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Abstract. We consider a family of Gelfand pairs (K x N, N) (in short (K, N)) where N is a
two step nilpotent Lie group, and K is the group of orthogonal automorphisms of N. This family
has a nice analytic property: almost all these 2-step nilpotent Lie group have square integrable
representations. In these cases, following Moore-Wolf’s theory, we find an explicit expression for
the inversion formula of N, and as a consequence, we decompose the regular action of K x N
on L%(N). This explicit expression for the Fourier inversion formula of N, specialized to a class
of commutative nilmanifolds described by J.Lauret, sharpens the analysis of J. A. Wolf in Section
14.5 in “Harmonic Analysis on Commutative Spaces” [Mathematical Surveys and Monographs
142, American Mathematical Society, Providence (2007)], and in “On the analytic structure of
commutative nilmanifolds” [J. Geometric Analysis 26 (2016) 1011-1022], concerning the regular
action of K x N on L?(N). When N is the Heisenberg group, we obtain the decomposition of
L?(N) under the action of K x N for all K such that (K, N) is a Gelfand pair. Finally, we also
give a parametrization for the generic spherical functions associated to the pair (K, N), and we
give an explicit expression for these functions in some cases.
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1. Introduction
Let G be a connected Lie group, and K a compact subgroup of G. It is well known
that the following conditions are equivalent:
1. The convolution algebra L'(K\G/K) is commutative.

2. The algebra U(g)* of K-invariant and left invariant differential operators on
G/K is commutative.

3. The regular representation of G on G/K is multiplicity free.
4. For any irreducible unitary representation (p,H) of K x N, the space
Hi :={veH:pk)v=nwforall k€ K} is at most one dimensional.
When any of the above holds, we say that (G, K) is a Gelfand pair.

Also, G/K is called a nilmanifold if a nilpotent subgroup N of G acts transitively,
and we say that G/K is a commutative nilmanifold if (G, K) is a Gelfand pair.
In this work, G/K is connected and simply connected and then, N acts simply
transitively on G/K and G is the semidirect product K x N. We denote the
Gelfand pair (K x N, K) by (K,N).
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In Vinberg’s classification theorem of commutative nilmanifolds, there is a large
family that was defined by J. Lauret in [9]. Lauret’s construction corresponds to
pairs where K is the maximal orthogonal automorphism group, with exception of
four cases. As it is proved in [11](pages 339-341), in almost all cases N has a very
surprising property: it has square integrable representations, with exception of three
cases (two of which are in Lauret’s list). For these N, we develop the corresponding
harmonic analysis, finding explicitly the inversion formula, and as a consequence
we obtain the decomposition of the regular action of G on L?*(N). The remaining
inversion formulas of Lauret’s list can be found in [12].

We now give a brief summary of the results in this paper. In Section 2, we introduce
some preliminaries about the family described by Lauret, and some results concerning
nilpotent Lie groups. We present our main result in Section 3. In Section 4, we
develop the harmonic analysis in the case (K, H,), where H, is the (2n + 1)-
dimensional Heisenberg group. In Section 5, we describe the set of generic spherical
functions associated to the Gelfand pair (K, N) of Lauret’s list such that N has
square integrable representations.

Acknowledgements. We are grateful to the referee who improved not only our
manuscript but also clarified our knowledge on this subject.

2. Preliminaries

Let n be a two step nilpotent Lie algebra with Lie bracket [-,-] and equipped with
an inner product (-,-). Then we write n = &V where 3 is its center and V is the
orthogonal complement of 3. Let N be the connected simply connected Lie group
with Lie algebra n, equipped with the left invariant Riemannian metric determined
by < N > :

The group N acts on n by the adjoint action Ad, and N acts on n*, the dual space
of n, by the dual representation Ad* (n) A = Ao Ad (n™!). Fixed a non trivial A € n*,
let Oy :={Ad* (n) X\ :n € N} be its coadjoint orbit.

We denote by N the set of equivalence classes of irreducible unitary representations
of N. From Kirillov’s theory there is a correspondence between N and the set of
coadjoint orbits in n*. Indeed, let

B)\(Qi,y> 2:)\([$,y]),$,y6ﬂ. (1)

Let m be a maximal isotropic subspace of n, and set M = exp (m). Defining on M
the character x, (expy) = e the irreducible representation corresponding to Oy
is the induced representation py := Indy; (x») -

Let Z be the center of N. Recall that an irreducible unitary representation is called
square integrable if its matrix entries are in L? (N/Z). We denote by Nj, the subset

of N of square integrable classes. It follows from Moore-Wolf’s theory that
(i) If py € N has a matrix entry in L2 (N/Z), then p) € ]/\75(1.
(ii) If N has a square integrable representation then its Plancherel measure is
concentrated on Ng,.

We have that if p, is a square integrable representation then B, is non degenerate
on V and the orbit is maximal, that is Oy = A |; + V*, where we identify V* with
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37 = {f en*: f ;= 0} Indeed, let x) € 3 be the representative of A[,, that is
Ay) = (y,z)) for all y € 3, and denote by 35 the kernel of A|,. Let a) be the
subspace of V' where B, is degenerate and let b, be the complement of a, in V.
Consider ny = a, ® b, @ Rz, and N, := exp (n)). We equip a, with the trivial Lie
bracket and b, := by @& Rx, with Lie bracket

u,v = B, U, V) Yx, U,UE[])\, Yy 7= —.
.t = B (u.0) o

It is clear that b, is a Heisenberg algebra and we denote by H), the corresponding
Heisenberg group and we set A, := exp (a,). Since the representation p, is trivial
on exp (3a), it factors through N,. Identifying N, with Ay x H,, we can write
pa (a,n) = x (a) p)\ (n) where x is a unitary character of A, and p) is an irreducible
representation of Hy. Thus p) cannot be square integrable unless a, = 0.

