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Abstract. We consider a family of Gelfand pairs (K nN,N) (in short (K,N)) where N is a
two step nilpotent Lie group, and K is the group of orthogonal automorphisms of N . This family
has a nice analytic property: almost all these 2-step nilpotent Lie group have square integrable
representations. In these cases, following Moore-Wolf’s theory, we find an explicit expression for
the inversion formula of N , and as a consequence, we decompose the regular action of K n N
on L2(N) . This explicit expression for the Fourier inversion formula of N , specialized to a class
of commutative nilmanifolds described by J. Lauret, sharpens the analysis of J. A. Wolf in Section
14.5 in “Harmonic Analysis on Commutative Spaces” [Mathematical Surveys and Monographs
142, American Mathematical Society, Providence (2007)], and in “On the analytic structure of
commutative nilmanifolds” [J. Geometric Analysis 26 (2016) 1011–1022], concerning the regular
action of K n N on L2(N) . When N is the Heisenberg group, we obtain the decomposition of
L2(N) under the action of K nN for all K such that (K,N) is a Gelfand pair. Finally, we also
give a parametrization for the generic spherical functions associated to the pair (K,N) , and we
give an explicit expression for these functions in some cases.
Mathematics Subject Classification: 43A80, 22E25.
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1. Introduction
Let G be a connected Lie group, and K a compact subgroup of G . It is well known
that the following conditions are equivalent:

1. The convolution algebra L1(K\G/K) is commutative.
2. The algebra U(g)K of K -invariant and left invariant differential operators on
G/K is commutative.

3. The regular representation of G on G/K is multiplicity free.
4. For any irreducible unitary representation (ρ,H) of K nN, the space

HK := {v ∈ H : ρ (k) v = v for all k ∈ K} is at most one dimensional.

When any of the above holds, we say that (G,K) is a Gelfand pair.
Also, G/K is called a nilmanifold if a nilpotent subgroup N of G acts transitively,
and we say that G/K is a commutative nilmanifold if (G,K) is a Gelfand pair.
In this work, G/K is connected and simply connected and then, N acts simply
transitively on G/K and G is the semidirect product K n N . We denote the
Gelfand pair (K nN,K) by (K,N) .
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In Vinberg’s classification theorem of commutative nilmanifolds, there is a large
family that was defined by J. Lauret in [9]. Lauret’s construction corresponds to
pairs where K is the maximal orthogonal automorphism group, with exception of
four cases. As it is proved in [11](pages 339-341), in almost all cases N has a very
surprising property: it has square integrable representations, with exception of three
cases (two of which are in Lauret’s list). For these N , we develop the corresponding
harmonic analysis, finding explicitly the inversion formula, and as a consequence
we obtain the decomposition of the regular action of G on L2(N) . The remaining
inversion formulas of Lauret’s list can be found in [12].
We now give a brief summary of the results in this paper. In Section 2, we introduce
some preliminaries about the family described by Lauret, and some results concerning
nilpotent Lie groups. We present our main result in Section 3. In Section 4, we
develop the harmonic analysis in the case (K,Hn) , where Hn is the (2n + 1)-
dimensional Heisenberg group. In Section 5, we describe the set of generic spherical
functions associated to the Gelfand pair (K,N) of Lauret’s list such that N has
square integrable representations.

Acknowledgements. We are grateful to the referee who improved not only our
manuscript but also clarified our knowledge on this subject.

2. Preliminaries
Let n be a two step nilpotent Lie algebra with Lie bracket [ ·, · ] and equipped with
an inner product 〈 ·, · 〉 . Then we write n = z⊕V where z is its center and V is the
orthogonal complement of z. Let N be the connected simply connected Lie group
with Lie algebra n, equipped with the left invariant Riemannian metric determined
by 〈 ·, · 〉 .
The group N acts on n by the adjoint action Ad , and N acts on n∗ , the dual space
of n , by the dual representation Ad∗ (n)λ = λ◦Ad (n−1) . Fixed a non trivial λ ∈ n∗,
let Oλ := {Ad∗ (n)λ : n ∈ N} be its coadjoint orbit.
We denote by N̂ the set of equivalence classes of irreducible unitary representations
of N. From Kirillov’s theory there is a correspondence between N̂ and the set of
coadjoint orbits in n∗ . Indeed, let

Bλ (x, y) := λ ([x, y]) , x, y ∈ n. (1)

Let m be a maximal isotropic subspace of n, and set M = exp (m) . Defining on M
the character χλ (exp y) = eiλ(y) , the irreducible representation corresponding to Oλ

is the induced representation ρλ := IndNM (χλ) .

Let Z be the center of N . Recall that an irreducible unitary representation is called
square integrable if its matrix entries are in L2 (N/Z) . We denote by N̂sq the subset
of N̂ of square integrable classes. It follows from Moore-Wolf’s theory that

(i) If ρλ ∈ N̂ has a matrix entry in L2 (N/Z) , then ρλ ∈ N̂sq .

(ii) If N has a square integrable representation then its Plancherel measure is
concentrated on N̂sq .

We have that if ρλ is a square integrable representation then Bλ is non degenerate
on V and the orbit is maximal, that is Oλ = λ |z +V ∗ , where we identify V ∗ with
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z⊥ := {f ∈ n∗ : f |z= 0} . Indeed, let xλ ∈ z be the representative of λ|z , that is
λ (y) = 〈y, xλ〉 for all y ∈ z , and denote by zλ the kernel of λ|z . Let aλ be the
subspace of V where Bλ is degenerate and let bλ be the complement of aλ in V.
Consider nλ = aλ ⊕ bλ ⊕ Rxλ and Nλ := exp (nλ) . We equip aλ with the trivial Lie
bracket and hλ := bλ ⊕ Rxλ with Lie bracket

[u, v]hλ = Bλ (u, v) yλ, u, v ∈ bλ, yλ :=
xλ
|xλ|

.

It is clear that hλ is a Heisenberg algebra and we denote by Hλ the corresponding
Heisenberg group and we set Aλ := exp (aλ) . Since the representation ρλ is trivial
on exp (zλ) , it factors through Nλ. Identifying Nλ with Aλ × Hλ , we can write
ρλ (a, n) = χ (a) ρ′λ (n) where χ is a unitary character of Aλ and ρ′λ is an irreducible
representation of Hλ. Thus ρλ cannot be square integrable unless aλ = 0.

The reciprocal assertion is also true: if Bλ is non degenerate on V (and thus Oλ

is maximal), then ρλ gives rise to an irreducible representation of Nλ because λ
restricted to zλ is trivial. In this case Nλ is a Heisenberg group and since every
irreducible representation of infinite dimension of Nλ is square integrable, so is ρλ.
This is a particular case of the following general result in the Moore-Wolf’s theory. If
N is a connected simply connected nilpotent Lie group, the following are equivalent:

(i) ρλ is square integrable.
(ii) The orbit Oλ is determined by λ|z .
(iii) Bλ is non degenerate over n/z.

