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Abstract. Let G be a connected complex simple Lie group with maximal compact subgroup U .
Let g be the Lie algebra of G, and X = G/U be the associated Riemannian globally symmetric
space of type IV. We have constructed three types of arithmetic uniform lattices in G, say of type 1,
type 2, and type 3 respectively. If g # b,, (n > 1), then for each 1 < i < 3, there is an arithmetic
uniform torsion-free lattice I' in G which is commensurable with a lattice of type i such that
the corresponding locally symmetric space T'\X has some non-vanishing (in the cohomology level)
geometric cycles, and the Poincaré duals of fundamental classes of such cycles are not represented
by G-invariant differential forms on X . As a consequence, we are able to detect some automorphic
representations of G, when g =4, (n > 4), ¢, (n >6), or f4. To prove these, we have simplified
Kac’s description of finite order automorphisms of g with respect to a Chevalley basis of g. Also
we have determined some orientation preserving group action on some subsymmetric spaces of X .
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1. Introduction

Let G be a non-compact semisimple Lie group with finite centre and K be a maximal
compact subgroup of G with 6, the corresponding Cartan involution of G. Let I be
a torsion-free uniform lattice in G'. Then I' acts freely on the Riemannian globally
symmetric space X := G/K and the canonical projection 7 : X — T'\X is a
covering projection. Let B be a reductive subgroup of G such that Ky = BN K is
a maximal compact subgroup of B. Set Xp = B/Kp and I'g = BNT. Note that
Xp is a connected totally geodesic submanifold of X . Assume that the natural map
j : I'p\Xp — I'\X is an embedding. Then the image Cp := j(I's\Xp) is called
a geometric cycle. In literature, these are also known as modular symbols. Under
certain conditions, the fundamental class [Cg| € Hq(I'\X;C) (d = dim(I'g\Xp)) is
non-trivial. So the Poincaré dual of [Cg| contributes nontrivially to H*(I'\X;C).
See [24, Th. 2.1}, [30, Th. 4.11]. These theorems are restated here as Theorem 4.1,
Theorem 4.2 respectively.

If I' C G be any lattice, the Hilbert space L?(T'\G) of square integrable functions on
I'\G with respect to a G-invariant measure, is a unitary representation of G. Here
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the group action on L*(T'\G) is given by the right translation of G on I'\G. When
I' is a uniform lattice, we have

—

L*(T\G) = P

due to Gelfand and Pyatetskii-Shapiro [9], [10]; where H, is the representation space
of 7 € G; m(m,T) € NU {0}, the multiplicity of 7 in L*(I'\G). If (7,C) is the
trivial representation of G, then m(7,I') = 1. A unitary representation 7 € G such
that m(7,I") > 0 for some uniform lattice I', is called an automorphic representation
of G with respect to I'.

The connection between the geometric cycles and automorphic representations has
been made by the Matsushima’s isomorphism. Assume now that I' is a torsion-free

uniform lattice in G. Then the isomorphism L*(T\G) = @, .om(m,T')H, implies

m(m, I)H,,

weé

B meHe i — C*(T\G)k.

e

Matsushima’s formula [23] says that the above inclusion induces an isomorphism

P m-H (%, K; Hy i) = HP (g%, K; C*(P\G) k) = H'(I'\X; C), (1)

WGG

where g is the Lie algebra of G.

Hence a non-vanishing (in the cohomology level) geometric cycle will contribute to
the RHS of (1) and it may help to detect occurrence of some 7 € G with non-zero
(g%, K)-cohomology. In fact, Theorem 2.1 in [24] states that under certain conditions,
we have a pair of geometric cycles such that the corresponding cohomology classes
are not only non-zero, but also these have non-zero H*(g%, K; H, x)-components for
some non-trivial 7 € G.

Based on Theorem 2.1 in [24], this technique was used by Millson and Raghunathan
[24] when G = SU(p,q),SOo(p,q),Sp(p,q). Based on Theorem 2.1 in [24] and
Theorem 4.11 in [30], Schwermer and Waldner [33] have done the case for G =
SU*(2n), Waldner [37] has done the case when G is the non-compact real form
of the exceptional complex Lie group G5. The cases G = SL(n,R), SL(n,C) were
considered by Schimpf [32], the case G = SO*(2n) and more generally the case when
G/K is a Hermitian symmetric space were considered by Mondal and Sankaran [26],
[27]. Here we consider the case when G is a connected complex simple Lie group.

The main results are stated as Theorem 1.1 and Theorem 1.2. In obtaining our
results, we have first considered three types of arithmetic uniform lattices of a
connected complex semisimple Lie group of adjoint type. The three types of lattices
depend on how one views the Lie algebra g. Type 1 corresponds to viewing it as a
real Lie algebra. Type 2 views it as the complexification of the compact real form
of g. Type 3 involves a choice of a non-compact real form of g. Actually type 3 is
a union of a family of types, one for each non-compact real form of g. Any lattice
of type i (i = 1,2,0r 3) is #-stable. See Section 3 for details.

Let £;(G) be the collection of #-stable torsion-free lattices of G which are commen-
surable to Ad™'(I") for some I' of type i (i =1,2,3).
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Theorem 1.1. Let G be a connected complex simple Lie group with mazimal
compact subgroup U, and X = G/U . For each i = 1,2; there exists I' € L;(G) such
that H*(I\X;C) contains a non-zero cohomology class which is not represented by
G -invariant differential forms on X for all k of the form dim(X(5)), dim(X (50))
given in the Table 2. Also depending on each pair X(G), X(50) in the Table 2,
there exists I' € L3(GQ) such that H*(T\X;C) contains a non-zero cohomology class
which is not represented by G -invariant differential forms on X for k of the form
dim(X (7)), dim(X(50)) given in the Table 2.

The proof of the above theorem is given in Section 4.4. To prove the theorem we
have used Kac’s classification of finite order automorphisms of a complex simple
Lie algebra g ([14]). Actually we have given a simple description of a finite order
automorphism with respect to a Chevalley basis of g (see Section 4.1), which is a
new addition, as far as we know. Also we have described all finite order automor-
phisms of g® up to conjugation (see Remark 4.4(iii)). Remark 4.4(i), (ii) might be
interesting from representation theoretic point of view. We also need to determine
some orientation preserving group action on a subsymmetric space of a Riemannian
globally symmetric space of type IV. The work has been done in Section 4.2 and the
result is summarised in Table 1. These are important in topology and other areas of
mathematics also.

If G is a connected complex simple Lie group, Theorem 1.1 gives us some non-
vanishing (in the cohomology level) geometric cycles in the RHS of (1). To detect
some automorphic representation of G, it is important to know the irreducible
unitary representations of G with non-zero relative Lie algebra cohomology, which
appear in the LHS of (1). Let G be a connected semisimple Lie group with finite
centre, g =Lie(G), K be a maximal compact subgroup of G with Cartan involution
6. The irreducible unitary representations of G' with non-zero (g%, K)-cohomology
are classified in terms of the §-stable parabolic subalgebras q C g©.

A f-stable parabolic subalgebra of g is by definition, a parabolic subalgebra q of g©
such that 0(q) = q and gNq is a Levi subalgebra of q, where ~denotes the conjugation
of g© with respect to g. Associated with a §-stable parabolic subalgebra q, we have
an irreducible unitary representation A; of G with trivial infinitesimal character
and non-zero (g%, K)-cohomology. If q is a f-stable parabolic subalgebra, then so is
Ad(k)(q) (k € K);and Ay, Aaqr)(q) are unitarily equivalent. If ¢ = g, then A, = C,
the trivial representation of G. If rank(G) = rank(K') and q is a €-stable Borel
subalgebra, then A, is a discrete series representation of G with trivial infinitesimal
character. See Section 5.1 for more details.

Now let G' be complex, u be a compact real form of g, and 6 be the corresponding
Cartan involution of g. Let h be a f-stable Cartan subalgebra of g. Choose a
system of positive roots A in the set of all non-zero roots A = A(g,h). Let b be
the corresponding Borel subalgebra of g and ® be the set of all simple roots in A*.
We can deduce that the #-stable parabolic subalgebras of g are of the form q x q,
where q is a parabolic subalgebra of g containing a #-stable Cartan subalgebra of g
(see Section 5.2). Also it is sufficient to consider the -stable parabolic subalgebras
of g of the form q x q, where q is a parabolic subalgebra of g containing the Borel
subalgebra b (see Section 5.2 again). The parabolic subalgebras of g containing b
are in one-one correspondence with the power set of ®. That is, q is of the form
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qo = ler & ugr, where

lgr = b D Z Jo, Uer = Z Ja;

1y (a)=0 ny(@)>0

Vped’ for some ed’
and a = g ny(a)y € A, for some & C . Let Ag be the irreducible unitary
representation of G with non-zero (g x g, U)-cohomology corresponding to the 6-
stable parabolic subalgebra q¢ X q¢/, where U is the connected Lie subgroup of G
with Lie algebra u. Then the Poincaré polynomial of H*(g x g,U; Ag /) is given by

P(®' 1) = 13m0 (1 4 ) ¥ P(1, £) P(ly,t) - - - P(Iy, 1),

where [1, [y, ... [; are the simple factors of the semisimple part [lg/,lg/] of [ and
each P(I;,t) is given by the formula below. If s is a finite dimensional complex
simple Lie algebra, the Poincaré polynomial P(s,t) is given by

where [ = rank(s) and dy,ds, ...d; are the exponents of 5. We have deduced the
formula for P(®’,¢) from a more general result in [15]. Also for @', ®"” C &, Ay is
unitarily equivalent to Agr if and only if & = ®”. See Section 5.2 for details.

Now combining these with Theorem 1.1, we get

Theorem 1.2. Let G be a connected complex simple Lie group. For each i=1,2,3,
there exists a uniform lattice T € L;(G) of G such that L*(T\G) has an irreducible
component Ag, where

(i) @ = {1}, or {wo}, or {1, 00e} C @, if G is of Cy-type (n>6). If n =6, 8,

or 10, we can discard {11} among these.
(ii) ® ={1} C @, if G is of D,-type (n>4).
(iii) " = {1} or {¢a} C O, if G is of Fy-type.

The proof of the above theorem is given in Section 5.3. In literature, there are non-
vanishing results of the multiplicity of automorphic representations in L*(I'\G), for
example see [1], [5], [6], [22], [3, Ch. VIII], [29, § 6], [27]. In all those cases, G is
an equi-rank group, that is rank of G is equal to the rank of a maximal compact
subgroup. But in our case, GG is complex, so can not be an equi-rank group. Schimpf
[32] has identified some automorphic representation, when G = SL(n,C) (n =2, 3).
We also get Schimpf’s result for n=3, see Remark 5.5(i). The problem in identifying
automorphic representation using this technique is that if a geometric cycle gives non-
zero cohomology class in H*(I'\ X; C), then most of the times it happens that there
are more than one A, with H*(g% K; Ay x) # 0. Theorem 4.1 in [25], or Theorem
1.2 in [18] might be a way to solve this problem. See Remark 5.5(ii).

2. Cartan involution of a real semisimple Lie algebra
with complex structure

Let g be a complex semisimple Lie algebra and u be a compact real form of g. Let
g® denote the Lie algebra g considered as a real Lie algebra and let J denote the
complex structure of g® corresponding to the multiplication by i of g.
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Then g® = u @ Ju is a Cartan decomposition of g® with the corresponding Cartan
involution 6 (say). The complex linear extension of § to the complexification (g®)¢
is denoted by the same notation 6.

Let s denote the the involution (X,Y’) — (Y, X) of the product algebra [ = u x u.
Then (I,s) is an orthogonal symmetric algebra of the compact type and [ = u, + e,
is the decomposition of [ into eigenspaces of s, where u, = {(X,X) : X € u}
and e, = {(X,—X) : X € u}. Let (I,s*) denote the dual of (I,s), where [* is
the subset u, + de, of the complexification I® of [ and s* is the map T + iX —
T —iX(T € u,, X €¢.). Now g is isomorphic to [* (as a real Lie algebra) via the
map ¢: X +JY — (X, X)+i(Y,-Y), where X,Y € u. Also we have ¢pof = s*0¢.
Hence the complexification (g®)¢ is isomorphic to (I*)® = I© 2 g x g in such a way
that 6 corresponds to the complex linear extension of s, that is # corresponds to
the map (Z1, Zs) — (Z2,Z1) of g x g.

3. Arithmetic uniform lattices of a connected complex
semisimple Lie group

Let G be a connected semisimple Lie group. The natural way to construct arithmetic
uniform discrete subgroups of GG is Weil’s restriction of scalars described below:

Let F' be an algebraic number field of degree > 1 and G’ be a linear connected
semisimple Lie group defined over F' such that G is isogenous with G’. Then It is
sufficient to consider arithmetic uniform discrete subgroups of G’. Let S be the set
of all infinite places of F'. For each s € S, define Fy, =R, if s(F) C R; and Fs = C,
if s(F) ¢ R. We can identify G’ with a subgroup of SL(N, Fiq) defined over F' that
is, there exists a finite subset P of F[z11,...,xyn] such that G’ is the identity com-
ponent of the group {g€ SL(N, Fiq) :p(g) =0 for all pe P}. For each s€ S let G
be the identity component of the group {g € SL(N, Fy):s(p)(g) =0 for all p € P}.
Let O be the ring of integers of F', and G, = G' N GLy(O). Then G, is an
arithmetic uniform lattice of G’ if G’ is compact for all s € S\ {id}.

We shall follow the construction of Borel [2] to construct some arithmetic uniform
lattices in a connected complex semisimple Lie group. Let GG be a connected complex
semisimple Lie group with Lie algebra g. As before, let g® denote the Lie algebra
g considered as a real Lie algebra and let J denote the complex structure of g®
corresponding to the multiplication by ¢ of g. Note that G/Z = Ad(G), where Z
denotes the centre of G. As G is a connected complex semisimple Lie group, Z is
finite. So it is sufficient to determine arithmetic uniform lattices of Ad(G), which
is the identity component of Aut(g®). As the Lie group Aut(g®) has finitely many
components, it is sufficient to determine uniform arithmetic lattices of Aut(g®). We
shall construct three types of arithmetic uniform lattices in Aut(g®). But before
proceeding further, we need some facts about algebraic number fields.

3.1. Algebraic number fields. Let F' be an algebraic number field and S be the
set of all real places of F'. By the Theorem of the Primitive Element, we may write
F =Q(u) for some u € F.

Proposition 3.1.  For any k,l € NU {0} with k+1 = |S|, We may choose a
primitive element uw € F such that the number of positive real conjugates of u is k
and the number of negative real conjugates of u is .
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Proof. Let S = {s1,2,...,5,}, where n = |S|. Let u; = s;(u) forall 1 <i<n.
Assume that uy < wup < -+ <wuy <y < -+ < uy (here k+1=n). Choose r € Q
such that v, < r < wyq. Then u;—r <0 for 1 <i <[, and wp;—7r >0 for 1 <j <

k. Clearly F = Q(u) = Q(u—r), and uy —r,ug —r, ... Uy — Fy U1 — Ty e ooy Uppg — T
are all real conjugates of u. So this v — r is a primitive element with the required
property. |

Remark 3.2. (i) If F is a totally real number field, F' has a primitive element
u such that u has exactly one positive conjugate (by Proposition 3.1). Replacing F'
by a conjugate of F' (if necessary), we may assume that F' = Q(u) with « > 0 and
s(u) <0 for all s € S —{id}, S is the set of all infinite places of F'.

