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Abstract. Let G be a noncompact semi-simple Lie group with finite center and p a probability
measure on G. We consider (i) the semigroup S, generated by the support of p (with the
assumption that intS, # (0); (ii) The spectral radii ry of the operators Uy (u) where Uy is a
(nonunitary) representation of G induced by a real character and (iii) the moment Lyapunov
exponents 7 (A, ) of the ii.d. random product on G defined by p. The equality ry = v (A, )
holds in many cases. We give a necessary and sufficient condition to have S, = G in terms of
the analyticity of the map A — ry. The condition is applied to measures obtained by solutions of
invariant stochastic differential equations on G yielding a necessary and sufficient condition for the
controllability of invariant control systems on G in terms of the largest eigenvalues of second order
differential operators.
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1. Introduction

Semigroups in Lie groups are a long standing research theme of Jimmie Lawson to
whom this paper is dedicated. Here we consider semigroups in a noncompact semi-
simple Lie group G. The results to be proved relate the theory of semigroups to
the asymptotic of random products in G in an attempt to develop probabilistic and
analytic methods to study semigroups in semi-simple Lie groups.

In order to be more precise let us introduce the notation and concepts involved. Fix
an Iwasawa decomposition G = K AN so that the maximal flag manifold of G reads
F=G/P = K/M where P = MAN is a minimal parabolic subgroup with M the
centralizer of A in K.

To get the K-invariant cocycles over [ let a be the Lie algebra of A and define the
maps a:G X K —a and p=e¢*: G x K — A by the requirement

gu = ke*'9n = kp(g,u)n € KAN.

These maps are right M -invariant in the second variable hence they factor to maps
(with same notation) a : G xF — a and p: G xF — A. For A € a* we write
ax(g,2) = Aa(g,2) and py (g, 2) = e,

Given a probability measure p on G form the sample space 2 = GV endowed with
the product measure u" and take the independent and identically distributed (i.i.d.)
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sequence Yy, of random variables y, (x) = z,, X = (,),cy € G" whose common law
is the push-forward (y,), (uN ) = p. The law of the random product

is the n-th convolution power u™. The moment Lyapunov exponents of the random
product g, depends on x € F and )\ € a* and is defined by

n—+oo N

v(Az)= lim log / pa (g.2) i (dg) (1)

when the limit exists. (This definition makes sense only when p has exponential
moments in the sense that [ py (g, ) pu(dg) < 00.)

In this paper we consider the semigroup S, generated by the support suppp of u
and look at the dependence of v (A, ) on (A, x) according to the action of S, on
the flag manifolds of G'. We assume throughout that S, has nonempty interior and
G has finite center.

Our first result in this direction takes into account the case where S, is the whole
group G.

Theorem 1.1. If S, acts transitively on F (or equivalently if S, = G) then
v (A x) = v () is constant as a function of x. The function v (\) is analytic and
convezr.

On the other hand if S, is a proper semigroup then its action on the flag manifolds
is described by the structure of its control sets which is summarized in the concept
of flag type of a semigroup (with nonempty interior). To state the results that yield
the flag type of a semigroup S let us introduce some notation regarding the flag
manifolds of G.

Denote by II the set of (restricted) roots of a and let IIT be the set of positive
roots such that N =expn and n =) _+ go Where g, is the root space of o. Let
Y C II™ be the corresponding set of simple roots. For © C ¥ we denote by Pg
the standard parabolic subgroup having parabolic subalgebra pe =p® > . (@) 9-a
and put Fg = G/Pg for the flag manifold defined by ©. We endow the set of flag
manifolds with the partial order where Fg, is bigger than Fg, if there is a fibration
Fo, — Feo, or equivalently if Pg, C Pg,.

Now an invariant control set D for the S-action in a manifold is a subset such that
clSz = clD for every x € D and D is maximal (by inclusion) with this property. It
was proved in [15] that there is a unique invariant control set for the S action on a
flag manifold Fg. We denote this invariant control set by Cg.

We can introduce now the flag type of a semigroup in a semi-simple Lie group. The
results ensuring its existence and uniqueness were proved in [20] (see also [17], [15]
and [16]).

Theorem — Definition 1.2. Let S C G be a proper semigroup with intS # (). Then
there exists a unique flag manifold Fe(s) satisfying the following two conditions:

(1) Fes) is mazimal among the flag manifolds Fe such that the unique S -invariant
control set Co C Fg s contractible in the sense that for every h € intS we
have h"Cgq shrinks to a point as n — +00.



SAN MARTIN 589

(2) Fes) is minimal among the flag manifolds Fgo such that C' = n~' (Cg) is the
invariant control set in the maximal flag manifold T .

The flag manifold Feo(sy = G/ Pe(s) is called the flag type of the semigroup S.

The result in the next theorem is the starting point for the relationship between
moment Lyapunov exponents and flag type of semigroups. In its statement we
denote by (a*)™ the positive Weyl chamber in a* w.r.t. II*. Its closure cl (a*)" is
the convex cone generated by the fundamental weights ® = {wy,...,w;} defined by
2(v;, wyj)
v is Wi
o wi) = ——= = 0;j
< 1 J > < o, ai) J
where ¥ = {ay,...,} is the simple system of roots. More generally for a subset
© C ¥ we denote by ag the subspace orthogonal to © (w.r.t. the Cartan-Killing
form ) which is spanned by ®\ &g where ®g is the set of fundamental w; such that
o; € ©. The partial chamber (aj)" is the convex cone

(ag)" ={0cay:(a,0) >0, acO}.

Its closure cl (a)" is the cone generated by @\ ®g.

Theorem 1.3.  Suppose that S, is a proper semigroup with intS, # 0. Let
C =n1 (C@(Su)) be its invariant control set in the maximal flag manifold and
Fo(s,) its flag type. Then for any x € C' we have

+
lim ~(pA,a) <0 if A€ (ag(su))

p——00

This theorem yields a necessary condition for S, # G in terms of the analyticity
of the spectral radii of operators associated to p. To introduce these operators we
consider the representations U, on function spaces on F defined by

(Ux(9) f) (x) = pr(g,7) f (97)

with f a function in F. This is a representation by right action, that is, Uy (gh) =
Uy (h) o Uy (g), which is a representation by the left action of the opposite group.

If the probability measure g on G has exponential moments then we get a well
defined operator U, (n) = [ Uy (g) it (dg), that is,

(U (1) ) () = /G o (9,2) f (9) 1 (dg) .

We have U, (u™) = Uy (1)" so that the moment Lyapunov exponents are given by

Y (\x) = lim S log (Uy (1) 1) (x). 2)

n—+oo N,
Under further assumptions on p the operators Uy (1) are compact in the Banach
space of continuous function C (F) as well on L*(F). Hence the spectrum of each
U, (p) is enumerable and since these operators are positive the spectral radius ry of
Uy (p) is an eigenvalue having a nonnegative eigenfunction. These facts permit to
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apply existing pertubation theorems of compact operators and prove analyticity of
A 7y for A in certain ranges.

In case A € (a5)" then py (g,2) factors to a cocycle over Fg and we can define the
representation UY on function spaces on Fg by the same expression as above.

Formula (2) permits to relate the spectral radii to the moment Lyapunov exponents
and prove the equality logry, = 7 (A, z) in some cases. The proof of Theorem
1.1 follow these lines. Under the assumption that S, = G the positive operators
Uy (p) are irreducible so that each ry is an eigenvalue of multiplicity one yielding
the equality logry = v (A, x) for every = € F. (See Section 6 for the details. In
particular irreducibility of positive operators is worked out in Proposition 6.2.)

More generally if S, # G we consider the restriction U{ () of Uy () to the function
spaces on the invariant control set C' C F. Again the U{ (u) is irreducible so that

logr{ =~ (\,x) now for x € C where 7§ is the spectral radius of U{ ().

The function 7Y (p) = log 7“5/\ is analytic and convex. The limit in Theorem 1.3
determines the shape of 1§ when \ € (ag(sﬂ))f On the other hand the shape of

the function 7, (p) = logr,y is obtained by computing adjoints in L* (F).

By comparing the functions of p, n{ (p) and ny (p) we obtain the following result
on the nonanalyticity of 0y (p).

Theorem 1.4.  Suppose that S, is a proper semigroup with intS, # 0 with flag
type Fo(s,). Then A+ logry is not analytic at —we(s,) where Ty is the spectral
radius of Uy (1) on the mazimal flag manifold.

In this statement for a subset © C ¥ we denote by weg half the sum of positive roots
outside (©) counted with multiplicities:

1 :
we = 5 Z (dim g,,) a.

acllt\(6)

As an immediate consequence of Theorems 1.1 and 1.4 we get the following necessary
and sufficient condition to have S, = G in terms of the analyticity of the function
A — 7y whose domain is a*.

Corollary 1.5. A necessary and sufficient condition to have S, = G is that
A = logry is an analytic function on a*. In case S, # G analyticity fails at
A = —we(s,) where Fgs,) is the flag type of S, .

