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Abstract.  As is well-known the three-dimensional Euclidean space R3, equipped with the order
relation (z1,x9,23) < (2,24, 25) if x; < ) for i = 1,2,3, is a distributive, topological lattice.
Let L be a compact, connected sublattice of R3. For (z1,72,23) € L we define A (z1,x2,23) =
1+ a9+ 23 and for r € R we let L. = {(z1,22,23) € L: A(z1,22,23) =7}. If pg (r) denotes the
surface area of L,, then we show that the function r — ur (r) is continuously differentiable, and
that the value of p; (r) can be computed in two different ways: Either as an integral of a certain
function over the boundary of L,., or as the value of the expression v/3 (A (sup L,.) + A (inf L,.) — 2r).
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1. Introduction

With the Cartesian product ordering and its usual topology, finite dimensional
Euclidean space is a connected, distributive topological lattice. In order to study
compact sublattices of " and their geometry, it follows from R. Wille’s description
scheme [16] that the compact sublattices of three-space are important building blocks
for those sublattices (see also [11] ).

In general, lattices utilize the functions of taking least upper bounds and greatest
lower bounds. In R3, if x = (21, 72, 73) and y = (y1,¥2,y3), then the greatest lower
and least upper bounds of z and y are given by

T A Y= glb {ZE, y} = (IIllIl (1:17 yl) 7min (I27y2) ,IIliIl (l’3, y3>>

and xVy=lub{x,y} = (max (x1,y1), max (xs, ys) , max (3, y3))

respectively, and corresponding formulas are valid in all dimensions. Compact,
connected sublattices of Euclidean space are not ”smooth”: As the cubes [0, 1]"
indicate, sublattices can and will have lots of vertices and edges. In spite of this,
they still admit tangent hyperplanes almost everywhere (see [12]). In this paper, a
study of level sets in compact, connected sublattices L C R3 of three-space will be
presented. Level sets arise from the level function A : (z,y,2) — x+y+2; L - R
as the pre-images of points: L, = {(z,y,2) € L:z+y+z=r}.
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We will show that the boundary of L,, when viewed as a subset of the plane
E ={(z,y,2) eR*:x+y+z=r}

is a curve, which is differentiable almost everywhere and has a derivative that is
measurable - a property that reminds of analogous statements for convex sets.

Compact subsets A C E, have surface areas, which will be denoted by |A|. In
particular, each level set L, of a compact sublattice L C R% has a surface area, and
we obtain a function py : R — R defined by

pr (1) = | Ly |

It will be shown that even though L is in general not ”"smooth”, the function
r +— pr (r) is still continuously differentiable. Moreover, it turns out that the
derivative p/ (r) can be computed as a boundary integral in the following way:
Let (z,y,z) € OL, be a point on the boundary of the level set L,, and let n (x,y, 2)
be the outer normal to L, in the plane F,. Together with the derivative of the
boundary curve, this outer normal also exists almost everywhere and is measurable.
Then there is a function ¢ so that

4l () :/BL o (n(2,9,2)) ds

This function ¢ does not depend on the lattice L nor on the level L,, and is given
by
r fy<z<zorz<z<y
o(ry,z)=R vy fe<y<zorz<y<z
z ify<z<zorzx<z<y

This result is surprising: In general, the level set L,, at a fixed value of rq does not
determine the lattice L. So there are quite different lattices L with the same level
set L,,, which may give raise to quite different functions p, (7). However, each of
those lattices and each of those functions will have same derivative at rg. So the
derivative p () is really an invariant of the level set L,,.

It is possible to evaluate the integral [, ¢ (n(z,y,2))ds, and one obtains the
formula

1y (r) = V3 (X (inf L,) + A (sup L,) — 2r)

Level sets are important in the study of maximal antichains in partially ordered sets.
For example, in products of finite chains, maximal antichains are given by level sets
(see [1], [4], [5]). Furthermore, the bandwidth of distributive lattices is also closely
related to maximal level sets (see [6] and [9]). So one might hope that the results of
this paper can be generalized to higher dimension in order to study the width and
the bandwidth in large distributive lattices.

It should also be noted that this paper has two "discrete” precursors (see [7] and [9]).
More information on notations and results concerning lattices and their topology can
be found in [3], [13], [14] as well as [8].
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2. First examples

Example 2.1.  The first example shows that level sets do not uniquely determine
the lattice L : If L =1[0,1]°, then Ly = {z € L : A(z) = 1} is the triangle spanned
by the three canonical unit vectors, and the same triangle can be obtained as level
set of the lattice M = [0,2]".

Example 2.2.  We consider the cube L = [0,70]°, where 7, > 0 is a fixed real
number. For r < rq the level set

L.={zeL:\(x)=r}
is an equilateral triangle with vertices (r,0,0), (0,7,0) and (0,0,7). For ry <

r < 2rg, the level set L, is a hexagon with vertices (rg,r —ro,0), (ro,0,7 —rg),
(r —ro,70,0), (0,79,7 —10), (r—r0,0,79) and (0,7 — rg,r). Hence

\/757”2 0<r<nm
pr (r) = ‘/73 (T2 —3(r— 7“0)2) ro <r < 2rg
‘/73 (3rg — r)2 2rg <1 < 3ry

We observe that the level set L,, and Lg,, are both triangles. However, even though
the situation is symmetric in the sense that the map

(xl,l’g,l'g) —> (7”0 — X1,T0 — XT2,To — 33'3) L —= L

is an anti-isomorphism mapping L,, to Ls,,, one has to be careful with "duality”:
What is immediately below level ry "looks like” what is immediately above level 2r,
but is different from the levels immediately above ry. If we know the levels below 1,
we cannot just invoke "duality” to draw inferences for the levels above rg.

It follows that the function py (r) is continuously differentiable and that
iy, (ro) = V3

If z is on the line segment between (r¢,0,0) and (0,7,0), then the outer normal
to A= L,, is given by

— 1.1, 1 1
(—=70,70,0) x (1,1,1) —(1,1,-2)
||(_T07T070) X (1717]-)” \/6

and it follows that ¢ (n (z)) = \/Lg. Integrating along the straight line from (rg,0,0)
to (0,79,0) gives

(0,70,0) 1
/ v (n(s))ds = —=ry and therefore / ¢ (n(s))ds = V3rg
(r0,0,0) V3 oA

Hence, at least in this example,

/ o(n (3))ds = 11 (1)
0A



374 GIERZ

Example 2.3. In contrast to Example 2.2, level sets of sublattices in R* can have
"spikes”. If L =0, 1}3 U{(z,y,1): 1 <2 <2,0<y <1} then the level set at % is
equal to

3
L%:{(:U,Z/,Z):ng,y,zglandm+y+2:§}u

1 3 1
U{(x,y,l):§§x§ andy:——a:}

Example 2.4.  The formula |, oL, P (na(s))ds = (ro) is not valid for bodies in

R that are not sublattices. For example, if B = {(z,y,2) : 2> + y* + 2* < 1}, then
for —1 < r <1 the level set B, = {(z,y,2) :z+y+2z=rand 22 +y*> + 2?} is a
disk, and hence symmetry yields that

/aBTgo(n(s))ds:O.

Of course, the surface areas of B, are not constant, and so pz (r) # 0.
Further examples can be found at the end of section 4

3. Characterization of level sets of sublattices of R3

label2
In this section, we will give a complete geometrical characterization of level sets of
connected sublattices of B3, If o € N3, then we let z; be the i** coordinate of z,
i.e. x = (x1,x9,x3). For each fixed real number r € R, we will frequently make use
of the plane

E,,:{xeéﬁgzx1+x2+m3:r}

Let L be a sublattice of 3. We define the level function
)\:L—>§R, T2+ T2+ I3

For each r € R welet L, ={x € L:\(z)=r}=LNE,. Moreover, we equip L
with the distance induced by a slightly modified ¢;-norm on R3:

1 1
d(z,y) = 5 (Jor =yl + |22 = yol + |25 —ys]) = 5 (A (z Vy) = Az Ay))
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If x,y € L, and if 2 <y, then we denote the interval between x and y in L by
[z,yl ={zel:x<z<y}
The proof of the following proposition is an easy calculation:

Proposition 3.1.  For all z,y € L C R® we have
AMx)+A(y)=A(zAy) +A(xVy).
Further, if x,y € L, and if d(x,y) =s, then t ANy € L,_s and xVy € L.

Lemma 3.2. If L CR? is a connected sublattice, if v < s, and if L, # @ # Ly,
then for every x € Ly there is an element y € L, so that y < x, and vice versa.

Proof. Let z € L, be given. Since L, # O, there is an element a € L,. Let
z=aAx. Then z < a and hence A (z) < r. The interval [z,z] C L is a retract of
L under the map u +— (zV u) Az and hence connected. Hence the image of [z, z]
under the map A is connected in R. Since A (z) <7 < s = A(x), there is an element
y € [z,x] so that A (y) =r. ]

Proposition 3.3.  If L C R? is connected, then L, is connected.

Proof. Let z,y € L, and assume that x # y. Either x or y agrees with x Ay in
exactly 2 coordinates; let us assume that z is that point. Then z; < y;, zo < ys,
and z3 > ys, i.e. * Ay = (x1,79,y3). Moreover, the intervals [z Ay,x] C L and
[z Ay,y] € L are retracts of L, hence are connected. It follows that the interval
[z Ay, x| is a connected chain, and therefore

[z Ay, x] = {(x1,22,8) 1 ys < s < a3}.
We now define a map
p:lz Ay y] =R 2z (21,207 — (21 + 2)).

Then ¢ maps [z Ay,y| into L,: Clearly, by definition, the level of ¢ (2) is equal
to r. Moreover, x1 < z1 < y1, T2 < 25 < yo, and z3 = y3. Since z < y, the level
of z is less than or equal to r and therefore z; + 29 + 23 < r. We conclude that
ys =23 <71 — (21 + 22) <r — (21 + 22) = x3. Hence

('I17I27T - (Zl +22)) S [x/\y,x] g _L7

and therefore ¢ (2) = 2 V (x1,29,7r — (21 + 22)) € L. Since ¢(y) = y, since
¢ (x Ay) = x, and since the map ¢ is continuous, x and y belong to the connected
set ¢ ([x Ay,y]), hence to the same connected component. It follows that L, is
connected. [

In order to formulate the next proposition, we will need the following definition:

Definition 3.4. A subset A C E, is called an [-set, if for every pair =,y € A such
that z; = y; for some i € {1,2,3}, the line segment between = and y is contained

in A.
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For later application, we record

Proposition 3.5. If A C E,. is an [-set, then the relative interior of A in E,
is also an [-set.Let B be the relative interior of A in E,., and let x,y € B so that
x1 = y1. We have to show that the line segment between x and y also belongs to B.