(ii)) Let F be an algebraic number field such that F' ¢ R and all other conjugates
of F' are real. Then again by Proposition 3.1, we may write F' = Q(u), where u € C
with s(u) <0 for all s € S — {id}, S is the set of all infinite places of F. ]

Examples 3.3. (1) If m is a positive square-free integer, the quadratic number
field Q(y/m) is a totally real number field. More generally, if f € Qz] is irreducible
and all roots of f are real, then Q(«) is a totally real number field, where « is a
root of f.

(2) Let h € Q[z] be an irreducible polynomial such that h has exactly two non-real
roots. For each n € N with n > 2, there exists such a polynomial of degree n. For
example, start with f(z) = (2 + k)(x — k1) -+ (x — kn_o), where k ki, , ko
are positive even integers and ki, ko, ..., k,_o are distinct. Let then zi,zs,...,2,,
(n—3 < m < n—1) be the real roots of f'(x) = 0. Since the real roots of f are all
distinet, f(z;) # 0 for all 1 <i < m. Let ¢ = min{|f(z;)] : 1 <i < m}. For any
a € R with |a| <€, let g.(x) = f(z) + a. Then g,(x) = 0 has exactly n — 2 real
roots. For if f has a local optimum value above (respectively, below) the z-axis, the
corresponding local optimum value of g, is above (respectively, below) the x-axis;
and vice versa. Let ¢ be an odd integer such that % < €. Then f(z)+ % = 0 has
exactly n — 2 real roots. Hence if h(z) = ¢f(x) + 2, then h(z) = 0 also has exactly

n — 2 real roots. If f(z) = 2" + a,_12" ' + -+ + ayx + ag, then ag, a1, -+ ,a,_;
are all even integers. Also h(z) = qx™ + (qa,_1)xz" ' + -+ + (qa1)x + (qag + 2). So
h € Z|z] is irreducible, by Eisenstein’s Criterion (see [13, Ch. 4]). n

The algebraic number field Q(«) has exactly one complex place, where « is a root
of h.

3.2. Construction of some arithmetic uniform lattices in Aut(g®). Let u be
a compact real form of g and h be a Cartan subalgebra of g with h = (unh)@(Junh).
Let A = A(g,h) be the set of all non-zero roots of g with respect to the Cartan
subalgebra f, A" be the set of positive roots in A with respect to some chosen
ordering and ® the set of all simple roots in A™. Let B denote the Killing form of
g. For each a € A, there exists unique H, € h such that

a(H)=B(H,H,) for all H € 1.
Let H} =2H,/a(H,) for all @ € A. For each o € A there exists E, € g such that

[H,E,] = a(H)E, forall H € b,



PAuL 857

|Eo, E_,] = H forall o € A,
[Eo,Es) =0 ifa,fe Aja+ 8¢ AN a+ [ #0, (2)
[Eo, Eg]l = NopEoip it o, B,a+ 0 € A, where
Nop=—N-a-p==%(1-p),
and f+na(p <n < q) is the a-series containing /3. Also we can choose E, (a € A)

in such a way that
E,—FE_., i(E,+ E_,) €uforall a €A

Then {H} ,E, : ¢ € ,a € A} is a Chevalley basis of g such that

u=> REH)& Y R(E—E.o)® Y R(i(E.+ E.)). (3)
peD aEAT aEAT
Let Xo=FE,—FE ., Y, =i(E,+ E_,) forall a € AT,

Let F be an algebraic number field of degree > 1, O be the ring of integers of F' and
S be the set of all infinite places of F'. Assume that s(F') C R for all s € S\ {id}
(see Examples in Section 3.1). If G is real, we assume that ' C R. If G is complex,
we assume that F' ¢ R. In any case, we may write F' = Q(u), where s(u) < 0 for
all s € S\ {id} (Remark 3.2). If ' C R, then we may choose u > 0. Otherwise
u € C. Let v=1+/u and vy = y/—s(u) for all s € S\ {id}. Note that vs > 0 for all
s € S\ {id}. Also if u > 0, then v > 0.

Now we shall construct some arithmetic uniform lattices of Aut(g®) as follows:
1. First view g as a real Lie algebra g®. Let I be an algebraic number field as
above with F' C R. Recall that g is isomorphic to the non-compact real form [*
of g x g in such a way that the Cartan decomposition g® = u @ Ju corresponds
to the Cartan decomposition [* = u, @ e of [*, where u, = {(X,X) : X € u} and
e ={(iX,—iX): X € u} (see Section 2). Then

{(Hs,iHY), (Xa, Xa), (Yo, Ya) 19 € P, € AT}

U{H}, —H}), (iXa, —iXa), (1Ye, —iYs) 1 0 € @, a0 € AT}

is a basis of g® (via this identification) consisting of vectors belonging to either u,
or to e, with respect to which the structural constants are integers.

Let m be the vector space over F' spanned by the set
{(z'H;,iH;;), (Xa, Xo), (Yo, Vo) : 0 € @€ AT}
U{vH;, —vH}), (ivXo, —ivX,), (vYs, —ivY,) : ¢ € ®,a € AT}
and m® be the vector space over F* = s(F') spanned by the set
{(Hy,iHY), (Xa, Xa), (Ya,Ya) 19 €, € AT}
U {ivaHy, —iv ), (=05 X0, 0:Xa), (—0sYa,0sYs) 1 ¢ € @, € At}

for all s € S — {id}. Then m is a Lie algebra over F', m® is a Lie algebra over
F? . and the structural constants of m® are the conjugates by s of the structural
constants of m with respect to the given bases for all s € S — {id}. Thus m® is the
conjugate of m by s. We also have m@R = gf m*®@R = uxu for all s € S— {id}.
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Take a basis of g® contained in m and identify Aut((g®)®) with an algebraic sub-
group G’ of GL(2N,C) (2N = dim(g®)) defined over F, via this basis. Then
Aut(g®) is identified with G%, the group of real matrices in G’. The group (G%)*
is then Aut(u x u), hence compact, for all s € S — {id}. Let O be the ring of
algebraic integers of F' and I' = G, = G' N GL(2N,0). As (Gg)*® is compact for
all s € S — {id}, I' is a cocompact arithmetic lattice in Aut(g®). An arithmetic
uniform lattice of Aut(g®) constructed in this way, is called a lattice of type 1.

2. Now view g as a complex Lie algebra, and F' be an algebraic number field F' ¢ R
with s(F) C R for all s € S\ {id}.

(i) Let B = {iH},X,,Y, : ¢ € ®,a € AT}. Let m be the vector space over
F' spanned by the set B and m® be the vector space over F'* spanned by the set
B for all s € S — {id}. Then m is a Lie algebra over F', m® is a Lie algebra
over F*, and the structural constants of m and m® are integers with respect to the
basis B for all s € S — {id}. Thus m® is the conjugate of m by s. We also have
mRC =g MR =u forall s € S — {id}. Here note that the real span of B is
the compact real form of g.

(ii) Let go be a non-compact real form of g and gy = £, @ py be a Cartan decompo-
sition of g such that u = €, @ ipy. Let {e)} be a basis of gy consisting of vectors
belonging either to €, or to py, with respect to which the structural constants are
all rational numbers [2, Prop. 3.7]. Let k and p stand for indices of the subbases
for ¢y and py respectively.

Let m be the vector space over F' spanned by the elements e, and ve,, and m® be
the vector space over F* spanned by the elements ej, and iv,e,, for all s € S —{id}.
Then m is a Lie algebra over F', m® is a Lie algebra over F*, m® is the conjugate
ofmby sand m®@C =g, m* @R =u for all s € S — {id}. Let B’ be the set
consisting of vectors e, and ve,.

Identify Aut(g) with an algebraic subgroup G’ of GL(N,C) (N = dimc¢(g)) defined
over F'| via the basis B (respectively, B’) in case (i) (respectively case (ii)). The
group (G')® is then Aut(u), hence compact, for all s € S — {id}. Let O be the ring
of algebraic integers of F' and I' = G\, = G’ N GL(N,O). As (G')* is compact for
all s € S —{id}, I" is a cocompact arithmetic lattice in Aut(g). In case (i), G is
Aut(u), which is compact. And in case (ii), G is Aut(go), which is non-compact.
An arithmetic uniform lattice of Aut(g) constructed as in 2.(i), is called a lattice of
type 2; and an arithmetic uniform lattice of Aut(g) constructed in 2.(ii), is called a
lattice of type 3.

Note that g® = u® Ju is a Cartan decomposition of g®. Let 6 be the corresponding
Cartan involution. Let I' be a cocompact arithmetic lattice of Aut(g®) constructed
as in 1 or 2. Note that,

(i)if M'isasin 1, then # € I'; and (ii) if I is as in 2, then 6 € I', as 6 ¢ Aut(g).

But T0~! = T', in both cases 1 and 2. Also g = ad(g) and the real Lie algebra
isomorphism of ad(g) corresponding to the Cartan involution @ of g® is given by
ad(X) — ad(6X) = fad(X)0~!, which is denoted by the same notation #. Then
0 is the differential at identity of the Lie group isomorphism @ of Aut(g®) given
by é(a) = fof~!. The Lie group isomorphism of G whose differential at identity
is 6, is also denoted by the same notation #. Then we have Ado# = 6o Ad. So
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if T is a cocompact arithmetic lattice of Aut(g®) constructed as in 1 or 2, then
O(Ad~H(T)) = Ad'(T).

4. Special cycles in Riemannian globally symmetric space of type IV

Let G be a real semisimple Lie group with finite centre and K be a maximal compact
subgroup of GG. Let I' be a torsion-free uniform discrete subgroup of G. Then I' acts
freely on the Riemannian globally symmetric space X := G/K and the canonical
projection w : X — ['\X is a covering projection. One can identify the group
cohomology H*(I'; C) with the cohomology H*(I'\X;C) of the locally symmetric
space [\ X.

Let B be a reductive subgroup of GG such that Kg = BN K is a maximal compact
subgroup of B. Set Xp=B/Kp and I'g=BNI". Note that Xp is a connected totally
geodesic submanifold of X. Assume that the natural map j: I'p\Xp — '\ X is
an embedding. Then the image Cp := j(I'p\ Xp) is called a geometric cycle. Under
certain conditions, the fundamental class [Cg| € Hq(I'\X;C) (d = dim(I'g\Xp)) is
non-trivial. So the Poincaré dual of [Cg| contributes nontrivially to H*(I'\.X; C).

If the reductive subgroup B is the fixed point set of a finite order automorphism g
of G such that p(K) = K and u(I') =T, then we denote B by G(u), Kg by K(u),
Xp by X(u) and T'g by I'(). In this case, the natural map j : T'(u)\ X (u) — T\ X
is an embedding and the image C(u,I") := j(I'(11)\X (1)) is called a special cycle.

Let X, denote the compact dual of X. We can identify the cohomology H*(X,;C)
of X, with the cohomology H*(2(X;C)%) of the complex Q(X;C)% of G-invariant
complex valued differential forms on X . Since I' is a cocompact discrete subgroup
of G, the inclusion jr : Q(X;C)¢ — Q(X;C)'' induces an injective map

ji HH(QUX;C)%) — H*(Q(X;C)F)
(the so called Matsushima map). Now we can identify the cohomology H*(I'\ X; C)

of T\ X with the cohomology H*(Q(X;C)") of the complex Q(X;C)"'. In this way
we have an injective map

kr: H*(X,;C) — H*(I'"\X;C).

So the elements in the image kr(H*(X,;C)) are represented by the G-invariant
differential forms on X.

The following results state some conditions under which fundamental class of a special
cycle is non-zero and the corresponding cohomology class does not lie in the image
of the Matsushima map that is, it is not represented by a G-invariant differential
form on X.

Theorem 4.1. (Th. 2.1, [24]) Let F' be an algebraic number field of degree > 1 with
ring of integers O. Let G be a linear connected semisimple Lie group defined over
F, 0 be a Cartan involution of G defined over F' and K ={g € G : 0(g) = g}. Let
o be an involutive automorphism of G defined over F with 00 = 0o and I' C Gp be
a torsion-free, (o, 0)-stable, arithmetic uniform lattice of G such that the Lie groups
G,G(0),G(00) act orientation preservingly on X, X (o) and X (00) respectively.
Then there exists a (o,0)-stable subgroup T of T of finite index such that the
cohomology classes defined by [C(o,1")],[C(00,1")] via Poincaré duality are non-
zero and are not represented by G -invariant differential forms on X .
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Theorem 4.2. (Th. 4.11, [30]) Let F,O,G,0, K be as in the above theorem. Let o
and T be finite order automorphisms of G defined over F with 06 = 0o, 70 = 01 and
or =710. Let I' C Go be a torsion-free, (o, T)-stable, arithmetic uniform lattice of
G such that T\X,C(0,T"),C(7,T') and all connected components of their intersection
are orientable. Assume that

(i)  dim(C(0,T)) + dim(C(1,1")) = dim(I'\ X),

(ii) the Lie groups G,G(0),G(T) act orientation preservingly on X, X (o) and X ()

respectively, and

(iii) the group G({o,T)) is compact. Then there exists a (o, T)-stable normal sub-

group I of ' of finite index such that [C(o,I")|[C(7,I")] # 0.

Remark 4.3. (i) If ¢ is an involution with ¢f = f#o, and 7 = o6, then
obviously dim(C(c,I")) + dim(C(7,I')) = dim(I"'\X), and the group G({o,7)) is a
closed subgroup of K, hence compact. Also in this case, the cycles C(o,T"),C(06,T")
intersect transversely, and so the connected components of their intersection are
points. Hence if the Lie groups G(o),G(06) act orientation preservingly on X (o)
and X (o#) respectively, then in particular, C(o,I'),C(c6,T") and all connected
components of their intersection are orientable.

(ii) Originally, Th. 2.1 in [24] has been stated under the assumption that C(o,T"),
C(00,1") are orientable, and all intersections of C(c,I'),C(c6,I") are of positive
multiplicity. Now the assumption in Th. 4.1 implies that there is a (o, 8)-stable
subgroup I' of T' of finite index such that [C(c,I'")][C(7,I")] # 0, by Th. 4.2.
Now the Th. 4.1 follows from the proof of Th. 2.1 in [24].

(iii) If G is a connected complex semisimple Lie group, then since the simply
connected cover of G is a linear Lie group, without loss of generality we may assume
that I'\ X, C(0,T"),C(06,T") and all connected components of their intersection are
orientable [24][Prop. 2.3 and its Cor.]. In general, Rohlfs and Schwermer [30] proved
that by passing to a suitable subgroup of finite index in I' if necessary, we may assume
that I'\X, C(o,T"),C(06,I") and all connected components of their intersection are
orientable.

