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1. Introduction

Let G be a connected (possibly infinite-dimensional) Lie group with Lie algebra g
(see [48] for a survey on infinite-dimensional Lie groups). The conjugation action of
G on itself induces on g the adjoint action Ad: G — Aut(g) and by dualization we
obtain the coadjoint action

Ad*: G — GL(g) with  AdiA:=AoAd,:.
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Here ¢’ is the space of continuous linear functionals on g. We call a subset of g,
resp., ¢ invariant if it is invariant under Ad(G), resp., Ad*(G). This survey is
primarily concerned with open convex cones {2 C g which are invariant under the
adjoint action of G on g.

In the context of finite-dimensional groups, invariant cones play a central role in the
theory of Lie semigroups [18], the theory of causal symmetric spaces [20], the complex
geometry of semigroup complexifications of Lie groups of the type S = G exp(if2)
(Olshanski semigroups) [42], and, last but not least, in the unitary representation
theory of Lie groups, where one studies holomorphic extensions to such semigroups
([43]).

The theory of invariant cones in finite-dimensional Lie algebras was initiated by
Kostant, I.E.Segal and Vinberg ([77], [80]). A classification of simple Lie alge-
bras with invariant cones was obtained independently by Olshanski, Paneitz, and
Kumaresan-Ranjan (cf. [68], [70], [33]). A structure theory of invariant convex cones
in general finite-dimensional Lie algebras was developed by Hilgert and Hofmann
in [17] and [18]. The characterization of finite-dimensional Lie algebras containing
pointed open invariant cones was obtained in [39] in terms of symplectic modules of
convex type, and these have been classified in [63]; see [43] for a rather self-contained
exposition of this theory. Typical Lie algebras containing open invariant cones are
compact ones with non-trivial center (such as u,(C)), hermitian Lie algebras corre-
sponding to automorphism groups of bounded symmetric domains (such as sp,,,(R)),
and semidirect products, such as the Jacobi Lie algebra heis(R?™) x sp,,(R) (poly-
nomials of degree < 2 on R?*" with the Poisson bracket).

In this survey we review some results extending the theory of invariant cones to
infinite-dimensional Lie algebras. Due to the lack of a general structure theory, any
effective theory has to build on a well-developed toolbox that applies to important
specific classes of Lie algebras. So one of our goals is to contribute to this toolbox
by showing how general results on convex sets, invariance under group actions, fixed
point theorems and Lie theory can be combined to derive information on invariant
cones.

Some types of invariant cones in infinite-dimensional Lie algebras have been discussed
in [51], including a classification of invariant cones in the Virasoro algebra and
typical relations with representation theory. Invariant cones also arise naturally
in differential geometry: In the Poisson-Lie algebra (C*°(M),{-,-}) of a Poisson
manifold M , we have the cone of positive functions, and in the Lie algebra cont(M,n)
of contact vector fields on the contact manifold (M, n), the cone of those vector fields
X for which n(X) >0 ([12]).

Any theory of invariant open cones implicitly contains information on invariant con-
vex functions: If D C g is an open domain and f: D — R is a lower-semicontinuous
Ad(G)-invariant convex function, then its open epigraph

Qp :={(z,t) e g x R: f(z) <t}

is an open invariant cone in the direct Lie algebra sum g @ R.

Invariant convex functions arise naturally in the unitary representation theory of Lie
groups, and this connection is an important motivation for the interest in invariant
cones. Let (m,H) be a unitary representation of G and = € g. Then we write
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om(z) = 14| _oT(exptx) for the infinitesimal generator of the unitary one-parameter
group (m(exptz))ier (Stone’s Theorem). If the representation is smooth in the sense
that the subspace H™ of elements with smooth orbit maps is dense in H, then the
support functional

sr: g = RU{oo}, sx(z):=sup (Spec(—idn(z))) (1)

is a lower semicontinous positively homogeneous convex function. It encodes the
spectral bounds of the selfadjoint operators i0m(x). The relation

or(Ad(g)z) = m(g)om(z)m(g)~

implies that it is Ad(G)-invariant. The representation 7 is said to be semibounded
if s; is bounded on some non-empty open subset of g. We thus obtain a natural
connection between unitary representations and invariant convexity in the Lie alge-
bra g. For a survey on recent progress concerning semibounded representations, we
refer to [56]. Particularly striking results concerning so-called smoothing operators
and decomposition theory can be found in [58].

A systematic understanding of open invariant cones is required, in particular, to
verify that unitary representations are semibounded and to estimate their support
functional s, . It can be used to show that, for certain Lie groups, all semibounded
representations are trivial or that all semibounded representations are bounded,
which is the case if all non-empty open invariant cones coincide with g. A particular
class of Lie algebras for which this happens are compact semisimple Lie algebras
(Remark 4.3), the unitary Schatten Lie algebras u,(#) for p > 1 (Proposition 5.5),
and the projective unitary Lie algebra pu(H) = u(H)/Ril of a Hilbert space H ([53,
Thm. 5.6]). This property is also related to interesting fixed point properties of the
corresponding groups, and this kind of information is essential for the method of
holomorphic induction (see [53, 54, 55]), where one requires that the representation
one induces from is bounded.

We start in Section 2 with a discussion of convex subsets of a locally convex space E
and its topological dual E’. For our purposes, the most important class of subsets
C C E' are those which are semi-equicontinuous in the sense that their support
functional sc¢(v) = sup(C,v) is bounded on some non-empty open subset of FE.
This leads us to the Duality Theorem 2.4 between weak-%-closed convex subsets
and positively homogeneous lower semicontinuous convex functions on open convex
cones. As we want to apply this duality to invariant subsets of Lie algebras and
their duals, we discuss in Subsection 2.2 various fixed point theorems, based on
compactness, equicontinuity and the Bruhat-Tits Theorem. In Subsection 2.3 we
provide a description of closed convex hulls of orbits of Coxeter groups that builds
on [22] and makes some results more easily applicable in the Lie algebra context.

In Section 3 we then turn to invariant convexity in Lie algebras, formulate the specific
problems (P1-6) one would like to answer for infinite-dimensional Lie algebras and
explain how these relate to unitary representations and spectral conditions for cor-
responding selfadjoint operators (Subsection 3.1). Generalizing root decompositions
of finite-dimensional Lie algebras with respect to a compactly embedded Cartan
algebra, we introduce in Subsection 3.2 the notion of an elliptic Cartan subalge-
bra t C g. Here an important point is that it suffices that the sum of the root spaces
is dense in g¢, which is more natural in the context of Banach and Fréchet-Lie al-
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gebras. In this rather general context, the Reduction Theorem 3.10 tells us that the
projection p¢: g — t, resp., the restriction map py: g° — t' leave open, resp., semi-
equicontinuous weak-*-closed invariant convex subsets invariant. So these sets can
be studied to a large extent in terms of their intersections with t and t' respectively.
This permits us to generalize various results from the finite-dimensional case. We
conclude Section 3 with an explanation of how the algebraic theory of unitary high-
est weight representations can be used to obtain convexity theorems for coadjoint
orbits.

In the brief Section 4 we recall the convexity theorems for adjoint and coadjoint
orbits for finite-dimensional Lie algebras and refer to [43] for details. Several specific
classes of infinite-dimensional Lie algebras are discussed in Section 5. For nilpotent
and 2-step solvable algebras everything reduces to the abelian case (Theorem 5.1),
but the class of 3-step solvable algebras contains the oscillator algebras which display
various types of non-trivial behavior (Subsection 5.2). For Kac-Moody Lie algebras
we formulate the Kac-Peterson Convexity Theorem and we briefly mention some
results on Lie algebras of vector fields. Since they display the differences between
the finite and infinite-dimensional theory so nicely, we take a closer look at infinite-
dimensional versions of unitary groups in Subsection 5.5. We conclude Section 5 with
the observation that projective limits of Lie algebras do not lead to new phenomena.

In Section 6 we turn to Lie algebras which contain a dense directed union of finite-
dimensional Lie algebras. Typical examples are the Lie algebras g = u(.J, K) of skew-
hermitian J x J-matrices with finitely many non-zero entries in K € {R, C,H} and
their Banach completions. The Lie algebras u(J,K) have the interesting property
that all semi-equicontinuous orbits in g’ and all invariant norms extend to the
minimal Banach completion, the Lie algebea u;(¢?(J,K)) of skew-hermitian trace
class operators. We also discuss the existence of invariant scalar products on general
direct limits of compact Lie algebras and show that open invariant cones in Hilbert-
Lie algebras intersect the center.

Motivated by direct limits of affine Kac-Moody algebras and double extensions of
twisted loop algebras, we turn in Section 7 to various aspects of double exten-
sions. The most well-behaved class are double extensions of Lie algebras with an
invariant scalar product (euclidean Lie algebras) because they carry an invariant
Lorentzian form and this immediately leads to open invariant cones and many semi-
equicontinuous orbits. However, a finer analysis of the convexity properties of double
extensions turns out to be quite delicate because of the huge variety of double ex-
tensions and because many natural representation theoretic constructions lead to
non-Lorentzian double extensions. Here we briefly explain the source of these diffi-
culties.

We collect some auxiliary results in appendices on constructing open cones, Lorent-
zian geometry and the Bruaht-Tits Theorem.

Notation: For a set J, we write S; for the group of all bijections of .J, and S for
the subgroup of those elements moving only finitely many elements. These groups
act on the space R’ of functions J — R and preserve the subspace R() of finitely
supported functions.

For K € {R,C,H}, we write gl(J,K) C End(K)) for the Lie algebras of all J x .J-
matrices with finitely many non-zero entries, sl(J,C) := {z € gl(J,C): trz = 0},
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and u(J,K) := {x € gl(J,K): 2* = —z}. For topological vector spaces F,F', we
write L(E, F') for the space of continuous linear maps F — F and L(E) = L(E, E).
For a subset C' of a real linear space E we write conv(C') for its convex hull and
cone(C') for the convex cone generated by C'.

2. Open cones and semi-equicontinuous subsets

This section is independent of Lie algebraic structures. We first recall some basic facts
on convex subsets of locally convex spaces and the duality between positively homoge-
neous lower semicontinuous convex functions on open cones and semi-equicontinuous
weak-*-closed convex subsets of the topological dual space (Subsection 2.1). We dis-
cuss some fixed point results for group actions on convex sets in Subsection 2.2, and
in Subsection 2.3 we provide some specific new results on convex hulls of orbits of
Coxeter group which can be used to study adjoint and coadjoint orbits in Lie theory.

2.1. Basic facts and concepts

Let E be a real locally convex space and E’ be its topological dual, i.e., the space of
continuous linear functionals on F. The space of continuous linear endomorphisms
of E is denoted L(FE). We write («,v) = a(v) for the natural pairing £’ x £ — R
and endow E’ with the weak-x*-topology, i.e., the coarsest topology for which all
evaluation maps 7,: £ — R n,(a) := a(v) are continuous.

For a subset C' C E’, the sets
C*:={vel: YVael)alv)>0} and B(C):={ve E: inf(C,v) > —oc}

are convex cones. A function f: F — RU{oo} is said to be convex (lower semicon-
tinuous) if its epigraph epi(f) = {(x,t) € E x R: f(x) <t} is convex (closed). The
support functional of a subset C C FE’

sc: E— RU{oo}, sc(v) :=sup(C,v),

takes finite values on —B(C) = B(—C). As a sup of a family of continuous linear
functionals, s¢ is convex, lower semicontinuous and positively homogeneous. Note
that s¢ does not change if we replace C' by its weak-*-closed convex hull. It is easy
to see that

epi(so) = ((=C) x {1})" (2)

Definition 2.1. We call a subset C C E’ semi-equicontinuous if s¢ is bounded
on some non-empty open subset of £ (cf. [50]). This implies that the cone B(C)
has interior points and that sc is continuous on B(C)" ([49, Prop. 6.8]). ]

Remark 2.2.  (a) If the space E is barrelled, which includes in particular Banach
and Fréchet spaces and their locally convex direct limits ([13]), then C' C E’ is semi-
equicontinuous if and only if B(C') has interior points (apply [49, Thm. 6.10] to the
lower semicontinuous function s¢ ).

(b) If C' C E’ is semi-equicontinuous, then the lower semicontinuity of so implies
that, for each ¢ > 0, the subset {z € E: s¢(x) < ¢} is closed with dense interior. m
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Example 2.3. (a) A subset C' C E’ is equicontinuous if {v € E: s¢(v) < 1} is
a 0-neighborhood. This is equivalent to B(C') = E and s¢ being continuous. This
clearly implies that C' is semi-equicontinuous.

(b) If Q C E' is an open convex cone, then its dual cone Q* = {a € E': alg > 0}
is semi-equicontinuous because its support functional so« is constant 0 on the open
subset —2. If, conversely, C' C E’ is a convex cone, then B(C') = C*, so that C' is
semi-equicontinuous if and only if C* has interior points. [ |

Theorem 2.4. (Duality Theorem) The assignment C +— sc|p—cy defines a bijec-
tion from semi-equicontinuous weak-x-closed convexr subsets C C E' to continuous
positively homogeneous conver functions defined on non-empty open convex cones.

Proof. Since C' can be reconstructed from s¢| B(-c)o by

C={acE: (YveB(-0) a() < sc(v)} (3)
([49, Prop. 6.4]), the assignment is injective. It remains to show that it is surjective.
So let ) # Q C E be an open convex cone and let f: Q — R be a continuous,
positively homogeneous convex function. We claim that the weak-*-closed convex
subset

Crp={ae€E:alg<f} isequicontinuous with  s¢,|o = f. (4)

Here sg, < [ follows from the definition and since 2 is open, C} is semi-equi-
continuous. To verify (4), let € Q. Then the pair (z, f(x)) € EF x R lies in
the boundary of the open convex cone epi(f)? = {(x,t) € Q x R: f(z) < t}. By
the Hahn-Banach Separation Theorem, there exists a non-zero continuous linear
functional (—a,c) € epi(f)* with —a(z) + ¢f(x) = 0. Then ¢ > 0. To see that
we actually have ¢ > 0, assume that ¢ = 0. Then «a(x) = 0 and a # 0, so that
a(?) is a neighborhood of 0, contradicting —a|q > 0. We conclude that ¢ > 0, and
cta € Oy satisfies ¢ 'a(z) = f(x). This proves (4).

The dual cone epi(f)* is contained in the closed half space E’ x [0,00). Since it
contains all elements of the form (—a, 1), a € C}, the intersection of epi(f)* with
the open half space E’ x (0,00) is weak-*-dense (because open line segments are
dense in their closure). Hence epi(f)* is generated by (—C')x{1} as a weak-x-closed
convex cone. We thus obtain with Proposition A.3 and (2)

epi(f) = (epi(f)")" = ((=Cy) x {1})" = epi(sc,). (5)

As a consequence, B(—Cy) C Q, so that B(—C;)? C Q by Lemma A.2(ii). Since
Q2 C B(—C%)° by definition, we have equality. This proves that f = scylB—cpo. ™

Remark 2.5. Passing to the larger space F x R, any continuous, positively ho-
mogeneous convex function f: Q — R is determined by its open epigraph epi(f)? =
{(z,t): t > f(x)} which is an open convex cone. This reduces the analysis of such
functions largely to the analysis of open convex cones. As follows from (5), the
open cone epi(f)° is the interior of the dual cone of the semi-equicontinuous subset

(—Cy) x {1} C E" x R. ]
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Remark 2.6. If +: F — FE is an injective, continuous linear map with dense
range, then its adjoint defines an injection ¢': E' — F’. Then any open convex
subset 2 C F is determined by its intersection QN F = (~1(Q), which is an open
subset of F'. Accordingly, any semi-equicontinuous subset C' C E’ defines a semi-
equicontinuous subset J/(C') C F’. This observation can often be used to study open
convex subsets of E¥ through F', which may be more accessible. [ |

Lemma 2.7.  For a weak-%-closed convex subset C C E’, we have:

(a) If A € L(E), then the adjoint A': E' — E', X\ — Xo A satisfies A'C C C if
and only if sc(Av) < sg(v) for every v € E.
(b) L(E)e = {A € L(E): A/C C C} is closed in the topology of pointwise

convergence.

