Journal of Lie Theory
Volume 30 (2020) 653-672
© 2020 Heldermann Verlag

Spherical Varieties over Large Fields
Stephan Snegirov*

Communicated by R. Avdeev

Abstract. Let kg be a field of characteristic 0, k its algebraic closure, G a connected reductive
group defined over k. Let H C G be a spherical subgroup. We assume that ko is a large field,
for example, kg is either the field R of real numbers or a p-adic field. Let Gy be a quasi-split
ko-form of G. We show that if H has self-normalizing normalizer, and T' = Gal(k/ko) preserves
the combinatorial invariants of G/H, then H is conjugate to a subgroup defined over ko, and
hence, the G-variety G/H admits a Gg-equivariant ko-form. In the case when Gy is not assumed
to be quasi-split, we give a necessary and sufficient Galois-cohomological condition for the existence
of a Gp-equivariant ko-form of G/H .
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1. Introduction

Let G be a connected reductive group over an algebraically closed field k of charac-
teristic 0. Let kg C k be a subfield such that k is an algebraic closure of ky. Let
Go be a ko-form (ko-model) of G, i.e. an algebraic group over ky together with an
isomorphism of algebraic k-groups sg: Go X, k — G.

Let Y be an irreducible G-variety. By a Gg-equivariant ko-form of Y we mean a
ko-variety Yy, together with an isomorphism of k-schemes sy : Yy X3, k — Y and a
morphism of ky-schemes Gy X, Yo — Y, defining an action of Gy on Y}, such that
the following diagram commutes;

0o,k
GO,k Xk YO,k Yb,k:
%kaﬂyl \L%Y
0
G Xk Y Y

Here 0,0y are the G-action on Y, and the base change to k of the Gy-action on
Yy respectively, and Gy, Yo, are the base-changes to k of Gy, Yy respectively.

From now on till the end of the Introduction we assume that Y is a spherical
homogeneous space of G. This means that Y = G/H (with the natural action
of G) for some algebraic subgroup H C G and that a Borel subgroup B of G has
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an open orbit in Y. See Timashev [28] and Perrin [22] for surveys on the theory of
spherical varieties.

Inspired by the works of Akhiezer and Cupit-Foutou [2], for a given ko-form Gy of
G, we ask whether H is conjugate to a subgroup defined over kg, i.e. whether there
exists a kg-subgroup Hy C Gy such that Hy xi, & C G is conjugate to H. More
generally, we ask whether there exists a Gy-equivariant ko-form Yy of Y (note that
if H is conjugate to Hy X, k, then Yy := G/ Hy is a Gp-equivariant ky-form of V).
A field kg is called large if for any irreducible kg-variety Y, having a smooth kg-
point, the ko-points are Zariski-dense in (Yp)g; see Pop [24, Proposition 2.6]. Any
field that is complete with respect to a nontrivial absolute value is large; see [24,
Section 1, (A) (2)]. In particular, the field of real numbers R and any p-adic field
(a finite extension of the field of p-adic numbers Q,) are large.

Let T'C B C G be a Borel subgroup of G and a maximal torus contained in it. Let

BRD(G) = BRD(G,T,B) = (X, X", R, R", S, S")

denote the based root datum of G. Here, in particular, X = X*(T) = X*(B) is the
character group of 7' and B, R is the root system, and S C R is the system of
simple roots defined by B; see Subsection 2.3 below for details.

Following Tits [29, Section 2.3], we consider the x-action of I' on BRD(G) defined
by the ko-form Gy of G; see Subsection 2.4 below. We obtain a homomorphism

e: I' - Aut BRD(G).

The combinatorial invariants of a spherical variety G/H are the weight lattice
X C X*(B) = X(T), the valuation cone V C V := Hom(X,Q), and two finite
subsets QM Q@ ¢ V x P(9) related to the set of colors of G/H. Here P(S)
denotes the set of all subsets of S. See Borovoi [7, Section 7].

For vy € I', €, acts on X*(B) and on S, and therefore, it is clear what the phrase “e,
preserves the combinatorial invariants of Y = G/H ” means (see Borovoi [7, Section
8] for details).

The ko-form G is called quasi-split if it contains a Borel subgroup defined over k.
The normalizer of a subgroup H of G is denoted by Ng(H).

The following theorem is a generalization of Theorem 4.4 of Akhiezer and Cupit-
Foutou [2], where the authors consider the case when ky = R and G is split.

Theorem 1.1 (Theorem 6.1). Let G be a reductive group over an algebraically
closed field k. Let H C G be a spherical subgroup. Let ky C k be a subfield such
that k is an algebraic closure of ko. Let Gy be a ko-form of G. Assume that:

(i) T := Gal(k/ko) preserves the combinatorial invariants of G/H when acting on
BRD(G) via the homomorphism ¢: I' — Aut BRD(G) defined by the ko-form
Gy of G;

(ii) char(ky) =0; (iii) ko is a large field;

(iv) Ne(Ng(H)) = Ng(H);  (v) Gy is quasi-split.

Then H is conjugate to a subgroup defined over kg, i.e. there exists a ko-subgroup

Hy C Gg such that (Ho)g is conjugate to H .
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The proof follows ideas of Akhiezer and Cupit-Foutou [2].

Remark 1.2.  Under the assumptions of Theorem 1.1, Y = G/H admits a Go-
equivariant ko-form Yj. Indeed, we may take Y := Go/H,. [ ]

Remark 1.3. The normalizer of a spherical subgroup in general is not self-
normalizing; see Avdeev [3, Example 4, Section 4]. In [8] Borovoi and Gargliardi
prove that conditions (iii) and (iv) in Theorem 1.1 are in fact unnecessary, but their
proof is much more involved. [

Remark 1.4. In [20, the proof of Corollary 2.7] Moser-Jauslin and Terpereau
show that condition (iv) above is satisfied if H C G is symmetric (i.e., if there exists
a nontrivial involution 6 € Auty(G) such that G C H C Ng(GY)). They state and
prove this over C, but the proof works over an arbitrary algebraically closed field of
characteristic zero.

They deduce, using Theorem 1.1 (which they restate and reprove), that if H C G
is a symmetric subgroup of a connected reductive complex group G, and Gy is a
quasi-split R-form of G (with corresponding anti-holomorphic involution o), such
that o(H) is conjugate to H, then there exists a k-subgroup H' C G which is
conjugate to H, such that ¢(H’') = H'. Again, they state and prove this over R,
but the proof generalizes easily to an arbitrary large field of characteristic zero. =

See Section 6 for some examples where Theorem 1.1 applies.

Note that assumption (i) is a necessary condition for G/H to have a kq-form; see
Borovoi [7, Proposition 8.12].