(iv) We say that the condition Or (as in [30]) is satisfied for G, o, 7 if the canonical
action of G(p) on X (u) is orientation preserving for u = o, 7. n

Now the hypotheses of the above theorems have been checked in the following
subsections for a connected complex simple Lie group G so that we can apply the
above theorems.

4.1. Automorphisms of finite order of a complex simple Lie algebra. Here
we describe Victor Ka¢’s Classification [14] of finite order automorphisms of a com-
plex simple Lie algebra. We follow [12, § 5, Ch. X] for this purpose.

Let g be a complex simple Lie algebra and u be a compact real form of g. As
before, gt = u @ Ju is a Cartan decomposition of g¥, where g® is the underlying
real Lie algebra of g and J is the complex structure of g® corresponding to the
multiplication by ¢ of g. Let 6 be the corresponding Cartan involution. Let b be a
f-stable Cartan subalgebra of g. Choose a system of positive roots A* in the set
of all non-zero roots A = A(g,h). Let ® be the set of all simple roots in A™. Let
{H} ,E,: ¢ € ®,a € A} be a Chevalley basis for g as in (2). Then the Lie algebra
g is generated by the vectors Hy, Ey, E_, (p € D).
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For any o € Aut(g) with o(h) = b, define o(a)(H) = a(cH) for all H € b, where
a € h*. Then o(A) = A. Now assume that o is a finite order automorphism of g
with 00 = 0o, o(h) = h and o(AT) = AT. Then o induces an automorphism of
the Dynkin diagram of g. As the order of any automorphism of a Dynkin diagram
is 1,2, or 3; ol has order 1,2, or 3 respectively.

Conversely, let 7 be an automorphism of the Dynkin diagram of g of order k (k =
1,2,0r 3). As g is generated by H}, Eys, FE_4s (¢ € @), there exists a unique
v € Aut(g) with

Note that v is of order k, and v = 6v. We call v, an automorphlsm of g induced
by an automorphism of the Dynkin diagram of g. Let € =¢€ = bea primitive k-th
root of unity. As v has order k, any eigenvalue of v has the form € (i € Zx) and
g = @icz, 97 such that [g}, %] C g7, ;, where g} is the eigenspace of v corresponding
to the eigenvalue €. Since k = 1,2, or 3, gy, g%, g5 # 0, where a = a + kZ € Z;
for all a € Z. The Lie algebra gf is reductive (in fact, it is simple [12, the proof of
Lemma 5.11, Ch. X]) and h” = h N gy is a Cartan subalgebra of gf. Define a root
of g with respect to h” as a pair («,7) (a € (h")*,i € Zy), if the joint eigenspace
O = {X € g/ : [HX] = a(H)X forall H € h”} # 0. Note that a root of g
with respect to h” is just a weight of the gg-module g/. We may add pairs by
(a,i) 4+ (B,7) = (a+ B,i +j). Let A denote the set of all non-zero roots and A,
the set of roots of the form (0,4),7 € Z;. Then we have [12, § 5, Ch. X]

0=0"® > o b= Y B b =000 (4)

(avi)EA (ai)€Ag
[8(a0), 8(8.9)] C B(ai)+(8.9): (5)
dim g, = 1 for all (a,i) € A\ A, (6)
[g(a,i)ag(@j)] 7é 07 lf (Oé, Z) S A \ A0 ; (ﬁm])? (Oé,’i) + (67]) € A (7)

Let Ag = A(gg, b”) be the set of all non-zero roots of the simple Lie algebra gg with
respect to the Cartan subalgebra h”. Then Ay = {(a,0) € A : a # 0}. Define

k-1 k—1 k—1
Hy = Higy Es=Y  Euy, and By =Y E ) (¢ € D).
1=0 =0 =0

Note that h” = Z¢e¢’ CH(Z, and the vectors Eg, E_, € gi for all ¢ € ®.

Also the vectors Z Egi(g), Z;:ol € E_pi(y) € 97—, and for k£ = 3, the vectors
Ey+ € Eyy) +eoEp2(g), E_¢+60E,,7(¢) +eE_p2(4) € gf forall ¢ € & with ¢ # v(9).
Let agy = ¢(Hy) for all ¢,1) € ®. Then we have

k—1 k—1 k—1 k-1

= > [Hiy) = ) iy Ev i ()5 () ) Eopi (9)
4,5=0 i,j=0 j=0 i=0

k—1 k-1

(Y Gppi-iw)) Eri(g) (a8 gy = ao(p)o(w))

<
Il
=)
-
Il
=)
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k—1 k—1 k—1
= (D o) D Eie) (as 7F =1d) = (Y aguiy)) Es.
i=0 =0 i=0
k—1
Slmllarly [H;Z, E_¢] = —(Z (l¢pi(¢))E_¢,
=0

for all ¢, € ®. Thus Ej is a root vector corresponding to some root ¥ € Ag, E_,
is a root vector corresponding to —1) € Ay. Also note that

k—1 k—1 k—1
[ 7:;7 Z € Eu] <z>) Z(Z@z(qp ZE%EW'(@, and for k = 3,
j=0 i=0 j:O

[Hj, Eg + €0 Ens) + €0Ep2g)) = (Z i) (Es + €0 En) + €0Er2(g))
i=0

for all ¢,¢p € ®. So if ¢ € ® with ¢ # (@), and Ej is a root vector corresponding
to the root ¥ € Ag, then E?;& €Ly is a weight vector corresponding to the
weight ¢ € (h”)* of the gg-module g/— , and for k =3, E, + € En) + €0En2g) 18
weight vector corresponding to the weight 1 of g7.
Similarly Zj.:é eéE_;j(d,) is a weight vector corresponding to the weight —i € (h¥)*
of g;— » and for k=3, E_4+ e%E,,;(@ + €0 F_p2(¢) 18 weight vector corresponding
to the weight —1 of g7.
Actually there exists a basis ¥ = {11, ¢, ...,1,} of the root system Ay = A(gf, h”)
such that E, is a root vector correspondlng to some root 1; € ¥, E_4 is a root
vector corresponding to —1;, and {H Ey, E_ys: ¢ € ®} generates g} [12 the proof
of Lemma 5.11, Ch. X ]. Let A be the system of positive roots in A, generated by
the basis . Let aq be the lowest weight (with respect to Ag) of the gf-module g¥.

Then o # 0, the set B := {ap, 1, ...,%,} is linearly dependent and B generates
A in the sense that each (i) € A can be written in the form

(o, i) = +(no(a, 1 Zn] 1;,0)) (n; e NU{0} for all 0 < j < n), (8)

[12, Lemma 5.7, Ch. X]. Note that if a € (h*)* is a weight of the gf-module
g, (0 <a < k—1), then we may take ng = a in the above decomposition. Also if
(a,i) € A with i #£0 or a € A§ for i =0, then a can be written as

a=p1+-+ G, 9)

where all 3; € B, not necessarily distinct, such that each partial sum gy 4 --- 4 3,

is the first component of some root in A [12, follows from (v) of Lemma 5.7, Ch. X].

For X3, Xs,..., X, € g we denote the element ad(X;)---ad(X,_1)(X,) € g by
[Xh e 7Xr—17Xr] CIf (OZ, d) S A \ AO ((l € N) with

(a,a) = alap, 1) + D7 ni(1;,0) (n; € NU{0} for all 1 <i<n),
then by (6), (7) and (9) we have

g(a,a) = C[Xl, R ,Xr], (10)
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for suitable vectors Xi,..., X, lie in the eigenspaces of the roots (ag,1), (1;,0)
(1 <i < n) such that the sum of the corresponding roots is a(ag, 1)+ >, ni(¢, 0).

Choose Ey(# 0) € g(ao,1)- Then the vectors Ey, E, (¢ € ®) generate the Lie algebra
g [12, Th. 5.15(i), Ch. X]. Let ag + Y i aity; = 0 (a; € Nfor all 1 <i <mn) [12,
Tables of Diagrams S(A), §5, Ch. X]. Let sg,s1,...,S, be non-negative integers
without non-trivial common factor and put m = k(s + >, a;s;). Let ¢ be a
primitive m-th root of unity and s, := s;, if E¢ is a root vector corresponding to
the simple root 1; € U. Note that sgi4) = s¢ for all ¢ € ®. There exists a unique
automorphism o of g of order m with

0(Ey) = € Ey, 0(Ey) =€ Ey (¢ € ) (11)

[12, Th. 5.15(i), Ch. X]. The automorphism o is called an automorphism of type
(80,81, ---,8n; k). Note that the automorphism v induced by the Dynkin diagram
automorphism 7 is of type (1,0,...,0;k). The automorphism o is inner if and only
if k=1 [12, Th. 5.16(i), Ch. X].

For 1 <i <, if gy, 1) # 0, the decomposition (8) for (¢;,1) is given by

(60 1) = (0, 1) + 3 4585, 0) + (@ + D)(¥,0), as ag+ 3 azeh; = 0.
T j=0

J=1
Similarly 7 .
9(y,2) 7 0 implies (¢;,2) = 2(ao, 1) + Z 2a;(15,0) + (2a; + 1)(¢;,0),
=1
i
g(_%,j) 7& 0 implies (—wi, i) = (Oéo, I) + ZGj(?/Jj, 0) + (CLZ' — 1)(%, 0), and
=1
=
8wz # 0 implies (=14,2) = 2(a0, 1) + Y 2a;(¢;,0) + (2a; — 1)(¢4;, 0),
j=1
J#i

as g{ = 00+ B(—y,k 7 0 and

(—i, k) = k(ap, 1) + Z ka;(v;,0) + (ka; — 1) (¢, 0).

j=1
JFi
By (10) for ¢ € ® with ¢ # v(¢), and k # 3, we have
=1 -1 -1
oD @Eu) = FE Y @Erig) = c0e” > @ Euie),
=0 =0 =0
-1 k-1 kol
(D @B i) =€ Y @E pig) = €€ > &bE i),
=0 =0 j=0

as m = k(so + Y a;s;) implies so + > ajs; + (a; + 1)s; = s; + 7,
j=1 j=1

3

so+ > a;5;+ (a; —1)s; = —s; + 7, and €
j=1
J#i

=¢p for k=1,2.



864 PauL

Similarly for ¢ € ® with ¢ # v(¢), and k = 3, we have

k=1
k—1 k1 e’ > € Eyig), if €3 =¢
; L 2m ; =
oY @bEnig) =Y qEn) = o )
7=0 7=0 €0€% Y € By, if€3s = ¢
j=0
0(Es + 6 Boo) + c0En(s) = €75 (B + g Bog) + 0B (g))
) o€ (Ey + EOEV(¢) + €0Bp2(g)), if €3 = ¢
(2) Sl(Ed) + 60E9(¢) + 60E172(¢)), if €3 = 6(2).
k—1 .
k—1 k—1 6%6_8’ E(J)E_Vy(¢) ifes = €0
. si42m . —
oD B si) =T Y QE g = 1 i
j=0 j=0 606751 E(J)E 73 () if €3 = 63.
7=0

o(E_s+ egE_g(¢) +eoE_p2(g)) = et (E_y+ 6(2)E_17(¢) +e0E_p2(4))

w3 w3
)
o

€0€_Si (E,(z) + EgE_Ij(d)) + 60E_92(¢)), if €
B (B + BBy + B_gage). it €5 =€

Also for any k, o(E_4) = e *+tmE , = ¢ %E_, for all ¢ € ®, as E_,4 is a root
vector of gj corresponding to the root —; and
= = kag + Y kaj; + (ka; — 1)y
=1
z-#
via the identification gg = g7. Note that s; = s4. Obviously for all ¢ € & with

¢ =v(9),
o(Ey) =€*Ey, 0(E_y) =€ **E_,, and

o(Hg) = o([Ey, E]) = [0(Ey), 0(E_y)] = [¢* Ey, e E_y| = Hy.
For ¢ € ® with ¢ # v(¢), and k =2,

o (Bot B (Bo” B
_ oot Bo) o Eo— Eve) _ s, o
2 2
o(E_y)=0 (—E_¢ +2EV(¢)) +o (—E_¢ _2Ey(¢))
R O +2E—ﬁ(¢) o _2E—P(¢) — B ),

as €g = —1 here. That is for all ¢ € ® with ¢ # v(9),

0(Ey) = € Epg), 0(E_g) =€ “E_pg), and o(Hj) = H} 4 for k = 2.
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For ¢ € ® with ¢ # v(¢), and k = 3,

Ey+ Eyp) + Ey Ey + eoEyp) + €2E;
U(E¢):U( o+ (g) 2<¢>)+0< o + €0 <§) € 2<¢>>

+o

(Eqs + €5 Ep(p) + 60E52<¢>>
3

2 2
eso BBt B 4 3oy Bt Bt il | oo BoteiBbortolizg i o _ o
= Ey+Ey 4 +FE. 2 Ey+eoEy gy +2E o Ey+2Ey g +eo B2 m
es0 L0 o gpese MO0 0y (Beso L0 MO0 W) if €F = ¢]

ERE

- {ES¢E9(¢), if €

= 60
€ By, if €3 = €.

E s+FE 0+ E_, E_ 4+ eFE s + EE_,
U(E_¢):U< o+ <§>> 2<¢>)+0< o+ (;) Eo 2<¢>)

+ <E¢’ + &0 E-n(e) + 605u2(¢>>
g 3 .

This is equal to

so -6+ Bong) + B i) E 4+ eb s + &GE )

) 3 e 3
E o+ eEE _p4 +eF_p
+ 60675‘75 @ 0 (;) 0 2() _ 675¢E717(¢)’

if €3 = ¢, and equal to

oo Boo+ Eooig) + E_i2g) sE—o t c0E o) + GE_r2(9)

€ 5 + g ° 5
E_ 2E 54 +eE_p
+ 636—54) ¢ T € (:;f’) €0 2(¢) _ €_S¢E_p2(¢),
if €5 = €2, as ¢y = w here. Hence for all ¢ € ® with ¢ # 7(¢),

0(Ey) = € Ep(y), 0(E_y) = € **E_y), and 0(H}) = Hy,) for k=3, if €5 = ¢,
or

0(Eg)=€Ep2y), 0(E_g)=€ *E_p4), and o(Hg)=Hp ) for k=3, if €

m
3

_ 2
=€5-

So if we want the Dynkin diagram automorphism induced by o to be 7, we must
take € to be a primitive m-th root of unity with €% = ¢. In this case, we have

0(Ea) = 4a€"* Eya), 0(E_a) = g€ " E_y(a), and o(H}) = H} ),

for all « € A", ¢ € ®; where {H} Es: ¢ € ®,a e A} is a Chevalley basis for g as

in (2), ¢o = 1, and ny = 355 ne(@)sy (f a =3, 45n4(a)d, ny(a) € NU{0})
for all @ € AT. Recall that v is the unique automorphism of g with

v(H}) = Hyy),  Vv(Eg) = Epg), V(E_g)=E 54 (¢€QP)

v

So v(h) = b and hence v(a) (o € h*) makes sense, where v(«)(H) = a(vH) for all
H € b. Note that v(¢) = v(¢) for all ¢ € .
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Also q, = £1 by (2), for if f+na (p < n < q) is the a-string containing /3, then
v(B) +nv(a) (p <n <q) is the v(a)-string containing v(f5), where o, 8 € A.