Proof. (a) By the Hahn-Banach Separation Theorem,
C={acPE": (VYvekE)aw) <scv)}

Therefore A'C' C C is equivalent to sc 0o A = sac < s¢.
(b) Since s¢ is lower semicontinuous, the subset {w € E: sc(w) < s¢(v)} is closed
for every v € E. Hence (b) follows from (a). [

Definition 2.8. For a convex subset C' in the real linear space E, we define its
recesston cone

Im(C):={z € E:C+2CC} and H(C):=lm(C)N—lLm(C).

Then lim(C) is a convex cone and H(C) a linear subspace. ]

Lemma 2.9.  ([51, Lemma 2.9]) If ) ## C C E is an open or closed convex subset,
then the following assertions hold:

(i) lim(C) = lim(C) is a closed convex cone.

(ii) v e im(C) if and only if tjc; = v for a net with t; >0, t; = 0 and ¢; € C.
(iii) If c€ C and d € E satisfy c+Ryd C C, then d € lim(C).

(iv) H(C) = {0} if and only if C' contains no affine lines.

(v) B(C)* =1im(C) and B(C)* = H(C).

Remark 2.10. (a) If dim £ < oo, then a closed convex subset C' C E’ is semi-
equicontinuous if and only if it contains no affine lines, i.e., if the cone lim(C) is
pointed. This follows from lim(C') = B(C)* (Lemma 2.9(v)).

(b) If E is a locally convex space and C' C E’ is equicontinuous, then the recession
cone lim(C') is trivial because half-lines are not equicontinuous. n

Example 2.11.  We consider the real Hilbert space

E =07 = {(an)neN: a, € R, Zai < oo}

n=1
and identify E’ with ¢2. Then C' := {z € E': ||z||o < 1} is a weak-*-closed convex
subset. The cone B(C) coincides with the subspace ¢! C ¢ hence has no interior
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points. In particular C' is not semi-equicontinuous, although lim(C) = {0} and C
contains no affine lines (Remark 2.10(a)).

This example is also interesting in the context of Remark 2.6. The continuous
inclusion ¢: ¢! — (% induces an inclusion : ¢ — (> = (/). Now /(C) is
contained in the unit ball of /°°, hence is equicontinuous on ¢!, although C itself is
not equicontinuous on ¢2. n

Example 2.12. (a) If £ is a real Hilbert space, then the closed unit ball
C:={{e&: ||§|| <1} is a weakly compact convex set with lim(C') = {0}.

(b) If £ isareal Hilbert space, then £ := RxE xR carries the Lorentzian bilinear form

[B((z,2,1), (', 2", 1)) i= 2t + 2"t = (&, m),
and Ly:={x:=(z2,1):2>0 p(x,x) > 0}
is a self-dual closed convex cone. For every m > 0, the hyperboloid
H:={x € Ls: f(x,x) > m*}

is a weakly closed convex subset with lim(H) = £ (cf. Proposition A.9). The closed
convex subset

Pi=L,NRxEx{1}) ={x=(z,2,1): 2 > }|z|*}

is a paraboloid. Tt is the epigraph of the function ||z||*/2 on £, and its recession
cone satisfies

lim(P) C £, N (R x € x {0}) = R,(1,0,0),
hence coincides with the ray R, (1,0,0).! n

Definition 2.13.  For a convex subset C' C F and x € C, we write
Ly(C) =Ry (C — )

for the subtangent cone of C' in x. Then the restriction of a linear functional
a € E' to C takes a minimal value in x if and only if a € L,(C)*. In particular,
L.(C)* C B(C). |

2.2. Fixed points

In this subsection we collect several results on the existence of fixed points for affine
group actions. We start with the result for the most general environment, where the
group has to be compact (cf. [51, Prop. 2.11]).

Proposition 2.14.  Let K be a compact group acting continuously on the complete
locally convex space E by the representation m: K — GL(E).

(i) If Q C E is an open or closed K -invariant convex subset, then § is invariant
under the fized point projection p(v) = [, m(k)vduk(k), where pg is a normalized
Haar measure on K. In particular, p(Q) = QN EX.

! In view of the preceding examples, we may call a weak-*-closed convex subset C C E’ elliptic
if lim(C') = {0}, parabolic if lim(C) = Ry« for some a # 0, and hyperbolic if 1im(C') separates the
points of E.
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(ii) If C C E' is a weak-*-closed conver K -invariant subset, then C' is invariant
under the adjoint p'(A\)v == Ap(v)) = [ Mx(k)v)dug (k). In particular, p'(C) =
Cn(EHE.

Remark 2.15. (a) The preceding proposition can also be used to study fixed
point projections for non-compact groups. Let us assume that G contains a directed
family (K;)je; of compact subgroups for which the union (J ey K 1s dense in G.
If G acts continuously on E and C' C E’ is a weak-*-compact G-invariant subset,
then we obtain with Proposition 2.14(ii) for each j € J and A\ € C that pj(\) :=
ij Nom(k)dur,;(k) € C. As C is weak-*-compact, the net (p’()));jes has a cluster
point in C' which is invariant under every Kj, hence also under G'.

(b) Proposition 2.14(i) does not extend to the situation of (a). Here a typical
example arises from the action of the group S, = Sy of all finite permutations
on B =RM. Then Q:= {z € R™: 37 z; > 0} is an open invariant convex cone
which contains no fixed point, whereas its dual cone Q* = (R,)Y contains constant
functions which are fixed points. [ |

Kakutani’s Fixed Point Theorem below ([72, Thm. 5.11]) weakens the assumption
on the group but strengthens the assumptions on the invariant subset.

Theorem 2.16. (Kakutani’s Fixed Point Theorem) Let E be a locally convez space
and let G C GL(E) be an equicontinuous group. Then each G -invariant compact
convex subset of E contains a G -fixed point.

The following proposition is a bridge between equicontinuity and compactness.

Proposition 2.17. Let E be a locally conver space and let G C GL(E) be an
equicontinuous group for which E is the union of finite-dimensional G -invariant
subspaces. Then the following assertions hold:

(i) G is equicontinuous on the dual space E' with respect to the weak-*-topology.

(ii) There exists a continuous representation p: K — GL(E) of a compact group
K for which G C p(K) is dense in the topology of pointwise convergence.

Kakutani’s Theorem applies to G-invariant weak-*-compact convex subsets C C E’
(cf. also Remark 2.15(a)), but, in view of (ii), one can also apply Proposition 2.14 to
the compact group K.

Proof. (i) On E’ the weak-*-topology coincides with the topology of uniform
convergence on compact absolutely convex subsets of E which are contained in a
finite-dimensional subspace. Our assumptions imply that E is the union of G-
invariant compact absolutely convex subsets and the polars of these sets form a
fundamental systems of G-invariant 0-neighborhoods in E’.

(ii) Consider E as a direct limit £ = lim E; of finite-dimensional G-invariant
H

subspaces. Then the representations (p;, £;) of G on the E; yield a homomorphism
G = [1;e; GL(E;), g = (pj(9))jer, and since each group p;(G) is relatively comp_act,
we obtain a homomorphism of G into the compact group [[;.; pi(G). Let K := G C
GL(FE) denote the closure with respect to the topology of pointwise convergence.
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Then K also preserves all subspaces FE;, so that it may be considered as a subgroup
of the compact group [[..; pi(G), in which it is the closure of the image of G in this
group, hence compact. That the action of K on E is continuous follows from the
equicontinuity of K and the fact that all its orbit maps are continuous. |

The following proposition is an example of a result not covered by these general
tools. It can be proved by direct arguments:

Proposition 2.18.  Let J be a set. Then the following assertions hold:

(a) Every open convex cone Q C (>°(J) invariant under the natural action of the
full permutation group S; contains a fized point, i.e., a constant function.
(b) For a non-empty open S(yy-invariant cone 2 C RY) | we have:
(i) There exist disjoint finite subsets ) # Fi,F5 C J and a,b > 0 with
aep, — bep, € ), where e := Z]EF e;.
(il) If Q2 is proper, then the summation functional x(z) : =
x € U -—-Q*.
(ili) QF C (=(J,R).
(c) A€ RY = (RY)Y has a semi-equicontinuous orbit under Sy if and only if it
is bounded, and then its orbit is equicontinuous.

Proof. (a)is [53, Lemma 3.5].

(b) (i): As Q is open, there exists an element z € Q with y(x) # 0. If F' D supp(x)
is finite, then averaging over Sr shows that some multiple of er is contained in 2.
If ep € Q, then we put F} := F and observe that, for any sufficiently small b > 0
and any finite subset F, C J disjoint from F}, the element ep — bep, is contained
in Q.

(b)(ii): If x is not contained in Q* or —Q*, then there exist z,y € Q with
x(x) < 0 < x(y). Then the argument in (i) provides a finite non-empty subset
F C J with tep € Q. Hence 0 = ep — ep € Q implies that = R™) is not proper.
(b)(iii): Let A € Q* and choose F, F, and a,b > 0 asin (i) with 2 := aep, —beg, € Q2.
Applying A to the S\ g,)-orbit of x, it follows that A is bounded from below. We
likewise see that A is bounded from above by evaluating on the Sy p)-orbit of x.

jeg Lj satisfies

(c): Clearly, the orbit of a bounded function A: J — R is equicontinuous, hence
in particular semi-equicontinuous. If, conversely, S, is semi-equicontinuous, then
B(S»A)? € RY) is a non-empty open invariant cone. This cone does not change if
we add a constant function to A. Adding a suitable constant ¢ € R, we see that the
cone (Oy;.)* has interior points, and thus (b)(iii) implies that A is bounded. n

From the Bruhat-Tits Fixed Point Theorem (Theorem A.13), we obtain:

Proposition 2.19. Let 0: G — E x O(E) define an affine isometric action of
the group G' on the euclidean space E and () # Q C E be an invariant open or closed
convex subset. Then the following assertions hold:

(i) If E is complete and Q contains a bounded G -orbit, then it contains a fized
point.

(ii) Suppose that the affine subspace EC of fized points is non-empty and complete.
Then the orthogonal projection p: E — EC satisfies p(Q)) = QN EC.
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Proof. (i) By Lemma A.4, every proper open invariant convex subset of F is
exhausted by closed invariant convex subsets. Hence it suffices to prove the assertion
if Q is closed. Then €2 is a Bruhat-Tits space with respect to the induced metric
(Example A.14), so that the assertion follows from the Bruhat-Tits Theorem A.13.
(ii) As in (i), it suffices to consider the case where ) is closed. As E¢ is complete,
we have £ = EY @ (E9)*. Let E denote completion of F, extend the G-action
to E, and write Q for the closure of Q in E. Then E = E¢ & (EC)L shows that
ES = E°.

We have to show that ¢ € Q implies p(c) € Q. The subset C := p~(p(c))NQ C E
is a closed convex G-invariant subset containing c. As G fixes p(c), the G-orbit of
¢ is bounded, so that C' contains a fixed point by (i). Since p(c) is the only G-fixed

point in p~t(p(c)), it follows that p(c) € C C Q. The closedness of Q in E implies
that QN E = Q, so that we obtain p(c) € E“NQ = E°NQ. |

2.3. Coxeter groups

In [22] we studied convex hulls of orbits of Coxeter groups to apply these results to
orbit projections in infinite-dimensional Lie algebras (see [55, 36] for some concrete
applications). Here we extend some of these results, so that they fit better the typical
requirements in the Lie algebra context.

Definition 2.20. (a) Let V be a finite-dimensional real vector space. A reflection
data on V consists of a finite family (o )ses of linear functionals on V' and a family
(o )ses of elements of V' satisfying

as(a))y=2 for se€8.

Then 75(v) := v—a,(v)a) is areflection on V. We write W := (rs: s € S) C GL(V)

s

for the subgroup generated by these reflections, which is a Coxeter group ([79], [26]).
The cone K :={veV: (Vse€ S)as(v) >0} is called the fundamental chamber.

(b) A reflection data is called a linear Cozeter system (cf. [79]) if

(LCS1) K has interior points.

(LCS2) (Vs € S)as ¢ cone({ay: t # s}).

(LCS3) (Yw € W\ {e})) wK°NK°=0. n

Theorem 2.21. ([79, Thm. 2]) For a linear Cozeter system (V, (ay)ses, () )ses),
the following assertions hold:

(i) The subset T := WK is a convex cone.

(i) W acts discretely on the interior T° of T, i.e., point stabilizers are finite,
T°/W is Hausdorff, and every x € T° has a neighborhood U with wUNU = ()
for we W\ {e}.

(iii) An element x € K is contained in T° if and only if the stabilizer W, is finite.

The cone T is called the Tits cone of the linear Coxeter system. We write
co(v) := conv(Wwv) and ¢o(v) := conv(Wv) (6)
for the (closed) convex hull of a W-orbit.
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We define two cones
Cs:=cone{a): s€ S} CV, C¢ = cone{a,: s € S} CV*.

A reflection in VW is an element conjugate to some ry, s € S. Any reflection can be
written as r,(v) = v — a(v)a¥ with a € V* and oY € V', where a belongs to the
set A = W{a,: s € S} of roots and oY € AY := W{aY: s € S} is a coroot. To
v € F, we associate the cone

C, := cone{a”: a(v) > 0}.

We also recall from [22, Rem. 2.5] that the subset A* := AN K* of positive roots
satisfies A = ATU — A and
AT C C4. (7)

Lemma 2.22. Let C # () be an open convex cone in the finite-dimensional real
vector space V and I' C {g € GL(V): gC = C} be a subgroup such that | det(y)| =1
for all v € T'. Then

conv('v) CC  forall wveC.

Proof. From [43, Thm. V.5.4] we know that there exists a smooth I'-invariant
convex function ¢: C' — (0,00) such that z, — = € 9C and z, € C implies
o(x,) — oo. Therefore all sublevel sets {¢ < ¢}, ¢ > 0, are convex subsets
of C' which are closed in V. As ¢ is I'-invariant, the assertion follows from

conv(I'v) C {p < p(v)}. [
Lemma 2.23. Ifv € T and w € C,, then there exists an € > 0 such that
v—cw € co(v).

Proof. We write w = Z?=1 cjaf with ¢; > 0 and a;(v) > 0. Then ry,(v) =

v — aj(v)af € co(v) implies that

k
v — Z dja;(v)ay € co(v) for d; >0, Zdj <1.
Jj=1 j

J
For ¢t > 0 we compare this expression with

k

k
C.
vy ::U—tw:v—ZtcjajV:v— oc'(Jv)aj@)a;/’
j=1 j=1
and find that v; € co(v) if tZ§:1 ac—gv) < 1. This prove the lemma. n
J

Lemma 2.24.  For v € K, the following assertions hold:
(i) C, C Cs with equality for v € K°.