The reciprocal assertion is also true: if B) is non degenerate on V' (and thus O,
is maximal), then p, gives rise to an irreducible representation of N, because A
restricted to 3, is trivial. In this case N, is a Heisenberg group and since every
irreducible representation of infinite dimension of N, is square integrable, so is py.
This is a particular case of the following general result in the Moore-Wolf’s theory. If
N is a connected simply connected nilpotent Lie group, the following are equivalent:

(i) pa is square integrable.
(ii) The orbit Oy is determined by A3.

(iii) B, is non degenerate over n/3.

The family to be considered in this work was introduced by J. Lauret (see [9]).
Starting from a real representation (m,V’) of a compact Lie algebra g = ¢®g’, where
¢ is the center of g and ¢’ = [g, 9], let (-,:)y and (-,-)y be inner products on g
and V' respectively, such that (-,-); is ad(g)-invariant and (-,-)y is m-invariant.
Let n=g@® V and let (-,-) be the inner product in n such that (-, )gxg = (-, )q,
(-, )vxv = (-,)v and (g,V) = 0. Such inner product (-,-) is called g-invariant.
The Lie algebra structure on n is defined by assuming that g is the center of n and
the Lie bracket on V' is given by

([u,v] ,2) = (7 () u,v) for all u,v € V,x € g. (2)

We denote by N(g,V') the connected simply connected Lie group with Lie algebra
n. It is remarked that this construction does not depend on the g-invariant inner
product (-,-) (up to Lie group isomorphism). Moreover, if (7, V) and (7',V’)
are two representations of g and there exists an automorphism ¢ of g and an
isomorphism 7 : V — V' such that Tw(z)T~' = 7'(p(x)) for all z € g, then
N(g,V) and N(g,V’) are isomorphic Lie groups, see [9].

The group of orthogonal automorphisms of N(g,V) is K = G’ x U, where G’ is
the connected simply connected Lie group with Lie algebra ¢’ = [g,g] and U is
the connected component of the identity of the orthogonal group of intertwining
operators of (m, V). The component U acts trivially on the center of n and each
g € G’ acts on n by (Ad(g),m(g)) where we also denote by 7 the corresponding
representation of G’ (see [8], Theorem 3.12).
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The group N(g, V) is said to be decomposable if it is a direct product of Lie groups

of the form
N(gﬂ V) - N(hla ‘/l) X N(b27 ‘/2)

Otherwise we will say that N(g, V) is indecomposable. The list of Gelfand pairs of
the form (G’ x U, N(g,V)) where N(g,V) is indecomposable is the following:

(I)  (SU(2)xSp(n), N(su(2),(C*)™)), n > 1, where su(2) acts on (C?)" as Im(H)
acts component-wise on H" by quaternion product on the left side, where H
denotes the quaternions and Im(H) the imaginary quaternions. (Heisenberg
type)

(1) (SU(2) x Sp(n), N(su(2),R* @ (C?)")), n > 0, where su(2) acts as s0(3) by
rotations on R?, and su(2) acts component-wise on (C?)" in the standard
way.

(II)  (Spin(4) x Sp(k1) x Sp(kz), N(su(2) @ su(2), (C*)* @ R* & (C?)*2)) with
ki + ky > 1, where the real vector space R* = (C? ® C?)g denotes the stan-

dard representation of so(4) = su(2) @ su(2) and the first copy of su(2) acts
only on (C?)* and the second one only on (C?)*2.

(IV)  (Sp(2) x Sp(n), N(sp(2), (CH™), n > 1, where sp(2) acts component-wise on
(H?)™ in the standard way (identifying H? with C*).

(V) (SU(n) xS, N(su(n),C")), n > 3, where C" denotes the standard represen-
tation of su(n) regarded as a real representation.

(VI) (SO(n),N(so(n),R™)), n > 2 (free two-step nilpotent Lie group), where R"
denotes the standard representation of so(n).

(VII) (U(n), N(R,C"™)), n > 1 (Heisenberg group).

(VIID) (SU(2) x U(k) x Sp(n), N(u(2), (C*)* & (C*))), k > 1,n > 0, where the
center of u(2) acts non-trivially only on (C?)*, in fact, (C?)" denotes the
representation of su(2) described in the item (I) and u(2) acts component-
wise on (C?)* in the standard way.

(IX) (SU(n) x S', N(u(n),C")), n > 3, where C" denotes the standard represen-
tation of u(n) regarded as a real representation.

(X) (G"xU,N(g,V)) where:

o g:=su(my)d- - Bsu(mg) ®su(2)d---PHsu(2) @ c, with o copies of
su(2), m; > 3 for all 1 <i < and ¢ is an abelian component.

o V=Cm@.-.-@C™ @C¥+tm g...qp C?et2na  where k; > 1 and
n; >0 foral 1<j<a.

e g acts on V as follows: for each 1 < ¢ < 8 + a, ¢ has a maximal
subespace, denoted by ¢;, and dim(¢;)=1, acting non-trivially only on
C™ (as the representation described in item (V)) and for §+1 < i <
B+a, su(2)®¢; acts non-trivially only on C?*i+2% (as the representation
in item (VIII)).

o U:=S'x---S!'xU(ky) xsp(ny) x - xU(ky) x Sp(ng), with 3 copies
of S.
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Here we only consider the groups N (g,V') which do have square integrable repre-
sentations; this condition holds for all N (g,V) in the family, with the exception
of two cases: Case II and Case VI with n odd as is shown in [11], pages 339-341.
From Moore-Wolf’s theory it follows that the Plancherel measure for N (g, V) is
concentrated on the equivalent classes of square integrable representations, which
are parametrized by the elements of the dual space g* of g.

We denote by N the group N(g,V), and we let (py, H,) be the irreducible repre-
sentation of N corresponding to A, with A € n*. For k € K, let p5(n) := pr(k - n).
So p is another irreducible representation of N acting on Hy, and the stabilizer of
px 1s
K, ={ke K : p}isequivalent to py}.

Thus, for k € K,, there exists a unitary operator w (k) which intertwines p, and
p%. This gives rise to a non projective representation wy (see Theorem 2.3 in [3]) of
K,, called the metaplectic representation.

