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Abstract.  When Gy is a real, linear algebraic group, the orbit method predicts that nearly
all of the unitary dual of Gg consists of representations naturally associated to orbital parameters
(O,T). If Gg is a real, reductive group and O is a semisimple coadjoint orbit, the corresponding
unitary representation (O, T") may be constructed utilizing Vogan and Zuckerman’s cohomological
induction together with Mackey’s real parabolic induction. In this article, we give a geometric
character formula for such representations 7(O,T"). Special cases of this formula were previously
obtained by Harish-Chandra and Kirillov when Gg is compact and by Rossmann and Duflo when
©(O,T") is tempered.
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1. Introduction

Let G be a connected, complex reductive algebraic group, let ¢ be an anti-holomor-
phic involution of G, and let (G%). C Gg C G be an open subgroup of the fixed
point set of o. In this paper, we will call such a group Gg a real, reductive group.
Let g (resp. gr) denote the Lie algebra of G (resp. Gr), let

g" := Home(g,C), v —1gg := Homg(gr, V—1R) = (g*)™7

denote the dual space of g and the collection of purely imaginary valued linear
functionals on gg respectively. If £ € +/—1gg, then we denote by G(§) (resp.
Gr(€)) the stabilizer of £ in G (resp. Ggr), and by g(&) (resp. gr(§)) its Lie algebra.

If £ € V/—1gg, then Gg(€) admits a natural Duflo double cover Ggr(§) (see Section

2.1 for a definition). A one-dimensional, unitary representation of Gg(§) is genuine
if it does not factor through the quotient Gg(&). A coadjoint Gg-orbit O C v/ —1gk
is called semisimple if it is closed.

Definition 1.1. A semisimple orbital parameter for Gy is a pair (O, ") where
(a) O C /—1gj is a semisimple, coadjoint orbit

(b) for every A € O, Iy is a genuine, one-dimensional, unitary representation of

Gr(\).
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In addition, this pair must satisfy
(i) g-Tx=Taa (g forevery g € Gg, A€ O
(i) dl'y = A|gg(n) for every A € O.

Giving a semisimple orbital parameter is equivalent to giving a Gpg-equivariant
Hermitian quantum bundle with equivariant curvature A — p(\) + € on a closed
coadjoint orbit. See pages 261, 276277, 289-290 of [70] for this terminology.

Mackey’s work [51], [52] reduces the problem of constructing a unitary representation
7(O,T") for every semisimple orbital parameter (O,I") to the case of elliptic orbital
parameters. To every elliptic orbital parameter (O,I"), Zuckerman (unpublished)
and Vogan [71], [73] associate an at most finite sum 7(O,T") of irreducible, unitary
representations of Gg. In the case where O is in the good range (roughly meaning
that O is sufficiently far from the nilpotent cone, see Section 2.3 for a precise
definition), the representation 7(O,I") is irreducible. The special case where O
is of maximal dimension was carried out earlier by Harish-Chandra [23], [26], and
the special case where G is compact was understood much earlier by Cartan [12]
and Weyl [74], [75], [76].

If 7 is an irreducible, admissible representation of G, we denote the Harish-Chandra
character of m by O(n) € C~*°(Ggr), and we denote by O(m) € C~>(gr) the
Lie algebra analogue of O(7) (see Section 3.1 for definitions). When (O,T") is a
semisimple orbital parameter and O is in the good range, we write (O, I") instead
of §(w(O,T")). If ¢ is the universal Cartan subalgebra of g with Weyl group W, then
every irreducible, admissible representation w of G has an infinitesimal character,
which is a W-orbit in ¢*. Further, there exists a natural fibration

q:g"— /W,

We denote the inverse image of the infinitesimal character of an irreducible, admis-
sible representation m of Gg under ¢ by Q(w), and we call Q(7) the geometric
infinitesimal character of m (see Section 3.1 for further discussion). We say 7 has
reqular infinitesimal character if the infinitesimal character of 7 is a W-orbit in ¢*
consisting of regular elements or equivalently if () is a single closed, coadjoint
G-orbit. In this case, 2(7) has a natural G-invariant symplectic form w (so-called
Kirillov-Kostant-Souriau form).

Let © C g* be a regular coadjoint G-orbit with complex dimension 2m, and
let M C Q be an oriented, middle-dimensional, real analytic submanifold that
is bounded in the real direction and satisfies a tempered growth condition in the
imaginary direction (see Section 3.1 for precise definitions). If F[u] denotes the
Fourier transform of a smooth compactly supported density p € C°(gr, D(gr)) (see
Section 3.1 for a precise definition), then we may define the Fourier transform of M

to be
w/\m

FIM|, ) = Flu|——. 1
FML = [ P )
for every p € C(gr,D(gr)). This Fourier transform appears to depend on a
choice of v/—1, but we give an orientation on M which depends on a choice of
v/—1 and makes (1) canonically defined (see Section 3.1 for details). We define an
admissible contour to be a finite linear combination of oriented, analytic submanifolds
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M C Q) satisfying the above conditions. Rossmann showed that for every irreducible,
admissible representation m of Ggr with regular infinitesimal character, there exists
an admissible contour C(mw) C () satisfying

Fle(x)] = 0(x).

In general, the contour C(7) is not unique. Two contours which are homologous in
a suitable sense have identical Fourier transforms (see Section 3.1).

Theorem 1.2 (Rossmann [56]). If Gg is a real, reductive group, (O,I') is a
semisimple orbital parameter, and O C +/—1gk is of maximal dimension among
coadjoint Gy -orbits, then

FlO] =0(0,T). (2)

In this classical case, the Fourier transform reduces to the classical Fourier transform
of a Gg-invariant density on 0. Rossmann’s proof uses a reduction to the case of
discrete series found in earlier work of Duflo [14]. Additional proofs were provided
later by Vergne [69] and Berline-Vergne [6]. In the case where Gy is compact, this
result was obtained earlier by Harish-Chandra [22] and Kirillov [40]. In some special
cases, analogous results have been found for non-reductive Lie groups [13], [39], [40],
[54], [55]. However, if (O,I") is a semisimple orbital parameter for a real, reductive
group Gg and O is not of maximal dimension, then F[O] is a tempered distribution
on gr and 0(O,T") is often not a tempered distribution on gg; hence, the two cannot
be equal in general. This unfortunate fact was observed in the 1980s; the goal of this
paper is to find a suitable remedy.

For every semisimple orbital parameter (O,I') where O is in the good range, we
wish to construct an admissible contour C(O,T") for which

Fle(o,1)] = 6(0,1).

We might first attempt to construct an admissible contour C(O,I") by creating a
fiber bundle C(O,I") — O where the fiber over A € O is a character formula for the
one-dimensional representation I'y of CAY’;@()\). One checks that in the case where O is
of maximal dimension, this fiber will be a single point and we recover C(O,T") = O
as desired. However, in general it turns out that such a construction leads to a
contour that is not admissible in the sense of Rossmann (see Section 6.1 for additional
explanation). To alleviate this difficulty, we require a polarization of O.

A (complex) polarization of O is a Gg-equivariant choice of an integrable, La-
grangian subspace of the complexified tangent spaces ThO ®gr C for each A € O.
More concretely, it is a choice of complex parabolic subalgebra ¢, C g with Levi
factor g(A) for every A € O such that

Ad(g)ax = qaar(g)r

for every g € Gr. There exist finitely many polarizations of any semisimple coadjoint
Gr-orbit O C v/—1g}. Among all (complex) polarizations, we consider those which
are admissible, and among admissible polarizations, we consider those which are
mazimally real (See Section 2.3 for definitions and details). Let us fix a maximally
real admissible polarization q = {qx}xco-

Next, we fix a maximal compact subgroup U = G°¢ for which o.0 = oo.. Then for
cach A € O, there exists a unique o.-stable, Levi subalgebra [, C qx. Notice [ ,,
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is G-conjugate to g(A), but in most cases it is not equal to g(A). If h C [, is a
Cartan subalgebra, A(l),,.,bh) is the collection of roots of [y, with respect to b,
and A1 C A(l,,.,h) is a choice of positive roots, then we put

1 * *
Pirceh At = 5 Z aeh” Cl,.

aceAt

(We utilize the root space decomposition of g with respect to h to give inclusions
b* C 3, C g). Let Ly, denote the connected subgroup of G with Lie algebra
[\o., put Uy = Ly, NU, and put

Og)\ = U p[A,oC:h:A+
ac(h)=h
A+C A([/\,Ucvh)
where the union is over Cartan subalgebras h C [, ,, that are o.-stable and choices
of positive roots At C A(l,.,h). Note that ng is a single Uy-orbit. Define

C(O.T,q,00) = [ J(A+0) cg". (3)
AEO

If O is in the good range, then there is a natural projection
C(O,T,q,0.) — O

and the fibers are compact and uniformly bounded in the real direction, gi. The
fiber over A € O is a contour in [§ , that is conjugate via G to a contour in g(A)*
whose Fourier transform is (")), the Lie algebra analogue of the character of I"y
(See Section 6.1 for further explanation).

Our main theorem is:

Theorem 1.3.  Let G be a connected, complex reductive algebraic group, and let
(G%). C Gr C G7 be a real form. Let (O,1') be a semisimple orbital parameter
for Gg with O in the good range, let ¢ = {qr}rco be a maximally real admissible
polarization of O, and choose a maximal compact subgroup U = G% C G such
that oo, = o.0. Let 8(O,T") denote the Lie algebra analogue of the character of
the irreducible, unitary representation w(O,1"). If the contour C(O,T',q,0.) C g* is
defined as in (3) and the Fourier transform F is defined as in (1), then we have

FIC(O,T,q,0.)] =6(O,T). (4)

We will discuss the orientation of the contour C(O,T',q,0.) in Section 3.1. Fix
A € O for which there exists a ¢ and o.-stable, fundamental Cartan subalgebra
h C I:=g(\). Then we may more concretely define the contour

C<O7F7q7ac) = {g>\+up[‘g€GR7 U’EU7 gq/\:uq)\} (5)

where p; is half the sum of the positive roots of [ with respect to the Cartan
subalgebra h C [ and a choice of positive roots. We note that different maximally
real admissible polarizations of @ may give different character formulas (4) which
are not obviously equivalent. This is analogous to the fact that different admissible
polarizations of O may give different models of the representation 7(QO,I') which
are not obviously equivalent. See Section 6.2 for further discussion.
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To every irreducible, admissible representation m of Gg, one associates an object
in each of finitely many twisted, Gg-equivariant derived categories of sheaves of
complex vector spaces on the flag variety X of G. Schmid and Vilonen give geometric
character formulas for an arbitrary irreducible, admissible representation 7 of Gg
with regular infinitesimal character as the Fourier transform of the pushforward via
Rossmann’s twisted momentum map of the characteristic cycle of each object on X
[65, (1.8) on page 4]. When 7 = 7(O, ') and O is of maximal dimension, Schmid and
Vilonen’s formula does not reduce to the classical formula of Rossmann (2). However,
their contour may be obtained from the coadjoint orbit O by a suitable homotopy,
and, in fact, Schmid and Vilonen prove their formula in this case by reducing it to
the classical formula of Rossmann (2) via this homotopy [65, Section 7]. Schmid and
Vilonen then prove the general case by showing that the characteristic cycle behaves
well with respect to coherent continuation, parabolic induction, and certain Cayley
transforms on the flag variety [65, Section 8-10].

Our proof of (4) involves taking a formula of Schmid and Vilonen in the case
7 = 7(O,T") where (O,I') is an arbitrary semisimple orbital parameter with O
in the good range, and performing a homotopy which, in the special case where O
is of maximal dimension, is the inverse of the one used by Schmid and Vilonen to
establish their formula.

The reader may ask why we are not content with the more general character formula
of Schmid and Vilonen. There are three reasons why we wish to write down the
formula (4). First, while the character formula of Schmid and Vilonen is natural
from the point of view of algebraic analysis on the flag variety, the authors desire
a formula that is natural from the point of view of the orbit method. Second, the
formula of Schmid and Vilonen involves the characteristic cycle of a certain twisted,
Gr-equivariant sheaf on the flag variety. In general, this object has a complex
combinatorial structure; therefore, it is meaningful to write down an explicit formula
in a special case. Third, a recent series of papers [28], [29], [30] give applications of
the classical formula of Rossmann (2) to abstract harmonic analysis questions and
branching problems. To generalize these results, one requires a character formula for
(O, ') that has certain analytic properties that are uniform in the parameter O.
Our formula (4) has this property and is suitable for such applications.

Finally, Barbasch and Vogan proved that the first term in the asymptotic expansion
of the character 6(O,I") is the same (up to scaling) as the first order term in the
asymptotic expansion of the Fourier transform of O [4]. Our formula implies this
classical result and may be viewed as a further exploration of the relationship between

0(O,T") and O first observed by Barbasch and Vogan.
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2. Semisimple orbital parameters and representations of real, reductive
groups

In this section, we define the Duflo double cover, completing the definition of a
semisimple orbital parameter (O, I"), we recall the Vogan-Zuckerman construction of
the Harish-Chandra module of 7(O,I"), and we recall the Schmid-Wong construction
of the maximal globalization of 7(O,I"). This section provides notation and recalls
key concepts to be used in the sequel.

2.1. Duflo double covers
If O C v/—1g; is a coadjoint orbit for Gg, then the Kirillov-Kostant symplectic form
on O is defined by

wr(ad” (X)A, ad"(Y)A) = A(X, Y)) (6)
for each A € O. This action of Gg on O preserves w. See for instance Chapter 1
of [41] for an exposition. In particular, for any A € O, we may form the stabilizer

Gr(A) of A, and this stabilizer acts on the tangent space T,O of O and preserves
the symplectic form on this vector space. In particular, we obtain a map

Y: Gr(A) = Sp(THO, wy)
for each A € O where Sp(7,O,w,) denotes the symplectic group of linear automor-

phisms of T)\O that preserve wy .

Recall that there exists a unique two fold cover
w: Mp(ThO,w,) — Sp(ThO, wy)

called the metaplectic group. The existence and uniqueness of the double cover may
be seen by checking that the fundamental group of the symplectic group is Z and
therefore has a unique index two subgroup. See for instance page 173 of [17] for
an exposition. However, for many applications it is necessary to have an explicit
construction of the metaplectic group. One can use the Segal-Shale-Weil projective
representation of the symplectic group or the Maslov index construction of Lion. See
for instance [50] for an exposition.

We form the Duflo double cover of Ggr(\) by

Ga(N) = {(9.5) € Ga(N) x Mp(1NO,wn)[9) = w(s) | (")

It was first introduced on page 106 of [15]. This definition completes the definition
of a semisimple orbital parameter (Definition 1.1).

Let O C /—1gj be a semisimple coadjoint orbit, fix A € O, and let L := G()\) (resp.
Lg := Ggr(\)) be the stabilizer of X in G (resp. Gr) with Lie algebra [ := g(\) (resp.
[r := gr(\)). Fix a fundamental (that is, maximally compact) Cartan subalgebra
br C [g, and decompose g into root spaces for h := hr Qg C

g= h S Z Ja-
a€A(g,h)
If gy = [ @ n is a parabolic subalgebra of g with Levi factor [, then we may write

n:Zga

a€A(n,h)
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as a sum of root spaces of g with respect to . If we define gag=(g)x := Ad(g)qa,
then q = {qa}rco is a (complex) polarization of O. In particular, giving a (complex)
polarization of O is equivalent to giving a parabolic subalgebra q), C g with Levi
factor [ = g(\).