Proof. Let B be the relative interior of A in E,, and let =,y € B so that x; = y;.
We have to show that the line segment between x and y also belongs to B.
First, we can find a number € > 0 so that the sets

U={z€E.:ANr—2)<e} and V={z€E. : Ay—z) <e}

both are contained in A. Let a be on the line segment between = and y. Then there
is a number 0 < r <1 so that a =7z + (1 —r)y. The set

W={z€E.: Aa—2z2)<c¢e}

is relatively open, and we would like to show that this set is contained in A. So let
beW.lfc=x+((b—a)and d=y+ (b—a) then A(z —¢) <e and A (y —d) < e,
hence ¢ € U and d € V', and therefore ¢,d € A. Moreover, since ¢; = dy, the line
segment between ¢ and d is contained in A. Finally,

re+(l—r)d=re+(1-r)y+(b—-—a)=a+b—a=0.

Therefore, b € A. [ |

Proposition 3.6. If L C R3 is connected, then each level set L, is an I-set.

Proof. We begin with the observation that for a connected sublattice M C R?
each level set M, = {(x1,x2) € M : 21 + x9 = 1} is a convex set. Indeed, if z,y € M,
then each of the intervals [z Ay, x|, [z Ay, 2] C M are chains parallel to Cartesian
coordinate axes. As retracts of the connected lattice M, these chains are also
connected, and hence generate the rectangle

R:{z€%2:$/\y§z§x\/y}

So R C M, and R of course contains the line segment between x and y.
Now let x,y € L, be given, and assume without loss of generality that z; < y,
xo > 1Yo and xz = y3. Then

M={z€L:z =ux3}

is a union of an increasing family of intervals in L, each of which is connected
as a retract of L. Hence M is connected. Since M is a sublattice of the plane
E = {z€R3: 23 = x3}, all level sets of M are convex, hence M contains the line
segment between z and y, which is then also contained in L,. Hence L, is an
l-set. ]

We are now going to show that each subset A C {z € [0, 17 A (z) = r} that is a
connected l-set is indeed the level set of a connected sublattice. In order to prove
this result, we need the following version of Bergman’s Double Projection Theorem

(see [2]).
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If L CR™ is a subset, and if 1 <14,j < n, then we define
TR =>RxR, v~ (v5,2;), and L,; =m;(L).

Theorem 3.7. (Bergman) If L CR" is a sublattice, then

L= () i (L)

1<i<j<n
Of course, this theorem has the following consequence:

Corollary 3.8. If A C R" is a subset, then the sublattice (A) generated by A
can be calculated as (A) =(i<icjcn T ((Ay)) .
If AC E, is a connected l-set, then the last corollary suggest that in order to find

the sublattice generated by A, we should first study the sublattices generated by
Ai,j = {(IL‘Z‘,I'J') x e A}

Lemma 3.9. Assume that A C E, is a connected l-set. Then each A,; is
connected. Moreover, let a,b € A; ; C R2. If either a; +as = by + by or a; = by or
ay = by, then the line segment between a and b belongs to A; ;.

Proof.  Since A;; is a continuous image of A, the connectivity of A; ; follows from
the connectivity of A. Now assume that a,b € A, ;. Then we can find z,y € A so
that a1 = x;, a = z;, by = y;, and by = y;. Let i # k # j. Then, if a1 +ay = b1 +by,
it follows from A (x) = A (y) that 2 = yi. Hence the line segment between = and
y belongs to A. Since the line segment between a and b is the image of the line
segment between x and y, the line segment between a and b belongs to A; ;. The
other cases are treated similarly. [ |

Lemma 3.10. Let A C R? be a connected subset. Then the sublattice generated
by A can be written as

(A) = ATU A,

where AT ={zVy:xz,y€ A} and A~ ={zxANy:z,y€c A}.

Proof. Clearly, both A* and A~ are contained in (A). Hence it is enough to
verify that AT U A~ is a sublattice.
Let a,be AT U A~. By symmetry, it is enough to show that a Vbe AT U A~. We

may assume that ¢ and b form an antichain, say a; < by and by < as. It follows
that

a\/b:(bl,@).

There are three different cases to consider:

Case 1. a,b € A", Pick z,y,u,v € A so that a = xVy and b = u V v. Then
aVb=xVyVuVuv. Since R? has breadth 2, there are two elements c¢,d € {z,y,u,v}
so that aVb=cVd. Hence aVbe At.
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Case 2. a € A" and b € A~ . In this case, pick z,y,u,v € A so that a =z Vy and
b=uAv. We may arrange it so that

1 <a; <by, wa=as>by, y1=0a1<0b;, y2<a

and uy=b; >a; up >by vy >b >a; vy =0by < apy.

If uy <ag,then aVb=uVazxec A"T. Hence we may assume that as < us.
Similarly, if b = v, then a Vb =12V v € A", hence we may assume that b; < v;.
Consider the sets A = {(by,t) : t < ag} and B={(s,as): b < s}.

Then AU B cuts 2 into two components:

One component is equal to {(s,t):by <s and ¢ < as} and therefore contains v.
The other component equals {(s,t) : by > s or t > as} and hence contains z. Since

both z and v belong to A and since A is connected, either A or B contains a point
weA IfweA, thenavVb=aoVwe AT, and if w € B, then aVb=uAw e A™.

Case 3. a,b € A™. Pick z,y,u,v € A sothat a =2 Ay and b =u Av. Again, we
may rename the elements in such a way that

ay =21, ap < T2, a1 <Yi, a2 = Yo,

by =ui, by <, by <wi, by =

If y; <b and uy < asg, then aVb=yVue A", Similarly, if y; > by and uy > as,
then aVb=yAu € A" . Hence we may assume that either y; < b, and uy > ay or
that y; > by and uy < as. Since both cases are similar, we will only argue the case
in which

y1 < by and uy > as.

As before, we form the sets A = {(b1,t) : t < as} and B = {(s,a2) : by < s} that
separate :? into two components, one of which contains = and the other contains
v. Again, since A is connected, either A or B contains a point w € A. If w € A,
then aVb=yVwe A", and if w € B, then aVb=uAw &€ A™.

This last lemma gives a method to describe the lattice generated by a connected I-set
A C E,. This lattice is given as

(A= [ m) (my (AT Um,(4)7). .

1<i<j<3

Lemma 3.11.  Let A C E, be a connected l-set, and let L = (A) be the sublattice
generated by L. Then {x € L:\(z)=r}=A.

Proof. Clearly, AC {z € L: A(z) =r}. Conversely, assume that = € L is given
sothat A (z) = r. Then, by the above characterization of (A) and since there are only
three different two-element subsets of {1,2,3}, either we can find an index ¢ so that
T (2) € mig (A)T for all k # i, or we can find an index i so that 7, () € 7 (A)~
for all k& # i. We will argue the first case only, since both cases are dual to each
other. Hence, after renumbering the indices, we may assume that 7, (z) € 715 (A)"
and 73 (v) € 13 (A)". Therefore, there are elements u,v,a,b € A so that

71,2 (.Q?) =T12 (u) V 1,2 (U) and 1,3 (ZL‘) =T1,3 (CL) \Y 71,3 (b)
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And, after interchanging u and v or a and b, respectively, we may assume that
Ty =up, T > U, T1=ap, T3> as.
Since x1 + Xy + x3 = Uy + Uy + Uz = a; + as + as, it follows that
To+x3 =us+uz=az+ag, ax < Ty < Uz, a3 < T3 < Uug

Uy — T
If we let 1 = —2 2

, rag+ (1 —r)ug = ug + 7 (ag — uz), then
Uz — G2

ra;+ (1 —r)uy =rzy + (1 —r)x; =24

rag+ (1 —7)ug = ug + 7 (ag — ug) = o9

raz+ (1 —r)us =r(ra+x3 —as) + (1 —r) (xg + x3 — uz) = 3.

This implies that x is on the line segment between a and w, and therefore x € A.
It might be interesting to note that this is the first time where we use that A is an
l-set. |

Lemma 3.12.  If A is connected, then the sublattice generated by A is connected.

Proof. Let L be the sublattice generated by A, and let Ly be a connected
component of L so that Lo N A # @. Then, since A is connected, it follows
that A C Ly. Moreover, Ly is a sublattice, hence Ly = L. It follows that L is
connected. [ |

We summarize these results in the following

Theorem 3.13. Let L C R be a connected sublattice, and let r € R. Then
L.={x € L:\(x)=r} is a connected l-set. Conversely, if A C E, is a connected
[-set, then the lattice Ly generated by A is connected, and A ={x € L : A(x) =r}.

In the remainder of this section, we shall give some additional information on the
structure of a lattice generated by a level set. Hence, let 7¢ > 0, let A C E,,
be a connected l-set, and let L be the sublattice generated by A. Our goal is to
show that every # € L with A\ (z) < 7y can be written as the infimum of three
elements a,b,c € A, and, dually, every y € L with A(y) > ry can be obtained as
the supremum of three elements u, v, w € A.

The cube L = [0,70])* may serve as an illustration of this statement: The level set
L,, generates L, and indeed every x € L is either the infimum or the supremum of
three elements of L,,, depending on whether A (z) < ry or A(z) > ry.

Lemma 3.14. Let A C E, be a connected [-set, let ai, by, as,bs,a3,b5 € A be
given and let © = (a3 AN as A as)V (by Aby Abs). If X(x) < r, then there are elements
C1,Ca,03 € A so that x = c1 AN cg A cs.

