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Abstract. A new proof of the conformal covariance of the powers of the flat Dirac operator
is obtained. The proof uses their relation with the Knapp-Stein family of intertwining operators
for the spinorial principal series, and relies on finding the residues of this family. We also treat
the compact picture, i.e. on the sphere, where certain natural polynomials of the Dirac operator
appear. In effect, it is shown that the Knapp-Stein intertwining operators form a family of operators
interpolating between the conformal powers of the Dirac operator.
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1. Introduction

The powers of the (flat) Dirac operator are known to satisfy a covariance property
with respect to the Mobius group (see [2, 14, 8]). We give a new proof by interpreting
the powers of the Dirac operator as residues of a meromorphic family of Knapp-Stein
intertwining operators. The proof is elementary and does not involve any Clifford
analysis. We also give in the last section the corresponding meromorphic family
and its residues on the sphere. This corresponds to the so-called compact picture
of the induced representations. In particular we find as residues on the sphere the
polynomials D(D? — 12)---(D? — m?) of the Dirac operator D. These were found
earlier by other methods in [8, 12] (in these references the polynomials are not with
constant coefficients, and it still needs some consideration to see that they may be
identified with the polynomials above).

2. The conformal group of the sphere

Let (E"“, (., )) be a Euclidean vector space of dimension n + 1, i.e. it may be
identified with the standard R"™! and denote by (z,y) the inner product of two
vectors z and y. Let S = S™ be the unit sphere of £ = E"*!. The Lorentz space is

BV =R E={(t,x),tc R,z c "}
endowed with the symmetric bilinear form [., .| given by

[(t’ :L‘), (ua y)] =tu — (l‘,y) .
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Let S be the set of isotropic lines in £'"!. The map
Ssr—d,=R(l,z) €S

is a one-to-one correspondance of S onto &, which is moreover a diffeomorphism for
the canonical differential structures on S (as a submanifold of E"™) and S (as a
submanifold of the projective space of E'"1).

Let G = SOo(E" ™) ~ SOy(1,n + 1) be the connected component of the neutral
element in the group of isometries of E"*!. Then G acts on S and hence on S.
This action is conformal in the sense that for any g in G and x € S, the differential
Dg(x) : T, — Ty is a similarity of the tangent space T, of S at z, i.e.

Dg(z) = r(g,z)r(g,7) ,

where 7 (g, z) is a positive isometry of T} into Ty, and x(g,x) > 0 is the conformal
factor of g at x.

The group K = SO(E™1) ~ SO(n + 1) is a maximal compact subgroup of G,
associated to the standard Cartan involution g — 6(g) = (¢*)~'. The group K
acts transitively on S'.

Let (eg,...,e,) be an orthonormal basis of E"! and choose ¢y as the basepoint in
S. Let E™ = ey be the hyperplane orthogonal to ey in of E"™'. The stabilizer of
ep in K is the subgroup M ~ SO(n), and this gives a realization of S ~ K/M as
a compact Riemannian symmetric space. On the other hand, let P be the stabilizer
of ep in G. Then P is a parabolic subgroup of G, and S ~ G/P is a realization of
S as a flag manifold.

Let ey = (1,0,...,0) € E'""' so that {e_y,ep,...,e,} is a basis of E'7F1
Introduce the subgroups of G defined by

.

coshs sinhs 0 ... 0
sinhs coshs 0 ... 0
A=<(as= 0 0 1 , seR
0 0 1
\ Vs
[ ut
2 2
and N=< n,= 1 , u€eR"~FE"
U —u )
\ ]‘ J

Then P = M AN is a Langlands decomposition of P. Let N = #N be the opposite
unipotent subgroup, given by
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We also let

1

The element w isin K, acts on S™ by (xg, z1, %2, ..., 2,) —> (—Tg, —T1, T2, ..., Tp),
satisfies wa,w~! = a_,, thus realizes the non trivial Weyl group element. The map

<|v|2 —1 2 )
civ— : v
o2+ 1" |v]2+1

is a diffeomorphism from E™ onto S\ {eo}. Its inverse is the classical stereographic
projection from the source eg.