Fix a polarization q = {qx}rco of O with Levi decomposition g, = [ & n. Define

2m) = Y ach (5)

a€A(n,h)

Define H := Zg(h) C G to be the Cartan subgroup of G with Lie algebra b, and
write €™ for the character of H whose differential is 2p(n). One can also define
this character as the scalar by which H acts on A*"n. Now, if Qy := Ng(qy) is
the normalizer of ¢, in G, then the parabolic subgroup @, has Levi decomposition
@ = LN with N = exp(n). Since N is the nilradical of @y, L acts on N by
conjugation, and L acts on A*Pn. In particular, e2’™ extends to a character of L
and then may be restricted to a character of Lg := Gg(A).

Define the p(n) double cover of Gg(\) to be
Gr(W)™ = {(g,2) € Ga() x C | ¥ (g) = 2} (9)

Now, if W C T,O ®g C C g* is a complex Lagrangian subspace, denote by
Sp(ThO, wy)w the stabilizer of W in Sp(7,O,w,), and denote by Mp(7,O,w,)w the
inverse image of Sp(T\O,w,)w in the metaplectic group Mp(T\O,w,). In Sections
1.6-1.9 of [16], Duflo defines a one-dimensional representation of Mp(T)\O,wy)w,
which we will denote by e”" | for each complex Lagrangian subspace W . We note
that such a space is given by

W= {ad"(X)\ | X € n}.

Since Ggr(\) stabilizes W, by (7), if (9,s) € Ggr()\), then s € Mp(T\O,wy )y and
e’W (s) is well-defined. Duflo shows that if s € Sp(7T\O, wy)w , then [16, (28) on p. 149]

e (s) = det(s|w). (10)

Now, (8) and (10) together imply e?w(s) = 2™ (g) whenever ¥(g) = w(s).
Therefore, viewing (7) and (9), there is a natural map

p: Gr(\) — Ge(N)*™ by (g,5) > (g,¢™ (s)).

Now, there exists a unique element e € Mp(7,O,w,) with € # e not the identity
in Mp(7T\O,w,) but w(e) = e the identity in Sp(7,O,w,). Duflo proves that
e’W(e) = —1 [16, (28) on page 149], and since kerw = {1,¢}, we deduce that ¢
is injective. Since this group homomorphism commutes with projection onto Gr(\),
¢ must be surjective as well. We deduce

Gr(\) =~ Gr(\)*™ (11)

and the Duflo double cover @;;g()\) is isomorphic to the p(n) double cover of Gg(\).
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2.2. Maximally real admissible polarizations

Let (O,T') be a semisimple orbital parameter for Gg with (G%). C Gg C G,
and fix A € O. Let hg C gr(\) be a fundamental (maximally compact) Cartan
subalgebra with complexification b, and let H C L be the corresponding o-stable
Cartan subgroup. If ¢ = {q,} co is a (complex) polarization of O, let q\ = [@&n be
the Levi decomposition of ¢, with Levi factor [ = g(\). Whenever o € A(g, h) C b*,
denote by " € b the corresponding coroot. We say q, is admissible if

(N aY) €Reg = a € An,b).

Let o denote complex conjugation of g with respect to gr. An admissible polariza-
tion is maximally real if o(qy) N gy is of maximal dimension among all admissible
polarizations.

Let us construct an example of a maximally real admissible polarization. Fix a
square root of —1 and call it ¢. If v = a 4 ib is a complex number, define Rev :=a
to be the real part of v and Im~ := b to be the imaginary part of 7. Define A(n,b)
to be the collection of roots o € A(g, h) satisfying

Im(\,a¥) >0 or Im(\ a”)=0and Re(\, a") > 0.

Define n= Z Joy O =1[6En
a€A(n,h)

Observe that q, C g is a parabolic subalgebra of g depending on the choice of
A € O. Notice q = {qr}reco defines an admissible polarization of O. One checks

o) Na =10 > g
a€A(n,h)
Im(\,aV)>0

therefore,
dim(o(q:) N qy) = dimay — #{a € A(g,b) | Im(\,a") = 0 &Re(),a") > 0}. (12)
Since 0(ga) = go(a) and (A, o(a)") < 0 whenever (A, ") > 0, we deduce
dim(o(qy) Ngy) < dimay — #{a € A(g,h) | (A, a”) € Roo} (13)

whenever q, defines an admissible polarization. In particular, the admissible polar-
ization q = {q,} defined above is maximally real among all admissible polarizations.

Finally, viewing (12) and (13), we note that an admissible polarization q = [ & n is
maximally real among admissible polarizations if, and only if

a € Alnh) = oca € An,h) or (A, a") € Ryyg. (14)

Given a semisimple orbital parameter (O,I") and a maximally real admissible po-
larization q = {q,}, fix A € O and fix a maximal compact subgroup U := G C G
defined by an anti-holomorphic involution o, of G that commutes with o and fixes
L = G(\) and H. Then we wish to define a unitary representation = = 7(O, T, q, o..)
of Ggr depending on the datum (O, I',q,0.). It will be easy to see that the iso-
morphism class of m does not depend on .. Later, we will check that it is also
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independent of the choice of q (See Section 6). Therefore, one may denote this
representation simply as 7(O,I"). In order to give a construction, we must utilize
the datum (O,T,q,0.) to construct additional objects. We finish this section by
constructing these objects.

Define 0 := oo, let K := GY, and let Ky := K. The holomorphic involution ¢
commuting with ¢ and o, is called a Cartan involution. Decompose h = h? @ ¢
into +1 and —1 eigenspaces of #, and let

be the dual decomposition. That is, let (h?)* be the collection of linear functionals
on b vanishing on h=% and let (h~%)* be the collection of linear functionals on b
vanishing on h?. We may decompose \ € /—1h5 C v/ —1g; as A\ + A, in a unique
way with A\, € (h?)* and A\, € (h7%)*. Since A € /—1g}; and 6 commutes with o,
we observe that \. and )\, are contained in /—1(h%)* and /—1(hg")* respectively.

Let G(\,) be the stabilizer of A, in G with Lie algebra g()\,). Further, define
A(ny, h) C A(n, h) to be the collection of roots a of n with respect to h for which
(An,a¥) # 0 (or equivalently (A, a¥) ¢ R). In particular, using (14), we deduce

a € A(ny, h) <= oca € A(ny,h). (15)
Define n, = Z Bas p= g(>\n> S ny.
a€A(np,h)

We claim p C g is a subalgebra. The statement [n,,n,] C g(\,) + n, follows
directly from the definitions. To check [g(\,),n,] C ny, choose a € A(n,,h) and
B € A(g(A\n),bh) such that o + 5 € A(g,h) and note (8Y,\,) = 0, (¥, \,) # 0
together imply

((+B)", An) # 0. (16)

Further, if 5 € A(n,b) or 5 € A(l,h), then o+ 3 € A(n,h) and combining with
(16), we obtain that a + 5 € A(n,,h). Alternately, if 5 ¢ A(n,h) U A(L,h), then
-8 € A(nnNg(A\y),b); therefore, (5Y,\) < 0 which implies (o(5)",\) > 0 and we
deduce o(f) € A(nNg(\,),h). By repeating the previous argument, we conclude

ola+B) =0(a) +o(B) € Any, b).

A second use of (15) yields a + 8 € A(ny, ). We conclude p C g is a subalgebra;
it is a parabolic subalgebra since p D q,. Moreover, by (15) p is o-stable with real
points pr.

Let P = Ng(p) (resp. Pr = Ng,(pr)) denote the normalizer of p in G (resp. pr
in Gr). Let P = MpAr(Np)r and pr = mp @ ag & (n,)r be the Langlands
decomposition, where mg @ ag = gr(\,). Define M to be the intersection of
preimages of {£1} for all algebraic characters y: G(\,) — C* defined over R
(namely, x(c(g9)) = x(g9)). Then M is an algebraic subgroup of G' and Mp =
GrN M.
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Observe M is o-stable, f-stable, and o.-stable. Note \. € v/—1mj, and note
OMe .= O3F = My - A, C vV—1m}

is a semisimple coadjoint orbit for Mg. Let A(m,h N m) denote the collection of
roots of m with respect to h N m, and write

m=(hNm)d Z Ja-

Q€A (m,hm)
We define A(ng,, h Nm) to be the collection of o € A(m,hNm) for which
(A, a’) > 0.
Then Im = (INM) & 0y (17)

is a f-stable parabolic subalgebra of m.
Note that 'y is a genuine, one-dimensional, unitary representation of é\;g()\). More-
over, éﬂ/g()\) o~ E];gp(n) by (11). We need to construct a genuine, one-dimensional,

unitary representation FQ/CIR of %(Ac). Define

2p(ny) == Z a, 2p(ny) = Z a.

a€A(nm,hNm) acA(ny,a)

p(nm)

Again by (11), Mg(A.) ~ (Lg N Mg) . Observe

2p(n) = 2p(1n) + 2p(ny),

and note e*(™) is a character of Ly taking values in R* since p is o-stable. Thus,
if z € C and 22 = >™)(g) € R* for some g € Lg, then z/|z| € {£1,+/—1}.

. . ) . : . . —~p(n
Now, if ') is a one-dimensional, genuine, unitary representation of Lg , then we

define
Y% (g,2) = 27 21T (g, 21) (18)

for (g,21) € Z];gp(n). One notes that (18) is independent of the choice of z; so long as

(9,21) € [Ajﬂ/gp(n). Therefore, FQ/CIR is a well-defined genuine, one-dimensional, unitary
p(tm)

representation of (Lg N Mg)

One may translate F%R by elements of My to create a semisimple orbital parameter
(OM= "Mr) which satisfies parts (a) and (b) of Definition 1.1.

An element A € v/—1g; is elliptic if there exists a Cartan involution 6 for which
O(\) = X. A coadjoint orbit O C +/—1g} is elliptic if it consists of elliptic elements.
A semisimple orbital parameter (O, T") for Gy is called an elliptic orbital parameter if
O C v/—1gj, is an elliptic coadjoint orbit. If (O,T) is a semisimple orbital parameter
for Gg, one observes (OM& T'Mr) is an elliptic orbital parameter for Mg.
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2.3. The Vogan-Zuckerman construction of representations for elliptic
orbital parameters

In this subsection, we recall the construction of the unitary representation for elliptic
orbital parameters. We do this by utilizing the cohomological induction construction
of Vogan and Zuckerman, and we deal with the possibility of disconnected groups.
Later, we will apply this to 7(OM= 'M&) of My defined in the previous subsection.
Our discussion follows Knapp-Vogan [45].

A pair (g, Kg) is a finite-dimensional, complex Lie algebra g and a compact Lie
group Ky such that

(i) The complexified Lie algebra € := tg ®g C of Ky is a subalgebra of g.

(ii) There is a fixed action, denoted by Adg,, of Kg on g which, when restricted
to ¢, yields the adjoint action of Ky on ¢.

(iii) The differential of the fixed action of Kr on g yields the adjoint action of €g
on g.

Now, if (g, Kg) is a pair, then a (g, Kg)-module is a complex vector space V' with a

group action of Ky and a Lie algebra action of g satisfying

(i) The representation of Kg on V is locally Kg-finite.

(ii) The differential of the Kg action on V' is the restriction of the action of g on
V' to an action of &g on V.

(iii) We have (Adg, (k)X)v = k(X (k™ v)) for k € K, X €g,and v € V.

Suppose G is a connected, complex algebraic group with Lie algebra g, Gg is a real
form of G, and Kg = G% is a maximal compact subgroup of Gg defined by a Cartan
involution . Then (g, Kg) is naturally a pair. A (g, Kg)-module V is a Harish-
Chandra module if V' is finitely generated over U(g), the universal enveloping algebra
of g, and every irreducible representation of K hasat most finite multiplicity in V.

If (g, Kg) is a pair, then one may form the Hecke algebra R(g, Kg) of this pair.
In the setting of the previous example, one may set R(g, Kg) equal to the algebra
of bi- Kr-finite distributions on Gy that are supported on Kr under the operation
convolution. Let R(Kg) denote the algebra of bi- Kg-finite distributions on Kx.
Then we may obtain an element of R(g, Kr) by applying a left invariant differential
operator corresponding to an element of U(g), restricting to Kg, and then pairing
with an element of R(Kg). In fact, every element of R(g, Kg) may be written as a
finite sum of such distributions and one has the isomorphism of vector spaces

R(g, Kr) ~ R(Kr) @ue) U(g).

Motivated by this special case, one can define an algebra structure on the vector
space R(Kr) @y U(g) for any pair (g, Kgr). This algebra is then written R(g, Kr)
and called the Hecke algebra of the pair [45, 1.5,1.6]. For every pair (g, Kg), one
obtains an equivalence of categories between the category of (g, Kr)-modules and
the category of approximately unital left R(g, Kg)-modules [45, Theorem 1.117].

If (h, Br) and (g, Kg) are two pairs, then we write
lp: br = b, g — g

for the two inclusions.
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A map of pairs ¢: (h, Bg) — (g, Kr) is a pair of maps

Qatig: h = 9, @gp: Br = Kr
satisfying

(i)  Pualg © Loy = Leg © dgp, and
(11) ¢alg © AdBR(b) = AdK}R(gbgp(b)) o ¢alg fOI‘ all b c B]R-

Given a map of pairs ¢: (h, Br) — (g, Kr), Zuckerman, Bernstein, and others
defined functors from the category of R(h, Br)-modules to the category of R(g, Kg)-
modules. A strategy to find a non-trivial, interesting R(g, Kg)-module is to take a
one-dimensional R(h, Bg)-module and apply a suitable functor.

If ¢: (h, Br) — (g, Kr) is a map of pairs, then ¢ gives R(g, Kg) the structure of an
approximately unital right R(h, Bg)-module [45, page 104]. We can then define the
functor

Vi PERE(V) = R(g, Kg) ©r(y,5:) V

from the category of approximately unital, left R(h, Br)-modules to the category of
approximately unital, left R(g, Kr)-modules. In addition, we have the functor

Vi fg;ggm := Hompy,5y) (R(9, Kr), V) Kz

from the category of approximately unital, left R(h, Bg)-modules to the category of
approximately unital, left R(g, Kg)-modules where the subscript Kr means we take
the submodule of Kg-finite vectors. The functor I is a generalization of a functor
of Zuckerman and the functor P is a generalization of a functor of Bernstein, which
was inspired by Zuckerman’s functor [45, I.1].