The family to be considered in this work was introduced by J. Lauret (see [9]).
Starting from a real representation (π, V ) of a compact Lie algebra g = c⊕g′ , where
c is the center of g and g′ = [g, g] , let 〈· , ·〉g and 〈· , ·〉V be inner products on g
and V respectively, such that 〈· , ·〉g is ad(g)-invariant and 〈· , ·〉V is π -invariant.
Let n = g ⊕ V and let 〈· , ·〉 be the inner product in n such that 〈· , ·〉g×g = 〈· , ·〉g ,
〈· , ·〉V×V = 〈· , ·〉V and 〈g , V 〉 = 0 . Such inner product 〈· , ·〉 is called g-invariant.
The Lie algebra structure on n is defined by assuming that g is the center of n and
the Lie bracket on V is given by

〈[u, v] , x〉 = 〈π (x)u, v〉 for all u, v ∈ V, x ∈ g. (2)

We denote by N(g, V ) the connected simply connected Lie group with Lie algebra
n . It is remarked that this construction does not depend on the g-invariant inner
product 〈· , ·〉 (up to Lie group isomorphism). Moreover, if (π, V ) and (π′, V ′)
are two representations of g and there exists an automorphism φ of g and an
isomorphism T : V → V ′ such that Tπ(x)T−1 = π′(φ(x)) for all x ∈ g , then
N(g, V ) and N(g, V ′) are isomorphic Lie groups, see [9].
The group of orthogonal automorphisms of N(g, V ) is K = G′ × U , where G′ is
the connected simply connected Lie group with Lie algebra g′ = [g , g] and U is
the connected component of the identity of the orthogonal group of intertwining
operators of (π, V ) . The component U acts trivially on the center of n and each
g ∈ G′ acts on n by (Ad(g), π(g)) where we also denote by π the corresponding
representation of G′ (see [8], Theorem 3.12).
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The group N(g, V ) is said to be decomposable if it is a direct product of Lie groups
of the form

N(g, V ) = N(h1, V1)×N(h2, V2).

Otherwise we will say that N(g, V ) is indecomposable. The list of Gelfand pairs of
the form (G′ × U,N(g, V )) where N(g, V ) is indecomposable is the following:

(I) (SU(2)×Sp(n), N(su(2), (C2)n)), n ≥ 1 , where su(2) acts on (C2)n as Im(H)
acts component-wise on Hn by quaternion product on the left side, where H
denotes the quaternions and Im(H) the imaginary quaternions. (Heisenberg
type)

(II) (SU(2)× Sp(n), N(su(2),R3 ⊕ (C2)n)), n ≥ 0 , where su(2) acts as so(3) by
rotations on R3 , and su(2) acts component-wise on (C2)n in the standard
way.

(III) (Spin(4) × Sp(k1) × Sp(k2), N(su(2) ⊕ su(2), (C2)k1 ⊕ R4 ⊕ (C2)k2)) with
k1 + k2 ≥ 1 , where the real vector space R4 = (C2 ⊗ C2)R denotes the stan-
dard representation of so(4) = su(2)⊕ su(2) and the first copy of su(2) acts
only on (C2)k1 and the second one only on (C2)k2 .

(IV) (Sp(2)× Sp(n), N(sp(2), (C4)n), n ≥ 1 , where sp(2) acts component-wise on
(H2)n in the standard way (identifying H2 with C4) .

(V) (SU(n)× S1, N(su(n),Cn)), n ≥ 3 , where Cn denotes the standard represen-
tation of su(n) regarded as a real representation.

(VI) (SO(n), N(so(n),Rn)), n ≥ 2 (free two-step nilpotent Lie group), where Rn

denotes the standard representation of so(n) .

(VII) (U(n), N(R,Cn)), n ≥ 1 (Heisenberg group).

(VIII) (SU(2) × U(k) × Sp(n), N(u(2), (C2)k ⊕ (C2)n)), k ≥ 1, n ≥ 0 , where the
center of u(2) acts non-trivially only on (C2)k , in fact, (C2)n denotes the
representation of su(2) described in the item (I) and u(2) acts component-
wise on (C2)k in the standard way.

(IX) (SU(n) × S1, N(u(n),Cn)), n ≥ 3 , where Cn denotes the standard represen-
tation of u(n) regarded as a real representation.

(X) (G′ × U,N(g, V )) where:

• g := su(m1) ⊕ · · · ⊕ su(mβ) ⊕ su(2) ⊕ · · · ⊕ su(2) ⊕ c , with α copies of
su(2), mi ≥ 3 for all 1 ≤ i ≤ β and c is an abelian component.

• V := Cm1 ⊕ · · · ⊕ Cmβ ⊕ C2k1+2n1 ⊕ · · · ⊕ C2kα+2nα , where kj ≥ 1 and
nj ≥ 0 for all 1 ≤ j ≤ α .

• g acts on V as follows: for each 1 ≤ i ≤ β + α, c has a maximal
subespace, denoted by ci , and dim(ci )=1, acting non-trivially only on
Cmi (as the representation described in item (V)) and for β + 1 ≤ i ≤
β+α, su(2)⊕ci acts non-trivially only on C2ki+2ni (as the representation
in item (VIII)).

• U := S1 × · · · S1 ×U(k1)× sp(n1)× · · · ×U(kα)×Sp(nα) , with β copies
of S1 .
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Here we only consider the groups N (g, V ) which do have square integrable repre-
sentations; this condition holds for all N (g, V ) in the family, with the exception
of two cases: Case II and Case VI with n odd as is shown in [11], pages 339–341.
From Moore-Wolf’s theory it follows that the Plancherel measure for N (g, V ) is
concentrated on the equivalent classes of square integrable representations, which
are parametrized by the elements of the dual space g∗ of g.

We denote by N the group N(g, V ) , and we let (ρλ,Hλ) be the irreducible repre-
sentation of N corresponding to λ , with λ ∈ n∗ . For k ∈ K , let ρkλ(n) := ρλ(k · n) .
So ρkλ is another irreducible representation of N acting on Hλ , and the stabilizer of
ρλ is

Kρλ := {k ∈ K : ρkλ is equivalent to ρλ}.
Thus, for k ∈ Kρλ there exists a unitary operator ϖ (k) which intertwines ρλ and
ρkλ . This gives rise to a non projective representation ϖλ (see Theorem 2.3 in [3]) of
Kρλ called the metaplectic representation.
There is an action of K on n∗ defined by (k · λ) (x) = λ (k−1 · x) , so that we have
Kρλ = {k ∈ K | k · λ ∈ Oλ} . Since the equivalent class of ρλ depends only of λ |g∗ ,
if xλ is the vector in g such that λ (x) = 〈x, xλ〉 for all x ∈ g , clearly Kρλ coincides
with the stabilizer of xλ , Kλ := {k ∈ K : k · xλ = xλ} . If yλ = xλ

|xλ|
, let Nλ be the

Heisenberg group with Lie algebra nλ = Ryλ ⊕ V and Lie bracket

[u, v]λ = Bλ (u, v) yλ, u, v ∈ V.

Notice that for k ∈ Kλ and u, v ∈ V, we have Bλ (k · u, k · v) = 〈xλ, [k · u, k · v]〉 =
〈xλ, k [u, v]〉 = 〈k−1xλ, [u, v]〉 = Bλ (u, v) . Thus Kλ is contained in the symplectic
group Sp (Bλ) .

