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Abstract. For a real reductive dual pair with one member compact we study the orbital integrals
on the corresponding symplectic space that occur in the Weyl-Harish-Chandra integration formula
on that space. We obtain estimates of the derivatives of such integrals. These estimates are
needed for expressing the intertwining distribution attached to a pair of representations in Howe’s
correspondence in terms of the orbital integrals. This is in analogy to Harish-Chandra’s theory,
where the distribution character of an irreducible admissible representation of a real reductive group
factors through the semisimple orbital integrals on the group.
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1. Introduction

Let W be a finite dimensional real vector space with a non-degenerate symplectic
form (-,-), Sp the corresponding symplectic group and Sp the metaplectic group.
Let G and G/ respectively denote the preimages in é\f) of a real reductive dual pair
G,G’ in Sp. Moreover, let II ® II' be an irreducible admissible representation of
G x G’ in Howe’s correspondence. Such a representation II ® II' is attached to a
tempered distribution frer on W, called the intertwining distribution, which is
uniquely determined up to a scalar multiple, see [11]. It is the Weyl symbol, in the
sense of [5, Chapter XVIII|, of the operator realizing II ® II" as a quotient of the
WEeil representation. The asymptotic properties of frgr determine the associated
varieties of the primitive ideals of IT and II" and, under some more assumptions, the
wave front sets of these representations, see [11] and [10].

In the cases that are usually studied (for instance, when II is unitary, when the
dual pair is in the stable range with G the smaller member, or when the group
G is compact — and more generally under the assumptions of [11, Theorem 3.1]),
the intertwining distribution frgr may be expressed as an integral involving the

*The second author is grateful to the University of Oklahoma for hospitality and financial
support. The third author gratefully acknowledges hospitality and financial support from the
Université de Lorraine and partial support from the NSA grant H98230-13-1-0205. The authors
would like to thank the anonymous referee for the careful reading of this manuscript and the
insightful comments and suggestions.

ISSN 0949-5932 / $2.50 © Heldermann Verlag



490 McKEE, PASQUALE AND PRZEBINDA

distribution character ©p of II. Moreover, if the group G is compact, then the
distribution character O may also be recovered from fre via an explicit formula,
[10, (5.27)]. Thus we have a diagram

@H — fH®H’ — @H/- (1)

The problem of computing the intertwining distribution explicitly is our main moti-
vation for the present article.

Let g be the Lie algebra of G, U(g) the universal enveloping algebra of g and U(g)®
the subalgebra of G-invariants in ¢(g). Similarly, define g, U(g’) and U(g')¢" for
G’. Then frem turns out to be an invariant eigendistribution on the symplectic
space W, i.e. G x (/-invariant and an eigendistribution of U(g)® and U(g')¥" . The
corresponding eigenvalues are the infinitesimal characters of II and IT’, respectively.
See [11].

Harish-Chandra’s method of descent is one of the main tools for studying invariant
eigendistributions on a real reductive Lie algebra g. Using the adjoint action of G on
its Lie algebra g, it takes an invariant eigendistribution on g to a distribution defined
on the Cartan subalgebras of g. See for instance [2]. In [8], we started developing
“a method of descent” to study invariant eigendistributions on symplectic spaces.
The key fact for this is that the symplectic space W is the odd part s; of a classical
real Lie superalgebra s constructed from the dual pair (G,G’). The adjoint action
of the Lie group on its Lie algebra of Harish-Chandra’s method is replaced by the
adjoint action of S = G x G’ on s7. The “descent” of an invariant eigendistribution is
obtained by an analog of the Weyl-Harish-Chandra formula on the symplectic space,
proved in [8 Theorem 21]. It gives the integral on W of a continuous compactly
supported function in terms of almost-semisimple orbital integrals parametrized by
mutually non-conjugate Cartan subspaces hy of W = s7. Considering the orbital
integrals as functions of their parameters leads to a distribution-valued map, defined
on a suitable subset of the union of the non-conjugate by’s, which we called the
Harish-Chandra regular almost-semisimple orbital integral on W; see Definition 3.2.

Unlike the Lie algebra case, the Harish-Chandra regular almost-semisimple orbital
integral of a Schwartz function on W need not be a Schwartz function on the Cartan
subspaces. It was proved that, applied to a rapidly decreasing function on W, any
such orbital integral is rapidly decreasing at infinity on the corresponding hy. The
question of differentiability, which is difficult in general, was left open. In this paper
we answer this question when G is compact. This assumption simplifies the structure
of the orbital integral on W. Indeed, unless G is a compact unitary group, there is
only one conjugacy class of Cartan subspaces in W, and the corresponding orbital
integral is always almost elliptic; see subsection 2.3.

Originally, our orbital integral is defined as a map on the regular elements of the
Cartan subspaces of W. It turns out that it can also be defined in terms of regular
elements of elliptic Cartan subalgebras h C g (or equivalently, ' C g'). Let [ be
the rank of G and [’ the rank of G’. The regularity properties of the orbital integral
are simpler if [ > [I’. In this case, the orbital integral extends to a smooth function
on a cone in h’ which is a union of closed Weyl chambers. In fact, it may be viewed
as a pullback of the classical Harish-Chandra orbital integral.

On the other hand, if [ < [I’, then our orbital integral extends to the entire §.
However it is not smooth. On the kernels of non-compact imaginary roots of (g, b’)
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transferred to by, it has only finitely many derivatives, and we describe them precisely.
This order of differentiability is determined by the structure of the dual pair and
is enough to express the intertwining distribution frer in terms of our orbital
integral and hence describe explicitly the left arrow in (1). This will be done in
the forthcoming paper [9], to which we refer for additional information: the explicit
formula for the intertwining distributions frgnr would require too much of additional
notation to be included in this short article.

The main theorems of this paper are Theorems 3.4 and 3.6. Their proofs are based
on classical results of Harish-Chandra, Rossmann and Wallach, and a deep relatively
recent result concerning compact Lie group invariants, recalled in subsection 2.4
below.

It is not surprising that the regularity properties of the orbital integral are simpler
when [ > [I’. In fact, it is known that in this case the representations II' are in
the holomorphic (or anti-holomorphic) discrete series of G’, and their characters are
pretty well understood. This parallels the fact that our computations are much easier
than when [ < {’. On the other hand, unless both groups G and G’ are compact, the
representations II’ one gets in the complementary case [ < [’ are singular unitary
highest weight representations. They are classified, but their characters are still
murky.

2. Notation and preliminaries

2.1. The Lie superalgebra associated with a type I dual pair

In this paper we consider the real reductive dual pairs (G, G’) which are irreducible
(i.e. no nontrivial direct sum decomposition of the symplectic space W is simulta-
neously preserved by G and G’) and for which G is compact. According to Howe’s
classification [6], they are the following pairs of type I:

(Od7 Sp2m(R)) ) (Ud? UP:(]) ) (Spd7 ;m) .