If X, =FE,—F o, Yy =i(E,+ E_,) (o € A"), then the compact real form u is

given by
u=)Y REH)® > RX,& > RY,.
PP acEAt aEAT
Now 0(Xa) = qa(€" Eva) — € " E_y(a))
2bn, .. 2bn, 2bn,, .. 2bn,
= qa<cos n 7TE,,(Q) + 4 8in " 7rE,,(a) — CoS n 7TE,,,(a) + ¢ sin n 7TEV(Q)>
m m m m
2bn,m o 2bn,T
= (q COS (Eu(a) - Efu(a)) + G, SN (Ezz(a) + Efu(a))
bng . 2bng
= (o COS - 7TAXVI/(oz) + o SIn ﬂYV(a)a
m m

O'(Ya) = iqa(en“Ey(a) + E_n“E_V(a))

2bn,, . 2bn, , 2bn,, . 2bn,,
= (q <z CoS n 7TEV(a) — sin n WEV(OC) ~+ 1 cos n 7TE_V(OC) + sin " 7TE_V(O()>
m m m m

2bn,m 2bn,m

= 1o COS (Eu(a) + E—V(a)) — (o SID (Eu(a) - E—V(a))
2n,, 2bn,,
- T(Yl/(a) — da sin o

= (a COS Xu(a)7

for all « € AT, where € = e*nt with ged(b,m) = 1, is a primitive m-th root of
unity. Obviously o(iHj) = iH}, for all ¢ € ®. Hence o is an automorphism
of g of order m such that o0 = 0o, o(h) = b, o(AT) = AT, and the Dynkin
diagram automorphism induced by o is v. Let iq,...,4; be all the indices with
siyy = -+ = 8; = 0. Then the Lie algebra g7 = {X € g : 0(X) = X} is the
direct sum of an (n — t)-dimensional centre and a semisimple Lie algebra whose
Dynkin diagram is the subdiagram of the diagram g*) in Table 4.1 consisting of the
vertices consisting of the vertices ;,,...,%; [12, Th. 5.15(ii), Ch. X]. Except for
conjugation, these are all automorphisms of g of order m [12, Th. 5.15(iii), Ch. X].

Remark 4.4. (i) Let § € A" be the highest root of g. Then g5, g5 C g,
except for g = as, (n > 1) (k =2). For g = ay, (n > 1) with k =2, gs5,9-5 C g¥.

Consequently ag = —9 g for @ = asn, (n>1) with k =2: For k=1, g5 = ¢¥ = g.
Then obviously, g5,8-5 C g5. For k = 2, or 3, we prove it via case by case
consideration.

Note that v(0) = § and hence for any E(# 0) € gs, v(E) = E or v(E) = —E,
by the definition of v. Thus if v is an automorphism of order 3, then g; C gj.
Similarly g_s C gg.

Now assume that k =2. Let g = ag, (n > 1).

Aoy -

(n>1) o1 P2 Gn Pnt1 G201 P2n



D

(n>1)

O

plb .

n

(n>2)

(n>3j
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o%i]
@ o). o—o—o0— —0—=0
¢1 ¢2 77Z)7‘L—1 ¢n (n > 1) Qp ¢1 ¢2 77Z)n—1 77Z)n
=0 o) o=
ag Py (2 &%)
(1 () ¢2 (I 1% ) &%) (3 (I 1%
—0=—=0 8% . o=—0——0—9
(n>1)
ayp Y1 Yp_1 Yn @ 1 Y s Un-1 Uy
O 20 O O Aon—1 O< O
(n > 2)
¢n—1
Y1 P Py Yp3 Pnoo @) L o 7 S VR T
Q—I—% ) : o—o0—0—0—o0
Qo wn
Qo
(0
o—0—O0—0—0 5&3) O=—0—0
e U5 WYy Y3 Yy oy Y1 g
(0>
o—o0—o0 \I o—o0—o0
e Y s Vs Y3 P o
I¢2
o—0—0—0—0—0—0—0
ap Yg Yr s s Yy Y3 Wy
oO—O0—0—=0—0
agp P13 Yy
O——0=—=0
ap YPr Y

Table 4.1: Diagrams g* of a complex simple Lie algebra g.



868 PauL

The highest root § = ¢; + - - - + ¢9,,. Note that v is given by 0(¢;) = pan—j41 for all
1 <j <2n. Let E;, E_; be non-zero root vectors corresponding to the roots ¢;, —¢;
respectively, for all 1 < j < 2n. Then [E,, E,_1,..., E1], [Eni1, Enioy .o By #0,
as ¢; +---+¢; isaroot forall 1 <i<j <2n. Let

E= [[Ena E’n—h R E1]7 [En—‘rl) En+27 s 7E2n]] :

Then £ #0, E € g5, and v(E) = —E. Hence g5 C g¥. Similarly g_5 C g¥.
Let g = az,—1 (n > 2).
a2p—1: O—O0—  —O—O—O— —O—0

(n>2) o1 b2 Pn-1 Pn Pny1 Pan—2 P21

The highest root 6 = ¢1 + -+ + ¢o2,—1. Note that v is given by v(¢;) = ¢on—;
forall 1 < j < 2n—1. Let E;, E_; be non-zero root vectors corresponding to
the roots ¢;, —¢; respectively, for all 1 < j < 2n — 1. Then [E,_q,..., Ei],
[En—i-la ce 7E2n—1] 7£ 0. Let

E =B B [En [Euirs oy Ban )]

Then E #0, FE € g5, and v(F) = E. Hence g5 C gf. Similarly g_s C gj.
Let g = 6,41 (n > 3).

Pn

Opt1: O—O—

(n > 3) le ¢2 qbn— 1
¢n+1

The highest root § = ¢y + 2¢9 + -+ + 2¢,_1 + ¢ + Gny1. Note that v is given by
v(p;) = ¢; forall 1 < j <n-—1, v(¢,) = ¢ns1. Let Ej, E_; be non-zero root
vectors corresponding to the roots ¢;, —¢; respectively, for all 1 < j7 <n+1. Then
[Eay ..., En 1, By, [Eoy ..., En1, Eny1] # 0. Let

E = HE27 R EnflvEn]a [Ela [E27 s 7En717 En+1]H

Then E # 0, E € g5, and v(E) = E. Hence g5 C gf. Similarly g_s C g .
Let g = ¢.

0P

O—oO0 I O—0

b6 95 1 93 P

The highest root & = ¢1 + 2¢ + 2¢3 + 304 + +2¢5 + ¢¢. Note that v is given
by ﬂ(¢1> = ¢67 ﬂ((bg) = ¢5, D(¢2) = qbg, 17(¢4) = ¢4. Let Ej, E,j be non-zero
root vectors corresponding to the roots ¢;, —¢; respectively, for all 1 < j < 6.
Let E| = [[Ey, Es, E4], [Es, [Eg, Es5, E4]]]. Then E| # 0 and v(E}) = E}. Let
El = [Es, [Es, E]]. Then El} # 0 and v(E}) = EY. Let

€g -

E = [Ey, Ey, E)).
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Then E #0, FE € g5, and v(F) = E. Hence gs C gf. Similarly g_s C gj.

(ii) The module gZ is an irreducible gfj-module for all 0 < a < k — 1: It remain
to prove that the gg-modules g7 (for £ = 2,3) and g} (for k = 3) are irreducible.
Let {H} ,E: ¢ € ®,a € A} be a Chevalley basis for g as in (2). As g are finite
dimensional, g¥ are direct sums of irreducible gg-modules. First we show that the
module g7 is irreducible.

Recall that Ey (# 0) € g(ag,1) C g5 and dim(g(ae,1)) = 1. By (10), any weight space
of the gg-module gf corresponding to a non-zero weight is generated by Ey. So if
V' is the irreducible submodule of g{ containing g(q,,1), then any weight space of g¥
corresponding to a non-zero weight is contained in V Now we show that V' also
contains the weight space corresponding to the zero weight. If not, then there is a
non-zero vector Hy corresponding to the zero weight such that [Hy, Eg] = 0 for all
¢ € ®. Here recall that Fy = Zf:ol Eyi() is a Toot vector corresponding to a simple
root of gg.

Assume that & = 2. The weight space of gi corresponding to the zero weight is
given by by = >,  C(H; - H;(¢)). Now
de, ¢#0(9)

[Hj — Hygy, Byl = [Hj — Hyyo By + Eny)] = (aps — ayo(e) (By — Enqy)),

where ayy = ¢(H}) for all ¢,¢p € ®. So for ¢ € @, if ¢ = v(¢), then [H, Ey] = O
for all H € bY. Note that H} — H}, = —(H} ) — Hyz), (0 € 0, 0 # 0(9)). S
the vectors Hj — H} ) (¢ € ®, ¢ # 1(¢)) are linearly dependent. Choose a maxmlal
linearly 1ndependent subset {Hj — H, LRI B p} in the linearly dependent
set {Hj — Hy 10 €D, ¢ # ( )} and define a;; = ag,¢;, Qin(j) = ag,n(;) for all
1<i4,j <p. Note that p < n, where n =rank(gg). Let Ho = > 7 ci(H}, —Hy )
Now [Hy, Ey,] =0 for all 1 <i < p implies

p

Z(aij — CLZ‘D(]‘))C]‘ =0 for all 1 S 1 S D

j=1
So if the (p x p) matrix A = (a;; — aip(;)) is non-singular, then H, must be zero,
which contradicts our assumption. So we show that the matrix A is non-singular,
via case by case consideration.

Let g =as, (n>1). Aoy i O—O—

(n>1) o1 P2 Gn Pnt1 Pan—1 P2n

Here p=mn, h¥ =>"", C(H;, — H;%,Hl% and for all 1 <i,j <n, we have

2, if1 =
o -1, ifi=j=n,
a; =4 —1, ifli—jl=1 Qip(j) =

. 0, otherwise.
0, otherwise;
2 -1 0 0 0
-1 2 -1 0 0
Hence the matrix A = , which is non-singular.
0 0 -1 2 -1
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Let g = ag,—1 (n >2).

ap—1: O—O0——0O—O0—O0——0—0

(n>2) o1 b2 Pn-1 Pn Pny1 Pan—2 P21

n—1
Here p=n—1, bf = > C(Hj, — H;, ), and forall 1 <4,j <n—1, we have
i=1

2, ifi=j
a; =4 —1, ifli—jl=1 and a;p(;) = 0 always.
0, otherwise;
2 -1 0 0 0
-1 2 -1 0 0
Hence the matrix A = , which is non-singular.
0 O -1 2 -1
0 0 0o -1 2
Pn
Let g = 6,41 (n > 3): Opt1: O—O—
(n > 3) ¢1 ¢2 ¢n71
¢n+1
Here p=1, b7 = C(Hj, — H; . ), and the matrix A = (2), obviously non-singular.
Let g = ¢. (%2

€6 -

O O

b6 5 G193 P

Here p =2, by = C(Hj; — H} ) ® C(H}, — H} ), and the matrix A = ( 2 ) ,
which is non-singular.

Now let k= 3. Then g = d4. ¢3

04
! o1 P2

P4
The zero weight space of g is given by b7 = C(H}, +63H;(¢1)+60Hf2(¢1)), € = e

1%

Now Ey, = Ey, + Ep4,) + Ei2(sy) 18 a non-zero root vector of g, and
((H, + €6 Hy60) + 0Hi51)s By + Eoton) + Er2on)] = 2(Eg, + € Eo(or) + 0B (0,)) # 0.

Hence bf is not invariant under gg and so it is contained in V. Now we show that
gy for g = 4,, is irreducible. In this case, g5 = ga.

gdo . o =———————9)

Uy ¥y
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Note that By, = Ey,+E4,+E,, and E,, = 3E,, are root vectors of g corresponding
to the roots 1, and 1)y, respectively. Therefore Ey + eoEyg,) + egE,ﬂ((m and
E_y + B _pg) + G%E,,—,z((z,l) are weight vectors of gf corresponding to the weights
Y1, —1, respectively. Clearly,

[E—g1, oy + €0B(s1) + €0 Evr o)) = —(Hj, + €oHy ) + 6Hpay)),
[E_g,, —(H}, + eoHyy + €6 Hiz 4 )] —2(E_g, + €0E_p(o) + 0 E52(41)),
[Esy Eg, + €0Bpo1) + € Er261)) # 0, [Egy, Bgy, Bo, + €0Epgy) + B (4,)] # 0,
(B2 E—py +e0E_p(91) +60E—92(¢1>] #0, [E—g1s E—s E—g, +€0Ep(1) + €0 B2 (1)) #0.

These are weight vectors of gi corresponding to the weights 1y + 2, 2 + 1y,
—1 — 1Py, =211 — 1y, respectively. As dim(gy) = 7, g5 is generated by the sum
Ey, + €0Es(py) + €5Ep2(4y) as a gf-module. Hence g is irreducible. Note that the
lowest weight of g5 is —2@/}1 — 1y = ap, as g+ 21+ = 0, [12, Tables of Diagrams
S(A), Ch. X]. Hence g = g7, as gj-modules.

(iii) Except for conjugation, {0,060 : o is defined as in (11)} are all automorphisms
of g® of order m and leave u invariant : Since g is simple, Aut(g) is a subgroup of
Aut (g®) of index 2. Hence Aut(g®) = Aut(g) U Aut(g)#. So it is sufficient to prove
that if 0,09 are automorphisms of g of order m such that these are conjugate in
Aut(g) and leave u invariant, then ;1,09 are conjugate in Aut(u). To prove this,
we follow the argument of [12, Prop. 1.4, Ch. X]. Let g € Aut(g) be such that

oy = go1g~'. Now gu is also a compact real form of g.

So there exists go € Int(g) such that gu = gou, where Int(g) is the identity com-
ponent of Aut(g®). Hence gy'g € U, the normaliser of u in Aut( ®). So we can
write g as g=pu, where peexp(Ju), uelU. Thus oo =puciu='p~' (01,00, ucl).
Let 6 be the Lie group automorphism of Aut(g®) given by (o) = fof~'. Now
applying 6 on both sides of equation oy = puosiu=p~t, we have oy = p~tuciu=p.
This implies Ap?A~! = p?, where A = uoyu™'. Let p = exp(JX) (X € u).
Now Ap?A~! = p? implies exp (2JAd(A)(X)) = exp(2JX). As exp is one-to-one
on Ju, we have Ad(A)(X) = X and so A commutes with exp(JX) = p. Hence
oy = puou'p~t = uout, and oy, 09 are conjugate in Aut (u).