Let zλ = Ker(λ |g) . Since λ restricted to zλ is trivial, ρλ is an irreducible repre-
sentation of Nλ, and the metaplectic action of Kρλ coincides with the metaplectic
action of Kλ . Moreover, if πs denotes the irreducible representation of Nλ such that
πs (t, 0) = eist realized on the Fock space of holomorphic (resp. antiholomorphic)
functions on Cn which are square integrable with respect to the measure e−|λ|(|z|2/2) ,

we have ρλ (z, 0) = ρλ (〈z, yλ〉 yλ, 0) = ei⟨z,yλ⟩λ(yλ) = ei|λ|⟨z,yλ⟩,

that is ρλ (z, 0) = π|λ| (〈z, yλ〉 , 0) . Therefore ρλ (z, v) = π|λ| (〈z, yλ〉 , v) .
For fixed λ ∈ n∗ , let Hλ = ⊕j∈ΛWλ,j be the decomposition of the metaplectic
representation ϖλ into irreducible Kλ -modules. For j ∈ Λ , let dj = dim(Wλ,j) and
let {vjl }

dj
l=1 be an orthonormal basis of Wλ,j . We define

ψxλ,j(n) =
1

dj

dj∑
l=1

〈ρλ(n)vjl , v
j
l 〉. (3)

3. The main result
We begin this section by recalling some results of the Moore-Wolf theory developped
in [10], which will be applied to our groups N (g,V ) .

Since the product in N is given by (x, v)(x0, v0) = (x + x0 +
1
2
[v, v0], v + v0) for

v, v0 ∈ V and x, x0 ∈ g , the Haar measure dn on N is the Lebesgue measure, and we
denote by dx (resp dv ) the Lebesgue measure on g (resp. on V ) so that dn = dxdv.
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We select Lebesgue measures dn∗, dx∗ and dv∗on n∗, g∗ and V ∗ respectively, such
that the Fourier transform of functions on n, g or V into functions on n∗, g∗ , V ∗ be
an isometry.
For λ ∈ n∗, u, v ∈ V, let Bλ (u, v) := λ ([u, v]) . Since Bλ is a non degenerate skew-
symmetric form on V × V , the corresponding two form ϖλ is non degenerate and
ϖm

λ is a multiple of dv. The Pfaffian Pf (Bλ) of Bλ is by definition this multiple,
that is, ϖm

λ = Pf (Bλ) dv. One then has that det
(
Bλ|V×V

)
= Pf (Bλ)

2 .

Let P (λ) := Pf (Bλ) . Then P (λ) is a homogeneous polynomial function on n∗.
Moreover, it follows from Lemma 3.2 in [10] that P (λ) depends only on the restric-
tion of λ to g. Hence there is a homogeneous polynomial on g∗, also denoted by P,
such that P (λ) = P (λ | g) .
Let V = {λ : P (λ) 6= 0} . By Theorem 2 in [10] we know that there is a correspon-
dence between the coadjoint orbits Oλ such that P (λ) 6= 0 and the set of square
integrable representations. Moreover if ϕ is the map which sends λ |g ∈ g∗ \ V to
[ρλ] ∈ N̂sq, then ϕ is a homeomorphism from g∗ \ V with the natural topology to
the Fell topology on representations.
Assume that N has square integrable representations. Then in Theorem 6 it is
proved that the Plancherel measure is concentrated on N̂sq and its image under ϕ−1

is m! 2mP (λ) dx∗ (λ) where dx∗ is the Lebesgue measure chosen as above.
Since we are interested in the inversion formula for a Schwartz function on N, we
recall some lines of the proof.
The form Bλ determines an isomorphism TB of V into V ∗ by TB (u) (v) = Bλ (u, v) ,
for u, v ∈ V. For λ |g ∈ g∗ \ V the orbit Oλ is the hyperplane (λ | g)+V ∗ of n∗

(once we have identified g⊥ naturally with V ∗). Then Bλ|V×V is transported via
TB to a bilinear form on the tangent space of Oλ at the point λ |g which, in turn,
defines a two form ϖ∗

λ so that (ϖ∗
λ)

m determines a measure on Oλ (or a measure
on n∗ supported on Oλ,) called the canonical measure on Oλ and which we denote
by µλ. It follows from Lemma 3.1 in [10] that if dv∗ is the Lebesgue measure on V ∗

and dvλ is the translated measure on Oλ, then µλ = |P (λ)|−1 dvλ.

Let f be a Schwartz function on N and let f0 (y) := f (exp y) be the corresponding
function on n. Then by general theory

tr (ρλ (f)) := Θ (f) = c−1

∫
oλ

f̂0 (y) dµλ (y) , where f̂0 (y) :=

∫
n

f (x) e2πiy(x)dx

and f (e) =

∫
g∗\V

tr (ρλ (f)) dµ (λ) ,

where dµ is the Plancherel measure and c = m! 2m. Then, on the one hand, we
have f (e) = c−1

∫
g∗\V

(∫
f̂0 (y) |P (λ)|−1 dvλ (y)

)
dµ (λ) , and by the inversion for-

mula on the vector group n∗, f (e) =
∫
g∗\V

(∫
f̂0 (y) dvλ (y)

)
dx∗ (λ) . Hence we have

dµ = m! 2m |P (λ)| dx∗ (λ) . Then, the inversion formula for a Schwartz function f is

f (n) = m! 2m
∫
g

tr(ρλ(f)ρλ(n))|P (λ)|dx∗(λ) for n ∈ N.
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Decomposing the metaplectic action of Kλ on the Fock space as

Hλ =
⊕
j∈Λ

Wλ,j,

we obtain by a straightforward computation that

f (n) = m! 2m
∑
j∈Λ

dj

∫
g

f ∗ ψxλ,j(n) |P (λ)| dx∗(λ) (4)

where ψxλ,j is defined in (3).
From now on, we will use the notation P (λ) (resp. ρ(λ) , ψλ,j , etc) or P (xλ) (resp.
ρ(xλ) , ψxλ,j , etc) interchangeably.

Lemma 3.1. If g ∈ G and xλ ∈ g then |P (Ad (g)xλ) | = |P (xλ) |.

Proof. Since for u, v ∈ V , Bλ (u, v) = λ ([u, v]) = 〈[u, v] , xλ〉 , we have that

BAd(g)xλ
(u, v) = 〈[u, v] , Ad (g)xλ〉 =

〈
Ad
(
g−1
)
[u, v] , xλ

〉
=
〈[
π
(
g−1
)
u, π

(
g−1
)
v
]
, xλ
〉
= λ

([
π
(
g−1
)
u, π

(
g−1
)
v
])
,

where in the third equality we have used that (Ad (g) , π (g)) is an automorphism of
N . Therefore |P (Ad (g)xλ) | = |P (xλ) | , as desired.

Recall that g = g′ ⊕ c where g′ = [g, g] and c is the center of g . Thus if we denote
by g′r the set of regular elements of g′ , we can consider that the Plancherel measure
is defined on g′r ⊕ c , since the complement of g′r in g′ has Lebesgue measure zero.
Let T be a maximal torus of G′ with Lie algebra h . Denote by g′C and hC the
complexified Lie algebras of g′ and h respectively, and by ∆ the root system
corresponding to (g′C, hC) . Let hR= ih and let C be a fixed Weyl chamber of hR .
Let Φ : G′/T × C → g′r be the function defined by Φ(gT, x) = Ad(g)x , with
g ∈ G, x ∈ C . It follows from basic Lie theory that the map Φ is a diffeomorphism,
and a computation shows that det(dΦ(g,ix)) = (−1)#∆

∏
α∈∆ α(x) .