(ii) If v € TV, then the stabilizer W, is finite and Nwew, wCs = C,. This implies
in particular that C, is closed and that

ﬂ wv—Cs)=v—-C, and ﬂ w(v—C,) = m w(v—=Cg).  (8)

wWEW, weWw weWw
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Proof. (i) If a(v) > 0 for some v € K and o € A, then o € AT C C¥ by (7).
Write a = wa, € A for some w € W and s € S. Then a¥ = wa! € Cg follows
from o = wa, € C§ by [22, Thm. 1.10]. This proves C, C Cs. If v € K°, then
as(v) > 0 for every s € S, so that Cs C C, and thus Cg = C,.

(ii) As C, C Cg for v € K, and C, is W,-invariant, it follows immediately that
Cv Q meWv ’LUOS.

Let S, :={s € S: as(v) = 0} and observe that (V, (ay)ses,, (@) )ses,) is also a linear
Coxeter system ([22, Rem 1.5]). We know W, = (rs: s € S,) from [22, Prop. 1.12].
If a € A" vanishes on v, then r, € W,, and thus o € W,{a,: s € S,}. We
conclude that a¥ € Cg,. This shows that Cs = C, + Cg,, and this leads to

() wCs € () w(Cy+Cs,)=C,

wGWU ’lUEW’u
where the last equality follows from [43, Cor. V.2.10], applied with = 0. The first
equality in (8) now follows from w(v — Cs) = v — wCys for w € W,,.
Finally, the second equality in (8) follows from

ﬂ w(v—Cy) = m ﬂ ww'(v—Cs) = ﬂ w(v — Cyg). m

weW wEW w’' €W, weW

Theorem 2.25. (Convexity Theorem for Coxeter groups) For v € T, we have

o)NT =Tn (] wv-Cy). (9)

wew

If ve TY, then C, is closed, co(v) C T°, and

@) =Tn[)wv-C)=Tn () w-Cs). (10)

wew wew

For the special case where v € K°, this theorem is contained in [21, Satz 3.21],

which was never published. For the case where W is finite, it is contained in [43,
Prop. V.2.9].

Proof.  From [22, Thm. 2.7] we obtain co(v) C v — C,, hence co(v) C v — C,.
Since co(v) is W-invariant, it follows that co(v) C (e w(v — C,). Intersecting
with 7 thus proves “C” in (9).

To verify “27, we use T = WK to see that it suffices to show that, for v € K, any
u € KN (v—C,) is contained in co(v).

Case 1: u € v — C,. Consider the line segment
v:[0,1] = K, Y(t) :==v+t(u—w).

Then v~ !(co(v)) = [0, c] for some ¢ € [0, 1] and we have to show that ¢ = 1.

As u,v € K, we have v(t) € K for 0 <t < 1. Hence a(u),a(v) >0 for « € ANK*,
and if a(v) > 0, then a(y(t)) > 0 for 0 <t < 1. This implies that C, C C,) for
t<1.

Suppose that ¢ < 1. For v/ := 7(c¢) € ¢6(v) we then obtain
u—v'=(1-¢)(u—v)e-C, C—Cy.
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By Lemma 2.23, there exists € € (0,1) such that v +e(u —') € @o(v') C @6(v). As
V4elu—v)=v+clu—v)+e(l—c)(u—v)=7(c+e(l—c)),

this contradicts the maximality of ¢, so that we have shown that ¢ = 1 and hence
that (v —C,) N K Cco(v).
Case 2: ucv—(C,\C,).
Case a: If v — C, intersects K°, then (v —C,) N K" is dense in (v —C,) N K, and
since v — C,, is dense in v — C,, the set (v —C,)NK® C (v—C,)N K is also dense

in (v—C,)NK. In Case 1 we have seen that (v —C,)N K C co(v), so that we also
obtain (v —C,) N K Cco(v).

Case b: (v—C,)NK®= = (): By definition of K 0 this is equivalent to the existence
of an s € S with as(v — C,) C (—00,0]. As co(v) C v —C, ([22, Thm. 2.17]), this
entails o, € —co(v)*, so that rf a, = —a, further leads to o, € co(v)™*.

We now reduce this case to the first one, for a smaller linear Coxeter system, writing
S =5US" with S :={se€S:a,C,) #{0}}, S":={seS:aC,)={0}}

By [22, Rem 1.5], (V, (as)sesr, (@) )sesr) is also a linear Coxeter system. For ¢ € S’
and s € S” we have as() = 0 and by [22, Prop. 1.4] also a;(«Y) = 0. This implies
that r, commutes with r;. For

Wi=(rs:s€8) and W':=(r,:se5")

we therefore obtain W = W'W”, where both subgroups commute, and W fixes all
points in co(v). In particular, we obtain

co(v) = co'(v) := conv(W'v).
Next we observe that C, = cone(v — co(v)) = C/, and
K :={veV:(Vse S)as(v) >0} DK,

so that it suffices to show that (v — C?) N K’ C @' (v). By definition of S’ no a,
s € S’ vanishes on C!, so that this follows from Case 2a.

We thus obtain (v — C,) N K C ¢o(v) in all cases, and this proves (9).
If, in addition, v € 7°, then Lemma 2.22 and |det(r,)] = 1 for s € S imply that
co(v) € TP, so that (10) follows from Lemma 2.24(ii). n

Examples 2.26. For more details on typical classes of Coxeter groups, we refer to [26].

(a) For finite Coxeter groups we have 7 = E. They arise in particular from finite-
dimensional Lie groups as Weyl groups (Definition 3.6 and [43, Prop. VIL.2.10]). A
typical example is the action of the symmetric group S,, on the euclidean space R",
for aj(r) =zj1 —x; and af =ej41 —¢;, j=1,...,n— 1.

(b) For affine Coxeter groups, the space E’ carries a positive semidefinite V-
invariant form degenerate along a one-dimensional subspace R\, so that W fixes A.
Then the hyperplane H = A7*(1) C E is W-invariant and the interior 7% = A71(RY)
of the Tits cone is an open half space. In this case W can be viewed as a group
generated by affine euclidean reflections on H .

(c) Other important classes of Coxeter groups preserve a Lorentzian form and can
be viewed as isometry groups of hyperbolic spaces ([79], [30]). ]
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3. The Lie algebra context
3.1. The problems

Let G be a connected Lie group with Lie algebra g. We are aiming at a systematic
analysis of Ad*(G)-invariant semi-equicontinuous subsets C' C ¢', resp., Ad(G)-
invariant continuous positively homogeneous convex functions on open cones in g.
By the Duality Theorem 2.4 and the subsequent remark, it basically suffices to study
semi-equicontinuous invariant subsets C' C g’ and open invariant cones in g, resp.,
g @ R. This leads to the following problems:

(P1) Classify the semi-equicontinuous coadjoint orbits O, := Ad*(G)A C ¢'.

(P2) Classify open invariant convex cones in g.

Semi-equicontinuous weak-*-closed convex subsets C' C g’ are locally compact (with
respect to the weak-*-topology) and every x € B(C)° defines a proper evaluation
function 7,: C — R,a — «(z). In particular, there exists an extreme point A
minimizing 7, ([49, Prop. 6.13]). We then have

AMz) =min Oy (z) = min A(O,) for O, = Ad(G)x. (min)

For y € g, the smooth function f(t) := A(e!®¥z) then satisfies 0 = f/(0) < £”(0),
which leads to the necessary conditions

Mz, yl) =0 and = A([y,[y,2]]) 20 for yeg. (pos)
Here, elements = € g which are extreme points in conv(O,) are most interesting.
(P3) Determine natural conditions under which (pos) implies (min).

Unitary representations: If (7, #) is a smooth unitary representation of G, then
its support functional s, (see (1) in the introduction), coincides with the support
functional of the range of the momentum map on the projective space of H>:

(v, —i07(x)v)
(v, )

The representation is semibounded if and only if the range of ®, is semi-equiconti-
nuous. Then the momentum set I, := conv(im ®,) also has this property.

Q. P(H™) —» g with @ ([v])(x) = for [v] = Cu.

(P4) Calculate the momentum set I for irreducible semibounded representations
as concretely as possible. It is enough to do this for irreducible ones because we
have direct integral decompositions for semibounded representations (cf. [58]),
so that [43, Thm. X.6.16] on the momentum set of direct integrals reduces the
problem to the irreducible case. As we shall see below, one may expect that

I, =conv(0,) forsome AXeg (11)

in all cases where the representation has an extremal weight A (see [51, §5.2]
and Examples 3.18 and 3.19).
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Double extensions and projective unitary representations: In the context of
unitary representations, the examples arising in physics [69, 71, 76, 51] often lead
to projective unitary representations (dm, H*) of a semidirect product Lie algebra
g = gxpR, where D € der(g) and d := (0, 1) satisfies the positive energy condition
—idm(d) > 0 (see also [55], [28, §8]). Here dn(x) := Om(x)|y~ and H> is the space
of smooth vectors.

Lifting to a unitary representation of a central extension, we thus obtain a Lie algebra
of the form
g=(R&,g) xRd, d=(0,0,1), (12)

with Lie bracket
[(z,x,t), (2, 2", )] = (w(z,2") + to(2") — t'0(2), [z, 2] + tDz’ — t' Dz, 0), (13)

where w: g x g — R is a Lie algebra 2-cocycle and [d, (z,x)] = (§(z), Dz) is a lift
of the derivation D to the central extension g = R &, g = Rc @ g. Here 9, D and
w are related by the equation

w(Dz,2") + w(z, D2') = §([z,2]) for x,2" €g. (14)

Definition 3.1. We call g the double extension defined by the pair (w, D) (if
5 =0), resp., by (w, D,?). n

As we may assume that A := (1,0,0) € g’ is contained in the momentum set (cf. [27,
Prop. 15]), we then obtain

111f/\<0d) = inf O)\(d> > —00. (15)

A particularly interesting case arises if there exists an eigenvector vy of —idnw(d)
corresponding to the minimal spectral value 0. Then A\ := ®,([vg]) satisfies the
minimality condition inf O,(d) = A(d) = 0, and the necessary conditions from (pos)
take the form

=0 and w(Dz,z)>0 for =ze€g. (16)

In particular the symmetric bilinear form w(Dz,y) is positive semidefinite. For

oscillator algebras (g abelian), these conditions were the starting point for the

classification results in [61] (see Subsection 5.2 for details). Accordingly, one has

to explore the structural implications of (16) for other classes of Lie algebras. This

leads to our last general problem:

(P5) Classify the pairs (w, D) satisfying (14) with § = 0 and the positive energy
condition (PEC):

inf O)(d) = A(d) = 0. (PEC)

Determine for which of these pairs (w, D) the coadjoint orbit O, is semi-
equicontinuous.

The positive energy condition is very natural because it is often satisfied in examples
related to physics, where —idm(d) corresponds to a Hamilton operator ([51], [69]).
For some concrete results concerning the case where g is locally finite, we refer to

[35).
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Remark 3.2. If the convex hull of the adjoint orbit Oq4 has interior points in
the hyperplane R x g x {1}, then the cone generated by Oq4 has interior points,
and therefore O} consists of semi-equicontinuous orbits (cf. Lemma A.15 for such
situations). [

3.2. Root decompositions

Definition 3.3. (a) We call an abelian subalgebra t of the locally convex Lie algebra
g = L(G) an elliptic Cartan subalgebra if t is maximal abelian, the root spaces

gc:={x € gc: (Vh € tc)[h, 2] = a(h)z}
span a dense subspace g%lg C gc, and
a(t) CiR  for every root o€ A:={aect:\{0}: gt # {0}}.

(b) Since [g2,g7] C gcw the subspace g(c is a Lie subalgebra of g¢ and it intersects
g in the dense subalgebra g8 := galgﬂ g. We shall always assume that the canonical
projection g% — t extends to a continuous projection p: g — t, so that we can
identify t' with the subspace (kerp)* C g’ of all functionals vanishing on all root
spaces. We write py: g’ — t' for the restriction map.

(c¢) If o: gc — gc denotes the complex conjugation with respect to g, we write
z* := —o(z) for x € gc, so that g = {z € gc: 2" = —x}. We then have z € g
for z, € g¢. [

Remark 3.4. If g carries a positive definite e®d‘-invariant form x and t is

complete with respect to the induced scalar product, then g = t @ t- (even if g
itself is not complete). Therefore we have a natural orthogonal projection p¢: g — t
and for every open or closed invariant subset @ C g, we have p(Q) = QN+t by
Proposition 2.19(ii). The completeness requirement for t is automatic if dimt < oo,
but there are also interesting situations where it is satisfied for infinite-dimensional
t but g itself is not complete. Typical examples are the twisted loop algebras with
values in Hilbert-Lie algebras (see Subsection 7.3). ]

In the present context it is of particular interest to understand adjoint orbits of
elements z € t and coadjoint orbits of elements \ € ¢ = [t,g]*. This can be done
in terms of their projections onto t, resp., t'.

The finite-dimensional Lie subalgebras arising from root vectors come in four types
([51, Lemma C.2]):

Lemma 3.5.  For 0 # z, € g¢ the subalgebra gc(,) = span{z,, 2%, [T, 2]} s
o -invariant and of one of the following types:

(A) The abelian type: [v,,25] =0, i.e., gc(za) is two—dz’mensional abelian.
(N) The nilpotent type: [xo,z}] # O and af[za,zl]) =0, d.e., gc(za) is a three-
dimensional Heisenberg algebra.
(S) The simple type: of[xa,xl]) # 0, ie., gc(za) = sl(C). In this case we
distinguish the two cases:
(CS) al[za,z}]) >0, ie., ge(ra) Ng = suy(C), and
(NS) o[za, 23]) <0, dce., go(za) N g = suy1(C) = sh(R).
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Definition 3.6.  We call a root v € A compact if there exists an element z, € g¢
with a([zs,z%]) > 0 and if the corresponding sly(C)-subalgebra ge(z,) acts in a
locally finite way on g&®. Then dim g& = 1 ([44, Prop. 1.6]) and there exists a unique
element o” € it N [gd, gc”] with a(a”) = 2. We write A, C A for the subset of
compact roots. The linear endomorphism

ro:t—t, 1o(7) =2 —a(r)a’ =z + (ia)(x)ia”

is called the corresponding reflection and
W:=W(g,t) = (ro: a € Ag) C GL(%)
is called the Weyl group. [ |

The following proposition provides useful information for the analysis of invariant
cones and orbit projections.

Proposition 3.7.  For z € t, z, € g¢ and X € ¥, the following assertions hold:

Rfa(z)lzy, xa]  for aflre, x3]) <0
]) > 0.

[—1,0]a(z)a for a([za,z

(@) p(eFeerila) — a4 {

REA([z5, za])r for af[za, 23]) <0

ii ¥ eRad*(za—x;)/\ =\
(if) pe( )=+ {[—1,0]/\(ozv)oz for a([zq, x%]) > 0.

Proof. (i) is an immediate consequence of [43, Lemma VII.2.9], and (ii) follows
from (i) and py(N\)(e2d¥z) = A(p(e*@¥x)). ]

Proposition 3.7 easily shows that root vectors of type (A) lead to degeneracies with
respect to invariant convex sets:
Proposition 3.8.  Let 0 # z, € g¢ with [z4,25] =0.

(i) If C C g is an open invariant convexr subset intersecting t, then i(z, + x}) €

lim(C).
(ii) If Oy C g is semi-equicontinuous with B(O))°Nt# 0, then i(z, +17) € Oy .
Note that (ii) implies that semi-equicontinuous coadjoint orbits lie in a proper weak-

x-closed hyperplane.

Proof. (i) Let z € CNt. Then y := z, — z) and z := i(x, + z}) satisfy
(ady)?*zr = 0, so that

Radvy — o + Rz, y] = = + Ria(z)z.