Proof. Since R? is distributive, we have
Tr = (al\/bl)/\(al\/bg)/\(al\/bg)/\

A (az V by) A (ag V by) A (as V bs) A
VAN (ag\/b1) N (ag\/bg) A(CLg\/bg).
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For each pair of indices 7,7 € {1,2,3} we have A(a; V b;) > r. Since the intervals
[z,a; V b;] are connected, and since A is continuous, there has to be an element
z;j € [r,a; Vbj] with X(z;;) =r. We conclude from Theorem 3.13 that z;; € A.
Obviously x = inf<; j<3 x;;, and since L = (A) has breadth 3, there are ¢y, ¢, c3 €
{z;; :1<14,7 <3} sothat z=c; Aeca Acs. m

Lemma 3.15.  Assume that A C E,. is a connected l-set, let aq,b1,as,bs,a3,b3 € A
be given and let © = (a3 ANag ANaz) V (by ANby Abs). If A(x) > r, then there are
elements c1,co € A so that © = ¢,V ¢y

Proof.  Again, since A (a3 Aag Aaz),\(by Aby Abg) < r and since L = (A) is
connected, there are elements ¢; € [a; Aas A ag,x] and ¢ € [by A by A b3, x] such
that A(c1) = A(c2) = r. From Theorem 3.13 we conclude that ¢;,cy € A. Clearly,
rT=c V. [ ]

Lemma 3.16.  Assume that A C E, is a connected l-set, let ay, by, as,bs,as,b3 €
A be given and let x = (a; Naa ANaz) V (by VbyVbs). Then there are elements
C1,C2,03 € A so that x = c¢1 V ¢ V c3.

Proof.  Applying our previous argumentation to the interval [a; A as A as, 2] yields
an element b € A so that a; Aas Aas < b < x. The four elements b, by, by, b3 € A
then give © = bV by V by V bs. Since L = (A) has breadth 3, we can find three
elements ¢y, ¢y, c3 € {b, b1, by, b3} so that z =c¢; Vo Ves. [

It follows from Lemmas 3.14, 3.15, 3.16 and their duals that {a AbAc:a,b,c € A}
U {uVoVw:uv,wée A} is a sublattice containing A. Hence this set is equal to
L. This yields

Theorem 3.17. Let A C E, be a connected I-set, let L = (A) be the sublattice
generated by A, and let x € L be given. If X\ (x) < r, then there are three elements
a,b,c € A so that x = a ANbAc. Dually, if X(x) > r, then there are three elements
u,v,w € A so that x =uVvVuw.

As a corollary to Theorem 3.17 we obtain

Corollary 3.18. Let A C E,, be a connected I-set and let L = (A) be the lattice
generated by A. If r < s <rg, then L, is contained in the lattice generated by L.

Proof. If v € L,. Then we can find a;,as,a3 € L,, = A so that x = a3 ANas Aas.
As before, the intervals [x,q;] intersect Lg. Pick b; € [z,a;] N Ls. Then x =
bl A bQ A bg . |

Theorem 3.19. Let A C E,. be a connected l-set. If A is relatively open in E,,
then the sublattice generated by A is open.

Proof. By Bergman’s double projection Theorem 3.7 and Lemma 3.10 it is enough
to show that (m;; (A)) = m,; (A)T U, (A)” is open for every pair 4, of indices.
First, note that m; ; (A) is an open subset of %7, since the map (1, xq, x3) — (2, ;)
is a homeomorphism between the hyperplane E, and R2. Since the operations
V, At R2 — R? are open maps, (m;; (A)) = m;; (A)T U, (A)” is open. n
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For later application, we record the following interesting separation theorem:

Theorem 3.20.  Let Ay, Ay C E, be two connected I[-sets and let Ly = (A1) and
Ly = (Ay) be the lattices generated by Ay and As, respectively. If there is a vector
n € N3 which is not a multiple of (1,1,1) such that a-n > 0 for all a € A; and
a-n <0 for a € Ay, then there exists a plane (not necessarily containing the origin)
that separates Ly and Lo. Moreover, we can choose this plane in such a way that
both half spaces determined by this plane are sublattices of R3.

Proof.  After renumbering the coordinates, we may assume that n; < ny < ns.
Since n is not a multiple of (1,1,1), we have n; < my or ny < ng. Let L =
{reE,: n-x=0}. Then L is a line in R3. Since the projection 73 : B> — R?
maps E, bijectively onto R?, the line m 3 (£) separates m 3 (A;) and 73 (A2).

If (z1,23)€m 3 (L), then there is an xo € R so that (z1, 9, 23)€ L. It follows that
T1+To+x3 =71, NT] + Noxy + nzrs =0,
and therefore
(n1 —ng) 1 + (ng — na) 3 = N1 + Naxe + N33 — Na (1 + T9 + x3) = —rng.

Hence the vector (n; — ng,ng — ng) is orthogonal to m 3 (£), and since ny; —ny <0
and ng — ny > 0, both half spaces determined by 7 5 (L£) are sublattices, and the
plane m 3m 3 (£) separates Ly and Ly by corollary 3.8. n

4. Level sets in full sublattices of R3

In this section, we will be concerned with full sublattices L C R* and their level sets.
A compact sublattice L C R" is called a full sublattice, if the topological interior of
L is connected and dense in L. In this case, the interior L° of L is a sublattice of
L (see [10] or [11]). We will use the notations

1 =inf(L), T =sup (L)

Lemma 4.1. Let L CR3 be a full sublattice, let x € L° belong to the interior of
L, and assume that A\ (x) <7 < X(T). Then there is an element y € L° such that
r<yand \(y)=r.

Proof. Since the interior of L is dense and connected, there is an element z € L°
such that A(z) =r. If < z, then pick y = z. Else, if x € z, then z < 2V z and
hence A(zV z) > r. Since the set {y € L°: x <y < aV z} is a retract of L° (under
the map y — (zVy) A (zV z)), it follows that this set is also connected, and hence
contains a point y so that A (y) =r. [

Lemma 4.2.  If L CR? is a full sublattice and if A (L) <r < XA(T), then the set
{z € L°: X(x) =1} is a connected l-set, and this set is equal to the relative interior
of L. in E,.

Proof. L° is a connected sublattice; so the first assertion follows from Theorem 3.13.
For the proof of the second part of the lemma, we observe that {z € L°: X\ (z)=r}
is contained in the relative interior of L, in E,.



382 GIERZ

Conversely, assume that y belongs to the relative interior of L, in the plane FE,..
Then, since

ﬂ{xEET: x; >y, —efor 1 <i<3}={y}

e>0
there is a number £y > 0 so that {z € E.: z; > y; — ¢o for 1 <i < 3} is contained
in the relative interior of L, in E,. Hence

D={zxecFE : x>y, —¢gofor1 <i <3} C L,

Since D is a connected l-set that is relatively open in F,., Theorem 3.19 implies that
the sublattice (D) is open and contained L. It follows that y belongs to L°. n

Lemma 4.3.  If L CR® be a full sublattice and if X\ (L) <r < X(T), then the set
{reL°: \(x)=r} isdensein {x € L: \(x) =r}.

Proof. Let z € L be given, and assume that A (z) = r. Since the interior of
L is dense in L, there is a sequence (x,), in L°such that lim, ..z, = z. By
selecting a subsequence, we may assume that either A(z,,) <r for all n or A(x,) > r
for all n. By duality, we may assume the first case. Then, by Lemma 4.1, for
each n there is a y, so that x, < y,, y, € L°, and A(y,) = r. After selecting
another subsequence, we may assume that lim,,_, y, exists. Clearly, A (y) = and
x = lim, oo T, < lim, o0 . It follows that z = lim,, o Yy, . [ ]

The next theorem provides a complete characterization of level sets of full sublattices
of R3:

Theorem 4.4. Let L CR3 be a full sublattice, and let A\ (L) <r < X(T). Then
L. N L° is a connected l-set that is dense in L,, and equal to the relative interior of
L, inE,.

Conversely, if A C E, is a connected [-set such that the interior of A in FE, is
connected and dense in A, then the sublattice L generated by A is full, and the
relative interior of A is equal to AN L°.

Proof. The first part follows from Lemmas 4.2 and 4.3.

Conversely, assume that A C F, is a connected l-set such that the interior of A in FE,
is connected and dense in A. Let int (A) be the relative interior of A. It follows from
Proposition 3.5 that int (A) is also an l-set. Let L be the sublattice generated by A
and let V' be the sublattice generated by int (A). Then, by Theorems 3.13 and 3.19,
V' is open and connected, and the closure of V' contains A, hence L. It follows from
Theorem 4.5 of [11] that L° = V. We conclude that L is a full sublattice. The last
statement follows from int (A)={zeV: A (x)=r}={zel°:A(z)=r}=ANL°. =

The following two examples illustrate the previous results:

Example 4.5. Since every convex subset A C E,. is an l-set, every such convex
subset can be obtained as the level set in a sublattice L C 33. Moreover, if A is not a
line segment, then we can realize A as a level set in a full sublattice. Especially, this
has the somewhat surprising consequence that a disk is a level set in a full sublattice,
although lattices are normally thought to have lots of corners and are typically not
"differentiable”.
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The following illustrations show the lattice generated by the disk
{(x,y,2): *+y+2=0and 2*>+y*+ 22 <1}
together with its double projections into the planes.

(1,1,1)

08
06
04
02
0 R8 06 -04 -02

/

(-1,-1,-1)

Example 4.6.  The results of this paper cannot easily generalized to other dimen-
sions. For example, in i* the convex set
A={(w,z,y,2):w+z+y+z=0and w? + 22 + y* + 2% < 2}
is not a level set of a sublattice of R®*. Let L be the sublattice generated by A. Since
(1,0,0,—1),(0,1,0,—1) € L, it follows that
(1,0,0,—1) v (0,1,0,—1) = (1,1,0,—1) € L.

Also, (1,1,—1,0) € L, and hence (1,1,0,—1) A(1,1,—1,0) = (1,1,—1,—1) € L. So
L contains an element at level 0 which does not belong to A.

Without proof we remark that for full sublattices L C ", n > 4, the outer normals
to a level set are — up to permutations of coordinates — of the form 7 = (a,b,...,b, )
where a < b < e¢.

5. The boundary of level sets

In this section, we will show that the boundary of a level set is a piecewise differen-
tiable closed curve. More precisely, we will find that the boundary of a level set is
the union of twelve differentiable curves. We will need the following proposition:

Proposition 5.1.  Let f, g : [a,b] — R be two monotone increasing functions such
that f + g is a continuously differentiable function. Then

(1) f and g are continuous.

(2) f and g are differentiable almost everywhere.

(3) The functions ' and ¢' are Lebesgue measurable and

(4) Ji £ (&)dt = f(b) = f(a) as well as [, g’ (t)dt =g (b) = g(a).

In particular, if f and g are two monotone decreasing functions with the property that
f(x)+g(x)+x=c for a certain constant ¢, then f and g are continuous, f' and

g exist almost everywhere and are Lebesgue measurable, and f; fdt = f(b)—f (a)
as well as fabg’ (t)=g(b)—g(a).

