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Abstract. The convex cone of positive semidefinite matrices of fixed size forms a commutative
topological semigroup under the Hadamard product. In this paper we consider the closed subsemi-
group of off-diagonal constant matrices, matrices having the same value in the off-diagonal positions,
and its compact and convex subsemigroup of matrices with diagonal entries in the unit interval.
Several results on these topological semigroups are presented: the group of units, (Léwner) ordered
semigroup structures, one-parameter semigroups. An application of Hadamard powers obtained by
FitzGerald and Horn and related open problems on Euclidean Jordan algebras are discussed.
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1. Introduction

The set of m x m real matrices is denoted by M, (R). The symbol I,,, stands for the
m x m identity matrix. Let S,, be the Euclidean space of m x m real symmetric
matrices equipped with the trace inner product (X,Y) = tr(XY), and let P,, be
the closed convex cone of m X m positive semidefinite matrices. For X,Y € S,,,
X <Y means Y — X € P, and X <Y means Y — X € P, , where PP, denotes
the open convex cone of m x m positive definite matrices.

The Hadamard product (or the entrywise product, or Schur product) of two matrices
A = [a;j] and B = [b;;] is the matrix A o B = [a;;b;j]. Then the space S,, becomes
a commutative semigroup under the Hadamard product, called the Hadamard semi-
group for simplicity. The matrix .J,, with all entries equal to 1 is the identity for
the semigroup (S,,,0).

The most interesting theorem about Hadamard products (also known as the Schur
product theorem) was proved by Issai Schur [18]. It says that if A and B are positive
semidefnite (resp. definite), then so is A o B. That is, the closed convex cone P, is
a subsemigroup of the Hadamard semigroup S,,.

In this paper, we consider a Hadamard subsemigroup §,,, consisting of m xm positive
semidefinite matrices of the form

ISSN 0949-5932 / $2.50 © Heldermann Verlag



474 Lim
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where a = (ay,...,a,) € R™ and x varies over real numbers, respectively. It is
) ) Y

indeed closed under the Hadamard product by the Schur product theorem and
M, (7) o My (y) = Map(7y),

where ab = (ajby,...,anb,) for a = (ai,...,a,) and b = (by,...,b,) in R™.
The matrix M,(x), called an off-diagonal constant matrix, appears particularly
in Grover diffusion matrices in quantum computation and compound symmetry
correlation matrices. We note that for given positive diagonal entries aq, ..., ay,,
it is non-trivial to determine = for which M,(z) is positive semidefinite [8]. Indeed,
it is shown that M,(z) > 0 if and only if z € [0, (a),d; (a)], where 6= (a) are
the smallest positive and the unique negative roots of the polynomial det M, (x)
in variable x, respectively. The main concern of this paper is to investigate some
topological semigroup structures on S, and to find their relations with the theory
of matrix analysis. We then obtain some new results on the root maps 6= based on
these topological semigroup structures.

In what follows Ry = [0,00), R, = (0,00) and m > 2.

2. A decomposition of §,,

The set of M,(x) varying over a = (aq,...,a,) € R™ and « € R forms a subspace
of S,, and is linear isomorphic to R™* via My(x) — (a1, ..., am, );

tMa(2) + sMp(y) = Miatsp(tz + sy),
where ta = (tay, ..., ta,). The Hadamard subsemigroup
S ={Ma(z) >0:aecR" 2z R}
is a closed convex subcone of S,,, with the relative interior
Sy ={Ma,(z) >0:aceR™ xR},

which is a subsemigroup of §,, by the Schur product theorem.

Remark 2.1.  Since every positive semidefinite matrix has nonnegative diagonal
entries, My () >0 (resp. Mu(z)>0) implies that acR? (resp. acR’", ). Hence

Sn={Ma(z) >0:acR7,z R}, and S;, = {Ma(z) >0:acR},  zeR}.

The Hadamard semigroup &, is a commutative semigroup with the identity J,,.
Indeed, J,, is positive semidefinite from

1 1



Lim 475

We denote the boundary of S,, by 82 :=38,, \ S,.

It consists of all positive semidefinite matrices M,(z) with determinant zero. For
example, J,, € 82. Let D,, C S,, be the subspace of all diagonal matrices and let

D,, :=D,, NS,,, the set of all diagonal matrices with nonnegative entries. Define
D, =D, NS, D% =D, NS, and

T2 :=82\DY.
Then S, =S, UT2UDI.