Since a does not vanish on the open subset C'Nt, it follows that £z € lim(C).

(i) Since t N B(O,)° is open, it contains an element x with a(z) # 0. For y, z as
above and p € O, , we now have

p(e** V) = p(x) + Ria(z)p(2).
As Oy(x) is bounded from below, it follows that p(z) =0, and thus z € Of. ]
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To exclude the pathologies described in the preceding proposition, we introduce the
following concept:

Definition 3.9. (a) We say that g has cone potential if type (A) in Lemma 3.5
does not occur, i.e., 0 # z, € g& implies [x,,x5] # 0 ([43, Def. VIL.2.22]).

(b) We call a root o € A non-compact if there exists a non-zero z, € g& with
a([za,zk]) < 0. We write A, C A for the set of non-compact roots. ]

The following theorem shows that, in central aspects, the action of the exponential
T = expt of an elliptic Cartan subalgebra t behaves very much like a compact group.
We may therefore expect that much of the finite-dimensional machinery developed
in [43] carries over.

Theorem 3.10. Let t C g be an elliptic Cartan subalgebra for which there exists
a continuous t-equivariant linear projection py: g — t.

(i) If O # C C g is open invariant and convez, then p(C) = CNt.

(i) If 0 £ C C ¢ is semi-equicontinuous weak-*-closed and convez, then py(C) =
cnt.

Proof. (i) Let T := exp(t) C G be the connected subgroup corresponding to t.
If € g, then the orbit Ad(T)x is finite-dimensional and its closure coincides
with the orbit of a compact torus group 7. Hence Proposition 2.14, applied to the
T-action on finite-dimensional invariant subspaces, implies that p(C N g*&) C C.
As C N g is dense in C, we obtain p(C) € CNt from the continuity of p;.
Since py: g — t is a projection, the summation map t @ ker(p;) — g is a topological
isomorphism, so that p; is also open. Hence p(C) is an open subset of C'Nt.
Lemma A.2(ii) now show that p(C) C C'Nt. The inclusion C'Nt C p(C) is trivial.

(ii) Applying (i) to the open invariant cone B(C')°, we find an element zy € B(C)°Nt.
Then all subsets

Cri={AeC: ANxg) <r}, reR,
are weak-x*-compact ([49, Prop. 6.13]) and Ad(T)-invariant.

Let R: g — (g*8)" denote the restriction map. As C, is weak-*-compact, its image
R(C,) is also weak-*-compact. The action of Ad(T) on E := g¥& satisfies the
assumptions of Proposition 2.17, so that Kakutani’s Theorem implies that, for every
A € C,., the subset conv(Ad(T)’\) contains a fixed point, hence an element of t'.
This implies that py(A) = A|; € C. ]

Combining Theorem 3.10 with Proposition 3.7, we obtain the following two corollar-
ies:

Corollary 3.11. If C C g is an open invariant convex subset, then Cy:= CNt =
p(C) is W-invariant and satisfies

ia(CY) - i]a, 2] CUm(C)  for o[z, 2]) <O0.

a

In particular, if im(C') is pointed and g has cone potential, then iA, C CfU —Cf.
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Corollary 3.12. If C C ¢ is a weak-*-closed convex subset, then Cy := C Nt =
pe(C) is W-invariant with

(Cyilxg, zh]) i Clm(Cy)  for  af[za,zk]) <O0.
If im(Cy) is pointed, then ilx,,xk] € C*U —C*, and i[z,,x)] € C* implies
iov € im(Cy) .

Remark 3.13.  Assume that g has cone potential.

(a) Any open invariant convex cone C' C g intersects t by Theorem 3.10. If C is
pointed, then Corollary 3.11 implies that C specifies a W-invariant positive system
of non-compact roots

AFi={aeAyiaeCi}=AN—iCF  with A, =AFU—-AF.
This in turn defines two cones:
Crin(Ay) = tone({i[za, 73]: 7o € g, € AT}Y),  Cuax(A)) = (i4))". (17)
Corollary 3.11 now entails that
Crnin(A)) € Ct C Cnax(A)). (18)

(b) Suppose that A € t' is such that O, = Ad"(G)\ C ¢’ is semi-equicontinuous and
put Cy := conv(0,) (weak-* closure). We further assume that Oy = {0}. Then
B(0,)" = B(C\)? C g is an open invariant convex cone with B(O,)* = lim(C})
(Lemma 2.9). As in (a), we choose the positive system A such that

iA; = (iA,) N B(Oy)* = (iA,) Nlm(CY)
and obtain the relation
conv(WA) + cone(iA}) C py(conv(O,)). (19)

In Remark 3.17 below we shall see how representation theoretic arguments can be
used to obtain the converse inclusion. In any case we see that

B(O)) Nt C BOWA) N (iA])* = BOVA) N Craax(A)). (20)

In particular, the cone Cpax (A7) needs to have interior points if O, is semi-equicon-
tinuous, and the Weyl group orbit WA C t has to be semi-equicontinuous too. |

Remark 3.14. Let t C g be an elliptic Cartan subalgebra and T := expt.
For a € A, we consider the character y,(expz) := €@ of T and the subgroup
Q C T := Hom(T,T) < t, generated by these characters. We consider Q as a

discrete group, so that R
S:=Q =Hom(Q,T)

is a compact abelian group. The adjoint representation defines a homomorphism

A:T — S, Alexpz)z = eP@

whose range separates the character group S 2 Q and therefore is dense in S ([24,

Thm. 7.64]).
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Each 5 = (sg)gea € S defines an automorphism ¢(s) € Aut(g*€) = Aut(g2%)” by

V(8)To = Xal($)zs for z, € gc

(a) If g = g8, then the topology of pointwise convergence coincides on A(T') with the
product topology induced from S, so that S is the closure of A(T') in the topology
of pointwise convergence. This group preserves all weak-x*-closed Ad(T")-invariant
convex subsets of the algebraic dual (g*%)* (Lemma 2.7).

(b) If g is strictly larger than g%, then it is not clear that all elements of S
act by automorphisms on g. However, in all concrete examples we are aware of,
this is the case. For example if g = u,(#H) and (e;);es is an orthonormal basis,
then t = if?(J,R) is an elliptic Cartan subalgebra of g, and g*& = u(J,C). Here
S = T//T, where T C T’ represents the constant functions J — T. The compact
group S acts continuously on u,(#) (cf. Remark 5.6). ]

3.3. The connection with unitary representations

Unitary representations can provide information on invariant convex subsets through
their momentum sets and support functionals.

Proposition 3.15.  If (m,H) is a unitary representation of G, then
Cri={reg: —ion(z) >0} =1I;

is a closed conver invariant cone in g. If there exists an element ¢ € g with
or(c) =il and m is semibounded, then C; has interior points.

Proof.  The definition of the momentum set (Subsection 3.1) implies that C, = I,
so that the Ad(G)-invariance of I, implies that the closed convex cone C; is also
invariant.

For the second assertion, suppose that s, < m on an open subset U C g. Then

—mc + U C C; shows that C has interior points. ]
Remark 3.16. (Connections with Lie supergroups) For a unitary representa-
tion of a (possible infinite-dimensional) Lie superalgebra g = g5 @ g7, we have

—idm(z)? > 0 for odd elements z € g7 ([57]). Therefore
Cr:={x €gy: —iom(x) >0}

is a closed convex invariant cone in the even part gz which contains all brackets [z, z],
x € g7. In many situations this cone has interior points, so that a classification
of open invariant cones in gy is of central importance to understand the unitary
representations of the Lie superalgebra g ([5], [60]). ]

Remark 3.17. (a) Let ¢«: H — G be an injective morphism of connected Lie
groups and identify h by the tangent map L(¢) with a Lie subalgebra of g. If (7, H)
is a semibounded unitary representation for which there exists an xy € b N B(I,)°,
then 7|y is a semibounded representation of H with momentum set

Loy = ILnls.

If the spectrum of the restriction 7|y is known, this representation theoretic infor-
mation can be used to derive information on the momentum set I, and on coadjoint
G-orbits (see [53, 55] for examples).
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In particular, we obtain for every A € I, the relation
Only € Iny- (21)

(b) If H is abelian, then every semibounded representation (7, H) of H is given
by a spectral measure P on b’ ([49, §7]) and I, = conv(supp(P)), so that, in the
context of (a),

Oxly € T (supp(r]n)). (22)

This information is particularly useful if one has explicit information on the spectrum
of 7T‘H . |

Examples 3.18. An important special case arises for H = T = exp(t), t an
elliptic Cartan subalgebra, if 7|7 is a direct sum of weight spaces

Hiu(t) ={veH: (Ve et)dn(z)v = ip(z)v}, pePr:={vet:H,(t)#{0}}.
If conv (supp(w|r)) = conv(WA)  for a weight X €t (23)

then we obtain from (22) O, C conv(WA). (24)
This situation arises in particular if:
(a) A = Ay, gc = g(aclg is a locally finite Lie algebra, and m, is a unitary
representation with extremal weight i\ ([41], [46, §3]).

(b) g = g*8 is a unitary real form of the Kac-Moody Lie algebra gc, i.e., all
root vectors are of type (N) or (CS), and 7, is a unitary representation with
highest weight i\ with respect to some positive system AT ([30, Ch. 11]).
These representations exists if and only if iA(&) € Ny for all simple roots
ae ;.

(c) g = g™ is a unitary form of a locally affine Lie algebra gc and 7y is a unitary
representation with extremal weight ¢\ not vanishing in the central element c
(see [52, Thms. 4.10/11] for details). These Lie algebras arise in particular as
dense subalgebras of twisted loop algebras L (tc) (see Subsection 7.3).

In all these cases, combining (24) with the trivial inclusion WA C O, Nt C py(O,)
leads to
pe(conv (O, )) = conv(WN) (25)

for the extremal weight ¢\ of the unitary representation 7. ]

Example 3.19. If g = g*® is locally finite and not all roots are compact, then
the situation is more complicated. For the corresponding unitary highest weight
representations m (see [45] for a classification) we obtain under the assumption that
7y has discrete kernel that

conv(Pr, ) = conv(WA) + i cone(A)), (26)

which leads to py(conv(0y)) = conv(WA) +icone(Ar). (27)

Problem 3.20. We define a quasi-order on g’ by
p=<Ax if conv(0,) Cconv(O,)

and say that \ majorizes p if p < A.
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(P6) Let t C g be an elliptic Cartan subalgebra. Give an explicit description of the
quasi-order < on t' C g¢'.

If all roots are compact, this this is closely related to the order relation
p=<w A if  conv(Wpu) C conv(W).

See Example 5.3, Remark 5.4, Remark 5.6 and Problem 5.7 for related issues. [ |

4. Finite-dimensional Lie algebras

In this section we recall the key results on invariant convex cones in finite-dimensional
Lie algebras.

4.1. Compact Lie algebras

The best behaved examples are compact Lie algebras g, i.e., Lie algebras of a compact
Lie group G. Then g is finite-dimensional and carries an Ad(G)-invariant scalar
product k. The map g — ¢,z — z* := k(z,-) is a G-equivariant equivalence
between adjoint and coadjoint representation. Moreover, every x is an extreme
point of conv(O,) because the orbit lies in a euclidean sphere.

We collect the main results in the following theorem:

Theorem 4.1. Let g be a compact Lie algebra, t C g be mazximal abelian and
pe: @ — t be the projection along [t,g]. Then the following assertions hold:

(i) Ewvery adjoint orbit O, = Ad(G)x C g intersects t in an orbit of the Weyl
group W, which is a finite Cozeter group.

(i) p(O,) = conv(Wz) for x € t (Kostant’s Convexity Theorem).

(iii) The map C +— C Nt defines a bijection from Ad(G)-invariant open/closed
convex subsets of g to W -invariant open/closed convex subsets of t.

(iv) For x € t, the cone L,(conv Wz) (Definition 2.13) is generated by the elements
—a(z)a’, a € Ag, t).

(v) If X([z,y]) = 0 and X[y, [y, z]]) > 0 hold for ally € g, then A(z) = min \(O,,).

Proof. (i) [19, Thm. 12.2.2, Lemma 12.2.16]; (ii) is contained in [32], and (iii) in
[40, Thm. I11.17].

(iv) follows from the fact that W is a finite Coxeter group with 7 = t and [22,
Thm. 2.7] (see also Theorem 2.25).

(v) For z* = k(z,-), the first part of condition (pos) leads to [z, z] = 0 so that both
lie in a maximal abelian subalgebra t, and the second part of (pos) can be analyzed
in terms of the root decomposition (Definition 3.3) which implies (v). [

Assertions (iii) and (iv) in Theorem 4.1 are the key to a complete classification of
convex W-invariant subsets of t and Ad(G)-invariant convex subsets of g, carried
out in [40, 43].
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Example 4.2. For G = U,(C) and g = u,(C), we chose the subspace t = {R"
of diagonal matrices as an elliptic Cartan subalgebra and
Dt U.n<(C) — Z]Rna pt(x) = diag(xlla s 7xnn)

is the corresponding projection. If x = diag(\i,...,\,) € t, then the adjoint
orbit O, := {gzg': g € U,(C)} is the set of all skew-hermitian matrices with

the eigenvalues {\1,..., A\, }, and the Schur-Horn Convexity Theorem asserts that
p(Oy) = conv({(Ao(1), - - s Ao(n)): 0 € Sp}) = conv(S,.\) (28)
is the convex hull of the orbit of  under the symmetric group S, = W. [

Remark 4.3. For a compact Lie algebra g, Proposition 2.14 implies in particular
that every open invariant cone 2 C g intersects the center 3(g). In particular, g
contains no non-trivial open invariant cones if 3(g) = {0}, i.e., if g is semisimple. If,
conversely, 0 # z € 3(g), then there exist open convex Ad(G)-invariant neighbor-
hoods U of z not containing 0, and then  := J,.,tU is a proper open invariant
cone (cf. Lemma A.5(b)). [

4.2. Non-compact finite-dimensional Lie algebras

In this subsection we assume that g is finite-dimensional and that t C g is a
compactly embedded (=elliptic) Cartan subalgebra. The existence of t is ensured by
the assumption that the subset g, C ¢’ of functionals A\ with semi-equicontinuous
orbit O, separates the points of g ([43, Thm. VII.3.28]). If G is a connected Lie
group with g = L(G), then we write T" = exp(t) for the subgroup corresponding
to t.

For A € ¥, the orbit O, C g’ is semi-equicontinuous if and only if it is admissible
in the sense of [43] because it is automatically closed ([43, Thm. VIIL.1.8]). The
Lie algebra g is said to be quasihermitian if 34(3(€)) = € holds for the compact Lie
subalgebra € with €c = tc + > 5, 8¢ This condition is always satisfied if g’ is
generated by semi-equicontinuous orbits ([43, Thm. VIL.3.28]).

Theorem 4.4. (Convexity theorem for semi-equicontinuous orbits — finite-dim. case)
Suppose that g is quasihermitian. For X\ € t, the coadjoint orbit Oy is semi-
equicontinuous if and only if there exists a W -invariant positive system A;j with
S Cmin(A;)*, and then py(O,) is convexr with

pe(Ox) € conv(WA) + cone(iA)). (29)
If, in addition, Oy = {0}, then equality holds in (29).