As a convention let E' = E™ U oo be the one-point compactification of E,. Then
clearly the map ¢ can be extended to E,, by setting c(oo) = ep, to get a one-to-one
correspondance between E~ and S™. This allows to transfer the action of G on
S to an action of G on E". In this way, the group G is realized as a group of
rational conformal transformations of E™, usually called the Mdbius group M, (E,,).
The subgroup P is now realized by affine similarities, the group M is the group of
rotations of E with center at 0, A is the group of positive dilations with center 0

and N is the group of translations of . The element w acts as the twisted inversion

Tr1 T2 Tn )

(xl,xg,...,xn)r—>(—W,W,---aW

When using this model for the sphere, we refer to the noncompact picture.

3. The Vahlen-Maass-Ahlfors realization of the
twofold covering of the Mdobius group

There is a quite useful realization of (a twofold covering of) G’ acting on E,, via the
Clifford algebra C1,,_1, initiated by Vahlen ([17]), revived by Maass ([13]) and well
presented by Ahlfors ([1], see also [10, 15]).

Let E™! be the vector subspace generated by es,...,e,, and form the Clifford
algebra Cl,_; = CI(E™ '), i.e. the algebra (with unit 1) generated by the vector
space E™! and the relations

uv 4+ vu + 2(u,v) =0 .

The space E" is identified with the subspace R @® E"! of CI1(E™"™!), the element e;
corresponding to the unit of the Clifford algebra. Following Ahlfors, elements of E"
will be called vectors.

Recall the three involutions of the Clifford algebra : the principal automorphism
a — d', obtained by sending e; to —e; for 2 < j < n, the reversion a — a* which
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is the antiisomorphism mapping e; to e; for 2 < j <n and the conjugation a — @
which is the composition of the two first.

There exists a canonical inner product on Cl,_; extending the inner product on
E™ ! the corresponding norm is denoted by | |.

For vectors = a*, 2’/ =7, and 2T = 2} + - - + 22 = |z|?, so that any vector x # 0
is invertible with inverse equal to 27! = e

The Clifford group T, is the set of all elements of the Clifford algebra Cl,,_; which
can be written as products on non-zero vectors. If a,b are in ', then

aa=la*, |ab| = |allb].

Let a be in T',. Then a is invertible and a~! = @/|a|?. For z in E", azad' ' € E™,
and the map z — aza’ ™' is a positive isometry of E™.

Definition 3.1. A matrix g = (Z cbl) is a Clifford matriz if
(i) a,b,c,d T, U{0}.
(i) ad* —bc* =1.
(iii) ab* and cd* € E™.

Theorem 3.2.  Under matriz multiplication, the Clifford matrices form a group,
denoted by SLy(T'y,).

The following observation will be useful later : for a,b € T',,, the conditions ab* € E"
and a~'b € E™ are equivalent.

Let g = <CCL Z) in SLy(I',) and z in E". We recall the meaning of the expression
g(z) = (ax + b)(cx + d)~'. First cx + d is either 0 or is invertible:

e if c#£0, cisin I',. Condition (iii) and the remark imply that ¢~'d € E™, so
that cx + d = c(z + ¢7'd) is either 0 or invertible.

o if ¢ = 0, then (ii) implies that d # 0 so that cx +d = d is in I',,, hence is
invertible.

Next, observe that ax+0b and cx +d cannot be both 0. In fact assume the contrary.
By ii), a and ¢ can not be both 0. So, assume that a # 0. Hence a is invertible
and ¥ = —a~'b = b*a* . Hence 0 = cv +d = —cb*(a*) " +d .
Multiplying both sides on the left by a* yields —c*b+ da* = 0 which is incompatible
with (ii). A similar argument holds if ¢ # 0.
So, if cx+d # 0, (ax+b)(cx+d)~! is a well defined element of Cl,,_;. If cx+d = 0,
then set (ax + b)(cx + d)™' = oo. Finally, let (aco + b)(coo +d)™! = ac™! if ¢ #0
and = oo if ¢ = 0.

Theorem 3.3. (i) Forany g in SLy(Ty,) andz € E", g(z) = (az+b)(ca+d)™"
belongs to E .
(i) The map 1y: E" > x v+ glx) €E belongs to the Mobius group M(E").

(iii) The homomorphism g +— 4 is a twofold covering of the Mdbius group, with
kernel +1d,.
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See [1] for a proof.
In the sequel, we let G = SLy(I',,). The stabilizer of oo in G is the subgroup

D a b * * n
P_{<0 d)’ ad* =1, ab EE}.