There is an action of K on n* defined by (k-\)(z) = A (k™! - x), so that we have
K, ={ke K|k-Xe€ O,}. Since the equivalent class of p) depends only of A |4,

if x is the vector in g such that A (z) = (z,z,) for all x € g, clearly K,, coincides

with the stabilizer of xy, Ky :={k € K : k-xzy=ux,}. If yy = 2, let N, be the

[zx]

Heisenberg group with Lie algebra ny = Ry, & V and Lie bracket
[u,v], = By (u,v) yr, u,v € V.

Notice that for £ € K and u,v € V, we have By (k- u,k-v) = (z), [k - u, k- v]) =
(wy, k[u,v]) = (k7'zy, [u,v]) = By (u,v). Thus K, is contained in the symplectic
group Sp(By).

Let 35 = Ker(X |5). Since A restricted to 3 is trivial, p, is an irreducible repre-
sentation of Ny, and the metaplectic action of K,, coincides with the metaplectic
action of K. Moreover, if 7, denotes the irreducible representation of Ny such that
7 (t,0) = €™ realized on the Fock space of holomorphic (resp. antiholomorphic)
functions on C™ which are square integrable with respect to the measure e~/ 2,

we have o2 (2,0) = pa (2,52} g2, 0) = XA — ),

that is  px (2,0) = mx ((z,92),0). Therefore py (z,v) =7 ((2,92) ,v).
For fixed A € n*, let Hy = @©;caW,; be the decomposition of the metaplectic
representation w, into irreducible K-modules. For j € A, let d; = dim(W, ;) and

let {v] }7; , be an orthonormal basis of W) ;. We define
d;

Yeni(n) = = S (pa(m)o] 7). Q

=1

)

3. The main result

We begin this section by recalling some results of the Moore-Wolf theory developped
in [10], which will be applied to our groups N (g,V) .

Since the product in N is given by (z,v)(zo,v0) = (z + xo + (v, v],v + vy) for
v,v9 € V and z,xg € g, the Haar measure dn on N is the Lebesgue measure, and we
denote by dz (resp dv) the Lebesgue measure on g (resp. on V') so that dn = dzdv.
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We select Lebesgue measures dn*,dx* and dv*on n*, g* and V* respectively, such
that the Fourier transform of functions on n, g or V' into functions on n*, g*, V* be
an isometry.

For A € n*,u,v € V, let B, (u,v) := A([u,v]). Since B, is a non degenerate skew-
symmetric form on V' x V| the corresponding two form w, is non degenerate and
@y is a multiple of dv. The Pfaffian Pf (B,) of B, is by definition this multiple,
that is, wl* = Pf(B,)dv. One then has that det (B)\|V><V> =Pf (B)\)2 .

Let P(\) := Pf(B)). Then P (\) is a homogeneous polynomial function on n*.
Moreover, it follows from Lemma 3.2 in [10] that P (\) depends only on the restric-
tion of A to g. Hence there is a homogeneous polynomial on g*, also denoted by P,
such that P (A\) =P (A | g).

Let V={A: P(\) #0}. By Theorem 2 in [10] we know that there is a correspon-
dence between the coadjoint orbits O, such that P (\) # 0 and the set of square
integrable representations. Moreover if ¢ is the map which sends A [; € g*\ V to
[oa] € qu, then ¢ is a homeomorphism from g*\ V with the natural topology to
the Fell topology on representations.

Assume that N has square integrable representations. Then in Theorem 6 it is
proved that the Plancherel measure is concentrated on Ny, and its image under ¢~
is m! 2mP (\)dx* (\) where dz* is the Lebesgue measure chosen as above.

Since we are interested in the inversion formula for a Schwartz function on N, we
recall some lines of the proof.

The form B, determines an isomorphism 75 of V into V* by T (u) (v) = By (u,v),
for u,v € V. For A |; € g*\ V the orbit O, is the hyperplane (\|g)+V* of n*
(once we have identified g* naturally with V*). Then Byjvxyv is transported via
T to a bilinear form on the tangent space of O, at the point A |; which, in turn,
defines a two form w@} so that (w})”™ determines a measure on O, (or a measure
on n* supported on O,,) called the canonical measure on O, and which we denote
by px. It follows from Lemma 3.1 in [10] that if dv* is the Lebesgue measure on V*
and dvy, is the translated measure on Oy, then s, = [P (A)|™" dvy.

Let f be a Schwartz function on N and let f; (y) := f (expy) be the corresponding
function on n. Then by general theory

(s (1) =0 =" [ fiwdint). where faw)i= [ fl2) e
and = [ (o) duy).
g \V

where dp is the Plancherel measure and ¢ = m! 2™. Then, on the one hand, we
have f(e) = ¢! I <ff0 () |P (N[ do, (y)) du (), and by the inversion for-
mula on the vector group n*, f(e) = fg*\V (f fo (y) dvy (y)) dx* (\). Hence we have
dp = m! 2™ |P (\)| dz* (X). Then, the inversion formula for a Schwartz function f is

F(n) = m! 27 / tr(pa(F)pr () [P\ da*(A) for n € N,
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Decomposing the metaplectic action of K, on the Fock space as

Hy = @ Wjs

jEA

we obtain by a straightforward computation that

Fn)=mt 2732 d; [ (o) [P (V)] o) @
JEA 9
where 1), ; is defined in (3).

From now on, we will use the notation P(X) (resp. p(A), ¥y , etc) or P(xzy) (resp.
p(zy), Vg, ;, etc) interchangeably.

Lemma 3.1. If g€ G and x) € g then |P(Ad(g)xx)| = |P (xa)].
Proof.  Since for u,v € V', By (u,v) = A ([u,v]) = ([u,v], z)), we have that

BAd(g)ﬂ?A (u7 U) = <[u7 U] ,Ad (g) ZC)\> = <Ad (gil) [U,U] 737/\>
=l (g um(g7) v] ax) = A([7 (g7 w.m (977) v])

where in the third equality we have used that (Ad (g),n (¢)) is an automorphism of
N. Therefore |P (Ad(g)xy)| = |P (xx) |, as desired. [

Recall that g = ¢’ @ ¢ where g’ = [g,g] and ¢ is the center of g. Thus if we denote
by g!. the set of regular elements of g’, we can consider that the Plancherel measure
is defined on g/ @ ¢, since the complement of g/ in g’ has Lebesgue measure zero.