Set θ(x) := | det(dΦ(g,x))| . Integrating on g in place of g∗ and using change of
variables we obtain

f (n) = m! 2m
∑
j∈Λ

dj

∫
c

∫
G′/T

∫
C

f ∗ ψ(Ad(g)x+z) , j (n) |P (Ad (g)x+ z)| θ(x) dx dġ dz.

where dġ denotes the G′ -invariant measure on G′/T , and dx, dz are the Lebesgue
measures on C and c respectively. By Lemma 3.1

f (n) = m! 2m
∑
j∈Λ

dj

∫
c

∫
C

f ∗
(∫

G′/T

ψAd(g)(x+z) , j (n) dġ

)
|P (x+ z)| θ(x) dxdz. (5)

Recall that for k ∈ K , ρkλ is the irreducible representation of N correspond-
ing to k ·λ , and thus if λ|g is represented by the vector x + z then k ·λ corre-
sponds to k ·(x + z) . Since (Ad (g) , π (g)) is an automorphism of N, we have that
ρAd(g)(x+z)(n) = ρ

Ad(g)
x+z (n) = ρx+z(Ad(g) · n) , so ψAd(g)(x+z),j(n) = ψx+z,j (Ad(g) · n) .
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We will now express (5) in terms of the set of spherical functions associated to the
pair (K,N) .
Let C♯

c(N) be the algebra of K -invariant continuous functions on N with compact
support. We say that a K -invariant continuous function ϕ on N is a spherical
function if the linear functional χ(f) :=

∫
f(n)ϕ(n−1) dn is a non trivial character of

C♯
c(N) . It is well known that the set of bounded spherical functions can be identified

with the homomorphisms of the space of the K -invariant integrable functions on N
via the map

ϕ −→ χ(f) =

∫
f(n)ϕ(n−1) dn.

Lemma 3.2. (i) If xλ = x′ + z , with x′ ∈ g′r, x
′ 6= 0 and z ∈ c, then we have

K/Kλ = G′/T . Moreover,

ϕλ,j (n) :=

∫
G′/T

ψAd(g)(x+z) , j (n) dġ

is a spherical function of (K,N).
(ii) If xλ ∈ c, then Kλ = K . In particular, if λ ∈ c∗ , ϕλ,j = ψλ,j .

Proof. (i) Let CG′ (xλ) = {g ∈ G′ : Ad (g)xλ = xλ} be the centralizer of xλ in
G′ . Since U acts on g by the identity, Kλ = CG′ (xλ)× U and since x′ is a regular
element, CG′ (xλ) = CG′ (x′) is a maximal torus of G′.

The description of the bounded spherical functions of a Gelfand pair (K,N) is
given in Theorem 8.7 in [1]. Indeed, let (ρ,Hλ) ∈ N̂ , let Hλ = ⊕j∈ΛWj,λ be the
decomposition of the metaplectic representation of Kρλ into irreducible components
and let {vj1, · · · , v

j
dj
} be an orthonormal basis of Wλ,j . Then the proof of Theorem

8.7 shows that the spherical functions are given by

ϕλ,j(n) =

∫
K/Kρλ

1

dj

dj∑
l=1

〈ρλ(k̇ · n)vjl , v
j
l 〉 dk̇, (6)

where k̇ denotes the K -invariant measure on K/Kρλ . In our case Kρλ = Kλ ,
K/Kλ = G′/T and∫

G′/T

ψAd(g)(x′+z), j(n) dġ =

∫
G′/T

ψx′+z , j(Ad(g) · n) dġ =
∫
K/Kλ

ψx′+z , j(k · n) dk̇,

which implies assertion (i).
(ii) As above, Kλ = CG′(xλ)× U , and since xλ ∈ c , CG′(xλ) = G′ and Kλ = K .

Remark 3.3. For x ∈ C, z ∈ c , it would be more proper to denote by ϕx,z,j

the spherical function corresponding to xλ = x + z . But this notation seems to be
cumbersome and we prefer to set ϕx,z,j := ϕλ,j .

We denote by VC the complexification of V and by (πC, VC) the extension of π to
gC . Let VC = ⊕rWr be the decomposition into irreducible subespaces and we let
Wr = ⊕jW

νjr be the decomposition into weight spaces, that is

W νjr := {v ∈ Wr | πC(x)(v) = νjr(x)v for all x ∈ hC}.
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Then we have P (x) =
∏
r,j

|νjr(x)|m
j
r/2,

for x ∈ C , where mj
r is the dimension of W j

r . Let ζr be the central character of
πC |Wr . Also, for z ∈ c and x ∈ C , we have

P (x+ z) =
∏
r,j

|νjr(x) + ζr(z)|m
j
r/2 (7)

Hence, we have proved our main result:

Theorem 3.4. Let f be a Schwartz function on N . Then

f (n) = m! 2m
∑
j∈Λ

dj

∫
c

∫
C

f ∗ ϕλ,j (n) |P (x+ z)| θ(x) dx dz,

where ϕλ,j is the spherical function defined as in (6) and the function P is as (7).
The support of the Plancherel measure is Λ×C× c, and the measure is given by the
product of the weighted counting measure and dµ(λ) = |P (x+ z)| θ(x) dx dz .

We write λ = λ′ + λ0 , with λ′ ∈ [g, g]∗ , and λ0 ∈ c∗ . As a consequence of the
previous result we obtain the decomposition of the regular action on L2(N) .

Theorem 3.5. Let g be any compact Lie algebra that appears in Lauret’s list and
such that the corresponding N(g, V ) has square integrable representations. Then the
regular action of K n N on L2(N) decomposes as a direct integral of irreducible
components by

L2 (N) =
∑
j∈Λ

∫
c

∫
C

Hλ , j dµ (λ) ,

where µ is the measure µ (λ) = |P (λ)| θ(λ′) dλ and dλ is the Lebesgue measure on
c × C. Moreover, the projection on Hλ,j is Qλ,j(f) = f ∗ ϕλ,j , where ϕλ,j is the
spherical function given by the following:

(i) If λ′ 6= 0, ϕλ,j (n) =

∫
G′/T

ψλ,j(ġ · n) dġ, (8)

where g · n denotes the action of G′ by automorphism on N , dġ is the G′ -
invariant measure on G′/T and ψλ.j is as in (3).

(ii) Assume that λ′ = 0. If g is as in Case VIII with k ≥ 1 and n = 0, Case IX
and Case X with kj ≥ 1 and nj = 0 for all 1 ≤ j ≤ α, then ϕλ,j = ψλ,j with
ψλ,j as in (3).
In Case VII, g = R, and ϕλ,j = ψλ,j with ψλ,j as in (3).
In the other cases, the Plancherel measure vanishes on c.