The Langlands decomposition of Pis P=LN = MAN , Where

R (R S (I s

and the group M is realized as

~ m 0
M—{(O m*1>, mEFn,|m|—1}

The element <7(1)1 m9_1> of M acts on E" by o,, : * — mam* and the map

o1 m —> o, is a twofold covering of M ~ Spin,, onto SO(n).

Let H = <(1) _01) , so that, for t > 0 we have a; = exptH. A complex linear form

on a is identified with the complex number A equal to the value of the linear from on
the element H. The half-sum of the positive roots p with respect to N corresponds
to the number n, and we let a} = t*,¢t > 0, € C.

The group N acts by translations z ++ 2 + v. An element of N is of the form
(1 O) where x € E". We will identify N with E,. The non trivial Weyl group

x 1

element is realized by the matrix w = (? _01) .

The Bruhat decomposition of an element g = (CCL Z) , where a # 0 is given by

(e 8)=(a D656

The proof of this identity reduces to ca™'b+a*~' =d , which is a consequence of
the assumptions on a,b, ¢ and d (see Definition 3.1).

Proposition 3.4. Let g€ G, z,y € E" and assume that g(x),g(y) € E™. Then
9(x) — g(y) = (cy + )z —y)(co +d)~" . (1)

Proposition 3.5.  Let g be in G, x € E™ and assume that g(z) € E™. Then the
differential of the action of g at x is given by

Dg(x)¢ = (cx +d) 'Elcx+d) ™t . (2)
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The conformal factor of g at x is given by r(g,z) = |cx + d|™* and the rotation
factor is given by (g, z) = o((cx + d)'|cx + d|7').

Proposition 1 is proved in [1] (see also [10]). The formula for the differential in
Proposition 3.5 is a consequence. For the last part of the proposition, observe that
z=(cx+d) isin I', and

el (Z) e () = h e ()

Another formula will be useful later.

Proposition 3.6. Let g = <Z Z) be in SLy(T',). Let x € E™, assume that g
is defined at x and let y = (ax + b)(cx +d)~'. Then

—c'y+a* = (cx+d)! (3)
Proof.  The identity follows from
(=c'y+a")(cx+d) = —c(ax +b) + a*(cx + d) = —c"b+a’d ,

and the fact that a*d — ¢*b = 1, a consequence of the conditions satisfied by a, b, ¢, d
(see Definition 3.1). |
The map 0 defined on G by
7 (e b\ [(d =
c d)  \=V d

is an involution of G , which covers the standard involution 6 on GG. The fixed points
set of 6 is the subgroup K given by

K = { (_“b, S) va,b,€ T, U0}, |af®> +|b)* = 1,ab* € E"} .

The subgroup K is a maximal compact subgroup of é, isomorphic to Spin(n + 1)
and is a twofold covering of K.

The sphere S™ can be interpreted as G/P (flag manifold) and as K/ M (compact
symmetric space).

To determine the Lie algebra of M = Spin, in this model, we will describe one-
parameter groups, and find the associated vector fields. First consider, for 2 < j < n

t
my = cos - +sin—-e;, teER.

2 2
cost —sint
1
Then Ime = | gin¢ cost

1

Here the size of the unit matrices are resp. j—2 and n—j.
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t t
For2<j<k<n,let m :COS§6j+Sin§€k )
1
cost —sint
Then Om; = 1
sint cost

1

Here the size of the unit matrices are resp. j — 1, k — 7 — 1 and n — k. So, a basis
of the Lie algebra of the spin group is

1 . 1 .
€j, 2§j§na éejeka 2§j<k§n
This follows from the Clifford relations for the generators e;, giving that the com-
mutators between the elements listed indeed correspond to the standard generators
of the Lie algebra of SO(n).

4. The spinor representation

We recall some well-known results on the spinor representations. We will use the
standard realization of Spin,, in Cl,, (not to be confused with the realization of the
same group in Cl,_; we used in the previous section), namely

Spin, ={a=wv...vy, v, ERGE" |v;]=1keN}.