Example 2.2. (m =2) For two real numbers a and b, the 2 x 2 real symmetric

matrix [ Z ?): ] is positive semidefinite if and only if @ and b are nonnegative and

—vab < x < vab. Moreover, it is positive definite if and only if a,b > 0 and

—Vab < x < v/ab. Hence
S, — {M(mb)(iﬁ) ca,b>0,—Vab <z < \/%}
S; = {M(a,b)(x) ca,b>0,—Vab <z < \/%} ,
DI = {M(mb)(O) ca,b>0,ab = 0} ,
T2 = {M(a,b)(i\@) : a,b>o}.

Note that 7 is a subsemigroup of S..

3. A description of S,,

In this section we will prove the following.

Theorem 3.1.  There exist continuous maps 6,,: R — [0,00) and 0,,: R —
(—00,0] such that for a = (ai,...,a,) € RY,
0=(a) =0 <= Hajzo (1)
j=1

(vanishes at the boundary) and

Sn = {Ma(z):acR}, 0, (a) <z <6f(a)}, (2)
Sy, = {Ma(z):a€R7, .0, (a) <z <6f(a)}, (3)
) = {Ma(65(a):ac Ry}, ()
T2 = {Ma(6i(a)):acRY,}, (5)
D) = {Ma(@i(a)) ra e RY, ﬁ%’ = 0}- (6)

j=1
To construct 6=, we let for a € R7,

Sa:={r € R:Mu(z) >0}, and S :={xr € R:M,(x)>0}.
Then

Sn={Ma(z):a€R},z€8,}, and S, = {M,(z):ac R}, z€S;}.
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We note that S, is a closed subset of R containing 0, and S; is an open set around
0ifaeR;;.

Example 3.2 (m =2). For a,b> 0,

= [—\/%, \/%} and S{, ;) = (—\/%, \/@> :
We first describe the set S, when H;nzl a; =0. If a,b >0 and ab = 0, then
{ @ } >0+ x=0.
x b

Since every principal submatrix of a positive semidefinite matrix is again positive

semidefinite [13], we have that for a = (ai,...,a,) € R7,
Sa = {0}, if a; =0 for some j =1,...,m. (7)
The reverse implication holds true. That is, if a; > 0 for all j = 1,2,...,m, then

Sa # {0}, that follows from Theorem 3.4 below.

Proposition 3.3.  For a= (ay,...,an) € R},

Sa = {0} <= []a =0. (8)
j=1
For a = (ay,...,a,) € R™, let
aq €T e x
T ag - x
Da(z) := det '
r A,

It is shown in [8] that

i )R (m— k= 1) Sp(a)z™ (9)

k=0
where Si(a) denotes the kth elementary symmetric sum of a = (ay,...,an) :
So(a) =1, Sk(a) = Z Aj gy -+ - Qs 1<k<m.

1<j1<ja <+ <je<m
If a=(ai,...,a,) € R7,, then the polynomial D,(z) in variable = has only real

roots and has a unique negative root, say 6, (a). Moreover,

Theorem 3.4. ([8]) For every a € R,
Sa = [0,,(a).0,(a)],  S;=(0,(a),0,(a)), (10)

where 0 (a) is the smallest positive root of the polynomial Da(x).

For a = (ai,...,a,) € R, let & = 0,,(a),& = 6} (a),...,&, be the real roots
of Da(z) in nondecreasing order & < 0 < & < & < -+- < &, and let o be a
permutation on m-letters such that as) < as) < -+ < ag(m).
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It is further shown in [8] that for j =2,...,m,

(S1) & € [ao(j-1): @o(p)s and if a,(j) < ag(jt1), then & € (ag(j-1), ao(j));

(52) if ag(j—1) = Go(j), then & = aq(;y and the multiplicity of §; is one less than
that of a,(;—1) in the m-tuple (aq,...,an).

Next, suppose that a = (ay,...,a,) € RT. Letting
a. = (a1 +e¢,...,am+¢) €RT,, e>0
we have real roots of D,_(x) = 0;
Or(a:) = &1(e) <0 <O (ac) = &(e) < &ofe) < -+ < &nle).

From the continuity of the roots of polynomials, the equation D,(z) = 0 has m real
roots &1,...,&, in nondecreasing order;

& = lim &(e) <0 and & := lim &(e) >0 for j=2,...,m.

e—=0Tt e—=0t
Setting 6 (a):=¢& = lim &(e) = lim 6, (a.) (11)
e—0t e—0t
and 0 (a) := & = lim &(e) = lim 6 (a.), (12)
e—0t e—0t
the maps 93; are defined on R;
AN R — [0, 00), 6, R" — (—o00,0]. (13)
We will show that for a € R,
fi(a) =0 < [[a;=0. (14)
j=1

Since M,_ (6= (a.)) > 0 for all € > 0, their limits are positive semidefinite as € — 0 :
M., (6;,(a)) = 0,

that is, #=(a) € S,. The assertion then follows from (8) and Theorem 3.4.