If (g, KRr) is a pair, then the category of approximately unital, left R(g, Kg)-modules
has enough projectives and injectives [45, Corollary 2.26, Corollary 2.37]. The functor
P‘ig}f is right exact and the functor [ g:gﬂf is left exact; therefore, we have a sequence

of left derived functors (Prié{RR)p and a sequence of right derived functors (Ig:gﬂf)p
for p=10,1,2,... [45, 1.2, I1.6]. If V is a (b, Bg)-module, then it has the structure
of an approximately unital, left R(h, Bgr)-module, and we may apply the functors
(P;gg%)p(V) and (Ig:gﬂf)p(‘/) to obtain approximately unital, left R(g, Kr)-modules.
These, in turn, may be viewed as (g, Kg)-modules.

Next, we construct a unitary representation for an elliptic orbital parameter (O,T")
utilizing the functor above. We fix A € O such that #(\) = A. For the elliptic case,
an admissible polarization q) = [+ n is uniquely determined. We let q = g, in this
subsection to simplify the notation.

Observe that e”™ and I'y are genuine, one-dimensional unitary representation of

Z{gp(n). Note that e”™ is unitary since all of the roots in A(n,h) are imaginary.
Hence, the tensor product I'y ® e”™ descends to a one-dimensional unitary repre-
sentation of Lgr. Differentiating and complexifying the action of Ly, we may view
[y ® e”™ as a one-dimensional ([, Lg N Kg)-module. Observe § := o(q) is the op-
posite parabolic to q with nilradical 7 := o(n). Letting n (resp. @) act trivially, we
may view I'y ® ™ as a one-dimensional (q, Lg N Kg)-module (resp. (q, Lz N Kg)-
module). Then we may form the (g, Kg)-modules

(I P (Da @ ™), (PR )p(Th @ ™).



HARRIS AND OSHIMA 727

By Theorem 5.35 of [45], these vanish when p > s := dim¢(nN€). Since we assumed
q is admissible, by Theorem 5.109 of [45], they vanish when p < s and they are
isomorphic to each other as (g, Kg)-modules when p = s.

Let (Gr)e C Ggr (resp. (Kgr). C Kg) denote the identity component of Gg (resp.
Kg). For technical reasons, we will work with representations of the connected group
(GRr). rather than the potentially disconnected group Gg in the sequel. Therefore,
we begin by considering the (g, (Kgr).)-module

(K
(1 ) (Cx ® ™) LGa).)

where s = dimc(nN€). This (g, (Kr).)-module is isomorphic to

J(KR)e
(PR )s (T ® ™) 1))

Let ZU(g) denote the center of the universal enveloping algebra of g. Then ZU(g)
acts by a scalar on this module [45, Theorem 5.25]; in the language of Harish-
Chandra, it is a quasi-simple module. Choose a system of positive roots A1 (I, ) of
[ with respect to b and define

;>

aeA*([h

We say that A\ (resp. O(@®)e := (Gg), - A, O) is in the good range for (Gg). or Gg
(resp. (GRr)e, Gr) if
Re(A + p,a’) >0 (19)

for all a € A(n,h). If O@®)e is in the good range, then

K
(IR ) (Pa @ ™) Lo,

is an irreducible (g, (KR).)-module. See Zuckerman (unpublished) and Vogan [71]
for the original references; see Theorem 8.2 of [45] for an exposition. Since it is
an irreducible, quasi-simple (g, (Kg).)-module, by a result of Harish-Chandra [19,
Theorem 4], it is the collection of (Kg).-finite vectors of a (possibly non-unitary)
continuous representation of (Ggr). on a Hilbert space. Vogan proved that the
(g, (Kr)e)-module

K
(1R ) (A ® ™) Lycr).)

has an invariant inner product [73]. See Theorem 9.1 on page 598 of [45] for an
exposition.

A second result of Harish-Chandra implies that this representation is the collection
of (Kg).-finite vectors of a unitary representation of (Gg). [18, Theorem 9]. We
denote this unitary representation by (O T(@=)e) where O 1= (Gg), - A
and [ =Ty, -

In order to define 7(O,T"), a unitary representation of Gy, we must deal with several
subtleties. We define G% to be the subgroup of G generated by (Gr). and Ly, and
define K3 := G N Kg. We note (Gr). C Ga C Gr. Let V be the Hilbert space on
which 7(O(@®)e T(G®)e) acts. The collection of (Kg).-finite vectors, Vi), , is given
by

Ufg.f#‘i?x 1S (Ih@ )| L)
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as an (g, (Kr)e)-module. Recall that one can compute the above derived functor by
applying the Hompq, r,n(xp).) (R(8; (Kr)e), ) (kz). functor to the standard resolution
of (I'y ® e”™)|1n(Ge). and taking cohomology [45, 11.7].

Analogously, we may explicitly write down the (g, K2)-module

7K>\ S
(105 ) (Th @ er™)

by applying the Hompg r.nx2)(R(8, K?),") k» functor to the standard resolution of

I'y ® e?™ and taking cohomology. One notes that these standard resolutions are
identical except that the additional action of (Kg),. is extended to an action of K
in the latter case. Analogous remarks hold for the P functor. We wish to extend
this action of Kp on V(k,). to an action of G on V.

First, recall that we have the decomposition G = Kg(Gg).. This follows from the
decomposition Gg = Kgr(Gr). which follow from equations (12.74) and (12.75) on
page 468 of [42]. We wish to define an action 7 of Gy on V by n(kg) = n(k)7(g)
for k € Kg and g € (Gg).. Since V is a unitary representation of (Gg)., 7(g)
is well-defined. Note 7(k) is well-defined on V(k,), by the remarks in the above
paragraph. Moreover, the inner product on V(g,), used to complete this space to V'
is Kp-invariant [45, Theorem 9.1]; hence, this action commutes with limits and is
well-defined on V. Moreover, the action of (Kg). coincides with the restriction of
the actions of K3 and (Gg). on V; hence, 7 is a well-defined, continuous map

GpxV = V.

We must check that it is a group action. Writing out the algebraic expression for a
group action, one sees that it is enough to check

m(kgk™") = w(k)m(g)m(k™)

for g € (Gr). and k € K3. Since (Gg). is generated by the image of the exponential
map, it is enough to check

m(exp(Ad(k) X)) = 7(k)m(exp X)m (k™) (20)

for X € gg and k € Kp. Since all of these operators are unitary and therefore
commute with limits, it is enough to check this identity when applied to v € V(). .
Harish-Chandra proved that every v € Vik,), is an analytic vector for V', that is,
the map (Gr)e — V by g — w(g)v is analytic [18]. In particular, one observes
m(exp(X)) = exp(m(X)) for X € gr. Expanding out both sides of (20) into power
series and utilizing part (iii) of the definition of a (g, Kg)-module term by term,
one verifies (20). Hence, we have checked that we may extend the action of (Gg).
on V to obtain a unitary representation of Gy on V. We call this second unitary
representation (0%, %), and we note

(0%, T%)| Gy, = w(Oe, T(0)e), (21)

Finally, we must obtain the unitary representation 7(O,I"). We wish for the Harish-
Chandra module of this representation to be

(ICIE:[I;ROKR)SG'\/\ ® ep(n))
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for s = dim(n N ¢). Utilizing Proposition 5.150 of [45], we observe

K s K KR s
(1945 (02 © ) 2 (IR0 (142 (T 60

Moreover, by Proposition 2.77 on page 136 of [45], the functor (1 §’§§)0 is the classical
MR
induction functor from a subgroup of finite index. Therefore,

7K S 71(A S
(qu,LRRﬁKR) (M@ 6p(n))|G§ = @ w - (ff,LRRmKR) T ® @p(n))' (22)
wEGR/G’ﬁ

Mimicking this construction globally, we consider the vector bundle
A A
GR XG@ W(OGR,FGR) — GR/G[E
and we define the unitary representation 7(O,I") to be the space of sections
[(Gr/G}, Gr % gy w(0%2,T9%)),

One observes that the collection of Kgr-finite vectors of 7(O,I') is isomorphic to

(IiﬁRmKR)S(F,\ ® e’™) as a (g, Kg)-module and

(O, )] ~ @ w - W(OGﬁ,FGﬁ) (23)
’wEG]R/GD%

as a unitary representation of G%. Combining (21) and (23), we obtain

ROl = @) w- (O, 1)) (24)
wEGR/Gﬁ

Moreover, if O% is in the good range, then 7(O,T") is irreducible since its Harish-

Chandra module ([, i’ﬁfm 1) (Dx ® e#™) is irreducible [45, Theorem 8.2].

2.4. The Schmid-Wong construction of maximal globalizations

Let G be a connected, complex reductive algebraic group, and let Gg be the identity
component of G° C . In this section, we consider an elliptic orbital parameter
(O,TI') for Gg with O in the good range, and we review the construction of Schmid
and Wong of the maximal globalization of the Harish-Chandra module of 7(O,T").
We will need this maximal globalization construction in Section 4.

Giving a Ggr-invariant almost complex structure on O is equivalent to writing
O C=WaoW

where W, W are Gg(\)-invariant complex conjugate subspaces of T\O ®g C. Such
a decomposition yields a composition

O —-TOxrC—>»W

which defines an isomorphism of real vector spaces ThO ~ W and gives T\O the
structure of a complex vector space. In our case, identifying 7T\O ~ gr/Ig, we may
define W :=1, /I in order to give O a Gg-invariant almost complex structure.
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Further, Newlander-Nirenburg [53] showed that an almost complex structure is inte-
grable (arises from a complex structure) if, and only if d = 9 +0. See pages 141-142
of [33] for a simpler proof. One checks that this is equivalent to the vanishing of the
Nijenhuis tensor and it is equivalent to 70O (or TN O) being closed under the
Lie bracket, [-,:]. One then checks that, in our context, this condition is satisfied if,
and only if the subspace q) C g is a Lie subalgebra. If (O,I") is an elliptic orbital
parameter for Gg and 6 is a Cartan involution on ggr, then any 6-stable parabolic
subalgebra g, C g with Levi factor g()) defines a polarization of O. Therefore, it
induces a complex structure on O.

Next, suppose n is the nilradical of q). Giving a Ggr-equivariant, holomorphic line
bundle on O is equivalent to giving a one-dimensional (qy, Gg(\) N Kg)-module [66,
Theorem 3.6]. In particular, if we differentiate I'y ® e?™ | and we extend by zero on
n, then we obtain a one-dimensional (qy, Ggr(A) N Kg)-module. Hence,

,CF = GR XGr(\) (F)\ X e”(“))

is a Gr-equivariant, holomorphic line bundle on O.

Let T\O ®r C ~ g/g(\) denote the complexified tangent space to O at A with dual
space T5O, let Ty°O ~ §,/g()\) denote the holomorphic tangent space with dual
space (Ty°0)*, and let T)"'O ~ q,/g(\) denote the anti-holomorphic tangent space
to O at A with dual space (TY"'0)*. Let

QO™(O, Lr) == C™ ((9, Lr ® /\T*O)
denote the space of smooth, complex-valued m-forms on O with values in Lr, and
p q
PO, Ly) = O (0, £r o \(TH0) @ /\(TOJO)*)

the space of smooth, complex-valued (p,q)-forms on O with values in Lr. These
are both Fréchet spaces with respect to the topology of uniform convergence of all
derivatives on compact subsets of 0. The action of Gg on Lr — O induces a
continuous action on both topological vector spaces. Observe we have a direct sum
decomposition

Q"(0,Lr)~ (0, Ly)

p+g=m

of topological vector spaces. Let d: Q™(O, Lr) — Q™ (O, Lr) denote the exterior
derivative. If we restrict d to Q¢ and then take the component of the image in
QP+l then the resulting operator is written " or simply 0. Since dod =0, we
deduce 900 = 0. One defines the gth Dolbeault cohomology of @ with values in
,CF by

HYO,Lr) = kergo’q/ mo .
Wong showed Im 2" is a closed subspace of ker 9" in the induced topology [77].
This fact implies H9(O, Lr) is a Fréchet space on which G acts continuously.

Let (m,V) be an irreducible, unitary representation of a real, reductive group Gg.
Let V> C V denote the subset of vectors v € V' for which g — 7(g)v is a smooth



HARRIS AND OSHIMA 731

map Gg — V. We may differentiate the action of Ggr to obtain an action of g
on V. If Kg is a maximal compact subgroup of Gg, then the collection of Kg-
finite vectors, Vi, C V, is an admissible representation of Kp [18]. This means
that every irreducible representation of Kr occurs with finite multiplicity in Vi, .
It follows that V> O Vi, has the structure of a (g, Kg)-module. A globalization
of this Harish-Chandra module is a continuous action of Gg on a complete, locally
convex, Hausdorff topological space W for which W > Wy, and Wk, ~ Vi, as a
(g, Kr)-module.

If (7w, V) is an irreducible, unitary representation of Gg, then there is a unique (up
to isomorphism) minimal globalization Wiy, of Vi, . The globalization Wy, has
the universal property that for every other globalization W of Vi, , there is a unique
Gr-equivariant injection Wiy, < W. A vector v € V' is analytic if g — w(g)v is an
analytic function Gg — V. The collection of analytic vectors V* is a globalization
isomorphic to Wi,. In addition, there is a unique (up to isomorphism) mazimal
globalization Wy,ax of Vi, . The globalization Wi,,, has the universal property that
for every other globalization W of Vi, , there is a unique Gr-equivariant injection
W < Whax. The space V™% := ((V*)¥)* is the collection of hyperfunction vectors
of V; it is a globalization isomorphic to Wy,.«. The notions of minimal and maximal
globalizations were first introduced by Schmid [63].

Let (O,T") be an elliptic orbital parameter with O in the good range. It was proved
by Wong [77] that, if s = dimc(nN€), then H*(O, Lr) is the maximal globalization
of the (g, Kg)-module

7K s
(IC?A,CD;R()\)QKR) Ty ® e’ ™).

Therefore, H*(O, Lr) is the maximal globalization of the Harish-Chandra module
of 7(O,T).

2.5. Mackey’s parabolic induction

We finish this section by completing the construction of the unitary representation
(O, T') for a semisimple orbital parameter (O,I"). By applying the construction in
Section 2.3 to the group Mg, we obtain a unitary representation 7(OMz T'Mz) of
Mg . We extend the representation 7(OM# T'Mz) K er of MyAg trivially on (Np)g
to a representation of Pg. This unitary representation defines a (possibly infinite
dimensional) Gg-equivariant Hermitian vector bundle

Y = Gr X pe (W(OMR, FMR) X 6)\") — GR/P]R.
Then we form the representation
7(O,T) := L*(Gr/Pr,V @ DY?)

where DV/?2 — Gy /Pr denotes the bundle of half densities on Gr/Pg. This defines
a unitary representation of Gg which we associate to the parameter (O,I"). We say
A (or Q) is in the good range if OM= is in the good range for Mp.

If O is in the good range, then the representation 7(O,I") is irreducible [42, Theorem
14.93).

Finally, we remark that the representation 7(O,T") does not depend on the choice
of maximally real, admissible polarization {qy}.co even though we used this polar-
ization to define w(O,I"). Indeed, the parabolic ¢, C m defined in (17) does not
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depend on the choice of maximally real, admissible polarization. Therefore, the rep-
resentation m(OM= T'Mz) is independent of the choice of maximally real, admissible
polarization. Now, a glance at the induced character formula (see for instance page
352 of [42]) shows that the Harish-Chandra character of the parabolically induced
representation 7w(O,I") does not depend on the choice of real parabolic subgroup
Pr C Ggr. Since the Harish-Chandra character determines the representation [20],
7(O,T') is independent of the choice of maximally real, admissible polarization.