Let T be a maximal torus of G’ with Lie algebra h. Denote by g and hc the
complexified Lie algebras of g’ and b respectively, and by A the root system
corresponding to (g¢, he). Let hbr=ih and let € be a fixed Weyl chamber of bg.

Let & : G'/T x € — ¢, be the function defined by ®(¢7,z) = Ad(g)x, with
g € G,x € €. It follows from basic Lie theory that the map & is a diffeomorphism,
and a computation shows that det(d®(yr)) = (—1)#2 ] ca a(z).

Set O(z) := |det(d®(y))|. Integrating on g in place of g* and using change of
variables we obtain

po=m 23 [ [ e s 0)1P (Ad ) + 21 0(2) d g =

JEA

where dg denotes the G’-invariant measure on G’/T', and dx,dz are the Lebesgue
measures on € and ¢ respectively. By Lemma 3.1

rw=mzya [ [ P ) ) 1P o+ 2)|0(0) dods. )

JEA

Recall that for k& € K, p§ is the irreducible representation of N correspond-
ing to k-A, and thus if \|; is represented by the vector x + z then k-A corre-

sponds to k-(z + z). Since (Ad(g),m(g)) is an automorphism of N, we have that

Pade)ws=) (1) = Pt () = poy-(Ad(g) - 1), 50 Vadig) i) (M) = uysy (Ad(g) - ).
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We will now express (5) in terms of the set of spherical functions associated to the
pair (K, N).

Let C#(N) be the algebra of K -invariant continuous functions on N with compact
support. We say that a K-invariant continuous function ¢ on N is a spherical
function if the linear functional x(f) := [ f(n)¢(n~') dn is a non trivial character of
C#(N). Tt is well known that the set of bounded spherical functions can be identified
with the homomorphisms of the space of the K -invariant integrable functions on N
via the map

b — x(f) = / Fn)o(n~") dn.

Lemma 3.2. (i) If x) = 2’ + 2z, with 2’ € g/, 2’ # 0 and z € ¢, then we have
K/K\=G'/T. Moreover,

oy (n) = / VY ad(g)(a+2),5 (1) dg
e/

is a spherical function of (K,N).
(i) If xx € ¢, then Ky = K. In particular, if X € ¢*, ¢x; =1y, .
Proof. (i) Let Cg (z\) ={g9€ G : Ad(g) xx = x,} be the centralizer of z, in

G'. Since U acts on g by the identity, K\ = C¢ (z)) x U and since 2’ is a regular
element, Cq (x)) = Cgr (2') is a maximal torus of G'.
The description of the bounded spherical functions of a Gelfand pair (K, N) is

given in Theorem 8.7 in [1]. Indeed, let (p,H,) € N, let Hy = ®jeaW;a be the
decomposition of the metaplectic representation of K, into irreducible components

and let {v],--- ,Uy,} be an orthonormal basis of W) ;. Then the proof of Theorem
8.7 shows that the spherical functions are given by
d:
1 <& . S
orsm = [ S sl o) ©)
K/Kpy "7 1=
where k denotes the K -invariant measure on K /K, . In our case K, = K,,

K/K,=G'/T and

wAd(g)(x’Jrz),j(n) dg = wx/Jrz,j(Ad(g) ' n) d.g = wxurz,j(k ' n) dk,
G'/T G'T K/Ky
which implies assertion (i).
(ii) As above, K\ = Cg/(z)) X U, and since =) € ¢, Ce(x)) =G and Ky =K. =

Remark 3.3. For x € €, z € ¢, it would be more proper to denote by ¢, . ;
the spherical function corresponding to xy = x + z. But this notation seems to be
cumbersome and we prefer to set ¢ . ;= ¢ ;. u

We denote by Vi the complexification of V' and by (m¢, V) the extension of 7 to
gc. Let Vo = @, W, be the decomposition into irreducible subespaces and we let
W, = @jW”i be the decomposition into weight spaces, that is

W = {v e W, | me(z)(v) = v/ (z)v for all z € hel.
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Then we have H v (x |m’"/2

for x € €, where m/ is the dimension of W7. Let (. be the central character of
7o lw, . Also, for z € ¢ and = € €, we have

Pz +2) = [[IW(x) + G (=) (7)

T‘7j

Hence, we have proved our main result:

Theorem 3.4.  Let [ be a Schwartz function on N. Then

=m! ZmZd //f*gb)\] )|P (x4 2)| 0(x) dz dz,

JEA

where ¢y ; is the spherical function defined as in (6) and the function P is as (7).
The support of the Plancherel measure is A X € X ¢, and the measure is given by the
product of the weighted counting measure and du(\) = |P(x + 2)|0(x) dx dz.

We write A = N + X\, with X € [g,g]*, and Ay € ¢*. As a consequence of the
previous result we obtain the decomposition of the regular action on L?*(N).

Theorem 3.5.  Let g be any compact Lie algebra that appears in Lauret’s list and
such that the corresponding N(g,V') has square integrable representations. Then the
reqular action of K x N on L?*(N) decomposes as a direct integral of irreducible

components by
03 [ n

JEA

where p is the measure p(X) = |P (N)|O(N)dX and dX is the Lebesque measure on
¢ x €. Moreover, the projection on Hy; is Qx;(f) = f * ¢x;, where ¢n; is the
spherical function given by the following:
(i) IfXN#0, Orj (n) = Un(g - n)dg, (8)
G'T
where g -n denotes the action of G' by automorphism on N, dg is the G'-
invariant measure on G'/T and 1y ; is as in (3).