One of our motivations to relate moment Lyapunov exponents to the flag type of
semigroups was the attempt to get an indirect condition, like in this corollary, to
the hard problem of deciding when a semigroup generated by a subset is the whole
group.
In Section 9 we apply the previous results to the controllability problem of a control
system

g=X(9)+ > u;¥;(g) (3)
j=1
on G where X,Y7,...,Y,, are right invariant vector fields and the control range is

u € R. The controllability problem amounts to decide when the control semigroup
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S generated by {et(XJrZ?:l“ij) :t > 0,u € R} is proper or not. To this purpose we
write the corresponding stochastic differential equation

dg = X (g) dt+ZYj<g> o dW; (4)

whose solution from the identity have transition probabilities p,;, ¢ > 0, that form a
one-parameter semigroup under convolution because p; * s = p1s. Hence for any
A € a* we have the one-parameter semigroup of operators Uy (y;) acting on function
spaces on F. Under the assumption that X,Y;,...,Y,, generate the Lie algebra g
of G it follows that the operators U, (i), t > 0, are compact (this is a necessary
condition for controllability).

The link of the semigroup U, (u;) to the controllability problem comes from the
well-known support theorem (see Ikeda-Watanabe [12], Chapter VI) ensuring that
the control semigroup is the union

S = U SUppfLy.-

t>0

Hence by applying a continuous-time version of the previous results we can relate
the controllability problem to spectral radii of U, (x;) and the moment Lyapunov
exponents.

Now by stochastic calculus (Itd’s formula) the one-parameter semigroup U, (u:) has
the infinitesimal generator L) = U, (L) where L = X + %ZTZI Y7 and U, (L)
stands for the infinitesimal representation of the universal enveloping algebra of g
(in Section 9 we write U, (L) as a second order differential operator in IF).

Under the Lie algebra rank condition (i.e., X and Y; generate the Lie algebra g of G)
the infinitesimal generator Uy(L) has a principal eigenvalue 7, such that e’ is the
spectral radius of Uy(p), t>0. Hence the previous results yield the following neces-
sary and sufficient condition for controllability in terms of the analyticity of A — ~,.

Theorem 1.6.  Assume that the invariant control system (3) satisfies the Lie
algebra rank condition. Then it is controllable (that is, the control semigroup S
equals G ) if and only if X — v is analytic where 7y is the principal eigenvalue of
the second order operator Uy (L).

2. Measures

In this paper we work with ezposed measures (mesures étalées) on groups as defined
next. The following proposition-definition was proved in Azencott [4] (see Définition
1.8 and the following proof by an application of Lemma 3.3 of Furstenberg [7]).

Proposition 2.1. A measure p on a Lie group G is said to be exposed if it
satisfies one of the following equivalent conditions.

(1) Some convolution power p" of p is not singular w.r.t. the Haar measure dg.

(2) There are an integer m, an open set U and ¢ > 0 such that such that ™ > cdg
on U.
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It is known (and easy to prove) that p is exposed if u = ¢ (g) dg has a density ¢ (g)
w.r.t. the Haar measure dg (see [4]). Furthermore if p is exposed then intS, # ()
because suppu™ C S, for every n > 1.

When G is semi-simple it is said that a Borel probability measure p has exponential
moments provided

/Gm (9,7) pu(dg) < o0 (5)

for every x € F and \ € a*. Equivalently p has exponential moments if

/Gsup px (g, ) pu(dg) < oo

xT

for all A € a*. (Sketch of proof: If X\ is a dominant weight then py(g,2) =
|Rx (g) z|| / ||z|| where ||-|| is a norm in the the space of the finite dimensional
representation Ry defined by A. In this case

sup px (9, %) = |[Ra ()] < Cmax{[[Rx (g) eall -, [ Bx () enll}

ensuring that the first condition implies the second. For a general A\ write it as a
linear combination of dominant weights.)

By the cocycle property py (gh,x) = pa (g, hx) py (h,x) it follows that if g and v
have exponential moments then their convolution pv also has exponential moments
and hence any convolution power p" has exponential moments.

3. Flag type

In this section we prove part of Theorem 1.3. Namely we show that v (pA, z) remains
negative as p — —oo when A € (ag )" and x belongs to the invariant control
set. Afterwards when we relate the moment Lyapunov exponents 7 (A, x) with the
spectral radius of the operator UY (1) the limit in Theorem 1.3 will become clear.

As in the introduction for a subset © C ¥ = {ay,...,q;} welet ®o = {w;,,...,w;,}
be the set of fundamental weights with the same indices as those in ©. Equivalently

O\ Pg={wed:VaeO, (a,w) =0}
and denote by (ag)" the “partial chamber”
(@) = {feay Ya e\, (0.5) >0}
which is the interior (in a) of the convex cone cl (a)" spanned by @\ ®e.

Theorem 3.1.  Assume that p is an exposed measure and let Fg, © =C X, be
+
the flag type of S,. Take X € cl <ag(sﬂ)) . Then for all x € C" and p <0,

. 1 n
o (9s2) = 7 (pA,2) = lim sup ~ log /G oo (9,2) 17 (dg) < 0.

n—-+oo 10

Here C CF is the invariant control set of S,,.
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The proof of this theorem is based in the following lemma on semigroups proved first
in [19]. For the sake of completeness we reproduce its proof below. In the statement
of the lemma we write Cj for the core of the invariant control set C' of a semigroup
S. The core is defined by

Co={z € C:3h€intS, hx =z}

and is an open set whose closure is C'.

Lemma 3.2. Let S be a semigroup whose flag type is Fg, © C X. Denote by
C' its invariant control set in the mazimal flag manifold F. Take )\ € (ag)Jr and
x € Cy. Then there exists ¢ > 0 such that py (g,7) = e*?9®) > ¢ for all g € S.

This lemma yields the following estimate of the moment Lyapunov exponents for
probability measures having support in S'.

Corollary 3.3. With the notation as in the lemma suppose that 6 is a probability
measure with support suppd C S. If X\ € (a(g)*, x€C and p <0 then

/ PO (dg) < P
G

where ¢ > 0 is as in the Lemma 3.2.

Proof. In fact, since p < 0 we have eP*@92) < ¢ and hence

/ eP2@:2)g (dg) = / eP29:2)g (dg) < / 0 (dg) = c”. n
G S

S

Theorem 3.1 follows immediately from this corollary. In fact,

1
 (p,x) = lim sup —log / @) (dg) .
G

n—+oo N
But the support of the n-th convolution power p" is contained in S,. Hence by the

corollary the last integral is bounded above by ¢?. It follows that

1
Y (p,z) <lim sup —logc” = 0.

n—-+00

We check later that the limsup is indeed a limit and thus conclude the proof
of Theorem 3.1. To prove Lemma 3.2 we assume without loss of generality that
AT NintS # B, which implies that origin xy of F = G/M AN belongs to the core Cj
of the invariant control set C'. The convex cone

Iy={H ca:3nec N,3}t>0, ncintS}
was considered in [20], Section 4. It is proved there that since Fg, © C X, is the

flag type of S then
Iy C c1< U a+> (6)

weEWeg
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where Wg is the subgroup of the Weyl group generated by the reflections w.r.t. the
simple roots in ©. (In [20] it is proved that if the inclusion fails then there are
w ¢ We, H € wa™ and n € N such that g = ef'n € int.S. But this implies that zg
is a fixed point of type w of g. Since w ¢ Weg this contradicts the fact that © is
the flag type of S.)

From the inclusion (6) we can prove the following estimate for elements in intS fixing
xo -

Lemma 3.4.  Suppose that g € intS is such that gxg = xo. Then py(g,z9) > 1.

Proof. If grg = xo then we can write g = man € M AN in which case p, (g, zo) =
M) where a = eff. We claim that H € Cg. In fact, we can pertub g inside intS
and assume that m has finite order. Then for some j > 1 we have ¢ = a/n € AN,
which implies, by the comments above, that jH € I'y C Cg and hence H € Cg.
Finally, for any A € (a5)" and H' € Co we have A (H') > 0, which shows that
px (g, 1) = M) > 1 as claimed. m

Proof of Lemma 3.2: Assume without loss of generality that in the statement
of the lemma z = x; is the origin of F = G/M AN . Suppose by contradiction that
there exists a sequence g € S with py (gg, xo) — 0. It can be assumed that gyz — y
in which case y € C'. If g € S then py(9gx, ) = pr(h, gk - ©)pr(gr, ) — 0 because
the map z — p, (g, z) is bounded. Take in particular g € intS with gy = zo. Then
we can substitute g, by ggr and assume that ¢, € intS and gpxrg — xo.

Since xy € Ct we can choose gy € intS with gyzrg = x9. We choose also a compact
neighborhood W of gy with W C intS and hence U = W™tz is a neighborhood of
xo in . By construction for every z € U there exists h € W such that xqg = hz.