Proof. (1) Let M C Ja,b]. Since the function h = f + g is continuous, it
follows that inf h (M) = h (inf M) and suph (M) = h(sup M). Also, since f and
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g are monotone increasing, we have f (inf M) < inf f (M), g (inf M) < infg (M),
sup f (M) < f(sup M) and sup g (M) < g (sup M) . None of the last four inequalities
can be strict: If one of f or g had a jump, then f+ g also has a jump, contradicting
the continuity of f + ¢g. Hence both functions f and g are continuous.

(2) and (3) follow immediately from (1) (see Theorem 5.3 in [15])

(4) If f is any continuous, monotone increasing map, then f; fr@)yde < fo)—f(a).
If we had strict inequality, then we would arrive at the contradiction

b b b
h(b)—h(a):/ h’(t)dt:/ f’(t)dt+/ g (t)dt
< f() = f(a)+g(b) —g(a) =h(b)—h(a). m

Let A C E,, be a compact, connected l-set. The following points and numbers will
be of interest:

Emin = min{zy 12 € A} Epax = max{z; : x € A}
Nmin = Min{zy : x € A} Nyaxy = max{zy : x € A}
Cnin = min{zg : x € A} (uax = max{z3 : z € A}

fmaxa min {3’)2 NS Aa T = fmax} , Max {I3 NS Aa €Ty = fmax})

max

fmaxa max {1’2 S Aa xry = gmax} 7min {$3 1T E A, T = gmax})

max

fmina max {IQ HMNS A7'r1 - §rnin} 7min {x3 T e Au X1 = fmin})

mln
mlIl

fmina min {*TQ S A,.Z'l = gmin} , Inax {3:3 1T E Aa T = gmin})

ymax min {xl NS A; XTo = nmax} y Tlmax, IMax {733 S A,«T2 = nmax})

= (
=
= (
= (
(

Ve = (max{z1 : x € A, 9 = Nmax} , Nmax, MIN{Z3 : & € A, To = Nmax })
(max{z1:2x € A, 2 = Dmin} s Pmin, MIn{z3 : & € A, T3 = Nruin })
(
= (
= (
= (
= (

ymln

min{x; : ¢ € A, T3 = Numin} > Pmin, Max {3 : * € A, 3 = Nin })

yHllH

o min{z; : x € A, 23 = Cuax} , max{xs : € A, 23 = (nax} » Cmax)

max{zy : x € A, 23 = Cuax} , min{xs : 2 € A, 23 = Cnax} » Cmax)
max {iL’l T E A,l‘g Cmm} min {1'2 reA , L3 = Cmm} Cmm)

max
rmn

min {.Tl MRS Aa X3 = Cmin} , max {xQ NS Aa X3 = gmin} ) Cmin)

mln

This leads to 6 line segments (0 <t <1):

Xinax ()

Vinax (1)

max (1)

The following figure illustrates the situation. Of course, several of the arcs shown

in this picture can be degenerate; several of the points could coincide. The line
segments between xZ. and z¥.  as well as the line segments between the other pairs

(1 - t) ‘T?nax + txfnax; Xmin (t> (1 - t) L min + t'rfnin
(1 - t) ymax + tyfnax’ min (t) (]' - t) ymin + tyrailin
(1 - t) Zmax + tzmax? min (t) (1 - t) Z1min + thm

min ’
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of corresponding points, are on the boundary of A, because they all have maximal or
minimal first, second, or third coordinates. In order to describe the boundary points
‘between’ z¥. and y¥. ., between’ zY. and yZ,. ., etc., we introduce the following
functions: First, note that

(xernin):ﬂ =Ty — Smin — max {xQ SIS A7 T = Smin} Z o — fmin — Nmax
> rg— min {xl HMAS A; To = nmax} — Tmax — (yf;ax)g;

and corresponding inequalities hold for the other pairs of ’adjacent’ points on the
boundary of A.

Further, define

721 f = min {xQ NS Ayxl - 5} fOI‘ gmin S § S fmax
’Y; f :maX{$3Ix€A,x1:f} for gmin Séggmax
=max{re:x € A,xy =&} for &uin < & < Enax

U?l, f :min{xgza:EA,ajl :g} for gmin nggmax

vi(n) =max{z;:z € A, 22 =1} for Numin <1 < Nmax

7

crf n)=min{z;:z € A,xe =n} for Numin <17 < Nmax

ag n) =max{zs:z € A xe =n} for Nmin <N < Nmax
3

() =min{z; :x € A;xz3 =} for Guin < ¢ < Gnax
’VSC :maX{.CCQZLCGA,Ig:C} forCminSCSCmax

(©)
(&)
(&)
(&)
(n)
(n) =min{xs:z € A, zo =0} for Numin <7 < Nmax
(n)
(n)
()
()
() =max{r;:x € A,xz3 =(} for Cuin < ¢ < Cmax
()

This leads to 6 more curves. In the following, note that the direction of the curves
o; has to be reversed to keep the positive orientation around the boundary of A.

() = (&7 (€),73 (8) for (2X.)1 < €< (Yo
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o7 (—¢), 05 (=¢),—¢) for — (yhin)s < ¢ < — (2¥)s

Z

3
() m3 () for (25,05 <7 < (250,
~&,03 (=€), 03 (=€) for — (), <€ < — (Ynaxh
(€)% (€)5€) for (Ymas < ¢ < (Thin)s
= (o1 (=n), =n,03 (=n)) for — (2%4,); <N < = (Zha)s

Let & be the concatenation of the 12 curves obtained so far. We obtain a closed
curve:

0= Xmax — Y2 — Zmin — 01 — Ymax — Y3 —
— Xmin — 02 — Zmax — T — Ymin — 03

We will now show that § is continuous and differentiable almost everywhere, and
that all coordinate functions are integrable. Moreover, we will see that the image of
0 is the topological boundary of A in the plane E,,.

Lemma 5.2.  All the functions 0; and 74 are monotone decreasmg. Moreover,
if {i,5,k} = {1,2,3}, then +} («a )+7k( )-I—a = 1o and o} (@) + o} (@) + a =
ro. FEspecially, all the functions o} and ~; are continuous, dzﬁerentzable almost
everywhere functions whose demvatwes are Lebesque measurable with

b b
/jt( Z(t))dt:cfj-(b)—0;‘-(@) and /a%(yé(t))dtzvj(b)—v;(a).

Proof. The only non-trivial statement of this lemma says that all the functions
are monotone decreasing. Since all the definitions are similar, it suffices to verify
that 77 and ~5 are decreasing. First, note that for every (yZ, ) < C < (2¥,.); the
set {x € A : x3 = (} is non-empty, since otherwise the line {x € E, : 3 = (} would
separate A into two closed sets A; = {z € A : x3 < (} and Ay = {:U € A cxy > (),
neither of which is empty since yZ, € A; and z”. € Ay, contradicting the connectiv-
ity of A. Especially, for every ¢ in the domain of 3 we have (73 (¢),~3 (¢),¢)€A.

Now let (yra;ax) Cl < CQ ( n11n)3 :

Assume that none of the points (u, 79 — u — (2, () with v < ~7 (¢;) belonged to
A. Then especially (73 (¢1),7r0 — 73 ((1) — €2, (2) & A. Since A is an l-set and since
(43 (C1) 3 (C1) ) € A, mone of the points (17 (C1) 0,70 — 7% (Ct) — v) belongs to
A for v <rg—~3(¢1) — (. Tt follows that A can be written as the disjoint union of
the closed sets

= {x €A:x <7 (¢) and a3 > Cg} = {x €A:x <7(¢) and 23 > CQ}

and Ay = A\ A;. By construction, (77 (¢1),75(¢1),¢1) € Ag, hence Ay # @.
Moreover, since (2%,); = &min < 7 (G)and (2%,), > G, 2h, € A # &;
contradicting the connectivity of A.

Hence there has to be an element (u, 79 —u — (3, (2) € A with u < 43 ((;), therefore
77 (G) < (G)-

It remains to show that v3 (() < 3 ({1). Assume that the claimed inequality were
not true. Then none of the points of the form (u,v,¢;) with v > 73 (¢;) belongs to

Yy
min
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A, and hence, using the facts that A is an l-set and that (v ((2),73 (G), ) € A,
none of the points of the (u,~s (¢2),70 —u—75(¢2)) with u > ry — v3 (&) — ¢
belongs to A. Again, we can write A as the disjoint union of the two non-empty
closed sets Ay = {z € A:xy >73(() and 3 < (;} and Ay = A\ Ay, contradicting
the connectivity of A. [ ]

Lemma 5.3. The image of § coincides with the boundary 0A = A\A® of A in E,,.

Proof. Let x € A. Then the triangular convexity of A implies that each of the
three lines ¢; = {y € E,,;y; = x;} intersects the compact set A in an interval .J;.
Clearly, the endpoints of each J; belong to the boundary 0A of A.

First, assume that x belongs to the image of the curve d. If = belongs to the image
of Xpnax, then clearly x belongs to the boundary 0A. If x belongs to the image
of 71, then z = 71 (§) = (§,1%2 (£, () for (2, < € < (Waw)1-So 21 = ¢
and 7o = 74 (1) = max{ys : y € A,y; = z;}, which implies that = is one of the
endpoints of the interval J;, and so x belongs to the boundary of A. - The remaining
10 cases are handled accordingly.

Conversely, assume that = belongs to the boundary of A. If x is not one of the end-
points of the intervals J;, then = would be the midpoint of open 3 open intervals I;,
each of which is contained in J; C A. The triangular convexity of A would imply
that x is the center of an open hexagon which is contained in A, and so =z € A°,
contradicting the fact that = € 0A.