It is shown [8] that the maps 67 on R, are continuous. Then by the continuity of
roots of polynomials or by (11) and (12), their extensions 6 on R”" are continuous.
The properties (2)-(6) hold true by Theorem 3.4 and (8). This completes the proof
of Theorem 3.1.

To provide some basic properties of 6=

m?

we need the following further notions.

Definition 3.5. For a = (ai,...,ay,),b = (b1,...,b,) € R™ and a permutation
o on m-letters,
a§b<:>aj §bj,Vj:1,...,m,

ab = (aiby, ..., anby), aa = (aay, ..., qay),

al=(a]', ... a1, asm = (@1, ..., Qm-1), a5 = (Go(1), - - - Go(m))-
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The following properties of £ on R, appear in [8]. We have similar properties on

R’ by continuity. For a,b € R",,a > 0, and o be a permutation on m-letters,

(P1) 6% (aa) = ab=(a).
(P2) O (ar,...,am) = 05 (apys - - s Gogm))-
(P3) —0, <6f and +6= are concave and monotonic.
(P4) 6/ (a)d}(b) <6t (ab) and 0, (a)d, (b) < —6, (ab). In particular,
Op(a) <0(a™)"" O, ) <0,(a).
(P5) For m >3, 6} (a) < (ar--- am)% . Equality holds if and only if a1 = -+ - = ay,.
(P6) Ot(a,a,aq,...,a, 2)=a, if a<aj,j=1,...,m—2.
(P7) 0E(a,b,ay,...,am 2) — +Vab as a; — oo for j=1,...,m—2.
(P8) 0,.(a,...,a)=——"=.
(P9) Let o be a permutation on m-letters such that a,q) < Go2) < -+ < Aopm)-
Then

(1) if ap(1) < ao(2), then 0, (azy) < 6, (a) <0< 6 (a) <6 _;(azm).
(ii) if A5 (1) = Ag(2) 5 then 9;%1(37&,%) < Q;L(a) <0< 9;2(8.) :ezfl(aim) =0g(1)-
(P10) For 0 <a <b<ec,

c— /2 + 8ac 0 (a, b, b) a —+va? -+ 8ab
e — a =
4 ) 3 Y 4 )

05 (a,a,c) =
and 07 (a,b,b) = Ve tseb
By Theorem 3.1, (14), and (P6),

Corollary 3.6. The set E(S,,) of all idempotents of the Hadamard semigroup S, is
E(S,) ={M.0):ac{0,1}"}U{J,}. (15)

Furthermore, T.2 consists of all singular matrices in S,, with positive diagonal entries
and forms a cone (closed under positive scalar multiplication).

We observe that E(S,,) is a subsemigroup of S,,, and that every idempotent has
an open neighborhood containing no other idempotents. In particular, the identity
matrix I,, is the unique idempotent in 8°, and .J,, is the only idempotent in 7,2.

Remark 3.7. For a € R7,, the curve R = S,,,, . — M,(z), lies in Sy, C Py, for
0 (a) < x < 6} (a), passes through its boundary S2 at x = 6= (a), and leaves off

for other z. If a; = 0 for some j, then it intersects S, only at = 0.

Remark 3.8.  (Barrier functions) The map a ~ 6 (a)™' is a convex barrier
function on the positive octant. This follows from (14) and (P3). Here a barrier
function is a continuous function whose value on a point increases to infinity as the
point approaches the boundary. A well-known barrier function is a — — log H;il a;,
which is strictly convex. Our barrier function is positive valued.
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4. Ordered and compact subsemigroups

The Lowner order A < B on the space S,, is a closed partial order and hence on
the Hadamard semigroup S,,. From the results obtained in Section 3, we have an
explicit formula for the Lowner order between off-diagonal constant matrices.

Corollary 4.1. (Lowner ordering) For a,b € R™,
M,(z) < My(y) = a<bandy—z € [0, (b—a),d (b—a). (16)
If a; =b; for some j, then M,(z) < Mp(y) <= a<band z =y.