Write r =sup{px(h,z) : he W,z € F}

which is finite by compactness. Now, take k large enough so that grxg € U and
px (gk, o) < 1/2r. Then there exists h € W such that hgixy = ¢ and we have

-
px (hgi, o) = pa(h, gkx0) PA(gk, o) < 7P (Gry 7o) < o =z

But this contradicts the last lemma since hg, € intS and hgprg = x¢, concluding
the proof of Lemma 3.2.

Example 3.5. We illustrate Lemma 3.2 with a subsemigroup of SI(2,R). The
cocycle over the projective line P! of interest is when

1 0
(o %)=
in which case p (g, [2]) = llgz|| / ||z, 0 # 2z € R%. Consider the cone

W ={(a,b) €eR*:a >0, |b| <a}

and form the compression semigroup Sy = {g € S1(2,R) : gW C W}. Its attractor
set in P! is C* = {[(a,b)] € P' : (a,b) € intW}.
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If g € Sy the g(1,0) = (a,b) € W so that ¢ (1,0) = h(1,0) where

(LG5

Hence h~'g(1,0) = (1,0) and h~'g is upper triangular, that is, g has the form

(0520

with 1 > 0 and |y| < 1. The inclusions ¢g(1,—1) € W and ¢(1,1) € W yield
the inequalities 1 —x > 0, |py (1 —z) — Y < pu(l—=x), 1 +2 > 0 and, finally,
lwy (1 —2) +p~ Y < p(1+z). Hence |z| <1 and

p =yl (L—2) <p(l-w),
that is, p=! < p(1—2)(1+y|). But |yl <1 and 1 — 2 < 2 so that 1 < 4p? and
pu>1/2. Since ¢g(1,0) = u(1,y) we get the lower bound

lg (LO)|| = py/1 492 >

N —

Now if z = [(a,b)] € CT then there exists h € Sy with z = hzy, 20 = [(1,0)].
Hence if g € Sy then gh € Sy so that

||9h20” ||gh20|| 1
— > > .
Px(9:0) = TG 2 Al = 2T

That is, for z = hzg € C" we can take ¢ = 1/2||h|| to get Lemma 3.2.

4. Results from operator theory

By definition of the operator U, (u) we have U (u)"1(z) = [, pa(g,2)p" (dg)
where 1(x) = 1. Hence the moment Lyapunov exponent «y (A, x) is given in terms
of the operator U, (i) by

1 n
v (A x) =lim sup —log Uy (1)" 1 (z).
n—oo 1
Under suitable conditions this limit is the spectral radius (and even an eigenvalue)
of Uy (p). This interpretation of the moment Lyapunov exponents open the way
to apply operator theory to prove some of the main properties of ~ (A z) (e.g.
lim sup = lim, analyticity, etc.).
In this section we recollect results on operator theory that will be used in the proofs.

If X is a compact space we let C (X) be the Banach space of continuous functions on
X endowed with the sup norm ||-||_ . An operator 7" in C (X) is positive if Tf > 0
whenever f is a nonnegative function in C (X).

The following result is the classical Krein-Rutman theorem which is a generalization

to infinite dimensions of the Perron-Frobenius theorem for nonnegative matrices (see
Schaefer [21]).
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Theorem 4.1. Let E be a Banach space and W C E a convexr cone such that
the subspace W — W s dense in E. Let T': E — E be a compact operator such
that T (W) C W and assume that its spectral radius r (T) is strictly positive. Then
r(T) is an eigenvalue of T having an eigenvector in W .

This theorem applies to positive operators of functional spaces (C (X) or LP (X))
by taking W to be the cone of nonnegative functions. By writing a function f as
f=ft—f where f* = (|f|+ f)/2 and f~ = (|f| — f) /2 it follows that W — W
is the whole functional space in each case.

A Borel subset £ C X is said to be invariant by a positive operator 7' on C (X) if
suppf C E implies supp (T'f) C E. The operator T is said to be irreducible if X
is the only invariant set that contains the support suppf of a nonzero function f.

Proposition 4.2.  Let T be a positive compact operator on C(X). Suppose T
is irreducible and r (T) > 0. Let f be a nonnegative eigenfunction of the spectral
radius. Then suppf = X.

Proof.  The set of functions g € C (X) such that suppg C suppf is the closure of
the set
B={geC(X):3a>0, |g| <af}.

If g € B then |Tg| < T|g| < aTf = aff so that TB C B. By continuity we
conclude that suppT'g C suppf if suppg C suppf. Hence irreducibility implies that
suppf = X. [ |

Still about positive operators we note that if 7" is bounded and positive then ||7'|| =
|71, - In fact, if ||f||., <1 then |f| <1 hence |Tf| <T|f| <T1.

Proposition 4.3.  Let T be a bounded positive operator on C(X) and f a a
nonnegative eigenfunction of T. Let B be the eigenvalue of f and assume that
B # 0. Then limsup,log= (T"1)(z) > logB if f(x) > 0. If moreover f is
strictly positive then 8 > 0 and equals the spectral radius v (T) of T. Furthermore
lim £ log T"1 () = log 8 uniformly in .

Proof. Since T is positive we have 8" f (x) = (T"f) (z) < || fl| (T"1) (z).

1 1. f(z)
Hence, —log (T"1) (z) > log f + — log
n n 1l

and limit in the first statement follows.

Suppose now that f is strictly positive. We have g > 0 because T'f = ff . Put
m = inff > 0 and M = supf > 0. Since T is a positive operator we have
mIm1 <T"f < MT™1, that is, for all x € X it holds

1 1
O () ST (2) € T (). ")
1 1 1
Hence logﬁjt—logM < —logT"1 () < 10g5+_10gM
n M n n m
1
implying that lim —logT"1 (z) = log S5.

n—oo 1
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Since f is bounded %log % and %log% converge to 0 uniformly in z, proving

the last statement. Now inequality (7) implies that

1 1
—fa" <|T"1f|, < —p" .
8 e < 1771 < — 87 .

But T is a positive operator hence ||T"||, = ||7™1||,, . Therefore
.1
lim —log||7T"|| = log
n—oo N

so that ( is the spectral radius r (7)) of T by the well known Gelfand formula
— i n||1/n
r(T) = lim, o0 || 777" n

Our analysis of the analyticity of A — ~ (X, z) is based on the following pertubation
theorem (see Dunford-Schwartz [6], Section VII.6.7, Theorem 9).

Theorem 4.4.  Let T (2), |z| < e, be an analytic family of bounded operators of a
complex Banach space E. Suppose that A\g € C is an isolated point of the spectrum
o (T (0)) of T(0) such that the corresponding spectral subspace E (Ao, T (0)) has
dimension m. Then there is an open set U 3 Ao and 6 > 0 such that if |z| < ¢
then the spectra of T (z) in U splits into k < m functions A\ (2),..., \ (2) with
i (0) = X\o and satisfying the following properties:

(1) The dimension of the sum of the spectral subspaces associated to Ay (2) , ..., A\ (2)
is equal to the dimension m of E (A, T (0)).

(2) There exists n € N such that each \; (2) is a power series on the principal value
of 2t/

(3) If m =1 then \(z) = A\ (2) is analytic at (a neighborhood of) 0.

5. Compact operators

One of the main issues regarding the moment Lyapunov exponents stays in the
relationship with the spectral radii 7 of the operators Uy (i) acting on the Banach
space of continuous functions C (F) as well as in the L? space in F w.r.t. the
K -invariant measure.

To apply the above mentioned results on operators a basic issue is the compactness of
the operators Uy (u). For the operators in C' (F) this was proved in Guivarc’h-Raugi
[8], Lemme 5.11. Its proof is based in an inequality which we derive below so that it
can be applied to show that an eigenfunction in L? is in fact a continuous function.
Assume from now on that u = ¢dg has a density ¢ w.r.t. the Haar measure dg of
G. In this case

Ux(p) f (kz) = /G px (g, k) f (gkx) p (dg) = /G px (gk, ) f (gkx) ¢ (g) dg
= /Gm (9.2) f (gz) ¢ (9k~") dg
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because dg is right invariant and the cocycle is K -invariant. Hence if f is a bounded
function with norm || f||,, = sup|f (z)| then

Un () £ (k) — Us () £ (@)] < [flla /G o2 (9.2) (6 (gk™") — 6 (9)) dg
< Il /G B (9) 16 (gk™) — 6 (g) ldg

where ® (g) = sup,cp pa (9, ). Because of the K-invariance of the cocycle we have
O (gk™) = ®(g) for any k € K. Put F = ®¢ then the last term in the above
inequality becomes

1l / B (k) 6 (k") — B (9) 6 (g) ldg = | fll | F o Lis — Fl,.  (8)

(This integral exists because p has exponential moments and hence F € L' (G, dg).)
Notice that Uy (k) F = Fo L1 is the left regular representation of K on L' (G, dg)
with norm ||-||;. This representation is continuous, that is, the map (k, g) — U (k) g
is continuous. By the above inequality if = ¢ (g) dg we have

1. Ux(p) (L*>*(F)) C C(F) as follows by the continuity of the left regular repre-
sentation of K on G.

2. Uy (p) is a compact operator in C (F) for every A. In fact the inequality
shows that if B; is the unit ball in C (F) then U, (u) (B;) is bounded and
equicontinuous. Hence by Arzela-Ascoli’s theorem U, (u) (By) is relatively
compact, that is, Uy (u) is a compact operator.