By [12, section 2|, we may view such a pair (G, G’) acting on the symplectic space
W as a supergroup (S,s). Here S is a Lie group isomorphic to the direct product
G x G, and s = 55 @ s7 is a Lie superalgebra with even part sz equal to the Lie
algebra of S and odd part sy equal to W. The Lie superalgebra s can be realized
as a subalgebra of the Lie superalgebra End(V) of the endomorphisms of a finite
dimensional (Z/2Z)-graded vector space V = Vg @ Vy over D = R, C or H. We

recall the construction of s.

Let V5 and V7 be finite dimensional left vector spaces over D, and let d = dimp Vj
and d' = dimp V7. Set V = V7 @ V7 and define an element S € End(V) by

S(’Uo + Ul) = Vp — V1 (Uo € Vﬁ, V1 € VT)
Let End(V)g = {z € End(V); Sz = 2S},
End(V); = {z € End(V); Sz = —1S},
GL(V)g = End(V)5 N GL(V).

Let # be an involution on D (non-trivial if D # R). Let (-,:) be a positive-definite
#-Hermitian form on Vi and (+,-)" a non-degenerate #-skew-Hermitian form on Vy.
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Denote by (-,-)” the direct sum of the two forms (-,-) and (-,-)". Let

s5 = {z € End(V)g; (2u,v)” = —(u,zv)", u,v € V}, (2)
st = {z € End(V); (zu,v)” = (u,Szv)", u,v € V}, (3)
s=s55@ 57, (x,y) = trpmr(Szy)

S ={s e GL(V)g; (su,sv)" = (u,v)", u,v € V}.

Then (S,s) is a real Lie supergroup, i.e. a real Lie group S together with a real
Lie superalgebra s = s5 @ s7, whose even component s; is the Lie algebra of S. By
restriction, we have the identification

st = Homyp (Vg, V) . (4)

We shall write s(V) instead of s whenever we want to specify the Lie superalgebra
s constructed as above from a given V and (-,-)".

The group S acts on s by conjugation and (-,-) is a non-degenerate S-invariant
form on the real vector space s, whose restriction to s is symmetric and to sy is
skew-symmetric. We shall employ the notation s.z = sxzs™! for the action of s € S
on r € s. In terms of our previous notation,

g= 56|V57 g’ = 56|VT’ W = 57, G= S|V7 G = S|V,

0’ 1’

so that sg=g®g and S=GxG.

Notice that the action of S =G x G’ on st = W by conjugation corresponds to the
action of G on W by left multiplication and of G’ on W via right multiplication by
the inverse. Also, we have the unnormalized moment maps

T W3 w— wly €g, T Waw—wly, g (5)

2.2. Cartan subspaces of W = s7

An element x € s is called semisimple (resp., nilpotent) if x is semisimple (resp.,
nilpotent) as an endomorphism of V. We say that a semisimple element x € st is
regular if it is nonzero and dim(S.z) > dim(S.y) for all semisimple y € s7. For
x,y € s, let {z,y} = xy + yr € s5 denote their anticommutator. Let = € s7 be
fixed. The anticommutant and the double anticommutant of = in st are

={y €st:{z,y} = sy = ﬂ s7,

yeTST

respectively. A Cartan subspace hy of s7 is defined as the double anticommutant of
a regular semisimple element x € sy. We denote by hy'® the set of regular elements
n [’JT.

Next we describe the Cartan subspaces hy C s for the supergroups associated with
the irreducible dual pairs (G,G’) with G compact. We refer to [12, §6] and [8, §4]
for the proofs omitted here. Recall that [ is the rank of g and [’ the rank of g’. Set

" = min{l,!'}. (6)
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Given a Cartan subspace by, there are Z/2Z-graded subspaces V/ C V such that
the restriction of the form (-,-)” to each V’ is non-degenerate, V’ is orthogonal to
VF for j # k and

V=VloVieVig...oV" (7)
The subspace V? coincides with the intersection of the kernels of the elements of bt
(equivalently, VO = Ker(x) if by = “1s7). For 1 < j <", the subspaces VJ = V%EBV%
are described as follows.
Suppose D = R. Then there is a basis vy, v}, of V% and basis vy, v} of V{Q such that

(007,00)” = (/067/06)” =1, (1}0, Ué)” =0, (Ul,Ul)” = (Ullavll)ll =0, ('Ulavi)// =1

Let s7(V7) be defined as in (2) with V replaced by V;. The following formulas define
an element u; € sy(V7),

1 / . i Vo —
uj(vo) = —=(v1 — vy), uj(vy) = \/5( 0 — Vp),
1

-5

u;(vy) = E(Ul +toy),  u(vy) = E(UO +0p).
Suppose D = C. Then V% = Cuyp, V{Q = Cuy, where (vo,v9)"” =1 and (vy,v1)" = 0,t,
with d; = £1. The following formulas define an element u; € sy(V7),

)

uj(vg) = e Py, uj(vy) = e oy, (8)

Suppose D = H. Then V% = Huy, V% = Huv,, where (vg,v9)” =1 and (vq,v1)" = i.
The following formulas define an element u; € sy(V7),

s

uj(vg) = e_i%vl, uj(vy) = e "Tuy.

In any case, by extending each u; by zero outside V/, we have

l//

by = Z Ruj . (9)

Formula (9) describes all Cartan subspaces in s7, up to conjugation by S. In other
words it describes a maximal family of mutually non-conjugate Cartan subspaces.

Notice also that there is only one such subspace unless the dual pair (G,G’) is
isomorphic to (U;,U,,) with I” =1 < p+ ¢. In the last case there are min(l,p) —
max(l — ¢,0) + 1 such subspaces, assuming p < ¢. In fact, for each m such that
max(l — ¢,0) < m < min(p,l) there is a Cartan subspace by, determined by the
condition that m is the number of the positive J; in (8). We may assume that
0 =+ =06, =1and 0,41 = -+ = 6 = —1. By the above description of the
spaces V% and V% for D = C, we see that the choice of the spaces V% may be done
independently of m, whereas the spaces V{Q depend on m.

The Weyl group W (S, hy) is the quotient of the stabilizer of hy in S by the subgroup
Sh1 fixing each element of hy. If D # C, then the group W (S, ht) acts by all the sign
changes and all permutations of the u;’s. If D = C, then the group W (S, by) acts

by all the sign changes of the u;’s and all permutations which preserve (6y,...,d1),
see [12, (6.3)].
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If D#C weset §; =1 forall 1 <j <!”. Define
Jj = 0;7(uy), Ji=0;m'(uy) (1< <), (10)

J

Then J;, JJ’» are complex structures on V% and V% respectively. Explicitly,

Jj(vo) = —y, J;j(vg) = o, J]’-(vl) = —v], Jj’(v’l) =uv, if D=R, )
11
Ji(vg) = —ivy, JH(v1) = —ivy, if D=CorD=H.