If assumptions (i)—(iv) of Theorem 1.1 are satisfied, but Gy is not assumed to be
quasi-split, we can give a necessary and sufficient Galois-cohomological condition for
the existence of a Gy-equivariant ko-form of G/H .

Theorem 1.5 (Theorem 7.1).  Let G be a reductive group over an algebraically

closed field k. Let H C G be a spherical subgroup. Let ky C k be a subfield such

that k is an algebraic closure of ky. Let Gy be a ko-form of G. Assume that:

(i) I':= Gal(k/ko) preserves the combinatorial invariants of G/H when acting on
BRD(G) wia the homomorphism e: I' — Aut BRD(G) defined by the ko-form
Gy of G;

(ii) char (ko) =0; (iii) ko is a large field; (iv) NoWNa(H))=Ng(H).

T/zen Y = G/H Nadmits a Go-equivariant ko-form if and only if the Tits class
t(Go) € H?(ko, Z(Go)) has trivial image in H?(ko, Ags) (see Subsection 7.1 ).

We explain the notation. Let Go denote the universal covering of the commutator
subgroup [Go, Go] of Gy. We write Z; for the center of the simply connected group
Go, which is a finite abelian ko-group. Write A = Ng(H)/H , which is an abelian
group of multiplicative type (i.e., it is a closed subgroup of a torus); see Losev
[16, Theorem 2 and Definition 4.1.1(1)]. Then we have a canonical isomorphism
A(k) 5 Aut®(Y), see e.g. Borovoi [7, Lemma 5.1], and a canonical homomorphism
of abelian k-groups Z — Z(G) < Ng(H) — A, where Z is the center of G.
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Using the *-action e: I' = Aut BRD(G, T, B), we define a ko-form A, of A and a
ko-homomorphism

561 Zo — Ags.

See Subsection 7.2 below. This homomorphism induces a homomorphism on the
second cohomology

5.0 H(ko, Zo) — H?(ko, Ags).

The ky-form Zo of Z , the ko-form Ay of A, the kg-homomorphism 3¢ : Zo — Ays,
and the induced homomorphism on cohomology 7, , can be constructed in terms
of the homomorphism ¢; see Borovoi and Gagliardi [8, Section 3]. Now, the kq-
form Gy of G defines the Tits class t(Go) € H2(ko, Zo); see Subsection 7.1 below.
Theorem 1.5 says that G/H admits a Gg-equivariant ko-form if and only if the class
5,(t(Go)) € H2(ko, Ags) is trivial.

Note that if Gy is quasi-split, then t(Gp) = 1 and hence 3, (£(Gp)) = 1. We see that
Theorem 1.5 generalizes the assertion of Corollary 1.2. Our proof of Theorem 1.5
uses Theorem 1.1, see Theorem 7.1 below.

For examples where Theroem 1.5 applies, see Borovoi and Gagliardi [8].

The plan for the rest of the paper is as follows. In Section 2 we recall basic definitions
and results related to forms and semilinear actions, and the *-action on the based
root datum of a reductive group induced from a kp-form. In Section 3 we recall basic
definitions and facts related to the combinatorial invariants of spherical varieties.
In Section 4 we show that if Ng(H) = H and e, preserves the combinatorial
invariants of G/H then the (unique) wonderful embedding ¢: G/H — W admits a
Gy-equivariant kq-form.

In Section 5 we show that if Wy is a Gy-equivariant ky-form of a wonderful G-variety
W, and the field kg is large, then the open orbit G/H C W admits a kq-rational
point. In Section 6 we combine these results to prove Theorem 1.1, and give some
examples. In Section 7 we deduce Theorem 1.5 from Theorem 1.1 and Borovoi and
Gagliardi [8, Theorem 1.6].

Remark 1.6.  Since the original writing of this text, this work was used by Moser-
Jauslin and Terpereau in [20], and generalized by Borovoi and Gagliardi in [8]. =

Notation and assumptions: £ is an algebraically closed field. kg is a subfield of
k such that k is a Galois extension of kg, hence kg is perfect. We denote the Galois
group Gal(k/ky) by T'.

A k-variety is a reduced separated scheme of finite type over k, not necessarily
irreducible. An algebraic k-group is a smooth k-group scheme of finite type over k,
not necessarily connected. All algebraic k-subgroups are assumed to be smooth.

All homogeneous spaces are assumed to be spherical. G is a connected reductive
algebraic k-group and G is a ko-form of G. H C G is a spherical k-subgroup. For
a field k, we write X, for Xgpecr. For a field extension k;/ky, we write Xy k; for
X Spec ko Spec kl .
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2. Preliminaries

2.1. Let kg be a field of characteristic zero with a fixed algebraic closure k. By a
ko-form of a k-scheme X we mean a kg-scheme X, together with an isomorphism
of k-schemes

My . XO X ko k :>X
Two ko-forms (X, s¢x), (Xg, 7x:) of X are said to be isomorphic if there exists an
isomorphism of kg-schemes f: Xo = X,,.
We write [' = Gal(k/kgy). For v € I', denote by v*: Spec k — Spec k the morphism
of schemes induced by . Notice that (yo00)* = §* o v*.
Let (X,px: X — Speck) be a k-scheme. For every v € I' we define the ~-
conjugated scheme (YX,” px) to be the k-scheme which is the same abstract scheme
as X, but with the structural morphism "px: = (y*)"' opx: X — Speck. It
is an elementary fact that ("X, px) realizes the pull-back of X X, Speck along
~v*: Speck — Speck.
A k/kgy -semilinear automorphism of X is a pair (v, ) where v € ' and p: X — X
is an isomorphism of schemes such that the diagram below commutes:

X " X

N o
(vt

Spec k ———— Spec k

In this case we say also that u is a y-semilinear automorphism of X. We shorten
“~-semilinear automorphism” to “7-semi-automorphism”. Note that if (v, pu) is a
semi-automorphism of X', then p uniquely determines v; see Borovoi [7, Lemma 1.2].

We denote by SAut(X) the group of all y-semilinear automorphisms p of X where ~
runs over I' = Gal(k/kg). There is a canonical bijection (which is set-theoretically the
identity) between v-semilinear automorphisms of X, and k-isomorphisms "X = X .
By a semilinear action of I' on X we mean a homomorphism of groups

p:I' = SAut(X), v pu,

such that for each v € I', u, is 7y-semilinear.

If we have a kg-scheme X, then the formula v +— idy, X (7*)~! defines a semilinear
action of I' on X := X Xy, k. Thus a ky-form of X induces a semilinear action of
I'on X. If X is of finite type then two forms Xy, X are isomorphic if and only
if they induce the same semilinear action I' — SAut(X), up to conjugation by an
element of Aut(X).

If (G,pg: G — Speck) is an algebraic k-group, we define a kq-form of G similarly as
above, with the additional assumption that the isomorphism s is an isomorphism
of algebraic k-groups (rather than just k-schemes). An isomorphism of ky-forms of
G is defined as above.

