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Abstract. = We define the doubly warped product of holomorphic Finsler Lie algebroids. We
consider a complex Finsler function and the Chern-Finsler connection of the product bundle and
we investigate its relation with the Chern-Finsler connections of each bundle. In the geometrical
setting of the prolongations of two Finsler algebroids, we obtain similar and also different properties
from the ones of the doubly warped product of Finsler manifolds.
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1. Introduction

The concept of Lie algebroid is a generalization of tangent bundles and Lie algebras.
Lie algebroids have been intensely studied in the past decades as a theory with
special applications in mechanics. Weinstein [30] developed a generalized theory
of Lagrangians on Lie algebroids and obtained the Euler-Lagrange equations using
the structure of the dual of a Lie algebroid. He opened the problem of developing a
similar formalism to Klein’s in ordinary Lagrangian mechanics, but without using the
structure of the dual. Two approaches were taken on this problem. First, Martinez
[21, 22] used prolongations of Lie algebroids, a setting introduced under another name
by Higgins and Mackenzie in [10], which proved to be adequate for studying many
aspects of the classical theory [20, 23]. Another approach on Weinstein’s problem
uses the Tulczyjew triple structure [9, 8]. Lie algebroids were recently applied in
topics such as optimal control, interpolation problems, trajectory planning and more
[7, 20, 27].

In [13, 14, 15, 16], Lie algebroids in complex Finsler geometry were studied. In this
paper, we investigate the notion of doubly warped product EF; x Es of two algebroids
Ey and E,. Warped products were considered in Riemannian geometry, in [2, 6, 28].
Applications of warped products in cosmology were given in [11, 12]. Asanov [3, 4]
generalized the Schwarzschild metric to Finsler geometry and developed relativistic
models using warped products of Finsler metrics.

In the literature, there are warped product bundles, named after warped manifolds,
studied for instance in [18], where the Finsler fundamental function was used to define
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the warped product. Then, there are doubly warped products, as the ones studied
also for products of manifolds in [25, 19], where two warping functions are involved.
This is the case we analyze for holomorphic Finsler algebroids. Some applications of
Riemannian and Lorentzian doubly warped products were described in [29]. If the
function f depends also on the vector variables, then the product is called twisted.
Such product of manifolds were studied, for instance, in [26].

The paper is structured as follows. In the second section, we briefly recall holomor-
phic Lie algebroids with Finsler structures and the construction of the prolongation
bundles. We also define the gradient and the Hessian of a function on an algebroid.
In the third section, we introduce and study the doubly warped product of two holo-
morphic Finsler algebroids. We prove that the doubly warped product is a Finsler
bundle by defining a Finsler function on it, using the fundamental Finsler functions
of the two algebroids, as well as the two warping functions. In two subsections of
the third section, considering vertical subbundles, we study the relation between the
Chern-Finsler connections of the factor algebroids and that of their doubly warped
product. We also study the properties of the vertical curvature on the warped pro-
duct, following the line of the study from the case of Finsler manifolds [18, 19].

2. Preliminaries on holomorphic Finsler algebroids

First, let us give the definition of a Finsler Lie algebroid as in [14]. Consider M
to be a complex manifold and E — a holomorphic anchored vector bundle, with the
holomorphic anchor map pg : E — T'M. Denote by E the open submanifold of
E consisting in the nonzero sections. The local coordinates in a chart in z € M
are {z"};_15, while a section of E is u = u®e,. Here, {eq},_15 is a basis of local
holomorphic sections of E.

Definition 2.1. [1] A complex Finsler structure F' on E is a real-valued function
F : EF — R satisfying the following conditions:

(1) Fis C®-class on E:

(2) F(z,u) >0 and F(z,u) =0 iff u=0;

(3) F(z, u) = |M\?F(z,u) for all A € C.
A Finsler structure F' is said to be conver if the Hermitian matrix defined by

0’F
— 1
Ju®ouf (1)

is positive-definite. In the following, we assume that the function F' is convex and
we call the pair (E, F) a complex Finsler Lie algebroid [14].

hag =

In the following, we are mostly interested in the properties of a linear connection
on the algebroid. We consider the most well-known connection in Finsler geometry,
the Chern-Finsler connection, introduced in [14] for the Lie algebroid E. We have
obtained the Chern-Finsler linear connection defined on the prolongation of the
algebroid by inducing it from a vertical connection on F.