(i) Assume that N = 0. If g is as in Case VIII with k > 1 and n =0, Case IX
and Case X with k; > 1 and n; =0 for all 1 < j < «, then ¢y ; = ¥y, with
Py asin (3).

In Case VII, g =R, and ¢y ; = ¥n; with 1y, as in (3).

In the other cases, the Plancherel measure vanishes on c.

Proof. (i) Follows from Theorem (3.4).

(ii) In Cases I, III, IV ,V and VI with n even g is semisimple and has trivial center.
In Case IX, g = u(n) = su(n) @ iR,V = C", n > 3, where C" denotes the standard
representation of u(n). Since Ker(w(z)) is trivial for all x € u(n), it follows that By
is non degenerate. Then, the Plancherel measure is concentrated in g = iR & [g, g].
The expression of the spherical functions follows from Lemma 3.2(ii).
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In Case VIII with £ > 1, n =0, and case X with k; > 1, n; =0 forall 1 <j <«
the analysis is similar to that in case IX since 7 has trivial kernel.

In Case VIII with k> 1,n >0, g = u(2) = su(2) iR, V = (C** @ (C?)". The
center of u(2) acts non-trivially only on (C?)* | in fact, su(2) acts on (C?)" as Im(H)
acts component-wise on H" by quaternion product on the left hand side. Thus, if
teR, w(it)(0,v) = (0,0) for all v € (C*)", that is, (0,v) € Ker(n(it)). For (2) and
(1) it follows that B is degenerate for all it € iR. Then, by Theorem 6 in [10], the
Plancherel measure is concentrated in g’ = [g, g].

In Case X with k; > 1 for all 1 < j < o and nj, > 0 for some 1 < jp < o the
analysis is similar to that in case VIII with n > 0.

Case VII corresponds to the Heisenberg group, and it is proved in Section 4, Theorem
4.1. ]

4. The Heisenberg case

We take g = R and V' = C" with the standard Hermitian form (u,v) = Re(> ;. u;v;)
where wu;,v; are the coordinates of u,v € C" respectively and let 7 defined by
7 (t)v = itv, for t € R. In this case we have that

{t, [u,v]) = (7 (t)u,v) =t (tu,v) = —t Im(u.7).

Thus, the bracket is given by the standard simplectic form and the corresponding
group N(g,V) is the (2n + 1)-dimensional Heisenberg group.

It is known that the unitary irreducible representations of H, are of two types:
those of infinite dimension acting non trivially on the center and the characters
Xo(t,v) = e®®  The unitary irreducible representations of infinite dimension
(mxr, Hy) of H, are parametrized by 0 # XA € R. More explicitly, for A > 0 (resp.
A < 0), they are realized on the Fock space of holomorphic (resp. antiholomorphic)
functions on C™ which are square integrable with respect to the measure e~ PIU=/2)
and they are determined by the central action. We denote by P (V') the polynomial
algebra which is dense in H.

Let K C U (n) such that (K, H,) is a Gelfand pair. For k € K and (t,v) € H,,

we can define 7% (t,v) := m ((t,kv)). Since 7y (t,0) = €, we have that K =
{ke K:mk~m}. For pe P(V) and k € K we define
@ (k)p () =p(k'v). (9)

Then w extends to a unitary representation of K, called the metaplectic represen-
tation, which intertwines 7% and 7. According to Mackey’s theory, the irreducible
unitary representations of K x H,, are induced by those of H,,.

For o € K , the irreducible representations of K x H,, induced by H, are defined by
pao (b t,v) =0 (k) @ w (k) (t,v), ke K, (t,v) € Hy.
Thus py, has a vector fixed by K if and only if o is the dual representation of some

irreducible component of w.

Since the other elements of K/K?In are induced by the characters of R?", and
(K x R*" K) is always a Gelfand pair, we have that (K, H,) is a Gelfand pair if
and only if @ is multiplicity free.
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Let wlHi=Pw,
JEA

be the decomposition of w into irreducible components. We denote by W; the
representation space of w; and by w; its dual representation.

We select an orthonomal basis {hl, - hdj} of W;, and let {h*l‘, o h(’;j} be its dual
basis. It follows immediately that s; = Zf; L hi ® hj is a vector of Prc, fixed by
K. In order to simplify the notation, we set p); = P, The spherical function
corresponding to s; is ¢y (t,v) = (pr; (k,t,v) s;,s;) and an easy computation gives
| G
d;

<8

qb,\jtv = WAtth,h (10)

.
.

i=1

For h,h' € Hy,let ey (h,h) (t,v) := (m\ (t,v) h, h') the entry matrix of 7, associated
to h,h’. Tt is well known that the functions v — ey(h, n/)(0,v) € L*(C"),

[ e 00 0.0 T, ) 0,03 = s ) ()

and if A £\, / ex (h, 1) (0, 0) exe (n, ) (0, 0)dv = 0

for all h, b € Hy, hi, ) € Hy, (dy is called the formal degree of 7). For j € A, we
select a basis B; of W; conveniently normalized such that

lex (ha, hig) |2 (0,v) dv =1
(CTL

for all ho,hg € B;. Let B:=U,B;, then B is a basis of H,. Recall that the
convolution is defined for integrable functions for x € H,, by

(f*g)(x)= ; fWgly'z) dy.

Theorem 4.1. Let Hy; be the Hilbert space genemted by {e,\ (hashg)} where

ho € B; and hg € B, with inner product (o, 1) VR f(cn ¥ (0,v)dv. Then,
the regular action of K X N decomposes as a direct integral of zrreduczble components:

Z/ Hy | A™ dX.

JEA

Moreover, the Hilbert space H) ; is primary and equivalent to (dim W;) Fy as H,, -
module.

Proof. The inversion formula for a Schwartz function f on H, is given by

F(tw) = /Oo tr (1 (£, 0) m (f)) [A" dX.