So by symmetry, we may assume that z is an endpoint of J; = {y € A:y; =21},
so xo = max{ys :y € J1} or xy =min{y, : y € J1}. Again by symmetry, we may
assume that zo = min{y, :y € A and y; = 21} and so

T = (xlﬁzl (21) ﬁé (xl)) .
Case 1. If 1 = iy, then o = 27, , so x belongs to the image of 4.
Case 2. If (27;,); = &uin < 1 < (2%,.);, then we would like to show that z

belongs to the image of 05.The line ¢; divides the plane F,, into the two half-

plane {y € E,, : y1 <21} and {y € E,, : y1 > x1}, one of which contains 2% _ and
the other contains z7, . The continuous curve o, contains z7 . and zZ, , and

therefore intersects ¢; in at least one point. Let 1 be the smallest number so that
02 (n) = (o1 (n) ,m, 035 (n)) € 1. Then 1 =0 (1), 7, (21) <7 < (¥5:), and

(zilax)2 =To— (zrarclax)l - gmax <ro—z1— 7{% (xl) = ,Y% (xl) < (xfnin)Q

S0 (2f) < 7 (21) < (), and hence

02 (12 (1)) = (07 (72 (1)), %2 (21) s %2 (21) 05 (72 (21))

belongs to the image of oy. Since x = (21,74 (1) ,71 (71)) € A, the definition of o3
implies that vi (z1) < 02 (73 (z1)) . Hence

T4 7 (21) + 95 (1) = 10 = 07 (12 (1)) + %3 (1) + 03 (72 (1))

implies z1 > 0% (73 (21)). Conversely, since o? is monotone decreasing, va (z1) <7,

we have ¥ = o} (n) < 02 (75 (71)), i.e. x1 =0} (74 (7)) and consequently

v = (21,7 (21),75 (21)) = (01 (%2 (21)) , 05 (72 (21)))

belongs to the image of the curve 4.
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Case 3. If (22,.); < 21 < (24,,);, then it is easy to see that z3 = (uax, and hence z

is on the line segment Z,,,, and therefore belongs to the image of 9.

Case 4. If ( max) < 21 < (Yiin); , then it follows immediately from the definitions
that = = (21,7 (71),73 (z1)) belongs to the image of v;, and therefore also to the
image of 9.

The cases where (yZ;.); < 21 < &max are analogous to case 1 and 2 after interchanging
the roles of the second and third coordinate. [ ]

We now can orient the boundary of A by following the closed curve §. Standing
on the plane F,, with the direction of (1,1,1) pointing upward, this orientation of
0A follows the curve d counterclockwise. Using Lemma 5.2, we may assume that
0 is has a parametrization 0 = §(t) = (91 (¢),02(t),93(t)), a < t < b that is
continuous, so that all coordinate functions J; (t) have integrable derivatives with
[4d5, (t)dt = 6; (d) — 6 (c).

Let f (z) be an integrable function defined on the boundary of A. We define

s)ds = )16" (8)] dt.
[ sas= [0 Ol

Whenever necessary, we may change the parameter ¢ with a continuously differen-
tiable function without changing the value of the intergral.
Definition 5.4. Let x€0A and let ¢ be a parameter so that x = 0 (¢). The vector

1 { & (t) x (1,1,1) if & (t) exists and is different from 0
NEITaoll 0 clse

is called an outer normal to A at t.

na () =

As the example of line segments in FE, show, points on the boundary of JA might
have two outer normals, which necessarily point in opposite directions. Note that
na (z) is perpendicular to the tangent line to A at x and also perpendicular to
the vector (1,1,1). The outer normals exist almost everywhere, and the coordinate
functions of n, are integrable.

Definition 5.5. The function ¢: R — R is defined by

r ify<zr<zorz<z<y

o(x,y,2) = ifr<y<zorz<y<z

ISIIINS

ify<z<zorx<z<y
Note that ¢ (z,y,z) = max{min{z,y},min{z, z} ,min{y, z}}, and hence ¢ is a
continuous function, with ¢ (n4 (s)) being integrable on the boundary of A.

We now start to evaluate [, , ¢ (na(s))ds.

Proposition 5.6.  If v (¢) and 72 (¢) are monotone decreasing functions, defined
Jor a < ¢ <b, sothat 71 (C) +72(¢) + ¢ =ro, and if o (¢) = (11 (¢),72(¢),C), then

’ ! ! ! _ L —71 (a)— —7 (a
/a @(ma () x (1,1,1)) lo" (O)]| d¢ = \/3(71 (b)=1 (@)= (y2(b) =2 (a)))
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Proof. Since 7; and 7, are monotone decreasing, they are differentiable almost
everywhere. Hence, for a value of ¢ where both ~; and v, are differentiable, we have

1 1
1,1,1) 1(€)72(€), 1) x (1,1,1
NIETRN o' (€) x ( \/_\/71 +%(<>2+1(%(O 72 (), 1) x (1,1,1)
1
/ 11—~ / o ‘
\/_\/’Yl ASEES! - (72(€) 1 =71(0) 7 (€) =72 ()
Since 71 (¢) + 72 (¢) + ¢ = ro, it follows that v; (¢) + v, (¢) + 1 = 0. Since also
71 (€),7 (¢) < 0, we conclude that 75 (() +1 = —71(() > 0 > 2+ (¢) and hence
1=71(¢) 271 (¢) =73 (¢). Similarly, we see that 1—17; () =75 (¢) =71 (¢) and so
7 (€)= 1< () =% Q) <1=7%(0).
Therefore
1 1
(e ©x L) - () = ().
V3o (] N G R G R

Proposition 5.1 implies that

b 1 () x o _Lb/_/
[ (G ©x 010 I @l = 75 [ 610 =20

1
=5 (71 (b) = (@) = (72(b) =12 (a)))
and this number depends only on the endpoints of the arc C;, but otherwise is
independent on the special choice of the functions v; and . ]

Theorem 5.7. If AC E,, is a compact, connected l-convex set, then
/ o (na () ds = V3 (A (inf A) + A (sup A) — 2r)
DA

Proof. Elementary calculations show

/Xmin v (na(s))ds=
/ o (nals))ds =

1
V3
1
V3
[ 0 ()5 = 2 (s = )

1
V3

1
V3

1
V3

(Tmin)s — (Thin)3)

((#hhax)2 — (2max)2)

Amfmumm:
| atsns
/WMM®M“=
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For the other curves that are part of A, it is a consequence of 5.6 that

[ o (s))ds = = ((@hn)y = s — (alids + (e
[ 0 (60 ds = T2 (s = @ — (s + (@)

Adding all equations for the integrals over subcurves together yields

| e ma)ds = 2= (@i + @)y = @i, = @iy + @i+
+ ()1 — (Tihax)2 = (Thax)3 + Umin)2 T Wiin)2 = Wmin)1 — Wiin)s
+ (ymax)Q + (ymax>2 - (ymax>1 - (ymax>3 + (Zrzlin)ii + (Zrmnin)ii - (Z;in)l -
— () + (s + (s = (s = (s ).

Since ("Eﬂnn)l + (x?rJnln) )3 =To and since ( fmn) §m111 = ( ?nm)la we find

— (ay
that (27,,); + (zh), — (= fmn — (2¥;)3 = 3&min — 0. Similar equalities hold for the
other sub-terms. Hence

/ @ (nA ('T)) dS — \/g (é-min + Thmin + Cmin + gmax + Tmax + Cmax - 2T0) .
0A

Finally, note that inf A = ({uin, Mmins Cmin) and sup A = (&nax, Mmax; Cmax) - Hence
Jou e (na(z))ds = /3 (A (inf A) + A (sup A) — 2r). |

6. The derivative of the area function: two examples

In this section, we deal with two special cases of level sets: Equilateral triangles and
lense-shaped level sets.

Proposition 6.1.  Fiz a vector h € R and a number s > 0. Let 1y = s + A (h),
and let A = {x € E,y.x1 > hy,x9 > ho,x3 > hg} be the equilateral triangle with
vertices (hy, ho, hg 4+ s), (hi,he + s, h3) and (hy + s, he,h3). Let L be any compact
connected sublattice of R such that L,, = A. Then the functions uy, is differentiable
at ro and

1y (ro) = V3 (X (inf A) + A (sup A) — 2r¢)

FEspecially, 1y (ro) only depends on L,, and not on the particular lattice L.
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Proof. Note that a translation of L and A by —h does not change the differ-
entiability of u nor the value of the derivative, but changes rq to rg — A(h) =
ro — (h1 + ha + hs) = s and transports h to 0. Hence we may assume without loss
of generality that h = 0 and that A is a triangle with vertices (ry,0,0), (0,7¢,0)
and (0,0,r0). Hence we have to verify that

M,L(TO):\/gTO

for every compact and connected lattice L such that L, is equal to the triangle A.
3

First, we show that for r > ro we have that puy (r) < \/7_ 2,

Indeed, by Lemma 3.2, for every = € L, there is an element 2’ € L,, such that

¥’ < z. Hence L, C 1 inf L, = 1 0. Since the surface area of {z € E, : 0 < z} is

equal to V3. r?, the assertion follows. For r < r, we claim that

2
3
ML(T)§§~7"2+6'(TO—T)2.

To verify this, we observe again that for every = € L, there is an 2’ € L,, such that
x < z/. Hence, for every coordinate we have z; > (r — rg), because for example
x1 < (r — 1) would imply that zo + x3 > r¢, and no 2z’ € L,, could dominate .

It follows that L, C {z € N3 : xy, 29,23 > 7 —71o}.

For every i € {1,2,3} let F;={x € L, :xz; <0}.

We would like to show that |Fj| <2 (ro — 7).

By symmetry, it is enough to verify this inequality for « = 1. Fix a number s < 0
and consider the set Fy, = {z € L, : 21 = s}. Since L, is an l-set, F|, is a line
segment. The length of this line segment is less than v/2-(ry — r), because otherwise
we could find two points (s,b,¢),(s,b+ (ro—7),c— (10— 7)) € F; 5. The element
(s,b+ (ro—r),c) =(s,b,¢) V (s,b+ (ro —7),c— (1o — 1)) then belongs to L,, and
has a negative number as its first coordinate, a contradiction.

All the line segments Fj, are parallel to each other, and parallel to Fj,. Since
F) s = @ for s < r—ry and since the shortest distance between the line through Fj o
and a point on F} ,_,, is equal to V2. (ro — r), Fubini’s Theorem gives the inequality
|Fy| <2 (rg —r)?. The inequality g, (r) < ‘/73 7246 - (ro — r)* now follows from

Lr Q {Z’EETZ'EO}UFlUFQUFg
Next let V' be the lattice generated by A = L,,. Then we have
V3
—_— T
2

2

py (1) < pp(r) < 246 (ro—1)

for each 7 € R. Since p}, (ro) = V/3 - 79 by Example 2.2, and since this value agrees
with the derivative of */73 1246 (ro —7)° at 7y, we conclude that

ﬂ'L(To):\/g'To»

and this value is independent on the particular choice of L as longas L,, =A. =
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We now come to our second type of examples:

Proposition 6.2.  Let 01,09,71, and s be four monotone decreasing functions of

¢ such that o1 (Q)+02 (()+¢ =10 and 1 (()+72 (()+( = 7o, where ¢ € [Cmin, Cmax] -
Additionally, assume that

02 (C) S Y2 (C) f07” Cmin S C S Cmax, o) (Cmin) =72 (Cmin) , 02 (Cmax) =72 (Cmax) y

or, equivalently,

01 (C) 2 71 (C) fOT’ Cmin S C S Cmax, 01 (Cmin) =N (Cmin) , 01 (Cmax) =N (Cmax) .