Now we discuss compactness of the operators on the L? spaces. For this purpose we
apply the integral formula dg = pa, (g,1) dk da dn for the Iwasawa decomposition
G = KAN (see e.g. [10], Section 1.5) to view U, () as an integral operator on
L* (K, m). We have,

Us(p) f(u) = / P (g,u) ¢ (9) f (gu) dg = / pa (gu,1) ¢ (9) f (gu) dg
G G
= [ 0ol To)ds
= / dk F (kan) e +2)logag (gu™") da dn
K AN
= / f (k) dk / eArlosag (kany™) da dn.
K AN
Hence Uy (1) f (u) = [, Qx (u, k) f (k) dk where the kernel Q) (u,k) is given by
Qx(u, k) = / eAosay (kanu™) da dn (9)
AN
_ / e()\+2w) loga¢ (g) da dn.
kANu—1

In the last integral the measure in kAN ™! is the translation of the product of the
Haar measures in A x N.
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It is well known that an integral operator in a L2-space is compact provided the
kernel @ is of Hilbert-Schmidt class, that is,

/QA (u, k) du dk < co. (10)

For example, if ¢ is continuous and has compact support then Q, (u, k) is bounded
and hence of Hilbert-Schmidt class.

For later reference we state the following proposition that summarizes the above
discussion.

Proposition 5.1.  An operator Uy (u) is compact in L? (K, m) if the integrability
condition (10) holds.

Clearly the same conclusion holds for the operators on L?(F,m) since they are
obtained by restriction to a closed subspace of L? (K, m).

When the kernel @), is of Hilbert-Schmidt class we can apply Cauchy-Schwarz
inequality to conclude that the functions in the image of U, () are bounded.

Proposition 5.2.  Suppose that Q, is of Hilbert-Schmidt class. Then Uy (u) f is
bounded if f belongs to L? (K, m) or L?(F,m).

Proof. In fact, for any u € K we have

|Ux(u)f(U)|§/K\Q(u,k)f(k)!dkﬁ||fH2/KQ(u,k)2dk<OO- .

Combining the this proposition with the previous estimates we obtain the following
regularity result for the eigenfunctions of Uy () on L2.

Corollary 5.3.  Suppose that Q) is of Hilbert-Schmidt class and let f be an
eigenfunction (nonzero eigenvalue) of Uy (p) in L? (K, m) or L? (F,m). Then f is
continuous.

Proof. By the above proposition Uy (1) f is bounded. Hence U, (u)? f is con-
tinuous because U, (u) (L* (F)) € C(F). Since f is an eigenfuction with nonzero
eigenvalue it follows that f is continuous as well. ]

The results of this section hold true also for the representations U on the function
spaces of a partial flag manifold Fg if A € ag. This is because the mapping f +— for
(where 7 : F — Fg is the projection) intertwine the representations UY and Uy. By
this map C (Fg) can be seen as a closed subspace of C (F) etc. so that if Uy (u) is
compact the same happens to UP (u).

6. Operators on the invariant control sets

In this section we restrict the representations Uy to get representations of S, on the
function spaces of the invariant control set Cg, © C 3. The restriction is possible
because Cg is S, -invariant. We denote these representations of S, by U{ without
distinguishing the flag manifold Fg in this notation.

In each case the operator UY (i) is irreducible in C (Cg) the Banach space of
continuous functions on Cg. In what follows we rely on this irreducibility to prove
analyticity as a function of A of the spectral radius 7§ of U{ ().
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The only assumption to prove this fact is that = ¢ (¢) dg has a density w.r.t. the
Haar measure dg of G. Under this assumption U{ (i) is a compact operator on
C (Co). The proof of irreducibility of US () is based in the following lemma.

Lemma 6.1. Let D be an invariant control set of S, (on some homogeneous
space). Suppose that x € D and V' is an open subset contained in D. Then there
exists a measurable set A C G with u" (A) > 0 for some n > 1 such that gv € V
forall g € A.

Proof.  Since cl(S,z) = D and V is open there exists g € S, such that gz € V.
Hence for some open neighborhood A of g we have hx € V for every h € A.
Moreover if n > 1 is such that g € suppu™ then p™ (A) > 0 proving the lemma. =

For the next proposition recall that a measurable set E C Cg is said to be invariant
by the positive operator UY () if suppUS (u)h C E when supph C E and this
condition is not vacuous meaning that there exists h # 0 with supph C E. UY (p)
is irreducible if there is no proper invariant E.

Proposition 6.2.  For any A the operator U (1) is irreducible on C (Ce) where
Co C Fg is the invariant control set.

Proof.  Suppose by contradiction U{ (p) is not irreducible so that there exists an
invariant E # Cg. Clearly E is also invariant by any iteration US (u)" of US (u).

Take z € Co \ E. If f > 0 is continuous with suppf C E (e.g. f = |h| with h asin
the definition) take u > 0 such that the open set V,, = {y € Fg : f (y) > u} is not
empty. By Lemma 6.1 there exists n > 1 and a set A C G with u" (A) > 0 such
that gr € V,, if g € A. For such n and A we have

U5 @) = [ onlao) £ (o) (do)
> /Am (9,2) f (gz) p" (dg) > U/APA (9,2) " (dg) >0

contradicting the fact that = ¢ suppUY (u)" f. [

The irreducibility combined with Proposition 4.2 ensures that the spectral radius
r{ =r(U{ (1)) of U{ () is an eigenvalue with nonnegative eigenfunction f # 0
such that suppf = Cg. Such an eigenfunction is strictly positive. In fact, if f (z) =0

for some z € Cg then
=31 @)= [ onla.o) f (g2) i (do)

for all n > 1 so that f (gz) = 0 for p"-almost all g. This implies that f (gz) =0
on Sz which is dense in Cg contradicting the fact that f # 0.

The following statement was proved in Guivarc’h-Raugi [8], Proposition 5.10 (see
the last part of the proof).

Proposition 6.3.  Suppose that an operator UY () or US (1) has a strictly
positive eigenfunction f. Then the eigenvalue of f is the spectral radius r whose
eigenspace is one dimensional. Moreover there is no peripheral spectrum, that is, if
B is an eigenvalue of absolute value r, then 8 =r.
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Now we can apply the perturbation Theorem 4.4. Since r§{ is an eigenvalue with

multiplicity one, statement (3) of that theorem ensures that the map A — r{ is

analytic. Thus we get the following result that summarizes the discussions above.

Theorem 6.4.  Suppose that = ¢ (g)dg has a density w.r.t. the Haar measure.
Take a flag manifold Fg and let Co C F be the unique invariant control set. If
px (g,7) is a cocycle defined in Fo we let the operator US (1) act on the Banach
space C (Cg) of continuous functions on Cg. Then we have the following properties:

(1) US (n) is a compact, positive and irreducible operator.

(2) The spectral radius v$ of US (n) has multiplicity one and its eigenspace is
generated by a strictly positive eigenfunction.

(3) If B is an eigenvalue of US (u) with |B| = r§{ then 8 =1§.
(4)  The map X 1§ is analytic.

Remark 6.5.  The above theorem includes the case when S, = G as in Theorem
1.1. In this case Co = Fg so that r{ = r, is the spectral radius of UP (u)
acting on C (Fg). Hence the first part of Theorem 1.1 will follow after proving
that r{’ =~y (\,z), z € Co. ]

We conclude this section with the following comments about the spectral radii and
moment Lyapunov exponents on the invariant control sets in different flag manifolds
where p) is defined.

If X € ag so that the cocycle py is well defined in Fg then p, is also defined
in the flag manifolds Fg, with ©; C ©. Let 7 : Fg, — Fg be the canonical
projection. By equivariance we have py (g, 7mx) = px(g,z) if v € Fg, and g € G
(where we use the same notation p, for the cocycles over Fg, and Fg). Also,
U () (fom) = (UL () f) om if f is a function on Fg and 7 (Ce,) = Ce. Hence
if f is a strictly positive eigenfunction of UY (1) on Ceg then for is an eigenfunction
of U (1) with the same eigenvalue and strictly positive on Ce, . Tt follows that the
spectral radii of both operators on the invariant control sets Cgo and Cg, are the
same.

7. Operators on the flag manifolds

Unless S, = G the operators Uy () are not irreducible on C (Fg) because Cg is a
proper invariant set if S, is a proper semigroup.