—00

Moreover, |[f|* = / I (D A dx =3 / [0, e (has )Y [AT" A,
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where ||| ;5 denotes the Hilbert-Schmidt norm, and the sum runs on h,, hg € B.
Notice that (my (t,v)m\ (f) h,h') = (f xex(h,h)) (t,v), then

F) = 3 [ ST (Feen ok (1) A" A

jEA © ho€B,;

- z/ (% dg) (1,0) A

JEA

where the last equality follows from (10). By straightforward computation we obtain

f * €\ (ha7 ha) - Z <f7 () (hw hﬁ)>L2(Hn) ) (hﬂé? hﬂ) (11)

hﬁEB
By (11) it follows that f * ey (ha, ho) € Hy; and

1S % ex(ha ha)llR; = D 1 {frexlha, b)) [P, for all hy € B;.

thB
Hence, we obtain that the orthogonal prOJectlon Qr; (f)=d; fx ¢,\] maps L*(H,)
onto Hy;, Hy; is irreducible, and by (11) || f||* = Dien ) o ||Q,\Jf||AJ IAI" d\. This
concludes the proof of the theorem. [ |

5. Description of ¢, ;

In this section we describe the set 98 of spherical functions corresponding to the set
of generic (or with full Plancherel measure) representations of N (g, V). These com-
putations involve integration on /T, which is difficult to carry out with exception
of a few cases. Nevertheless, we obtain a parametrization of ‘B.

As we saw before the metaplectic representation w, of K, is given by (9). We
assume that it decomposes into irreducible components as P(V) = @;caWy ;. We

also saw that ”
P (27 U) = 61' \(z,y)jﬂ_')\‘ (07 U) :

The set of spherical functions of (K, H,) corresponding to the Fock representation
ma s given by {1y ;}jenuqo}, where 9y ; is defined in (3). As

pr(Ad(g) z,7 (g)v) = TN ((Ad(g) z,yx) ,0) T\ (0,7 (g)v)
_ 6i|/\\<z,Ad(g_1)y/\>7T|/\| (0,7 (g)v),

and v ; is a K)-invariant function, we obtain that
Uiy (o) dg = [ eI gy 0, m(g)0)
G/T G/T

By the description in [2] of the set of bounded spherical functions of a Gelfand pair
(K, H,) we know that for (¢,v) € H,, and A\ > 0

Py (t,v) = eit’\qj <)\%v) 6_%“}'2,

where ¢; is a real K-invariant polynomial. Indeed, assume A = 1 and let P (V)
denote the algebra of real K -invariant polynomials. Then it is proved in [2] that

R
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there is a canonical basis {pj}jeA of the vector space P (V)R, pj € W; := W4, such
that the sequence {g;},., is obtained from {p;}, , by applying the Gram-Schmidt

process with respect to the measure e~ 11’ dy. Thus

orj(z,0) = 6_%”1"2 (/G/T eip"(z’Ad(g_l)yA)qj (|)\|% 7 (9) U) dg) .

Remark 5.1. Incasethat g=c¢ ® ¢, and xy =y + 2\, 2\ € ¢, Ty # 0, we
have ¢y j(z,v) = eME2 ¢y, 5(2,v), where | V| = |||z, n

In the following, we analyse the set B case by case. We denote by T, the n-
dimensional torus.

e Case 1. Inthiscase g =su(2),V = H" and n = su(2)®H". su(2) is isomorphic
to Im(H) and the action is given by q.(v1,...,v,) = (qui,...,qu,), for ¢ € Im(H),
v = (v1,...,v,) € H". Thus n= Im(H) & H" is a Lie algebra of Heisenberg type,
K =5U(2) x Sp(n) and K, =T, x Sp(n) where

T = {( gw 6_2 ) L fe ]R} (12)

is a maximal torus of SU (2). It is well known that the natural action of Sp(n)
on the space P; (C**) of homogeneous polynomial of degree j is irreducible and
we denote it by n;. Then the metaplectic representation of Ky acting on P (C*")
decomposes as

w | K\ = ®j=0x; ® 1,
where y; (6)=e~?. It is also well known that ¥, ;(t,v) ="M L3 <‘—;‘| |v\2) e~ Tl

where L?”_l is a Laguerre polynomial of degree j, (see for example [4] p,64). Thus,

br; (2,0) = / g ((Ad (57Y) o 2) , 9.0) o
SU(2)/Ty

Since Ad: SU(2) — SO(3) is a surjective morphism with kernel +1 and SO(3)/S0O(2)
is homeomorphic to the two dimensional sphere S?, we have that

or; (2,0) = / Ua; ({97 yrn 2) . gv) dg
S0(3)/50(2)

% .z n— |>\| — Ly n— |)\| — Ly
:(/826|’\5 df)L? 1<7|v|2 e~ 1l :J%(|/\|2)Lj2. ! 7\v|2 e 1l

where d¢ denotes the SO (3)-invariant measure on S?, and J 1 is the Bessel function

of order % of the first kind.

e Case 2. In this case N does not have square integrable representations.

e Case 3. In this case we have g =su(2) ®su(2), V = H" @ R* ® H*? and
n=su(2)dsu(2) ®H"* §R*@HF2. The first copy (resp. the second) of su(2) acts
as sp (1) on H* and trivially on H*? (resp. on H*? and trivially on H*'), and as
50 (4) on R*. Thus U = Sp (k1) x Sp(ks), K = Spin (4) x U and K\ =T, x U,

el 0
where Ty = 0 et ) 01,00 € R (13)
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is a maximal torus of Spin (4). Since P (V) =P (C*1) @ P (C*) @ P (C**), we can
decompose the metaplectic representation as

@ | Ky = (©520 x5 (61) 77;?1) ® (D1 150 Xt 1o (01,02)) ® (Do X5 (62) nt?)

where 77;-“" is the natural action on the space P;(C?i).