We have defined and studied in [13, 14] the holomorphic prolongation 7'E of a
holomorphic algebroid E. By complexification, in [15] we have obtained the com-
plexified prolongation TcFE of the algebroid. We now briefly recall the construction,
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as we will need it as a setting for introducing the doubly warped product of two
holomorphic Lie algebroids. The holomorphic prolongation of E is defined using the
tangent mapping 7, : T"E — T'M between the holomorphic tangent bundles of F
and M, respectively, and the holomorphic anchor map pgr : E — T'M. We first
define the subset 7'E of E X T'E by T'E = {(e,v) € EXT'E | pg(e) = m,(v)}
and the mapping 7/ : T'E — E, given by n/-(e,v) = mg(v), where 7, : T'"E — E
is the holomorphic tangent projection. Then, (7'E, 7/, E) is a holomorphic vector
bundle over E, of rank 2m, called the holomorphic prolongation of E':

TE T T'E

E
E -2 oM

The holomorphic vector bundle structure of the holomorphic Lie algebroid E allows
us to further consider the complexified bundle E¢, as well as TcFE = T'E & T"E,
its complexified tangent bundle. The definition of the complexified prolongation
TcE of E then follows from a similar idea to that of Martinez [21, 22|. More
precisely, by extending C-linearly the tangent mapping 7 : T7"E — T'M and the
anchor pg : E — T'M, we obtain m,c : TcE — TcM and prc : Ec — TcM,
respectively. Denote by mpc : TcE — E¢ the tangent projection extended to the
complexified spaces. The complexified prolongation of E is then the complex vector
bundle (T¢cE, mr ¢, Ec) over Ec¢, where the subset TcE of E¢ X T¢E is

TcE = {(e,v) € Ec x TcE | ppcle) = mc(v)},

and the mapping mr ¢ : TcE — E¢ is mrc(e,v) = mgc(v). Also, the anchor of the
complexified prolongation is the projection onto the second factor,

prc:TcE = TcE, prele,v) =w.

Note that the complexified prolongation coincides with the complexification of the
prolongation 7'E (as a complex manifold), that is 7cFE = T'E @ T"E, where
T'"E = T'E = E" x T"E, with the required restrictions p(e) = 7’ (v) and its
conjugate. In the following, we will denote the prolongation bundle simply by TE.

We further use the well-known abbreviations 0, = %, 5(1 = % and their con-
jugates, and we denote by pf = pF(z), the local holomorphic function coefficients
of the anchor map pg. Let F': E — R, be a Finsler function on F, as defined

above, with the complex Finsler metric tensor h,z = 3a33F . We consider the Chern-

Finsler nonlinear connection on £, NV, ,f — P90, F, therefore the coefficients of the
Chern-Finsler nonlinear connection of the prolongation 7'E are

NI = pENy. (2)
The local basis of sections of the prolongation algebroid is defined by the formula
{Z, = (€a, pEOk), Vo == (0,0,)} and their conjugates, {Z4,Va}. The dual basis is
denoted by {dZ?,dV*, dZ% dV*}. We consider

X, = Z,— NPV, (3)
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and its conjugate to be the adapted frames on the holomorphic prolongation 7'F
with respect to the Chern-Finsler nonlinear connection (2). Also, {dZ%,6V* =
dV* + N§dZP} are the dual adapted frames of {&X,,V,}. By the anchor of the
prolongation algebroid, the adapted fields X, are mapped to adapted fields on
the complex algebroid E [16], that is, we have pr(X,) = 0, =: p oy, where
O = Op — N0y

As in the well-known cases of a Finsler manifold or bundle, the nonlinear connection
(2) leads to a decomposition of the holomorphic prolongation 7’E into vertical and
horizontal bundles, i.e., T'"E = HT'E @ VT'E. Also, in [14] we have defined a
Chern-Finsler complex linear connection of type (1,0) on 7TFE by the connection
form

wl = L), 2% + C0V°,

where the coefficients are given by:
La’*/ﬁ — ha'}/éﬂ(haa_)’ C’a’}’ﬁ - ha-v&ﬁ(haa) (4)