]f A = {ZL’ : /\ (ZE) =To, gmin S x3 S Cmax;rh (1’3) S T S 01 (1‘3)}

={z: A (x) =70, Gnin < T3 < Cax, 02 (T3) < 9 < Yo (23)} .

then A is an l-set, and for every compact, connected sublattice L C R* with L,, = A
we have

M/A (A) =0 = \/g()\(supA)—l—)\(ian) —27“0)

Proof.  The proof goes through several steps.

Step 1. We show that A is an l-set: From Proposition 5.1 we conclude that the
conditions o1 (¢) + 02 (¢) + ¢ = ro and % ({) + % ({) + ( = 7o imply that the
decreasing functions 01,09 , 71 and 7, are automatically continuous. Hence the set

A={z: X&) =70, Cuin < 23 < Caxs 11 (23) < 21 < 0y (23) }
= {iE DA (l’) =To, Cmin <3< Crnaxa 02 (iL‘g) ST <o (1'3)} :

is compact. The boundary of A consists of the two curves

73 (Q) = (1(€),72(¢),¢)  and  03(C) = (01 (¢),02(¢)C)

Let L = inf A. Since the translation = +— z + L is a lattice automorphism that
preserves level sets, we may assume in the following considerations that A C
[0, 00)3 without changing any of the results. This implies that we may assume that

[Cmina Cmax] g [07 TO] .

(0,0.50)

(5.2.5,2.2) -

(1,0.0) (0.,1,0)
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In order to verify that A is an l-set, we first show that the set
By =A{x:Xx)=ro,m(x3) <z} ={z: A(x) =ro, 29 < 7 (x3)}

is an l-set. Let p = (p1,p2,p3) and ¢ = (q1, g2, g3) be two elements of B; that agree
in at least one coordinate, and let S be the line segment with endpoints p and gq.
We have to show that S C By. Let s € S. We have to show that s € B;. This
is obvious in the case where p3 = ¢3. Assume that p3 < ¢3. Then p3 < s3 < ¢3.
There are two cases possible: If p; = ¢, then s; = p; and since ~; is decreasing,
we obtain s = p; > 71 (p3s) > 71(s3), hence s € By. If py = g, then we use
the second expression for B; and the fact that 9 is also decreasing to arrive at
Y2 (83) > Y2 (q3) > q2 = So, thus s € B;. Hence Bj is an l-set. Similarly, the set

By ={x:X(z) =r¢,x2 < o9(x3)} = (2 : A(x) =10,01 (3) < 21)

is an l-set. The fact that A is an l-set now follows from A = By N B,.

Since every pair of decreasing functions ~; and 7, satisfying ¢ + 1 (¢) + 72 (¢) = ro
is actually a pair of continuous functions, it follows that A is a closed, connected
l-set. Hence there is a lattice L such that the level set L,, is equal to A.

Step 2. Next, we will show that
V3 (A (sup A) + A (inf A) — 2r() = 0.

By Theorem 5.7, we have to show that

/ w(na(s))ds = 0.
0A

First, the boundary of A consists of the curves v3 and o3 , and Proposition 5.6
implies,

1

[/3 ¥ (nA (S)) ds = ﬁ (71 (Cmax) -N (Cmin> — 72 (Cmax) + Y2 (Cmin))

and similarly, since the outer normals point “the other way”, i.e. are given by the
direction of (1,1,1) x (o7 (¢),05(¢),1):

1

/03 p(na(s))ds= 7 (01 (Cuin) — 01 (Cmax) — 72 (min) + 72 (Cmax))

The o's and 7's agree at the endpoints, hence [, .¢(n4 (s))ds = 0.

Step 3. Let V be the lattice generated by A, and assume that (0,0,0) € V.. We
would like to show that py (r) is differentiable at o and that uf, (r9) = 0. First,
we shall describe the set V, for r < ry. We claim that

Ve=Az:X(x) =7 Cuin < x3 and x+ (0,0, —r) € A}.

Indeed, let a € V,.. Then, since all the elements y in the generating set A satisfy
Y3 > Cmin, we conclude that as > (. Let h = rg — r. We now would like
to show that a + (0,0,h) € A. First, using Theorem 3.17, we can find elements
x,y,z € AN T a such that 1 = a1, yo = as and z3 = as.
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Assume, if possible, that (ay,as,a3 + h) ¢ A. Since x1 = a1, x9 > ag, it follows that
T3 =1g—T1 — Ty < 19g—a; —ay = az+ h. Since A is an l-set, we conclude that none
of the points in

Ci={u€E,:u =a and ug>az+ h}

belong to A. Similarly, the intersection of A and
Co={u€ E, :uy=ay and uz > az+ h}
is empty. It follows that A is the disjoint union of the two closed sets
Al={uecA:uy <ayand ug < as} ={u € A:u; <ay and uy < as}

and A; = A\ A;. Since z € Ay, the set Ay is non-empty.
Since a;=x1 > 71 (23) > Y1 (Cnax) and az=x3 > 71 (23) > Y2 (Cuax) , it follows that

(71 (Cmax) y V2 (Cmax) 7Cmax) € Al 7é .

This contradicts the connectivity of A.

Conversely, assume that a = (aq,as, a3) satisfies the conditions a; + as + ag = r,
az > (min and a + (0,0,79 —r) € A. We would like to show that a € V. In order
to verify this, we have to find an element z € AN1a so that z3 = ag, since then
a=(a+(0,0,rg—71))ANz€EV.

Consider the point (71 (Cuin) , 2 (Cmin) 5 Cmin) - If actually a3 = (i, then
a+(0,0,ro —7) € A={x: A(x) =70, Guin < T3 < Cunaxs 1 (73) < 21 < 071 (73)}
={2: A7) = 70, Cuin < 23 < Cuax; 02 (73) < 72 < 72 (23)}
implies
(Cll, ag, as) < (01 (CL3) ) V2 (03) 7613) = (01 (Cmin) V2 (Cmin) ) Cmin)
= (71 (Guin) s 72 (Guin) » Gin) € A

and we may choose z = (71 (Gmin) » V2 (Gmin) > Gmin) -

Hence we may assume that az > Cuin- If 71 (Guin) = a1, then the fact that A is an
l-set implies that every point on the line segment between (aj,as,as +ro — r) and
((71 (gmin) ) V2 (Cmin) ) Cmin)) = (ah V2 (gmin) 7Cmin) belongs to A. Since we also have
Cmin < a3 < ag—+ro—r, we conclude that z = (ay,79 — a1 — as, a3) € NANTa. Hence
we also may assume that a; < v1 (Guin) -

(0,0,59)

(al,a?,a N

(1,0.,0) (0.1,0)
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Similarly, as = 5 ((min) would allow us to choose z = (rg — as — ag, az,a3) € ANta.
Hence we may assume that

a1 <Y1 (Guin) s @2 < Y2 (Cuin) » and ag > Cuin.

In E,, we consider the open set U = {z € R3:a; < x1,a0 < T9,a3 > w3}.

The pOiIlt (71 (Cmin) y V2 (Cmin) 7Cmin)belongs to U7 and the pOint (ala az, ag + 1o — T’)
does not belong to the closure of U.
Since A is connected, there is a point 2/ € AN U \ U, hence we have

a1 < 21, az < 25, and ag > 25,

with equality holding in at least one case. If actually a3 = 24, then z = 2’ is the point
we were looking for. Else we have either a; = z] or ay = 2} and 2} < a3 < ag+ro—r.
In the first case, the fact that A is an l-set yields a point z € A with z; = a; and
Zz3 = az. Since zp =19 —a; —az > r —a; — a3 = as, we have a < z, as desired. The
second case is handled accordingly.

Since translations preserve surface area, we now can compute the area of V, as

Vel =2 AM(@) =7, Guin < 3 and 7+ (0,0,79 — 1) € A}
= ’{‘xEA:Cmin_‘_TO_TgmBH

and it follows that for » < ry we have 0 < |V, |—|V;| = {z € A : x5 < (uin + (10 — 7) }.
Since x € A and 3 < (uin + (1o — ) imply that

Y (Gmin + (10 — 7)) <71 (23) < 21 < 01 (23) < 01 (Cnin) = M1 (Cin)

we find that {x € A: 23 < uin+ (ro —7)} S {z € Ery : Cuin < 23 < Guin + (10 — 1)
and ¥1 (Cumin + (ro — 7)) < 21 <1 (Guin) . Hence

V3

‘{I'EAZ.TS S Cnlin+(ro_7n)}‘ S 7

(7”0 - 7“) (71 (Cmin) -—M (Cmin + (TO - 74)))
Voo = IVl _ V3

ro—1 = 2 (71 (Cmin) — 71 (Gin + (ro — 7))

V| = |V,
The continuity of v, yields lim M

r—Tg To—T

and therefore 0 <

=0.

Utilizing the fact that the map o — —x is an anti-automorphism of 33 that preserves
level sets, we find that also

rﬁrg TO —T

=0,

Vil = V2
and hence, in this particular case, i (r9) = lim Vool = V2l = 0.

=70 o —T

Step 4. Now let L be any compact connected lattice such that

Lro =A= {33 € Ero : <min S €3 < Cmax>71 (:UB) < x1 S 01 (-T?))}
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We have to show that ) (o) exists and p (r9) = 0.

In the following, we will show that for all » we have

Kr (T) < ur (7’0) + (%ﬁ 4 4) (7,0 . 7“)2,

Then, if V' denotes to lattice generated by A, we obtain

e () (1) < )+ (=,

and since the functions py () and g (ro) + \/73 (ro — r)* have derivative 0 at ro (see
step 3), we arrive at the desired equality ) (r9) = 0.

Let 7 < ry and let x € L,. First, note that (x1,22) < (01 (Guin) , 72 (Cuin)) -

To verify this assertion, pick any y € A such that x < y. Then

(xlv x2) < (yh y2) < (Ul (y3) y Y2 (y3)) < (Ul (Cmin) » Y2 (len» = (01 (Cmin) y 02 (Cmin)) .