Proof.  The first part and (29) follow from [43, Def. VII.2.6, Thm. VIII.1.19]. If
O, spans ¢, then (19) in Remark 3.13(b) implies equality in (29). ]

For adjoint orbits we have ([43, Thm. VIII.1.36]):

Theorem 4.5. (Convexity theorem for adjoint orbits — finite-dimensional case)
Suppose that g is finite-dimensional and t C g s an elliptic Cartan subalgebra. If
A; is a W-invariant positive system of non-compact roots, then

p(Oz) € conv(Wz) 4 Couin(4))  for € Crax.
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These convexity theorems lead to complete information on invariant convex subsets
(cf. Remark 3.17(c)). The main tool is the action of the finite Coxeter group
W = W(g,t), and the determination of the cones Ciux(A)) for the different WW-
invariant positive systems in A,,.

Remark 4.6. (a) If A € ¢’ is contained in the algebraic interior of an invariant
semi-equicontinuous subset C' C ¢’, i.e., C' — X is absorbing in the linear space
C'—C () is strictly admissible in the terminology of [43]), then O, intersects t' ([43,
Thm. VIIL.1.8, Lemma VIII.1.27]), conv(O,) is closed and O, = Ext(conv(O,)) is
the set of its extreme points ([43, Prop. VIIL.1.30]). Not every coadjoint orbit in gi.,
intersects t' = [t, g]*, as the nilpotent orbits in g = sly(R) show.

(b) For every irreducible semibounded representation (7, H), there exists a A € ¢ =
[t, g]* such that the set Ext([,) of extreme points of I is a single coadjoint orbit O,
and I, = conv(O,) ([43, Thm. X.4.1]). Further H decomposes into weight spaces
Hio(T), a € ¥'. The corresponding weight set P, C ¢ has the property that

Ori = conv(P,) and A € Ext(conv(P,)),

i.e., A is an extremal weight (cf. Example 3.19). ]

In the finite-dimensional context, many convexity theorems have been proved by
symplectic techniques using convexity properties of momentum maps. We do not
expect this to work in the infinite-dimensional context, where we are mostly inter-
ested in inclusions such as in (24) or (29) and not in equalities (see in particular
[7, 6]). We therefore put a stronger emphasis on functional analytic arguments using
convex sets.

5. Infinite-dimensional Lie algebras

For infinite-dimensional Lie algebras, only very particular results concerning prob-
lems (P1-6) are known. They show certain common patterns, but so far no system-
atic theory has been developed to create a unifying picture. We now briefly discuss
several classes of infinite-dimensional Lie algebras and their invariant convex cones.

5.1. Nilpotent and 2-step solvable Lie algebras

If v € g satisfies (adz)? = 0, then Ad*(exptz)\ = Aoe % = X\ —¢t(Aoadx)
for A € g’ shows that the orbits of the corresponding one-parameter group in g’ are
either trivial of affine lines. If O, is semi-equicontinuous, the orbit must be trivial
(cf. Proposition 3.8). A closer inspection of this simple observation leads to:

Theorem 5.1.  Suppose that g is either nilpotent or 2-step solvable, i.e., [g,g] is
abelian. Then g, C [g, g, i.e., all semi-equicontinuous coadjoint orbits are trivial.
If there exists a pointed invariant cone W C g with non-empty interior, then g is
abelian.

Proof.  The first assertion follows from [61, Thm. 1.5]. For the second assertion,
we note that W* C ggeq, and since W is pointed, W* separates the points of g. As
the coadjoint action is trivial on g, the adjoint action on g must be trivial as well.
This means that g is abelian. |
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5.2. Oscillator algebras

In ([61, Thms. 2.8, 3.2, Prop. 3.4]), we determine all semi-equicontinuous coadjoint
orbits in oscillator algebras, i.e., double extensions g = g(V,w, D) = (R, V) xpR of
an abelian Lie algebra V', where (V,w) is a symplectic vector space and D € sp(V, w)
(Definition 3.1):

Theorem 5.2.  For an oscillator algebra, the following are equivalent:

(i) geq 7 0.

(i) q(z,y) = w(Dx,y) or w(z,Dy) is positive definite, all functionals i,w =
w(x,-) are q-continuous, and the corresponding quadratic form x — ||izw||2 is
continuous.

(iii) g is a Lorentzian double extension g(V, k, D) of a locally conver euclidean vec-
tor space (V, k) on which D is a k-skew-symmetric derivation and w(v,w) =
k(v, Dw).

If these conditions are satisfied, then \ = (2", a,t*) € gl., if and only if z* # 0 and
a|pwy is k-bounded. If, in addition, D(V') is dense in V', then the r-boundedness
of a on D(V') implies its k-boundedness.

5.3. Kac-Moody Lie algebras

In [31, Thm. 2(b)] Kac and Peterson generalized Kostant’s Convexity Theorem to
symmetrizable Kac-Moody algebras, and this implies the Atiyah-Pressley Convexity
Theorem for loop groups [4, Thm. 1]. Concretely, let t C g be an elliptic Cartan
subalgebra such that g = g8, g¢ is a symmetrizable Kac-Moody algebra, and all
root vectors are of type (N) or (CS) (cf. Lemma 3.5), i.e., g is a unitary real form of
gc. For every element « in the Tits cone 7 C t (Subsection 2.3), it asserts that

p(O,) = convWz) for z€eT,

where W = W(g, t) is a finitely generated Coxeter group (Definition 3.6, [30, Ch. 6]).
This result applies in particular to twisted loop algebras with finite-dimensional
compact target groups (cf. Subsection 7.3).

Since g carries a non-degenerate invariant symmetric bilinear form, we likewise
obtain for coadjoint orbits Oy, A € T’ (the Tits cone in t'), that

pe(Oy) = conv(WA)  for Ae T

We now sketch a rather general representation theoretic argument that provides
the inclusion “C7” of this convexity theorem. If A\ € t is dominant integral, i.e.,
iXNaY) € Ny for all simple roots « € II, then it is a highest weight of a unitary
representation (my, Hy) (see [31]), so that the discussion in Example 3.18(b) implies
that

pe(Oy) Cconv(WA) C A + i cone(I). (30)

Approximating general elements A € 7' by positive multiples of integral ones, we
see that (30) holds for every A € (T77)°. The Convexity Theorem for Coxeter groups,
combined with Lemma 2.22, now yields

pe(0x) € T'0 (1) w(A + i cone(IT)) = conv(WA). (31)
weWw



NEEB 539

5.4. Lie algebras of vector fields

In this subsection we briefly comment on two results on Lie algebras of vector fields.

Vector fields on the circle. Let g = V(S') = C>(S!)9y be the Lie algebra of
smooth vector fields on the circle S' 2 R/Z, where d := % denotes the generator
of the right rotations. Then

W::{f%:f>0}

is an open invariant cone and +W are the only open invariant cones in this Lie
algebra. Based on this observation and a specific Convexity Theorem, we classify in
[51, §8] all semi-equicontinuous coadjoint orbits of the Virasoro algebra and the Lie
algebra V(S') of smooth vector fields on the circle. Here Lemma A.15 applies with
d as above. It implies that +W are the only proper open invariant cones in V(S')
([61, Thm. 8.3]) and W* U —W* is the set of semi-equicontinuous coadjoint orbits
([51, Prop. 8.4]).

In the Virasoro algebra vit, a central extension vit = Rc @, V(S!), the situation
is more complicated. Here the open invariant cones are classified by a sign and an
angle between 7/2 and 7 ([51, Thm. 8.15]).

The diffeomorphism group of an annulus. In [7, 6] a convexity theorem for
the diffeomorphism group of the annulus M := [0,1] x S! is obtained. Here g is the
corresponding Lie algebra of smooth functions with the Poisson bracket and t C g
is the abelian subalgebra of radial functions f(r,6) = f(r). In this context several
completion procedures are required to identify the natural generalization of the Weyl
group, which in this context leads to the semigroup W of measure preserving maps
on [0, 1] and the closed convex hulls of its orbits in L'([0,1]) ([10], [73, 74]); see also
Problem 5.7). This exhibits an interesting analogy with the situation discussed in
Remark 5.6 below, where we show that the monoid Isom(H) acts on orbit closures
in the dual spaces u,(H)" and u(H)’.

5.5. Unitary Lie algebras

The full unitary Lie algebra of a Hilbert space. Let H be a complex Hilbert
space with an orthonormal basis (e;);cs, so that H = ¢*(J,C). For the full unitary
group G = U(H), a generalization of the Schur-Horn Theorem (Example 4.2) was
obtained by A. Neumann [62, 66]. We write t = /*(J,R) C g = u(H) for the
subalgebra of diagonal operators with respect to the orthonormal basis. Although it
is maximal abelian, it is not an elliptic Cartan subalgebra in the sense of Definition 3.3
because the subalgebra g is not dense in g with respect to the operator norm.
Nevertheless, we have a natural projection on diagonal matrices:

pew(H) =t pi(x); = (ej, wey).

The permutation group S, naturally acts on H by oe; := e,(;), normalizing t, which
gives rise to a big Weyl group W = S; C GL(t). Neumann’s result asserts that

(a) p(O,) =conv(Sx) for z € t.

(b) Every open or closed invariant subset 2 C u(H) is determined by the S,-
invariant open subset Q Nt (see [64, Thm. 4.33] for closed subsets and use
Lemma A.4 for open ones).
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If € u(H) is not diagonalizable, then Neumann also describes p(O,) in terms of
the essential spectrum of x. The norm continuous unitary representations (7 )xen of
U(H) on the spaces A*(H) provide a sequence of invariant convex functions by their
support functionals s,, (see (1) in the introduction). To evaluate these functionals
on diagonal operators, we observe that the restrictions of 7, to the diagonal subgroup
T is diagonalizable with the weights

Tp = ij, where F C J |F|=Fk, z;:= (e;,xe;).
jeF
For x € (*(J,R) and the corresponding element diag(x) € it, we then have

sk() = sq,(—idiag(x)) = sup{ep: F C J,|F| = k}. (32)

Neumann then shows that, if J is countable, then the support functionals s, suffice
to determine closed convex hulls of adjoint orbits ([64, Thm. 4.37], [62, Prop. 2.8]):

conv(0,) ={y € u(H): (Vk €N) 55, (y) < 57, (2), Sr(—Y) < 87 (=)} (33)
conv(Syx) = {y € (°(J,R): (Vk € N) sp(y) < sp(x), sp(—y) < sp(—z)}. (34)

Example 5.3. If H = C", then we likewise obtain finitely many invariant convex
functions si,k =1,...,n, on R", such that

conv(S,x) ={y € R": sp(y) < sp(x),k=1,...,n—1;8,(y) = sp(x)}.

If x is decreasing, then si(z) = x1+- - -+, so that one obtains the classical Hardy-
Littlewoord-Pélya inequalities describing convex hulls of S,,-orbits in R"™ (cf. (28),
[73]). This idea is fundamental in Neumann’s generalization of the Schur-Horn-
Kostant Theorem to the pair (g,t) = (u(#H),il>(J,R)). |

Remark 5.4. Each s; extends by the same formula to a lower semicontinuous
function s;: R — (—o00,00] on the full space of real-valued functions on J. These
functions are invariant under the full permutation group S;. If F' C J is a k-element
subset, then

sp(A) = sup(A, Syep) = sup(A, Spep)  for  ep:= Zep e RY) = (RY.
jEF
It is easy to see that sx(A) < oo if and only if A is bounded from above. Accordingly,
sk(£A) < 0o is equivalent to the boundedness of A\, and by Proposition 2.18 this is
equivalent to the (semi-)equicontinuity of S(jA, resp., S;A. [

Neumann also generalized Kostant’s Convexity Theorem to the full orthogonal and
symplectic Lie algebras of bounded operators. We refer to [66] for details.

From Proposition 2.18(a) one derives in particular that every open invariant cone
in u(H) intersects the center i1 ([53, Thm. 5.6], see also Remark 4.3) and that,
for a real Hilbert space H of dimension > 2 and a quaternionic Hilbert space H,
all open invariant cones in o(#), resp., ug(H) are trivial. These are interesting
analogs of the corresponding observations concerning the finite-dimensional compact
Lie algebras u,(K).
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Unitary Lie algebras of compact operators. One may also consider the the
unitary Banach-Lie groups U,(#), 1 < p < oo, whose Lie algebras are the Banach
spaces 1, (H) of skew-hermitian operators of Schatten class p with ||z, = tr(|z|?)/?.
For these Lie algebras we have:

Proposition 5.5. If H is an infinite-dimensional complex Hilbert space, then
3(uy(H)) = {0}, and u,(H) contains non-trivial open invariant cones if and only if

p=1.

Proof. That 3(u,(#H)) = {0} follows from the fact that any operator commuting
with all rank-one operators is a multiple of 1, which is not a compact operator.

For p = 1, the trace functional is continuous, hence defines an invariant open half
space. To obtain a pointed cone, consider the subset

A= {x € Hermy(H): = > 0,trz = 1}

which is bounded, || - ||;-closed, convex and U(H)-invariant, and its distance from 0
is 1. Hence Lemma A.5(b) applies to any open convex set of the form € := A+ B,.(0),
0 <r < 1, and shows that R is a pointed open invariant cone.

For 1 < p < oo, let 2 C u,(#H) be an open invariant cone. Intersecting with
diagonal operators with respect to an orthonormal basis, we obtain an open cone
W C (P(J,R), invariant under the action of the group S, of finite permutations.
To see that 0 € W, it suffices to assume that J = N. As W is open, it contains an
element = with finite support in N. For every y € /?(N) with finite support disjoint
from supp(z), there exists an ¢ > 0 with x+ey € W. For k € N, pick permutations
o1,...,0, € S fixing all elements in supp(y), and for which the subsets o;(supp x)
are mutually disjoint. Then

k
1
ﬂ_Lgy-q-%ZaijW and kHZU] H k;||x||p)1/p k= 1+p||90||p,

J=1

and this expression converges to 0 for & — co. This implies that +y € W. By
permutation invariance, it follows that H (W) contains all elements of finite support,
and hence that W = ¢?(N). This in turn implies W = ¢?(N) (Lemma A.2).

For p = oo we argue similarly with %H Z§:1 ijHoo < % u
Remark 5.6. (a) The Banach-Lie algebras u,(H) exhibit an interesting infinite-
dimensional feature, namely that the unitary group U(H)s, i.e., the group U(H),
endowed with the strong operator topology, acts on these Lie algebras by conjugation

as automorphisms:
Ad: UH)s x uy(H) = uy(H), (9, X) = gXg ',

and this action by isometries is continuous. As the subgroup U,(H) is dense in
U(H)s, the subgroup Ad(U,(H)) € L(u,(H)) is dense in Ad(U(H)). By Lemma 2.7,
it follows that every weak-*-closed convex subset C' C u,(#H)" is Ad(U(#))’ -invariant
and thus, by the Duality Theorem 2.4, also every open invariant cone, and further
every continuous positively homogeneous convex function on such a cone.
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(b) One can even go one step further by observing that the closure of U(#) in the
space L(H) with respect to the strong operator topology is the monoid

Isom(H) ={Ae L(H): AAA=1}

of isometries.? This monoid also acts continuously on u,(H) by Lie algebra endo-
morphisms via

Ad(g)X = gXg,

and this action by contractions is continuous with respect to the strong operator
topology on Isom(#). Here we use that

gXYg" =9gXg*'gYg for g€ Isom(H).

The same argument as under (a) now shows that every Ad(U,(#))-invariant weak-
x-closed convex subset of u,(H) is invariant under Isom(H).

If H=L*X,&,u), then each G-measurable map ¢: X — X with o, = p defines
an isometry on . Hence this monoid acts in particular by the adjoint action on
u,(H) (cf. Subsection 5.4 and Remark 5.8 below). If X is finite and non-atomic, [10,
Thm. 5] implies that the strong closure of the group of invertible measure preserving
transformations is the monoid of measure preserving transformations.