A finite dimensional complex Hilbert space H is said to be a Clifford module if it is a
module for the Clifford algebra; in particular there exist n skew-Hermitian operators
Ey, ..., FE, on H, such that

By the universal property of the Clifford algebra, there exists a (uniquely defined)
representation (7,7) of the complex Clifford algebra Cl,,, which satisfies 7(e;) = £
and conversely, any representation of the Clifford algebra is obtained in this manner.
Note that, for any a € Cl,,, 7(a@) is the adjoint of 7(a) for the Hilbert product on %,,.

Viewing Spin,, as a subset of Cl,, we obtain by restriction of 7 a representation of
Spin, on H, still denoted by 7, which is unitary by the last remark.

The results concerning the irreducible representations of Cl,, depend on the parity
of n.

Assume first that n is even. Then the complex Clifford algebra Cl, has a unique
irreducible representation (up to isomorphism) for n even. Let ¥, the complex
(finite-dimensional) Hilbert space on which the representation acts, and denote by
o : Cl, — End(%,) the representation. When restricted to Spin,, (or equiva-
lently to the even part CI¢"), the representation (o,3,) splits into two inequivalent
representations.

In case n is odd, then there are two inequivalent irreducible representations, denoted
by (ot,%}) and (07,3, ). To distinguish them, let

n+1

Wt =% ]eleg...en
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be the volume element. Observe that the oddness of n implies that w® is in the center
of Cl,, . By Schur’s lemma, 7(w) = +1d for 7 an irreducible representation. Hence
0F(w®) = £1d on XF, which distinguishes the two representations, and shows that
they are not equivalent. When restricted to CI&¥ (or to Spin,, ), both restrictions of
o* stay irreducible and are equivalent representations. Let X, = ¥F @ ¥ and let
oc=0"®o".

In any case of parity, we call (0,%,) the spinor representation of Cl,, (or of Spin,,).
On ¥, there is a Hermitian scalar product for which o(z) is unitary for any = € R”
with unit length. For this inner product, ¥, is a Clifford module. For 1 < 57 < n, let
E; = o(ej). Then the E;’s are skew Hermitian and satisfy the defining relations (4).

Finally, we have to connect the standard realization of Spin, with the realization of
M in the Vahlen-Maass-Ahlfors approach. Thelinear map ~: E"~1 —— CI¢ given by
v(ej) =erej, 2<j<n

satisfies y(e;)v(e;) + v(ej)v(e;) = —20;; and hence can be extended to yield an
isomorphism (still denoted by ) of CI(E™') onto CI¢’. The map 7 induces an
isomorphism of M onto Spin,. For a € CI(E"™1),let 7(a) = o(v(a)). Then (7,%,)

is a representation of CI(E™') and, by restriction to M, a representation of M,
called the spinor representation. For x € E",

T(l’l + X969 + -+ + a:nen) =T Id +[B2E1EQ + -4 .CEnElEn . (5)

0 -1

Recall that the element w = ( 1 0

) is a representative of the nontrivial Weyl

group element.

Proposition 4.1.  Let 7 be the spinor representation of M, and let wt be the
representation of M given by wr(m) = 7(w 'mw). Then
wr =1,

where 7' is the restriction to M of the representation of Cl,,_1 given by 7'(a) = 7(d’),
for a € Cl,_;.

Proof. Forael,,
0 1\[(a O 0 -1\  [a' 0
-1 0/\0 a*)J\1 0) L 0 a)"

If moreover, |a| = 1, then a*~' = d’, so that the automorphism of M induced by w

coincides with the principal automorphism. The statement follows. [ ]

Proposition 4.2.  For any a € CI(E™™),
Ei7'(a) =71(a) E; . (6)

Proof. It suffices to verify the statement for any vector x € E". Let z =
T1 + To€s + -+ + z,€,. Then

T(l’)El = (171 Id +ZL‘2E1EQ + .. anlEn) El = $1E1 + QTQEQ + -4 ann
whereas

ElT/(.CE) = El (ZL‘l Id —$2E1E2 — = anlEn) = .CElEl + ZL‘QEQ + -+ .Q?nEn . n
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5. The principal spinorial series of G and the
associated intertwining operators