Let 79 be the spectral radius of U (1) acting on the space C (Fg) of continuous
functions. In case G = Sl(d,R) it was proved in Guivarc’h-Raugi [8] that for A in a
certain range r, is a principal eigenvalue and hence in this range A\ — r, is analytic
(see [8], Proposition 5.10, Théoreme 5.13 and Corollaire 5.14).

Here we extend those results to arbitrary semi-simple Lie groups and get a range
of analyticity of A\ +— r9. Even in the case of G = Sl(d,R) we enlarge the range
covered by [8].

We assume throughout this section that the kernel @) defined in (9) is of Hilbert-
Schimidt class. This assumption is required to have compactness of the operators in
the L? spaces.
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Recall that we denote by (ag)" the partial chamber which is the interior (in af) of
the cone spanned by the fundamental weights ® \ ®g.

Theorem 7.1.  Suppose that p = ¢ (g)dg has a density with respect the Haar
measure and the kernel Q, defined in (9) is of Hilbert-Schimidt class. Let we be
half the sum of the positive roots outside (©) counted with multiplicities. Then
UP (1) has a strictly positive eigenfunction ¢y on Fe with eigenvalue v if we have
NeTe =—we+ (a3)".

The proof is based on the construction of operators TP : C (Fg)" — C (Fe) that
intertwine the dual representations U? (u)* and UP (i). The operator has the form

TOv (x) = / A® (2, ) v (dy)

Fo

where v is a measure and the kernel A (z,v) is positive but in general not bounded
or even integrable w.r.t. mg. The set of those A such that A (z,y) is me-integrable
is given by known integral formulas.

By applying the intertwining operator we will get the strictly positive eigenfunction
of the theorem in the form ¢y = TPv, with v = fme a probability eigen measure
of UP (u)" such that f is continuous. This works for A € I'e because this is the
range of integrability of A (z,y).

To get an eigen measure v, with continuous density we use the fact that the repre-
sentation U, _,,. (u') is the adjoint of Uy (u) in L* (Fe,me). The conditions on
f in Theorem 7.1 are required to have compactness of U®,_,  (17").

Proposition 7.2.  Under the conditions of Theorem 7.1 there exists an eigen
measure vy (in C(Fo)*) of UL ()" with eigenvalue r. The measure vy = fme

has a continuous density f w.r.t. the K -invariant measure mg .

Proof. The measure p~' = 1, where ¢ (g) = g~' satisfies the same conditions

as p. Hence U_y_ g, (1) is a compact operator in both spaces C(Fg) and
L2 (F@, m@) .

Because of the Krein-Rutman Theorem 4.1 the spectral radius, say s_j_auo > 0, of
U_x_2we (17') on L? (Fg,me) is an eigenvalue having a nonnegative eigenfunction.
Now by Corollary 5.3 an eigenfunction of UP (u) in L? (Fg,me) is continuous and
hence an eigenfunction in C (Fe). This shows that s_x_su, < 72,_,,, . The reverse
inequality holds because C(Fo) C L?(Fo,me) so that s_x_ow, = 72, _,,,. The
same argument shows that sy = r{ (obvious notation). Hence

e _ _ _ .0
X =5 = S-2-2we = T-x—2ue

because U_y_a,, (1) is the L? (Fg, mg)-adjoint of Uy (). In conclusion fymg is
an eigen measure of Uy (u)* if fy € L* (Fo, me) is a nonnegative eigenfunction of

U-x—2ue (171 - n

Remark 7.3. In [8] the existence of eigen measures is ensured by an application
of Schauder-Tychonoff fixed point theorem and without the restrictive assumptions
of Theorem 7.1. Here we insisted in the L? (Fg, mg)-adjoint approach of the above
proposition to make sure that the density f, of the eigen measure is continuous. =
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We proceed to the definition of the kernel AQ(z,y) of the operator Ty :C (F)*—C (F):

Proposition 7.4.  Assume X\ € ag to be given. Then there is an analytic function
Ay :Fo x Fg — Ry U{+o0} satisfying the following properties:
(1) Ay (kz,ky) = Ax(x,y) forall k € K and x,y € Fg.
(2) Ay (g, xo) = pa (W x0) " if xo is the origin of Fe and W € N~. Hence
Ay (z,y) > 0.
(3) If g€ G and x,y € Fg then

pr(9:7) Ax (g7,y) = A (2,97y) pa (97 y) (11)
where g* =0 (g™1) is the transposition with respect to the Cartan involution 0.

(4) A)\Jru (33', y) = A)\ (l’, y) Au (iIZ’, y) .
(5) Ay (z,y) < +oo and continuous if X € (ah)".

Proof.  Assume first that A is a dominant weight and consider the flag manifold
Fy = Fo, where ©y = {a € ¥ : (\,a) = 0}. Since A € cl(a})" we have © C O, so
that there is a fibration 7, : Fg — ).

The flag manifold F) realizes as the projective orbit G - V) of the A\-weight space V)
in the space V (\) of the representation R, with highest weight A. The cocycle py
factors to IFy and is given by

lgvll
prlg,x) =
[v]]
where ||-|| is the norm of the K -invariant inner product and v is a generator of the
line x € Fy, = G - V). This being so define
A (x,y) = |cos b (z,y)| AL = A9 o (my x 7))

where 6 (z,y) is the angle between representatives of x,y € Fy C P(V (X)). Property
(1) is satisfied by A9 because k € K is an isometry. To see (2) take vy € Vi with
|lvo|l = 1 and let by be the origin of F, which is identified with V) € P(V (\)). For
n € N~ write v = fivg = Ry (M) vg. Let X € n~ be such that 7 = eX. Then

1
v = GX’UO = Ug + Z ER)\ (X)k Vo.

k>1

For each k > 1 we have R) (X)k v € ZM# V,, where the V), are the weight spaces.
Since the weight spaces are orthogonal to each other we get v = nvg = vy + v; with
(vo,v1) = 0. Hence if § = 0 (nby, by) then

1
cosf = <U7U0> _ <UO + U17U0> _ )
[v]] [[v]] [v]]

It follows that py (72, zo) = ||[ve|| = 1/ cos§ = 1/A* (Tibe, be), which proves (2) for
A?A. By equivariance of 7y the equality (2) holds for A9 as well.
To get (11) let v and w be representatives of = and y, respectively. Then

lgvl _fgv.w) _ {v.g"w) [lg"w]

px (9,2) A (gz,y) = =
A ol lgvll - lw| vl - lg7w] |lw]

= AS (z.9"y) pr (6", 0) -
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This concludes the definition of A when A is a dominant weight. Analyticity of
A follows by (2).

Now, for a general A\ € a, we can write A = ryw; + - - - + 1w where {wy, ..., wg}
are the fundamental weights in ® \ ®g. If we put

AA = A:‘ll T Az;ll
then the properties in the statement are satisfied because py = p} -+ pt. u

The following lemma about integrability of p) is well known. The restriction in
Theorem 7.1 that A € I'g is based on this integrability.

Lemma 7.5. Let we be half the sum of the positive roots outside (©) counted
with multiplicities. If 0 € (a%)" we have

/ e~ (0twe)a(mzo) gy g,

Proof.  See Helgason [10], Theorem 6.14. Actually the integral is the value of the
c-function of Harish-Chandra on —26. [ |

As a consequence of this lemma and (2) of Proposition 7.4 we get integrability of
A? for A in the cone I'g.

Lemma 7.6.  Denote by mg the K -invariant measure on Fgo. Then for every
r€Fo, if A€ —we+ (a8)", we have

/ A? (y,x) me (dy) < 0.

Fo

Proof. By K-invariance of AY it suffices to prove integrability when x = xq is
the origin of Fg. By Proposition 7.4 (2) we have

/ A?(y,xo)m(dy):/ px (T, g) e 2we2(m20) gy

Fo

where we are using the integral formula

f(x)ym(dz) = f (g e~ 2wea(ma0) g

]F(_) N—

(see [10], Theorem 1.5.20). The right hand side of the above equality is
/ o~ O 2uw0)a(mz0) g

which is finite if & = A 4+ w € (a%)", by the above lemma. That is A (y,20) is
integrable if A belongs to the cone I'g = —we + (ag) ™. [
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Having this estimate we can finish the proof of Theorem 7.1. Define as before
T (@) = [ 88 () ()
Fo

if the integral exists where v is a measure in Fg.
By (11) we have U, (9) (Thv) = Ty (U (¢7) " v) if g € G and hence

US () (1) = T3 (UR (17) ). (12)

that is, the operator Ty intertwines the operators U (,uT)* and Uy (u).

As p the measure pu’ satisfies the same hypothesis of Theorem 7.1. Hence by
Proposition 7.2 the adjoint U, (,uT)* admits eigen measure vy = fymg. By the
integrability Lemma 7.6 we have a well defined function ¢, defined by

or(y) =Ta (fame) (y) = | AT (y, x) fr (z) me (dz)

Fo

ifAeleg=—-we+ (ag)+. Since T} intertwines the representations we have that ¢
is an eigenfunction of U (). For each x € Fg A (y,z) is strictly positive except
in a set of me-measure 0. Hence ¢, is a strictly positive eigenfunction of UP ().
Hence by Proposition 4.3 the eigenvalue of ¢ is the spectral radius r{ of U (u)
concluding the proof of Theorem 7.1.