Writing v = (vy,u,v2), with v; € C%*1 v, € C*2 and u = (uy,uz) € C?, an easy
computation shows that

T (&, 0) = my (57(01,0,0)) B 7| (% (0,%0)) ® (% (o,o,vg)) :

and by applying an elementary property of the trace of a linear map defined on a
tensor product, we obtain

Unjiins (£,0) = €M L(v),

A A A A 2
L(U) = L?klfl <% "U1|2) L?l <% |u1|2) L?2 (% |U2|2> Lgkgfl <|7| ’U2|2) e—%\m ’

where L} is a Laguerre polynomial of degree k.

On the one hand, SU (2) is acting as Im(H) (or Sp (1)) on each component of C?*i
i = 1,2. On the other hand, G ~ Sp(1) x Sp(1) acts on C* ~ H by the rule:
v — g.v = quge , for g = (q1,q2) € G,v € H . Then we have that

(I (I o (1A -1 (1A
2=t (% 1901\2> = L2 (L2| |v1\2> , L2t <|2—| !gvglz) = L2t <% 102!2) :

and the spherical functions are given by

. 1 A A
Oriirins (250) = ( [ ettty (U |<gu>1|2) L (u |<gu>2|2) dg)
G/)T 2 2
et (Bl ) e (Bljr)

where g (u1,u2) = ((gu); . (gu),).

e Case 4. Here g=35p(2),V = (H*)" and n=sp (2) ® (H?)". The real action
is given by 7 (g) (v1,...,vn) = (gv1,...,gvs),v; € H? for j = 1,...,n. By Schur’s
Lemma, the group of orthogonal intertwining operator is isomorphic to Sp(n) with
the action on (H?)" given by the 2n x 2n matrix a;I, a;; € H, and I the 2 x 2
identity. Thus K = Sp(2) x Sp(n), and K, = Ty x Sp(n) where Ty is a maximal
torus of Sp(2) as in (13).

Writing (v1, ..., vn) = ((ug,w1) oy (U, wy)), with (u;,w;) € H? for j = 1,...n, we
have that the action of Sp(n) is given by

g ((ur,wr) ey (Uny wn)) = (g (Uty oy Un) 5 g (W1 oy W) -

The action of Sp (n) on P (C*") splits as P (C*")@P (C*) = &, (P, (C*")@P, (C*).
On the other hand, T3 acts naturally on each H? by

6191 0 » .
( 0 102 )(ujavj) = (6 wlujae ngUj)'
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As above, we denote by 7; the irreducible representation of Sp(n) on P; (C**). In
[7] it is proved that n, @ n, = S @{ZO Nir4s—j—ij—i) where ngis_j_; ;) is the
irreducible representation of Sp(n) with highest weight (r+s—j—1i,j—14,0,---,0),
for »r > s. Then

w Jf K)\ - @T,SXT,S (017 02) X (@j‘:() 69g:l) 77(T+S—j—7l,j—i)>7

where Xr,s (917 92) = e_i(7”91+502) )

The polynomial ¢, ;,; in P (C**) corresponding to the spherical function vy, is
K—invariant, thus ¢, s, (t,v) = @rsji (t, |u|2 , |w\2) , but Sp (2) preserves the norm
of (u;,w;) for j =1,..n. Thus

Al . _
Qb/\,r,sg}i (27 U) = 6_%|v|2 (/ €Z|)\|<Ad(g 1)yAVZ>Q7’,s,j,i(tu g- U) dg) :
G/T

e Case 5. In this case g =su(n), V=C", n=su(n)dC" and 7 is the canonical
action of su (n) on C". Since it is irreducible, the group of the orthogonal intertwining
operators is a one dimensional torus which we denote by 7. So K = SU (n) x 17,
K, =T, 1 x T} where T,,_; is a maximal torus of SU (n), and

w \l/ K)\ = @ml,.,.,mnGZZO Xmi,...,mn s

where Xm,..mn (01, ..., 0,) = e imbittmadn) “The gpherical functions correspond-
ing to the pair (7, H,) are given by (see for example [4])

Drmn zthL <|)\|’ ) Bl 14)

Setting gv = ((gv),, ..., (gv),) for g € SU (n), we obtain the following expression
for the set of generic spherical functions

2

o)

- ERESIAE e )\| Ad yk, |
¢A,m yeeryMipy, (Z7U) =€ ¢ . / ‘ L (_ gv)‘
' SU(n)/Tn H 2 !
with L?m is a Laguerre polynomial of degree m;.

e Case 6. In this case g=s0 (2n), V=R?", n=s0 (2n) ®R?*" and 7 is the canonical
action of s0(2n) on R?". Since it is irreducible, the group of the orthogonal inter-
twining operators is trivial. Thus K = SO (2n) and K is an n dimensional torus.

As in Case 5 the metaplectic representation is decomposed into a direct sum of
characters without multiplicity as

w = @ X(ma, mn)>

(m1, ,mn)EZL>0

where (X(mh ,mn)<917 e 7871))(2?11 oo Z;Ln") = e_imlelzinl e e_imnenngn

Then ¥y m,....m, is given by (14), but here we have to integrate on SO (2n) /T, i.e.,

n 2
¢>\,m1,---,mn (Z,U) =e e / Z‘)\l Ad yA ’ H (m ‘(gv) ) )
SO(2n)/Tn ) 2

where L?nj is a Laguerre polynomial of degree m;.
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e Case 7. In this case N(g,V) is the (2n + 1)-dimensional Heisenberg group,
K = U(n) and the set of bounded spherical functions was described by many authors,
see for example [2] and [4].

e Case 8. In this case g = u(2),V = (C2)* & (C2)" and n = u(2) & (C2)* & (C2)".

u(2) acts in the following way:

— on each of the £ components of (CQ)k it acts in the natural way, and

— in (C?)" the center of u(2) acts trivially and the semisimple part acts as sp (1)
(or Im(H)) on the left side on each of the n components of (C?)".