For v € I', the ~v-conjugated scheme YG has a canonical structure of an alge-
braic k-group (since it is the pullback of an algebraic k-group along the morphism
~v*: Speck — Speck).

A ~-semi-linear automorphism of G is defined as above, with the additional assump-
tion that the k-morphism p: "G — G is a morphism of algebraic k-groups.
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We denote by SAut(G) the group of all y-semilinear automorphisms 7 of G where
v runs over I' = Gal(k/kg). By a semilinear action of I' on G we mean a homomor-
phism

o: ' = SAut(G), ~v+— o,

such that for all v € I', 0, is y-semilinear. As above, a ky-form G of G induces a
semilinear action of I' on G. Two ky-forms of G are isomorphic if and only if they
induce the same semilinear action of I' on G, up to conjugation by an element of
Aut(G).

Let G be an algebraic group over k£ and let X be a G-k-variety. Let Gy be a
ko-form of G. It gives rise to a semilinear action o: I' = SAut(G),y — o,. Let
Xy be a Gyp-equivariant kg-form of X, ie. a ko-form X, of X together with a
morphism Gy xj, Xog — Xy compatible with the action G x; X — X . It gives rise
to a semilinear action p: I' — SAut(X) such that for all ~ in I':

(g -2) = 0,(9) - 1 () Vi € X(k), g € G(h).
We say then that ju, is o, -equivariant.

2.2. Let k be an algebraically closed field, and let G be a linear algebraic group
over k. We denote by Aut(G) the group of k-automorphisms of G, regarded as an
abstract group. For g € G(k), we denote conjugation by g by i, € Aut(G), and we
denote Inn(G) = {i, | g € G(k)}.

Let ky C k be a subfield such that k is a Galois extension of k. We write
I' = Gal(k/ko). Let Gy be a ko-form of G, it defines a semilinear action
o: ' = SAut(G).
This action induces an action of I' on the abstract group Aut(G) by
("a)(g) = o(a(o;'(9))) for g € G(k), a € Aut(G).

Recall that a map c: I' = Aut(G) is called a 1-cocycle if the map ¢ is continuous
(for the profinite topology on I' and the discrete topology on Aut(G)) and satisfies
the following condition:

Cys = Cy - Tcg forall 4,6 €T (1)

The set of such cocycles is denoted by Z'(T', Aut(G)) or Z'(kg, Aut(G)). For
c € Z(ky, Aut(G)), we consider the c-twisted semilinear action

o' : T — SAut(G), v+ ¢ 00,

Then, clearly, o/ is a y-semi-automorphism of G for any v € I'. It follows from the

cocycle condition (1) that
ols =0l 005 forally,0 €T,

Since G is an affine variety, the semilinear action ¢’ comes from some ky-form G
of G, see Serre [25, I11.1.3, Proposition 5]. We write Gj, = .(Gy) and say that Gj, is
the twisted form of Go defined by the cocycle c.

If c € ZY(T',Inn(G)) is a 1-cocycle with coefficients in Inn(G), then we say that .Gy
is an inner twist or inner form of G.
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2.3. From now on we assume that G is a connected reductive group over an
algebraically closed field & of characteristic 0 and that H C G is a spherical k-
subgroup. Let B C G be a Borel subgroup, and let T' C B be a maximal torus. We
consider the based root datum

BRD(G) = BRD(G, T, B) = (X, X", R, R", S, SV),
where
x X = X*(T) := Hom(T, G, ) is the character group of T';
x XV =X (T) := Hom(G,, 4, T) is the cocharacter group of T';
* R=R(G,T) C X is the root system;
x RY C XV is the coroot system;
x S =S(G,T,B) C R is the system of simple roots (the basis of R) defined by B;
x SY C RY is the system of simple coroots.
There is a canonical pairing X x XV — Z, (x,z) — (X, ), and a canonical bijection

a— a': R— RY such that S¥ = {a" | « € S}. See Springer [26, Sections 1 and 2]
for details.

2.4.  We write SAuty,(G) or just SAut(G) for the group of k/kg-semi-auto-
morphism of G. Let T" and B be as in Subsection 2.3. We construct a canonical
homomorphism (cf. Tits [29, Section 2.3])

¢: SAut(G) — Aut BRD(G, T, B). (2)

Let (y,7) be a semi-automorphism of G'. Consider 7(T") C 7(B) C G. Then 7(T)
is a maximal torus and 7(B) is a Borel subgroup. By Theorem 11.1 and Theorem
10.6(4) in Borel’s book [5], there exists an element g € G(k) such that

g-7(T)-g'=T and g¢g-7(B)-g'=B.

We obtain a «y-semi-automorphism 7’ := inn(g) o 7. The pair (v,7') induces an
automorphism of the based root datum

(v, 7) € AutBRD(G, T, B)

as follows: Since 7/(T") = T, the pair (,7') acts on the character group X = X*(7')
by x = (7,7')(x), where

(7. 70O =" (e (7)),

and similarly it acts on the dual lattice XV = X,(T) and preserves the pairing
X x XY — Z. One can easily check that (y,7’), when acting on Lie (G), takes
the eigenspace corresponding to a root a € R to the eigenspace corresponding to
(v, 7) (), hence (v, 7') preserves R, and, similarly, it preserves, RY and the bijection
ar— a’: R— RY. Since (v,7') preserves B, it preserves the set of positive roots
with respect to B, hence, it preserves S and SV. If ¢ € G(k) is another element
such that
g 7T () =T and ¢-7(B)-(¢)" =B,

then ¢’ = tg for some ¢t € T(k). Since inn(t) acts trivially on BRD(G, T, B),
we see that ¢(vy,7) does not depend on the choice of g. One checks easily that
¢: SAut(G) — Aut BRD(G, T, B) is a homomorphism; see [9, Proposition 3.1].
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If Gy is a kg-form of G with corresponding semilinear action o: I' = SAut(G), we
denote by

e=¢oo:I' = AutBRD(G,T,B), v+ ¢,
the induced action of I' on BRD(G,T,B), and call it “the x-action of I' on
BRD(G, T, B) induced by the ko-form Gy” (or simply “the x-action” when there is
no risk of confusion).
Now let G be a connected reductive group, and let Gy be a kg-form of G defining
a semilinear action o: I' = SAut(G). Then a subgroup H C G is “defined over ky”
if and only if it is I'-invariant. Recall that a ko-form Gy of G is called split if G
has a split maximal kq-torus. All split kg-forms of G are isomorphic. A kg-form
Gy of G is called quasi-split if G has a Borel subgroup defined over ky. Every split
ko-form of G is quasi-split.

We shall need the following well-known result:

Proposition 2.1.  Let Gy be a connected reductive group over a field ky. Then
there exist a unique (up to isomorphism) quasi-split inner form Gy of Go. Moreover,
Go and Gy induce the same action of I' on BRD(G, B, T).