We decompose L, as the union of four sets F;, 1 <17 <4, where

Fy={z € L, : (z1,22) < (01 (Cmax) , 02 (Cmax)) }
Fy={x € Ly : (21, 72) > (01 (Gmax) ; 02 (Cmax))}
Fy={r € L, : 21 > 01 (Cmax) s T2 < 02 (Cmax) }
Fy={x e L, : 21 <01 (Cnax) s T2 > 02 (Cmax) }

If x € Fy, pick an element y € A such that x < y. It follows that z3 < 3 < Cuax,
and hence = < (07 (Cuax) s 72 (Cmax) 5 Cmax) - Hence

F1 - {U S Er cou< (01 (Cmax) , 02 (Cmax) ) Cmax)} :

V3

> (ro — r)?, hence

The latter set is an equilateral triangle with surface area

V3

|F1| S 7(7“0 —7")2.

Assume that (x1,22) > (01 (Guax) ;02 (Cmax)).  We claim that this implies that
(21, 29,70 —x1 — 23) =z + (1o — 1) (0,0,1) € A. Indeed, the element

(Ul (Cmax) ;02 (Cmax) s Cmin) =
= (01 (Cmax) ) (gmax) 7Cmax) A (01 (Cmin) y 02 (Cmin) 7Cmin)

belongs to L. Since the interval

[(Ul (Cmax) , 092 (Cmax) 7Cmin> ) (Ul (Cmax) , 02 (Cmax) 7Cmax>]
is a chain and since L is connected, this chain belongs completely to L. Hence
(01 (Cmax) s 02 (Cmax) s t) € L whenever Cuin <t < Cuax. Let t =rg — a1 — 9.

An elementary calculation using the inequalities (1, x2) > (01 (Cnax) 5 72 (Cmax)) and
(xla .23'2) S (Ul (Cmin) y 02 (Cmin)) ShOWS that gmin S t S Cmax~
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From 23 =r —xy — x5 <1y — 1 — x5 = t, we obtain

($1,$2,’f’0 — T — x?) =zV (01 (gmax) , 02 (gmax) 7t) € Lm =A.

Since translations preserve surface area, we conclude that |Fy| < |A| = pg (10) -

Next, let x € F3. Again, let x <y, where y € A. It follows that

02 (Cmax) > To=r—21 —23 >10—y1 — Y3 — (1o —7) =yo — (19 — 7)

2 02 (Cuax) — (ro — 7).

We now repeat some of the argumentation of the proof of Proposition 6.2:

Every line segment of the form {z € F3:x9 =5} for s < 03 ((uax) has length
less than /2 (rg —r), because otherwise we could find two points (a,s,c) and
(a+ (ro—71),s,c—(rog—r)) € F5 C L. The element

(a+ (ro—1),s,¢)=(a,s,¢)V(a+ (ro—r),s,¢— (ro —71))

then belongs to L,,, leading to the contradiction o3 (Cuax) > s > 02 (¢) > 02 (Cmax) -
Since the distance of the lines

U ={r€E, :22=09(Cuax)} and flo={x € E,:x9=09(Cuax) — (ro—7)}

is equal to v/2 - (ro —r) and since the subset {z € Fy:zy = s} is empty for
8 < 03 (Cmax) — (10 — ), Fubini’s Theorem gives the inequality

|F3| S 2 . (’I“o — T‘)2 .
Similarly, we obtain |F3| < 2- (ro — r)*. Adding all four inequalities yields

pr (1) < pp (ro) + (? + 4) (ro —7)°. |

7. The cutting theorem

In this section, we show that the area function of level sets behaves in the expected
way when cutting a compact connect lattice L C R* into two sublattices L; and Ls.
Indeed, if we use a suitable plane to perform the cut, then ur (r) = pr, (r)+pr, ().

Lemma 7.1. Let A C E, be a compact, connected l-set. Let H C 13 be a plane
that is not parallel to E,. and let Hy and Hy be the two half spaces determined by H .
If Ay=HiNA and Ay = HyN A are connected, then Ay N Ay is a line segment.

Proof. We may assume w.l.o.g. that A C |0, oo)g. Since H is not parallel to E,.,
H intersects F, in a line ¢, and we may also assume that H is spanned by ¢ and
(0,0,0). Hence there is a vector a € R* so that H = {z € R*: a -z = 0}, and we
may assume that

Ai={x€A:a-2>0} and Ay={re€A:a -x<0}
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We have to show that A; N A, is a line segment.

The statement is obvious if A; N Ay contains only one element. Hence, after
renumbering the coordinates, if necessary, we may assume that there are elements
x,y € Ay N Ay such that x; < y;. We also may assume that

ry=min{z : 2z € A;N A} and y =max{z :2z€ A NA}.

By definition, A; N A, is contained in the line H N E,., hence A; N A, is contained
in the line segment spanned by z and y. Conversely, we have to show that every
element of this line segment belongs to A; N As. Thus, let z be an arbitrary element
of this line segment. Then x; < z; < y;. Since z,y € A; and since A; is connected,
there is an element u € A; with u; = 2z; (otherwise the non-empty disjoint open
sets {u € Ay 1 uy < z1tand {u € Ay 1 u; > 2z} would be a cover of A;). Similarly,
there is an element v € A, so that v; = z;. Since A is an l-set, the line segment
between u and v belongs to A.

If a-u =0, then u € A; N As, and hence u would be a convex combination of x and
y with u; = z1, and we would be able to conclude that u = 2z € A; N As. Similarly,
a-v =0 would imply that also z € A; N As.

Hence we may assume that a-u > 0 > a-v. The line segment between u and v
intersects H in exactly one point, and therefore there is a unique element w € A;N A,
so that w; = z;. Since the line segment between = and y contains only one point w
with w; = 21, namely z, we conclude that z =w € A; N As. [ ]

Theorem 7.2. Let A C E, be a closed, connected I-set. Let H ={zeR> :n-z =0}
be the plane perpendicular to n € %2, and assume that

Ai={z€A:n-2>0} and Ay={zre€A:n-2<0}

are connected. Further, let L, Ly, and Ly be the lattices such that L, = A, (L), =
Ay, and (Ls), = Ag, respectively. If the functions pr, and jpy, are differentiable at
r, and if the derivative of those two functions only depends on the level set and not
on the choice of lattices Ly and Ly leading to this level set, then the same statement

is true for the third function pr, and py (r) = pp, (r) + ph, (r) . Moreover, if

iy, (r) = V3 (X (inf Ay) + A (sup Ag) — 2r)
1y, (r) = V3 (X (inf Ag) + A (sup Ag) — 2r)

then also () = V3 (X (inf A) + X (sup A) — 2r)

Proof. First, let us assume that we already know that u} (r) exists and does not
depend on L; for i = 1,2. We then would like to show that p/ (1) exists and does not
depend on L. It follows from Theorem 3.20 that there is a plane G (not necessarily
containing the origin) such that G separates A; and A, and such that the half spaces
H, and H, determined by H are sublattices. Let Vi = LN Hy; and V5, = L N Hs.

Hence for every real number ¢ theset {z € E,:x e ViNW}={r € E,:x € LNH}
has surface area 0. Thus uy, (t) + py, (t) = pr (t). Since both py, and py, are
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differentiable at r and since uf (1) = uy, (r), we conclude that 7 (r) exists, that
py (r) = pp, (r) + pp, (r), and that pf (r) depends only L, only and not on L.

By Lemma 7.1, the set A; N Ay is a line segment that belongs to the bound-
aries of A; and A,, respectively. On the line segment A; N Ay, the outer nor-
mals to A; and As, respectively, have opposite signs. Hence, in the expression
Joa, #(na, (8))ds + [, ¢p(na, (s))ds, the integrals along A; N Ay cancel out, and
therefore [, , ¢(na(s))ds = We now use Theorem 5.7 to compute

pl, (r) = pl, () + i, (r) = V3 (A (inf Ar) + A (sup Ag) — 2r)
_ / DAG(nA(s))ds = /3 (A (inf A) + A (sup A) — 2r) .

In order to use the previous theorem, one has to find lines in F, that cut A into two
connected components. Examples show that not every line necessarily does that.
However, the next result gives some special cases which guarantee this.

Proposition 7.3. Let A C E, be a compact, connected l-set, and let
Ei’h:{$EETS$i:h}.

If U; ), intersects A, then {;), divides A into two connected components, each of which
s an l-set.

Proof. In order to simplify notations, we will only consider the case i = 1. In
this case, ¢ = ¢, and ¢ divides A into

Ai={x€A:a1>h} and Ay={xecA:z <h}.

Clearly, both A; and A, are l-sets. Hence, we only have to show that A; and A, are
connected. Assume that A; were not connected. Then we could find two non-empty,
disjoint closed subsets C, D C A; so that A, = CUD. If CN{ =@, then C and
DU A, would be two non-empty, disjoint closed subsets of A with CU(D U As) = A,
which contradicts the assumption that A is connected. Hence C'N ¢ # @. In the
same way, we can show that DN/¢ # @&. Hence, we can find x € CN{ and y € DNY.
Then, since A is an l-set, the line segment S between z and y belongs to A. It
follows that S C Ay =CUD, SNC # @, SN D # @, contradicting the fact that
line segments are connected. u

8. Polygonal l-sets

In this section, we will show that every l-set A for which the boundary 0A is a finite
union of line segments is indeed satisfies the equation

1y (r) = V3 (A (inf A) + X (sup A) — 2r) .

So, let us start with showing that level sets that are triangles are admissible. Even
this easy case has to be divided in a series of sub-cases, most of which can be treated
with elementary Euclidean geometry. In order to avoid repetition, we call an l-set A



400 GIERZ

admissible, if the equation 1/ (r) = v/3 (A (inf A) + X (sup A) — 2r) holds for every
compact, connected lattice L C 2% with L, = A.

In the following lemmas, we let A C E,, be a triangle with vertices
P = (p1,p2,p3), Q= (q1,q2,43), and R = (ri,ra,r3).
Lemma 8.1. If pi =q1, g =12 and r3 = ps, then A is admissible.
Proof. First, assume that r3 < ¢3, and let s = g3 —7r3 > 0. Then ¢; +s =1r
and ¢z + s = py, and hence (q1 + s, q2,73) = (r1,72,73), (q1,92 + 5,73) = (P1, P2, P3)

and (q1,q2,73+ ) = (q1,q2,q3) . Hence it follows from Proposition 6.1 that A is
admissible.

The anti-isomorphism z — —x can be uses to reduce the case s < 0 to the case

where s > 0. ]

Lemma 8.2. Let A C E,, be a triangle with vertices r,p and q. If
r<pr=q, r2<q<py and p3 < g3 <713,

then the triangle A is admissible.