Proof. (i) Follows from Theorem (3.4).
(ii) In Cases I, III, IV ,V and VI with n even g is semisimple and has trivial center.
In Case IX, g = u(n) = su(n)⊕ iR, V = Cn, n ≥ 3 , where Cn denotes the standard
representation of u(n) . Since Ker(π(x)) is trivial for all x ∈ u(n) , it follows that Bλ

is non degenerate. Then, the Plancherel measure is concentrated in g = iR⊕ [g, g] .
The expression of the spherical functions follows from Lemma 3.2(ii).
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In Case VIII with k ≥ 1 , n = 0 , and case X with kj ≥ 1 , nj = 0 for all 1 ≤ j ≤ α
the analysis is similar to that in case IX since π has trivial kernel.
In Case VIII with k ≥ 1, n > 0 , g = u(2) = su(2) ⊕ iR , V = (C2)k ⊕ (C2)n . The
center of u(2) acts non-trivially only on (C2)k , in fact, su(2) acts on (C2)n as Im(H)
acts component-wise on Hn by quaternion product on the left hand side. Thus, if
t ∈ R , π(it)(0, v) = (0, 0) for all v ∈ (C2)n , that is, (0, v) ∈ Ker(π(it)) . For (2) and
(1) it follows that Bit is degenerate for all it ∈ iR . Then, by Theorem 6 in [10], the
Plancherel measure is concentrated in g′ = [g, g] .
In Case X with kj ≥ 1 for all 1 ≤ j ≤ α and nj0 > 0 for some 1 ≤ j0 ≤ α the
analysis is similar to that in case VIII with n > 0 .
Case VII corresponds to the Heisenberg group, and it is proved in Section 4, Theorem
4.1.

4. The Heisenberg case
We take g = R and V = Cn with the standard Hermitian form (u, v) = Re(

∑n
i=1 uivi) ,

where ui, vi are the coordinates of u, v ∈ Cn respectively and let π defined by
π (t) v = itv, for t ∈ R . In this case we have that

〈t, [u, v]〉 = (π (t)u, v) = t (iu, v) = −t Im(u.v).

Thus, the bracket is given by the standard simplectic form and the corresponding
group N(g,V ) is the (2n+ 1)-dimensional Heisenberg group.
It is known that the unitary irreducible representations of Hn are of two types:
those of infinite dimension acting non trivially on the center and the characters
χw(t, v) = eiRe(v.w̄) . The unitary irreducible representations of infinite dimension
(πλ,Hλ) of Hn are parametrized by 0 6= λ ∈ R . More explicitly, for λ > 0 (resp.
λ < 0), they are realized on the Fock space of holomorphic (resp. antiholomorphic)
functions on Cn which are square integrable with respect to the measure e−|λ|(|z|2/2)

and they are determined by the central action. We denote by P(V ) the polynomial
algebra which is dense in Hλ .
Let K ⊆ U (n) such that (K,Hn) is a Gelfand pair. For k ∈ K and (t, v) ∈ Hn ,
we can define πk

λ (t, v) := πλ ((t, kv)) . Since πλ (t, 0) = eiλt , we have that K ={
k ∈ K : πk

λ ∼ πλ
}

. For p ∈ P (V ) and k ∈ K we define

ϖ (k) p (v) = p
(
k−1v

)
. (9)

Then ϖ extends to a unitary representation of K , called the metaplectic represen-
tation, which intertwines πk

λ and πλ. According to Mackey’s theory, the irreducible
unitary representations of K nHn are induced by those of Hn .
For σ ∈ K̂ , the irreducible representations of KnHn induced by Hλ are defined by

ρλ,σ (k, t, v) = σ (k)⊗ϖ (k) πλ (t, v) , k ∈ K, (t, v) ∈ Hn.

Thus ρλ,σ has a vector fixed by K if and only if σ is the dual representation of some
irreducible component of ϖ .
Since the other elements of K̂ nHn are induced by the characters of R2n, and
(K n R2n, K) is always a Gelfand pair, we have that (K,Hn) is a Gelfand pair if
and only if ϖ is multiplicity free.
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Let ϖ ↓ Hλ =
⊕
j∈Λ

ϖj

be the decomposition of ϖ into irreducible components. We denote by Wj the
representation space of ϖj and by ϖ′

j its dual representation.
We select an orthonomal basis

{
h1, ..., hdj

}
of Wj, and let

{
h∗1, ..., h

∗
dj

}
be its dual

basis. It follows immediately that sj =
∑dj

l=1 hl ⊗ h∗l is a vector of ρλ,ϖ′
j

fixed by
K. In order to simplify the notation, we set ρλ,j := ρλ,ϖ′

j
. The spherical function

corresponding to sj is ϕλ,j (t, v) = 〈ρλ,j (k, t, v) sj, sj〉 and an easy computation gives

ϕλ,j (t, v) =
1

dj

dj∑
i=1

〈πλ (t, v)hi, hi〉. (10)

For h, h′ ∈ Hλ , let eλ (h, h′) (t, v) := 〈πλ (t, v)h, h′〉 the entry matrix of πλ associated
to h, h′ . It is well known that the functions v 7−→ eλ(h, h

′)(0, v) ∈ L2(Cn) ,∫
Cn

eλ (h, h
′) (0, v) eλ (h1, h′1) (0, v)dv = d−1

λ 〈h, h1〉〈h′, h′1〉

and if λ 6= λ1

∫
Cn

eλ (h, h
′) (0, v) eλ1 (h1, h

′
1) (0, v)dv = 0

for all h, h′ ∈ Hλ, h1, h
′
1 ∈ Hλ1 (dλ is called the formal degree of πλ ). For j ∈ Λ , we

select a basis Bj of Wj conveniently normalized such that∫
Cn

|eλ (hα, hβ) |2 (0, v) dv = 1

for all hα, hβ ∈ Bj . Let B := ∪jBj , then B is a basis of Hλ . Recall that the
convolution is defined for integrable functions for x ∈ Hn by

(f ∗ g) (x) =
∫
Hn

f(y)g(y−1x) dy .

Theorem 4.1. Let Hλ,j be the Hilbert space generated by {eλ (hα, hβ)} where
hα ∈ Bj and hβ ∈ B , with inner product 〈φ, ψ〉λ,j :=

∫
Cn φ (0, v)ψ (0, v)dv. Then,

the regular action of KnN decomposes as a direct integral of irreducible components:

L2 (Hn) =
∑
j∈Λ

∫ ∞

−∞
Hλ,j |λ|n dλ .

Moreover, the Hilbert space Hλ,j is primary and equivalent to (dimWj)Fλ as Hn -
module.

Proof. The inversion formula for a Schwartz function f on Hn is given by

f (t, v) =

∫ ∞

−∞
tr (πλ (t, v) πλ (f)) |λ|n dλ .

Moreover, ‖f‖2 =
∫ ∞

−∞
‖πλ (f)‖2HS |λ|

n dλ =
∑∫ ∞

−∞
|〈f, eλ (hα, hβ)〉|2 |λ|n dλ,



684 Gallo and Saal

where ‖·‖HS denotes the Hilbert-Schmidt norm, and the sum runs on hα, hβ ∈ B .
Notice that 〈πλ (t, v) πλ (f)h, h′〉 = (f ∗ eλ (h, h′)) (t, v) , then

f (t, v) =
∑
j∈Λ

∫ ∞

−∞

∑
hα∈Bj

(f ∗ eλ (hα, hα)) (t, v) |λ|n dλ

=
∑
j∈Λ

∫ ∞

−∞
dj (f ∗ ϕλ,j) (t, v) |λ|n dλ

where the last equality follows from (10). By straightforward computation we obtain

f ∗ eλ (hα, hα) =
∑
hβ∈B

〈f, eλ (hα, hβ)〉L2(Hn)
eλ (hα, hβ) . (11)

By (11) it follows that f ∗ eλ (hα, hα) ∈ Hλ,j and

||f ∗ eλ(hα, hα)||2λ,j =
∑
hβ∈B

| 〈f, eλ(hα, hβ)〉 |2, for all hα ∈ Bj.