Now as in the case of the operators in the invariant control set we apply Proposition
6.3 to see that r9 is an eigenvalue with multiplicity one if A € —we + (a*@)Jr because
by Theorem 7.1 UP (1) has a strictly positive eigenfunction.

Since the spectral radius r{, A € —weg + (a*@)Jr has multiplicity one we can apply
the perturbation Theorem 4.4 (3) to conclude analyticity of r9.

Corollary 7.7.  Let r{ be the spectral radius of U (u). Then the map X\ — 1
is analytic on —we + (a5)" if p satisfies the conditions of Theorem 7.1.

Now we take y~! = 1, (1) in place of u. Denote by sy the spectral radius of UP (1)
on C (Fe). If u satisfies the conditions of Theorem 7.1 the same happens to u~'.
Under these conditions the map A + ry is analytic on —we + (a5)". Moreover,
the spectral radius of UP (u~!) on L? (Fg,me) is sy as well. Now the adjoint of
UP (n™') on L*(Fe,me) is U®,_,,. (1). Hence sy = _,, . By this symmetry
we enlarge the domain of analyticity of 7.

Corollary 7.8.  The map X — 1% is analytic on —we — (a*@)Jr if u satisfies the
conditions of Theorem 7.1.

). n

Proof. In fact, A € —we — (a%)" if and only if —\ — 2we € —we + (af
Finally if A € a§ so that the cocycle p, is well defined in Fg then p, is also
defined in the flag manifolds Fg, with ©; C ©. Then by the same arguments as in
the comments at the end of Section 6 if A\ € —we + (a5)" then there is a strictly
positive eigenfunction ¢, for UP (1) and it follows that ¢y o7 is a strictly positive
eigenfunction of UY* (1) with the same eigenvalue. Therefore for A € —we + (ag)™*

we have r3' =79,



606 SAN MARTIN

8. Moment Lyapunov exponent and spectral radius

The relationship between a moment Lyapunov exponent « (A, z) and a spectral

radius ry (or r{) comes from the immediate observation that

ww%mzémmmmm>

so that (X, x) = limsup,_,. =logUy (1)"1(z). In these equalities we can take
U¢ (1) in place of Uy (1) in case z belongs to an invariant control set.

On the other hand we have the general Proposition 4.3 ensuring that the spectral
radius of T is given by lim, ,,, 71 (x) if T is a positive operator having a strictly
positive eigenfunction. This fact and the results of the previous section permit to
prove analyticity properties of y (A, x) (as a function of \) ensuring by pass that the
lim sup in the definition is in fact a limit.

Given a flag manifold Fg take as before A € af so that py(g,x) is well defined
on Fg. We let Cg C Fg be the unique invariant control set of S, (assumed to
have nonempty interior) and consider the operators US (u) and UP (1) acting on
C (Co) and C (Fg), respectively. As before the spectral radius of UY (11) (respectively
U (1)) is denoted by r{ (respectively r{).

By piecing together previous results we get the following main theorem about reg-
ularity properties of v (A, x) as a function of A and its relationship to the spectral
radii r{ and r§.

Theorem 8.1.  Assume that p = ¢ (g) dg has a density w.r.t. to the Haar measure
and admits exponential moments. For \ € ag the following statements hold true:

(1) For every x € Co we have

1 .
3 = T g | g (9,0) " (dg) = logr§
G

n—oo 1M

where the limit is uniform for x € Co. If v € Cg then the function X — 7 (A, x)
is analytic.

(2) Suppose in addition that ¢ € L? (G,dg). If A € —we + (a)" then we have
v (A, x) =logr for all x € Fo. The limsup in the definition of v (X, x) is a
limit which is uniform for v € Fg.

(3) If X € —we+(as)" then rQ = 1§ (in case ¢ € L* (G, dg)) and y (), -) = logrf
is constant in Fg.

Proof. Is a direct consequence of Proposition 4.3 since the operators U (u) as
well as U (u) (if A € —we + (a%)") admit strictly positive eigenfunctions in Ceg
and Fg respectively. Analyticity is a consequence of Corollary 7.7. The equality
between r and 7§ in the range A\ € —we + (a%)" holds because 7§ = M) = r{
if x € C@. |
Remark 8.2. By Corollary 7.8 the spectral radius r9 is analytic as a function of
A in the cone —we — (a)" as well (under the assumptions of the theorem). However

in this range it is not claimed an equality of 7{ with ~ (), z) for some z. [
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The next step is to use properties of the moment Lyapunov exponents v (A, z) to
describe the shape of functions p — rg)/\ in the cases when the equality v (\, z) = r

holds as ensured by Theorem 8.1.

The first property of 7 (A z) to be considered is that for a fixed x the function
A€ aly — y(A\z) € R is convex, that is, v (tA1 + she,z) < ty (A, x) + 57 (A2, ),
t,s >0 and t + s = 1. This follows by a direct application of a Holder inequality.
As to the second property of the moment Lyapunov exponents note that we have
0 € —we+(a5)™ since we € (ay)". Hence A — logry is analytic at 0. The derivative
of this function were computed in Arnold [2] (see also Arnold-Oeljeklaus-Pardoux [3],
Lemma 2.1 and Boujerol-Lacroix [5], Lemma 5.2) as the sample Lyapunov exponent.
Below we reproduce this result in our framework. To do that define

1
A= lim —a(gy,z)€a (13)

n—-+oo 1

where as in the introduction g, is the random product g, =v, ---y; and y,,: G~ — G
are the pMN-random variables given by the n-th coordinate.

Classical results on Lyapunov exponents ensure that the limit in (13) exists u-
almost surely and is constant as a function of = as well so that the notation A in
(13) is consistent (see [8] and the Multiplicative Ergodic Theorem version of [1] for
an approach in our framework).

Proposition 8.3. Write R (\)=logry. Then its differential at 0 is dRo (A) =X (A).

Proof. Take z € F, A € a* and p > 0 in a neighborhood of 0. Then by Jensen
inequality we have

/ log ppa (9, 2) 1" (dg) < log / Ppx (g ) 1" (dg)

1
and hence %/)\a (g,2) u" (dg) < Elog/eh(g’”),u" (dg) .

By the ergodic theorem the limit of the left hand side is pA (A) while in the right hand
side is R (pA) = ypr (z). Hence A (A) < R (pA) /p. Applying the same reasoning to
—p we obtain

—-Pp p
Since R is analytic at 0 we can then take the limit as p — 0 to conclude that
dRy (A\) = A (A). u

To get the shape of some functions p+—r,, we will use the following regularity of A.
Proposition 8.4. If y isan exposed measure then A belongs to the Weyl chamber a™.

Proof. See Théoreme 2.6 in [8] where this result is proved for more general
measures than the exposed ones. [ |

Notation: For A € a* we define the functions fy, f{ : R — R by fy(p) = logr,
and f\ (p) = log rg/\. In these definitions we leave implicit the measure p fixed in
advance.
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We write f, and ?f for the functions corresponding to the measure u=t = ¢, (u).
In the notation for these functions we do not specify the flag manifolds with a
superscript © because in the case to be considered below the spectral radius of
the operators UP (1) are the same as those of the corresponding operators Uy (i) in
the maximal flag manifold (see the comments at the end of both sections 6 and 7).

Notice that the functions A — logr, are convex in the cases, specified by Theorem
8.1, where the logarithm of a spectral radius is equal to a moment Lyapunov exponent
v (A, ). Convexity combined with the previous proved properties allow to determine
the shape of the functions A — logry. The next proposition shows the possibilities
for the operators in the invariant control set.

In the sequel we denote by ¢* the open cone of those A € a* that are strictly positive
on the Weyl chamber a™:

F={\e€a":NH)>0, Hea"}

Proposition 8.5.  Suppose that A\ € ¢t. Then for the convex analytic function
O R = R we have fC(p) >0 if p>0, lim, o f¥ (p) = +00 and there are the
possibilities:

(1) (f/\c)/(p) >0 for all p € R in which case lim, , o, < (p) < 0.

(2) (f/\c)/ is not strictly positive. Then there exists a unique global minimum
po <0, (f)\c)” >0 and lim,,_ fC (p) = +o00.

Proof. If ) is strictly positive on a’ then (f/\c)/ (0) = A(A) > 0 by propositions
8.3 and 8.4. Hence by convexity (f/\c),(p) > A(A) if p > 0 which implies that
< (p) >0 if p>0 and lim, o f¥ (p) = +00.