J

(The point of the multiplication by the J; in (10) is that the complex structures J;
J; do not depend on the Cartan subspace h7.) In particular, if

l//

w = ijuj € by, (12)
j=1
l// l//
then T(w) = Zw?ﬁj]j and  7'(w) = Zw?@-(];». (13)
j=1 =1

Let h% C 55 be the subspace spanned by all the squares w?, w € hy. Then

l//

b => R(J; +J)). (14)
j=1
We shall use the identification
l// l//
b%lVa 2 Zyj‘]j = Zyjjj/‘ = h%‘VT' (15)
j=1 j=1

Recall that " = min{l,{'}, where [ and I’ are the ranks of g and ¢, respectively.
If I” =1, then F)%|V6 is an elliptic Cartan subalgebra of g which we denote by b.
(Recall that this means that all the roots of b in g¢ are purely imaginary.) The
identification (15) embeds b diagonally in g and in ¢’'. Similarly, if {” = I’, then
f)%|vT is an elliptic Cartan subalgebra of g’ which we denote by h’ and we diagonally
embed it in g and in g’ by (15). If [ <" we denote by 3’ C ¢’ the centralizer of .
Similarly, if I’ <[ we denote by 3 C g the centralizer of h’. In particular, if I’ =1,
then 3/ = b’ = h = 3, where the first equality is in g, the second is (15) and the last
isin g¢'.

Notice that when the dual pair is (U;, U, ,) with [ ={" < p+q, then b%m|V6 = f)%m,|\/6
for all m,m’. There is a unique Cartan subalgebra b of g containing all 7(bz,,).

Let s5c = gc@ge be the complexification of s5. Fix a system of positive roots for the
adjoint action of h% on §5c and let 7w, 2 denote their product. Suppose first that
1

[ <U'. Then b is an elliptic Cartan subalgebra of g and, using the identification (15),
it is contained in an elliptic Cartan subalgebra of g', say h’. Since h preserves both
gc and gg, our choice of positive roots for (hc,s5) fixes a positive root system of
(hc, gc) and extends to a compatible positive root system for (b, gz). Let my/ be
the product of positive roots of (hc, gc) and let 7wy be the product of positive roots
of (he, gc) such that the corresponding root spaces do not occur in 3¢. If I! <,
then 7y and 7y, can be similarly defined.



McKEE, PASQUALE AND PRZEBINDA 495

Then for all w € by

7'[_56/{]%01]2) =

{Wg/b<7<w>>wg,/, (T'(w)) ifL<,
Wg/a(T(w»Wg’/h’(T/(w)) ifl>10.

Lemma 2.1.  Thereis a constant C(bhy), which depends on by, such that |C(by)| =
1 and

o2 (w?)] = C(b7) o ppz(w?)  (w € by).

Proof.  Suppose that [ < [I’. The root systems of the two members in each dual
pair are such that for w = 22:1 wju; € by, the functions 7y, (7(w)) and g/ (7' (w))
differ by a constant multiple of a product of powers of the w]z ’s. More precisely, the
right-hand side of (16) is equal to

(H1<]<k<l (—0jw? + 5kwk)>2 : Hé-:l(—ijf-)d/_d ifD=C,
<H1<]<k<l —wj + wk>)2 : H;:1 20w? - Hé-:l(—w}l)d/_d if D=H,
(HKKM —w!+ w,§>)2 Ty 2iw? - T (iw?)? if D =R and g = s0,
(M () Ty 2 - Ty 202 - Ty i)~

if D=R and g = s0911.

The lemma is an immediate consequence of the above formulas. The case [ > [’ is
similar. [ |

We notice that that |7r56 /52 | is the non-negative Jacobian which occurs in the Weyl-

Harish-Chandra integration formula on st, see [8, Theorem 20] and (23), (22) below.
If by is a Cartan subspace of W, then

b = {w € byt my 2 (w?) # 0} (17)

2.3. The Weyl-Harish-Chandra integration formula on W = st

This section is based on [8], to which we refer for a detailed discussion.

Let S(W) and S*(W) be the Schwartz space on W and the space of tempered
distributions on W, respectively, and let S(W)S and S*(W)® be their subspaces of
S-invariant elements. Fix a Cartan subspace h7 C W and an element w € bhy™.
Let ST denote the centralizer of bt in S and let d(sST) be an invariant measure on
the quotient space S/S'T. We first exclude the case in which

G= Ogl+1 with [ <. (18)

The orbital integral attached to the orbit O(w) = S.w is the element of S*(W)5
defined for ¢ € S(W) by

)= [ olsw) o) (19)

Suppose now G is as in (18). One needs to modify (19) because the union of the
orbits S.w over all w € h"¥ would not be dense in W see [8, Theorem 20].
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For instance, for S = Oy x Sp,,, = {£1} x Sp(W) there are no non-zero semisimple
elements in W and (19) would reduce to evaluation at 0. So, let wy € st(V°)
be a non-zero element and let w € hy™“ be as in (12). Then w + wy is called a
regular almost semisimple element. Its centralizer in S is denoted by SPTF%0 . Set

O(w) = S.(w + wyp) and define

Ho(w) by () = / O(s.(w +wp)) d(sS"). (20)

s/shTwo

Then this is independent of the choice of wy € s7(V°) and, up to a constant multiple
which does not depend on wy,

[o(w)h(9) = /S/Sbl /51(\/0) o(s.(w + w?)) dw’ d(sS7). (21)

In passing, it should be noted that (21) can be used as a unified definition of the
orbital integrals for all compact pairs (G,G’) because s7(V°) = {0} when G is
compact and different from (18); see [8, Proposition 10]. The orbital integrals (19)
and (21) are well defined, tempered distribution on W, which depend only on 7(w),
or equivalently 7/(w) via the identification (15).

Fix a compatible positive complex structure J on W. This means that J € sp is
such that J? = —1 (minus the identity) and the symmetric bilinear form (J-,-) is
positive definite on W. Let pw be the Lebesgue measure on W normalized so that
the volume of the unit cube with respect to this form is 1. Choose a positive Weyl
chamber b%“ C h", i.e. an open fundamental domain for the action of the Weyl
group, W (S, by). We shall normalize the above orbital integrals so that the Weyl-
Harish-Chandra integration formula on s1, [8, Theorem 21], reads for all ¢ € S(W)

(@) = [ g 0oty ar(6) dr () 22
™ (b7)
if [ >1", and
() =3 [ )l ) dr(w) (23)
by YTV

if [ < !'. The sum in (23) is over the family of mutually non-conjugate Cartan
subspaces ht € W = s7. It reduces to a single term except when the dual pair
(G, G’) is isomorphic to (U;,U,,) with | <p+q.

Since G is compact, 7(hy) and 7'(hy) always consist of elliptic elements. So the
corresponding orbital integrals in (22) and (23) will be elliptic, except in the case
(18), where it will be almost elliptic because of the additional nilpotent part.