The vertical connection coefficients are symmetrical in the lower indices, that is,
0075 = Cga, while the horizontal ones satisfy the identity L7, = 9, N Using
these properties, we find that the components of the torsion of the Chern Finsler
connection on T FE are:

T (X, Xp) = (L7 - L] —CV/B)X —Ri5Vs
T (X X5) = =(05N2)Vy + (0aN3)V5
T(Xonvﬁ) = _0075 0% T(XOHV,B) (aﬁN )
TVa;Vs) =0, T(Va,Vs) =0.
The tensor (1) can be used to define a Hermitian metric structure on the prolongation

TE by
G = ho3dZ* @dZ" + h,56V* @ §V°. (5)

The Chern-Finsler connection (4) satisfies the identity
UG(V,W) = G(DyV,W) + G(V,DyW), VU,V,W € I(TE),

which shows that it is metric with respect to the hermitian structure G. Also,
a straightforward computation in which we use the vanishing of the torsion of
two vertical fields leads to the Koszul formula on the vertical subbundle of the
prolongation, with respect to the Chern-Finsler connection.

Lemma 2.2.  Let (E, F) be a holomorphic Finsler Lie algebroid with the Chern-
Finsler connection D. For U, VW € VTE, the following identity holds:

26(DyV, W) = UG(V,W) + VG(W,U) — WG(U,V)
= G(U,[V,W]) + G(V,[W.U]) + G(W, [U, V]). (6)

We further investigate two notions which will prove to be very useful in our study of
the doubly warped product, i.e., the gradient and the Hessian of a function.
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Definition 2.3.  The gradient of a function on the prolongation bundle 7 E is the
differential operator V given by

G(Z,Nf)=Zf, VZ € TE.

In coordinates, the gradient is defined by
V= W85 )Xo+ 1P (00 f) X5 + BP(05f) Ve + B (00 f) V5. (7)

As we stated above, we study the vertical prolongation bundle, hence we are inte-
rested in the vertical part of the gradient,

VU = 1P(95f)Va + WP (0uf)V5. (8)

Definition 2.4. The Hessian of a function f with respect to the Chern-Finsler
connection D on TE is the second covariant differential, Hf = D(Df).

In [18], a study of the Hessian of a function on a Finsler manifold was made. In
our case, we can obtain after some computations in local coordinates the following
properties of the Hessian of a function on a Finsler algebroid.

Lemma 2.5.  The Hessian Hf satisfies the identities:
HE(V,W) = VW — (DyW)f + (DysW" + Dys W) f
=G(Dy (V7 f),W) + (DveW"® + Dy W) £, 9)
where V=V + VOV, W =W+ WY,
(Dvo W) f = (Dyey, WVs) f = V(0. W) (05 )

and (DysW?)f is its conjugate.

3. The doubly warped product of algebroids

Let (Ey, Fy) and (Es, Fy) be two holomorphic Finsler algebroids, where E; and Fj
are holomorphic vector bundles over the complex manifolds M; and Ms, respectively.
We take T E; and respectively T Esy to be their prolongation bundles, D' and D?
— the Chern-Finsler connections, and the bundle projections m : E; — M; and
my : Fy — Msy. Also, we consider two holomorphic functions defined on each
corresponding manifold, f; : M7 — R, and fo: My — R,

Denote the local coordinates on E; (dim M; = ny, rank B} = my) by (2%, u®),
ke {l,..n}, a € {1,...,m}, and on Ey (dim My = ns, rank £y = my), by
(2" u), he{1,...,na}, a€{l,...,ma}.

Following the ideas from [18] and [25], we introduce the function F': E; x Ey — R
on the product bundle F; x Es by

F(uy,ug) = f3(ma(u2)) Fi () + f7(m(w)) Fa(uz), (10)

where, locally, wy = (z1,u1) € Ey, us = (22,u2) € Ey. We note that this definition
is inspired by Aikou’s definition of a Finsler metric on a vector bundle [1].
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Since F7 and F, are smooth, it follows that the function F' is smooth on El X EQ.
Since F' is not necessarily smooth on vector fields of the form (u;,0) and (0,us)
€ By X FEy, which is a similar impediment to the case of real Finsler manifolds [18],
we find ourselves forced to restrict our study on Ey x Bs. Also, F' is homogeneous
with respect to the vector variables, as it can be easily seen from the homogeneity
properties of F} and F,. The Hessian of F' with respect to the vector variables,

fgéaf)BFl 0
0 leaaaBFQ 7

is positive, as the Hessians of Fy and F, are positive. All the above mentioned
properties prove that F' is a Finsler function on the bundle E; x Es.