Proof.  See The Book of Involutions [15, Proposition(31.5)], or Conrad [11, Propo-
sition 7.2.12], the existence only in Springer [27, Proposition 16.4.9]. [

3. Spherical varieties and their combinatorial invariants

From now on all varieties are assumed to be geometrically integral.

A normal G-variety X is called spherical if B has an open orbit in X for some
(equivalently: for every) Borel subgroup B C G. This is equivalent to there being
only finitely many B-orbits in X for some (equivalently: any) Borel subgroup
B C G, see Perrin [22, Theorem 2.1.2].

X is called a homogeneous spherical variety if X is spherical and X = G/H as
G -varieties for some closed subgroup H C G.

If X is a spherical GG-variety, then it has an open G orbit, and hence, admits an
open embedding ¢: G/H — X where G/H is a homogeneous spherical G-variety.

Thus the classification of spherical varieties splits into two parts:
(i) Given a homogeneous spherical G-variety Y = G/H , classify all possible open
G-embeddings Y — X of Y into a normal G-variety X.

(i) Classify all homogeneous spherical G-varieties.

3.1. Homogeneous spherical varieties and their combinatorial invariants
Let Y = G/H be a spherical homogeneous G-variety. We associate to Y the
following combinatorial data:

Let K(Y') denote the field of rational functions on Y (notice that G(k) naturally
acts on K(Y)). For any character x € X*(B) we define

KY)P ={feKY)|b-f=x(b)fforallbe B(k)}

Because Y is spherical, dimy, K(Y)&B) <1 for all x € X*(B).
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We define the weight lattice X of G/H by
X =X(Y)={xe€ X (B)|dim, K(Y){" #0}.

Clearly, X is a subgroup of X*(B). We define V' =V (Y) = Homz (X, Q).

Let Val(K(Y)) denote the set of Q-valued valuations on K(Y) that are trivial on
k. We have a natural action of G(k) on Val(K(Y)), and we denote by Val®(K(Y))
(resp. Val?(K(Y))) the set of G-invariant (resp. B-invariant) valuations.
We have a natural map p: Val?(K(Y)) — V given by v+ (x + v(fy)). It is known
(see Knop [13, Corollary 1.8]) that the restriction of p to Val“(K(Y)) is injective.
Denote the image

V=V(Y) = p(Val?(K(Y))) CV
We call V the valuation cone of Y.
Let D denote the set of B-invariant prime divisors in Y (these are called “colors”).
This is a finite set (it may be empty). Each element D € D defines a B-invariant va-
luation denoted val(D) € Val? (K (Y)) given by sending a rational function f € K(Y)
to its order of vanishing at D. By abuse of notation we write p for poval: D — V.
In general, this map is not injective.

For every D € D denote by Stabg(D) the stabilizer of D C Y in G. Since D is
B-invariant, we obviously have B C Stabg(D). For every a € S we denote by P,
the corresponding minimal parabolic subgroup in G containing B. Denote by P(.5)
the power set of S. Define ¢: D — P(S) by letting ¢(D) be the set of all a € S
such that P, Z Stabg(D).

Lemma 3.1.  Ewvery fiber of the map s: D — P(S) consists of < 2 elements.
Proof. See [7, Lemma 7.1] ]

Corollary 3.2.  Ewvery fiber of the map p X c: D — V x P(S) consists of < 2
elements.

Denote by QW) (resp. Q@) the subset of V' x P(S) consisting of those elements
with precisely one (resp. two) preimages under the map p X .

Definition 3.3. Let G be a connected reductive group over k, Y a spherical
homogeneous space for GG. By the combinatorial invariants of Y we will mean:

X CX*(B), VCV, and QW Q¥ CV x P(S)

The combinatorial invariants of a spherical homogeneous space completely determine
it as a GG-variety:

Theorem 3.4 (Losev’s Uniqueness Theorem [16, Theorem 1]).  Let G be a con-
nected reductive group over k, Hy, Hy two spherical subgroups, Y1,Ys the corre-
sponding spherical homogeneous spaces. Assume that chark = 0. Then Hy and Ho
are conjugate in G if and only if

X(Y1)=X(Y2), V(Y1) =V(Ya), and QW (Y1) = QW (Y3), QP (v1) = Q¥ (1y)

i.e., if and only if they have the same combinatorial invariants.
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Now let H C G be a spherical subgroup, Gy a ko-form of G with corresponding
semilinear action o: I' — SAut(G), and v € I'. We denote by Y = G/H and
£, € Aut(X*(B),S) the automorphism arising from o, .

Definition 3.5.  We say that e, preserves the combinatorial invariants of Y if
&(X(Y)) = X(Y), &MV(Y))=V(Y), and &,(Q(Y)) = QI(Y),i = 1,2

Here, once we require ,(X(Y)) = X(Y), we get induced automorphisms of V(Y') =
Homyz(X(Y),Q) and V(Y) x P(S), which (abusing notations) we also denote by ¢, .

Remark 3.6.  This condition is automatic when G is split, since in this case ¢,
acts trivially on (X*(B),S).

3.2. Spherical embeddings
Let Y = G/H be a homogeneous spherical G-variety.

A colored cone is a pair (C,F) where F C D is a subset and C C V is a strictly
convex cone generated by p(F) and finitely many elements of 1V, such that 0 ¢ p(F).

A face of a colored cone (C,F) is a colored cone (Cy, Fy) such that Cy is a face of C
and Fy = F Np~1(Co).

A colored fan is a nonempty finite set ¥ of colored cones satisfying:

(i) For every (C,F) € X, C°NV # (0 (where C° denotes the relative interior of
C).

(i) For every face (Co, Fp) of a colored cone (C,F) € X satisfying C; NV # 0,
(Co, Fo) also belongs to X.

(iii) For every u € V there is at most one (C,F) € ¥ with u € C°.

To any spherical embedding G/H < X we can associate a colored fan in the
following manner: Denote by A the set of G-invariant prime divisors in X. Then
A = DUA is the set of B-invariant prime divisors in X . The definition of p: D — V
extends to p: A — V. For any G-orbit Y C X we denote by Iy C A the set of
B-invariant prime divisors containing Y, and we set

(Cy, Fy) := (cone(p(Iy)), Iy N D).
Theorem 3.7. (Knop [13, Theorem 3.3 and the paragraph before it]) The map
(G/H — X) — 3(X) ={(Cy,Fy) : Y C X is a G-orbit}

defines a bijection between isomorphism classes of spherical embeddings of G/H and
colored fans. Furthermore, the assignment Y +— (Cy, Fy) defines a bijection

{G-orbits in X} — 3(X)

such that for two G-orbits Y,Z C X we have Y C Z if and only if (Cz, Fz) is a
face of (Cy,Fy).
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3.3. Wonderful varieties

The following definition is due to Luna [17].
Definition 3.8. A G-variety W is called wonderful if:

(i) W is complete and smooth;

(ii) W admits an open G-orbit whose complement consists of a finite union of
smooth prime divisors Xi, ..., X, with normal crossings.