2.4. A theorem of Schwarz, Mather and Astengo-Di Blasio-Ricci

The unnormalized moment map
W gt T(w)(y) = (yww)  (weW, yeg) (24)
is a quadratic polynomial map with compact fibers. Hence the pull-back

7 :S(g) 3 = Yot € S(W)© (25)
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is well defined and continuous, [10, Lemma 6.1]. The fact that 7"* admits a contin-
uous inverse is a deep result. It is a special instance of a theorem of Astengo, Di
Blasio and Ricci, [1, Theorem 6.1], which extends to the space of Schwartz functions
previous results proved by G. Schwarz, [13], and Mather, [7] for the smooth case. In
our situation, this theorem states that there is a continuous map

*

. S(W)¢ = S(g) (26)
such that ™ or(¢) = ¢ (p € S(W)Y). (27)

In particular, 7* is surjective and, by dualizing (25), we get a continuous injective
push-forward of distributions

ST WS = S()
givenby (@) =ulbor)  (weS (W), v eS(). (28)

Since 7/(W) C g’ may be a proper subset, the map (26) is not unique. However, the

/%

map 7.* is independent of the choice of 7/ in (27) and satisfies

u(g) = (W)(7l(¢) = u(ri(@) o) (ueS(W)% ¢eSW)Y).  (29)

Notice that any distribution in the range of 7,* is supported in 7/(W). Hence the
restriction of 77* to S(W)¢ C §*(W)¢ does not coincide with 77.

The following lemma shows that 7/ is G’-equivariant on 7/(W). For a function
Y on W and ¢ € G', we shall denote by 99 the function on W defined by

v (w) = (g w).
Lemma 2.2. Let ¢ € S*(W)C and ¢ € G'. Then ¢9 € S*(W)C and
m(67) = 7l(0)’

/

on 7(W).

Proof. Let w e W. By (27), 7.(¢) o 7" = ¢. Hence, since 7’ is G’-equivariant,

/

7/(0)7 (7' (w)) = 7() (¢ 7' (w)) = () (7'(gw)) = b(g'w) = ¢ (w).
On the other hand, (27) applied to ¢9 gives 7/(¢9 ) (7' (w)) = ¢ (w). ]

3. An almost-elliptic orbital integral on the symplectic space

In this section we define the orbital integrals we are concerned with in this paper
and study their differentiability properties. We first need a lemma.

Lemma 3.1.  Suppose | <" and D = C.

Then for max(l —¢,0) <m <m’ <min(p,l): 7(b:7)N7(h7,) = 0.

1,m 1,m
Thus in the only case when there is more than one Cartan subspace by, the union
Uroi)
bt

over the family of mutually non-conjugate Cartan subspaces by C W = sy is disjoint.
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Proof.  We see from (13) and (17) that

l
T(bgﬁi):{zyﬁjja ylv"'aym>0>ym+17"'ayl7 y]#yk‘ fOI‘]#k,‘} (30)
j=1

reg
1m

negative, whereas it is strictly positive for an element of 7(h7 ). [

If m" > m, then the (m + 1)-th component of an element of 7(h=7) is strictly

Lemma 3.1 shows that the following definition makes sense when there is more than
one conjugacy class of Cartan subspaces.

Definition 3.2. Let C,_ = C(by) - i™9/% where C(h7) is as in Lemma 2.1.
The Harish-Chandra reqular almost-elliptic orbital integral on W is the function F
defined as follows. For [ <[’,

F:| 7)) = §*(W)° (31)
bt
is given by

F(y) =Y ComyyWrows,  welJrbr), y=r(w)=7(w), (32)
bt bt

(where we are using the identifications (13) and (15).) If I > I’, then all Cartan
subspaces are conjugate to hy and

F:7(by"™) — S*(W)° (33)

is given by

F(y) = Comgpy (Wpowye, (v €7(077), y =7(w) =7'(w)).  (34)
Following Harish-Chandra’s notation, we shall write Fj(y) for F(y)(¢).

Remark 3.3. (a) Given y € U, 7(hy"™), two elements w,w’ for which y =
7(w) = 7(w') differ by £1 on each component w; in (12). Since all sign
changes are in the Weyl group W (S, b1), we have O(w) = O(w’). So F' is
well-defined as a function of y.

(b) Both definitions (31) and (33) could be unified into the first one because ' = 3’
ifl>10.

(¢) The definition of F' is motivated by (22) and (23). Our final goal will be to
use F' to “transfer” objects defined on the compact group G to similar objects
defined on the noncompact group G’, as in the diagram (1). F is therefore
defined on a subset of the Cartan subalgebra of g and involves as a regularizing
factor the part of the Jacobian (16) containing the product of roots for g'. This
lack of symmetry with respect to (22) and (23) explains the different regularity
properties of F' we shall prove in the cases [ <! and [ > [.

(d) Explicit formulas for F'(y) in terms of Harish-Chandra’s orbital integral will
be given in (39) and (72) below.

The following Theorems 3.4 and 3.6 are the main results of this paper.
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Theorem 3.4.  Suppose | > I'. Let §'I""¢9 C ' be the subset where no non-

compact roots vanish. Identify 7(h7) = 7'(b7) C b'™ as in (15). Then F extends

to a distribution-valued map on §1"=r¢9 N /(W) that is W(G',Y)-skew-invariant.
The function

Fpmreons/ (W) — §*(W)* (35)

is smooth in the sense that it is differentiable in the interior of """ N 7(W) and
any derivative of F extends to a continuous function on the closure in §' of any
connected component of h'"9 N7/ (W).

Proof. Let H C G’ be the Cartan subgroup with Lie algebra h’. Denote by
A(H") €S =G x G the diagonal embedding. Then,

ST = A(H')(Z x {1}), (36)

where Z C G is the centralizer of h C g. Fix a function ¢ € S(W)% and let
Y =T1.(d) € S(g'), see (26). Then, by (29),

How)b () = 7.7 (How)b) (V) = How) s (T.(¢) o 7') = . (7' (s.w)) d(s8"). (37)

Observe that, if y = 7/(w) and s = (g,¢') € S, then
2 _
T'(sw) = ((9,9")w) [v; = g'yg ™" =gy

does not depend on g € G. Since G is compact, (37) is a constant multiple of

o V(g y)d(gH'), (38)

where y = 7/(w). Therefore, for some constant C‘,JT’
Fy(y) = Oy iy (Y) o) 5 (9) = Cp_ Prr9) () - (39)

where Dy(y) = Uy (y) o Y(g"y) d(g'H') (40)

is Harish-Chandra’s orbital integral of ¢ € S(g'). If ¢ € S(W) is arbitrary, let
% € S(W)© be defined by

_ fG qﬁ(g.w) dg .