4.2. The condition Or: Let G be a connected complex simple Lie group and U
be a maximal compact subgroup of G. Let Lie(G) = g, Lie(U) = u, and 6 be the
Cartan involution corresponding to the Cartan decomposition g* = u® Ju, where .J
denotes, as usual, the complex structure of g® corresponding to the multiplication by
i of g. Let § denote the corresponding Cartan involution of G'. Let t be a maximal
abelian subspace of u and h = t. Then b is a Cartan subalgebra of g. Choose a
system of positive roots AT in the set of all non-zero roots A = A(g,h). Let ® be
the set of simple roots in A*. Let {H} ,E, : ¢ € ®,a € A} be a Chevalley basis
for g as in (2). Then

u=Y R(GH)® > RX,& Y RY,,

Ped aEAT aEAT

where X, =E,—FE_,, Y, =i(E,+ E_,) forall a« € AT,
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Let & be an involution of G whose differential at identity is an automorphism o of
g of order 2 as in (11). Recall that o(u) =u. Let u=1uy @ uy, g = go ® g1 be the
decompositions of u, g into 1 and —1 eigenspaces of o respectively. Note that U is
invariant under 7. Let G(pu) = {9 € G : u(g) = g} and U(u) ={u € U : p(u) = u},
where p = 7,60. Then G(u) is a closed reductive subgroup of G' and U(u) is a
maximal compact subgroup of G(u). X(u) = G(u)/U(u) is a Riemannian globally
symmetric space of non-compact type. Note that X (56) is an irreducible Riemannian
globally symmetric space of type III. For our purpose, it is important to know that
when the canonical action of G(u) on X (u) is orientation preserving for p = &,50.
We proceed as follows:

Note that G(7) = U(5)exp(Jug) and G(a0) = U(a)exp(Juy). So it is sufficient to
check whether the canonical action of U(d) on X (i) is orientation preserving. If
o = U(d) is the identity coset in X (u), then U(5)(0) = o and the differential of this

action is given by Ad : U(¢) — T,(X(1)). Hence it is sufficient to check whether
det (Ad(u)|s,) =1 for all uw € U(d), where k=0, 1.

Let U be the simply connected Lie group with Lie algebra u and p : U — U
be the covering projection whose differential is the identity map of u. Let Z
denote the centre of U, S = ker(p) C Z, and & be the automorphism of U with
dé = (d&). = ol,. Then U(5), the set of ﬁxed points of & is connected [12, Th. 8.2,
Ch. VII]. Let

L=p ' (U@)={uecU:op(u)=pu)}={ueU:psu)=p(u)}
={ueU:pewu)=e ={uel:suutes}.

Then L is a closed subgroup U and U () is the connected component of L. Also note
that U(5)S ¢ L. If U(& )S = L, then U(6) = p(L) = p(U(5)), hence connected.
But it may happen that U(5)S C L but U(#)S # L. Since the covering projection
p is orientation preserving, we need to check that det(Ad(u)|s,) =1 for all u € L,

where £k =0,1.

Let a be a maximal abelian subspace of 1;. For any u € U, there exist uy, up € U ()
and X € a such that v = exp(Ad(uy)(X))ug [12, Th. 8.6, Ch. VII]. Now, as S C Z,

welesuutes
& exp(Ad(ur)(—X))ugus texp(Ad(ur ) (— X)) = exp(Ad(up)(—2X)) € S
& urexp(—2X)u;t € S < exp(—2X) € S.

To check whether det (Ad(u)|s, ) =1 for all uw € L, where k = 0,1; it is sufficient to
check whether det (Ad(exp(X))|a,) = 1 for all X € a with exp(—2X) € 5, where
k = 0,1. Now det(Ad(u)|w,) det(Ad(u)|w,) = det(Ad(u)|y) = 1 for all u € L.
So it is sufficient to check whether det(Ad(exp(X))|y,) = 1 for all X € a with
exp(—2X) e S.

Let the Dynkin diagram automorphism induced by o be v. Let {v,72,...,7} be
a maximal set of strongly orthogonal roots in {« € AT : o(H}) = HZ, go C g1}-
Then a= >  Ri(Hj— H},)® > RY, is a maximal abelian subspace of u;.

pc® Jj=1
v(¢)#¢
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Let ¢ = Ad(exp(7 >_7_; X5,)). Then ¢(Y,,) =M for all 1 < j <r and we have
o(Hj — H} ) = Hy — Hy ) forall g € @. So

cla)= > Ri(H;—H,)® ) REHS).
Pe®, v(9)# J=1
Let at be the orthogonal complement of ¢(a) in t with respect to the positive definite
symmetric bilinear form —B(H, H')(H, H' € t). Since v;(H) = 0 for all H € at
and for all 1 < j < r, we have ¢(H) = H for all H € a*. Hence if t = at @ a,
then c(t) = at @ c(a) = t. For X € a,exp(—2X) € Z & o/(—2X) € 2miZ for all
o € Ag,t'C) [12, Th. 6.7, Ch.VII] & a(c(X)) € miZ for all a € A. So if

X=iH+Y Y, (He Y R(H;-H,), c¢;€R),
J=1 PED, v(P)#P

then exp(—2X) € Z < a(H) + cha(Hf;j) enZ forall € A
j=1

& o(H) + zr:chS(H;j) € nZ for all ¢ € .

=1

In particular, we have for all 1 < j < r that exp(—2X) € Z implies ¢j € 57, taking
a=";.

For X € a with exp(—2X) € S, let ox = exp(X). Then o3> € Z and so
Ad(ox)|u * uo — uo is an involution. Note that to = >, 4 Ri(H; + H ) is
a maximal abelian subspace of .

Now t= =37 | R(iH}) Cty. Let t* = {H €ty:9;(H)=0forall 1 <j<r}. So
Ad(ox)(H) = H for all H € t".

Now [X,iH} | = ¢[Y,,,iH] | = 2¢;X,,, [X, X,)] = [V, X)) = —2¢;iH] . Hence

Ad(ox)(iH},) = (cos2¢;)iH] + (sin2¢;) X, = (cos2¢;)iHy forall 1 <j <r.
So Ad(ox)(ty) =to. Let Ag=A(go, t5) and Al be a system of positive roots in Ay.
For X €a with exp(—2X) €S, let s’y € W(go,t5) besuchthat Ad(ox)osy (Af)=Ad
and sx = Ad(ox) o sy. For a € Ay, choose E, € (gy)a such that
w=td® Y RE,—E )& Y Ri(E,+E_,)

acAd acAT

and sx(Eq) = aabw(sx(a) = a, ay € C) with asa_o =1 and [a,| =1 [12, Cor.

5.2, Ch. IX]. For a € A}, if X, = E, — E_, and Y, =i(E, + E_,), then

5x(Xa) = 2aXo +YaYo and sx(Yy) = —yaXo + 24V,

RXo+RY,
all @ € Aj. So it is sufficient to check whether det (s xlg) =1 for all X € a with

exp(—2X) € S.

Recall that the Dynkin diagram automorphism © of g induced by o has order
k (k=1 or2). Let v be an automorphism of g induced by 7, as in Section 4.1. Then
v has order k£ and we have an Zj-gradation of g as g = @iz, g7 into the eigenspaces
of v. Recall that g is a simple Lie algebra and h” = § N gy is a Cartan subalgebra

where ao, = Ty + o, Ta,Ya € R. Then det(sx ) =22+ 12 = |as* =1 for
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of g. Also the set ® of simple roots in A" induces a basis ¥ = {t1,¢s,...,1¥,}
(determined by the map v: ® — @) of the root system A(gy, h”) [12, the proof of
Lemma 5.11, Ch. X]. Let o be the lowest weight of the gf-module g¥. Note that
if k = 1 that is, if ¥ is the identity map, then ag = —9, where § is the highest
root of A*. Let ag+ > i =1"a;4); =0 (a; € Nfor all 1 <7 <n). Then as in (11),
there are non-zero integers sy, s1, . . . , S, without non-trivial common factor such that
2 =Fk(so+ Y., a;s;) and o is an involution of g of type (so, s1,- .., Sn; k).

Let ¢,...,%; be all the indices with s;, = --- = s;, = 0. Then the Lie algebra
go = {X € g:0(X) = X} is the direct sum of an (n — t)-dimensional centre and
a semisimple Lie algebra whose Dynkin diagram is the subdiagram of the diagram
g®) (given in Section 4.1) consisting of the vertices v;,,...,%;,. From now on we
assume that A is the system of positive roots in Ay = A(go, t§) corresponding to

the basis {¢;,, Vi, ..., %}

Remark 4.5. (i) We may choose E, € (go)s such that
u=t® > RE,—E_,)® > Ri(E,+E_,)

aEA(T aEA(T
and sx(E,) = aoFuw(sx(d)) = a, a, € C) with asa_, = 1 and a, = £1 : For
X € a with exp(—=2X) € S, Ad(ox)|s, is an involution and sy € W(go,t5) be
such that Ad(ox) o sk (Ad) = Af. So sy is also an involution. Hence sy =
Ad(ox)o s’y : go — go is an involution with sx(Ag) = Aj. Now the result follows

from [2, Lemma 3.5].

(ii) If g = eg,f4,0r go, then the canonical action of G(u) on X(u) is orientation
preserving for p = &,50: In these cases, the simply connected Lie group U has
trivial centre, that is Z = {e} [12, Cor. 7.8, Ch. VII, Lemma 3.30 and Th. 3.32,
Ch. X]. So the result follows.

(iii) If a = >. Ri(H; — H,) is a maximal abelian subspace of wu; (this
PP, v(d)#
happens exactly when the Dynkin diagram automorphism 7 has order 2 and ¢ = v,

the automorphism of g induced by 7), then the canonical action of G(u) on X ()
is orientation preserving for p = 7,560 : For Ad(ox)|y, is the identity map, in this
case.

(iv) If X(56) is a Hermitian symmetric space and is not of tube type, then the
canonical action of G(u) on X(u) is orientation preserving for u = &,60 : If
X (560) is a Hermitian symmetric space, then ol is the identity map and there
is a maximal set {71,72,...,7%} of strongly orthogonal roots in {a € A" : g, C g1}
such that if ¢ € A is a simple root of gy, then w‘(t_)c = (Vg1 — ) or 0
or —3v; for some i [11, Lemma.13]. Now X(g6) is not of tube type iff there
is a simple root ¢ € Af with M(v)c = %% for some ¢ [21, Prop. 4.4 and its
Remark]. Then for X = 377, Y, € a, 370 ¢;¢(H;) € nZ for all ¢ € @
& 2c1,60—C1y.. ., 6 — oy, —¢; (for some @) € TZ < ¢; € wZ for all 1 < j <r. So
Ad(ox)|, is the identity map, in this case.

(v) If X(50) is a Hermitian symmetric space and is of tube type, then the canonical
action of G(u) on X(u) may not be orientation preserving for p = &,560: Since
X(6) is a Hermitian symmetric space, go has one dimensional centre. Since X (56)
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is of tube type, the element 7 = Z;Zl Z'H;“j lies in the centre of go [21, Prop.
3.12]. Again if ¢ € Al is a simple root of gy, then 1 e = %(%‘H — ;) or
0 for some . So for X = Y70, ¢;Y, € a, >0, ¢;¢(H;) € nZ for all § € @
& 2c1,60 — €1y, C — Gy € TL & cos2c; = cos2¢ for all 1 < j < r, where
2¢; € wZ. Hence sx(Z) = Ad(ox)(Z) = +Z. So if sx(Z) = Z, then Ad(ox]|y,) is
the identity map and hence det(sx|¢) = 1. If sx(Z) = —Z, then det(sx|¢) =1 if
the Dynkin diagram automorphism of [go, go] induced by sy is an odd permutation.

(vi) If the Riemannian globally symmetric space X (56) is not a Hermitian symmetric
space, then the canonical action of G(u) on X(u) is orientation preserving for
pu = &,60 iff the Dynkin diagram automorphism of go induced by sx is an even
permutation for any X € a with exp(—2X) € S: In this case, gy is semisimple
and for all X € a with exp(—2X) € 5, det(sx|g) = 1 iff the Dynkin diagram
automorphism of gy induced by sy is an even permutation. ]

Now we check whether det (sx|g) =1 for all X € a with exp(—2X) € 7, via case
by case consideration.

1. o7}

a’SLl) . agl) : o=—==0)

(n>1j U1 Un_1 Uy ag Yy

Here ¢ = a, and a9 + ¢y + ¥y + --- + ¢, = 0. Without loss of generality,
we may assume that o is an involution of g of type (so,0,...,0,s,,0,...,0;1)
(1<p<n, p<n+1-—p) with so =1=s5,. Then uy = su(p) ®su(n+1—p) &R
and X (50) is a Hermitian symmetric space. Let

M =Vp, Y2 = Vp1 + U+ Vprt, oY =1+ Yy Py

Then {7v1,72,...,7%} is a maximal set of strongly orthogonal roots in the set
{a € AT : g, C g1}. The Hermitian symmetric space X (a6) is of tube type iff
n=2p—1 thatis, p=n+1—p. Soif p <n+1—p, then the canonical action of
G(p) on X(u) is orientation preserving for y = ,56, by Remark 4.5(iv).

Now assume that p =n+ 1 — p. Then we get Q/prl‘(tf)c = %(72 —m) = ¢p+1|(t—)c

)

and ¢p—2’(f—)c = %(73 —Y2) = ¢P+2‘(r)c’ . ﬂﬁl’(r)c = %(Vp — Yp-1) = Yo2p1 (e
where n = 2p — 1. Let X € a with exp(—2X) € Z and Ad(ox)(Z) = —Z, where
Z=Y_iH; . Then
1 1
Ad(ox)(pes) = Ad(ox) (5 (a1 = %) + Yty — 5 (051 = 7))
1 1
= =5 (=) + ¥pg = SV = %) = Yprg = (G = )
= —pg;, foralll1<j<p-—1

Let w) € W(go,t§) be the longest element, that is, we have w) (1;) = —1p—;

and wgo(wpﬂ) = —1g,_; forall 1 < j < p—1. Then sy = Ad(ox) owgo with
sx(Ag) = Af. Now sx(¢p_;) = t9p—j and sx () =1; forall 1 < j<p-—1.
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So det (sx|¢g) = —(=1)P=! = (=1)?. So if p is even, then the canonical action of
G(u) on X(p) is orientation preserving for p = &,56.

2. 2 2
o) ;. o—0—o0——0—=0 al? ﬁo

(Tl > 1) Qp wl ¢2 wn—l wn

Here g = ag,, g + 2901 + 299 + -+ + 29, = 0, and o is an involution of g of
type (1,0,...,0;2). Then uy = so(2n + 1) and go = b,,, which does not have any
non-trivial Dynkin diagram automorphism. So det(sx|¢) = 1 for all X € a with
exp(—2X) € Z, by Remark 4.5(vi). Hence the canonical action of G(u) on X (u) is
orientation preserving for u =, 0.