Proof. By (2), Ma(z) < My(y) if and only if My_a(y—2) = Mp(y) —Ma(z) > 0
if and only if b—a >0 and y — z € [0,,(b — a), 0} (b — a)]. The remaining part of
proof follows from (14). n

An ordered semigroup is a semigroup S together with a partial order < (it is also a
closed subset of S'x.S in the case of topological semigroup [7]) that is compatible with
the semigroup operation, meaning that x <y implies zx < zy and zz < yz for all
x,y,z in S. By the Schur product theorem, the Hadamard semigroup P,, equipped
with the Léwner order A < B is an ordered topological semigroup. Indeed, if A < B
and C' > 0, then

0<(B-—A)oC=BoC—-AoC. (17)
In particular,

Proposition 4.2.  (S,,, <) is an ordered topological semigroup.

Let A= Ma(z),B =Myp(y),C = Mc(2) be in S,,. Suppose that A < B. By (16),
a<b and y-—ze€lf, (b—a)b (b-—a).

By (17), Ao C' < Bo (', which is equivalent to Mae(22) < Myp(y2).
By (16), this is equivalent to

ac<bc and 2(y—x) €0, (c(b—a)),d (c(b—a)).
Varying over z € [0, (c), 0 (c)] leads to
[07.(c), 0,(c)](y — ) C [0,,,(c(b — ), 6, (c(b — a))]. (18)
Corollary 4.3. For a,b,c > 0 with a < b,
0,,(c(b —a)) < 0, (c)0; (b — a). (19)
In particular, for every a,b > 0, we have 6, (ab) <0, (a)d;}(b).
Proof. Letz=0andy=46}(b—a). Then A:= M,(z) > 0 and by monotonicity

of 61 0 <y <6 (b) and hence B := My(y) > 0. Since y =0, (b—a) >0, A< B
by (16) and hence (19) follows from (18). |
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In the following we focus on members of S, with nonnegative entries.

Definition 4.4.  Define
St={M,y(z) >0:2>0}, and S, = {Ma(x) >0:2<0}.
Note that S, = S US,, and S} NS, = D,, NP, = {diag(a) :a € R7}. It is

direct to see that S} is a closed subsemigroup of S,,, and S NS, is a closed ideal
of S,,. Moreover, S;f oS, CS,, and S,, 08, CS;}.

Next, we introduce some compact subsemigroups of S,,.
Definition 4.5.  Define
Coo = {My(z) >0:a€0,1]"}, and C ={Ma(z) >0:a¢€0,1]", x> 0}.

By the Schur product theorem, C,, and C, are subsemigroups of S,,. From
(1= )Ma(2) + (M) = Mt_pasan((1 — D)z + ty)

for every t € [0,1], C,, and C,. are convex subsets of S,,. We shall show that they
are closed and hence compact. Note from (P3), (P6) and P(8) that

Co = {Ma(z):ac0,1]" € [0,(a), 65 (a)]}
C {Ma(x):ac0,1]™ze[-1,1]}=[0,1]" x [-1,1].

Suppose that M,, (zx) € C,, converges to A = [a;;] € S,,. Then limy_,o(ay); =
aj; €[0,1] for all j and

v € [0 (ar), O (a)],  VEEN.
By the continuity of Qi,

Q5 = kh—{goxk € [8;@(&117 s 7amm)797—;<a117 s 7amm)]7 1 S i ?éj S m.

Therefore A € C,,. This shows that C,, is a closed and hence a compact subset of
Sm. Similarly C; is a compact subset of [0, 1]™ x [0, 1].

By the homogeneity of 6

0 (a) = amaxd ( 1 a) ,

am ax

where a € R7, and ay.x := max{a;}. From ——a € [0,1]™ and

max

amax Amax

1
Ma(ac) = amaXM#a ( CL’> .

Proposition 4.6. We have that C,, and C} are compact conver subsemigroups
of Sy. Moreover, S,, =R, .C,, and S} =R, ,C}.

Remark 4.7. By Proposition 4.2, (C/, <) is an ordered compact commutative
semigroup containing all idempotents of S,,.
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For » € R and A = [a;;] € S;,,, we denote the rth Hadamard power of A by,
whenever it exists,

AT = [ag;]-
For A € C,,, the closure of the semigroup generated by A

DA ={A®  k=1,2,...,}

is a compact subsemigroup of C,,. One can see that the sequence {A®} converges
to an idempotent for every A € C,,. Indeed, for a € [0,1]™ with a; # 1 for some j,
gt (a) <1 by the geometric mean inequality (P5) and hence 6,,(a) > —1 from (P3).