¢ 41
) = 1 (41)

If w e b then Fy(y) = Fye(y) because F(y) € S*(W). Thus
Fy(y) = Gy rypey(y)  (w e BT, 9 € S(W)). (42)

By [3, Theorem 2, page 207|, the right-hand side of (42) provides a G-invariant
extension of F, to h/"7"%9 that is W(G',b')-skew-invariant. We now claim that
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F(y) is also G’-invariant for y € h'I"=79 N 7/(W). By possibly replacing ¢ by ¢¢,
we can suppose ¢ € S(W)¥. By Lemma 2.2, for every y € h'I"=9 N 7/(W),

b)) [ W) =) [ e wdigH).

G'/H’
Hence, for any 2’ € G,
Doy (Y) = Ty (y) / 7. (") (y) d(g'H) = Ory(g(y)
eh:1
which proves the claim. The regularity properties of F follow from [3, Theorem 2,
page 207] and the fact that the map 7/ is continuous.
If an element of b’ is a boundary point of a connected component of h'7*="9N7' (W) it
is either in h'7"~"%9 or a boundary point of a connected component of '/*~"¢9 in §’. In
the first case, the continuous extension F' at y follows from Harish-Chandra’s result
mentioned above. Suppose then y is a boundary point of a connected component
of p'f*=red in B'. Tt follows from [3, Lemma 25, page 232], that, for every fixed
¢ € S(W), the function F, = C{]T @,/ (pey continuously extends at y. Since the
space of distributions is weakly complete, [4, Theorem 2.1.8], these limits define an
element F(y) € S*(W). Thus F' continuously extends at y. Finally, by continuity,
F(y) € S*(W)°. m
In the rest of this paper we suppose that | < 1.

To state the regularity properties of the almost elliptic orbital integral in this case,
we need a few more definitions. Let ¥; be the [-th symmetric group and let

7, if D= C,

43
¥ x {1} otherwise. (43)

W(G,b) = {

Denote the elements of ¥; by o and the elements of {£1} by € = (e1,€2,...,€), s0
that an arbitrary element of the group (43) looks like eo, with e = (1,1,...,1), if
D = C. This group acts on b as follows:

l l
(EU) Zyjjj = Z Ejyg—l(j)Jj (44)
j=1 j=1

and coincides with the Weyl group, equal to the normalizer of h in G modulo the
centralizer of h in G, as the indicated by the notation. Recall the sign character
sgng, of the Weyl group, defined by

mo/(sy) = sgng(s) man(y) (s € W(G,h), y€bh). (45)

Recall from Lemma 3.1 that the union UhT 7(h7"*Y) over the mutually non-conjugate
Cartan subspaces h of W is disjoint whenever there is more than one such conjugacy
class.

Lemma 3.5.  Suppose | <1I'. Then the closure of W (G, h)(UhTT(f){eg)) Chis
equal to hNT(W) =
if D #C,

l
= W(G, f)) ({Z ijj; Y1y - -+ » Ymax(l—q,0) >0> Ymin(p,l)+1s - - - JJZ}) Zf]D) =C.
j=1
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As a consequence, for a fixred Weyl chamber b+, we may choose b% so that
Uy, 7(67) = b* N m(W). (46)

Proof.  The proof that W (G, h)(UhTT(bTreg)) is equal to the sets on the right-
hand side of the first displayed formula follows from (13), (30) and (44). To show
that this is equal to h N 7(W), notice first that W(G, h)(h N T(W)) C hnT(W).
Indeed, if X = 7(w) € hN7(W) and g € G represents an element of W (G, h), then
gXgt=gr(w)g™t = 7(9.w) € h N 7(W). Therefore

W(G, ) (U, 7(b1™)) € W(G,h)(hNT(W)) S hNT(W).

If D # C, then W(G,b)(UhTT(hfeg)) = b implies that they must be equal to
hN7(W).

Suppose then D = C. We claim that §h N 7(W) is contained in the set on the
right-hand side of the displayed formula. For this, recall the notation introduced in
subsection 2.1 and observe that any = € g defines a skew-hermitian form /3, on Vi by

B;z(u,u’) — (mu’u’)‘ Let y:T(w) c hﬂT(W) If w— 0 Cg

In this notation, the defining equation for st in (3) becomes (au,v)" = (v,a*v) for
all u € Vg,v € Vy. So,

, then 7(w) = a*a.

Bara(u,u') = (a*au,u") = (au, au’)’ (u,u’ € Vg),

i.e. B4, is the pullback to Vg of the defining form (-,-)" of U,, and hence it has
signature (r,s) with r < p, s < ¢, r+s <[ = dimVy. Since a*a = y € b is
diagonal, » and s must be the number of positive and negative components of y,
respectively. This proves the claim. [ ]

. 2 dim(g)
~ dim(Vg) '

where we view both g and Vj as vector spaces over R. Explicitly,

Let (47)

20—1 if G =0y,
2l ifG:OQH_l,

=91 it G =, (48)
[+ % it G = Sp;.
Recall also that d’ = dimp V7.
Theorem 3.6.  Suppose | <1'. There is a unique extension of the function
FUrloren) - 5wy (19)
by
to F:bh— S*(W)* (50)

so that F(sy) = sgng,(s) F'(y) (s e W(G,H), yebh). (51)
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This extension is supported in h N 7(W). The map (50) is smooth on the subset

where each y; # 0 and, for any multi-inder o = (a1, ..., o) with
( )< d—r—1 ifD=R orC,
max(aq,...,«
Pt = 2d =) ifD=H,

the function O(Jy*J3? ... JM)F(y) extends to a continuous function on h N 7(W).
This extension is equal to zero on the boundary of h N T(W).

The following section will be devoted to the proof of this theorem. In particular, the
extension of J(J%)F(y) is a consequence of Lemma 4.8.

4. Proof of Theorem 3.6 when I < I’

From now on we assume that { <!'. Let p; be a Lebesgue measure on g. Let us
normalize the orbital integrals pc, € S*(g), y € h™9, so that

Hg = / X |70 () P1icy dy (52)
b
where hT C h™ is a Weyl chamber. Explicitly, for ¢ € S(g)

/ Y(x)dpc.y(z) = U(gyg ™) d(gH)

G/H

so that / ) dpg(z / |ma/5 ()| / U(gyg™) d(gH) dy .
g

Let Wy € W be the maximal subset such that 7|w, : Wy — g, that is the restriction
of 7 to Wy, is a submersion. Then [10, Lemma 2.6] shows that W, consists of all
the elements w € W such that for any z € g,

zw =0 implies x =0. (53)

The hypothesis in the implication (53) means that x restricted to the image (
V; of w is zero. In this case, o preserves the orthogonal complement (w)*+ of )
in V. Thus w € W, if and only if the Lie algebra of the isometries of S(w)™* is
zero. This happens if w is surjective or if w € G = Og; and the dimension of I(w)
is dim(Vg) — 1. In particular,

W, # 0 if and only if [ <. (54)