3. Reduction to the elliptic case

In this section, we reduce the proof of Theorem 1.3 to the case where (O,I) is an
elliptic orbital parameter for Gg. First, we must discuss the work of Rossmann [60],
[61].

3.1. Rossmann’s work on character formulas and contours

Suppose 7 is an irreducible, admissible representation of a real, reductive group
Gr and let ©(m) denote the Harish-Chandra character of 7. The Harish-Chandra
character is a generalized function on Gg given by integration against an analytic,
locally L' function on G C G, the subset of regular semisimple elements which we
will, by an abuse of notation, also call O(7) [25]. Let |dg| be a non-zero, invariant
density on Gg, and let |[dX| be a non-zero, translation invariant density on gg. We
may pull back the density |dg| under the exponential map

exp: gr — Gr
to obtain an equality exp” |dg| = jeu (X)|dX]|

for an Ad(GRr)-invariant analytic function jg, on gr. We normalize the densities
|dg| and |dX| so that jg,(0) = 1, and one notes that there exists a unique analytic
function jé/; satisfying (jé/;)Q = jo, and jg;(()) =1 [25].

If we pull back the analytic function ©(w) to the Lie algebra gg and multiply by

ng 2, then we obtain

O(m) := exp” O(m) -jé/;.

The function #(7) is analytic on a dense subset of ggr, it defines a distribution on
gr, and it is called the Lie algebra analogue of the character of 7. The distribution
O(m) is an eigendistribution for the algebra of invariant constant coefficient linear
differential operators on Ggr. Multiplication by jcl;/R ® s necessary to make 6(m)
into an invariant eigendistribution on gg [25]. Let Diff(ggr)“® denote the algebra
of Ad*(Gr)-invariant constant coefficient linear differential operators on gg. An
invariant eigendistribution on gr is a Gr-invariant distribution 6 on gg for which
there exists an algebra homomorphism

xo: Diff(gr)“® — C such that D@ = x4(D)6.

The algebra homomorphism yg is called the infinitesimal character of the invariant
eigendistribution 6. By abuse of notation, we will also call a certain Weyl group
orbit on ¢*, the dual space of the universal Cartan subalgebra of g, associated to 6
(and defined below) the infinitesimal character of 6.



HARRIS AND OSHIMA 733

If D € Diff(gg) is a constant coefficient linear differential operator on g, then there
exists a unique (holomorphic) polynomial p € Pol(g*) such that

F[Dg] = p- Fly]

for all ¢ € C°(gr). In this case, we write F|[D] = p and we say that p is the Fourier
transform of D. Then the Fourier transform yields an isomorphism

F: Diff(gr)“® — Pol(g*)?

between Ad*(Gr)-invariant constant coefficient linear differential operators on gg
and Ad*(G)-invariant polynomials on g*. If 6 is an invariant eigendistribution on
gr, then the geometric infinitesimal character of 6 is defined to be the Ad(G)-
invariant subset of g* given by

Q0) := {X € g* | F[DJ(X) = xo(D) for all D € Diff(gg)“*} . (25)

If 6 = 6(m) is the Lie algebra analogue of the character of an irreducible, admissible
representation 7, then we call Q(7) := Q(f) the geometric infinitesimal character of
m. If h C g is a Cartan subalgebra, then we may use the root space decomposition
of g with respect to h to embed h* C g* and we may restrict Ad"(G)-invariant
polynomials on g* to Weyl group invariant polynomials on h*. Taking the direct
limit, we obtain a restriction map

Pol(g*)¢ — Pol(¢*)"

denoted p — p|.+ where W denotes the Weyl group of the universal Cartan subal-
gebra ¢. Then we obtain a natural fibration

qg:g"— /W (26)
where £ € g* maps to the unique W -orbit of points 7 € ¢* with

p(&§) = ple=(n)

for all p € Pol(g*)¥. Then Q(f) is the inverse image under ¢ of the infinitesimal
character of 6; in fact one can take this to be the definition of the infinitesimal
character. One deduces that Q(f) is a finite union of Ad*(G)-orbits in g*. If
the infinitesimal character of 6 is a Weyl group orbit in ¢* consisting of regular
elements or equivalently, (@) consists entirely of regular elements, then we say that
0 has regular infinitesimal character. In this case, () is a closed Gg-orbit of
maximal dimension. When 6 = () is the Lie algebra analogue of the character
of an irreducible admissible representation of 7, we say 7 has regular infinitesimal
character if 6(7) has regular infinitesimal character. The infinitesimal character of
the representation 7(O,I") is the Weyl group orbit through A\ + p; € b* ~ ¢* [45,
Corollary 5.25]. If O is in the good range, then A + p; is regular and 7(O,T") has
regular infinitesimal character.

Suppose €2 is a regular, semisimple complex coadjoint orbit for G in g*. Write
9" = gr © V—1gg, write £ = Re{ + Im¢ for the corresponding decomposition of
£ € g, and let |-| be a fixed norm on g*.
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Rossmann defined a locally finite Z-linear combination

Y= chak

of continuous maps o, from a d-simplex to 2 to be an admissible d-chain if

(a) There exists a constant C' for which |Reoy| < C for all k.

1
(b) The sum E ek Jnax % is finite for some natural number N > 0
TESUPD O T
k

where vol(oy) denotes the Euclidean volume of the image of o, in 2.

(¢) The boundary 0y satisfies (a) and (b).

Then Rossmann formed a theory of homology by defining ,4,(£2) to be the space of
closed, admissible d-chains modulo the space of exact, admissible d-chains for every
nonnegative integer d [61, page 264|. Let

1
n = dim¢c Q2 = 3 dimp €.

An oriented, closed, n-dimensional, real-analytic submanifold M C €2, which ad-
mits an admissible triangulation defines an element of ,H,(£2). Moreover, any two
admissible triangulations of M yield the same element of ,H,(f2). Further, any
element of ,#,(€2) can be represented as a finite linear combination of oriented,
n-dimensional, real-analytic submanifolds M C €2 which admit admissible triangu-
lations [61, Remark 1.1]. An admissible contour in Q is a finite linear combination of
oriented, n-dimensional, real-analytic submanifolds M C €2 which admit admissible
triangulations.

If € CX(gr, D(gr)) is a smooth, compactly supported density on g, then we define
the Fourier transform of u to be

Flul(€) = / 60 du(X).

gRr

By the Payley-Wiener Theorem, F|u| is a holomorphic function on g* that decays
rapidly when restricted to any strip {£ € g* | |Re{| < C} with C > 0. If C C Q is
an admissible contour, then we define the Fourier transform of C to be

w/\m

Fiehw = [ F 27)

where w is the Kirillov-Kostant form on € (see (6) and replace Gr with the complex
group G') and n = 2m. Notice that the conditions (a), (b) guarantee the convergence
of (27). By Stokes’ Theorem, the above integral only depends on the homology class
[C] € Hn(Q). Rossmann proved that every Lie algebra analogue of the character
0(m) of an irreducible admissible representation m of Gg with geometric infinitesimal
character € can be written as F|[C(7)] for a unique homology class [C(7)] € ,/H,(2).

We now discuss an orientation on the manifold C(O,T',q,0.) to define its Fourier
transform F[C(O,T,q,0.)]. Utilizing (3), we have a fiber bundle structure

w: C(O,T',q,0.) = O.
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Put k = %dim(’). The canonical symplectic form w is purely imaginary on O.
Therefore, the top-dimensional form

w/\k

(V—=1)*
gives an orientation on O. Next, let [ be half the dimension of a fiber of w. Recall
from (3) that w™'(A) = A+ OJ*. Here O is a coadjoint orbit in /—Tuj} for the
compact subgroup U, of L. Therefore, we get an orientation on @ !(\) by using

the canonical symplectic form on the coadjoint orbit OPU* as we did for O. They
define an orientations on the total space C(O,T',q,0.).

We remark that the above definition depends on a choice of v/—1. The other choice
of v/—1 reverses the orientation on C(O,T,q,0.) exactly when m(= k + 1) is odd.
However, the definition of the Fourier transform (27) also involves v/—1 and one can
see that F[C(O,T,q,0.)] does not depend on the choice of \/—1. Therefore, our
formula (4) has canonical meaning independent of a choice of /—1.

3.2. Reduction to the elliptic case
We return to the notation of Section 2.2. As in (5), we define the contour
C(Oaraq7gc) = {9/\+Upl | g€ G]Ra UAS U7 gq/\:Uq)\}

where p; is half the sum of the positive roots of [ with respect to a ¢ and o.-stable
Cartan subalgebra h C [ and a choice of positive roots. In addition, we define the
contour

C(OWRe TR q o,
={m-A+u-pem|me (Mg, u€ UNM,, M- G =U" qu}

)

where pjn, is half the sum of the positive roots of [ M m which are restrictions of
positive roots of [ to h N m. Note that pignm = pinm and pilq = 0.

In the case where 7 = 7(O,I"), we let 0(O,I') := 0(w) denote the Lie algebra
analogue of the character.

Lemma 3.1. Let G be a connected complex reductive algebraic group, and let
(G%)e C Gr C G be a real form of G. Let (O,T") be a semisimple orbital parameter
for Gg, fix X € O, and fix a mazximal compact subgroup U = G C G for which the
anti-holomorphic involution o. commutes with o and stabilizes L. Define M, Mg,
(OM= M=) - and q, as in Section 2.2. If the character formula

YOI, TRy = FC(OMR)e, TR g gy, (28)
holds for (Mg). and O is in the good range, then the character formula
0(0,T') = FIC(O,T',q,0.)] (29)

holds for Gg.
Proof.  We prove the Lemma in two steps. Define

C<0MR7FMR7qmaac Me)
={m-A+u-pem|me Mg, uec UNM, M- Gn="14"qun}-
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First, we will prove that (28) implies
O(OMz M) = FIC(OMe, TM® g, 0| ar)]- (30)

Then we will prove (30) implies (29). For the first step, by the hypothesis (28), we
have

O(w - OMe gy . TMRe) = FC(w - OMe - TM - gy, (w - 0)|ar,)]

for w € Mg /My . Here, Mg is the subgroup of Mg generated by (Mg). and LgN Mg
as in Section 2.3. Further, one checks

C(w - OMRe oy . TMR)e 4y g (w - 0,)

M.)
={m-w-A+u-w- prm | ME(Mg)e, u € (WUw )N M, m-w- G =1u"w-qn}
={w-m-Atw-u-pam | ME(Mg)e, u EUNMe, w-m -G =W-U-qun}
for w € Mg/Mg . Next, observe that G(),) is connected since it is a Levi subgroup of
G. If A denotes the connected torus with Lie algebra a, then M A = G()\,,), showing
that the adjoint action of M is inner. Hence for any w € Mg/Mg and u € UNM,,

there exists u' € U N M, such that w-u - pam = ' - prm and w - u - G = U - -
Therefore, we deduce

C(w : O<MR)€7 w - F(MR)ea W Qm, (w ' UC)

={w-m-Ae+u-pem|me (Mg, uEUNM, w-mM+ Gy =U" qu }

ar.)

for w € Mg /My, which immediately implies

C(OMe TMe g 0elar) = Z Clw - OWMBe o . TMRe 4y g (w-0.)|as).  (31)

weMg /MR

Next, recall from (24), we have

T(OY T o, = (D w(w - M, w TR,

wEMg /Mg

In particular, O(OMr TMr) = Z O(w - OWMr)e gy . TMr)ey, (32)
weMp /MR
Combining (31) and (32), we obtain (30).

For the second step, recall from Section 2.5
(O, = IndIGDDf(W(OMR, M=) & etn)

is obtained via (unitary) parabolic induction. We have assumed that O is in the
good range, which implies that the infinitesimal character of 7(OM& I'Mz) is regular.
Moreover, C(OMr T'Mr g, o.|5) is an admissible contour.

Hence, we may utilize the Lemma on page 377 of [60] together with the assumption
(28) and the fact that O in the good range implies that 7(O,I') has regular in-
finitesimal character to deduce that (O, T") can be written as the Fourier transform
of the contour

C(O.T,4,0.) := K - [C(OM*, TM, qu, 0| nr) + An + V= 1(g5/Pr)’]:
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Let us pause for a moment to discuss the orientation on C(O, T, q,0.). The orienta-
tion on C(OMz T'M=z g, o.|y) is defined as in Section 3.1. We have a pairing

() tr/(tr NmR) ® (gr/Pr)" — R

by utilizing the isomorphism g /(tg Nmg) ~ gr/pr and then we define a symplectic
form v on tr/(kr NmMg) ® (gr/Pr)* by

Y(Er/(tr Nmg), tr/(tr N mg)) =0,  Y((gr/Pr)", (Or/Pr)") = 0,
’Y(X, Y) = <X, Y> for X € ER/(ER ﬂmR), Y e (QR/pR>*

If d := dimgg/pr, then A%~ gives an orientation on f/(tx N mg) X (gr/pr)*
Combining these two, we obtain an orientation on

C~(O7 F, q, UC) = KR X KrNMg [C(OMRa FMR? Qs UC‘M> + )‘n + v _1(9R/pR)*]

and with respect to this orientation

FIC(O,T,q,0.)] =0(0,T)

by the Lemma on page 377 and the Pfaffian argument on page 379 of [60].

Next, recall
C(OMR,FMR,qm,JC|M) ={m-Ae+u prm | M- qu=u qn, mE Mg, ue UNM}.
Note Ar(Np)r - A=A+ V—1(gr/pr)*. Further, if m € Mg, then

m - A+ vV—=1(gr/pr)"] = m- A+ vV—1(gr/pr)".