Remark 4.8. Let I be a subsemigroup of the additive semigroup R’ and let
Sn(l):={Ma(z) >0:acl}.

Then it is a subsemigroup of §,, and is an ideal if I is. One can see that if I is
compact, then S,,(I) is also. For example, let

I={a:0<a;=a3<a3<---<a, <1}
By (P6), Si(I) = {Ma(z) :a=(a1,...,an) € I,—a1 <z < a1} and is a compact

subsemigroup.

Remark 4.9. (Radially convex metric [6]) There exists an equivalent metric d on
C;t (on any compact subsemigroup of S,,) such that for A < B < C with B # C,
d(A, B) < d(A,C). Note that the Thompson metric dr(A, B) = ||log A™'B|| on P?,
or 8¢, satisfies dp(B,C) < dr(A,D) for 0 < A< B,A<C <D (see Lemma 5.8 of
14))

5. The group of units

Let E(S) be the set of all idempotents of a semigroup S. Each idempotent e lies in
the maximal subgroup H(e) with the identity e:

H(e):={zx € S:ze=ex =uz,2y =yx = e, for some y € S}.
The union of all maximal subgroups of S is denoted by
H(S)= ] H(e).
e€E(S)
One can see directly that for e = (e1,...,e,) € {0,1}™,
H (M¢(0)) = {diag(as,...,am) >0:e;,=0<=0a; =0,7=1,...,m}.
In particular, H(I,)=D;, and D, = | H(M(0)).

ec{0,1}m
However, it is non-trivial to describe H(J,,), the group of units of S,,:

H(J,) = {A€S,:AoB=], forsome B € S,,}
= {AeS,: AV es,)

Note that if M,(z) € H(J,), then a > 0 and x # 0.
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Proposition 5.1. For every a € R, with m > 3,

Of(@) =0 (a )<= a = =an,.

Proof.  Suppose that 67 (a) =

(a~!)~!. The geometric mean inequality (P5),
O (@)L > (a1 am)™ > 60 (a)

and hence a1 = -+ = q,,. [ ]

Remark 5.2.  Recall from Corollary 3.6 that 7,2 consists of all singular matrices
in S, with positive diagonal entries. The result in above shows that the set 7,2 for
m > 3 is not closed under the Hadamard product. Indeed let a = (ay,...,a,) >0
with a; # a; for some i # j and consider

M. (6;,(a)), Ma-1(6,,(a”)) € Ty,
Suppose that their Hadamard product is in 7,2, that is,
Ma,..1(05,(2)0(a") = Ma(6/,(a) e Ma-1(0(a™")) € 7,7
By (5), 6} (a)d} (a=') = 1 and hence a; = - - - = a,,, by the previous proposition.
Theorem 5.3. For m > 3, H(J,) = Ry Jp,. In particular, H(S,,) = D, U

Proof.  Let m > 3 and let a € R, . It suffices to show that for z € [0,,(a), 6, (a)]
with « # 0,
.’L'*l € [e;n(ail)’e;(a*l)] S r=a; =0 = Qe

Let x € [0 (a),0;(a)] and x # 0. Suppose that M,-1(z™1) > 0.
Case 1: x < 0. Then 6, (a™!) < z7!, that is, < 6, (a~')~!. Since 6, (a) < x, we
have by (P4), 0. (a) <z <6, (a !)"! <6 (a). This implies that

O () =z =0, (a”")™". (20)
B (), 030077 < () = 2 = 5 ) <0500,
Again by (P4), 61 (a” )* = (a) By the preceding proposition, a :=a; = --- =

am. This together with (20) and (P8) leads to —% = (m — 1)a. This is impossible
because m > 3.

Case 2: z > 0. Since z7! < 0t (a™!) and z < 0 (a), we have from (P4) that
0(a) < O(a) ! < o < 6 ().

That is, 6 (a) = z = 6} (a=')~'. By Proposition 5.1, a; = -+ = a,, = 6} (a) = z.

This completes the proof. [ ]

Remark 5.4. (Units) Let m > 3 and a > 0 with a; # a; for some ¢ # j. Then
for x # 0,

M, (z) > 0 = Ma(z) Y = M, (z71) 2 0.
In particular, the compact semigroup C,; has no units (invertible elements) except
Jpm. We know that for a compact topological monoid, the group of units is compact [7].
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Remark 5.5. ([11, 17]) Every compact semigroup S has a unique minimal ideal,
called the kernel of S and denoted by M (S). It is closed and homeomorphic to a
paragroup (a Rees product of groups). An interesting problem is to determine the
minimal ideal of C,,.