Lemma 4.1.  Let by be a Cartan subspace in W. Suppose w = 22:1 w;u; € by
is as in (12). If w; #0 for all 1 <j <1, then w € Wy. In particular, h7 C W,

Moreover, Uhf 7(h7) = b NT(W,). (55)

Proof.  According to (12), w is a block-diagonal matrix with j—th block equal to
u;. Suppose w; # 0 forall 1 < j <. Since | <!, then w is surjective if G # Og1y
and (w) has codimension < 1 if G = Og4;.
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T
implies that w; # 0 for all 1 < j <1, as one can check from the explicit formulas in

the proof of Lemma 2.1. The last equality follows from the first part of this lemma
together with Lemma 3.5. [ |

Suppose now that w € hr. By (17), this means that Wsa/h%(w2) # 0. In turn, this

Recall [4, Theorem 6.1.2] that a smooth submersion f : X — Y between open
subsets X C R™ and Y C R” induces a pullback f* of distributions on Y to
distributions on X that generalizes the pullback of functions. Let us fix Lebsegue
measures px and gy on X and Y, respectively. For any locally integrable function
u:Y — C, the pullback of the distribution uuy is defined by

ff(upy) = ff(u)ux, where f*(u)=uof:X —C.

By choosing u = 1, the constant function, we see that f*(uy) = px. So, the pullback
of distributions depends on the normalization of the Lebesgue measures involved. In
the situation we consider, let T]{‘;Vg ttg denote the pullback measure of ji; under 7|y, .
We shall assume that the measures are normalized so that

T, He = 1w w, - (56)

Lemma 4.2 below shows that F(y), (49), restricted to Wy is the pullback under 7|y,
of the Harish-Chandra orbital integral on g, and thus provides some justification for
the name.

Lemma 4.2.  The following formula holds,
Tlw, (Mo Wkcy) = FW)lw, (v =7(w),w € by"). (57)

Proof. Notice that both sides of (57) are orbital integrals on W. Hence they
have to be multiples of each other. The point is to show that they are equal.

Let D'(g) and D'(W,) denote the spaces of distributions on g and Wy, respectively.
Then 7[3y, : D'(g) = D'(W,) is a continuous linear map. Hence, by (52),

Tl Hg = /h+ |7Tg/h(y)|27'|>\k)vg(lﬁc.y) dy .

Let w € by and y = 7(w). The set 7|5y (G.y) = Saw is a single S-orbit. It is
the support of the S-invariant positive measure TR,VQ tGy- It is also the support
of the measure pow), appearing in the decomposition of pwlw,, see (23). Since
Tl te = Hwlw, by (56) and because of (55), the contributions of these two measures
on each of the disjoint orbits must agree. So

|75 (T (W) P71y, (HGr(w)) = [apn (T(w0) g 13 (7 () 0@ e lwy — (w € BT).
Hence, [myyn(m(u)] 7l (eruy) = | 0 (7 ()] opysilwy (w0 € B'™?), because
both sides are W (S, hy)-invariant. Thus,
g/ (T(W) TRy, (HGr(w))

_ (!Wg'/y(T’(w))! oy (T(w))

Ty 1y (T (W) gy (7(w))

|) Ty 13 (T (W) o (w) b [W, (w € by"™).
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Let C'(bhy) be the constant in Lemma 2.1. Then

|73 (7' (W))] gy (7(w)) e M: e
g 1y (7' (W) |70gp0 (T (w))] C(hl)|wg/h(7(w))|2 C(by) :

Hence, the lemma follows. [ ]

The distribution on the right-hand side of (57) extends to h by skew-invariance with
respect to the Weyl group W(G,h). This motivates the W(G,h)-skew invariant
extension of F' in the next lemma.

Lemma 4.3.  There is a unique extension of the function
F:|Jrbr) = §*(W)° (58)
bt
to F:W(G,b) ( U T(bfeg)> 5 SH (W) (59)
bt
sothat  F(sy) = sgng(s)F(y) (s€W(G.b), yeW(G.0)(Jr0:r))).  (60)
bt
Proof. Let W(S,b3,h) C X, € W(G,h) be the subgroup leaving the sequence
01, 02, ..., ¢ fixed. So W(S,by,h) = %, if D # C and, if D = C, then

W(S,b1m,b) = Xmi—m is the subgroup of ¥; separately permuting the first m
elements and the last [ — m elements. Each o € W(S, by, h) commutes with 7 by
(12) and (13). Moreover, by (17) and the formulas in the proof of Lemma 2.1, for
every o € W(S, by, h) we have o(ht”) = b7, Thus o7(h7”) = 7(h7”). By its
definition in (32), I satisfies

F(oy) =sgng (o) F(y) (0 € W(S,b1,b), y € 7(b7")).

since (G, b) (b)) = (JOV(G,5)/W (S, br, b)) m(b7"), (61)
bt bt

where the union on the right-hand side is disjoint, the W (G, h)-skew-invariant ex-

tension of F' in (60) is compatible with its original definition. Hence the claim

follows. u

Recall from Lemma 3.5 that hHN7(W) is the closure of W(G, h)( Us, 7(ht"*?)) inside
h. We would like to extend the function F' from the set W(G, b)(UbTT(h{eg)) to
h N 7(W). This will require some more work.

Fix an elliptic Cartan subalgebra b’ C g’ containing 7/(h7). When the dual pair
(G,G’) is isomorphic to (U;,U,,) with [ < p+ ¢, we listed more than one hy. We
may assume that §’ contains 7/(hy) for all of them.

Let H'I"=m¢9 C B’ be the subset where no non-compact roots of b’ in g vanish. Set
%”_Teg = 771 (p'™9) N hr. Then 7( %"_Teg) is the set of the elements y € 7(by)
such that, under the identification (15), no non-compact root of b’ in g vanishes

at y. The following lemma describes this set explicitly.
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In— reg)

Lemma 4.4.  For our specific Cartan subspace (9), the set 7(h; consists of

elements y = ijl y;Jj, such that
y; >0 for all j, if G=0g or G=0g41 or G=Sp, withl <l or1=1=1,

y; >0 forall j, yj+yr >0 forallj#k, if G=Sp, and 1 <1=1 (62)
and
y; >0 if7<mandl—m <q,
y; >0 if 7 <m and l—m = q when | > q,
y; <0 ifm < g and m < p, if G'=Upq and by = by,,. (63)
y; <0 if m < j and m =p when | > p,

Yi—yr >0 if j<m<k.
In particular, in the last case,

7( In— reg) ﬂT( In— TEQ) # 0 implies |m — m| <1, (64)

1,m

(b0 ") Nr(h 1) C {Z%JW Yoo Ym = 0= Y1 2 Yma2, - Uit

Proof. We see from (13) that the set 7(hy) consists of elements y = 22:1 yidj,

such that d,y; > 0 for all 1 < j </[. Hence 22:1 y;J; € b" not annihilated by any
imaginary non-compact root of " in g implies (62) when D # C.