Hence, C(O,1,q,0.) = U k-im-Ar(Np)r - A+ u- p.

keKr, meMg, ueUNM
mM-m=U"qm

Note m - qum = u - qy implies v~ 'm € Ny(qm) = Qur the corresponding parabolic
subgroup. Since Qy C @ := Ng(qy), we note (kmn) - gy = (ku) - q» whenever
ke Kg, me Mg, uc UNM, n € Ag(Np)r, and m -y = © - qy. Further, any
g € Gg can be written as ¢ = kmn with k € Kz, m € Mg, and n € Ag(Np)g.
Finally, if g-qx = u-qx = ug-q\ with ¢ € Gg and w,uy € U, then ug € w(UNL). In
particular, every such wug is in Kg - (U N M). Putting all of these remarks together,
one deduces

CO.Tq0)= |J (9-A+u-p)=CO.T.q0.).
g€GRr, uelU
g-qr=u-qx

To complete the argument, we must check that the orientation defined above on

C(O,T',q,0.) agrees with the orientation on C(O,T',q,0.) defined in Section 3.1. To
check this, observe that the projection

Wty : C(OMR,FMR, Qs Oc|ar) — OMz
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gives rise to a projection

C(O, F» q, JC) = KR X KpNMg [C(OMR7 FMR7 Jm, JC|M) + )‘n + v _1(9R/pR)*]

id XWJMIRXidJ/

Kr X KpNMg [OMIR + A+ \% _1(9R/pR)*] ~ O
One sees that after composing with the isomorphism 5((’), I q,0.) ~C(O,T,q,0.),
this is in fact precisely the projection w: C(O,T',q,0.) — O that was utilized in
Section 3.1 to defined the orientation on C(O,T',q,0.). Utilizing id xw X id, we

observe that the orientation on C(O, T, q, 0.) is induced from the orientation defined
on the fibers of

W, C((’)MR,FMR, Qs Oclp) — OMz

and the orientation on the base Kg X gpnnr [OMF + N\, + vV =1(gr/pr)*] =~ O, which
in turn arises from the orientation on the coadjoint orbit OM® together with the
orientation on g /(tg N mg) X (gr/Pr)* given above. The fibers of w and w,,, are
naturally isomorphic and the corresponding orientations were defined analogously.
Hence, it is enough to check that orientation on

Kr X KpNMg [OMR + A+ v _1<9R/pR)*]

defined by the orientations on OM® and €g/(€g Nmg) x (gr/pPr)* agrees with the
orientation on the coadjoint orbit O defined in Section 3.1. In fact, it follows from
the argument on page 379 of [60] that the canonical top-dimensional form on O is
equal to the top-dimensional form on Kg X g nns [OMF + N, ++/—1(gr/pr)*] induced
from the forms on OM= and €g/(kg N mg) x (gr/pr)*. The lemma follows. n

4. The Kashiwara-Schmid correspondence and the character formula of
Schmid-Vilonen

In this section, we recall a correspondence conjectured by Kashiwara [35] and proved
by Kashiwara-Schmid [38] between a bounded equivariant derived category of sheaves
of complex vector spaces on the flag variety and a bounded derived category of nuclear
Fréchet Gg-representations. By comparing a result of Wong (see Section 2.4) with
this correspondence, we will identify an object of the bounded equivariant derived
category that corresponds to our representation m(QM#)e T(Me)e) studied in Section
2. Then we recall the character formula of Schmid-Vilonen [65] which relates the
character of the representation to the characteristic cycle of this sheaf.

4.1. The bounded equivariant derived category

Before recalling the notion of an equivariant derived category, we recall the notion of
an equivariant sheaf. Suppose X is a smooth manifold with a continuous action of
a Lie group G. Intuitively, an equivariant sheaf on X is a sheaf F together with a
collection of sheaf isomorphisms I,: F(-) — F(g-) that continuously vary in g € G
satisfying lg, = 4l , lo = Id, and for which sections of F are locally [,-invariant for
g € G near the identity. For a more precise definition, see page 2 of [7].
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We say X is a free G-space if the stabilizer of every point x € X is the identity
e € G and if ¢: X — X := X/G is a locally trivial G-equivariant fibration with
fibers equivariantly isomorphic to G'. The second condition means that for every
xr € X, there exists a G-invariant, open subset x € U C X and a G-equivariant
isomorphism
GxU-">U

where U := U/G. Bernstein and Luntz point out [7, Lemma 0.3] that the inverse
image functor gives a natural correspondence between sheaves of C-vector spaces on
X = X/G and G-equivariant sheaves of C-vector spaces on X .

Let Sh(X) denote the category of sheaves of complex vector spaces on X, and let
She(X) denote the category of G-equivariant sheaves on X . If X is a free space,
then we may identify D’(Shg(X)) with D?(Sh(X)). However, if X is a G-space
that is not free, then we may not have such a correspondence between equivariant
sheaves on X and sheaves on X := X/G.

Let I = [a,b] C Z be an interval. If X is any topological space, denote by D!(X)
the full subcategory of the derived category of sheaves of complex vector spaces on
X consisting of objects M satisfying H'(M) = 0 for all 4 ¢ I. If X is a smooth
manifold with a smooth G-action and Y is a smooth manifold and a free G-space,
then X x Y is a free G-space. Consider the projections

p: X XY =X, ¢ XxY—=>XxY.

Motivated by the above situation, Bernstein and Luntz make the following definition
[7, Section 2]. The category DL(X, X xY) is the collection of triples (Fx,F,[3) for
which Fx € D!(X), F € D'(X xY), and

B p i Fy = ¢\ F.
A morphism v = (vx,7) between (Fx,F, ) and (Gx,G, ) is a pair of maps
vx: Fx = Gx, 7:F — G satisfying aop tyx = ¢ 7o B.
There is a natural functor
D'(Shg(X)) = DG(X, X xY) by F s (F,qip™'F, ),
where 3 is the natural isomorphism. A topological space Y is called n-acyclic if
H(Y,C)=C, H(Y,C)=0if i=1,...,n, and H(Y,C) is finite-dimensional for
all 7. Bernstein and Luntz show that if X is a free G-space, and Y is n-acyclic
with n > |I], then the above map yields an equivalence [7, Proposition 2.1.1]
D!(Shg(X)) ~ DL(X, X xY).
Even when X is not free, the categories DL (X, X x Y) are naturally equivalent for
all n-acyclic Y.

Let Gr be a real, reductive group with complexification G. Then there exists an
n-acyclic complex algebraic G-space Y for every n that is also a free Gg-space |7,
Lemma 3.1]. We thus define D{,_(X) to be the category D¢, (X, X xY) for ¥
n-acyclic with n > |I|, which is independent of Y up to equivalence. Taking the
direct limit over the indices I yields the equivariant bounded derived category of
sheaves of complex vector spaces on X, DgR(X ). See page 19 of [7]; in addition, see
the descriptions on page 41 of [36] and pages 12-13 of [38].
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There exists a functor D°(She, (X)) — D& (X).

To define it, take F € D’(Shg, (X)), find I C Z with F € D!(Shg, (X)), and
for every J D I, choose Y a |J|-acyclic complex algebraic G-space that is a free
Gr-space, apply the map

DJ<ShGR(X)) - DéR(X,X X Y),

and then take the limit to obtain an object in Dg (X). Moreover, there is the
forgetful functor
D¢ (X) — D"(X)

obtained by taking an object of D%_(Sh(X)), representing it by
(Fx,F,B) € D, (X, X xY)

for some I, and then mapping it to Fx.

If f: X = Y is a real algebraic, Gr-equivariant map between real algebraic Gg-
spaces, then we have functors [7, page 35]

fos fir De(X) = D (Y),  f* f': D, (Y) — De, (X).

We work with D¢, (X) instead of D’(She, (X)) due to the existence of these functors.
All of these functors commute with the forgetful functor [7, pages 35-36]. In addition,
if Hgr C Grg is a real, linear algebraic normal subgroup acting freely on X, then there
is a natural equivalence of categories [7, pages 27-28]

Dy, (X) = Dy (Hr\X). (33)

Let G be a connected, complex reductive algebraic group with Lie algebra g, and let
X betheflag variety of Borel subalgebras of g. A sheaf F on X is R-constructible if
(a) F, is finite-dimensional for all z € X

(b) There exists a finite family of locally closed subsets {Z,} of X such that

i) X =U,Z,
(ii) Z, is a subanalytic subset of X (see page 327 of [37] for a definition of
subanalytic)

(iii) F|z, is a locally constant sheaf of finite rank on Z, for every «.

The {Z,} are called a stratification of X . A natural stratification arises by taking
a component group of a real form Gg C G and letting {Z,} denote the Gg-orbits
on X . In practice, this will be the only stratification considered in the sequel.

An object F € DY(X) is R-constructible if the cohomology sheaves H7(F) are all
R-constructible. An object F € D%R(X ) is R-constructible if the image of the
forgetful functor Fx € D*(X) is R-constructible. We denote by D¢ g .(X) the full
subcategory of DgR (X) consisting of R-constructible objects.

4.2. The Kashiwara-Schmid correspondence

For each x € X, let B, (resp. b,) denote the corresponding Borel subgroup (resp.
Borel subalgebra). Let C (resp. ¢) denote the universal Cartan subgroup (resp.
Cartan subalgebra) of G (resp. g). In particular, there are natural isomorphisms
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C ~ B,/|B.;, B;] and ¢ ~ b,/[b,, b,] for every z € X. For each e* € Homex (C,C*)
with differential p € ¢*, define £, — X to be the holomorphic line bundle on X on
which the action of the isotropy group B, on the fiber over x € X factors through
B, /|Bs:, B;] ~ C where it acts by e*. Let A denote the collection of roots of ¢, and
let A" denote the collection of positive roots of ¢ determined by the root spaces in

[b,,b,]. Let .
=LY

acAt

We call € ¢ integral if it is the differential of a character in Hom(C,C*). If p € ¢*
and p+ p is integral, then we define Ox (1) to be the sheaf of holomorphic sections
of the holomorphic line bundle £, — X .

Let FNg, denote the category of Fréchet, nuclear spaces with continuous Gg-
actions. This category is quasi-abelian and one may form the bounded, derived
category D’(FNg,) of FNg, in much the same way as one forms the bounded,
derived category of an abelian category. See Section 2 of [36] for details. If u € b*
and p 4+ p is integral, then Kashiwara-Schmid give a functor

R Homg}( -, Ox(n): Dy po(X) — D'(FNg,).

The complexes in D°(FNg,) in the image of this functor are strict, meaning that
the images of the differential maps are closed. The cohomology of this complex at
degree p is then denoted

Ext?( -, Ox ().

Forgetting the topology and the Ggr-action, these functors are the usual R Hom and
Ext? functors composed with the forgetful functor from DY, .(X) into D*(X). To
make these vector spaces into topological vector spaces we replace Ox(u) by the C*
Dolbeault complex. See Section 5 of [38] and Sections 5, 9 of [36] for more details.
The equivariance of sheaves gives continuous Gg-actions on vector spaces. We refer
the reader to Kashiwara-Schmid [38] and Kashiwara [36] for the technical details. In
fact, Kashiwara-Schmid treat non-integral parameters using twisted sheaves, but we
will avoid this more general case in our paper.

Let (O,T') be an elliptic orbital parameter with @ in the good range. We wish to
relate the maximal globalization 77 (O, I") to the Kashiwara-Schmid correspondence
above. To do this, we follow Wong [78]. Adopting the notation of Section 2.2 and
Section 2.3, fix a maximally real admissible polarization {q\} of O. Let S" be the
GRr-orbit consisting of all parabolics g, with A € O, and let Y be the partial flag
variety of all complex parabolics G-conjugate to some q,. For every Borel subalgebra
b C g, it follows from standard arguments regarding root data and Weyl groups that
there exists a unique parabolic q € Y containing b. The corresponding map b — ¢
yields a natural, G-equivariant fibration

w: X =Y.

We may put S = ww1(S’). More concretely, S is the collection of Borel subalgebras
b C g such that b C gy for some A € O. Fix A € O, let g = gr()), and find
a fundamental real Cartan subalgebra hr C Iz C gg such that A € /—1h%. Let
L:=G()\), Lg :== Gr()\), and let X, denote the flag variety for L. We must make
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an integrality assumption on the elliptic orbital parameter (O,I"). Let b := hr ®r C
be the complexification of hg and assume

A+ p(n) is integral. (34)

Next, to relate 7=“(O,T") to the Kashiwara-Schmid correspondence, we first recall
that Wong defines a map [78, page 11]

Indgﬂ]]s : ‘D%R,R—C<XL) — DgR,R—c<X)

in the following way. The fiber @~ !(gy) can naturally be identified with Xy . This
gives us an inclusion ¢: X; — S and we have a corresponding functor

tet Dy pe(X1) = Dl zo(S). (35)

Next, we wish to map Lg-equivariant objects on S to Gr-equivariant objects on S'.
This is done by considering the following diagram

ST GrxS 5 Grxp,S%S

where pr denotes the projection onto the second factor, ¢ denotes the quotient map,
and a denotes the action map. We let Lg act on S by letting Lg C Gg act in the
usual way on Borel subalgebras of g, and we let Gg x Lz act on Gg x S by

(g,0) - (z,06) := (gal™', Ad(1)b).

This action allows us to identify S ~ (Gr x S)/Gr and utilize (33) to give an
equivalence of categories

D%R,R-C(S) = DbGRxLR,R-c(GR x S). (36)
Next, Ggr X1, S := (Ggr x S)/Lg which induces an equivalence of categories (33)
DngLR,R—c(GR x S) = DgR,R—C(GR Xrg S). (37)
Next, one can push forward by a, the action map, to obtain
tv: Dy go(Gr X1 S) = D, g o(S). (38)

Composing the three functors (36), (37), (38), one obtains a “change of groups”
functor
Fgﬂns D%R,R—C(S) _) DbG’RJR—C(S)' (39)

Recall S was defined as an open subset of X; hence, we have a natural inclusion
j: S — X. Applying the corresponding proper pushforward functor, we obtain

gt Dy mo(S) = Do po(X). (40)
Composing the maps (35), (39), and (40), one obtains the functor

Ind{® := jI7% 0, DY (X1) = Db g (X). (41)
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Now, consider the constant sheaf Cx, on X;. One immediately checks
Ext’(Cx,,Ox,(L,)) ~ Hom(Cx,,Ox, (L)) =~ T'(X, L,) (42)

for all p € ¢* integral. Moreover, if | = dim¢ X and wy is the longest element of
the Weyl group (of the root system of the universal Cartan c¢), then by the Borel-
Weil-Bott Theorem

Eth(CXL’ OXL (‘CM)) = Hl (XLv OXL (‘C,u)) = HO(XLv OXL ('Cwo(lt*p[)er[))- (43)

Fix a choice of positive roots A*(l,h) C A(l,h), and define

,0[:% Z )Oé.

acAt(Lh
Write g, = [€ n as in Section 2.2, and define
AT(g,h) = AT(Lh) UA(n, bh)

using our (arbitrarily chosen) fixed choice of positive roots AT ([, ). There exists a
unique isomorphism h ~ ¢ between f and the universal Cartan subalgebra ¢ such
that the positive roots A*(g,¢) correspond to the positive roots A*(g,b).

Ifp=A+p+p=X+phn)+2p, then

wo - (L —p0) + pr=wo - A+ pn) + p1) + pr
=A+pM) +wo-pi+p=A+pn)

where we used that A + p(n) vanishes on the semisimple part of [ to deduce that it
is fixed by wy. Combining this calculation with (42) and (43), we obtain

Eth(CXL7 OXL (/\ + p(n) + p[)) = Eth (CXL7 OXL (£A+p(n)+2p[))
= Ext’(Cx,, Ox, (Latpm)) = DXL, Latpm) = Do @ e/

where the last line denotes the one-dimensional, unitary representation of Lr. A
similar application of Borel-Weil-Bott yields

Ext’(Cx,,Ox,(A+pn) +p)) =0if p# L

Notice that the integrality condition (34) is necessary for the sheaf Ox, (A+p(n)+py)
in the above calculation to be well-defined.