3. o U % U ity
Aop1 —O0—0
(n>2)
&%)

Now g = as,_1(n > 2). In this case, ag+ Y1 + 2o + -+ + 2,1 + 1, = 0.

(i) First assume that o is an involution of g of type (1,0, ...,0;2) (similarly for type
(0,1,0,...,0;2)). Then uy = sp(n) and go = c,(n > 2), which does not have any
non-trivial Dynkin diagram automorphism. So det(sx|¢) = 1 for all X € a with
exp(—2X) € Z, by Remark 4.5(vi). Hence the canonical action of G(u) on X (u) is
orientation preserving for u =, 0.

(ii) Next assume that o is an involution of type (0,0,...,0,1;2). Then uy = s0(2n)
and go = d,(n > 2). The diagram aéi)_l is corresponding to the Dynkin diagram

automorphism 7 of ay,_; given by v(¢;) = ¢a,—; forall 1 <j <2n —1.

. O—0O— —OO—O0—O0— —0O0—O
Aop—1 -

(n>2) P b2 On-1 Pn Pns1 Goan—2 Pan—1

Now let {71,72,...,7} be a maximal set of strongly orthogonal roots in the set
{ao € AT : o(HY) = HE, 9o C g1}, where 73 = ¢,,. Then

n—1 r
a= > Ri(H;jj — H;;Qn_j) @ Y RY,
i=1 j=1
is a maximal abelian subspace of u;. Let X =iH + 7Y, , where

_an:: ( ¢2n ])

Now ¢nij(H) = —¢p—;(H) for all 1 <j < n—1, ¢;(H) =0 for 1 <j<n-2
and j =n, and ¢,_1(H) = 5. Hence ¢;(H) + ”gb]( HY) =0 for 1<j<2n-—1,
J#Fnn+1, ou(H) + F0u(Hy) = 7, and ¢py1(H) + Soni () = —7. Hence
¢;j(H)+ 5¢(Hx ) € nZ for all 1 < j < 2n —1 that is, X € a with exp(—2X) € Z.
Now Ad(UX)(H;) = —H and Ad(ox)(H) = H forall {H € b =t : 1n(H) = 0}.
Hence Ad(ox)(¢;) = ; foralll < j <n -2, Ad(ox)(a) = ap (asn > 2),
Ad(ox)(¥n) = =1y, and
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Ad(ox) (¥n-1) = Ad(ox)(—5¥n +Yut + JUn) = 50+ Vs + 30
= z/}nfl +wn :wnfl — (ag—l—i/}l —|—21/}2—|- _|_21/}n71) = —/,

where 4 is the highest root in Af. Therefore
Ad(ax)({aov ¢17 s aqu)n—?? ¢n—1}> = {Q{(), ¢17 te ’77Z)7T—27 —,u}

Lemma 4.6. Let [y be a real simple Lie algebra, ly = & @ ¢y be a Cartan
decomposition of ly, and € has one dimensional centre (that is, the corresponding
Riemannian globally symmetric space is Hermitian symmetric space). Let by be a
mazimal abelian subspace of €y, | =15, € =¢S5, and b = b5. Then b C € is a Cartan
subalgebra of 1. Let A = A([;b), and Ag = A(8,b) = the set of all compact roots
in A. Let AT be a system of positive roots in A such that the corresponding simple
system contains exactly one non-compact root v and the coefficient n,(u) of v in
the highest oot p when expressed as a sum of simple roots is 1. Let A = AgNAT,
Ary={a€A:n,(a)==+1}, and v (respectively, wy ) denote the longest element
of the Weyl group W (g, b) (respectively, W (¥,b) ) with respect to the positive system
AT (respectively, Af ). Then AT = AfUA;, and wo(AT) = Af UA_|, where
wo = wiw? € W(L,b). If w(v) = —v (that is, the Hermitian symmetric space is of
tube type), then wo(AJ) = Af and wo(v) = —p.

Proof. Lete=c¢f. Then E=b® > [y, e=e¢e De_,ex= Y .
acA a€EA
ny (a)=0 ny (a)==%1

Also [t,e;] Cey, [B,e_] Ce_. Since [ is simple, the £-modules ¢, e_ are irreducible
with highest weight 1, —v respectively. Also A; (respectively, A_;) is the set of all
weights of the €-module ¢ (respectively, e_). Hence wi(A;) = A, wl(A_1) = Ay,
and wf(u) (respectively, wd(—v)) is the lowest weight of ¢, (respectively, e_). Hence
wg(p) = v, and w)(—v) = —p.
Now wo(AT) = wiw? (AFUA,)

=wy(— (A+)UA 1) = AJUA 1, and if w?(v) = —v,
then wo(v) = wywf(v) = wp(-v) = -

Remark 4.7. The above remark will be useful to determine the Weyl group
element s’y (defined in Section 4.2) in case by case consideration. n

Returning to case 3.(ii), let wgo denote the longest element of the Weyl group of 9,
with respect to the simple system {ag, 91, ..., ¥n_2,%,_1}. The hypotheses of Lemma
4.6 are satisfied for the Hermitian symmetric space SOg(2,2n—2)/S0(2)xSO(2n—2)
and v = ¢, 1. Let wy € W(go,t5) be as in Lemma 4.6 and sy = w. Then
sy({ao, V1, s n_a,¥n_1}) = {0, Y1, ..., Yp_o, —u}. Since wgo(@bn_l) = —Up_1,
we have s’y (¢n—1) = —p and s’y ({ao, Y1, ..., ¥n_a}) = {0, Y1, ..., Yn_2}.

Now w (ag) is —ag or —i)1 according as n is even or n is odd. In any case,
we have SIX(O[(]) = ¢1,8X(w1) = ao,SX(¢2) = 77[)2,...78)((1/}”_2) = wn—Q- Let
sx =Ad(ox)os Then sx(ap) = U1, sx (V1) = o, sx(¥;) =, for 2 <5 <n-—1.
So det(sx|¢) =

. o B U U s
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Here g =b,, and ay + ¥ 4+ 29 + - - - + 20, = 0.

(i) First assume that o is an involution of g of type (1,1,0,...,0;1). Therefore
up =s0(2n — 1) @ iR and X (56) is a Hermitian symmetric space of tube type. Let

N =Y1,% =1+ 2%+ -+ 24y

Then {71,7} is a maximal set of strongly orthogonal roots in {« € AT : g, C g1}
and so a = RY,, @ RY,, is a maximal abelian subspace of u;. Since [go, go] = b,—1
does not admit any non-trivial Dynkin diagram automorphism, det (sx|¢) = —1 for
some X € a with exp(—2X) € Z, by Remark 4.5(v).

(ii) Next assume that o is an involution of g of type (0,...,0,s,,0,...,0;1) with

sp, = 1 where 2 < p < n . Then uy = s0(2p)®so(2n+1—2p). Let ¢ = min{p,n—p},
and define

M= 1= Up 20 e 2,
Y2 = Ppo1 + Uy + Upr1,7% = Ypo1 + Up + Ypr1 + a2+ 20,
Yq :¢pfq+1+"'+wp+"'+¢p+q7177é :wpqurl+"'+¢p+"'+¢p+q71
 Wprg 4+ 20
If n—p<p, deﬁne Yo :prfn_'_"'—i_wn- Let I' = {’7177{7"'7’%177;} lfp S n—p,
and I' = {y1,7,-- 7Y Y} if p>n—p. Then I' is a maximal set of strongly
orthogonal roots in {a € A" : g, C gi}, and a = > RY, is a maximal
abelian subspace of u;. Let X = Z(Y,, + Y,). Since Fu;(H + H:/ki) = 0 for
1<j<nj#p—1p, 3¢p1(H; + H;i) = —m, and JY,(H> + H;ki) = 7; hence
X € a with exp(=2X) € Z. Now Ad(ox)(H3,) = —H3,, Ad(ox)(H;) = —HZ,
and Ad(ox)(H) = H for all {H €5 :~v(H)=0=+~,(H)}. Hence
Ad(ox)(¥j) =9 forall 1 <j<p—-2, p+2<j<m
Ad(ox)(ap) = ap (if p > 2), and Ad(ox)(v,) = —1,, and
Ad(ox)(¥p-1) = Ad(ox)(—3(n + %) + 3(71 +71) + Y1)
=3+ + 300 +7) + Yy
:¢p—1 +’71+7£ :¢p—1+2¢p+"'+2¢n-

So Ad(ox)(¥p-1) = —ap, if p=2. Ad(ox)(Vp-1) = —a0 — 1 — o = —p, if p=3;
and Ad(ox)(¥p—1) = —ag — Y1 — 20y — -+ — 20,9 — 1 = —p, if p > 3, where p
is the highest root of §, with respect to the basis {ag, 11,1, ..., 9¥,_1} of the root
system of 9,.

Similarly if p = 2, then Ad(ox)(ap) = —¢.

Let sy € W(go,t5) be such that Ad(ox) o s (AF) = Af, and sx = Ad(ox) o sy
Since b,_, does not admit any non-trivial Dynkin diagram automorphism, we have
sx(ap) = 1, sx (Y1) = ag, sx(¢;) = ¢ for all 2 < j <n,j # p, as in case 3(ii). So
det (sx|g) = —1.

(iii) Finally assume that o is an involution of g of type (0,...,0,1;1). Then
up = $0(2n). Define v; = 1,. Then {7} is a maximal set of strongly orthogonal
roots in {a € A" : g, C g1}, and a = RY,, is a maximal abelian subspace of u;.
Let X = 7Y,,. Since J¢;(HY) =0 for 1 < j <n -2, 3¢, 1(H}) = —7, and
5Un(H3 ) = m; hence X € a with exp(—-2X) € Z. Now Ad(ox)(H;,) = —HZ , and
Ad(ox)(H) = H for all {H € t5: v (H)=0}. Hence



PAuL 879

Ad(ox)(¢;) =, foralll <j<n-—2,
Ad(ox)(ap) =ap (as m>2), and Ad(ox)(¥,) = —,, and
Ad(ox)(¥n-1) = Ad(ox)(=tn + Pn1 + ¥n) = Un + Y1 +
=Up 1+ 20 =1 —ag — Y1 — 2y — - = 2P = —p,
where g is the highest root in Af. Take s € W(go,t5) in such a way that

Ad(ox) o s (Af) = A, and sx = Ad(ox) o s’x. Then sx(ag) = 1, sx(¢¥1) = ap,
sx(¢;) =1y for all 2 < j <n—1, as in case 3(ii). So det(sx|g) = —1.

5. ag U1 Yn—1 U

M. o——=0——0—0
(n>1)

Here g = ¢, and ag + 291 + 299 + -+ - + 29,1 + 0, = 0.

(i) First assume that o is an involution of g of type (1,0,...,0,1;1). Then uy =
su(n) @ iR and X (60) is a Hermitian symmetric space of tube type. Let

gl Iwnﬁz=2¢n—1+¢m~-,%=2¢1+"‘+2¢n71+¢n~

In conseqequence {v1,79,...,7,} is a maximal set of strongly orthogonal roots in
the set {a € AT : g, C g1}. Note that ¢, ; = %(YQ — M), Yo = %(73 —72)s s
V1 = 3(Yn — Ya-1). Let X € a with exp(—2X) € Z and Ad(ox)(Z) = —Z, where
Z =375 iH; . Then Ad(ox)(¢n-;) = —3(Vj41—) = —thj forall 1 < j <n—1.

Let wd € Wi(go,t5) be the longest element that is, wd (¢;) = —tn_; for all

1<j<n-—1. Then sy = Ad(ox) o w) with sx(A§) = A7. Now sx(1;) = ¥n_;

n—1

forall 1 <j<n-—1.Sodet(sx|g)= —(-D)* T =1iff n €47 or n € 3+ 4Z.
Soif n € 4Z or n € 3+4Z, then the canonical action of G(u) on X (u) is orientation
preserving for u = a,a6.

(ii) Next assume that o is an involution of g of type (0,0,...,0,s,,0,...,0;1)
(1 <p<n-1 p# n—p) with s, = 1. Then uy = sp(p) ® sp(n — p) and
g0 = ¢ @ ¢y (p # n — p), which does not have any non-trivial Dynkin diagram
automorphism. So det(sx|g) = 1 for all X € a with exp(—2X) € Z. Hence the

canonical action of G(u) on X (p) is orientation preserving for yu = &, 6.

(iii) Finally assume that o is an involution of g of type (0,...,0,s,,0,...,0;1)

(sp = 1), where n is even and p = 5. Then uy = sp(p) @ sp(p). Define vy, = 1),
Yo = PYp1+UVp + Upirs Y = Y1t Ypr U+ Yppr o+ Y (a8
n = 2p). Then {y1,7%,...,7} is a maximal set of strongly orthogonal roots in
{a € AT gy Cgi},and a =37 | RY, is a maximal abelian subspace of u;. Let

X =37, ¢Y,,. Then exp(-2X) € Z iff ¢, — Cp1,Cp1 — Cpoy..Co— 1, 20,
—2¢, € wZ iff cos2c; = cos2¢; forall 1 < j <p, and cos2c¢; = £1.

Let X =30, ¢;Y,, with exp(-2X) € Z and cos2c¢; = —1. Then
Ad(ox)(H;) = —H} ,and Ad(ox)(H) = H
for all {H € t5:v;(H)=0forall 1 <j <p}.
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Recall that t~ = R(iH}) Cto, and t*={H €ty:7;(H)=0 for all 1<j<p}.

] 1
Now
zM(t % T _71’*1) IM - l(%*l _’Yp72) e Ype 1} = 3( —m),
¢p+1‘ 72 ) >wn 1| 'Yp Vp— 1 ¢n|(t = —Yp,

7)) ‘ (t*)c = _IYP'

Hence  Ad(ox)(¥pe;) = Ad(ox)(5(vi41 = 75) + Yoy — 53541 = 7))
= =31 — ) + Ypg — 31 — W)
= thprj — (Y1 — V) = —Upgy, forall 1<j<p-—1;
Ad(ox)(¥n) = Ad(ox) (=7 + Un + %) = Y + ¥n + 7% = thn + 27 = —a, and
Ad(ox)(ao) = Ad(ox ) (= + a0 + ) = 1 + @0 + 7 = @0 + 27 = —tn.
Therefore Ad(ox)({ao, Y1, Vp—1,Vps1, - Un})
= {—ap, —¢1,. .., —Up—1, —Vpt1, -+ —n}.
Let w9 €W (go, t5) be the longest element that is, w (1;) = —; forall 1 < j <n,
j # p; and w) (ag) = —ag. Then sx = Ad(ox) o wl with sx (A7) = Af.

Now sx(9ps;) = pg; forall 1 < j < p—1, sx(¥,) = ao, sx(a) = ¥,. So
det(sx|¢) = (—1)’. Hence the canonical action of G(u) on X(u) is orientation

preserving for p = ,50 if p is even that is, if n € 4Z and p = 5

6. wn—l
Y e s Pp_g Ppa

Qo ¢n

Here g =4, and ag + 91 + 2tg + -+ + 2o + Yp_1 + 2, = 0.