(c) On the level of diagonal matrices, we have the action of the Weyl group W = Sy
on (P(J,R), and this action extends to a continuous action of the monoid Inj(J)
that has the same invariant weak-x*-closed convex subsets in ¢7(J,R)" = (9(J,R),
where p and ¢ are related by p~* 4+ ¢! = 1. In particular, S¢; and the much
larger monoid Inj(.JJ) have the same open invariant cones and the same invariant
lower semicontinuous positively homogeneous convex functions on u,(#). Note that
Inj(J) corresponds to the measure preserving maps on J for & = 27 and the counting
measure p1 =) . ;0;. m

Problem 5.7.  Suppose that u is o-finite, so that L>(X, S, u) is the dual space
of LY(X, &, ). Is it possible to describe the weak-*-closures of orbits of the group
I' = Meas(X, 6, i) of (measurably invertible) measure preserving transformations
in L*(X,8,u)? Note that, for every E € & of finite measure, we obtain a lower
semicontinuous invariant convex function by

sp(f) = sup/ fdp.
el J~(E)

For the special case where X is countable, & = 2% and it is the counting measure,

this specializes to the situation of A. Neumann’s Theorem as in (34). n

Remark 5.8. In [73, 74] J.V. Ryff studies the case X = (0,1), endowed with
Lebesgue measure pu. We write M for the monoid of measure preserving trans-
formations of (0,1). For every function f € L'(0,1), the probability measure f,u
defines a right-continuous decreasing function

[0, =R, f(s) = sup{y € R: u({f > y}) > s}

2 Since each A € Isom(#) is determined by the orthonormal family f; := Ae; and we may
w.l.o.g. assume that f; = e,(;) for an injection o: J — J, the density of U(#) in Isom(#) follows
from the density of the monoid Inj(.J) of injections in the group S; = Bij(J) of all bijections with

respect to the topology of pointwise convergence.
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with the property that f* € L'(0,1) with

/OSfS/OSf* for 0<s<1 and /Olf:/olf*. (35)

For f,g € L'(0,1), we define g < f (f majorizes g) if

/Osg*g/osf* for 0<s<1 and /Olf:/olf*. (36)

For each f € L'(0,1), the set Q(f) := {g € L'0,1): g < f} of all functions
majorized by f then has the following properties:

o It is a weakly compact convex subset of L'(0,1) ([73, Thms. 2,3]).

o Ext(f) =M.f*={foo: 0 € M} is the set of all functions equimeasurable
with f (i.e., f* = ¢*), in particular Q(f) = Q(f*) ([73, Thm. 1], [74, Thm. 1]).

We thus obtain Q(f) =conv(M.f),
and that this set is characterized by the generalizations of the Hardy-Littlewood-
Pélya inequalities given by (36). n

Operator algebras. In the context of operator algebras, results resembling those for
the full unitary group have been obtained recently for type II factors and projections
of unitary orbits onto maximal abelian subalgebras [1, 2]. See also [16] for a general
analysis of closed convex hulls of unitary orbits in von Neumann algebras. In this
context one encounters maximal abelian subalgebras

tCg=u(d) ={redA: z"=—x}

of the type L>®(X, &, ) and “Weyl groups” acting by measure preserving transfor-
mations on this space (see Problem 5.7).

In a C*-algebra A one often considers abelian subalgebras 7 C A and a continuous
contraction E: A — T (a conditional expectation), i.e., a map preserving positivity
and satisfying the equivariance condition

E(DlADQ) = DlE(A)DQ for Ae ./4, Dl, D2 S T

Let Ox = {UXU*: U € U(A)} denote the adjoint orbit of X = —X* € u(A). If
E: A — T is a conditional expectation, then we expect a relation of the type

E(conv(Oyx)) =conv(WX) for X eT,

where W C GL(T) is an analog of the Weyl group.

Example 5.9. A particularly important example is the surjective conditional
expectation E: M — Z(M) of a W*-algebra M with values in its center (cf. [75]).
In this case the action of W is trivial and

{E(X)} = E(conv(Ox)) = conv(Ox) N Z(M),

so that the convexity theorem holds in a trivial way.
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The situation becomes more interesting if we project onto a maximal abelian subal-
gebra which is not central; see [1, 2| for type II algebras. In this context one obtains
interesting generalizations of the convex functionals s,, from (32). Using a finite
trace 7, one obtains the U(.A)-invariant continuous convex/concave functionals (]2,
§4]):

Ui(a) := sup{r(ap): p* =p = p", 7(p) = t},

Li(a) := inf{7(ap): p* =p =p*,7(p) = t}, t>0. [

Remark 5.10. If M isavon Neumann algebra of operators on a separable Hilbert
space and T C M maximal abelian, then 7 = L*>°(X, &, 1) for a finite measure p,
with predual 7, = Ll(X ,6, ). The majorization order on real functions in 7, is

expected to have natural connections with the theory of decreasing rearrangements
(cf. Remark 5.8). ]

5.6. Projective limits
Let g = lim g; be a projective limit of locally convex Lie algebras g; and W C g an
—

open invariant cone ([23]). If x € W, then W — z is a 0-neighborhood in g, hence
contains the kernel of a projection p;: g — g;. This implies that « + kerp; C W,
so that kerp; € H(W) (Lemma 2.9(iii)). Therefore W is the inverse image of an
open invariant cone in one of the Lie algebras g;. In particular, projective limits
with non-injective connecting maps never contain pointed open invariant cones.

6. Direct limits

In this section we describe some special features of direct limit Lie algebras, first in
the context of root decompositions and then for more general situations.

6.1. Direct limits of finite-dimensional Lie algebras

First we consider the case, where t C g is an elliptic Cartan subalgebra and g =
g8 is locally finite, i.e., every finite subset of g generates a finite-dimensional Lie
subalgebra. Then g is the union of subalgebras gr with

grc = tc + Z a%c Arp C A finite , dim gf ¢ < o00.

a€EAR

As A% C t¢ is of finite codimension, these subalgebras can be analyzed with the
methods from [43], outlined in Section 4.

Examples 6.1. (a) A particularly interesting case arises for A = Ay, i.e., when
all roots are compact. One can show that the simple locally finite Lie algebras of
this type are su(J,C) and u(J,K), K = R, H, for an infinite set J (see [78], [53] for
details).
Let A € t'. Applying Kostant’s Convexity Theorem (Theorem 4.1(ii)) to the subal-
gebras g, it follows that

pe(Oy) = conv(WN).

If O, is semi-equicontinuous, the relation g = Ad(G)t implies that B(O,)° inter-
sects t, so that WA C t' is also semi-equicontinuous (Remark 3.13(b)).
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If g is one of the three infinite-dimensional Lie algebras u(J,K), K = R,C,H,
Lemma 6.2 below implies that WA is semi-equicontinuous if and only if A(AY) is
bounded.

(b) If not all roots are compact, then g =€ @ p with

te=tc+ > o2 and pc= ) g2
a€Ay aclp
The semi-equicontinuity of Oy for A € t' implies in particular that OF := Ad'(K)A
is semi-equicontinuous. If € is a direct sum of a center and finitely many simple
summands, then Lemma 6.2 easily implies that O is semi-equicontinuous if and
only if A(AY) is bounded. Here a key point is that the W-action on Ay has only
finitely many orbits.

A typical examples is the real form g = u(Jy,J5,C) C gc = gl(J,C), where
J = JiUJy. Then t = iRY) and the Weyl group is W = S(;,) X S € Sy,
acting by permutations. Up to sign, the only W-invariant positive system of non-
compact roots is

A;— = {€j — &k ] c Jl, k e JQ}, so that Cmax(A;_> = {ZZL’ JI|J2 < ZL”Jl}.
If J; and Js are both infinite, we obtain the cone
CmaX(A;—) ={—iz: 2[5, <0< 2|y},
which has no interior points. [ |

Lemma 6.2. For g =u(J,K), K=R,C,H and an elliptic Cartan subalgebra t
obtained from a root decomposition of gc, the following are equivalent for \ € t :
i) O, C ¢ is semi-equicontinuous.

11

~—

O, C ¢ is equicontinuous.

iv) WA Ct is equicontinuous.
v)  A(AY) is bounded.

(
(
(iii) WA Ct is semi-equicontinuous.
(
(

Proof. The equivalences of (i) and (iii) and of (ii) and (iv) follow easily from
Kostant’s Convexity Theorem because g = Ad(G)t (cf. Examples 6.1(a) and The-
orem 4.1). For a suitably chosen set J', we can identify t with iRU) and then
W contains the subgroup S(;) of finite permutations on J' and the elements
e; —eg,j # k€ J', are coroots.

If WA is semi-equicontinuous, then Proposition 2.18(c) implies that A € ¢ = iR’
is bounded. This implies (v) and from the concrete description of the Weyl group
in all cases, we immediately see that WA is equicontinuous. That (v) implies (iv)
follows easily from the fact that by evaluating A on the coroots e; — ey, it follows
that A is bounded. [ |

6.2. Direct limits of compact Lie algebras

In this subsection we assume that A = A;. We have already seen in Example 6.1(a)
that, for g = u(J,K), any A € ¥ = R’ corresponding to a semi-equicontinuous
coadjoint orbit is bounded.
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This is reflected by the following proposition, which represents the information we
have on g itself. The convex subset

By := conv(iAY U —iAY) C t

is symmetric and invariant under the Weyl group W. Since it is also generating,
Kostant’s Convexity Theorem (Theorem 4.1(ii)), applied to finite-dimensional sub-
algebras, implies that B := Ad(K)B; is a symmetric convex invariant generating
subset with B Nt = B;. Therefore

||| max := inf{t > 0: x € tB}

is an invariant norm on g with [|ia¥||max < 1 for each a € A. The following lemma
shows that || - ||max 1S @ maximal invariant norm.

Proposition 6.3. If g is sl(J,C) or uw(J,K) for K = R H, and || - || is an
invariant norm on g, then

c:=sup llia’]| <oo and ||z| < c||rl|max  for all x € g.
a€A

Proof. Since g is simple, there exists at most two W-orbits in A and « and f
lie in the same orbit if and only if [|a| = ||5| ([25, §10.4, Lemma C]). This shows
that c is finite.

As every element = € g is conjugate under G to an element of t (Theorem 4.1), it
suffices to consider elements = € t. Then [|y||max < 1 implies ||y|| < ¢. We conclude

that ||| < ¢l - [lmax- u

Example 6.4. To determine the maximal norm || - ||,ax more explicitly, we
consider a set J and the simple Lie algebra gc = sl(.J, C) endowed with its canonical
involution z* =", so that g = su(J,C) := {x € sI(J,C): 2* = —x}.

Let Eij = (60,0)k0es € C7*7 be the matrix with one entry 1 in the position (i, j).
For a = ¢; —¢; we have oY = Ej; — Ej; and |[ia”||; = 2, where || - ||; is the trace
norm. We claim that ||z||; = 2||2||max on all of g. Since all coroots are conjugate
under the Weyl group W = S, Prop. 6.3 shows that [|z|[; < 2||2|max for all z € g.

If J is an infinite set, then one readily verifies that the extreme points of the set
S = {xER("): S =0, |y §2} (37)
J J

consist of the points of the form e; —e;, i # j. In fact, if © = (2;);e; € S has two
positive entries z; and z;, then 0 < z;,z; < 2 implies the existence of an € > 0 such

that ||z||; = ||z +t(e; —e;)][1 =2 for |t| < e, so that it cannot be an extreme point.
Therefore at most one entry x; is positive, and likewise one entry z; is negative.
From z; = —z; we conclude that z; =1 = —x;, i.e., x = ¢; — ¢;. Therefore

S =conv{e; —e;: i # j}.

Letting J be arbitrary, this argument still shows that 2||z||max = ||z||1 for = € ¢,
hence for = € g. [ |
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Corollary 6.5. If g is su(J,C) or u(J,K) for K € {R,C,H} and an infinite
set J, then the following assertions hold:

(i) For every invariant norm || - || on g, there exists a C' > 0 with ||z| < C||z|1,
where ||x||1 = tr(|x|) denotes the trace norm.

(ii) For H := (*(J,K), every norm-continuous representation p: g — L(E) on
a Banach space E extends to a representation of the Banach-Lie algebra
completion suy(H) for g =su(J,C), and to u1(H) for g =u(J,K).

(iii) Every Ad(G)-invariant convex subset of g which is open with respect to the
finest locally convex topology is also open with respect to || - ||1.

Proof. (i) follows from Proposition 6.3 for the case where g is simple. For
g =u(J,C) we write g = su(J,C) x R and observe that the open || - ||-unit ball B
intersects su(J,C) in a || - ||;-open subset. Since su(J,C) has finite codimension,
B contains a || - ||;-ball, and this implies (i).

(ii) follows from (i).

(iii) First we assume that g # u(J,C), so that g is simple. Let 2 C g be an
invariant convex subset which is open for the finest locally convex topology on g,
i.e., 2 — x( is absorbing for each zy € 2. Since g is a union of simple compact
Lie algebras gr, F C J finite, we have gr N Q # () for such a subset F'. Then
0 #£QnN3(gr) C {0} (Remark 4.3) shows that 0 € Q. Hence Q2 N — is the open
unit ball for an invariant norm, hence contains an interior point with respect to || - ||;
and is therefore || - |[;-open by Lemma A.7.

Now we consider the case g = u(J,C). Using Konstant’s Convexity Theorem, we
have to show that every S -invariant open convex subset of R() in ¢'-open, resp.,
contains an ¢'-inner point (Lemma A.7). As in the proof of Proposition 2.18(b), we
find a finite subset F' C J and a # 0 with xy := aep € 2. Then ) — z( is an open
0-neighborhood invariant under the group S(; ). This implies that (Q—z0) R \F)
is || - ||1-open because it contains the Sy r)-orbit of some element of the form e; —ey,
j#k € J\F (Lemma A.7). As RU\) has finite codimension in R it follows
that € is also open with respect to || - [|1. n

The maximal invariant norm || ||max on g leads to a to a minimal Banach completion
of the Lie algebra g. In this sense, Example 6.4 shows that, for any infinite-
dimensional Hilbert space over K = R, C, H, the subspace u;(#) of the Schatten
ideal Bi(#H) on the Hilbert space H = ¢*(J,K), is the minimal Banach completion
of the Lie algebra u(J,K) with respect to any U(J, K)-invariant norm.

6.3. Euclidean Lie algebras

An extremely important tool for studying invariant convex subsets of a Lie alge-
bra g are invariant symmetric bilinear forms. There are many interesting infinite-
dimensional Lie algebras g which carry an invariant positive definite form «. We
then call the pair (g, k) a euclidean Lie algebra.

Examples 6.6. (a) Compact Lie algebras (cf. Subsection 4.1).

(b) Hilbert-Lie algebras (Definition 6.10), such as the Lie algebra uy(H) of skew-
hermitian Hilbert-Schmidt operators on a Hilbert space H over K = R, C, H, with
k(z,y) = —trr(zy).
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(¢) Mapping Lie algebras, such as C*°(M,¢) for a compact Lie algebra £ and a
compact smooth manifold M. Here every positive measure g on M leads to an
invariant form on C*°(M,¢) by

w(E,n) = /M e(E(m), (m)) dpu(m).

Every vector field X € V(M) whose flow preserves p defines a x-skew derivation.
Here the case M = S! 2 R/27Z is of particular importance. In this case

1

) =5 [ mlelo)nte)

and a vector field on S' preserves the measure if and only if it is constant, i.e.,
generates rigid rotations.