(iii) The G-orbit closures of W are given by partial intersections of the X;’s, and
they are all nonempty.

In particular, a wonderful G-variety W has a unique closed G-orbit, which we denote
by X :=()._, X;. Every wonderful G-variety is spherical; see Luna [17]. As Luna
[17] noticed, a wonderful variety is always projective (see also Avdeev [4, Proposition
3.18]).

A wonderful embedding of a spherical homogeneous space G/H is an open G-
embedding ¢: G/H — W into a wonderful G-variety. Any spherical variety G/H
with Ng(H) = H admits a wonderful embedding; see Knop [14, Corollary 7.2].
Wonderful varieties have a very nice description in terms of colored fans:

Theorem 3.9. Under the correspondence between colored fans and spherical em-
beddings, a wonderful embedding G/H — W corresponds to the colored fan that has
the following two properties:

(i) It has ezactly one mazimal colored cone, and it equals the valuation cone V(Y).

(ii) It has no colours.

Proof.  See Perrin [22, Corollary 3.4.2, Definition 3.4.8 and Theorem 3.4.16]. =

3.4. Galois descent for spherical embeddings

Let kg C k be a Galois extension of fields such that k is algebraically closed and of
characteristic zero, and let I' = Gal(k/ky) the Galois group. Let G be a connected
reductive k-group, Gy a kg-model of G. Let Y = G/H a spherical homogeneous
G-variety, Yy a Gp-equivariant kg-model of Y with induced semilinear action

I' = SAut(Y), v +— O’,(YY)

Theorem 3.10.  The Gg-equivariant ko-form Yy of Y naturally induces compat-
ible actions of T on K(Y),Val?(K(Y)), X,V,V,D.

Proof.  See Huruguen [12, Sectiontion 2.2]. (Huruguen assumes that Y, admits a
ko-point, but he does not use this assumption.) [ ]

We call a fan ¥ = {(C;, F;) }ier I -stable if for every (C;, F;) € ¥ and for every v € T,
the colored cone (v(C;),v(F;)) still belongs to X.

Let t: Y — X be a spherical embedding. We say that “the semilinear action of I'
extends to X 7 if there exists a semilinear action

I' = SAut(X), v+ o'

~

such that for every v € I' one has ¢ o JS,Y) = 0’~(,X) oL.
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We will need the following result.

Theorem 3.11 (Huruguen [12, Theorem 2.23]).  Let k, ko, G,Go,Y,Yy, X be as
above. Then the semilinear action of I' extends to X if and only if the colored fan
Y(X) corresponding to X is I'-stable. Furthermore, in this case, for every G -orbit
Y in X and every v € I' one has

V(Cr) =Civy, Y Fy) = For)-

4. Equivariant forms of wonderful varieties

4.1. The setup for the rest of the paper is as follows: kg is a field of characteristic
zero with a fixed algebraic closure k, and I' = Gal(k/ko) is the Galois group. We fix
a connected reductive k-group G, a spherical k-subgroup H C G, and a kg-form
GO of G.

The following Lemma 4.1 and Theorem 4.2 are generalizations of results of Akhiezer
[1], cf. Borovoi [7].

Lemma 4.1 ([7, Proposition 8.12]). Let ko, k,I',G, H,Go be as in Subsection 4.1,
and let v € I'. Then the following are equivalent:

(i) e, preserves the combinatorial invariants of Y = G/H ;
(ii) there exists a, € G(k) such that o,(H) = a,Ha,™*

Theorem 4.2 ([7, Theorem 9.3]).  Let k, ko, I, G, H,Gq be as in Subsection 4.1,
and let Y = G/H . Assume that:

(i) Forall v €T, e, preserves the combinatorial invariants of Y ;

(ii) Ne(H)=H;

Then'Y admits a Gg-equivariant kq-form Yy. This ko-form is unique up to a unique
isomorphism.

We will need the following result, which is a generalization of Theorem 4.3 of Akhiezer
and Cupit-Foutou [2].

Theorem 4.3.  Let k, ko, ', G, H,Gy be as in Subsection 4.1, and let Y = G/H .
Assume that:

(i) Forall v €T, e, preserves the combinatorial invariants of Y ;

(i) Ng(H)=H;

Let v:'Y — W be a wonderful embedding of Y. Then ¢ admits a unique Gq-
equivariant kq-form ty: Yo — Wy.

Proof. Since a form is uniquely determined by the semilinear action that it
induces, and a semilinear action I' — SAut(W) is uniquely determined by its
restriction to the (dense) open G-orbit, we obtain uniqueness from Theorem 4.2.

Let Yy be the (unique) Gg-equivariant ko-form of Y guaranteed by Theorem 4.2.
Let &w be the colored fan corresponding to the spherical embedding ¢: G/H — W.
The ko-form Y, gives compatible I'-actions on X*(B),X(Y),V(Y),D(Y); see Hu-
ruguen [12; Section 2.2]. Since the embedding ¢: G/H — W is wonderful, there is
a unique maximal colored cone in &y, and it consists of V(YY) without colors (see
Theorem 3.9). Since by assumption I' preserves V(Y), we see that the colored fan
Ew corresponding to ¢: G/H — W is I'-stable. By Theorem 3.11, the semilinear
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action of I' extends to W. Since W is projective, Theorem 2.26 in Huruguen [12]
concludes the proof. [ ]

5. Rational points in wonderful varieties over large fields

Lemma 5.1 (well-known). Let G be an algebraic group over k and let Y = G/H
be a homogeneous space. Let Gy be a ko-form of G with corresponding semilinear
action

o: ' = SAut(G).

Assume that Y admits a Gg-equivariant ko-form Yy. Then o.,(H) is conjugate to
H for every v €.

Proof. Denote by o: I' = SAut(G) the semilinear action of I' on G induced by
the ko-form Gg, and by p: I' = SAut(Y) the semilinear action of I' on Y induced
by the kg-form Yj.

Let v € I'. Since the form Y is Gg-equivariant, we see that ., is o, -equivariant.
Thus we see that Stabg(u,(eH)) = 0,(H). Choose gy € G(k) such that p,(eH) =
goH . An elementary calculation shows that Stabg(goH) = goHgy,'. We see that
o,(H) = goHgy" for some gy € G(k). |

For a semilinear action p: I' = SAut(X) of I' on X we will call a “I'-fixed k-point
in X7 a point € X (k) such that for all v € I', p,(xz) = . If p arises from a
ko-form X, of X, then the I'-fixed k-points in X are in canonical bijection with
ko-rational points in X, given by sending a kg-rational point x: Speckq — Xg in
X, to the I'-fixed k-point Speck — Specky = Xj.