Proof. We claim that the triangle A is one of the regions described in Example
6.2: We let

© D1 p3 < C < g3
01 = r—
pl"‘ﬁ@—%) 3 < (<3

(« Pt e=2(C—p3) P3<(<gs
02 = ro—
@+ 22 ((—q) @<(<73

r3—q3

m—0N T2 — P2
(C—p3) and 7 (¢) =p2 +
r3s —P3 3 —P3

M) =p+ (€ —ps),

and note that A is bounded by the curves (o1 (), 02 (¢),¢) and (71 (¢),72(¢),() .
All functions are monotone decreasing for p3 < ( < g3 by our assumptions. Hence
A is admissible by Proposition 6.2. [

Lemma 8.3.  If at least two of the pairs {P,Q}, {P, R}, or {Q, R} agree in at
least one coordinate, then the triangle A is admissible.

Proof. If P = = R, then the assertion follows from Lemma 8.1.
If all points agree in one of the coordinates, for instance the first coordinate, then

" =p1=q-
After using the anti-automorphism x — —zx, if necessary, we may assume that

P3 < q3 <713
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and it follows that 79 < ¢ < po. Hence A (which is actually a line segment) is
admissible by Lemma 8.2. Hence we may assume p; =¢; and g3 =r;3.

If po = 1o, then A is an equilateral triangle of the type that was discussed in Lemma
8.1 and hence admissible.

If py # 79, then after applying the anti-automorphism x — —x if necessary, we may
assume that ps < g3,

If ry < @9, then after a permutation of the coordinates (use the triangle R,Q, P
instead of the triangle P, @, R), the triangle A is of the type discussed in Lemma 8.2.

If go < 79 < po, then we cut A along the line {z € E,, : x5 = r3} and obtain two
triangles. The first triangle has vertices

Q:(Ch;%,%), R:(T1,7”2,7“3), and 5:(%,7“2,7’0—%—7”2)7

which falls in the category of a triangle discussed in Lemma 8.1. The second triangle
has vertices

P = (p1,p2,p3), S=(q1,72,70 —q1 —72), and R = (r1,72,13),

which was discussed in Lemma 8.2. A similar argument can be used, if g3 < py < 5.
We then we cut A along the line {x € E,, : 9 = p2} . n

Lemma 8.4.  If at least one of the pairs {P,Q}, {P, R}, or {Q, R} agrees in at
least one coordinate, then the triangle A is admissible.

Proof. After renaming and renumbering and employing the anti-isomorphism
xr — —ux, if necessary, we may assume that ps = g3 < r3 and p; > ¢;. Consider
the line ¢ = {z € E,, : vy =1} and let S be the point of intersection of ¢ and
{x € R3: 23 = p3}. Then

S = (7“177“0—7”1—293,293)-

If s =ry > py, then A is a triangle of the form that was discussed in Lemma 8.2
(with the third coordinate playing the role of the first coordinate in Lemma 8.2).
Hence A is admissible.

If g1 < s; < p; then S is on the line segment P(@), then ¢ cuts the triangle A into
two triangles: A; with vertices P, S, R and A, with vertices S, ), R. Both triangles
are admissible but the previous Lemma 8.3, hence A is admissible by Theorem 7.2.

Hence we may assume that s; = r; < ¢; < p;. Likewise, using a similar argument,
we may assume that ro < ps < qo. Let k={zx € E,, : 21 =q}.

This line will intersect the line segment PR in a point 7. The triangle A; with
vertices PQ,T will be of the type discussed in Lemma 8.3, and the triangle A, with
vertices ), R,T" will be of the type discussed in in Lemma 8.2. Hence A; and A,
are both admissible, and therefore A is admissible by Theorem 7.2. [ |

Proposition 8.5.  Fvery triangle is admissible.

Proof. Let A C E,, be a triangle with vertices P = (p1,p2,p3), @ = (¢1,92,93),
and R = (r1,72,73). We may assume that p; < ¢ <. If p; = ¢ or ¢ =, then
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A is admissible by Lemma 8.4. Hence we may assume that p; < ¢; < r;. Consider
the line ¢ = {z € E,, : x1 = ¢} . This triangle cuts A into two triangles A; and As,
both of which are admissible by the previous Lemma 8.4. Hence A is admissible by
Theorem 7.2. [ |

Lemma 8.6. Let A C E,, be a connected l-set. Assume that 0A is a union of at
most 4 line segments. Then A is admissible.

Proof. If OA consists of one line segment, then A itself is a line segment, which
may be viewed as a degenerate triangle.

If OA consists of two line segments, then we can find a line ¢ that cuts A into two
line segments, both of which are admissible. Hence A itself is admissible.

If OA consists of three line segments, then either A is a triangle, or else we can find
a line that cuts A into a line segment and a union of two line segments, both of
which are admissible.

Finally, we assume that A is a union of four line segments. If the interior of A is
not dense in A, we can find a line ¢ that cuts A into a line segment and a part A;
for which 0A; is a union of 3 line segments. Hence A is admissible. Otherwise, if
the interior of A is dense in A, it follows from elementary geometric considerations
that A is a quadrilateral, hence one of the diagonals cuts A into two triangles, both
of which are admissible. Hence A is also admissible. [ |

We now come to the main result of this section:

Theorem 8.7. Let A C E,, be a connected l-set. Assume that 0A is a finite
union of line segments. Then A is admissible.

Proof. Let Pi,..., P, be the end points of the line segments of 0A, where
P = (pi, pia; piz) for 1 <i<n

and let Es={ps:1<i<n}
We prove the theorem by induction on the number of elements in E.

If £4 contains only one element z, then A is contained in {x € E,, : 3 = z}, i.e.
A is a line segment, which may be viewed as a degenerate triangle. Hence FE is
admissible by Proposition 8.5.

If E4 contains exactly two element w; and wy with w; < ws, then the fact that A
is an I-set implies that the sets Fj = {r € A: x5 =w,} and E, ={r € A: x3 = wy}
are line segments.

Let Fy ={pn:1<i<n}. Wecan write Fy in the form Fy = {u;:1<j<m}
with u; <ug < ... < u,.

We proceed by induction on m :

If m = 1, then {Py,...,P,} consists of the elements (uy,79 —u; — 21,21) and
(uy, 70 — Uy — 22, 22) . In this case, A and therefore A is a line segment.

If m =2, then
{P1,..., P} C{(u1,70 —ur — 21, 21) , (ug, 1m0 — U2 — 21, 21) ,

(U1,7‘0 — U —2’2722)7(U277"0 — U2 —2’2,2’2)}-
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The latter four points form a parallelogram, and it follows that dA is a union of at
most four line segments. Hence A is admissible by Lemma 8.6.

If m > 2, then we cut A along the line ¢ = {z : A () = o and 21 = uy}, and obtain
two l-sets
Aj={reA:z1<uy} and As={x € A:x1 > us}.

The boundary of A; and A, is still a union of line segments. For each piece, we have
E4, C Ey4, hence Ey4, contains either one or two elements. Moreover Fy, C {uy,us}
and Fyu, C {us, ..., un}. Hence we are allowed to conclude by induction that A; and
Ay are admissible, and therefore A is admissible. Now assume that E4 contains 3
or more elements, and let w be any element of E4 that is neither the maximum nor
the minimum of E4. Then cutting A along the line ¢ = {z : A (z) = rg and z3 = w}
will yield two connected l-sets A; = {z € A: x5 > w} and Ay = {x € A: z3 < w},
for which 0A; is a union of line segments, and for which the sets E,, contain fewer
than n elements. Hence A; and A, are admissible, and we conclude that A is also
admissible. [ |

9. The derivative of surface areas of level sets

In this section we shall show that every level set of a connected and compact
sublattice L C R? is admissible. Of course, Theorem 7.2 will be again of central
importance.

The following six subsets of A contain all parts of the boundary that are not straight
lines:

Ay ={r e A 21 > (Ymin)
AV ={x € A:xy > (2,)
Ao An > () :
A ={x € A: a3 > (23,;,); and z; < (2
Al ={z e A:xy > (2. )

(Y7min)

Ay ={reA:ixz>(y

[N}
©
=)
o
8

w
IN
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Although the set B = A\ (A2 U A% U A2 U A2 U AY U A2) need not be connected
(see the previous illustration), it is clear that the boundary of B is a union of line
segments, hence B is a union of admissible sets. The following lemmas allow us to
reduce A to B using Theorem 7.2 together with Proposition 7.3, and hence prove
the admissibility of A.

Lemma 9.1.  Each of the six sets Ay, AY, A7, A%, AY, and A is admissible.
Proof. Because all six sets are obtained from A by cutting twice along lines of
the form L;;, = {z € R : x; = h}, it follows easily from Proposition 7.3 that each
of the six sets is a connected l-set, . All the six sets are symmetric to each other via
a permutation of the coordinates. Hence it suffices to show that AY is admissible.
Note that the set AY is equal to one of the sets discussed in Proposition 6.2, where
the functions 7y, 72, 01, and o, are given as follows:

N =%, 720 =751

() J AP Q) o = (ati)y = € (i} i 0 () i defined,
o }

max {TO - ( mm) Ca (y ax)l else;
~f min{03 (€) ;70 — (Yhma)1 — G (Thin)o} i 05 () is defined,
Q) = { min {ro — (ymax) -, (@hi)s) else;

and each of those functions is decreasing by Lemma 5.2. It follows that AY is
admissible. m

A quick look at the above illustration shows that A\ AY need not be connected.
However it follows from Proposition 7.3 that each connected component of A\ AY is
a connected l-set. The following lemma follows immediately from Theorem 7.2, and
Lemma 9.1:

Lemma 9.2. If each connected component of A\Az is admissible, then A is
admissible.

Finally, we come to the main result:

Theorem 9.3. If AC E,, is a compact, connected [-set, and if L is any compact,
connected lattice so that A = L,,, then

/8 o (9)ds = i (r0) = 3(\inf A) + MsupA) = 210)

Proof.  Note that if D is a component of A\ Az, then D\ Dy = D \ A7, and
corresponding equations hold for the other sets in {Aw Az, AY AZ} Six successive
applications of Lemma 9.2. leaves us with the task to show that each connected
component of B = A\ (A7 UA U A7 U A2 U AYU Az) is admissible. But since
the boundary of each connected component of B is a union of line segments, the
admissibility of the connected components of B follows from Theorem 8.7 |
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