(d) Poisson bracket algebras, such as (C*(M),{-,-}) for a compact symplectic
manifold (M,w), where we put x(F, H) := [, FHw". Here every symplectic vector
field defines a x-skew derivation. [

The following proposition applies to the increasing sequence of the Lie algebras
su,(K) for K = R, C,H, but also to more complicated sequences, such as sugn (K).
In particular, we do not require the existence of an elliptic Cartan subalgebra.

Proposition 6.7.  Let g be a locally finite Lie algebra which is the directed union
of compact simple Lie algebras. Then g has an invariant scalar product which is
unique up to a positive constant.

Proof. The existence of an invariant symmetric bilinear form, which is invariant
under all derivations, is shown in [47, Prop. II.1]. Let 0 # = € g and gy C g be a
finite-dimensional compact simple Lie algebra containing x and an element y with
k(z,y) # 0. Then k restricts to a non-zero invariant symmetric bilinear form on
go, hence is either positive or negative definite. Replacing x by —k if necessary, we
may assume that k is positive definite on gg. Then it is also positive definite on
all simple compact subalgebras g; containing gg, and since g is exhausted by such
subalgebras, k is positive definite.

The uniqueness assertion follows immediately from the corresponding uniqueness for
simple compact Lie algebras. [ |

Examples 6.8. (a) For the Lie algebra g = su(N, C), the increasing union of the
simple compact Lie algebras g,, = su,(C), a natural invariant scalar product is given
by k(x,y) = —tr(zy). The corresponding norm is the Hilbert-Schmidt norm, and
by completion we obtain the simple Hilbert-Lie algebra uy(¢?(N)). In particular, the
bracket extends to the completion.

(b) For the union g := sus~(C) of the Lie algebras g, = sugn(C), defined by the

0

embeddings a +—> , a compatible sequence of scalar products is given by

a
0
Kn(z,y) = —27"tr(xy). In this case the Lie bracket is not continuous with respect
to the norm defined by the corresponding scalar product on g. |
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Problem 6.9.  (a) Does Proposition 6.3 generalize in a suitable way to Lie algebras
g which are direct limits of simple compact ones but which do not contain an elliptic
Cartan subalgebra?

(b) Is it true that every direct limit of compact Lie algebras has an invariant scalar
product? By Proposition 6.7 this is true for direct limits of simple compact Lie
algebras. [ |

Definition 6.10. A Hilbert-Lie algebra is a euclidean Lie algebra which is com-
plete with respect to the scalar product. [ ]

Proposition 6.11. If g is a Hilbert-Lie algebra, then each non-empty open
invariant convex subset (2 C g intersects the center.

Proof. If Q) = g, there is nothing to show because 0 € 2. We may therefore
assume that Q ## g. Then () is a proper open convex subset, and since the group
I := (e*9) of inner automorphisms of g acts isometrically on g preserving Q, the
closed convex subsets

Q. :={x € Q: dg(x) < c}

are ['-invariant (Lemma A.4). Each set (). is a Bruhat-Tits space with respect to
the induced Hilbert metric from g and since I" acts on this space isometrically with
bounded orbits, the Bruhat-Tits Theorem A.13 implies the existence of a fixed point
z € Q. C Q. Now it only remain to observe that 3(g) is the set of fixed points for
the action of I" on g. [ ]

Corollary 6.12. A Hilbert-Lie algebra contains a proper open invariant cone if
and only if its center is non-trivial.

Proof. That the existence of an open invariant cone implies that 3(g) # {0}
follows from Proposition 6.11.

If, conversely, there exist a non-zero z, € 3(g), and for 0 < r < ||z}, the open ball
B, (%) is invariant with 0 ¢ B,(2). Then Lemma A.5(b) implies that R B, (z) is
a pointed open invariant cone. |

7. Double extensions

In this final section we take a closer look at double extensions (Definition 3.1). This
is motivated in particular by their natural emergence from covariant positive energy
representations (cf. [27] and [28, §8]).

7.1. Lorentzian double extensions

In addition to invariant scalar products, invariant Lorentzian forms on Lie algebras
are also very useful to analyze convex hulls of adjoint and coadjoint orbits. They arise
naturally from double extensions of euclidean Lie algebras. If (g, ) is a euclidean
Lie algebra (Subsection 6.3), and g = (g, x, D) is a double extension defined by the
cocycle wp(x,y) = k(Dx,y), where

D € der(g, k) :={D € der(g): (Vz,y € g) k(Dz,y) + x(x, Dy) = 0}
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is a k-skew-symmetric derivation on g, then
B((z,z,t), (2,2, 1) = 2t' + t2' — k(x,2') (38)

defines an invariant Lorentzian form on g ([38]). We call such double extensions
Lorentzian. On g we have an action Ad of the Lie group

Gﬁ =G b el R,

where a%: R — Aut(G) is a smooth action for which the corresponding action on g
is generated by the derivation D.

Definition 7.1. In the following we write ¢ := (1,0,0), d := (0,0,1) and,
accordingly, ¢* := (1,0,0) and d* := (0,0,1) for the corresponding elements in
g . Note that c € g and d* € g are G-invariant. For x € g we put

[l = llls = /52, ).

The B-dual of g is the subset g° of g, consisting of all linear functionals whose
restriction to g is continuous with respect to the k-topology, i.e., contained in the
Hilbert completion of the euclidean space (g, k). [

Since [ is a Lorentzian, the open subset
Wi:={x=(z,z,t) €g:t>0,8(x,x) >0} C (0,00) x g x (0,00)

is an open convex invariant cone and x(x) := B(x,x)"! defines on W a smooth
strictly convex invariant function which tends to infinity at the boundary (Proposi-
tion A.9 and Example 2.12).

Proposition 7.2.  The following assertions hold:
(a) Q:=W —Ryc={(z,2,t): t >0} is an open invariant half space bounded by
the hyperplane ideal g = Rc + g.
(b) For each x € Q, we have x € Ext(conv(O,)).
(c) If A = (2%, a,t*) € ¢ with 2* > 0 and x = (z,2,t) with t > 0, then
AMO,) = Ox(z) is bounded from below.
(d) W* is contained in the ($-dual §° of g.
(e) If A € g° satisfies A(c) = 2* # 0, then its orbit Oy is semi-equicontinuous.
Proof. (a) For x = (z,z,t) with ¢ > 0 we have f(x,x) = 2zt — k(z,z). For
20 := o k(x,z) and X := (29, 2, t) we thus obtain

X=X+ (2 —2))c and [(x0,Xo) = 220t — k(x,2) =0,
so that xg € OW , and for z; > zy we get x; := (21, ,t) € W.

(b) Since c is fixed by the adjoint action, Ox = Ox, + (2 — 2z9)c. The orbit Oy,
lies in the set {(/ﬁ(y, y)/2t,y,t): y € g}, which is the graph of the strictly convex
function f(y) := k(y,y)/2t = ||y||*/2t on g. Therefore

conv(Ox,) C{(z,9,8): y€ 9,2 > f(y)}

and thus Oy, € {(f(y),y,t): y € g} = Ext({(z,9,1): y € g,z > f(y)}) implies
Oy, C Ext(conv(Ox,))-



NEEB 551

(c) In view of (a), we may w.l.o.g. assume that x = xq € OW. Then

Ayl

MfW),y,t) =t +ay) + fy)" =tt"+aly) + 2 5

is bounded below on g because |a(y)| < || - |ly]| and 2*/t > 0.

(d) If A = (2%, , t*) € W*, then X is bounded on the set ((c+d)—W)N(W —(c+d)).
This set consists of all elements xo = (z, z,t), satisfying (1+z, +x,1£¢) € W, which
means that |z| < 1, |t/ < 1 and ||z|* < 2(1 — |2])(1 — |¢|). Therefore « is bounded
on an open ball in g, hence continuous with respect to the x-topology, i.e., A € g°.

(e) Write A = (z*, %, t*) and observe that
BH((2*, 2%, 1), (%, 3%, 1)) i= 2*t" + 2" — k(2™ T%)
defines an invariant Lorentzian form on the S-dual. If z* = A(c) # 0, then
BN +td", A +td%) = B5(\ A) +2t87(\, d7) = B7(A, A) + 2t27,

so that ¢ := —z=8%(\, A) leads for Ag := A +td* to 8*(Ag, Xo) = 0. Now O, =
O,, — td* and since Ay € W* follows from (d), O, is semi-equicontinuous because

W* is the dual of an open cone (Example 2.3(b)). n

We now turn to global aspects of double extensions. Assume that g = L(G) for a
1-connected Lie group G and that a“: R — Aut(G) is a smooth action for which
the corresponding action on the Lie algebra oy := L(af) satisfies o/(0) = D. We
may thus form the semidirect product group G* := G x,¢ R for which there exists
a smooth action on the central extension g of g' := g xp R by R.

The action of R is simply given by

Ad(exp sd)(z,z,t) = (2, as(x), t).
The G-action on g = g x Rd has the form

Ad(g)(z,1) = (Ad(g)z +t7(g), 1)
for the cocycle v:G—g, ~(9)=Ad(g)d—d. (39)
For the central extension g = Rc @ g, the pairing

gxg' =R, ((z2),@, ) 2t
is Ad(G)-invariant, so that the G-action on g takes the form

Ad(9)(z,2) = (= = w797, Ad(g)e ) = (= + w(Ad(9).7(9)), Ad(g)a),

where we use that v(¢7') = — Ad(g) 'v(g). Using the fact that the function 5(x,x)
on g is Ad(G)-invariant, we obtain:

Proposition 7.3. Forge G, z,t € R and x € g, we have

Ady(g)(z,2,t) = (z —k(y(g "), @) + %/@-(7(9), 7(9)), Ad(g)z + tv(g), t>7

and in particular,

Ady(g)d = (5/%(7(9),7(9)),7(9)71) = (%H’V(g)HQ,v(g),l)-



552 NEEB

The coadjoint action is given by

Adi(g7)(2%, 2", 1) = (2%, 2%, t") 0 Ady(g)

= (2*7 7" 0 Adg(g) — 2"R(v(9) ), %fﬁ(v(g% 1(9)) +2*(v(g)) + t*)-

Remark 7.4. As d is fixed by Ad(expRd), the cocycle v: G — g,7(g9) =
Ad(g)d — d is equivariant with respect to the action of exp(Rd) on G and g,
respectively. It follows in particular that the smooth function G — R, ¢ —
k(v(9),7(g)) is exp(Rd)-invariant. We also see that Ad(G)d = Ad(G*)d is an
adjoint orbit in g. [

Examples 7.5. (a) Important examples arise from Hilbert-Lie algebras ¢ (Defi-
nition 6.10) with the positive definite invariant scalar product ke,

1

§=C(S., w(En) =5 / (€t n(t) i, S' = R/20Z.

Then D¢ := ¢ is a derivation leaving x invariant. If K is a 1-connected Lie group
with Lie algebra €, then G := C*(S',K) is a 1-connected Lie group with Lie
algebra g ([59]). The action of R on g is given by

a()(s) =&t +s) and  af (f)(s) = f(t+3s).
This implies that v(g9)(s) = —% g(t+35)g(s)™t = —0"(g)s,
t=0
so that v = ¢" is the right logarithmic derivative.

(b) A more general class of examples arises from principal K-bundles (P, M, q, K),
where K is a compact group, and a volume form g on the compact manifold M .

Then g := gau(P) = {& € C®(P,8): (Vp € P)(Vk € K)&(pk) = Ad(k)*¢(p)}

carries an invariant scalar product given by

“(5}77) = /]V[’%B(éan) "y

where we use that the function x¢(&,n) on P is constant on the K -orbits, hence
factors through a smooth function &¢(&,n) on M.

If X € V(M,p) is a vector field with Lxu = 0, then any lift X € aut(P) = V(P)¥
defines a skew-symmetric derivation of (g,x) and we may form the corresponding
double extension.

(c) An interesting example is the following: We consider a left invariant vector field
X on M = T? whose orbits are dense. Then ker D = {0} on g° := C>~(T? R).

Similar examples arise from (irrational) quantum tori. ]

7.2. Double extensions of Hilbert-Lie algebras

Example 7.6. Let H be a complex Hilbert space and g = uy(#H) be the Lie
algebra of skew-hermitian Hilbert-Schmidt operators.
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Each continuous cocycle w € Z?(g,R) can be written as

w(z,y) = tr([d, z]y)

for some bounded skew hermitian operator d € u(H) ([14]). Then Dz := [d,x]
defines a continuous derivation of g preserving the invariant scalar product defined
by (z,y) := —tr(zy). From that we easily derive that the cocycle v: G = Uy(H) — g
is given by

Y(g) = gdg™" —d.
If d € Ril + uy(H), then the cocycle w is trivial and ~ is obviously bounded.
If, conversely, v is bounded, then the Bruhat-Tits Theorem A.13 implies that the
affine isometric action of G on g defined by g*z := Ad(g)z +v(g) has a fixed point
x € g. This means that

g(d+z)g ' =d+ax foreach g€ Uy(H),

and hence that d+ 2 € C1, which leads to d € uy(#H) +Ril. We conclude that each
non-trivial 2-cocycle w leads to an unbounded cocycle ~.

If v(G) is semi-equicontinuous, then B(im(~))° is an open invariant cone in uy(#),
hence equal to the whole space (Proposition 6.11) and Remark 2.2 further entails
that ~ is bounded. [ |

Remark 7.7.  Consider the Lorentzian double extension g of g = uy(H), defined
by the skew-hermitian bounded operator d (Example 7.6). We want to classify
semi-equicontinuous coadjoint orbits in g’ and open invariant cones in g.

Beyond the general observations that hold for all Lorentzian double extensions
(Proposition 7.2), this seems rather difficult. However, according to [67, Satz 1], there
exists a skew-hermitian Hilbert-Schmidt operator s such that d’' := d+ s is diagonal-
izable. Then the double extensions defined by d and d' are isomorphic, so that we
may assume that d is diagonalizable. Then the centralizer g¢ := {x € g: [d, 2] = 0}
contains a maximal abelian subalgebra t of g and

t=RchtodRd

is an elliptic Cartan subalgebra of g. In the corresponding root system all roots are
compact and g*® is a direct limit of compact Lie algebras. We refer to [35] for a
concrete analysis of this situation. [ ]

7.3. Twisted loop algebras

Let K be a connected Lie group whose Lie algebra £ is a simple Hilbert-Lie algebra.
We fix ® € Aut(K) with &V = idx, and write ¢ = L(®) € Aut(t). For 7 := 2T,
the corresponding twisted loop group (of period T ) is

Ly(K) :={¢ € C*(R,K): (Vz € R) §(z +7) = 27 (§(x))} (40)
with Lie algebra
L(6) = {E € C¥(R,8): (Vo €R) £z +7) = ' (§(2))}, (41)
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where ¢ = L(®) € Aut(#) is the automorphism of ¢ induced by ®. We have a
natural action of R on Lg(K) by

o(€)(r) = E(x+1) and De=2

2| e =¢ (12)

It satisfies aor = idz, (k) , hence factors through an action of R/27Z = T.

We write x for an invariant scalar product on € normalized in such a way that
k(i i) = 2 for long roots . Accordingly, we obtain the double extension

LT(8):= (R, LL(6) xpR  with DE=¢,

where wien) = == [ x(€ ). n) dt

2T Jo

for some ¢ € Z (the central charge).