Lemma 5.2.  Let ko, k, ', G, Gy be as in Subsection 4.1. Let P C G be a parabolic
subgroup, and let X = G/P denote the corresponding generalized flag variety.
Assume that Gy is quasi-split and that X admits a Gq-equivariant kqo-form X .
Then Xo has a kqo-point.

See Moser-Jauslin and Terpereau [19, Remark 3.13] for a generalization to homoge-
neous horospherical varieties (again, the authors only consider the case ko = R, but
this does not change anything).

Proof. Let By C Gy be a Borel subgroup defined over ky, and let Ty C By be
a maximal torus. Set B = (By)r, T = (Tp)x. Consider the set of simple roots
S = S(G,T,B). For I C S, we denote by P; the standard parabolic subgroup
generated by B and the unipotent subgroups of G associated with the simple roots
a € I; see Malle and Testerman [18, Definition 12.3]. Any parabolic subgroup of G
is conjugate to P; for some I C S. Moreover, two standard parabolic subgroups P;
and P; for I # J are not conjugate; see Malle and Testerman [18, Proposition 12.2].

Our parabolic subgroup P is conjugate to P; for some I C S. Consider the
semilinear action o: I' — SAut(G) defined by Gy. Since Gy is quasi-split, it follows
from the definition of the *-action

e: T — Aut BRD(G, T, B)

in Subsection 2.4 that for all v € I', we have o.,(P;) = F. (). Since X admits a
Gyp-equivariant ky-form, and P is the stabilizer of some point in X, by Lemma 5.1
the subgroup o, (Pr) is conjugate to P;. It follows that e,(/) = I, and therefore,
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o,(Pr) = Py (for all v € I'). This I'-invariant subgroup P; corresponds to a I'-fixed
k-point zo € X (k). Clearly, the point zg € Xo(k) = X (k) is defined over k. [

5.1.  Assume now that W is a wonderful G-variety with a given Gy-equivariant
ko-form Wy, given by a semilinear action p: I' — SAut(W). Denote by X = (_, X,
the unique closed G-orbit in W. Note that since j, is o, -equivariant for all v € I,
py(X) is a closed G-orbit for every v € I'. This implies that X has a cannonical
Go-equivariant kg-form. Since W has a unique closed G-orbit, X is I['-invariant.
Since X is a complete homogeneous G-variety, it is a generalized flag variety, i.e.
X = G/P for some parabolic subgroup P C G. By Lemma 5.2, if G is quasi-split
then the variety X contains a I'-fixed k-point.

Theorem 5.3.  Let ko, k,I', G, Gy be as in Subsection 4.1. Let W be a wonderful
G -variety with a Gg-equivariant ko-form Wy, given by a semilinear action p: ' —
SAut(W). Assume that ko is large and that the ko-form Gy is quasi-split. Then:

(i) Every I'-invariant G-orbit in W has a I'-fized k-point.
(ii)) The open G-orbit in W has a ' -fized k-point.

(iii) If moreover the ko-form Gy is split, then every G-orbit in W is I -invariant.

This theorem is a generalization of Theorem 3.6(ii) of Akhiezer and Cupit-Foutou
[2], where the authors considered the case when & =R and Gy is split.

Proof. (i) Let X’ be a '-invariant G-orbit in W. Since X’ is ['-invariant, so is
its closure Z := X’. Denote by X the (unique) closed G-orbit in W. Notice that
by condition (iii) in Definition 3.8, we have X C Z. By Subsection 5.1, X contains
a ['-fixed k-point, and hence, Z contains a I'-fixed k-point. Since the divisors
X; have normal crossings, and Z is the intersection of some of these divisors, the
variety Z is smooth, and hence also reduced (see Definition 3.8). Since Z is reduced,
and Z(k) C W(k) is I'-invariant, we see that the semilinear action of I' on W
restricts to a semilinear action of I' on Z, which we denote by v: I' — SAut(Z).
Denote by ¢ the embedding of Z into W . Since everything is of finite type, there
exists a finite extension ky/ko in k, a kj-scheme Z; and a closed ki-embedding
t: 2y — Wi = Wy Xy, k1 such that ¢; X, & = ¢. The semilinear action of
I'y := Gal(k1/ko) on Z induced from Z; is the same as v|r,, since Z is reduced
and on closed points both are given by . Since Z can be covered by I'-invariant
affine open subsets (take such a covering of W and intersect with Z), by Borel and
Serre [6, Lemma 6.12], we see that v is induced from a ko-form Zy of Z. Since kq is
large, and Z is smooth and has a I'-fixed k-point, we obtain that I'-fixed k-points
(or equivalently: kq-rational points in Zj) are Zariski dense in Z. In particular, the
open subset X’ C Z contains a I'-fixed k-point.

(ii) Let Y be the (unique) open G-orbit in W. Since p,(Y') is an open G-orbit for
every 7€', weget that Y is I'-invariant, hence Y contains a I'-fixed k-point by (i).

(iii) Denote by Y = G/H the open G-orbit in W. Assume now that Gy is split, and
denote by &y the colored fan corresponding to the embedding G/H — W. Since
Gy is split, I" acts trivially on X*(B), and hence preserves X' (Y). We see that it
also acts trivially on V' = Hom(X(Y),Q). Since W is wonderful, by Theorem 3.9
there are no colors in the colored fan &y,. Hence I' preserves each colored cone in
Ew . From the second assertion of Theorem 3.11, we see that every G-orbit in W is
I'-invariant. [ |
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6. Spherical subgroup defined over the base field

The following theorem is a generalization of Theorem 4.4 of Akhiezer and Cupit-
Foutou [2], where the authors consider the case when ky = R and G is split.

Theorem 6.1.  Let k be an algebraically closed field of characteristic 0, and let
ko C k be a subfield such that k/ko is Galois. Denote by I' = Gal(k/ko) the Galois
group. Let G be a connected reductive k-group, Gy a ko-form of G. Let H C G be a
spherical subgroup. Assume that kg is large and that the ko form Gy is quasi-split.
Assume moreover that char ko = 0, and that:

(i) T preserves the combinatorial invariants of G/H when acting on BRD(G) via
the homomorphism €: I' — Aut BRD(G) defined by the ko-form Gy of G;

(ii) Ng(Ng(H)) = NG(H) .

Then H is conjugate to a subgroup defined over ko, i.e., there ezxist g € G(k) and
an algebraic subgroup Hy C Gy such that gHg™' = Hy Xy, k.