6. Omne-parameter semigroups and infinite divisibility

Definition 6.1. A one-parameter semigroup on the Hadamard semigroup S,,
based at J,, is a continuous homomorphism v: [0,00) — S, with (0) = J,,.

Suppose that A = [a;;] is positive semidefinite and that a;; > 0 for all i and j. We
say that A is infinitely divisible if the matrix A is positive semidefinite for every
nonnegative r. We note that every 2x2 positive semidefinite matrix with nonnegative
entries is infinitely divisible [3, 4]. In terms of semigroups, A is infinitely divisible if
and only if it generates a one-parameter semigroup t > AW starting at J,,.

By the Schur product theorem and continuity, a positive semidefinite matrix A with
nonnegative entries is infinitely divisible if and only if A(/®) is positive semidefinite
for all £ € N.

Example 6.2. We note that for a,x > 0,
yt)=| 2t ot 2t | >0«= 2" <d =0} (dd,.. . d),

which is equivalent to x < a. Thus, 7 is a one-parameter semigroup if and only if
z < a.

By super-multiplicativity (P4) of 6} we have that for every a = (ay,...,an) > 0,
05 (ay,...,am)" <05 (ak,... d"), Vk € N,

’r'm

and hence

0 (af ... akh)t <60 (ar,...,am) <Ok, ... at)E,  VEEN. (21)

m

Proposition 6.3. Let a = (a1,...,a,) > 0. Then M,(x) is infinitely divisible
1 1
if and only if 0 <z <0 (af,... 7’;1) for all k € N. In particular, M, (6} (a)) is
infinitely divisible if and only if
1 1
01 (ay,....am) =05 (ak,... ak)* — VkeN.

Proof. We may assume that a = (ay,...,a,) >0 and > 0. Then A := M,(z)
is infinitely divisible if and only if A1/*) = M,/ (2'/*) is positive semidefinite for all

k if and only if 2% < 6+ (a’*, ..., ail¥) for all k if and only if 2 < 67 (a’%, ..., asl™)*
for all £ € N.

The remaining part of proof follows by (21). ]
For a = (ay,...,an) > 0, let ay, = min{a; : j = 1,...,m}. Since a >

Amin(1,...,1), we have by monotonicity of 8F that ay, < 0 (a %) for all kK € N.
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Corollary 6.4. Let a > 0. Then Mu(z) is infinitely divisible for every 0 < x
inf 0 (ax )% In particular the map ~ : [0,00) — S defined by y(t) = Ma(z)®

M., (z') is a one-parameter semigroup for every 0 < x < inf Hrt(a%)k.

I IA

Problem 1. Prove that the sequence 6 (at)* is nonincreasing and hence it con-
verges. Numerical computations shows that this holds true. This is equivalent to

NS
Ml(e;;(aw) ’“)zo, Vk € N.
ak

Example 6.5. Let a = (ay,...,a,) € [0,1]™ with 0 < a; < ay <--- < a, and
let 2 € (0,a1]. Then v(t) = Ma(z)® is a one-parameter semigroup of C;-. If further
apy < 1, then (t) — 0,,, the zero element, as ¢ — oco. Otherwise it tends to an
idempotent diag(0,...,0,1,...,1) where the number of 1 is that of 1 in a;.

Problem 2. Find all one-parameter semigroups of C based at .J,,,.

7. A theorem of FitzGerald and Horn

In [10], FitzGerald and Horn showed that for m x m matrices A and B with
nonnegative real entries,

0<A<B=—=0<A® <BO  Vvt>m-2. (22)

It turns out that the bound is sharp. This includes the following elegant result; for
m X m matrix A with nonnegative entries,

A>0=AD >0  t>m-2 (23)
Application to A € S yields
M, (z) € S = M, (2)Y = M (2) € S, t>m—2.
In other words,

1
t

Corollary 7.1. For all acR? andt >m —2: 0<z <} (a) =z <0} (a")r.
1

In particular, 0 (a) <0t (a), YVt >m — 2. (24)

We note that (24) is equivalent to

0 (ar) <6 (a), Vt>m-—2 (25)
or (for m > 3) 05 (a')t < 6F(a), Vo<t < (26)
o

By super-multiplicativity of 6, we have 6 (a%)* < g% (a) for all k € N.
Equivalently, 6 (a) < 6 (a*)& for all k € N.
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Example 7.2. (m =2) By (24) and (25),

1
t

05 (ar)" = 05 (a)

for all a € Ry and ¢ > 0. Indeed, it follows also from 65 (a,b) = v/ab.