We will call the product bundle E; x Es the doubly warped product of the algebroids
E; and E,, with the warping functions f; and f, and the Finsler metric F =
F(uy,uy) defined in (10). Hence, (E; x Ey, F) is a complex Finsler bundle. We
further construct the prolongation of the doubly warped product E; x F, to find
that it is the direct sum of the prolongations of the algebroids E; and FE5. We shall
also study the adapted frames and the Chern-Finsler connection.

3.1. The prolongation bundle of the doubly warped product bundle

Let E; x E5 be the doubly warped product of two holomorphic Lie algebroids £ and
Es, as it was previously defined. Consider T E; and T Es to be, respectively, the
prolongations of E; and Es,, whose constructions were presented in the preliminary
section of the paper. As in the case of real algebroids [21, 22] and as we have found in
some previous papers [13, 14, 15] on holomorphic algebroids, the prolongation bundle
seems to be an adequate setting for a study of similar properties of vector bundles
as those of the tangent bundle of a manifold. We therefore make the following
considerations on the prolongation bundles T FE; and T E, instead of the tangent
bundles T E; and T E, of the two algebroids.

As discussed in [14], the vertical subbundles of the two prolongation bundles are
defined using the projections 7; : TE; — E;, 7;(e;,v;) = e; € E; as follows:

‘/v7-E1Z = kerTi = {(ei,vi) € TEl | Ti(ei,’l)l') = 0}, 9, = 1,2

We now define the map py : T(Ey x Ey) — T(Ey X Ey), px := pr; X pr, whose
action for (ey, vy, e9,v2) € T(Ey X Esy) is

PTx (617 U1, €2, 02) = (pTl (617 Ul)a P73 <€27 UQ))
= (?)1,?]2) € T(E1 X EQ) =TFE, ®&TE,.

This is the anchor map of the prolongation algebroid 7 (E; x E;) of the doubly
warped product E; x Ey and we find that T(F; X Ey) = TE, & T Es:

T(BEy x BE,) T(E, x Es)
By x B, ——2%2 T(M, x M)
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The vertical bundle of the prolongation TFE; & T Es is VT E, & VT Ey, which is
proved by the relation ker(r; X 73) = kerm @ ker7y. In the following sections, we
will work on this vertical bundle, which we denote by VT .

The following step is to define the lifts of vector fields on TFE; or on TFE; to
T (E; X Ey). We need the projections py : T(Ey X Ey) — TEy and ps : T(E; X Ey) —
T E,. Hence, the lift of a vector field U; € T'(TE;) to T(E; X Es) is the vector
field U, € I(T(Ey x B,)) defined by the identities py(U1) = Uy, po(Uy) = 0.
Analogously, the lift of a vector field Uy € T'(TEy) to T(E; x Ej) is the vector
field U € T(T(Ey x E)) given by the identities pi(Us) = 0, pa(Us) = Us.

Further, we locally denote by Nf = NZ(u;) and N’ = N®(uy) the coefficients of
the Chern-Finsler nonlinear connections on the two prolongation bundles T F; and
T E,, respectively, i.e.,

NP = WP0,05F,, N!=h®0,0:F,. (11)
These nonlinear connections lead to the the decomposition

Each distribution is spanned by a corresponding adapted frames of fields, i.e.,
TE; = span{ Xy, Va, Xa, Va} and T Ey = span{X,, V,, Xz, Va}, respectively.

The following basic properties of the Lie brackets [-,:]r, on T(E; x Ey) give the
relations with the brackets of the factors and can be proved straightforward:

[Ula‘/Q]Tx = [UQaX/I]TX = 07 [Ula‘/l]'rx = [Ul7‘/1]TE1a [U27‘/2]Tx - [UQa‘/Q]TEza (13)

for all Uy, Vi € I'(TEy) and Uy, Vo € T(T E;y). The Chern-Finsler linear connections
will be defined by the coefficients (L4, C.3) on TEy and (Lg, Cy) on T Ey, where

L)y =0"05(has),  Cly = h7s(has), L& = h%0y(hag), Cf = hy(hag).