In particular, we have shown that the Kashiwara-Schmid correspondence with “twist”
A+ p(n)+ pr maps the constant sheaf Cx, to an object in the derived category whose
cohomology in degree [ is the one-dimensional representation I'y ® e?™ and whose
cohomology vanishes in all other degrees. Then by Proposition 4.5 of [78], we deduce

Ext"**(Ind{* Cx,, Ox (A + p)) ~ H*(O, Lr)

where s = dimc(nN€). As noted in Section 2.4, it follows from results in [77] that
H*(O, Lr) ~ 7 “(0,T"). Therefore, to place the representations 7(O,I") within the
Kashiwara-Schmid correspondence, it is enough to compute Indfﬂf Cx, .
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Now, 1,Cx, = Cg and the constant sheaf Cg remains unchanged under the change
of groups functor. Therefore, Ind%‘j Cx, = iCg where j: S — X is the inclusion.

Hence, Ext™™*(5Cs, Ox (A + p)) ~ 7%(O, Lr) (44)
if s =dimc(nN¢€) and | = dime X;,. Whereas
Ext?(71Cs, Ox(A+p1)) =0 if p#1+s. (45)

In passing, we also note that one can deduce the above equalities from the results
of Section 6 of [78] together with knowledge of a K¢-equivariant sheaf on a partial
flag variety corresponding to the Harish-Chandra module of 7(O,I") which can be
found on page 81 of [§] .

4.3. A character formula of Schmid-Vilonen

In the seminal paper [65], Schmid and Vilonen give a geometric character formula
for every irreducible, admissible representation 7 of a real, reductive group Gr with
regular infinitesimal character. In order to state their result, we must recall a couple
of additional notions.

If X is a complex manifold of complex dimension n with complex coordinates
21y ..., 2 With z; = z; + v/ —1y;, then

dxy Ndyy Ndxg Ndys N -+ ANdx, A dy,

defines an orientation on X . If Z C X is a closed (real) submanifold, the orientation
on X induces an orientation on the conormal bundle 75X as in [64].

Now, let X be the flag variety for GG, assume S € DbGRR_C(X ) and apply the forgetful
functor to obtain an object in D& (X) that, by abuse of notation, we also call
S. All of the R-constructible sheaves H?(S) are constructible with respect to the
stratification of X defined by the Ggr-orbits on X. If Z7 C X is a Gg-orbit, then
the conormal bundle to Z in X is

T X ={(z¢8) |2€Z €e(g/(gr +b:))"}

where b, C g is the Borel subalgebra corresponding to z € Z. And

e, X= |J Tux
ZeX/Ggr

denotes the union of the conormal bundles to Ggr-orbits Z C X. Then, for each
7 € X/Gg, write

X\ |J T3 X=JAza
Z'eX/Gr «
747
as a finite union of connected components. Then the characteristic cycle of S,
denoted CC(S), is a subanalytic, Lagrangian cycle in T{_ X . More precisely it
is a linear combination of components of the form Az, for Z € X/Ggr. Since
Az, C T;X is open, by the above discussion it inherits an orientation if dim¢ X
is even and, one must divide by a non-canonical choice of v/—1 to orient Az if
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dim¢ X is odd. Therefore, CC(S) is equipped with an orientation if dim¢ X is even
and one must divide by a non-canonical choice of /—1 to obtain an orientation
if dimc X is odd. The characteristic cycle was introduced by Kashiwara [34]. See
Section 9.4 of [37] and Section 2 of [64] for expositions.

If ¢ is the universal Cartan subalgebra, then, for each pair (h, A*) where h C g is
a Cartan subalgebra and AT C A(g,h) is a subset of positive roots, we obtain a
canonical isomorphism ¢y A+ : b =~ ¢ which preserves positivity. If £ € ¢* is a regular
element in the dual of the universal Cartan subalgebra, then we obtain an element
Epat = L;1A+ (€). Define Q¢ to be the regular coadjoint G-orbit consisting of all
elements of the form &, o+ for some pair (h, A"). The set Q¢ is also the inverse
image of ¢ under the fibration ¢: g* — ¢*/WW defined in (26).

Fix a maximal compact subgroup U := G C G where o, is an anti-holomorphic
involution of G commuting with o. For every x € X, there is a unique Cartan
subalgebra b, C b, fixed by o.. If AT C A(g,b,) is the collection of positive roots
determined by b,, then we define &, := &, A+ € b C g*. Rossmann defined the
twisted momentum map [61, (3) on page 265]

pe: T"°X — Qe Cg* by (z,n)— & +n.

The map pe is a U-equivariant real analytic diffecomorphism. We denote the
Verdier duality functor (7, page 37] by D: D¢, g (X) = D .(X). Suppose that
S € DY, p(X) and £+ p is integral. Assume that there exists ¢ € Z such that

Ext!(DS,O0x(§)) 27 and Ext’(DS,0x(§)) =0
if p # q. Then Schmid and Vilonen show [65, (1.8) on page 4]
Flue(CC(S))] = (=1)%0(m).

Notice 11¢(CC(S)) inherits a canonical orientation from the orientation of CC(S) if
dimc X is even. On the other hand, the orientation on u(CC(S)) depends on a
non-canonical choice of /—1 if dimc X is odd. Therefore, as explained in Section
3.1, the Fourier transform is well-defined.

Let us consider the special case where m = 7(O,I') and (O,T) is an elliptic orbital
parameter satisfying the integrality condition (34) and for which O is in the good
range (19). Fix A € O with A\ = —o.(\). Let q\» = g(\) & n be an admissible
polarization. Fix a ¢ and o.-stable Cartan subalgebra fh C g(\) = [. Fix a choice of
positive roots AT ([, h) and define AT := A(n, h)UAT(I, ). By abuse of notation, we
will often write A+ p for the element vy a+(A+pr) € ¢*. This element is independent
of the above choices.

By (44) and (45), we deduce that we may take S = jjCg to be the sheaf corresponding
to m(O,T") where ¢ = s+ 1. Applying Verdier duality [7, Theorem 3.5.2], we obtain

]ng@s ~ RJ*CS[Q dlIIl(j X],
and we deduce
Flinen( CC(RILCs))] = (~1)%0(0,T). (46)
Observe that the shift by the even number 2 dim¢ X does not change the characteris-
tic cycle since the characteristic cycle is defined as an alternating sum of dimensions

of certain local cohomologies in each degree. See Chapter 9 of [37] and page 4 of [64]
for this definition.
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5. Proof of the character formula

In this section, we give a proof of Theorem 1.3. In order to do so, we utilize ideas from
Schmid-Vilonen [64] and Bozicevic [10], [11] to show that the characteristic cycle of
the sheaf Rj.Cg described in the previous section is homologous (up to sign) to the
inverse image of our cycle C(O, T, q,0.) under the twisted momentum map. Finally,
since we work with untwisted sheaves, we need a coherent continuation argument to
obtain the formula in full generality.

5.1. Integral case

The argument in this section is analogous to [65, Section 7], [10, Section 3|, and [11].
We retain the setting at the end of Section 4.3. In particular, (O,T") is an elliptic
orbital parameter with O in the good range (19). Let A € O such that A = —o.()\)
and assume the integrality condition (34). Put & := A + p;. To prove (28), it is
enough to show that the cycle u(CC(Rj.Cg)) is homologous to (—1)C(O,T,q,0.)
as an admissible cycle.

We say that a chain C in T*X is R-bounded if Re pe(suppC) is bounded.

Lemma 5.1 ([65, Lemma 3.19]).  Let Cy and Cy be R-bounded semi-algebraic 2m-
cycles in T*X . Suppose that there exists an R-bounded semi-algebraic (2m+1) -chain
C in T*X such that OC = C; — Cy. Then

/uZwm:/ prew™.
Co C1

We will apply the lemma by constructing a (2m+1)-chain C such that 9C = C; —Cp,
where Cy = CC(Rj,.Cg) and C; = (—l)q,ugl(C((’), ['q,00)).

The cycle CC(Rj.Cg) can be described by using the open embedding theorem by
Schmid-Vilonen [64, Theorem 4.2]. Let V' be the irreducible finite-dimensional
representation of G with highest weight A 4+ p(n). The representation space V
is realized by the Borel-Weil theorem as regular functions F': G — C satisfying
F(gp) = e > (p)F(g) for g € G and p € Q,. Here, Q, is the opposite parabolic
subgroup of @\ = Ng(qy). Since @, is stable by the involution § = oo., the
action of # on G induces an involution on V', which we also denote by 6. Then
0(g) - O(v) = 6(g-v) for g € G and v € V. Fix a U-invariant Hermitian inner
product h on V and define another hermitian form h, (v, w) := h(v,6(w)). Then h,
is Gr-invariant:

he(gv, gw) = h(gv,8(g)0(w)) = h(v,0c(9) ' 0(g9)0(w)) = h(v,8(w)) = hy (v, w)

for g € Gg. Define a real algebraic function f on X by

f(z) = . v e Vabal\ o

Since the highest weight space V%%l is one-dimensional, f is well-defined. Let
yeY and q,=I[,®n, the corresponding parabolic subalgebra of g. By [43, Theorem
5.104(a)] V™ is an irreducible [,-module with highest weight A+ p(n). But, since
A+p(n) vanishes on [[,,[,], V™ is one-dimensional and isomorphic to V[l
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Let fy be the function on Y given by

hy(v,v)

V[qu%] 0.
h(v,v)’ ve \

fr(y) =

Recall that we have a natural map w: X — Y. If w(z) = y, then V[babel = Vlawau],
Hence f = fy ow.

Let yo € Y be the base point corresponding to qx. A vector vy € VIn®I ig realized
as a function F' on G such that F(pp') = AP (p)e =P (p') for p € @, and
p € Q,. Therefore 0(vy) = vy and fy(yo) = 1. For g € Gk,

hr(g'007 gUO) _ h(v()v UO)

= > 0.
h(gvo, gvo) — h(gvo, gvo)

fY(g?Jo) =

We next claim fy(y) =0 for y € 0S. Replacing y by gy for g € Gy if necessary, we
may assume that g, contains a #-stable Cartan subalgebra b C gr. Let X € (h')*
be the weight corresponding to A € ¢* by the isomorphism b’ ~ ¢. Then b’ acts by
N on VIl Since A is elliptic, N = —a.(\'). If moreover X' = §(X'), then )\ takes
purely imaginary values on hp. But this implies gg + q, = g and Gg -y is open in
Y, which contradicts y € dS. Therefore, X' # 6(\') and V0wl and §(Vwl) are
in the different b’-weight spaces. Hence h,(v,v) = h(v,0(v)) = 0 for v € VIl
proving the claim.

The above statements on fy imply f = fy o w is positive on S and zero on the
boundary 05

Write X® for the underlying real manifold of X. In what follows, we identify
the complex cotangent bundle 7*X with the real contangent bundle T*X® by the
correspondence of d¢(z) € T:X and dé(z) € T*X® for a real-valued function
¢ on X. Also, T*Y and T*Y® are identified in a similar way. Define a map
0:(0,1) x S = T*X by (t,x) — t(dlog f), and define a (2m + 1)-chain C in T*X
by the image of ¢. For the orientation, if dim S is even, then we take a product
of the positive orientation on (0,1) and the natural orientation on S coming from
the complex structure. See Section 4.3 for a definition. If dim.S is odd, then we
take the product of the positive orientation on (0,1) with the non-canonical choice
of orientation on S which depends on a choice of v/—1. By [64, Proposition 3.25
and Theorem 4.2], we have

oC = [dlog(f[s)] — CC(Rj.Cs).
As a result, the following lemma implies (28) under the integrality condition (34).
In the next section, we will remove the assumption (34) and then Lemma 3.1 will
imply our main result, Theorem 1.3.
Recall that we put s :=dim(nN¢), [ ;= dimc X, and ¢ := s+ (.

Lemma 5.2.  In the setting above, the twisted momentum map pe: T*X — )
restricted to dlog(f|s) gives a real algebraic isomorphism dlog(f|s) — C(O,T',q,0.).
Moreover, the orientation is preserved if q is even and reversed if q is odd.

Proof.  The proof is analogous to [65, (7.27a)], [10, Lemma 3.2], and [11], but we
include this for completeness. For Z € g, we also write Z for the corresponding
vector field on Y.
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Then by an isomorphism T*Y® ~ T*Y"

(dlog fy, Z)(y) = (0log fy, Z)(y)
1d

=57 (log fy(exp(tZ)y) — v/—1log fy(exp(\/—_ltZ)y)>

for y € §'. If y = gyp = uyo with g € Gg and v € U, then

t=0

a log fy (exp(tZ )y))

dt =

_ h(Zgvo, gvo) + he(guo, Zgvo) — h(Zuwo, uvg) + h(Zuvg, uvy)
hr<gU07 gUO) h(U'Uo, 'LL’Uo)

~ 2Reh,(Ad(g")(Z)vy, vo) _ 2Re h(Ad(u=1)(Z)vg, vo)
hy(vo, vo) h(vo, vo)

=2Re(\, Ad(g1)Z) —2Re(\, Ad(v 1) 2)
= 2Re(Ad*(g)\, Z) — 2Re(Ad"(u)A, Z).
Similarly, — \/—_1% log fy (exp(vV/—1tZ)y) -
= 2¢/—1Im(Ad*(g)\, Z) — 2¢/—1Im(Ad*(u)\, Z).
Therefore, (dlog fy, Z)(y) = (g- A —u- X\ 7).
Under isomorphisms T*Y® ~ T*Y ~ {(y,&) |y € Y, £ € (g/q,)*}, we obtain

dlog(fyls) ={(u-yo, 9-A—u-A) | g€ Gr, u€ U, g-qx=u-dqx}.
Fix x¢ € S such that w(xg) = yo. Then it is easy to see that

dlog(fls) ={(u-zo, g- A —u-AN) | g€ Gr, u€ U, g-qx=1u-qx}.
Since pe(u - o, 1) =n+u- (A + pr), we have

pe(dlog(fls)) ={g-A+u-p|g€Gr, ucl, g-ax=u-q\} =C(O,I',q,00).
Hence the first assertion is proved.

To consider the orientation, let py x: T*Y — g* be the twisted momentum map for
the partial flag variety given by

pyr(u-qyn) =u-A+n forueU,ne(g/(u-qx)

There is a commutative diagram

dlog(f|s) LI C(O,T,q,0.)

gl |

dlog(frls) — O

By, X
where the horizontal maps are isomorphisms. The isomorphisms dlog(f|s) ~ S
and dlog(fy|s) ~ S’ together with the complex structures on S and S’ orient
dlog(f|s) and dlog(fy|s). The coadjoint orbit O is oriented by %, where w is
the canonical symplectic form and 2k = dimg O.
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We show that the orientation is preserved by the map py ) exactly when s is even.
For this, it is enough to compare the orientation at y, and at A € O. The tangent
spaces T,,S and T)O are identified with gg/lr. The complex structure on this space
is given by the isomorphism gg/lr ~ g/qr. Let g =t®@ g% and h = h? D h=Y be
Cartan decompositions. Since b is a fundamental Cartan subalgebra, h? is a Cartan
subalgebra of £. We have root decompositions:

e=v"e P L g'=v"s D o’

a€A(t,h?) a€A(g=?,h)
Correspondingly, the isomorphism gg/lg =~ g/q, is decomposed into

(b, Do) Ntg ~t_, forac AnNtp’) and
(92" ®9=0) Mg’ = 9=, fora € A(nng™,p’).

