of a
supplementary space to T in S | thus defines a basis of Sigj, indezed by the collection
of symplectic quasistandard tableaux with entries in {1,... . n,m,...,1}. For each
fized shape X\ = (a1, ..., a,), in S® /T, {r(P'(ersuy)): T € QS™, n <A} isa
basis of T(SNM).

5.2. The g =s0(2n + 1) case

Let us now describe the combinatoric associated to the shape algebras of so(2n+1).
First recall the presentation of the simple modules of so(2n + 1), see for instance

[7, 14].
Let V' be a 2n+1-dimensional complex vector space with bas_is (€1, .., €n, €0, €y ooy €T)
(recall the ordering 1 <...<n<0<n<...<1). Puti=4and 0=0. On V,

define the non degenerated symmetric bilinear form @ = ( , ) by
<€i7 €3> = (5@', V ’i, j

Let so(2n + 1) be the Lie algebra of matrices preserving @. It is the set of all
(2n+1) x (2n+ 1) matrices X such that *X = — X, where s is the symmetry with
respect to the second diagonal, or:

A uw B
X=|-% 0 —°
cC v —°3A

with nxn matrices A, B and C such that *B = —B, °*C' = —C, nx1 matrices u
and v and where *u = [u1, ..., u11]. The Liealgebra so(2n+1) issimple, of type (B,,).

The space h of diagonal matrices H in so(2n+1) is a Cartan subalgebra of so(2n+1).
For any 1 < j < n, define ¢; by He; = ¢;(H)e;. The root system of so(2n + 1) is
thus A ={x(e; £¢;), 1<i<j<n}U{fe, 1<i<n}.

Choose the simple root system
M={e1—¢€2,...,6n-1 —€n, En}-

Then the positive roots are ¢; —¢;, ¢, +¢; (1 <i<j<mn),and g (1 <i<n).
The nilpotent factor n is the set of upper triangular matrices in so(2n + 1).

The fundamental weights for so(2n + 1) are:
1
w1 = €1, WQ:€1—|—€2,..., Wn—1 :€1+...+En_1, wn:§(51+...+5n).

The set of highest weights is A = Y | ZTw;. For any A in A, denote SM the
corresponding simple module.

For the Lie algebras sl(n) and sp(2n), their simple modules are submodules of T'(V'),
this is no longuer true for so(2n + 1). As for sl(2n + 1), the fundamental modules
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Skl for k = 1,...,n — 1 are the submodules A*V. However, the fundamental
module S»I does not appear in the decomposition of T (V). This module is 2"-
dimensional, and called the spin representation. Remark that A"V =~ S and
Sknl @ Skonl ~ @r_ ARV,

Let A = 22:1 arwg bein A. If a, is even, we say that A is admissible or A € Aygn,
the module S is the submodule of

.....

generated by €' @ (€1 Aeg)2 ® -+ ® (e A+ Ae,)™/2. We say that SN is a tensor
module and A an admissible weight.

However, if a, is odd SM is not a submodule of T/(V), it is a submodule of

—1

Sariar = Sym™(V)QSym®=2(A2V)®- - -@ Sym™ (A" V)@ Sym ™= (A"V) @Sk,

~~~~~

E;C]lm =D Aehum S| called the tensor shape algebra of so(2n+1)

is a subalgebra of the shape algebra Sl*l of so(2n +1).
Each simple module A*V (k < n) has a basis which is labeled with the admissible
A

columns of height k. The number of admissible columns f [O| with height k is
D

Therefore, the sum S

exactly (Z) Asusual, if T = {i; <iy <---<ix} C{l,...,n,0,7m,...,1}, denote

by er the vector e;, A---Ae;, . If #0 <1 the admissible column C = f g labels
D

the vector e, o,p = ¢(C).

Order now the set of admissible columns f é such that #0 > 2 by using

D
the lexicographic ordering: this set is {Ci,...,Cy}, similarly order the set of the
vectors ey = ey p and er = e,y oyup such that the corresponding column é is
D

not admissible by using lexicographic ordering on the sets I, this set of vectors is
{en, ... en,}. Put ef; = ©(Cj). The admissible columns of height £ < n label a
basis of Sl and the admissible columns of height n a basis of SI2n!.

On the other hand, since the dimension of S¥ is 2" we can use the spin column
to label a basis of the spin representation. We do not present here such an explicit
procedure.

Thus the orthogonal columns are labeling the basis of the fundamental modules of
50(2n + 1). Consider now the tableaux 7" whose columns are admissible and shape
is (a1,...,an-1,%) (a, even). They label a basis of S,, . 4, and the tableaux €T,
where € is a spin column label a basis of S,, . a,+1-

ol

As a vector space, the tensor shape algebra S, is a quotient of the sum of the
o, With a, even, and the shape algebra Sl is a quotient of the sum of
a, » Selecting a subset of tableaux, we get basis in these quotients.

-----

.....
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Proposition 5.5. [10] Let A =) . aw;. If a, is even, then the set ASN = A of

an

admissible tableauz with shape X\ = (ay, ..., an—1, %) is a basis for the simple module
SW. If a, is odd, then the set SSW of orthogonal tableauz of the form €T where
¢ is a spin column and T € ASP=rl s a basis for the simple module SY. The set

SSl of all orthogonal tableauz is a basis for the shape algebra S!* of so(2n 4 1).
Consider now the reduced shape algebra SL‘e}d of s0(2n+1). Recall the quotient map:
mo Skl sl — sz,

where Z is the ideal generated by the v,, — 1 = f[{1,...,k}] —1 (kK < n) and
Ve, — 1 =f[{1,...,n}] — 1. This algebra contains the admissible reduced algebra

S([L.c]lm,red = Sz[;c]lm/(z N S([;c]lm)

Since the vectors z in Z N S verifying nx = 0 are linear combination of the v,

with A € Augm, we have: o
Seimrea= || 7(S™)
AEAGdm
with the relation 7(SM) c 7(SM) if u < X. Since, 7(SP~#nl) ¢ 7(SN), we have
Sgc]lmmed = Sg'e]d. Thus, Theorem 3.6 gives:

Corollary 5.6.  The set of admissible quasistandard tableauz QA® = |\, oA
is labeling a basis of Sg’gm’red, the disjoint union |_|“9 QA" giving a basis of the sub-

module ©(SW), where N = Y hen QWi + 2apwn if A= (a1,...,a,).

To extend this construction to the reduced shape algebra of so(n), we have to modify
the definition of quasistandard tableaux.

Definition 5.1.  Let ' € QA* be an admissible quasistandard tableau with shape
A= (ag,...,ap).

If a, =0 wesay that T is orthogonal quasistandard and write T € QSM, P(T) =T

If a, >0 and its first column C; is such that spl(C;) = % g with C' # 0,

we say that T isorthogonal quasistandard and write T € QS where
N =3 e kwr + 2apw,, P(T)=T.

If a, >0 and T = C,S with spl(C;) = F B (E ={1,...n}), we say that T

F
is not orthogonal quasistandard, we put 7" = P(T) = f{é] S, where
D ={1,...,n}\ A and say that 7" is orthogonal quasistandard and write
T € QSW—wnl,

By construction, P is a bijection from the set of admissible quasistandard tableaux
into the set of orthogonal quasistandard tableaux. Thus:

Corollary 5.7.  The set of orthogonal quasistandard tableaux QS = Lea QSW

is labeling a basis of St

veq» Lhe disjoint union |—|u§>\ QS giving a basis of the
submodule m(SM).
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