Let us first recall the general theory of Knapp-Stein intertwining operators. Let G
be a semisimple Lie group (connected and with finite center), P a minimal parabolic
subgroup. Let 6 be a Cartan involution, with fixed points K, which is a maximal
compact subgroup of G. Let P = MAN be a Langlands decomposition of P
adapted to 0. In particular, M = PN K. Let M’ be the normalizer of A in K
and W ~ M’'/M be the corresponding Weyl group. Let X = G/P ~ K/M, and
let 0 = eP be the origin in X . Let a be the Lie algebra of A, and let exp be the
exponential map from a onto A. Let p € @’ (the dual of a) be the half-sum of the
positive roots relative to N. The map

K xAxN > (k,a,n) — kan € G

is a diffeomorphism onto G. If g is in G, we write g = r(a)exp H(g)v(g) for the
Twasawa decomposition. Let N = §N. The map

NxMxAx N> (m,m,a,n)— aman € G
is a diffeomorphism onto a dense open set of G. For g an element in the image, let

g =mn(g)m(g)a(g)n(g)

be the corresponding Bruhat decomposition.

Let 7 be a unitary representation of M on a (finite dimensional) Hilbert space V/
and let A\ be a complex linear form on a = Lie(A). Let 7, be the representation of

P defined by
m(man) = a*r(m), me M, a€ A, nEN ,

where a* = eAloga)

Form the induced representation m. ) = Ind§, 4 (7 ® expA ® 1). Here we consider
the normalized induction (with the p-shift built in, so that purely imaginary A
correspond to naturally unitary representations). We will work with the noncompact
picture of this induced representation. Introduce the space L?\(N) as the space of
functions f on N, valued in V', which satisfy

/ F() P H0) g < oo
N

We state the noncompact realization of the induced representation as a proposition
(see [11] ch VII).

Proposition 5.1. For g€ G,

Tra(9)f (@) = e BT (g™ ) f (m(g ') - (7)
defines a representation m, of G by bounded operators on L3(N).

Let w be an element of W, and choose a representative (still denoted by w) in M’.
The actions of this element (on characters, group elements, and representations) are
then by conjugation by the representative.
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Let wr be the representation of M defined by wr(m) = 7(w'mw). The Knapp-
Stein theory of intertwining operators offers a construction of an intertwining oper-
ator between 7, and T, ,x. We state it as a proposition (see [11] Ch. VII, (7.39)).

Set, for f a function on N and z € N,

Teauaf (2) = [ el PR D 7)) f )

N

Proposition 5.2. The operator Jy is an intertwining operator between 7\ and
Twrwx, namely for any g € G,

JT,)\,w O Tr A (9) - 7Tw7',w>\(9> O Jraw -

The proposition lets aside the convergence of the integral, which is true for A
in some open set of ai. The intertwining operator J; ), can then be extended
meromorphically to the whole space.
This general scheme applies to our situation. Let (7,3) (here we omit the subscript
n) be the spinor representation of M and let A € C. Define the representation 7y
of P by

m(mamn) = t**7(m) .

Let m, = IIldgT)\. Following the procedure just described above, we obtain the
following realization of these representations (noncompact picture).

a b

Theorem 5.3. For A€ C and g = (C d) , the formula

-1
m@ﬂ@ZW“WWVAW<%E%%> F((=¢ +aa)d — b))

defines a representation of G by bounded operators on L3(E™,Y).

Proof. Forzec E, ¢ 'n, = (—dc*_—i—ba*xx _a[z ) .

The components in the Bruhat decomposition of this element are
(ma)(g~'m,) = d* — bz, n(g ') = (—c +a*z)(d —b*z)"".
Hence the formula is a consequence of the general statement. |

There is another closely related representation. In fact, the same construction can
be done using the representation 7 of M we introduced earlier instead of 7. The
corresponding representation will be denoted by 7). It is related to m, be the
following elementary result, which follows from Proposition 6.

Proposition 5.4.  For any g € G:

Eymi\(g9) = ma(9)Er (8)
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We now apply Knapp-Stein theory to get an intertwining operator between m, and

/
7T_>\.