We have shown the following

Proposition 7.3.  Let m > 3 and a € RT'. Then
0n(2’)" <6 (a) <0 (a):

forall s € (0, 2] U{1/k};2, and t € [m —2,00) UN.

Example 7.4. (m = 3)

o+ =

05 (a%)s < 65 (a) <65 (a)t, O<s<1<t.

Problem 3. Does (29) hold for every m > 37
Let My(z), Mp(y) € S;. By (22)
Ma(z) < Mp(y) = 0<Ma(2) <Mp(y)?,  ¥t>m -2

By Corollary 4.1, the latter is equivalent to

(i) a<b;

(ii) 2' <61 (a"),y" < 6 (b"); and

(iii) ' — 2" € [0, (b’ —a’),0,, (b’ —a’)]
for all t > m — 2.
Corollary 7.5. Let a,b € R} with a<b.
Then for 0 <z < 6} (a) and 0 <y <6} (b),

y—z€lf,(b—a)0 (b-a)] =y —a' €0, (b —a) 0 (b —a)

forall t > m — 2.

If y > x, then (30) is equivalent to
y—x<0t(b—-a)=y —2' <ot (b -a)
for all t > m — 2. Application with z = 6} (a) <y = 6 (b), yields
Corollary 7.6.  Let a,b € R} with a<b. Then
O (b) = 0;.(a) < 0,,(b—a) = 0,,(b)' —0;,(a)' <0,,(b"—a)
forall t > m — 2. Moreover, for all t > m — 2

0 (b) =6} (b —a)+0'(a) = 6} (b)" =0 (b —a') + 0% (a).
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(28)

(30)
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Remark 7.7. We have seen that for every A € S| the map
i m—200) = St ts AW
is well-defined and satisfies
v(t+ s) =(t) oy(s), Vi, s >m — 2.

If A?=™) > 0, then the map B(t) = A® = A=) o Am=2+) {5 a one-parameter
subsemigroup on S . However, this happens only for diagonal matrices from Remark
5.4.

8. Final remarks

(1) The super-multiplicativity (P4) of 6= that follows from the Schur product the-
orem is crucial for the semigroup structures of S,,,. Another such a mean on positive
real numbers is the geometric mean G(ay, ..., am) = (a1 -+ aym)=. By (P3), we have
a Hadamard semigroup containing S, defined by {(a,z) € R? x R:|z| < G(a)}.
Although the theory of positive semidefinite matrices can not be applied in this
Hadamard semigroup, it provides a notion of semigroups with means.

Let S be an ordered topological semigroup with a continuous super-multiplicative
mean G : S™ — S. Then {(a,z) € S™"! : z < G(a)} is a closed subsemigroup of
the product semigroup S™*!. For example, consider the Hadamard semigroup P of
all k x k positive semidefinite matrices and a multivariate geometric mean: e.g., the
Karcher mean [15, 16], ALM and BMP means [2, 5] which are super-multiplicative
with respect to the Hadamard product (see Theorem 13 of [1] for m = 2.) It then
gives rise to a topological semigroup {(Ay,..., Ay, X) € P X < G(Ay,...,A,)}.

The following are compact subsemigroups
{(A, . AL X)EP™ ! 0< A< [, j=1,....m X <G(A,..., A},

{(A, .. ., A, X) €P"0< A< Jpj=1,....m X <G(Ay,...,An)}

The later is a monoid; it contains the Hadamard identity (Ji,...,Jg). A study
on these semigroups is of interest for further work. We expect that the theory of
topological semigroup plays a role in the field of matrix means and matrix analysis.

(2) Not much known about Hadamard (sub)semigroups in context of topological
semigroups [7]; homomorphisms, one-parameter semigroups, congruences, quotient
semigroups, compact semigroups, projective systems of semigroups, ordered semi-
groups. Although we have restricted our attention to real z of the symmetric matrix
M, (z), similar problems arise for the Hermitian matrices over complex numbers,
thanks to the Schur product theorem for Hermitian matrices. However, we do not
have a notion of Hadamard product (and hence Schur’s product theorem) and of
off-diagonal constant matrices on a general Euclidean Jordan algebra. For details on
Euclidean Jordan algebras and symmetric cones, see [9]. We close this paper with
an affirmative answer on spin factors.