This decomposition is orthogonal with respect to the symplectic form w(Zy, Z,) =
M[Z1, Zs]). Therefore, the two orientations on gr/lg induce those on each summand.
Then it is easy to see that the two orientations differ on (¢, ®€_,) NE€r and agree on
(9.’ @9=%)Ngr. Hence pyy preserves the orientation exactly when s = #A(nN¢, h?)
is even.

Recall that C(O,T',q,0.) has an orientation defined by the orientations of O and
the fiber A\ + Og*. The fiber of w: X — Y is isomorphic to X and the restriction

of pe gives an isomorphism Xy, B+ (’)g*. Recall from Section 4.3 that the
complex manifold X has a natural orientation. The map p¢|x, is identified with
the twisted moment map for U, and an argument as above shows it preserves
orientation if and only if dim¢ X, is even. Therefore, the map between total spaces

dlog(fls) AN C(O,T',q,0.) preserves orientation if and only if ¢ = s+ iseven. m

One can drop the integrality condition (34) on A for the claim that p4, (CC(Rj.Cs))
is homologous to (—1)C(O,I',q,0.) as an admissible cycle. Indeed, since A is
elliptic, one can choose a positive integer N such that N(X + p(n)) is integral.
Let f be the function on X constructed from the irreducible finite-dimensional
representation of G with highest weight N (X + p(n)). Define C to be the image of
the map ¢: (0, %) X S — T*X by (¢,z) — t(dlog f),. Then we have

aC = ldlog(fls)] — CC(Rj.Cs) and pi,(Fldlog(fls)]) = C(O. T, q,00),

which prove the claim.

5.2. Coherent continuation

In this subsection, we will prove (28). More precisely, if (O,T") is an elliptic or-
bital parameter for Gy in the good range (19), g is a maximally real, admissible
polarization, and o. is a compact form of G commuting with o, then

0(0,T) = FIC(O,T, q,0.)]. (47)

By Lemma 3.1, (28) implies the main result of this paper, Theorem 1.3. In the
previous subsection, we showed (47) under the additional integrality assumption
(34). In this subsection, we will remove this assumption using a coherent continuation
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argument. We note in passing that one can verify (47) by rewriting Section 4 and
Section 5.1 in greater generality using the theory of twisted sheaves. However, we
have chosen not to do this in an effort to make this article accessible to a wider
audience.

Recall from Section 3.1 that the infinitesimal character of an invariant eigendistri-
bution 6 on gg is a W-orbit in ¢*. In this section, we will abuse notation and say 6
has infinitesimal character 7 € ¢* whenever 7 is contained in the correct W -orbit.
Let (¢*)" C ¢* denote the subset of regular elements.

If 6 is an invariant eigendistribution on ggr, then 6 is given by integration against a
Gr-invariant, locally L', analytic function on the collection of regular, semisimple
elements gr C gr [24]. By abuse of notation, we write 6 for both the invariant
eigendistribution and the analytic function. Further, if we fix a Cartan subalgebra
hbr C gr and a choice of positive roots AT C A(g,h), then we define the Weyl
denominator on hr to be the function

D(bg, AT)(X) = ] (22 —e7ot0),

acAt

Harish-Chandra proved that if « is an invariant eigendistribution with infinitesimal
character n € (¢*)’, then one can write

w +
D wew (Agp) Gwe ")

0l () = D(bg, A1)

where W (A(g,h)) denotes the Weyl group of the roots of g with respect to h and
a, is a complex valued function that is constant on the connected components of
(br)’ for every w € W(A(g,h)). This is proved in Section 8 of [21]; see also Chapter
10 of [42] for an exposition.

Definition 5.3. A coherent family of invariant eigendistributions is a family {6, }
of invariant eigendistributions depending on a parameter n € (¢*)" such that

(1) 6, has infinitesimal character n for every n € (¢*)’

(2) for every real Cartan subalgebra hr C gr and every choice of positive roots
AT C A(g,b), we have an expression

w +
o1 Zwew(ay) Gl
U’(hR)' - D(bR A+)

where the locally constant functions a,, are independent of 7.

Traditionally, one discusses coherent families of invariant eigendistributions on Gg,
which depend on a parameter varying over a certain translate of a lattice in ¢*.
However, for our applications it is useful to study invariant eigendistributions on gg
and let the parameter n vary over all of (¢*)’ as on page 266 of [61].

The following fact is clear.

Lemma 5.4.  If {0,},cy and {7,}ye(+y are two coherent families of invariant

eigendistributions and 0,, = T,, for some ny € (¢*), then for every n € (c*),

0, =7,.
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Armed with this terminology, let us return to our previous setting with fixed data
(O,T,q,0.). Fix a fundamental Cartan subalgebra hg C gg, choose X € v/—1h5N0O,
decompose g, = [®n with [:= g()), and fix a choice of positive roots AT C A(g, b)
such that A(n,h) C AT. Then we may identify £ := XA+ p; € (h*)' >~ (¢*)" using our
choice of positive roots. As in the proof of Lemma 5.2, we have

NglC<Ovraq70c):{<bag)‘_U/\)|96GR7U€U79CIA:UClAabCUCI,\}

Now, define O, := Ad*(Gg) - p(n), define I*™ such that FZE:; = p(n), and leave
q, o. as before. Then similar reasoning leads to

M;IC(OP(H)v Fp(n)7 q, UC)

:{(b,gp(n)—up(n)) |g€GR,u€ U,g-q,\:u-q,\,b Cu-q,\}.
Note that 7, = Fu,(CC(Ry.Cg))]

is a coherent family of invariant eigendistributions [61, Theorem 1.4, Remark 1.5].
In Lemma 5.2 and in the discussion at the end of Section 5.1, we showed

FIC(O.T,q,0.)] = Flue(CC(R;.Cs))].
Replacing A by zero, the same argument yields
FIC(Opmy, ™. q,0.)] = Fl,(CC(R),.Cs))].
Let us record what we have shown.
Lemma 5.5.  There exists a coherent family of Gg-invariant eigendistributions
{0 tney on gr with

Tp = ‘F[C(Op(n)a Fp(n)’ q, OC)} and Te = ‘F[C<Oa Fa q, Oc)]'

Next, we will show the following result.

Lemma 5.6.  There exists a coherent family of Gg-invariant eigendistributions
{00 }neey on gr with
0, = 0(O,m), I*™) and 0 = 6(O,T).

Notice that (O,nm), I*™ q,0.) satisfies the integrality condition (34). In particular,
the results of Section 5.1 imply 7, = 6,. Lemma 5.5, Lemma 5.6, and Lemma 5.4
together imply 6, = 7, for all n € (¢*)’. In particular, §; = 7. and we deduce (47).
Therefore, in order to establish Theorem 1.3, all we have to do is to prove Lemma 5.6.

Next, we give a proof of Lemma 5.6. For this, we need to state a formula of
Zuckerman; we roughly follow the treatment of Adams [1]. Let H C L be a o-
stable Cartan subgroup. If AT C A(l,h) is a collection of positive roots, define

p(AT) == % Z a.

Define P(H, p) to be the set of pairs (A, AT) where AT C A(L,h) is a collection of
positive roots and A: H?A") — C* is a one-dimensional, holomorphic representation
of the p(A™)-double cover of H with differential dA = p(A™).
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Given an element (A, AT) € P(H, p), one associates to (A, AT) a reductive subgroup
Mg C Lg that is o.-stable and a relative Harish-Chandra discrete series represen-
tation Ips (H,A) where A (denoted by Az, in [1]) is obtained from A by tensoring
with a certain character taking values +1,4+/—1 as in (4.4) of [1]. Then, for a
suitable real parabolic Px C Lg with Levi factor Mg, one defines

I(H,A) = L*(Lp /Py, Iy, (H, \) @ D'/?)

where D'/? denotes the bundle of complex half densities on Lg/Pg. See Definition
4.7 on page 8 of [1] for a more thorough discussion. We write I(H,A)yc for the
Harish-Chandra module of the admissible representation I(H,A).

Zuckerman gave a formula for the trivial representation C® of the group Ly as an
alternating sum of standard modules in the Grothendieck group of Harish-Chandra
modules of Lg. See pages 710-711 of [71] and Section 10 of [1] for proofs of this
formula. Zuckerman’s formula reads

C==>" > e(H NI(H Auc (48)

H (AA+)eP(H,p)
where the first sum is over a set of representatives of the Gg-conjugacy classes of
o-stable Cartan subgroups H C L and ¢(H,A) € {£1}.

Next, fix a choice of positive roots AT C A(L,h) and fix (A,A") € P(H,p). Let
At(m, ) := ATNA(m,bh) be the collection of positive roots determined by dA, and
form the Borel subalgebra 0, by

am::h@ Z ga:bEBnm'

a€At (m,h)
1
Further, define P = = Z a.
acAt(m,bh)
Then we have Ly, (H, Npc = (I&%ﬁ%ﬁiy@ﬂ(]\ ® ef™)

where r(A") = dim(n, N€) [45, Section 11.8]. Let p denote the complexification of
the parabolic subalgebra pgr and note [45, Section 11.2]

I(H, Mnc =I5 (I (H, Ay @ e”™))

where p =m @ n, is a Levi decomposition and

Moreover, define the Borel subalgebra oy by 9, := b @ ny, ©n,. By Theorem 5.35
and Theorem 5.109 of [45], we have

(Lt PN @ ey = 0 p # r(AT).
Therefore, we may apply induction in stages [45, Corollary 11.86] to obtain

I(H, M = (I )" D (R @ erntrl),
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Next, for each (A, A") € P(H,A), we form the Borel subalgebra
AT =hDn,®&n, dn
where n C q, denotes the nilradical of qy. Now, assume 1 € v/—1bhj with
g(n) =g(A) =1 (49)
and (n+p(A%),a") >0 (50)

for all & € A(n, h) and some (equivalently any) choice of positive roots AT C A(L, h).
Observe that n = A and 1 = p(n) both satisfy these conditions. Consider an elliptic
orbital parameter (O,,I") where 7 satisfies (49) and (50), O, := Ad*(Gr) - 1, and
[ =¢e". A second application of induction in stages yields

1
(IfﬁmmKR)s([(H, Mpuc® (I'T® e’™))
U5 o) (e, ) & (A @ e ) @ T )

7K S+r + =~ .
~ (I35 e )T AR @ T @ erm o) ton).

12

Therefore, tensoring each representation of (48) with the character I'? @ e”™ and

applying the functor I f;{%lm K+ One obtains an identity in the Grothendieck group of
finite length (g, Kxr)-modules

(I, (T @ &™) (51)

)K s+r +\ % -
- Z Z e(H, A)(]ag(Aﬁ),HRmKR) +r(a )(A ® PZ ® e +P(“n)+ﬂ(ﬂ))'
H (AAV)EP(H,A)

For every o-stable Cartan subgroup H C G and each pair (H,A™) € P(H,p), we
obtain a choice of positive roots AT U A(n,h) C A(g, b).

Let A, and Aj,,, denote the subsets of A™ U A(n,h) consisting of real and
imaginary roots respectively. Proposition 11.126 on page 705 of [45] guarantees
the existence of a Borel subalgebra b(A™) of strict type L associated to AT and

rea.

AT See pages 704-705 of [45] for a definition. Define A*(g,h) C A(g,h) to be

imag *
the collection of roots for which

b(AY ) =b® > ga=bh@&n(A"),
acAt(g,h)

and define § == Z a, s(AT)=dim(n(AT)NE).
acA*(g,h)

By Proposition 11.128 on page 706 of [45], one has an isomorphism

(13
Now, write h = t & a, where t is the +1-eigenspace of the action of 6 := oo, on h
and a is the —1-eigenspace of 6. Let S denote the centralizer of a in G with Lie

algebra s, let AT (s, ) := AT (g,h) N A(s,h), and let
pAT) =5 > g

a€AT(g,h)\AT(s,h)

K sSTT + N m ~ ,K s + g
AS) manig) ED(ARTI@erm P te) o (I5R%) o) EIARII®E). (52)
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Then p(A™) is a o-stable parabolic subalgebra of g. Next, we define a Borel
subalgebra of s,

b(s,A"):=b® > g

a€EAT(s,h)
Using induction in stages, we have
K, YA K SenK X
(IR poow) AV AT @) ~ I0E o o (T505s, @D (AeT]ee). (53)
The representations ([, 5(fﬂi¥§RHRm k) AIA® I ® e’) are Harish-Chandra modules

of relative discrete series representations [45, X1.8]. Let

5,SprNK, s(AT)
0L ) VR T @ ¢f)

denote the Lie algebra analogue of the character of the corresponding unitary rep-
resentation. It is implicit in Harish-Chandra’s work on discrete series [23], [26] that
these relative discrete series characters vary coherently in the parameter n (as long
as 7 satisfies (49) and (50)); this observation was used by Schmid in [62] to motivate
the definition of coherent family. Next, the functors If(’f}f)’ Senke A€ infinitesimal
versions of the global real parabolic induction functor. By the induced character
formula (see for instance Section X.3 of [42]), real parabolic induction takes coherent
families to coherent families. Therefore, if
O o) @ R T @ )

denotes the Lie algebra analogue of the character of the unitary representation with
Harish-Chandra module (Igﬁff‘;)? Han KR)S(A+)(A ® 7 ®e’), then this character varies

coherently in 1 (as long as n satisfies (49) and (50)).
Combining (51), (52), and the last remark, we have

4y~
077’ F Z Z (H7 A)‘g(([g(fi) HrNKR ) (A )(A ® FZ ® 66))'
H (AAT)EP(H,A)

This exhibits §(O,,,I'") as a linear combination of characters which vary coherently
in the parameter 7 (as long as 7 satisfies (49) and (50)). In particular,

n— 6(0,,I'

with 7 satisfying (49) and (50) is part of a coherent family of invariant eigendistri-
butions. Taking n = A and 7 = p(n), Lemma 5.6 follows.

6. Further remarks and conjectures

We begin this section by discussing the philosophy of the formula (4) in greater
detail. Then we give conjectures concerning generalizations of this formula.

6.1. Philosophy of the formula

Let (O,I') be a semisimple orbital parameter with O in the good range ((19) and
Section 2.5). Fix A € O such that Lg := Ggr(\) is o.-stable.



HARRIS AND OSHIMA 755

Fix a fundamental Cartan subalgebra hr C g := gr(\) with complexification b and
fix a compact form Uy, := L7 C L for which b is o.-stable. If AT C A([,h) is a
choice of positive roots, define

1 * * * *
PLp,A+ 1= 3 Z aebh*Cl® and (’)pUL =Ad"(Uy) - prpa+ C I".

acAt

By Kirillov’s character formula for the compact group Uy, := L7 [22], [40], we have
FN+ O] =650 = i A (54)

In reality, A may not lift to a character of Ur; hence, one may have to apply a
coherent continuation argument (as in Section 5.2) in order to obtain (54). Now,
one may write down explicit formulas for jllj/L * and ng ® as in Theorem 1.14 on page
96 of [31]. From these formulas, one observes that both of these functions extend to
identical holomorphic functions on [. In addition, observe that the definition of the
Fourier transform is also independent of the real form of L (see (27)). Hence, we
deduce

FIN+ OV = 0({A},Ty) = 5,77 X (55)
Therefore, the Fourier transform of the contour A + OgL is the Lie algebra analogue
of the character of I'y.