(i) Assume that o is an involution of g of type (1,0,...,0,1;1) (similarly for
types (1,0,...,0,1,0;1), (0,1,0,...,0,1,0;1), or (0,1,0,...,0,1;1)). Therefore
uy = su(n) ® iR and X(56) is a Hermitian symmetric space. This Hermitian
symmetric space is of tube type iff n is even. So if n is odd, then the canonical
action of G(u) on X (u) is orientation preserving for u = &,50, by Remark 4.5(iv).
Now assume that n is even and r = . Define

1= w'm Y2 = wn—?) + 2¢n—2 + wn—l + ¢n7
V3 = ¢n75 + 2¢n74 + 27%73 + anfZ + ¢n71 + wna SR
Vo =1+ 20+ A+ 20 0 + Y1 + Y.

That is, 7; = Yn_9j41 + 2090 + -+ + 20 0 + Y1 + Uy, for all 2 < j < 7;
and v, = 1,. Then {71,72,...,7} is a maximal set of strongly orthogonal roots in
{a € AT : g, Cg1}. Now

Vile =0, ¥oloye = %(v - %_1) U] )
2/}4| = l(77“—1 - rYT'—Q)J cey wn 2|(t 72 '71 ¢n 1|(t =0, ie.
w2j| = % Yreji1 — Yr—j) forall 1<j<r—1, 1p2j4,1|(t_)(C =0 forall 1<5<r.
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Let X € a with exp(—2X) € Z and Ad(0x)(Z) = —Z, where Z = Y_"_ | iH;, .
Then Ad(ox)(1ej—1) = 9j_1, forall 1 <j <r, and
Ad(ox) (W) = Ad(0x) (5 (Vr—jrr = Yo—j) + V25 — 5(Vo—j1 — r—5))
= =5 (Yr—j1 = Yr—g) + V25 = 3 (g — Y—g) = Y25 — V—jr — YVr—y)
= —Ugj1 — WYy — Yoj41, foralll <j<r—1

So Ad(O_X)({wla ,lvb?? v 7wn—1}) =
{01, =1 — Yo — s, g, = — s — s, na, —no3 — Yn2 — Y1, Y}

Let wl € W(go, t5) be the longest element and s’y = sy, Sy, _; - - - Sy Sy, WY, - Then
S (2j-1) = Pp_gjy1 forall 1 < j <r, and sy (¢2;) = —Vn_9j—1 — Yn_2j — Yn_2j11
for all 1 < j < r—1. Then sx = Ad(ox) o s’y with sx(AJ) = Aj. Now
Sx(ng_l) = ¢n—2j+1 fOI' all 1 S] S r, and Sx(ﬂ}gj) = wn—Qj fOI' all 1 S] S r—1.
So det(sx|¢) = —(=1)""!' = (=1)". Hence the canonical action of G(u) on X (u) is
orientation preserving for = 7,50 if r is even that is, if n € 47Z.

(ii) Assume that o is an involution of g of type (1,1,0,...,0;1) (similarly for type
(0,...,0,1,1;1)). Then uy = s0(2n —2) @R and X (c0) is a Hermitian symmetric
space of tube type. Let

M =01, Y =1+ 20+ -+ 200 + 1 + Y.

Then {71,7} is a maximal set of strongly orthogonal roots in {« € A" : g, C g1}
and so a = RY,, © RY,, is a maximal abelian subspace of u;.

Now ¥ e = 5(72 = M), ¥y (e =0 forall 3<j <mn.

Let X € a with exp(—2X) € Z and Ad(ox)(Z) = —Z, where Z = i(Hy + HY,).

Then Ad(ox)(¢;) =1; forall 3 <j<mn, and

Ad(ox)(12) = Ad(ox)(5(72 — ) + 2 — 5(72 — 1))

=—3m—n)+vr—35002—m)=v2— (2 —m)
=Py — 22+ F 202 + Y1 +Un) = — 11,

where p is the highest root in Af .

Let sy € W(go,t5) be such that Ad(ox) o s (AF) = Af, and sy = Ad(ox) o sy

Then sx(Vn-1) = Vn, Sx(¥n) = ¥n_1,sx(¥;) = ¢; for all 2 <j <n—2, as in case
3(ii). So det(sx|g) = —1x —1 =1. Hence the canonical action of G(x) on X(u) is

orientation preserving for = &, 0.
(iii) Next assume that o is an involution of g of type (0,0,...,0,s,,0,...,0;1)
2<p<n-—2, p<n-—p) with s, =1. Then uy = s0(2p) & so(2n — 2p). Define
"= ¢P77i = (¢p+"'+¢n—2) + <¢p+1 + o +¢n)7
Y2 = Q/’p—l "’wp“‘@bp-&-l/y; = (wp—l "’"""@Z}n—?) + (¢p+2 “‘"""@bn)a---»
Yo =V1+ Ut Yy,
Vo= (Y14 na) + (Yo + -+ Pn).
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In consequence {v1,71,-- -V 'y];} is a maximal set of strongly orthogonal roots in
{a€e AT g, Caoi},and a=3""  (RY,, + RY,s) is a maximal abelian subspace of
up. Let X =370, (¢;Yy, +c}Y,,) € a. Then exp(—2X) € Z iff
Cpt+ €)= Cp1—Cpyy Cp1+Cpg —Cpa—Cphyg, .o, 2t Cy—C1—Cp,
2c;, —c1t )t —cy,—ctcetez—c3 oo, —Cpit 0t —C, ETL
and —c, + ¢, (respectively, —c, 1+ ¢, | — ¢, +¢,) € 7Z, if p < n —p (respectively,

p = n —p). This is true iff cos2c; = cos2c; = +1 (respectively, cos2c; =
+1,cos2¢; = &1) for all 1 < j <p,if p <n —p (respectively, p=mn —p).

Let exp(—2X) € Z and p < n — p. Then for 1 < j < p, either Ad(ox)(7;) =
v, Ad(ox) (7)) =7}, or Ad(ox)(v;) = =75, Ad(ox)(7;) = —7;. Thus for 1 < j <p,

A TR f— oy, Jm——p

cither  Ad(mx)(P) = P, Ad(ow) () = P,
2 2 2 2
A R Iy Iy

or Ad(oy) (220 = S0 Aq(oyy( 2By = T

2 2 2 2
Now gy = 6, ® 6, and Ad(ox)(d,) = dp, Ad(0x)(0n—p) = 0n—p. So Ad(ox) is an
inner automorphism of g iff [{j : cos2¢; = —1}| is even [4, Planche IV]. So if sy €

W (go, t5) be such that Ad(ox) o s (AF) = Af, and sy = Ad(ox) o s’y, then either

sx(ao) = ag, sx(¢;) = ¢ for all 1 < j < n,j # p; or sx(ag) = ¢¥1, sx(¢¥1) = ao,
Sx(Un-1) = tn, sx(¥n) = Yn-1, sx(¥;) =¢; forall 2< j <n—2, j#p. Inany
case, det(sx|¢) = 1. Hence the canonical action of G(p) on X(u) is orientation

preserving for p = &,50.

Let p = n — p that is n = 2p. Then gy is the sum of two ideals, each is isomor-
phic with ¢,. Let 51(;1) be the ideal of gy whose Dynkin diagram is generated by
{0, Y1, ..., ¢¥p1}, and 51(,2) be the ideal of gy whose Dynkin diagram is generated
by {¥pt1,...,Un}. Let exp(—2X) € Z.If cos 2¢; = cos 2¢; for all 1 < j < p, then
as before det (sx|¢) = 1. If cos2¢; # cos2c¢; for some j, then

Ad(UX)(WJ';V;) _ :I:'Y;;’ij Ad(()_X)('Y;;'YJ) — :]:’Yj'g’Y} '

Hence Ad(ax)(@(,l)) = 57(,2), and so Ad(ox) is not an inner automorphism of gg.
Therefore sx induces a non-trivial Dynkin diagram automorphism of gy. Since
Ad(ax)(éz(,l)) =6, we have sx(j) =, forall 2<j<n—-2,j#p, sx(g) =
Yn-1 OF Y, sx(P1) = ¥y or Yno1, sx(Pn-1) = ag or 1, sx(¢n) = Y1 or ag. So
det(sx|¢) = (=1)’. Hence the canonical action of G(u) on X(u) is orientation
preserving for p = 0,00 if p is even that is, if n € 4Z and p = 3.

Qo ¢1 77Z}n—1 ¢n

7 57(321; O—O0— —O0—=0

(n>1)

Here g = 0,41(n > 1), and ag + 1 + o + -+ +Pp-1 + ¢ = 0.

(i) First assume that o is an involution of g of type (0,...,0,s,,0,...,0;2) with
s, =1, where 0 <p <n, p#n—p. Then uy =s0(2p+1) G so(2n —2p+ 1) and
go = b, ®b,_, (p # n — p), which does not have any non-trivial Dynkin diagram
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automorphism. So det(sx|g) = 1 for all X € a with exp(—2X) € Z. Hence the
canonical action of G(;) on X (p) is orientation preserving for yu = &, 56.

(ii) Next assume that n > 2 is even and o is an involution of type (0,...,0,s,,
0,...,0;2) with p = § and s, = 1. Then gy is the sum of two ideals, each is
isomorphic with b,. Let bl(,l) be the ideal of gy whose Dynkin diagram is generated by
{ao,¥1,...,¢¥p_1}, and bf) be the ideal of gy whose Dynkin diagram is generated by

{¥p+1,...,¥n}. The diagram (57%)1(71 > 2) is corresponding to the Dynkin diagram
automorphism 7 of §,4; given by v(¢;) = ¢; forall 1 < j<n-—1, v(¢,) = dnt1,
D(¢n+l) = ¢n' ¢

¢1 ¢2 ¢3 ¢n—2 (bn—l

Opt1: O—O0—O0—
(n>2)

¢n+1
Now we want to determine {« € A" : 0(H}) = H}, go C g1}. Note that

{a € AT 0(H)) = Hi} = {a € AT i ny, (o) = ng, ., (o)}

:{¢i+"'+¢j—1> (¢i+"'¢n—1>+(¢j+"'+¢n+l) 1 §Z<] Sn}
Again since ol = v|y, {a € AT :0(H}) = H:} C (h”)*. Let E; be a non-zero root
vector corresponding to the root ¢; for all 1 < j <mn 4 1. Define

Eij: [Ez'a”-ij—l] for all 1 §Z<]—1<j <n+1,
Eij=FE forall1<i=j—-1<j<n+1; and

Ezf(n—‘rl) = [E“ e 7En—17 En+1] for all 1 S 1 S n — ]_, ’;L(n-‘rl) = En+1.

Then E;; # O EZ’ (n+1) 7é 0, v(E;j) = Ej; (for all 1 < i < j < n), and further
V(Ei(n+1)) i1y V(B 1)) = Eiyry (forall 1 <@ <n). Define
EY = [Ejni1), [Bijs Ejip))] forall 1 <i<j <n.
Then E% # 0, v(EY) = EY (for all 1 < i < j < n). This shows that g, C gf for
all a e {a e AT :o(H:) =H!}. Thus {a € AT :0(HY) = H:} C Agg,bY).
Now o(gy) = g¢ and so gy = € @ p”, where € = g N go, p” = g5 Ng1-
Since h” C €, [¢V, ] C &, [¢,p"] C p¥, and (g§). is one-dimensional for all
a € Agg, b”); we have (gf)o C  or p¥. Thus
{oe AT o(H)) = H;, ga C ot ={a € AT 1o(Hy) = H, (g5)a C 0"}
={a e A" :ny (a) =ny,,,(a), and ng, (@) is odd}.

Let V1= = (p+ F Puet) + (Ppr1 + 0+ D),
Yo =p1+ p+ Gpi1, Vs = (Gp1 4+ 1) + (Ppr2 + -+ Png1), -
=1+ Gyt A O,y = (01 Gp1) F (Dn F D)
Then {v1,71,72: 7%, V> 7y} 15 @ maximal set of strongly orthogonal roots in
{a € AT 0(H)=H}, 9. C 91}, and a = Ri(H;n ¢>n+1) D Z L(RY, +RYW;)
is a maximal abelian subspace of u;.
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Let X =ico(Hy —Hj )+ >0 (¢;Ys, +¢Y,) € a. Then exp(—2X) € Z

iff  cpt+c,—cp1—c, g,
—ci ey —dy,—cot ez =, —Cp1 0 T, 200 — ¢yt G,
—2co —¢p+ ¢, € L

iff 2y € 7Z, cos2c; = £1, cos2c; = £1 forall 1 < j <p.

If cos 2¢; = cos 2} for all 1 < j < p, then either Ad(ox)(7y;) = 75, Ad(ox)(V}) = 7;,

or Ad(ox)(v;) = =75, Ad(ox)(7;) = —7;. Thus for 1 < j <p,

/ / /
cp_l—i-cp,l—cp_g—cp 9y« cz—i-cz—cl—cl, 2cq,

C A A A—— A
cither  Ad(mx)(P) = P, Ad(ow) () = P,
2 2 2 2
%+ %+ VG~ V=
or Ad(UX)<]2 1) =- ]2 o Ad(ax)(j2 ) =— ]2 ..

Now go = by @ b}? and Ad(ax)(bél)) = by" and Ad(ax)(b,(f)) = by?. Since
b](}) b, = [11(32) does not admit any non-trivial Dynkin diagram automorphism, we
have det (sx¢) = 1.

If cos2c; 7é cos2¢; for some j, then it follows that Ad(oX)(%ﬂJ) = j:@ and

Ad(ox)(2 27]) = i%. Hence Ad(aX)(bél)) = bp , and so Ad(ox) is not an
inner automorphism of gy. Therefore sy induces a non-trivial Dynkin diagram

automorphism of go. Since Ad(oy)(b%") = b, we have sx () = ,—; for all

1<j<n-—1 j#p, sx(a) = Y, sx(¥n) = ag. So det(sx|g) = (—1)”. Hence
the canonical action of G(u) on X (u) is orientation preserving for y = &, 50 if p is
even that is, if n € 4Z and p = 3

ap Y1
(iii) 5. oe=—0—=0
Finally assume that n = 2 and ¢ is an involution of type (0,1,0;2). Then gq is
the sum of two ideals, each is isomorphic with a;. Let ul ) be the ideal of gy whose
Dynkin diagram is generated by {ap}, and al) be the ideal of gg whose Dynkin

diagram is generated by {t¢»}. The diagram 6;2) is corresponding to the Dynkin
diagram automorphism 7 of 3 given by 7(¢;) = ¢4_; for all 1 < j <3.