Remark 6.2.  When G is split, condition (i) is automatically satisfied. n

Proof. Denote N = Ng(H). Since ¢, preserves the combinatorial invariants of
G/H, by Lemma 4.1 for every v € I' there exists a, € G(k) such that o, (H) =
ayHa>'. Then, of course, we have 0,(N) = a,Na;'. By assumption (ii) we have

Ng(N) = N, hence G/N admits a wonderful embedding, say, G/H — X.

Since o,(N) is conjugate to N, we see from Lemma 4.1 that e, preserves the
combinatorial invariants of G/N for all v € T'. By Theorem 4.3, X admits a
Go-equivariant ko-form Xj, given by a semilinear action p: I' — SAut(X). By
Theorem 5.3, there exists a I'-fixed k-point, say g/N, in the open orbit G/N C X .
Then p,(gN) = gN forall vy € T'. Define N' = gNg~' and H' = gHg . Then N’ =
Stabg(gN) and N’ = Ng(H'). For every v € I, since €., preserves the combinatorial
invariants of G/H' = G/H , there exists a/, € G(k) such that o,(H') = o/, H'(al)~"
(we may take a!, = 0,(g)a,g~"). Clearly we have o,(N’) = a, N'(al,)~". We shall
show that o,(N’) = N’ and o,(H') = H' for all vy e T.

Let v € I'. Since p is oy-equivariant, we see that
Stabe (p1,(9N)) = o4 (Staba(gN)) = o (N').

Since j1,(gN) = gN, we see that o,(N') = N'. Since 0,(N') = a/, N'(a,)~", we
obtain that a, N'(a/)~' = N’. This means that a/ normalizes N’. By assumption
Na(N) = N, hence Ng(N') = N', and therefore, a/ € N'(k) = Ng(H')(k). We see
that a/, normalizes H', i.e. a/ H'(a.)™' = H'.
Since a, H'(al,)~" = 0, (H'), we obtain

oy(H') = H'. (3)

Since (3) holds for all v € I', by Galois descent there exists a kg-subgroup Hy C Gy
such that Hy xy, k = H'. Thus gHg™' = Hy x4, k, as required. ]

Example 6.3. Let k, ko, G, Gg be as in Theorem 6.1. Let H C G be a horospher-
ical subgroup, that is, H O U, where U is the unipotent radical of a Borel subgroup
of G. Then Ng(H) is parabolic; see Pasquier [21, Proposition 2.2].
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It follows that Ng(H) is self-normalizing, and hence, hypothesis (ii) of Theorem 6.1
is satisfied. Thus, for such H, and for quasi-split Gy, G/H admits a Gy-equivariant
ko-model if and only if the combinatorial invariants of G/H (or, equivalently in this
case, the horospherical datum of G/H ; see [19, Definition 3.6]) are preserved under
the x-action (see Moser-Jauslin and Terpereau [19, Corollary 3.12] for this result in
the case where kg = R). This happens for example for H = U (This can be seen
easily: we simply take Uy = [By, By]). See Example 6.9 below.

Example 6.4. Let k,ko,G,Gy be as in Theorem 6.1. In Moser-Jauslin and
Terpereau [20, The proof of Corollary 2.7] the authors showed that if H C G
is symmetric (i.e., there exists an involutive k-automorphism € of G such that
G% C H C Ng(G?)), then condition (ii) in the theorem above is satisfied. Thus for
such an H, the homogeneous variety G/H will admit a Gy-equivariant ko-form if
and only if for every v € I', o,(H) will be conjugate in G to H. This happens for
example if Gq is split. See Example 6.6 below. [ |

Example 6.5. Let k, kg, G be as in Theoerm 6.1. Let Gy be a split ky-form of
G, then hypothesis (i) is satisfied. Thus, if H has self-normalizing normalizer, which
happens e.g., if H C G is horospherical (see Example 6.3), or if H C G is symmetric
(see Example 6.4), then the subgroup H is conjugate to a subgroup of Gy defined
over kq. Hence, in this case, G/H admits a Gp-equivariant kq-form. [ |

Example 6.6. Let kg be a p-adic field, that is, a finite extension of the field of
p-adic numbers Q,. Let G = Sping over k = ko, and let Gy be a trialitary ko-form
of G, i.e., a kp-form of G where the image of the Galois group in the group of
automorphisms of the Dynkin diagram is isomorphic to Z/37Z or S3. Then Gy is
quasi-split. Indeed, Gq is an inner twisted form of a quasi-split trialitary ko-form
Gy of G: we have Gy = .G s, where ¢ € Z1(ky, Gs/Z(Gys)). By Lemma 6.7 below
we have H'(kg, Gys/Z(Gys)) = 1. Tt follows that [c] = 1 € H'(ky,Gys) = 1, and
hence, Gy ~ Gs.

Let H = Spin(4) - Spin(4) C Spin(8). Then H is a semisimple subgroup of type
A, that is, H is isogenous to SL(2)*. Let v € I' = Gal(k/ky), and let 0,: G — G
denote the corresponding y-semilinear automorphism of G'. Then o, (H) is again a
semisimple subgroup of type Al. An easy argument (see Lemma 6.8 below) shows
that any two subgroups of type A} in a group of type Dy are conjugate. Thus o.,(H)
is conjugate to H for all v € I'. Since H C G is symmetric, by Remark 1.4, H
has self-normalizing normalizer. By Theorem 6.1, G/H admits a Gg-equivariant
ko-form. [ ]

I thank Mikhail Borovoi for help with proving Lemmas 6.7 and 6.8 below.

Lemma 6.7 (well-known).  Let Gy be a quasi-split trialitary ko -form of a simply
connected algebraic k-group G of type Dy, where ko is a p-adic field. Write
G = Gys/Zqs, where Zgs = Z(Ggs). Then H'(GA) = 1.

Proof.  We compute H?(ko, Zys). By the Tate-Nakayama duality (see Serre [25,
Section I1.5.2, Theorem 2]), H?(ko, Zys) is dual to the group of fixed points X*(Z)",
where Z = Z(G) and the Galois action on X*(Z) is induced from the kqo-form Z
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of Z. 1t is clear that X*(Z)' =1 (notice that Z(k) = Zy X Z,, and the Galois action
is transitive on Z(k)\{e}), hence H?(ko, Zys) = 1.

Now we compute H!(k, Gg‘;). The short exact sequence
1 = Zgs = Ggs = G2 — 1
gives rise to a cohomology exact sequence
1 = H'(ko, Ggs) — H' (ko, G2) — H?(ko, Zgs) = 1,

in which H'(kg, Gs) = 1 by Kneser’s theorem; see Platonov and Rapinchuk [23,
Theorem 6.4]. We conclude that H'(ko, G29) = 1, as required. n

Lemma 6.8 (well-known).  Any two connected k-subgroups H, H' of type Al in
a simple k-group of type Dy are conjugate.