Hence, we obtain that the orthogonal projection Qλ,j (f) = dj f ∗ϕλ,j maps L2 (Hn)
onto Hλ,j, Hλ,j is irreducible, and by (11) ‖f‖2 =

∑
j∈Λ
∫∞
−∞ ‖Qλ,jf‖2λ,j |λ|

n dλ. This
concludes the proof of the theorem.

5. Description of ϕλ,j

In this section we describe the set B of spherical functions corresponding to the set
of generic (or with full Plancherel measure) representations of N (g, V ) . These com-
putations involve integration on G/T, which is difficult to carry out with exception
of a few cases. Nevertheless, we obtain a parametrization of B.

As we saw before the metaplectic representation ϖλ of Kλ is given by (9). We
assume that it decomposes into irreducible components as P(V ) = ⊕j∈ΛWλ,j . We
also saw that

ρλ (z, v) = ei|λ|⟨z,yλ⟩π|λ| (0, v) .

The set of spherical functions of (Kλ, Hn) corresponding to the Fock representation
π|λ| is given by {ψλ,j}j∈N∪{0} , where ψλ,j is defined in (3). As

ρλ (Ad (g) z, π (g) v) = π|λ| (〈Ad (g) z, yλ〉 , 0) π|λ| (0, π (g) v)

= ei|λ|〈z,Ad(g−1)yλ〉π|λ| (0, π (g) v) ,

and ψλ,j is a Kλ -invariant function, we obtain that∫
G/T

ψλ,j(g · (z, v)) dg =
∫
G/T

ei|λ|〈z,Ad(g−1)yλ〉ψλ,j(0, π(g)v) dġ.

By the description in [2] of the set of bounded spherical functions of a Gelfand pair
(K,Hn) we know that for (t, v) ∈ Hn and λ > 0

ψλ,j (t, v) = eitλqj

(
λ

1
2v
)
e−

λ
4
|v|2 ,

where qj is a real K -invariant polynomial. Indeed, assume λ = 1 and let P (V )R

denote the algebra of real K -invariant polynomials. Then it is proved in [2] that
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there is a canonical basis {pj}j∈Λ of the vector space P (V )R , pj ∈ Wj := Wj,1, such
that the sequence {qj}j∈Λ is obtained from {pj}j∈Λ by applying the Gram-Schmidt
process with respect to the measure e− 1

4
|v|2dv . Thus

ϕλ,j (z, v) = e−
|λ|
4
|v|2
(∫

G/T

ei|λ|〈z,Ad(g−1)yλ〉qj
(
|λ|

1
2 π (g) v

)
dġ

)
.

Remark 5.1. In case that g = c ⊕ g′ , and xλ = xλ′ + zλ, zλ ∈ c, xλ′ 6= 0 , we
have ϕλ,j(z, v) = ei|λ|⟨z,zλ⟩ϕλ′,j(z, v), where |λ′| = |λ||xλ| .

In the following, we analyse the set B case by case. We denote by Tn the n-
dimensional torus.
• Case 1. In this case g = su (2) , V = Hn and n = su(2)⊕Hn . su (2) is isomorphic
to Im(H) and the action is given by q .(v1, ..., vn) = (qv1, ..., qvn) , for q ∈ Im(H) ,
v = (v1, ..., vn) ∈ Hn. Thus n = Im(H) ⊕ Hn is a Lie algebra of Heisenberg type ,
K = SU (2)× Sp (n) and Kλ = T1 × Sp (n) where

T1 :=

{(
eiθ 0
0 e−iθ

)
: θ ∈ R

}
(12)

is a maximal torus of SU (2) . It is well known that the natural action of Sp(n)
on the space Pj (C2n) of homogeneous polynomial of degree j is irreducible and
we denote it by ηj . Then the metaplectic representation of Kλ acting on P (C2n)
decomposes as

ϖ ↓ Kλ = ⊕j=0χj ⊗ ηj,

where χj (θ)=e
−ijθ . It is also well known that ψλ,j(t, v)=e

it|λ|L2n−1
j

(
|λ|
2
|v|2
)
e−

|λ|
4
|v|2

where L2n−1
j is a Laguerre polynomial of degree j , (see for example [4] p, 64). Thus,

ϕλ,j (z, v) =

∫
SU(2)/T1

ψλ,j

(〈
Ad
(
g−1
)
yλ, z

〉
, g.v

)
dġ.

Since Ad :SU(2) → SO(3) is a surjective morphism with kernel ±1 and SO(3)/SO(2)
is homeomorphic to the two dimensional sphere S2, we have that

ϕλ,j (z, v) =

∫
SO(3)/SO(2)

ψλ,j

(〈
g−1yλ, z

〉
, g.v

)
dġ

=

(∫
S2

ei|λ|ξ.zdξ

)
L2n−1
j

(
|λ|
2

|v|2
)
e−

|λ|
4
|v|2 = J 1

2
(|λ| z)L2n−1

j

(
|λ|
2

|v|2
)
e−

|λ|
4
|v|2 ,

where dξ denotes the SO (3)-invariant measure on S2, and J 1
2

is the Bessel function
of order 1

2
of the first kind.

• Case 2. In this case N does not have square integrable representations.
• Case 3. In this case we have g = su (2) ⊕ su (2) , V = Hk1 ⊕ R4 ⊕ Hk2 and
n = su (2)⊕ su (2)⊕Hk1 ⊕R4⊕Hk2 . The first copy (resp. the second) of su (2) acts
as sp (1) on Hk1 and trivially on Hk2 (resp. on Hk2 and trivially on Hk1) , and as
so (4) on R4. Thus U = Sp (k1)× Sp (k2) , K = Spin (4)× U and Kλ = T2 × U,

where T2 :=

{(
eiθ1 0
0 eiθ2

)
: θ1, θ2 ∈ R

}
(13)
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is a maximal torus of Spin (4) . Since P (V ) = P
(
C2k1

)
⊗P (C2)⊗P

(
C2k2

)
, we can

decompose the metaplectic representation as

ϖ ↓ Kλ =
(
⊕j≥0 χj (θ1) η

k1
j

)
⊗ (⊕l1,l2≥0 χl1,l2 (θ1, θ2))⊗

(
⊕s≥0 χs (θ2) η

k2
s

)
,

where ηkij is the natural action on the space Pj(C2ki) .
Writing v = (v1, u, v2) , with v1 ∈ C2k1 , v2 ∈ C2k2 and u = (u1, u2) ∈ C2, an easy
computation shows that

π|λ| (t, v) = π|λ|

(
t

3
, (v1, 0, 0)

)
⊗ π|λ|

(
t

3
, (0, u, 0)

)
⊗ π|λ|

(
t

3
, (0, 0, v2)

)
,

and by applying an elementary property of the trace of a linear map defined on a
tensor product, we obtain

ψλ,j,l1,l2,s (t, v) = ei|λ|t L(v),

L(v) = L2k1−1
j

(
|λ|
2

|v1|2
)
L0
l1

(
|λ|
2

|u1|2
)
L0
l2

(
|λ|
2

|u2|2
)
L2k2−1
s

(
|λ|
2

|v2|2
)
e−

|λ|
4
|v|2 ,

where Ln
k is a Laguerre polynomial of degree k .