Let V = RYXR, d > 2, with the Jordan product (u,?)*(v,s) := (su + tv,ts + (u,v)) .
The element e = (0, 1) is the Jordan identity and the symmetric cone of invertible
squares is the forward light cone 2 := {(u,t) ERIXR: ||lul| < t}. For x,y € V,
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we define x < y if y —x € Q. The Pierce decomposition for the Jordan frame
{c1,¢9} is
V =e; x {0} @ Rec; @ Rey,

where ¢; = %(ed, 1), co = %(—ed, 1), and e4:= (0,...,0,1) € R<.

Definition 8.1. For a,b € R and u = (uy,...,uq_1) € R¥1, define

a—0b a+b
M(a,b)(u) = (Ul,U27...,Ud_1,T, 9 > eV.

An element x € V is called off-diagonal constant if

—b b
X = (:U,:c,...,x,aT,a;_ > =My (z,...,2)

for some z,a,b € R. The Hadamard product on V is defined by
M a,) (1) 0 Mca)(v) = M (acpa) (uv).

Then (V,o0) is a commutative semigroup with the identity e = (0,1). By a direct
computation, we have

Theorem 8.2. (i) My (u) >0 if and only if a,b>0 and Zj: u; < ab.

(ii) M(a,b)(u) o M(Qd)(v) >0, if M(a’b)(u), M(Qd) (’U) > 0.

(iii) Moy (z,@,...,2) >0 if and only if a,b >0 and |z < /2.

Acknowledgement. The author thanks Hayoung Choi for helpful comments.
This work was supported by the National Research Foundation of Korea (NRF)
grant founded by the Korea government (MEST) (No. 2015R1A3A2031159) and
2016R1A5A1008055.

References

[1] T.Ando, Concavity of certain maps on positive definite matrices and applications to
Hadamard products, Linear Algebra Appl. 26(1979) 203-241.

[2] T.Ando, C.K.Li, R.Mathias: Geometric means, Linear Algebra Appl. 385 (2004)
305-334.

[3] R.Bhatia: Infinitely divisible matrices, Amer. Math. Monthly 113 (2006) 221-235.
[4] R.Bhatia: Min matrices and mean matrices, Math. Intelligencer 33 (2011) 22-28.

[5] D.Bini, B. Meini, F. Poloni: An effective matriz geometric mean satisfying the Ando-
Li-Mathias properties, Math. Comp. 79 (2010) 437-452.

[6] J.H.Carruth: A note on partially ordered compacta, Pacific J. Math. 24 (1968) 229—
231.

[7] J.H.Carruth, J.A.Hildebrant, R.J.Koch: The Theory of Topological Semigroups,
Marcel Dekker, New York (1983).



Lim

H. Choi, S. Kim, H. Lee, Y. Lim: Matriz extremal problems and shift invariant means,
Linear Algebra Appl. 587 (2020) 166—194.

9] J.Faraut, A. Kordnyi: Analysis on Symmetric Cones, Clarendon Press, Oxford (1994).

[10] C.FitzGerald, R. Horn: On fractional Hadamard powers of positive definite matrices,
J. Math. Anal. Appl. 61 (1977) 633-642.

[11] K.H.Hofmann, P.S. Mostert: Elements of Compact Semigroups, Merrill, Columbus
(1966).

[12] R.Horn: The theory of infinitely divisible matrices and kernels, Trans. Amer. Math.
Soc. 136 (1969) 269-286.

[13] R.Horn, C.Johnson: Matriz Analysis, 2nd edition, Cambridge University Press,
Cambridge (2013).

[14] J.Lawson, Y.Lim: A Birkhoff contraction formula with applications to Riccati equa-
tions, SIAM J. Control Optimization 46 (2007) 930-951.

[15] J.Lawson, Y.Lim: Karcher means and Karcher equations of positive operators, Trans.
Amer. Math. Soc., Series B 1 (2014) 1-22.

[16] Y.Lim, M. Palfia: The matriz power means and the Karcher mean, J. Functional
Analysis 262 (2012) 1498-1514.

[17] P.S.Mortert: The structure of topological semigroups-revisted, Bull. Amer. Math. Soc.
72 (1966) 601-618.

[18] I.Schur: Bemerkungen zur Theorie der beschrinkten Bilinearformen mit unendlich
vielen Verdnderlichen, J. Reine Angew. Math. 140 (1911) 1-28.

Yongdo Lim

Department of Mathematics
Sungkyunkwan University
Suwon 440-746

Korea

ylim@skku.edu

Received September 7, 2019
and in final form December 12, 2019