_ (10 1= (0 1 10y [y 1
Let n—(y 1).Then w n—(_l O) (y 1)—(_1 0) so that

Ho 'm) = Jyl, mww) = 2
]
Hence the Knapp-Stein operator is given by

nfe) = [ e (L) e =

Theorem 5.5. For A € C, let

nfe) = [ e (L) e =y (9

For R\ > 0 and f € L3(E™Y), the integral converges and the operator Jy thus
defined is bounded on L3(E",%) and for any g € G satisfies

Iamalg) = 75 (9) Ix - (10)

Although this is a consequence of the Knapp-Stein theory, we may offer a direct proof
(compare with [10]). Note that the domain (in \) of convergence may be extended,
but the stated domain is natural here.

Proof. Let g = (Z Z) Let v = (_ab*

*

_di ) which is easily seen to be an element
of G.
Let f bein C°(E",Y). Note that this space is dense in the corresponding L? space.

Then f(@) = / Ia:—y!”‘"r(;:;)f(y) dy ,
so that T \(9) I\ f(x) =
d* _ b* — —
=l - b*x|2k_n7/<|d* —r) | / 1) - y'%%(@g; - Z)f(y)dy '

Use the change of variable y = (z), and hence dy = |d* — b*z|7*"dz to get

d* —b*'x)\ -1
= |d* — b* —2A—n /<—> .
| T E

[ b =@ (PO ¢ v )ds

V(@) —(2)
Now, using (1) v(z) —y(2) = (d* = b*z)* " (z — 2)(d* — b*2)"
(@) = y(2)| = |d" = bz o — z||d"z — b2

() =(2)  d"—b'x) Tl — g pdt— b\t
roEc T
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For u € I, such that |u| =1, 7(u* ") = 7(«) = 7/(u) so that
T (9)Inf ()
= / |z — 2|2 "d* — b*z|_2)‘_"7<—d>k — b >1f((a*z — ) (d* = b*z) ") dz
n |d* — b 2|
= Jama(g)f(z) . m

For s € C, let, for # € E",x # 0, dy(x) = [=[*"' }0_ 2;E; , and let D, be the
associated convolution operator defined by

D.f@) = [ do)f(e—v)dy.

Proposition 5.6. Let ®s > —n. For any g € é,

DSOW%(Q) :WL(HTn)(Q)ODs- (11)

Proof. By using the trivial intertwining relations (6) and (8), we can transform
the intertwining relation (10) to get

J\Eyom\(g) =7",(g9) o JLE ,
for any g € G. Next, for any x € E" x # 0
27" Ny + 2By By + -+ 4+ 2, BBy By = doy_p ()

The statement follows, with A = =2, n

6. The fundamental identity and its consequences

For Rs > —n, d, is an integrable function on E" (with values in End(X)), hence
a (tempered) distribution. We want to meromorphically continue this distribution
to C.

Let D be the Dirac operator on E™. By definition, it acts on smooth functions on
E™ with values in ¥ by

wwzz@%m.

Jj=1

Extend this formula to End(X) valued function : if S(z) is such a function, let
“~ OR
— X
j=1
Notice that the associated convolution operator satisfies
DR*xf)=DRxf.

In both cases, D*f = =377, %, which we write as D? = A, where A is the
J

(extension to 3 or End(X)-valued functions of the) standard Laplacian on E™.
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Proposition 6.1 (Fundamental identity). Let s € C,Rs > —n. Then, for
re E"x#0
D|z|*tt = (s + 1)d, , (12)

where both sides are End(X)-valued functions.

Proof. It amounts to the formula 8_|x|5+1 =(s+ 1) x|z, [
Ly

As the meromorphic continuation of the distribution |z|* is well known (see [9]),
equation (12) allows the meromorphic continuation of the distribution d.

Proposition 6.2.  The distribution |z|* can be continued meromorphically to C,
with simple poles at s=—n—2k, for keN. The residue at s=—n—2k is given by

Res (|z|*, —n — 2k) = ¢, A6 |

" 22 1
where TR )
"TO®) 2%Klna(n+2)... (n+ 2k —2)
21—2k7rn/2
This may also be written as Cp = m
Proposition 6.3.  The distribution dys can be meromorphically continued to C

with simple poles at s = —n — 2k — 1,k € N. The residue of d; at —n — 2k — 1 is

given by
Res (dy,—n — 1 — 2k) = ¢, D**15 .