On the one hand, SU (2) is acting as Im(H) (or Sp (1)) on each component of C2ki ,
i = 1, 2 . On the other hand, G ' Sp (1) × Sp (1) acts on C2 ' H by the rule:
v 7−→ g.v = q1vq2 , for g = (q1, q2) ∈ G, v ∈ H . Then we have that

L2k1−1
j

(
|λ|
2

|gv1|2
)

= L2k1−1
j

(
|λ|
2

|v1|2
)
, L2k2−1

s

(
|λ|
2

|gv2|2
)

= L2k2−1
s

(
|λ|
2

|v2|2
)
,

and the spherical functions are given by

ϕλ,j,l1,l2,s (z, v) =

(∫
G/T

ei|λ|〈Ad(g−1)Yλ,z〉L0
l1

(
|λ|
2

|(gu)1|
2

)
L0
l2

(
|λ|
2

|(gu)2|
2

)
dg

)
× e−

|λ|
4
|v|2L2k1−1

j

(
|λ|
2

|v1|2
)
L2k2−1
s

(
|λ|
2

|v2|2
)

where g (u1, u2) = ((gu)1 , (gu)2) .
• Case 4. Here g = sp (2) , V = (H2)

n and n = sp (2) ⊕ (H2)
n . The real action

is given by π (g) (v1, ..., vn) = (gv1, ..., gvn) , vj ∈ H2 for j = 1, ..., n . By Schur’s
Lemma, the group of orthogonal intertwining operator is isomorphic to Sp(n) with
the action on (H2)n given by the 2n × 2n matrix aijI , aij ∈ H , and I the 2 × 2
identity. Thus K = Sp (2)× Sp (n) , and Kλ = T2 × Sp (n) where T2 is a maximal
torus of Sp (2) as in (13).
Writing (v1, ..., vn) = ((u1, w1) , ..., (un, wn)) , with (uj, wj) ∈ H2 for j = 1, ...n, we
have that the action of Sp (n) is given by

g ((u1, w1) , ..., (un, wn)) = (g (u1, ..., un) , g (w1, ..., wn)) .

The action of Sp (n) on P (C4n) splits as P (C2n)⊗P (C2n) = ⊕r,sPr (C2n)⊗Ps (C2n) .
On the other hand, T2 acts naturally on each H2 by(

eiθ1 0
0 eiθ2

)
(uj, vj) = (e−iθ1uj, e

−iθ2vj).
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As above, we denote by ηj the irreducible representation of Sp (n) on Pj (C2n) . In
[7] it is proved that ηs ⊗ ηr = ⊕s

j=0 ⊕
j
i=0 η(r+s−j−i,j−i) where η(r+s−j−i,j−i) is the

irreducible representation of Sp(n) with highest weight (r+s− j− i, j− i, 0, · · · , 0) ,
for r ≥ s . Then

ϖ ↓ Kλ = ⊕r,sχr,s (θ1, θ2)⊗ (⊕s
j=0 ⊕

j
i=0 η(r+s−j−i,j−i)),

where χr,s (θ1, θ2) = e−i(rθ1+sθ2) .
The polynomial qr,s,j,i in P (C4n) corresponding to the spherical function ψλ,r,s,j,i is
Kλ− invariant, thus qr,s,j,i (t, v) = qr,s,j,i

(
t, |u|2 , |w|2

)
, but Sp (2) preserves the norm

of (uj, wj) for j = 1, ...n. Thus

ϕλ,r,s,j,i (z, v) = e−
|λ|
4
|v|2
(∫

G/T

ei|λ|⟨Ad(g−1)yλ,z⟩qr,s,j,i(t, g · v) dġ
)
.

• Case 5. In this case g = su (n) , V = Cn , n = su (n)⊕Cn and π is the canonical
action of su (n) on Cn. Since it is irreducible, the group of the orthogonal intertwining
operators is a one dimensional torus which we denote by T1. So K = SU (n) × T1,
Kλ = Tn−1 × T1 where Tn−1 is a maximal torus of SU (n) , and

ϖ ↓ Kλ = ⊕m1,...,mn∈Z≥0 χm1,...,mn ,

where χm1,...,mn (θ1, ..., θn) = e−i(m1θ1+...+mnθn) . The spherical functions correspond-
ing to the pair (Tn, Hn) are given by (see for example [4])

ψλ,m1,...,mn (t, v) = ei|λ|t
n∏

j=1

L0
mj

(
|λ|
2

|vj|2
)
e−

|λ|
4
|v|2 . (14)

Setting gv = ((gv)1 , ..., (gv)n) for g ∈ SU (n) , we obtain the following expression
for the set of generic spherical functions

ϕλ,m1,...,mn (z, v) = e−
|λ|
4
|v|2
(∫

SU(n)/Tn

ei|λ|〈Ad(g−1)yλ,z〉
n∏

j=1

L0
mj

(
|λ|
2

∣∣∣(gv)j∣∣∣2) dġ
)
,

with L0
mj

is a Laguerre polynomial of degree mj .
• Case 6. In this case g=so (2n) , V =R2n, n=so (2n)⊕R2n and π is the canonical
action of so (2n) on R2n. Since it is irreducible, the group of the orthogonal inter-
twining operators is trivial. Thus K = SO (2n) and Kλ is an n dimensional torus.
As in Case 5 the metaplectic representation is decomposed into a direct sum of
characters without multiplicity as

ϖ ↓Tn=
⊕

(m1,··· ,mn)∈Z≥0

χ(m1,··· ,mn),

where (χ(m1,··· ,mn)(θ1, · · · , θn))(zm1
1 · · · zmn

n ) = e−im1θ1zm1
1 · · · e−imnθnzmn

n .

Then ψλ,m1,...,mn is given by (14), but here we have to integrate on SO (2n) /Tn , i.e.,

ϕλ,m1,...,mn (z, v) = e−
|λ|
4
|v|2
(∫

SO(2n)/Tn

ei|λ|〈Ad(g−1)yλ,z〉
n∏

j=1

L0
mj

(
|λ|
2

∣∣∣(gv)j∣∣∣2) dġ
)
,

where L0
mj

is a Laguerre polynomial of degree mj .
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• Case 7. In this case N(g, V ) is the (2n + 1)-dimensional Heisenberg group,
K = U(n) and the set of bounded spherical functions was described by many authors,
see for example [2] and [4].
• Case 8. In this case g = u (2) , V = (C2)

k ⊕ (C2)
n and n = u(2)⊕ (C2)

k ⊕ (C2)
n .

u (2) acts in the following way:
– on each of the k components of (C2)

k it acts in the natural way, and
– in (C2)

n the center of u (2) acts trivially and the semisimple part acts as sp (1)
(or Im(H)) on the left side on each of the n components of (C2)

n
.

For n positive, K = SU (2) × U (k) × Sp (n) and Kλ = T1 × U (k) × Sp (n) where
T1 is a maximal torus of SU (2) . The action of T1 on P

(
(C2)k

)
is given by

p (u1, w1, ..., uk, wk) → p
(
eiθu1, e

−iθw1, ..., e
iθuk, e

−iθwk

)
for p ∈ P(C2k), eiθ ∈ T1, (ui, wi) ∈ C2. Also U (k) acts by a multiple of the 2 × 2

identity on each of the k components of (C2)
k
.