Proof. Let 7,7’ be maximal tori in H, H' respectively; then T and T’ are
maximal tori in G. Up to conjugacy, we may assume that 7/ =T. Thus H, H' D T.
We see that H defines a subset © = R(H,T) C R(G,T) = R with the following
properties: (a) if § € @, then —f € ©, and (b) there are four pairwise orthogonal
roots fo, b1, B3, B4 in ©. Similarly, H' defines a subset © = R(H',T) C R) with
the same properties. It suffices to show that there exists an element w of the Weyl
group W(R) = W(G,T) sending © to ©'.

We write R as in Bourbaki [10, Plate IV]: R = {£e; +¢; |1 <1< j <4}

We set & = {Oé() =¢&1+ &g, ] =& — &g, (X3 = €3 — &4, a4:€3—|—54}.

Since W acts on R transitively, there exists an element w € W sending Sy to «q.
Up to W-conjugacy we may assume that Sy = ag. Up to sign, we may assume that
b1, B3, Ba are positive roots. Thus [y, B3, B4 are three positive roots in R which
are orthogonal to . Now it is clear that the set {1, f3, f4} coincides with the set
{a1, as, ay}. It follows that © = ®.

We have shown that © is W-conjugate to ®. Similarly, ©" is W -conjugate to ®.
Thus © and © are W -conjugate, and hence, H and H’ are conjugate in G. [

Example 6.9. Let k,G, ko, Gy be as in Example 6.6. Let H C G be a horospheri-
cal subgroup with horospherical datum (1, M); see Moser-Jauslin and Terpereau [19,
Definition 3.6]. Here I C S is a subset of the set of simple roots, and M C X*(B) is
a sublattice whose elements satisfy (x,a) = 0 for all a € I (i.e., characters admit-
ting an extension to Py). Then, since Ng(Ng(H)) = Ng(H), by Theorem 6.1 and
Pasquier [21, Proposition 2.4], G/H admits a Gy-equivariant kq-form if and only if
I, M are invariant under the x-action. Here are some examples of such (I, M):

In the notation of Lemma 6.8 (with as = €3 — €3), we can take e.g. [ = {as} or
I ={ay,as3,a4}. In the second case, any

M C Span z{a, as, ay} = = Span , {952} = Span , { @1F2azraatas}

would be I'-invariant. Here are some examples of I'-invariant M for the case
I ={ay}, where n is an integer:

(i) My =n-Spany{e + <2E9} =n - Span ;{32 + oy + a3 + o}
(ii) My =n - Span{=F9za= ¢} = n . Span, {592, a}

(111) M3 = Ml D Mg, (IV) M4 =n- Ker (Oé;/)
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7. Existence of a form over a large field

Let k, ko, G, Gy be as in Subsection 4.1. Write G = G/Z(G) for the corresponding
adjoint group, and G for the universal covering of G’ = [G, G]. By Proposition 2.1 we
may write Gy = .(Gs), where G is a quasi-split ko-form of G and ¢ € Z1(ko, Gs)-
Here we write Gus = Gs/Z(Gys) -

7.1. Wewrite qu for the center Z (éqs) of the universal cover éqs of the connected
semisimple group [Gys, Gos|. Note that Z,s = Z;. The short exact sequence

1= Zgs = Gy = Gy — 1
induces a cohomology exact sequence
H(ko, Zgs) — H" (ko, Gos) = H' (ko) Gos) —— H?(ko, Zgs)-

By definition, the Tits class of Gy is the image of [] € Z ko, Gys) in H%(k, qu)
under the connecting map A: H'(ko,Gys) — AH?(ko, Zys); see [15], Section 31,
before Proposition 31.7.

7.2. Let H C G be a spherical subgroup. Set A = Ng(H)/H, which is a group
multiplicative type (i.e. a closed subgroup of a torus); see Losev [16, Theorem 2
and Definition 4.1.1(1)]. The character group X*(A) of A is a quotient group of the
weight lattice X of Y = G/H. The group X*(A) and the surjective homomorphism
X — X*(A) can be computed from the combinatorial invariants of G/H ; see Losev
[16, Theorem 2 and Definition 4.1.1(1)] again.

We use the notation of Subsection 2.4. In particular, for any v € I' we have an
automorphism e, € Aut BRD(G, T, B). Assume that ¢, preserves the combinatorial
invariants of G/H for all v € I'. Then ¢, naturally acts on &', on X*(A), and on

X*(Z), and the homomorphisms

X = X*(A) and X*(A) = X*(2)
are I'-equivariant. Thus we obtain a ko-form of A, which we denote A, and a
ko-homomorphism Zgs — Ags.

Theorem 7.1.  Let k be an algebraically closed field of characteristic 0, and let

ko C k be a subfield such that k/ko is Galois. Denote by I' = Gal(k/ko) the Galois
group. Let G be a connected reductive k-group, Gy a ko-form of G. Let H C G be
a spherical subgroup. Assume that:

(i) T preserves the combinatorial invariants of G/H when acting on BRD(G) wvia
the homomorphism e: I' — Aut BRD(G) defined by the ko-form Gy of G;

(ii) ko is a large field; (iii) charky =0; (iv) Ng(Ng(H)) = Ng(H).

Then Y = G/H admits a Gg-equivam’ant kg-form if and only if the image in
H?(ko, Ags) of the Tits class t(Go) € H*(ko, Z(Gy)) is 1.

Note that assumption (i) is a necessary condition for G/H to have a ko-form; see
Borovoi [7, Proposition 8.12].
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Proof. The ky-forms Gy and Gy of G define the same homomorphism
e’ =e%¥: ' —» Aut BRD(G).

Since €% preserves the combinatorial invariants of G/H, so does £%. Since Gy is
quasi-split, by Theorem 6.1 the subgroup H is conjugate to some subgroup defined
over ko in G, say Hgs Xy, k, where Hys C Ggs. Then clearly Gos/Hys is a Ggs-
equivariant ko-form of G/H. Recall that Gy = .(Ggs), where ¢ € Zl(kro,aqs).
By Borovoi and Gagliardi [8, Theorem 3.8] the homogeneous variety G/H admits
a Go-equivariant ko-form if and only if the image of ¢(Go) in H2(ko, Ag) is 1, as
required. |

Example 7.2. Let G = SLay, and let H = T or H = Ng(T). Then G/H
admits a Gg-equivariant ko-form (for any ko and any Gy). Indeed, for any kq-form
Gy of G (and any field ky), G has a maximal torus T defined over kq, and thus
we obtain a ko-form Go/Ty of G/T.

See [8] for many more interesting non-quasi-split examples, as well as a generalization
of the main theorems presented in this paper to the case where ky is an arbitrary
field of characteristic 0, and H C G is an arbitrary spherical subgroup.

Acknowledgements. The author is grateful to Mikhail Borovoi and Giuliano
Gagliardi for stimulating discussions.
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