If ( ff)/ is strictly positive then f¢ is increasing and since f¢ (0) = 0 we have
lim, s o f¥ (p) = inf f¢ < 0. On the other if (ff)/ is not strictly positive then it is
not constant because ( fe )/ (0) > 0. It follows that ( fe )/ is strictly increasing. For
otherwise there would be p; < p, with (f,\c)/ (p1) = (ff)/ (p2) and hence in [py, po]

since ( f< ), is nondecreasing which would imply by analyticity that ( f< ), is constant
contrary to the assumption. Hence there exists a unique py (necessarily < 0) with
(f/\c)/ (po) =0 and (f)\o)/ (p) < 0 if p < po. This implies lim,, o, f (p) = +oo. =

Now we can put in evidence Theorem 3.1 that relates the flag type of S, to the
moment Lyapunov exponents to conclude the proof of Theorem 1.3 by proving the
nonanlyticity statement of Theorem 1.4. First we note that for any © C X we
have cl(a5)™ C ¢ since the cone cl(a5)" is generated by fundamental weights
and any such weight is strictly positive on the Weyl chamber at. Therefore any
A€ Cl(a*@(&))+ satisfies the condition of the above Proposition 8.5. By Theorem 3.1

if A e cl(ag(su))Jr then fC (p) is negative as p — —oo hence f¢ falls in the first case

of the above proposition. It follows that lim, , . fC (p) < 0 if X\ € cl(ag(sﬂ))Jr as
claimed in Theorem 1.3.

Now we take A\ = we(s,) and prove Theorem 1.4 by comparing the functions
5 * + c . )
Wo(s,) (p) and fw@(su) (p). We have we(s,) € Cl(“@(su)) so that fwe(s‘t) R—Ris

(0) = 0.

strictly increasing with ff@ (5)
I
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On the other hand if p > —1 then pwe(s,) falls in the range of Theorem 8.1 (3).

o(Su) _ ,C

Hence Tpwe(s,) pre(su) =7 (pw@(gu),x)

for every = € Fg(g,) if p > —1. In this range both operators Upwe o) and U,

pw@ )
have strictly positive eigenfunctions so that TI%Z*E; ) = Thve(s,) (see the end of
Section 7). Since the spectral radii of the operators in the invariant control sets
in F and Fg(g,) also coincide we conclude that

_ fC _
fw@(SH) (p) - w@(SH) (p) p > 1

. . . . . _ C
Notice ;cjhat if fw@(su) is analytic in R then we have fw@(su) = fiogs, everywhere
since fw@(s#) is already analytic.
Proof of Theorem 1.4: The nonanalyticity of f"-’e(s) at p = —1 will follow
i

if we prove that log Tpoo(s,) log rC if p < —1. To this purpose we prove
"

that logr%gz‘s)ﬂ) > logrpcwo(s)
o (S,

operator Uﬁ,((f(“s)u) at the flag type of S,. Now in L? (Fw

O(Su) * _ 1790w
( pw@{ )( )) - 7(2+up)w®( )

o(Su)
, p < —1, for the spectral radius ry, O of the

“e(5u)
we have the adjoint

(1) so that if we denote by s& )

O(Su) _ O(Su)
Yo(su) T T=(2+P)we(s,)

o(Su) )
the spectral

By the above facts applied to

p~t instead of p we have that on the interval (—1, +00) the function p — log sﬁéjg;”
is strictly increasing has limit +o0o as p — +o0o. Hence on (—o0, —1) the function

O(Su)

radius of U, O5) (p~1) we have 7,

p — logrpw@( ) is strictly decreasing and has limit 400 as p — —oo. Now
f@(SH) (p) = log rpwe(SH) is strictly increasing and since fC 5) (—1) =log T?L‘Z“(L , we

O(Sp

conclude that fwce(s ) (p) < log rpwe for every p < —1. As to the spectral radius in
I

the maximal flag manifold we have by equivariance of the projection F — Fg(g,) that
TSJ(:E‘ S)u) wo(sy) (1) so that TSJ(SE‘S)H) < Thwegs,) Therefore
fwe(su) (p) > g@(sﬂ) (p) if p < —1. Tt follows that fw@(su) is not analytic at p = —1
for otherwise we would have f,,, 5w) (p) = S@ )

these functions are equal if p > —1. This concludes the proof of Theorem 1.4. |

is a positive eigenvalue of U,

(p) in a neighborhood of —1 since

c
“o
following consequence about the moment Lyapunov exponents.

The inequality fu ., (p) > (p) if p < —1 ensured in this proof has the
O(Su) (Su)

Corollary 8.6. If p < —1 then the moment Lyapunov exponent -y (pwe(gu), m) is
not constant as a function of x.

Proof. For any z € C' we have v (pwe(gu),x) = f¢ (p). On the other hand

“o(su)

by Proposition 4.3 there exists y € F such that (pw@(su),x) > fwe(s ) (p). Hence
I

¥ (pCU@(S#), ) is not constant. [ |
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9. Stochastic differential equations

An invariant stochastic differential equation in G gives rise to a semigroup (under
convolution) of measures y; given by the transition probabilities p; (1,-) of the so-
lution starting at the identity. The semigroups U, (y;) have infinitesimal generators
that are differential operators on smooth functions. The moment Lyapunov expo-
nents can be read of from the principal eigenvalues of the infinitesimal generators.

Let dg =X (g)dt + Z Y; (g) o dW; (14)
j=1

be a stochastic differential equation in G where X, Y;, .., Y,, are right invariant

vector fields and (Wy,...,W,,) is a Brownian motion. The equation generates a

Markov process in G with transition probabilities p;(g,:), ¢ > 0 and g € G,
satisfying p; (g,+) = p: (1,-) g because of the right invariance of the vector fields.
Write pu; = p; (1,-). By the Markov property pusys = iy * ps. In this continuous-time
setting the moment Lyapunov exponents are given by

1
v (A, z) = lim —log/m (g, ) e (dg) -
G

t—+4oo t

Standard arguments show that these exponents coincide with the discrete-time ex-
ponents of a measure p,, to >0, (e.g. to=1).

The following preparatory facts on control and stochastic systems are proved the
same way as in Arnold-Oeljeklaus-Pardoux [3]. Although [3] consider only systems
in the projective spaces the control and stochastic results are easily extended to our
set up. We leave the details of this extension to the forthcoming text [18].

The support theorem ensures that the semigroup generated by the supports of the
measures iy, t > 0, is the closure of the control semigroup S of the associated
control system

g=X(g)+ Zquj (9) (15)

which is the semigroup generated by

{expt<X+Zuj)/j> 1t >0,u; € ]R}.
j=1

It is well known that intS # () if and only if X,Y,...,Y,, generates g, that is, if
the control system satisfies the Lie algebra rank condition. Moreover since g is semi-
simple the ideal generated by Yi,...,Y,, (which in general has codimension < 1)
coincides with g. This implies (by hypoellipticity) that a transition probability g,
t > 0, has a smooth density with respect to the Haar measure of G.

It follows that under the Lie algebra rank condition the semigroups S and S,,,,
t > 0, have nonempty interior. These semigroups have the same flag type because
the invariant control set of S,, on a flag manifold Fg is the support of a unique
invariant measure of p;, which is the invariant measure for the Markov process
induced on Fg.
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The basic assumption that the measures p; have exponential moments can be proved
as an application of Girsanov Theorem (see [3]). The condition that the density ¢ of
p = ¢(g)dg belongs to L3 (G, dg) was used before to ensure that an eigenfunction
in L2 (Fg, me) is continuous. Here this condition can be overcome by an application
of Héormander Theorem ensuring that an eigenfunction of an hypoellyptic operator
is smooth (see the approach in [3]).

Having these preparations we can concentrate on the operators Uy (1) on the spaces
C (Fo) and L?(Fe,me). Under the Lie algebra rank condition ¢ + UP () is
a semigroup of compact operators either on C (Fg) or L? (Feo,meg). Define the
invariant second order operator L on G by

L:X+%§:Yj2.

=1

By Itd’s formula the infinitesimal generator of the semigroup U (u;) is LY = UP (L)
where we denote also by UP (-) the infinitesimal representation of g as well of its
extension to the universal enveloping algebra U (g). The domain of L contains the
subspace of smooth functions. In what follows we derive the expression of LY as a
second order differential operator on the smooth functions on Fg.

If X € gand f is a smooth function on Fg then

US (X) £ () = SUS () F (2),cy = X (2) + Xax (1,)

where X the vector field induced by X on Fe and Xay (g,2) = AXa (g, z) with
Xa(g,z) = 4a (eth,x)‘tzo .
For simplicity of notation we abbreviate the derivatives of a (g, z) as follows:
Notation: If X € g and A € a* then we put

(1) gx(z) = Xa(l,z) so that Xa, (1,z) = X (gx (z)).

(2) ry(2) =Yav ().
With this notation we have U® (X) = X + A (gx). So that for Y € g we have

U (Y?) = UY (V) = Y2+ M) Y + Alry) + (Aav))*

Therefore the infinitesimal generator of the semigroup U (u;) acting on smooth
functions is given by the second order operator

m

N | —

Lf:Z+%;>\(qm)1~/j+)\(q)<)+%;)\(7%) Py (le)) 09)

where z:)?—i—%zg.n:l?f.