We denote by νr (resp. ηr ) the irreducible action of U(k) (resp. Sp(k)) on Pr(C2k) .
As U(k)-module P(C2k) = P(Ck)⊗ P(Ck) = ⊕r,sνr ⊗ νs . Moreover,

νr ⊗ νs = ⊕min(r,s)
j=1 ν(r+s−2j,j),

where ν(r+s−2j,j) denotes the irreducible representation of the highest weight
(r + s − 2j, j, 0, · · · , 0) ([5], p. 225). Thus P (V ) = P

(
C2k
)
⊗ P (C2n) and the

decomposition of the metaplectic representation into irreducible components is

ϖ ↓Kλ
=
(
⊕r,s,j∈Z≥0 χr−s (θ)⊕min(r,s)

j=1 ν(r+s−2j,j)

)
⊗ (⊕l∈Z≥0 χl(θ) ηl) .

We set v = (v1,v2) ,v1 ∈ C2k,v2 ∈ C2n. As in Case 3 by applying an elementary
property of the trace of a linear map defined on a tensor product, we obtain the
expression for the spherical function

ψλ,r,s,j,l (t, v) = ei|λ|te−
|λ|
4
|v|2qj,r,s

(
|λ|
2
v1

)
L2n−1
l

(
|λ|
2

∣∣v2
∣∣2) , j = 1, ...,min(r, s), l ≥ 0,

where L2n−1
l is a Laguerre polynomial of degree l . For v1 = (u1, w1, ..., uk, wk)∈C2k ,

we have that qj,r,s is a polynomial in |u|2, |w|2 since qj,r,s is U(k)-invariant, but the
action of G = SU(2) is componentwise on each (uj, wj) . Thus

ϕλ,r,s,j,l(t, v) =

(∫
G/T

ei|λ|⟨Ad(g−1)yλ,z⟩qj,r,s(
|λ|
2
g · v1) dġ

)
e−(

|λ|
4
|v|2)L2n−1

l (
|λ|
2
|v2|2).

As we observe in the proof of Theorem (3.5), in this case there is no generic spherical
functions associated to the center of g .
Case n = 0. To the set of spherical functions described above (with the obvious
changes since n = 0) we add the set of spherical functions corresponding to the
elements of the center of g . For this purpose, we need to decompose the metaplectic
action of K = SU (2)× U (k) on P

(
C2k
)
. We assume k ≥ 2 .

It is easy to see that C2k is equivalent to C2 ⊗ Ck with the standard action as
(SU(2) × U(k))-module. So we can apply the Corollary 5.2.8 in [6] to obtain the
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desired decomposition. Indeed, following the notation there, let Fµ
2 be the irreducible

representation of Gl (2,C) with highest weight µ = µ1ε1 + µ2ε2 where ε1, ε2 are the
coordinate weights and µ1 ≥ µ2 ≥ 0 . Let Fµ

k be the irreducible representation of
Gl (k,C) with highest weight the k -tuple (µ1, µ2, 0, ..., 0) . Then we have that the
space of homogeneous polynomials of degree d over C2 ⊗ Ck decomposes as

Pd

(
C2 ⊗ Ck

)
=
⊕
µ

Fµ
2 ⊗Fµ

k , µ1 + µ2 = d.

Now in order to restrict to Sl (2,C) × Gl (k,C) , let l = µ1 − µ2 and let F l be the
irreducible representation of Sl (2,C) of dimension l + 1 . Then, the restriction to
Sl (2,C)×Gl (k,C) decomposes as

P
(
C2 ⊗ Ck

)
= ⊕l,dF l ⊗Fµ

k , l, d ≥ 0

with µ1 + µ2 = d and µ1 − µ2 = l . The corresponding set of spherical functions is
given by (3) and it is parametrized by {λ, d, l} with λ 6= 0 and l, d ≥ 0.

• Case 9. In this case g = u(n) , V = Cn and the action is the standard one.
Thus G = SU(n) , U = T 1 and K = U(n) . For xλ ∈ g′ the corresponding spherical
functions are as in case V.
For the elements in the center of g , the stabilizer is K and ω ↓K= ⊕r≥0vr , where
vr denotes the irreducible representation of U(n) on the space of homogeneous
polynomials of degree r . The set of associated spherical functions is

ϕλ,r(t, v) = ei|λ|tLn−1
r

(
λ

2
|v|2
)
e−

|λ|
4
|v|2 ,

where Ln−1
r is a Laguerre polynomial of degree r .

• Case 10. In this case g = su (m1) ⊕ ... ⊕ su (mr) ⊕ c where c is its center and
there are α copies of su(2) . The abelian component satisfies 1 ≤ dim(c) ≤ r − 1 ;
V = V1 ⊕ ...⊕ Vr, and the representation π of g on V is defined as follows:
For each 1 ≤ j ≤ r, su (mj) acts non trivially only on Vj , c has a unique subspace
cj acting non trivially on Vj and dim(cj) = 1 . If mj ≥ 3, Vj = Cmj and su (mj)⊕ cj
(which is isomorphic to u (mj)) acts in the standard way on Vj; we denote by S1

the group of intertwining operators of this action. If mj = 2 , Vj = (C2)
k ⊕ (C2)

n

and su (2)⊕ cj acts on Vj as in Case 8, therefore the group of intertwining operators
is U (k)× Sp (n) .

We first consider the case g = su (m) ⊕ su (2) ⊕ c , m ≥ 3 , n > 0 . Thus dim c = 1 ,
V = Cm ⊕ (C2)

k ⊕ (C2)
n , G = SU (m) × SU (2) , K = G × S1 × U (k) × Sp (n) .

Let Tm−1 be a maximal torus of SU (m) , thus Tm−1 × S1 is (isomorphic to) an
n-dimensional torus acting on Cm in the standard way, Kλ = Tm−1 × S1 × T1 ×
U (k)× Sp (n) and T1 × U (k)× Sp (n) acts on (C2)

k ⊕ (C2)
n as in case 8. Thus

ϖ ↓ Kλ = (⊕k1,...,km∈Z≥0χk1,...,km (θ1, ..., θm))

⊗⊕r,s ⊕min(r,s)
i=1 χr−s (θ)⊕min(r,s)

i=1 υr+s−2i,i ⊗ (⊕jχj (θ) ηj) .

For v = (u, v1, v2) , u ∈ Cm, v1 ∈ C2k, v2 ∈ C2n , the spherical functions associated to
the pair (Kλ, Nλ) are

ψλ,k,,r,s,i,j (t, u, v1, v2) = ei|λ|te−
|λ|
4
|v|2

m∏
j=1

L0
kj

(
|λ|
2

|uj|2
)
qi,r,s

(
|λ|
2
v1

)
L2n−1
j

(
|λ|
2

|v2|2
)
,
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where k =(k1, ..., km) , i = 1, ...,min (r, s) and r, s, j ≥ 0. The action of G is
componentwise, so writing

qk,,r,s,i (u, v1) =
m∏
j=1

L0
kj

(
|λ|
2

|uj|2
)
qi,r,s

(
|λ|
2
v1

)
we obtain ϕ|λ|,k,,r,s,i,j (z, v) =

=

(∫
G/T

ei|λ|t⟨Ad(g)yλ,z⟩qk,,r,s,i, (π (g) (u, v1)) dg

)
L2n−1
j

(
|λ|
2

|v2|2
)
e−

|λ|
4
|v|2 .

When n = 0 , the description of the set of spherical functions corresponding to the
elements of the center c of g follows from Case 9 and Case 8 with n = 0 , since U(m)
acts on P(Cm) and SU(2)×U (k) acts on P

(
C2k
)
. This completes the simplest case.

The general case follows similar lines.
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