3.2. The Chern-Finsler connection of the doubly warped product bundle

We are now interested in the relation between the connections on each prolongation
bundle and the connection on their product. All the considerations will be made
with respect to the Chern-Finsler connections. For this study, carried in [18] in the
case of Finsler manifolds, the Koszul formula (6) holds only for vertical fields on a
prolongation bundle, hence we must restrict our considerations to the vertical part
VT =VTE, & VTE, of the decomposition (12).

Let G; and Gy be Hermitian metrics defined by (5) on the prolongation bundles T F;
and T Es, respectively. Their restrictions G; and G on the vertical bundles can be
used to define a (vertical) Hermitian metric G on VT by

G'(-, ) = f3(m2(u2))Gi (-, ) + fE(mi(u1)) G5 (-, ).

Locally, we have  hyj(ui, ug) = f3(ma(u2))hos(un) + f7 (1 (w1))hgp(u2),

. 1 - = 1
hence h'V:B — _h’767 hcb ==
fi

72 h. (14)
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If we define locally the Chern-Finsler nonlinear connection of the doubly warped

product by the coefficients
N = i O (15)
! ozioum’
where z = (21, 22), u = (uy,us), ¢,5 = 1,m; + my, then we can obtain the relations
with the Chern-Finsler connections of 7 FE; and T E, as follows. First, taking j =

in (15) yields

5 O°F
NP = w8 ]
@ ozkour
O*F O0?F,

Then, we have

oFow = f oow zkour’
which together with (14) gives NS = NP. Similarly, we can obtain N% = N?.

We further investigate the Chern-Finsler linear connections to find that they satisfy
some less straightforward identities. Moreover, the proofs can be made independent
of local coordinates.

Theorem 3.1. Let D' and D? be the Chern-Finsler linear connections of the
algebroids E, and E, respectively, and let D be the Chern-Finsler connection on
the doubly warped product bundle. For the vertical vector fields Uy, Vi € VT Ey and
Us, Vo € VT Ey, the following identities hold:

(1) Dy,Vi =D, Vi— L Q(Ul, Vl)V’”fg, i.e., D restricted to VT is the lift of Dj;, Vi
on VTE, and the lzft of — (Ul, Vl)V”fg on VTEy to VTE, & VTE,;

(2) Du,Ve =Dg,Va— +:G(Us, v2>vvf1 ;
(3) ’DU1U2 — DU2U1 U2f2U + U1f1 Ug,
(4) T(Up,Uy) = T (U, Ul) =0.

Proof.  Following the line of the proof from [18], we use (6), (13) and the fact that
G(-1,2) = G(-2,1) = 0 to obtain

2G(Dy, Vi, Uz) = —UG(Ur, Vi) = —Us(f3)G1 (U1, Vi) = —2f2Us(f2))G1 (U, Vi)

(Ug Vl)) —2G (fz (U1, V1)V fa, UQ) ;

which concludes the proof of the first statement. The second one is analogous. For
the third assertion, we have again from (6)

2g(DU1U27 U2) - Ulg(UQ; UQ) = Ul (f12g2<U27 U2)) = 2f1U1(f1)g2(U27 U2)

G(Us, Us) <U1(f1)
I

= —2f,G (Uz, Vi

= o,y (f) 2222 U, UQ) |

Next, using also the first assertion,

G(Dy,Us, Vi) = =G(Uz, Dy, Vi) = =G (U27 —EQ(Ul,Vl)V fz)

Gy, V)G (U2, V%) —g (U2f2 Ul,vl) ,
fa fo

which yields the third identity. The last one is obvious and the proof is complete. =
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The above theorem helps us obtain the vertical coefficients of the connection D on
the doubly warped product as follows. We use the fact that G is a Hermitian metric
and also that the Chern-Finsler connection is of (1,0)-type. We have:

Dy, Vs =Dy, Vs — %Q(Vm Vs) = Dy, Vs,

Dy, V5 = D%,QVB — %Q(VQ,VB) = —tha[;V”fQ,
Dy Vy =Dy V, = f (&,fg)V + — f (8 f1)Vs,
Dy, Vs = Dy, Vo = 7 (&fz)V + - A (8 f)Ve,
Dy, Vy = D3V, %g(va, V)V i = DV,
Dy, Vs = D2V, — %gm, VOV fi = — fiha V' i,

together with their conjugates.