Lemma 9.1. If X|Y € g are right invariant vector fields then
(1) Xa(gh,z) = Xa(g,hx) forall g,h € G. In particular Xa(g,z) = Xa(1l,gz).
(2) YXa(gh,z)=YXa(g,hx).
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(3) YXa(l,z)=YXa(l,x).
(4) Xa(g,x)=0 if X €t.
Proof. By the cocycle property
d
i |

which shows (1). Item (2) is a direct consequence of (1). Now

d
Xy hx)|t:0 + —a(h, ‘T)\t:O

eXgh, x) 7

t=0 — %a (

d d
Y (Xa(l,2)) = %Xa (ety,x)|t20 = EXa (1,e™2)

|t=0

by (1). The last term is Y Xa(1,z) showing (3). Finally, a (e"¥g,z) = a(g,x) if
X € ¢ so that Xa(g,z) =0. [

In the next lemma we compute explicitly the partial derivatives of a (g, z) in terms
of the Cartan g = £ @ s and Iwasawa g = £ & a & n decompositions. If 7 € g we
write its components as Z = Zy + Z,+ Z, € EBadn.

Lemma 9.2.  For the cocycle a(g,x) in the mazimal flag manifold F we have the
following formulas where x = kxy and xo is the origin of F = G/MAN .

(1) ax(z) =Xa(l,z) = (Ad(k7") X),.

(2) YXa(l,z)= Y Xa (Lz) = (Ad (k") [(Ad (A1) Y),, X]), -

(3) X?a(l,z) = (Ad (k™) [(Ad (k™) X),, X]),.

4) IfY = A+ 7Z € tDs is the Cartan decomposition of Y then qy = qz and

ry =rz+ ng.

(5) Let py : 5 — a be the orthogonal projection w.r.t the Cartan-Killing form. Then
qx (2) = pa (Ad (K1) X).

(6) Ifke K and X € g then qx (kx) = qaag—1)x (v) and rx (kx) = rpaqp-—1)x (7).

Proof. We consider the Iwasawa decomposition e/*k = k,h;n, with ky = k and
ho =no = 1. We have logh; = a (¢'*, z) so that Xa(1,z) = hj. On the other hand

d
X (k)= ai (kthine) g = ko + khg + kng.
This last equality shows that k' X (k) = k= k{ + h{ + nj. Since k~'k} € €, hj € a
and n{, € n it follows that h{ is the a-component of k¥~ 'X (k) = Ad (k~') X. This
shows that Xa (1,z) = (Ad (k~1) X), as claimed in (1).

By Lemma 9.1(3) we get Y Xa (1, ) =Y Xa (1, z) and (2) by derivating (Ad (k1) X),
as a function of k. Take the Iwasawa decomposition ¥ k=! = ushyny € KAN with
uo = k= and hg = ng = 1. Then the derivative in the direction of Y is

d /
%Ad (ut)|t:0 =d(Ad), 1 (u) -
Since ufy € Tj-1 K we have uj, = k~'A with A € ¢, that is, uj = % (k:*letA)Itzo. So
9 \d _ DA (et = Ad (k') ad (A
dt (ut)|t:0 Tt ( € )|t:0 - ( )a (4).
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To find A € ¢ take the derivative of e k~! = w,hyn, to get
Y (k7Y) = ug + khy + kng
and hence (Ad(k™')Y), = kuy = A. Summarizing,

YXa(l,z)=YXa(l,z)=Ad (k") [(Ad (k) V), X]

E )
showing (2). Item (3) is a special case of (2) and (4) is a consequence of g4 = 0.

To derive (5) take Z € s and formulate its Iwasawa decomposition in the form
7 = I+ Zoy+Zy € EBadn. Since Z = (Z —07) /2 we have Z = Z,+(Z, — 0Z,) /2.
But Z, and (Z, —0Z,) /2 are orthogonal w.r.t. the Cartan-Killing form. Hence
Pa (Z)=Z, which implies (5).

Finally, if k€ K and X €g then by K-invariance we get

a (etX, kx) =a (k’letxk,x) =a (etAd(k)X,x)

d
so that qx (kz) = Ea (etAd(k)X, x)t:(] = qaag-1)x ().
A similar computation yields rx (kz) = raae-1)x (). n

9.1. An example with S =

Consider the driftless stochastic differential equation

dg =D _Y; (g) o dW; (17)
j=1
where {Y7,...,Y,,} is an orthonormal basis of s where g = ¢ @ s is a Cartan

decomposition. If g has only noncompact factors then Lie algebra generated by s
is the whole g so that in this case the above system satisfies the Lie algebra rank
condition. Since the equation (17) has no drift the control semigroup is a group with
nonempty interior and hence is the connected group G.

The infinitesimal generators for the above equation are
2L =3 V4D M) Vit XA () + 2 (aw)) ()
j=1 j=1 j=1 j=1

To compute the coefficients of these operators we note first that they are the same for
any orthonormal basis. This is because the vector fields appear quadratically in L
and the orthonormal bases are obtained from each other by an orthogonal matrix. To
illustrate the proof of this independence let us check that the term Z;n:l ()\ (qu))Q

is the same for another orthonormal basis {Z1, ..., Z,,} with Z; =>"" a;;Y;.

We have (A (qzj))2 = Z az; (A (qv,))” + Z arjasiA (qv,) A (qy,)

r,s=1

so that
> (Man) =3 (Z a@-) () + > (Z ) Mav) Aav)

which is equal to 327", (A (gy;))” because the matrix (a;), . is orthogonal. The other

7 7’7.7
terms are treated the same way. Now we can compute the functions in (18).
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Proposition 9.3.  The zero order terms of (18) are constant and given by
m 2
(1) X7 (May))” = IAIP and
(2) 27:1 A (TYj) = 2(\,we).

Proof.  We have qy, (kz) = qaag-1yy, (¥) and rx (kx) = raqe-1)x (2) if k € K
(see Lemma 9.2 (6)). Since {Ad (k') Yy,...,Ad(k™!)Y,,} is also an orthonormal
basis of s the functions are K -invariant and hence constant.

To get the first formula let Hy € a be defined by A (-) = (H,,-) so that if p, : 6 — a
is the orthogonal projection then A\ (p, (Z)) = (H,, Z). Hence by item (5) of Lemma
9.2 we have

) <qyj> e ()Y @ = kay

In particular A (qy] ) . Yj) so that
2 2
S (O (a))? = SUH Y2 = [ = A1
J=1 7=1

To compute 2721 A (T’yj) at the origin zy we choose a special orthonormal basis,
namely it is the union of orthonormal bases on the subspaces 30Ns and (g, ® g_o)Ns
with « running through the set of positive roots outside (). If Z € 3¢ then
rz (x9) = 0 because xg is a singularity of Z. Hence the elements of the basis of 3¢
do not contribute to the sum Z;n:l A (ryj) .

On the other hand take X € (g, ® g_o) Ns with || X|| =1 and write X = X, + Y,
with X, €g, and Y,€g_,. Since g, is orthogonal to g_, and 6 (g,)=g_, we have

(1) 1=|X]| =2(X,,Y,) which implies that [X,,Y,] = $H,.
(2) 6(X,) =Y, and 0 (Y,) = X,. This implies that A € ¢ if A=—-X,+Y,.

Now X (20) = Yy (20) = A (20), s0 rx (r0) = Agx (o). Hence if Hy is as above then
d
dt<H/\7Ad( )X>t=0: <H)\7[X7A]>

But [X,A] = [Xo+VY,, —Xo+Ys] = 2[X,,Y,] = H, and we get A(rx) (zg) =
(Hy,H,) if X € (ga ®g-a)Ns and || X|| = 1. Therefore the contribution of the
basis in (go © g-a) Ns to the sum 770 A (ry,) is

A(rx) (zo) =

<H)\7 Ha> dim ga = <)‘7 dim gaa>'

Adding over the positive roots outside (©) we get > 7", A (ry;) = 2(\,we) after
recalling that wg is half the sum of such roots counted with multiplicities. [ |

These computations permit to write down the operators LY for the above stochastic
equation.

Corollary 9.4.  For the equation (17) an operator LS is the sum of a differential
operator plus a constant. Precisely:

1 1 m . m
LY = §D+ (N, we) + 5 ||)\||2, where D = ZY2 +Z)\ (qu) Y.
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As a consequence we have that the constant function 1 is an eigenfunction of LY for
any A and ©. The corresponding eigenvalue is

A 2
F)\ = <>\,W@> + %

This is the principal eigenvalue of L because the eigenfunction 1 is strictly positive.

Remark 9.5. It was claimed in Arnold-Oeljeklaus-Pardoux [3] that a function
fr (p) given for the norm cocycle over the projective space is analytic in R (see [3],
Lemma 2.4). The proof of this claim in [3] is incomplete. It exhibits a power series
for f, but it is not checked that it has infinite convergence radius. |
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