Let t° C £ be a maximal abelian subalgebra. Then 3¢(t°) is an elliptic Cartan
subalgebra of ¢ by [55, Lemma D.2], and

t=Rc®t° G Rd (43)

is an elliptic Cartan subalgebra of Z;(E) The corresponding set of roots A C it/
can be identified with the set of pairs (o, n), where

(a,n)(z,h,s) :=(0,a,n)(z,h,s) =a(h) +isn, n€Z,acl,.
Here A, Ci(t°)* is the set of t°-weights in the p-eigenspace
t={r€tc: o (x) ="}

In this case all root vectors are of type (N) or (CS). If £ is finite-dimensional, then
ﬁ%lg is an affine Kac-Moody algebra, and in general it is a direct limit of affine
Kac-Moody Lie algebras. For these Lie algebras, we have the following convexity
theorem for coadjoint orbits. It is obtained by applying direct limit arguments to
the topological version of the Kac-Peterson Convexity Theorem in Subsection 5.3.

We refer to P. Helmreich’s thesis [15] for details.

Theorem 7.8. (Convexity Theorem for twisted loop groups)
For A € ¥ with \(c) # 0, we have py(GomvO,) = comv(WA).

Problem 7.9. Classify the adjoint orbits of elements of the form (z,z,t) € g
with ¢t # 0. [ ]

7.4. Non-Lorentzian double extensions

To deal with double extensions of Hilbert-Lie algebras and of twisted loop alge-
bras, one has to determine to which extent the rich geometric information available
for Lorentzian double extensions is still available for non-Lorentzian ones. Here a
promising approach is to consider a Lie algebra g with a positive definite form x; and
two kg-skew derivations Dy, D, € der(g, £g). We further assume that the derivation
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[D1, Ds] is inner. One can show that in this case the Lorentzian double extension g
defined by (wp,, Dy) carries a k;-skew symmetric derivation Dy obtained by lifting

Ds, so that we can form a double extension g of g defined by (wp,, D,). This re-
sults in a so-called bidouble extension which carries an invariant symmetric bilinear
form which is non-Lorentzian of index 2 but which contains two hyperplane ideals
that are central extensions of Lorentzian double extensions. This geometric structure
should be explored with respect to its impact on closed convex hulls of adjoint and
coadjoint orbits.

A. Appendices

A.1. Some facts on convex sets
The following observation shows that semi-equicontinuous convex sets share many
important properties with compact ones (cf. [49, Prop. 6.13]):

Proposition A.1. Let C
equicontinuous subset and v
function n,: C — R n,(a) :
a € C with a(v) = min(C, v).

E' be a non-empty weak-+-closed convexr semi-
B(C)°. Then C is weak-*-locally compact, the

C
€
= «a(v) is proper, and there exists an extreme point

The following lemma ([9, Cor. 11.2.6.1]) is often useful:

Lemma A.2.  For a convez subset C' of a locally convex space E, th&sets_CO and
C are convex. If C° # 0, then C and C have the same interior and CY = C'.

From the Hahn-Banach separation theorem, we obtain immediately:

Proposition A.3. If D C E is a convex cone, then D = (D*)*, and if C C E'
is a convex cone, then (C*)* = C is its weak-*-closure.

The following lemma is often useful to obtain results on open convex subsets of
normed spaces from those on closed ones. If dim E < oo, then the characteristic
function

900(1') — / e—a(ac)-i—infoz(C) dﬂE* (@) (44)
B(C)

of an open convex subset C' C E has similar properties, but it is invariant under all
affine automorphisms of C' preserving Lebesgue measure pp ([43, Thm. V.5.4)).

Lemma A.4. Let p: E — R, be a seminorm on the real vector space E and
U C E be a proper p-open convex subset. We write BF(z) :=={y € E: p(x —y) <r}
for the open p-ball of radius r and doy(x) = sup{r > 0: BP(x) C U} for the
distance of x from OU with respect to p. Then

U =R, d(x) = doy(z)™"

is a continuous convex function on U with im,, .cou dj;(x,) = co. In particular,
all the set U, :={x € U: d};(x) < ¢} are closed convex subsets of E.
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Proof.  Tosee that df; is convex, let B := BY(0) denote the open p-unit ball in E.
For x,y € U we have :C—l—d,%()B, y+d,%(y)B CU.ForO<A<l1l,z=Xx+(1-N)y
U U

and 0 < p(v) < s := 2=+ 275, let vg:= 2. Then vy € B, so that
U

T df(x) (v)
A . 1— A)U
& (x)  dy(y))

z+v:)\x+(1—)\)y+<

EA(aH— B>+(1—)\)<y+ B)gU.

1
di;(y)

Hence df;(z) > f’#(x) + dﬁ_(;\) . We conclude from the convexity and the antitony of
U U

the function 7 +— 1 for r > 0 that df,(z) < Adj,(z) + (1 — A\)d(y), i.e. that ) is a
convex function.

1
dpy ()

The continuity of df; on U follows from the continuity of the distance function d;
with respect to the semi-metric defined by p. If x, — x € U, then & (z,) — 0,
so that d(z,) — oo. m

Lemma A.5. (Constructing open cones) Let E be a locally convex space.

(a) Let H C E be a closed hyperplane not containing 0, Ey := H — H, and let
0 #Q C H be a relatively open convex subset. Then W := RJQ is an open
convex cone in E with

WNEy=1m(Q) and HW)=H(Q).

In particular, W is pointed if and only if €2 contains no affine lines.

(b) If 2 is a bounded open convex subset of the real locally convex space E with
0 & €2, then RYQ is a pointed open cone.

Proof. (a) The convexity of W follows immediately from the convexity of €.
Let A: E'— R be the unique continuous linear functional with A\(H) = {1}. Then
Ey = ker A, the map

RY x H— AY(RY), (L)~ to

is a homeomorphism, and W is the image of the open subset R} x €, hence open.

Let w € W N E, and pick a net tjiw; — w with w; € Q. Then we have
t; = AMt;w;) = AMw) =0, so that Lemma 2.9(ii) shows that w € lim(Q). If, con-
versely, 0 # w € lim(Q) and z € Q, then z+R,w C ©Q, and therefore X (z+nw) — w
implies that w € W N Ey. This proves that W N Ey = lim(Q).

From A € W* we derive H(W) C ker A = Ej, so that
HW)=HW)=Wn(-W)N Ey =1im(Q) N —lm(Q) = H(Q).

(b) To see that W := RYQ is a convex cone, we observe that, for z,y € Q and
t,s > 0, we have

tw+sy:(t+s)< +— y)e(t+s)Q§W

T
t+s t+s

To see that W is pointed, we use the Hahn-Banach-Separation Theorem and 0 ZQ
to find a continuous linear functional A € E' with inf \(Q2) = 1. Let w € W and
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tix; — w with z; € Q and ¢t; > 0. Then t; < t;A(z;) = A(w). By passing
to a suitable subnet, we may thus assume that t; — t; > 0. If ¢, = 0, then
the boundedness of € implies that w = 0. If ¢, > 0, then z; — ¢; 'w € Q and
Mw) = tolim A(x;) > to. This shows that W\ {0} € A"}(RY), and hence that
W n-W = {0}. ]

Lemma A.6. (Enlarging semi-equicontinuous subsets by cones) Let E be a locally
convex space, 0 C E be a non-empty open convexr cone and let C C E' be a
weak-* -closed convexr subset with Q@ C B(—C'). Then C —Q* is weak-*-closed semi-
equicontinuous, and a convex subset C; C E' is contained in C — Q* if and only if

sayla < scla-

Proof. The convex subset Cy := C' — Q* C E'. It clearly satisfies s¢, = s¢ on
(2, so that any subset C; C O satisfies s¢, < s¢, = s¢ on .

Assume, conversely, that s¢, < s holds on 2. From Proposition A.1 we know
that C' and Q* are weak-x*-locally compact, and for every =z € Q C B(—C), the
evaluation maps 7,: C — R and 7,: — Q* — R are proper and bounded from
above. This implies that the function

FOx =R, (\B) = (A—pB)(2)

is also proper and bounded from above. It follows that the subset Cy = C' — Q* C
E' is weak-x-closed, and since sc, = s¢ holds on 2, we see that Cy is semi-
equicontinuous.

For any y € B(—C3), the evaluation map 7, must be bounded from above on
the convex cone —*, which implies that y € (Q*)* = Q. This proves that
Q C B(—C,) € Q, and since B(—C5)° is open and convex, we obtain Q = B(—C5)°
from Lemma A.2. Now (3) in the proof Theorem 2.4 yields

C—=Cy={Nc E": (Yve B(—0y)") A(v) < s¢,(v)}
={AeE": (Vwe) A\Nv) <sc(v)},

and our assumption thus implies that C; C C' — Q*. [ |

Lemma A.7.  Let (E,7) be a locally convex space and 7" C T be a coarser locally
convex topology on E. If Q C E is T-open and convex and contains a T -inner
point, then Q is also 7" -open.

Proof. Let xy € Q be 7/-inner and U C € be an open convex 7’-neighborhood
of zg. If 1 € Q is any other point, there exists an ¢ > 0 with xg := 1 +e(x; —29) =
(14 ¢e)xy —exg € Q because 2 is 7-open. Then

1 € 1
= € U cQ
x1 1+6(€!B0+1’z) Tz +1+8x2_
shows that €2 is also a 7/-neighborhood of . ]

Some Lorentzian geometry. Let E be a locally convex space and §: E X E — R

be a Lorentzian form, i.e., [ is symmetric bilinear, and there exists vy € F with

B(vo,v9) > 0 such that 3 is negative definite on vy .
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Note that this implies that the same holds for any v € E with S(v,v) > 0 (cf. [8,
Cor. IV.7.5]). Then {v: B(v,v) > 0} is the union of two open convex cones, and

W :={veFE:wvuv)>0,/75wy,v) >0}
is one of them.

Lemma A.8. (Inverse CS inequality) For S(v,v) >0 and z € E we have
Blv,v)B(x, x) < Bz, v)*.

Proof. If f(v,v) = 0, there is nothing to show. So we assume that S(v,v) > 0
and we may w.l.o.g. assume that 8(v,v) = 1. Writing E = Rv@®v' and, accordingly,
r =X+ w with A = (v, z), we have

B(v,v)B(x,z) = Bz, x) = A\ + Bw,w) < N = B(z,v)?

because [ is negative definite on v*. [ |

Proposition A.9.  The smooth function x: W — R, x(v) := B(v,v)"! has the
following properties:

(i) x(v+w) < x(v) for vyweW.
(i) If v, — v € OW, then x(v,) — 0.

(iii) x s strictly convex.
Proof. (i) We have to show that, for v,w € W, we have
B(o +w, v +w) = B(v,0) + B, w) + 28(0,w) > B(v,v).

Since f(w,w) > 0, it suffices to see that B(v,w) > 0. To verify this inequality,
pick vy € W with S(vo,v9) = 1 and write £ = Ruy @ vy . Accordingly, we have
v = Avg+v" and w = pvy +w' with A\, u > 0, so that

Blv,w) =+ B0, w) and 0< B(v,v) =+ B, 0).
Applying the Cauchy-Schwarz inequality to the restriction of —3 to vy, we get
B(v’,w')2 < ﬁ(v/,v’)ﬁ(w',w') < )\2 2’

which leads to (v, w) > 0.
(ii) is a trivial consequence of the definition.

(ili) For v € W we have

2 B(v,x), and (92x)(v) = 2 3<2B(v,x)2—ﬁ(v,v)ﬁ(x,x)>.

B, v)? p(v,v)

From the inverse Cauchy-Schwarz inequality (Lemma A.8) we derive

Blz,x)B(v,v) < Bz, v)?,

(amX) (U> -
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so that 9%y (v) > 0 for every x € E. The relation (0%y)(v) = 0 implies

Bv,2)* + (B(v,2)* — B(v,v)B(z,x)) =0,

and since both summands are non-negative, we obtain (v, x) = 0. Then the relation
—B(v,v)B(z,x) = 0 further leads to B(z,x) = 0. As B is negative definite on v,
we finally obtain x = 0. [ ]

A.2. The Bruhat-Tits Theorem

Definition A.10. Let (X,d) be a metric space. We say that (X, d) satisfies the
semi parallelogram law if, for xq, 9 € X, there exists a point z € X such that, for
each x € X, we have

d(w1,19)? + 4d(x, 2)* < 2d(w,21)? + 2d(z, 7). (SPL)

Every Euclidean space satisfies the parallelogram law if z is chosen to be the midpoint
of x1 and x5, and this trivially implies the semi parallelogram law. Accordingly, the
point z occurring in the preceding definition plays the role of a “midpoint” of xy
and 5.

Remark A.11.  Suppose that (E, ||-||) is a normed space endowed with the metric
d(z,y) := ||r — y||. When does (E,d) satisfy the semi parallelogram law? This is
the case if the norm is defined by a positive definite symmetric bilinear form (-, -)
via [|z|| := /(z,z). If, conversely, the semi parallelogram law is satisfied, then we
obtain with z; = —x9 = a and z = b for all a,b € E the relation

Aljall® + 4/1bl1* < 2[|a + bl]* + 2[|a — b],
which in turn leads to
2]la+bl* + 2lla — bl|* < [[(a +b) + (a = b)|I* + [I(a + b) — (a — b)[|* = 4]|a]l* + 4]|b]*,
and therefore to the parallelogram law
2lal|® + 2(p||* = |la + b||* + |la — b||* for all a,b€ E.

By a theorem of P. Jordan and J. von Neumann ([29]), each normed satisfying the
parallelogram law is euclidean. In fact,

_ lla+b]* = fla — b|f?

(a,b) : 1

is a positive definite symmetric bilinear form with ||a|| = y/(a,a). Therefore the
euclidean spaces are precisely the normed spaces satisfying the semi parallelogram
law. [

Definition A.12. A Bruhat-Tits space is a complete metric space (X, d) satisfy-
ing the semi parallelogram law. u
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We write Aut(X,d) for the group of automorphisms of the metric space (X,d). For
an elementary proof of the following theorem we refer to [34].

Theorem A.13. (Bruhat-Tits Fixed Point Theorem) Let X be a Bruhat-Tits
space and G C Aut(X,d) a subgroup with a bounded orbit. Then G has a fized
point.

Example A.14. If E is a real Hilbert space and C' C E a closed convex subset,
then C' is a Bruhat-Tits space with respect to the euclidean metric. [ ]

A.3. A general lemma

The following lemma ([51, Lemma 6.15]) captures the spirit of various constructions
of invariant convex cones in Lie algebras in a quite natural way. F.i.,; it applies to
finite-dimensional simple algebras as well as V(S!) ([51, §8]).

Lemma A.15.  Suppose that the element d € g has the following properties:

(a) The interior Wi of the invariant convex cone generated by Oy = Ad(G)d is
non-empty and different from g.

(b) There exists a continuous linear projection pq: g — Rd which preserves every
open and closed conver invariant subset.

(¢) There exists an element x € g for which pa(O,) is unbounded.
Then each non-empty open invariant cone W contains Wiy or —Wiin, and for
A € g the following are equivalent
(i) A€ gloy, 1-6., Ox is semi-equicontinuous.
(ii) Oa(d) is bounded from below or above.
(iii) A e Wr, U—Wr

min min *

Typical classes of Lie algebras to which this lemma applies are finite-dimensional
hermitian simple Lie algebras with 3(¢) = Rd ([43]) and V(S') with the generator d
of rigid rotations of the circle (cf. Subsection 5.4). For further applications we refer
to the restricted metaplectic group discussed in [51, §9.2].
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