If G =1U,,, then the non-compact roots of " in g acting on elements of f C b
are given by
I
hBZij;%:ti(yj—yk)eiR, if j7<m<kor k<m<j,

!
hBZij;%:tiijiR, if j<mandl—m<q or m<jandm<p.
j=1

Hence, (63) follows. The last statement follows from the equality

T(him) N T(bT,m—I—k)

=D v Y Ym 2 0= Y1 = = Yk > Ykt U}, (65)

which is a consequence of (30). ]

Lemma 4.5.  For a fized Cartan subspace by, the function
7(hy"?) — S*(W)® (66)
extends to a smooth function
For(hy [n=regy _ §*(W)S (67)

whose all derivatives are bounded. Further, any derivative of (67) extends to a
In—reg
continuous function on the closure of any connected component of T( ).
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Proof. The proof of this lemma is similar to that of Theorem 3.4. So, we just
indicate the points that need to be modified.

Let H C G be the Cartan subgroup with Lie algebra h. Denote by A(H) C G x G/
be the diagonal embedding. Then,

ShT = A(H)({1} x Z'), (68)

where Z' C G’ is the centralizer of h C g’. Fix a function ¢ € S(W)¢ and let
V=) € S(g'), see (26).
For a moment, let us exclude the case G = Ogyq with [ < I’. Then, by (37), for

w € b and y = 7(w),

pow)b () = 7. (How) b)) (1) = . (' (s.w)) d(sS™T). (69)
1
Since G is compact, (69) is a constant multiple of
U9 ) d(g'Z). (70)
a/z
As checked in [8, (23)], there is a positive constant C' such that
/5 (Y) U9 y)d(g'Z)
G//Z/

, (1)

y''=0

= CO(my ) (Wg//n/(y + ") V(g (v +y") d(g’H’))

GI/H/

where y € b and " € §' N [3',3']. Therefore, if y = 7(w) with w € hT*, then for
some constant OPIJT’

(72)

/

F¢(y) = CéTa(ﬂ'y/b/) (Wg//h/(y —|—y/l)/ Tl((ﬁ)(g'(y%—y")) dg/>

y"'=0

For arbitrary ¢ € S(W) and y € 7(h7™) we have by S-invariance, Fy(y) = Fye(y),
where ¢C is as in (41).
Hence, the lemma follows from [3, Theorem 2, page 207 and Lemma 25, page 232], the

fact that the map 7/, (26), is continuous and the fact the space of the distributions

is weakly complete, [4, Theorem 2.1.8]. Since 7( %"_mg ) =7( %”_Teg) C (W) by

the identification (15), the proof that the distribution F(y) is also G’-invariant is as
in Theorem 3.4.

Suppose now that G = Ogy; with [ < I'. Let wy € s7(V°) be as in (20). Then
(w + wp)? = w? + w?. Hence,

7. (How)) () = /s/sb1+w0 (7' (s.(w +wo))) d(SSbT+w0> (73)
= [ B ) 7 w0) (58
S/S71TT0

= /G//me(g-(wn))d(gz’”),
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where () is a positive constant, y = 7'(w), n = 7'(wp) and Z'™ is the centralizer of
n in Z'. Let ﬂ;,’%’,’t denote the product of the positive short roots of b’ in 3. As
checked in [8, (35)], there is a positive constant C' such that

o(mhart (w o) [ o+ d(gH'>)

G//H /=0
= Cﬁg//sl(y)/ / P(g.(y +n))d(gZ™). (74)
G/ Z/TL
Therefore, as in (72),

Futy) = G 00) (ot o) [ w2000 o)) (75)
/ y'"'=0
Hence the lemma follows from the theorems of Harish-Chandra, as before. |
For a test function ¢ on a finite dimensional vector space U set
dy(u) =t~ Yt~ ) (t>0, uel). (76)

A distribution ® on U is said to be homogeneous of degree a € C provided
() = t°®(¢) (>0, ¢ € CZ(U)).

In particular, if P is a homogeneous polynomial function on U, then we may view
P as a distribution homogeneous of degree deg P, which satisfies

P(tu) =t*8PPu)  (t>0, ueU).

The continuous extension of F and its derivatives from W (G, b)(UhTT(hTreg)) to
its closure hN7(W) will be made using a rank-one reduction. So we first look at the

rank-one case [ = 1.

Lemma 4.6.  Suppose [ =1. Set F® = lim OJRF(y) (k=0,1,...).
Yy—

(We know from Lemma 4.5 that these limits exist.)

Then 7/*(F®)) is homogeneous of degree

—dimg' +degmy )y +1' =1 -k, if G=0g41 and 1 < ', (77)
—dim g’ + deg my )y — K, otherwise.
Furthermore, supp(r.*(F™)) C 7/ (r71(0)). (78)

Proof. It suffices to consider the restriction of F' to 7(hy'®) for one of the Cartan
subspaces hy. Let ¢ € S(W)Y and let ¢ = 7/(¢) € S(¢g’). For a moment, let us
exclude the case G = Og 41, | < I'’. As we have seen in the proof of Lemma 4.5,
there is a non-zero constant C', such that for ¢ > 0

T (FO) () = Clim myy(y) Ue(g.y) d(gZ')
y—0 G’/Z’

= Chl’% 7Tg//3/ (y)/ t— dinl(g/)zb(g't*ly) d(gz/)
y—r G'/7!
= dim(g’)+deg(7rg//3/)7_>:*(F(O))(w).
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For the derivatives, the computation is similar since, by continuity of 7.*, we have

(P W) (t) =l O (71 (P (9) ()

This proves (77).

Let U € W be an open subset with compact closure U such that U N 77(0) = 0.
For w' € U let w' = w’ +w/, be its Jordan decomposition and let € be the minimum
of all the |w’| (for some fixed norm |-| on W) such that w’ € U. Then e > 0 because
otherwise there would be a non-zero nilpotent element of W outside of 771(0), which
is impossible. Hence

SwnNU =1 (w € by, Jw| <e). (79)

Since supp F'(7(w)) = S.w, this implies (78).
Suppose now G = Og,1 and [ <[’. Then for t > 0,

( )(1[4) C’hm Ty /3 ( /S/s"1 /(VO (w +w"))) dw® d(ssg)

A linear change of variables in s7(VY) gives

T/ ( /S/s“ / (w+w"))) dw’ d(sS%)

@, / / (V2w 4+ 17 200))) du® d(s5)
s/s'1
_ ) dmGar ) / / (172w + ) du d(sS?)
S/S" Jar(V0)
= 17 Al rdeelry g ey (17y) /G/ W(g-(t1y +n)) d(gZ™).