Philosophically, one might wish to define a contour w: C(O,I') — O where the fiber
over A € O is )\4_@2&. Defining such a fiber for every A € O is the same as choosing
a maximal compact subgroup of G(\) for every A € O. One checks that there are
many possible ways to make a continuous choice varying over A € O. However,
every such choice produces a contour C(O,I") whose real part is unbounded in g;
in particular C(O,T") is not an admissible contour in the sense of Rossmann (see
Section 3.1).

In order to deform C(O,I') into an admissible contour, we require a choice of
maximally real admissible polarization {q},., of O. In addition, we choose an
involution o, of G for which U := G% C G is a maximal compact subgroup with
oo. = o.0. For every A\ € O, there exists a unique o.-stable, Levi subalgebra
[\o. C qx. To check this, one first fixes \g € O and a fundamental Cartan subalgebra
br C gr(No). After conjugating by an element of Ggr, one may assume that by is
oc-stable. Then [y, ,, = g(Xo) C q», is a o.-stable Levi factor, and any other
o.-stable Levi factor would have to be conjugate by Qx NU = Ly, ,. N U where
() is the normalizer of qy and L,,,, is the normalizer of [y, ,.. But, Ly,,. N U
normalizes [y, ., ; hence, [, , is the unique o.-stable Levi factor. Now, one uses
the transitive action of U on the partial flag variety Y := Ad(G) - g to prove that
l\o. = Ad(u) - I, 0. is the unique o.-stable Levi factor of gy if Ad(u) - qy, = qx.

Now, if b C [, is a o.-stable Cartan subalgebra and A" C A(g,h) is a choice of
positive roots, then we define
1
Ply oo b AT = 5 Z Q.

acAt

We put Uy := Ly, NU, and we put

U,
OPA = U p[)\,acvth-‘— C [3706

oc(h)=b
ATCA(I 50 ,h)
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where the union is over Cartan subalgebras h C [, that are o.-stable and choices
of positive roots AT C A(g, h). Alternately, (’)ffA is the Uy-orbit through any single
Piy,. hat- Observe that [y, = Ad(g) - g(A) for some g € G since all Levi factors
of g, are conjugate. Moreover, given a maximal compact subgroup Uy, C G()), one
may choose g € G such that g(Uy)g~ = Ur. Then one obtains

A+Ad*(g)- O)r =X+ O

Since G is a connected group, one can find a path connecting the identity e to g
which then induces a homotopy between the fiber A + (9pUA and the fiber we desired
(because of (55)) A+ OY*. As in the introduction, we put

C(O,T,q,00) = | J A+ O
A€O

and we observe that the fibers of this contour are individually homotopic to the fibers
of our desired contour C(O,I"). Philosophically, one should expect

FC(O,T")] =6(0,T)

in some generalized sense. We have seen that the addition of the polarization
q = {qx}rco produces homotopies on the fibers of C(O,I") so that the contour
is deformed to a contour C(O,T',q,0.). Since this contour is admissible in the sense
of Rossmann (see Section 3.1), we can precisely define what we mean by

f[C(O, F7 q7 UC)] - 0(07 F)
This is the main result of this article.

6.2. Conjectures

In this section, we enumerate several conjectures suggesting future work beyond
Theorem 1.3.

Conjecture 6.1.  The character formula (4) holds for any admissible polarization
q = {dqr}rco. In particular, the polarization need not be maximally real.

One can give a construction of the Harish-Chandra module of 7(O,T") utilizing any
admissible polarization ¢. In Chapter XI of [45], this construction is carried out
and shown to be independent of admissible polarization in the special case where
O is of maximal dimension (or equivalently q is a Borel subalgebra). An analogous
statement can be proved for arbitrary semisimple O (see Appendix A).

This leads the authors to believe that Theorem 1.3 is also true for an arbitrary
admissible polarization. The authors feel it is likely that a proof of Conjecture 6.1
can be given by generalizing techniques of this paper.

Second, we motivated our main formula (4) by pointing out that it is a generalization
of Rossmann’s formula (2) for the characters of irreducible, tempered representations
with regular infinitesimal character. Due to work of Harish-Chandra [27], Langlands
[49], and Knapp-Zuckerman [46], [47], [48], it is known that any irreducible, tempered
representation can be realized as a “limit” of irreducible, tempered representations
with regular infinitesimal character and it is known how these limits decompose. In
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[57], [58], [59], Rossmann studied the corresponding limits of character formulas. He
found that the limit of coadjoint orbits becomes degenerate if, and only if the limit
of representations is zero (this follows from the main theorem of [58] combined with
work of Knapp-Zuckerman [46]). In addition, if the limit of representations decom-
poses, then the limit of orbits must have an analogous decomposition [59]. These
results give an elegant geometric picture of the collection of irreducible tempered
representations.

One might expect analogues of these results for “limits” of representations of the
form 7(O,I') where O is semisimple but not necessarily of maximal dimension.
In particular, we might expect that the limit of contours C(O,T',q,0.) becomes
degenerate if, and only if the limit representation is zero. And we might expect
that a decomposition of the limit representation must be accompanied by a natural
decomposition of the limit contour. These questions are especially interesting since
the behavior of the limit representation is more complicated in the case where O is
not of maximal dimension.

Finally, it has long been conjectured that a large and important part of the collec-
tion of irreducible, unitary representations of Ggr can be constructed from orbital
parameters that generalize the semisimple orbital parameters introduced in this pa-
per. Over the past 35 years, a vast literature has emerged that, in a variety of special
cases, associates irreducible, unitary representations to coadjoint orbits. For a small
sampling of this literature, see for instance [2], [3], [5], [9], [32], [44], [67], [68], [72],
[79]. However, despite these efforts, no general procedure has been found that asso-
ciates a unitary representation to an arbitrary (not necessarily semisimple) orbital
parameter. It has been previously suggested that one might solve this problem by
constructing the character of the representation 7(O,I") associated to the orbital
parameter (O,I") rather than by constructing the representation itself [70]. This
article gives a generalization of Rossmann’s formula that is different than the ones
in [70]; hence, it might breathe new life into this project.

Let us finish by roughly sketching what a solution might look like. First, one
must define the notion of an orbital parameter (O,I') in full generality. This is
more subtle than it looks; for instance, one already sees in the work of Rossmann
[59] that O may be the union of several coadjoint orbits even in the case where
O is of maximal dimension. Second, one must construct an appropriate contour
C(O,T') — O contained in g*. A correct solution to this problem should involve an
ezxplicit formula for this contour and it should directly relate the fiber over A € O to
a character formula for I'"y. Third, one must show

0(0,T') = F[C(O, 1]

is the Lie algebra analogue of the character of a unitary representation 7(O,I") that
is then associated to (O,T").

A. Independence of polarization

Let (O,T") be a semisimple orbital parameter. For a maximally real admissible
polarization q = [+n, we defined a unitary representation 7(QO, ") of Gg combining
Vogan-Zuckerman construction and Mackey parabolic induction. On the (g, K)-
module level, both of these two constructions are given by cohomological induction
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([45, Chapter XI}). Therefore, the underlying (g, K)-module of 7 (O, I') is isomorphic
to (Ii’gmeR)s(F,\ ® Cpmy), where s=dim(nN¢€). Also, (IiﬁmeR)j(FA ® Cpmy) =0
for j # s. In light of this, let us more generally define a virtual (g, K')-module

7.‘—(07 Fv q) = Z(_1>j+s(lg77g§RﬂKR)j(F)\ ® Cp(n))
J
for any polarization gq. The purpose of this appendix is to show that 7(O,T',q) is
independent of the choice of q as long as q is admissible:

Theorem A.1. If q; and qs are admissible, then ©(O,T',q;) = 7(O, T, q2).

We note that if g is maximally real, admissible, then 7(O,T",q) = 7(O,T') and we
already saw in Section 2 that this does not depend on the choice of q.

A key result to prove Theorem A.1 is the transfer theorem ([45, Theorem 11.87]).
The following lemma is an easy consequence of the transfer theorem. Let § be a
Cartan subalgebra stable by the Cartan involution @ of g and let h = h? ® h=? be
the decomposition into 0-eigenspaces. We say a root a € A(g, h) is real, imaginary,
and complex, respectively if afp =0, aly-o = 0 and otherwise.

Lemma A.2.  Suppose that by = b +ny and by = h + ny are Borel subalgebras
of g containing a Cartan subalgebra §y. Let V' be a one-dimensional (h, Hg N Kg)-
module on which § acts by scalars according to \ € h*. We assume that all roots a
in A(ny, b))\ A(ng, ) are complex roots and satisfy (A, ) € R. Then we have the
following equation of virtual (g, K)-modules

top

DV U ew Y (V) = Y (DI ) (V@ A/ (n Nng))),

J J
where t = dim(n; NE) — dim(ny N E).

Proof. We use induction on the dimension of ny/(n;Nny). If dim(ny/(nyNng)) =0,
then n; = ny and the statement follows.

Suppose dim(ns/(n; Nny)) > 0. Then there exists a simple root a with respect to
the positive roots A(ny, h) such that o € A(ng, h). Let

n3=g-o® @ 955 b3 =bh @ ns.
BEA(n1,h)
BFa
Since « is a complex root, the Borel subalgebras b; and bj satisfy the conditions in
[45, Theorem 11.87]. As a result, we get
K . K .
(]bgl,f‘ﬁ@ﬂKR)] (V) = (]gg,gmﬂKR)]il (V ® Ca)

for all j, where the degree on the right hand side is j—1 (resp. j+1) if fa € A(ny, b)
(resp. O & A(ny, h)). Hence

> YIS Y (V) = D (1P I i P (V @ Ca).

J J
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Since dim(ny/(ng Nny)) = dim(ny/(ny Nny)) — 1, the induction hypothesis implies
> DI ) (V @ Ca)

J top

= Z(—l)HHl([g;{%{RnKR)j(V Q@ Co ® /\(ﬂz/(“B Nny))).

These two equations and ny/(n; Nng) >~ ny/(ngNny) & C, give

top
DY I Y (V) = Y (DI i Y (V @ J\(na/ (1 Nng))),
J J
proving the lemma. [ |

We also have a similar lemma for parabolic subalgebras.

Lemma A.3. Suppose that q; = [+ ny and q2 = [+ ny are parabolic subalgebras
of @ which have the same Levi factor [. We assume that | is 0-stable. Let V
be a one-dimensional (I, Lg N Kr)-module on which b acts by scalars according to
A € b*. We assume that all roots o in A(ng,h) \ A(ng, b) are complex roots and
satisfy (A, a) € R. Then we have the following equation of virtual (g, K)-modules

top

Y WU (V) = D (U i) (V @ \(ne/ (i Ning))),

J J

where t = dim(n; N€) —dim(ny NE).

Proof.  As in (48), write the trivial representation C® of Ly as an alternating
sum of standard modules:

Ch==>" e(H',\)I(H', A)uc

H' (A AH)EP(H',p)

The standard module I(H’, A)yc is isomorphic to a certain cohomological induced
module. We can take a Borel subalgebra by, a one-dimensional module W, and a
degree s such that

I(H/,A>HC ~ ([[,LROKR )S(W)

bL7Hﬂl§mK]R

and (Iéf%ﬁ“}(R)J(W) =0 for j # s. Moreover, it follows that the h-action on W is

given by an element in the root lattice. As a result, we get an equation

Ch =3 % e(H, W) D (— 1P (L5005 Y (),

H' Wby J
By tensoring with V', we have

V=3 D e W)Y () I W e V).

H' Wby, J
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By applying (—1)"(151’?;0@)1' to this equation:

> DI k) (V)

= 3 W) S ()R e (I W @ V)

H' Wby, 1,J
=22 H\ W) ) (FIP (e, sy (W & V).
H'" Whbp J

Here, the last equation is a consequence of a spectral sequence [45, p. 680, Th. 11.77]

K| i/ 7L LRNK j K i+7
(IC?LLHEQQK]R) (][JL?};DLQ]I}(R)] (W ® V) - (I[?L@Hil,HﬁkﬂKR) I (W ® v)

Similarly,

Z(—l)j(fﬁﬁimk)j(‘/ ® A(nz/(niNng)))

=S ON T H W) D (IR, e (W @V @ N/ (1 1))

H' Wby, J

with the same index set of H',W,by. If we put b; = by ®n; and by = by @ ny, we
can apply Lemma A.2 and conclude that

D WU oY W @ V)
top

= Z(—l)j(ffféﬂflz,%mk)j(w @V ® [\(no/(m Nny))).

This shows the equation in the lemma. u
We now turn to the proof of Theorem A.1. We say a polarization q = [+ n satisfies
condition (*) if

o Re(\, @) > 0 implies @ € A(n,h) for roots o € A(g,h), and

o if Re(\,a) =0 and o € A(n, h), then oo € A(n, h).

Let A = A.+\, be the decomposition according to h = h? +b7. Let qum = lim ® iy
be the parabolic subalgebra defined by

A, b) = {a € A(g, h) : (A, @) > 0}, lm = g(Ae)-

Then if a polarization q satisfies condition (*), then q C q, and gNIy, is a o-stable
parabolic subalgebra of [y, .

Proof of Theorem A.1l. For an admissible polarization q; = [+ n; define the set
A(n],h) to be the collection of the following roots a:

e Re(\ o) >0,
+ Re(A\,a) =0 and (p(ny)[y-s, ) >0,
+ Re(\ a) = (p(n)|y-¢, ) = 0 and Im(A, o) > 0.
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Then the corresponding parabolic subalgebra q} = [4+n] is an admissible polarization
and satisfies condition (*). If a € A(ny, bh) is a real root, then

(p(n1)|p-0, ) = (p(n1), ) > 0.

Also, if a € A(ny,h) and Im(\, ) = 0, then Re(\,a) > 0 by the admissibility
of ny. Hence the roots a in A(ny,h) \ A(n), h) are all complex roots and satisfy
Im(\, ) #0. By applying Lemma A.3, we get 7(O, A, q1)=7(O, A, q}). Therefore,
we may assume that q; and gy satisfy condition (*). Then by the spectral sequence

,K . [ 7L Y NnK . ,K L.
(Ic?lm,ﬂilmy]RmKR)l(‘[qllnfll[h::‘lliﬂf(ﬂl)](') :> (IC?l,LH;RmKR)ZJ’_](')?
L. ,K . [ ,L , NK; .
we have 7(O, A 1) =) (D)™ (I ) Ugtinms ) (Da © Cow)

J
and a similar equation for 7(O, A, q2). Consequently, it is enough to show that

s Dim g KR s L RN KE 1\
(Iqlfr‘wthirTLim%)] M ® Cp(n)) = (%Zﬁ%@ﬂimﬁ)](ﬁ ® Cp(ﬂ))-

However, the parabolic subalgebra q; N Iy, of Iy, is defined over R and hence the
functor I ;11“(;[? ;Li%% is a real parabolic induction. Then for parabolic inductions, one
can show the independence of the polarization by seeing that they have the same

distribution character [42, page 352]. ]
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