For n positive, K = SU (2) x U (k) x Sp(n) and K, =T, x U (k) x Sp(n) where

Ty is a maximal torus of SU (2). The action of 7} on P ((C?)*) is given by

—1i6 0 —i6

p(ul,wl,...,uk,wk)—>p(ei0u1,e w, ..., €0, e wk)

for p € P(C?*), e € Ty, (u;,w;) € C2 Also U (k) acts by a multiple of the 2 x 2
identity on each of the k& components of (C2)*.
We denote by v, (resp. 7, ) the irreducible action of U(k) (resp. Sp(k)) on P,(C?*).
As U(k)-module P(C?*) = P(C*) ® P(C*) = &, v ® vs. Moreover,

Vp Q Vg = @T:i?(nS)V(r—s—s—Qj,j)a
where 1(,45_9;;) denotes the irreducible representation of the highest weight
(r+s—24,50,---,0) ([5], p.225). Thus P (V) = P (C*) @ P(C*™) and the
decomposition of the metaplectic representation into irreducible components is

min(r,s)

w K, = <@r,s,jeZZO Xr—s (0) ®;2 V(?”rsf?j,j)) ® (Diezzo0 xi(0)m) -

We set v = (v, v?),vl € C?* v% € C*. As in Case 3 by applying an elementary
property of the trace of a linear map defined on a tensor product, we obtain the
expression for the spherical function

A IA|

; A
(Y (t,v) = eZ‘MtG_T'U'Qq]‘,r,s (7V1) len—l <|7| ‘V2|2> ,j=1,...,min(r,s), | >0,

where L7"! is a Laguerre polynomial of degree . For v! = (uy,wy, ..., ug, wy,) € C*
we have that ¢;, ¢ is a polynomial in |u|?, |w|? since ¢j, s is U(k)-invariant, but the
action of G = SU(2) is componentwise on each (u;,w;). Thus

) _ A A
¢A,r,s,j,l(t7v) = (/ et (Ad(g 1)yA,Z>qj’r7s(ug . Vl) dg) e—(%IUIQ)L?nfl(uh,z‘ )
a/T 2 2

As we observe in the proof of Theorem (3.5), in this case there is no generic spherical
functions associated to the center of g.

Case n = 0. To the set of spherical functions described above (with the obvious
changes since n = 0) we add the set of spherical functions corresponding to the

elements of the center of g. For this purpose, we need to decompose the metaplectic
action of K = SU (2) x U (k) on P (C*). We assume k > 2.

It is easy to see that C? is equivalent to C?> ® CF with the standard action as
(SU(2) x U(k))-module. So we can apply the Corollary 5.2.8 in [6] to obtain the
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desired decomposition. Indeed, following the notation there, let F5' be the irreducible
representation of Gl (2,C) with highest weight 1 = p1e1 + p9ey where e, ey are the
coordinate weights and p; > ps > 0. Let F}' be the irreducible representation of
Gl (k,C) with highest weight the k-tuple (p1, 9,0, ...,0). Then we have that the
space of homogeneous polynomials of degree d over C?> @ C* decomposes as

Pu(CoC)=PFeF, mt+p=d

w
Now in order to restrict to SI(2,C) x Gl (k,C), let | = p; — py and let F' be the
irreducible representation of SI(2,C) of dimension [ + 1. Then, the restriction to
S1(2,C) x Gl (k,C) decomposes as

P(CPeCH) =apuF oF 1,d>0
with gy + o = d and py — pe = [. The corresponding set of spherical functions is
given by (3) and it is parametrized by {\,d,l} with A # 0 and [,d > 0.
e Case 9. In this case g = u(n), V = C" and the action is the standard one.
Thus G = SU(n), U=T' and K = U(n). For x, € g’ the corresponding spherical
functions are as in case V.
For the elements in the center of g, the stabilizer is K and w |x= ®,>ov,, Where

v, denotes the irreducible representation of U(n) on the space of homogeneous
polynomials of degree r. The set of associated spherical functions is

o) = L (G ) e 2,

where L"! is a Laguerre polynomial of degree r.

e Case 10. In this case g =su(my) @& ... & su(m,) @ ¢ where ¢ is its center and
there are « copies of su(2). The abelian component satisfies 1 < dim(c) < r — 1;
V=Vi®&..8V,, and the representation m of g on V is defined as follows:

For each 1 < j < r,su(m;) acts non trivially only on V;, ¢ has a unique subspace
¢; acting non trivially on V; and dim(c;) = 1. If m; > 3, V; = C™ and su(m;) D ¢;
(which is isomorphic to u(m;)) acts in the standard way on V}; we denote by S!
the group of intertwining operators of this action. If m; =2, V; = (€2 @ (C?)"
and su (2) @c¢; acts on V; as in Case 8, therefore the group of intertwining operators
is U (k) x Sp(n).

We first consider the case g = su(m) ®su(2)@c, m >3, n>0. Thus dime¢ =1,
V=Cre(C) e ()", G=5U@m)xSU@2), K=GxS" xU(k)x Spn).
Let T,,_; be a maximal torus of SU (m), thus T,,_; x S! is (isomorphic to) an
n-dimensional torus acting on C™ in the standard way, Ky = Tp,_1 x S' x T} x
U (k) x Sp(n) and Ty x U (k) x Sp(n) acts on (C2)* @ (C2)" as in case 8. Thus

w L K\ = (Bky, k250 Xk, fom (0150, 0m))
® Brs By Xrms (0) BTV U g_ais ® (x5 (6) ;) -

For v = (u,v1,v),u € C™ v; € C?* vy, € C?", the spherical functions associated to
the pair (K, N,) are

e Bl T A A (I
j=1
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where k =(ky1,....,kn),i = 1,...,min(r,s) and r,s, 7 > 0. The action of G is
componentwise, so writing

G (uv1) = [ [ L3, (|_2| |Uj|2> Qiyr,s <%v1>

J=1

we obtain P ks (2,0) =

% z n— A _ g2
= (e o) o)y ) 2 () e S
G/T

When n = 0, the description of the set of spherical functions corresponding to the
elements of the center ¢ of g follows from Case 9 and Case 8 with n = 0, since U(m)
acts on P(C™) and SU(2)xU (k) acts on P(C?*). This completes the simplest case.

The general case follows similar lines.
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