Let us denote the local coefficients of the connection D on the vertical prolongation
according to the decomposition VT =VT'E, & VT"E, ®@ VT E; & VT"E, as

Dy, Vs = CgVy + CeVs + C5 Ve + Cﬁavd,
Dy Vs =Cz .V, + C5 Ve +C5 Ve + CBan,
Dy Vo =CJVy + Co Vs + Co V. + Ci vy,

Dy Vs =C)V, +Co Vs + C Ve + Cban,

Dy, Vo = CLV, + CoVs + CEV. + CL Vs,

Dy,Vs = Co Vo + CL Vs + CEVe+ Ci Vs

The above identities yield:
Coo = Ca =07 (Dahgs),  CJ, = —fo(0ifo)h™hap,  Cf, = = fo(Defo) D,

1 . 1 . .
Coo = 70a(Df2),  Cpo = 6,(0af1), Cp, = —53(351”2),
f2 fi f2
- 1 — - .
Cio = 70 0af), - Ciy = G = h*(Dulua).
Cg’; = _fl(a.t?fl)h&’yhafn CBE; = _fl(a'yfl)ha’yhal_n
where 6. denotes the Kronecker symbol. All the other coefficients are zero.

We now investigate the curvature of the warped product and its relations with the
curvatures of each prolongation bundle in the product. The curvature of the product
bundle 7 (E; x E;) is R(U, V)W = DyDyW — DyDyW — DyyyyW. We obtain

Theorem 3.2.  Let T E1 xT Ey be the product of the prolongations of two holomor-
phic vector bundles, with the curvatures denoted by R on the product bundle and re-
spectively by R' and R? on T Ey and T E,. For the vertical fields Uy, Vi,W, € VT E;
and Uy, Vo, Wo € VT Ey, the following identities hold:
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(1) R(UbVl)Wl =R! (Ubvl)Wl + vf2 (Ul(Vlfl) - Vl(Ulfl)an);'

(2) R(U, Vi)W, = L2E [0, (Vi 1) — V1(U1f1)];

(3) R(U,Va)Wi = £G(U, W) (DL (V) = 252 Vo) +
+ 4 (WU, ) = (DR VP + Di VIS )

Dy, (V1)
(4) R(UL, Vo)W = BLG(Va, W) (V—fl + 5 - ) -

S NUZ AT i (Hfz(vg’ Wa) — (D, Wy + DQV;Wf)f> ;

(5) R<U27 ‘/2>W1 I/V;lfl (Vjv_ngQ - U2_f2‘/2) y

(6) R(Us, Vo)W = R*(Us, Va)Wa + Vfl G (Us(Vafa) = Va(Ua fa), Wy).

Proof.  All of the identities in the theorem can be proved by computations using
Theorem 3.1. We only give here the proof of the first one, as the others follow in a
similar manner. We have:

1
R(Ur, V1)W1 = Dy, <D\1/1W1 - =GV, Wl)va) — Dy, (D(1]1W1 —

f

Low. DL w)vi - U, (ig(vl, Wl)) v/,
fa fo

- Eg(vl, W1)Dy, (V f2) — Dy, Dy, Wi +

W (%gwl,wl)) Vit
Vh

= RNUy, Vi)W — f2 [Q(UbD\l/lWl)—Vlg(UhWﬁ—g(‘/l,DlUlwl)+U1g(V17W1)]
1 Ufi sz(fz) )_ (Vlfl V fa(fo) ﬂ
- [g(vl,m)( Dy N A
=R U, Vi)W, — Vi [G(Dy, Vi, Wh) — G(Dy, Uy, Wh)]

fa
% [%ib) (G, W)U, — G(Uy,, W)V1) + Vf—{é (ViUL(f1) = UiVa(fr), Wl)}
Vs

=R (Ul,Vl)WlﬂLﬁ (U1(Vifr) = Vi(Uy f1), W) . .

ig(Ul,Wl)Vﬁ)
5

= Dy, Dy, Wy —

1
GV, Dy, W)V f
f2

LU, W)Dw (V1)
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