Proof. Let f be a function in C°(E™,X). Use (12), recall that the E;’s are skew
Hermitian and integrate by part to get

[ adas@ie = == [ s

Cos+41
This identity is valid a priori for 3&s > —n. The right hand side can be extended
to a meromorphic function, with poles at s + 1 = —n — 2k, k € N. This serves to

define the left hand side. At s = —n — 2k — 1, the residue of the right hand side is
cx AF(Df)(0). But D* = A, so that A* = D?* 'hence the proposition follows. =

Theorem 6.4.  For any positive integer k, and any g € é,

D**o 7T/_k_1(9) = 7T;€+;(9) o D**! (13)

2 2
Proof. Recall the intertwining relation (11). It is clearly valid for s in C, provided
s is not a pole. But at a pole, say s = —n — 2k — 1, we may pass to the residue on
both sides of (10), thus obtaining (13). ]

7. 'The compact picture

The results above may also be realized in the compact picture, i.e. on the sphere,
where the induced representation, the Knapp-Stein operators and their residues may
also be computed.
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The main result is an explicit expression of the residues as a polynomial in the Dirac
operator of the sphere. Recall from [11] that our induced representation may also
be realized in the compact picture, see Chapter VII, (7.3a), and the intertwining
operator given as in [11] (7.37) as follows: Set, for f a function on K and z € K

Jeawf () = /K el PN loga(w™ k) -, (=L )) f (k)

Now we can repeat the arguments from Euclidian space and realize the Knapp-Stein
operator as a kernel operator, acting on sections of the spin bundle over S™, and we
may find the residues of this meromorphic family. For this is it convenient to calculate
the spectrum of the Knapp-Stein operator, i.e. its eigenvalues on the K -types in the
induced representation. Recall the method of spectrum-generating [5], which we can
apply in an elementary way to obtain the K -spectrum as in the following result.

When n is odd, the spin representation of M has highest weight (%, . %) (we use

the standard choices of a Cartan subalgebra of m and a basis inside). The induced
representation space (sections of the spin bundle over S™) decomposes under the
action of K without multiplicity, and the corresponding highest weights of the K-

types are (j,:t)—(],2,...,§,:|: )WlthjEN+§.

When n is even, the spin representation of M is a sum of two representations, say
o and o~ , with respective highest weights (%, o %, %) and ( e %, ——) Each
induced representation ((7)",Sy) from oy, (7,,Sy) from a_) decomposes under
the action of K without multiplicity, and the corresponding heighest weights of the

K-types are (j,3,...,3) with j € N+ 2.

Proposition 7.1.  Define the spectral functions as in [5] by

INC DY
(N = F5m s
L(5+7+A)

When n is odd, the operator acting on the (j, %) K -type by the scalar Z;+(X) is an
intertwining operator between mwy and w_) .

When n is even, the operator acting from 5/\i into S§ on the K -type (J, %, e %)
by the scalar Z;+(\) is an intertwining operator between w, = my @ T, and

_ o+ -
T_N=T_,®7m_,.

See [5], noticing that the parameter r there coincides with —\ in our present context.
Because of the generic uniqueness of the intertwining operator between ), and 7_,,
the intertwining operator thus constructed is a multiple (by some meromorphic
function of \) of the one we use in the first part. The poles of the former were
at A = —% —k, k € Z. They now correspond to non singular values of the spectral
functions, so that the residues are replaced by true values. The normalization is in
fact such that the value of the intertwining operator at A = —% is exactly the Dirac
operator on S™. More precisely, for A = —=, we obtain the spectrum of the Dirac
operator on S™.

27

Proposition 7.2.  The spectrum of the Dirac operator D is given by

it - (—%) —+ (g +k)  kEN.
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Remark. An alternative determination of the spectrum of the Dirac operator on
S™ was given in [4], using a more complicated argument which however is only using
conformal geometry). See also [6].

For the other poles A\ = —% —m,m € N, the computation of the values of the spectral

functions and the previous result yield the following result.

Theorem 7.3. Let m € N. The differential operator
D,, = D(D? — 1)(D* — 4) ... (D* — m?)

is covariant with respect to (w_1_
2

Proof. For j = % + k,

Ty (g -m) =% (5 +k4m) (5 +m=1)..(5+4-m)

which coincides with the spectral function of the operator
Dp=D+m)(D+m—-1)...(D—m) .

Hence the statement. ]

For other approaches to the covariance properties of powers of the Dirac operator on
S™, see [8, 12].
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