Hence, by taking the limit for y — 0, we conclude that

7_/>»< (F(O))(¢t) — ¢ dim(g’)—‘rdeg(ﬂg//é/)-&-% dim(sT(VO))T;* (F(O))(w> )

*

Since dim(s7(V°)) =20’ — 2, (77) follows.
Also, with the above notation, w + wy is a Jordan sum with w, the semisimple part,
and wy, the nilpotent part. Hence, as in (79), we have

S.(w+wy)NU =10 (w € by, |w| < e).
Since supp F(7(w))) = S.(w + wy), (78) follows. ]

Lemma 4.7. Letl=1. Then h =RJ; and

IR+<]1 Zf (G7 GI) = (Ula Ul’ = Ul’,()))
IR7<]1 Zf(GaG/> - (UlaUl’ :UOl’)7
1774 _reg — )
(G, b)<UT(hl )> R*J; if (G,G") = (Os,Spyy), (O2,Spyy), (Spy,O03)

h7
' or (Uy,U,,) with1 <p <gq.
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Let F(y) denote the function (59). For an integer k =0,1,2,... define
(FW) = lim a(Jf)F(yJr)
y—0+

if (G,G')=(Uy,Uy) and
(FO) = lim (()F () ~ lm (O()F ()

y—0+

in the remaining cases. Assume that 1 <1'. Then

21 — 2 if D =R and G = O3,
2 —1 if D =R and G = Og,
-1 if D =C,
o0 —1) ifD=H.

(FPY =0 if0<k<

Proof. Suppose (G,G’) = (O3,Spy,). We know from Lemma 4.6 that the dis-
tribution 7/((F®)) is supported in 7/(771(0)). However Lemma 4.2 shows that for
any ¢ € C>(Wy), F(y)(¢) is a smooth function of y € h. Therefore, (F®)|yy, = 0.

Hence, supp(7.*((F™))) € 7/(771(0) \ Wy).

As mentioned at the beginning of this section, 771(0) \ W, consists of elements of
rank at most 1. They form a G-orbit of a 1-dimensional subspace V5, of Vg. For
V, = Vg, + Vg, the corresponding dual pair is (O, Spy,—. Then 7'(s7(V4)) is a
minimal nilpotent orbit O,,;,. Since 7’ is constant on G-orbits, we have

P(774(0) \ W) = 7(s7(V.)) = O

Furthermore, dim(O,,;,) = 2. Lemma 4.6 shows that 7/*((F®)) is a homogeneous
distribution of degree

—dim ¢’ +deg(my)y) +1' =1 —k=—dim g +3I' =2k

However, as shown in [14, Lemma 6.2], 7/*((F®))) = 0 if the homogeneity degree is
greater than —dim g’ + %dim Opmin - Hence the claim follows.

Exactly the same argument works if (G, G’) = (Og, Spyy), or (Spy, 03,), or (Uy,U,,)
with 1 < p < ¢, except that 7/(771(0) \ W,) = {0}, because 77(0) = W, U {0}.
So, instead of relying on [14, Lemma 6.2], we may use the classical description of
distributions supported at {0}, [4, Theorem 2.3.4.].

Suppose (G,G’) = (Uy,Uy). Then (69), (70) and (72) show that for ) € C°(g'),
0+# y=7(w)=7"(w) ans a constant C,

HFW)) = Crgystu) [ ot ) dg

Since the group G’ is compact, the last integral defines a smooth function of y = ¢/.J; .
Also, in this case, 7y ,y(y) = (iy')" . Hence, the claim follows. n

Lemma 4.8.  Let F(y) denote the function (59), with

v= Y e WG (Urin).

J=1 by
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For any multiindex a = (aq,...,q;) set O(J)* =0(Jy)* ...0(J;)™.
For 1 <j <1 define (O(J)*F)y,—0 = lin&i O(J)*F(y)
Yi—

if Ay # 0y € WG ) ( Uy, 7(07)}) = R*, and

()" F)yymo = lim O Fly) = lim 9()"F(y)

y;—0—
if {y; # 0, y € W(G,H) Uy, 7(b77)} = R*. Then for 1 <j <1

20 =0 +1 ifD=R and G = Oq,
20 — 21 ifD=R and G = Og1,
-1 ifD=C,

2(I' = 1) if D =H.

<8(J)QF>yj:0 =04 0< a; <

(Here (O(J)*F)y,—o is a function of the y with y; # 0.)

Proof. Without any loss of generality we may assume that j = 1.
Let w = Zé;ll wju;, where d;w} =y;, 1 <j <1—1. Recall the decomposition (7).

The centralizer of w in W = s7 is equal to

s¥ =57(V)¥ = sy(V)" & - @ sy(VIT) @ sp(VO @ V). (80)

=g

As checked in the proof of [12, Theorem 4.5] !, there is a slice through w equal to
Uy = (w1 — €, w1 + €)ug + -+ + (w1 — 6, w1 + )uy +s57(V° ® V),

where € > 0 is sufficiently small. To underline its dependence on the graded space
V| let us denote the function (59) by Fy(y). Recall that

y =195 € W(G, ) (U, 7(67))

and let w, be such that 7/(w,) = y. The Lebesgue measure on s7(V) is fixed and
the orbital integral pio(w,); is normalized as in (23). We normalize the Lebesgue
measure on each s7(V7) and on s3(V°@®V!) so that via the direct sum decomposition

st(V) = sy (V) @ sr(V) @ - @ sp (V) @ sp(VP @ V)

we get the same measure on W = s7(V). Then the S(V)-orbital integral jo(w,) 5,
restricts to U, and, since U, is a slice, the result is the tensor product of S(V7)*-
orbital integrals and the S(V° @ V!)-orbital integral. Therefore,

FV(y)|Uw = P(y)(Fw (y1J1>|(wre,w1+e)u1 & -
@ Pyt (Y1 1) | iy — ey teoyu_y @ Fyvogwve (i), (81)

!The statement of that theorem needs to be modified as follows. “Let x € g; be semisimple.
Then g7 has a basis of G*-invariant neighborhoods of x consisting of admissible slices U, through
z. If ker(z) = 0 then one may choose the U, so that, for i =0, 1,

2
U, 3y = ¥, € g0(Vi)”

is an (injective) immersion.”
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where P(y) is a polynomial. In (81)
Fs (i) (wy -y +pu; € D'((wj — e wy + )uy) (1< j<1-1)
and Feoovi(yiy) € D' (s5(V° @ V1)), (82)

Here D'(X) denotes the space of distributions on X. Since the dimension of a Cartan
subalgebra of S(V° & V')|y. is equal to I’ — 1+ 1, Lemma 4.8 follows from (81), (82)
and Lemma 4.7. This verifies the claim for o = (0,...,0,%,0,...,0) with k& on the
place j. To complete the proof, we repeat the same argument with F' replaced by
O(J)PF, where 3; = 0. m

Lemmas 4.5 and 4.8 provide a further extension of the function F, (59) to a contin-
uous function

F W(G,h)(UT( {n—reg)> ST W)S (83)

T
by

which satisfies the symmetry condition (60). Now Lemma 3.5 completes the proof
of Theorem 3.6.
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