3. O—0—0
¢r P2 O3
Now {a € AT:0(H})=H, 9o C g1} ={a€AT:ny (o) =ng4, (), and ny,(a) isodd }
(as in the case 7(ii)), since ;1 = oy . Let 71 = ¢o, 72 = @1+ P2+ p3. Then {1,712}
is a maximal set of strongly orthogonal roots in {a € A" : 0(H) = HY, g0 C g1},
and a =Ri(H; — Hj ) ®RY, +RY,, is a maximal abelian subspace of u;.
Let X =ico(H} — H},) + c1Ys, + 25, € a. Then we have exp(—2X) € Z iff 2¢;,
2c0 — 1 4+ ¢, —2cq — 1+ ¢ € WL iff 2¢q € T, cos2c¢; = £1, cos2cy = £1.

Let cos 201 = —1, and cos2c, = 1.

Then  Ad(ox)(d) = —.
Ad(x)(a0) = Ad(ox)(~ 2 a0+ 2 = P o+ D= ag tun = —us,
Ad(

and ox)(1s) = —ap similarly.
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Let w) € W(go,t5) be the longest element, that is, we have wj (o) = —ag and

'wgo(wg) = —¢2. Then Sx = Ad(Ux) OU}SO with Sx(Aar) = A(J)r Now Sx<060> = wz
and sx(12) = ap. So det(sx|g) = —1.

8. &0

(e

el : o—o—o0—o0—o0
Yo s Ya 3 P

Here g =¢g and a0+¢1+2w2+2¢3+3¢4+2w5+¢6 =0.

(i) First assume that o is an involution of g of type (1,1,0,0,0,0,0;1) (similarly for
types (1,0,0,0,0,0,1;1) or (0,1,0,0,0,0,1;1)). Then uy = s0(10) ® iR and X (50)
is a Hermitian symmetric space. This Hermitian symmetric space is not of tube type.

So the canonical action of G(u) on X (u) is orientation preserving for = a,a6, by
Remark 4.5(iv).

(ii) Next assume that o is an involution of g of type (0,0,1,0,0,0,0;1) (similarly
for types (0,0,0,1,0,0,0;1) or (0,0,0,0,0,1,0;1)). Then uy = su(2) ® su(6) and
go = a1 @ a5, which has only one non-trivial Dynkin diagram automorphism namely,

Qg = o, Y1 > Y, Y3 > s, ths > b, s > s, be — P and this is an even
permutation. So det(sx[g) = 1 for all X € a with exp(—2X) € Z. Hence the

canonical action of G(;) on X (p) is orientation preserving for yu = &, 6.
9. @ Y Y ¥s Py
¢ O—0=—=0—0—20

Here g = ¢g, and (&%) +¢1 + 2#]2 + 377[)3 + 277/)4 =0.

(i) First assume that o is an involution of g of type (1,0,0,0,0;2). Then gy = f4,
which does not have any non-trivial Dynkin diagram automorphism. So det (sx|¢)=1
for all X € a with exp(—2X) € Z.ﬁ Hence the canonical action of G(u) on X (u) is
orientation preserving for u = 7,56.

(ii) Next assume that o is an involution of g of type (0,1,0,0,0;2). Then go = ¢4,
which does not have any non-trivial Dynkin diagram automorphism. So det (sx|¢)=1

for all X € a with exp(—2X) € Z._ Hence the canonical action of G(u) on X (u) is
orientation preserving for u = o,56.

10. I‘Z’?
(1) . O O O

(I IZG 1\;5 1\/1/4 1\/1/3 2\/le Qg

Here g=2¢7 and CJ(0—|-2’17D1 —|—2’17Z)2 —|—377ZJ3 +4¢4+3¢5+2w6+¢7 = 0.

(i) First assume that o is an involution of g of type (1,0,0,0,0,0,0,1;1). Then
go = ¢ @ C and X(60) is a Hermitian symmetric space of tube type. Now
(g0, 80] = ¢, which has only one non-trivial Dynkin diagram automorphism namely,

P = e, Py = ha by = abs by Py 05 D3, 16— 01 and this is an even

permutation.
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Let M=, Yo = Y2+ Y3+ 2004 + 2005 + 2906 + 1y,
V3 = 291 + 249 + 3tbs + 41pg + 3uhs + 2906 + 7.

Then {v1,72,73} is a maximal set of strongly orthogonal roots in {a € A*:g, Cg1}.
Let X € a with exp(—2X) € Z and Ad(ox)(Z) = —Z, where Z = Z?Zl iH> . Then
det(sx|¢) = —1, even if sy induces the non-trivial Dynkin diagram automorphism
of [go, go]-

(ii) Next assume that o is an involution of g of type (0,0,1,0,0,0,0,0;1). Then
up = su(8). Define

Y1 =Ya, Y2 =2 + 3+ 205+ s, vz =1 + Yo+ Y3+ 20 + b5 + s,

Ya = Y1+ Yo + 203 + 294 + 205 + Y, V5 = Y2 + 3 + 20s + 205 + 296 + Y,

Yo = Y1 + o + Y3+ 2004 + 2005 + Y + 7, 7 = Y1+ Yo + 2005 + 2004 + Y5 + Y6 + Y.

In consequence {71,72,...,77} is a maximal set of strongly orthogonal roots in the
set {a € AT :g, C g1}, and a= 2]7.:1 RY,, is a maximal abelian subspace of u;.
Also we have

Y = %(—72 +93 =75 +7), V3=
Vs = %(—73+74+76 — 1), Y6 =
Gp = %(—73 — V4= Y6 — V1)
Let X = 3(Y,, + Yy +Y,.). Then Zo;(HY, + Hi + H) =0 for 1 < j <6, and
sUr(HZ + HX + H> ) =m; hence X € a with exp(-2X) € Z.
Now Ad(ox)(Hy,) = Hj for all 1 < j < 4, and Ad(ox)(H;) = —H;, for all
5 <35 <7. Thus
Ad(x)(a0) = r, Ad(x)() = v, Ad(x)(th) = s,

Ad(ox)(¥s) = ta, Ad(ox)(¥5) = 3, Ad(ox)(hs) = 11, Ad(ox)(¥7) = ao.

Therefore Ad(ox)(Ag) = Ay, and sx = Ad(ox). So det(sx|¢) = —1.

%(_73—1*74 —76+77), Yy = %(—71 +Y2+73 —74),
1 1
2 2

(=2 +73+7—7%), Y7 =35(—13—72+v%+77)

(iii) Assume that o is an involution of g of type (0,1,0,0,0,0,0,0;1) (similarly for
type (0,0,0,0,0,0,1,0;1)). Then uy = su(2) & so(12). Define

M= Y1, Yo =1+ U2+ 203+ 200y + 5, v3 = 1 + Yo + 203 + 200y + 2905 + 20hs + Uy,
Va = 1+ 2hg + 2003 + 4y + 315 + 290 + Uy

In consequence {v1,72,73,74} is a maximal set of strongly orthogonal roots in the
set {a € AT g, Cgr1},and a= Z?Zl RY,, is a maximal abelian subspace of u; .

1
Now O‘O‘(t—)c = _5(71 +’72 +’73 +’Y4)> ¢2’(t—)c’ ¢5|(t_)c, ¢7|(t—)c = 07

¢3{(r)<c = %(—71 + 72+ 73 — Y4), ¢4|(t7)c = %(—73 + M), ¢6|(t7)c = %(—72 +73)-

Let X = Z?Zl ¢;Y,, € a. Then exp(—2X) € Z iff 2¢1, —c1 4 a4 c3—cq, —C3 4,
—cy +c3 € 2 iff cos2¢; = cos2c; = £1 for all 1 < j < 4. We assume now that
X = Z?:l c;Y,, with exp(—2X) €Z and cos2¢; = —1. Then Ad(ox)(H}) = —H] ,
and Ad(ox)(H) = H for all {H € t§:v;(H)=0forall 1 <j<4}. Thus

Ad(UX)(OéQ) = —Qp, Ad(Jx)(@ZJ]) = wja fOI' j = 2,5,7;
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Ad(ox)(1hs) = Ad(ox)(5(=n + 72 + 75 — 7a) + s — 5(=m1 + 72 + 75 — 74))

= —%(—V1+72+73— )+¢3—%(—%+72+73—74) = Y3—(—11+Y2+73—71) = —3;
Ad(ox)(¥a) = Ad(ox) (5(=73 + ) +¥a — 5(—3 + 1))
= —3(=vs+71) + s — (=3 + 1) = s — (=3 +74) = =12 — ¢y — 15; and
Ad(ox)(vs) = Ad(ox)(5(—72 + 73) + 1/16 3(=2 +73))

= —3(=2+78) + ¥ — 5(=2 +73) =6 — (—12 +73) =

So Ad(UX)({aO,¢27¢3a¢4;¢57¢67¢7}>

= {—&07¢2> =3, =ty — by — 5,5, =5 — Y6 — Y7, ¢7}-
Let wy € W(go,t5) be the longest element that is, wy () = —ao, wl (¢;) = —1;
for all 2 < j < 7; and sy = sy, 5y;5p,wy, . Then SX(ao) = —w, sy(¢;) =1, for
J =257, Sx(ws) —tg, Sy (Y1) = —thg — by — 5, and sy (Y6) = =5 — Y6 — Y7
Thus if sy = Ad(ox) o sy, then sx(Af) = AJ. Clearly sx(v;) = 1, for all

2<j<7,and sx(ap) = ap. So det(sX|tg) = 1. Hence the canonical action of G(u)

—%—wﬁ—%-

on X(u) is orientation preserving for pu = a,0.

4.3. Table for the condition Or of a connected complex simple Lie
group of adjoint type on the following pages:

Let G = Int(g), the connected component of Aut (g). Then G is a connected complex
simple Lie group of adjoint type, Lie(G) = g, and G = G/Z. The condition Or
for G,5,50; in each case, is given in Table 4.2. If the condition Or for G,&,50 is
satisfied, then the dimensions of X () and X (56) are given in Table 4.3. Here

. A1 0 . AIEGL(pu(C)’ AZEGL<Q7(C)7
S(GL(p,C) x GL(g,C)) = {( 0 AQ) " and detA; detdy, =1 ’

and
S(U(p) xUl(q)) = {(%1 122) : A1 € U(p), Ay € U(q), and detA; detAs = 1}.

We follow [12] for other notations.

4.4. Proof of Theorem 1.1: Note that X = G/U is a Riemannian globally
symmetric space of type IV. Let G' = Ad(G) be the adjoint group of G, and g be
the Lie algebra of G. Let u be a compact real form of g, and 6 be the Cartan
involution of g® corresponding to the Cartan decomposition g® = u @ iu. Let 0
denote the corresponding Cartan involution of G. Let U = {g € G : 0(g9) = g} .

Then X = G/U. Let t be a maximal abelian subspace of u, and h = t©. Then
b is a Cartan subalgebra of g. Choose a system of positive roots AT in the set
of all non-zero roots A = A(g,h). Let ® be the set of simple roots in A*. Let
{H} ,E,: ¢ € ,a € A} be a Chevalley basis for g as in (2). Then

u=Y R(GH)® > RX,& Y RY,,

ped aEAT acEAT

where X, =E,— FE_,,Y, =i(E,+ E_,) for all a € AT.
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Let o of an involution of g asin (11) and & : G — G be the involution with do = .
Then o6 = 6o. Let v be the Dynkin diagram automorphism induced by ¢ and v
be the linear extension of  on the dual space of it. Recall that o(iH}) = 1H; ) for
all p € @, and 0(Xa) = ¢uXi(a), 0(Ya) = ¢aYo(a) (¢o = £1); for all o € A*. Note
that ¢o = @u(a) for all a € A*.

Let u = uy & u; be the decomposition of u in to 1 and —1 eigenspaces of o. Then
g% = ug & iy is a non-compact real form of g, and U}go is a Cartan involution of
g’ . Note that

wp =Y Ri(Hj+ Hjy)® Y (R(Xat Xop) @R(Ya + Vo))
ped a€EAT, go=1
S3) Z (R(Xa - Xl/(a)) ©® R(Ya - Yy(a))), and

acAt, go=—1

My = ZR(H; — :(¢)) S5, Z (RZ(XQ - Xu(a)) S¥ RZ(YQ - Yu(a)))
PeP acAt. ga=1
& Y (Ri(Xa+ X)) ©Ri(Ya + V).

acAt, go=—1

Let

B' C {i(Hy + H,j‘(¢))7 (Hj — Hj(¢)) cp € P}
U{Xo + Xo), Yo+ Yo i(Xa— Xo@w): (Yo —Yo) € AT, ¢y =1}
U{Xe — Xo)s Yo — Yo, ((Xa+ Xo(a))s (Yo +Yoa) o€ AT, ¢, = —1}

be a basis of g?. Then B’ is a basis of g° consisting of eigenvectors of the Cartan
involution O"ga , with respect to which the structural constants are all integers. Let I’
be an arithmetic uniform lattice of Aut(g) of type 3 with respect to the non-compact
real form g% and the basis B’ of g?. Then o € I'. Also ¢ € I" for any arithmetic
uniform lattice of Aut(g®) of type i, i = 1, or 2.

Now assume that I” be an arithmetic uniform lattice of Aut(g®) of type i(i = 1,2,
or 3), and F' be the corresponding algebraic number field with ring of integers O.
Arithmetic uniform lattices of Aut(g®) of type 3 considered here are defined with
respect to the non-compact real form g% and the basis B’ of g7. Let I' be the set of
all torsion-free elements of I" NG . Then G is defined over F, §, & are defined over
F,and T' C G is a torsion-free, (7, 0)-stable, arithmetic uniform lattice of G'. Then
if the condition Oris satisfied for G, &, 50; there exists a (7, #)-stable subgroup I' of
I' of finite index such that the cohomology classes defined by [C(z,T")], [C(50,T")]
via Poincaré duality are non-zero and are not represented by G-invariant differential
forms on X, by Theorem 4.1. Since G is a covering group of G, the cohomology
classes defined by [C(a,T")],[C(56,T")] via Poincaré duality are also not represented
by G-invariant differential forms on X . This completes the proof.

5. Automorphic representations of a connected
complex simple Lie group

Let G be a non-compact semisimple Lie group with finite centre and I' C G be a
lattice. Consider the Hilbert space L?(I'\G) of square integrable functions on T'\G
with respect to a finite GG-invariant measure. The group G acts unitarily on the
Hilbert space L*(T'\G) via the right translation action of G on I'\G.
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When I' is a uniform lattice, we have

L*(I\G) & @m (m,T)H,,
el
due to Gelfand and Pyatetskii-Shapiro [9], [10]; where G denotes the unitary dual of
G'; H, is the representation space of 7 € G'; and m(r,T') € NU{0}, the multiplicity
of 7 in L*(T\G). If (7, C) is the trivial representation of G, then m(7,T) = 1.

A unitary representation 7 € G such that m(m,I') > 0 for some uniform lattice
I', is called an automorphic representation with respect to I'. The connection
between geometric cycles and automorphic representations has been made by the
Matsushima’s isomorphism.

Let G be a connected semisimple Lie group with finite centre and K be a maximal
compact subgroup of G with Cartan involution €. Let X = G/K be the associated
Riemannian globally symmetric space, g be the Lie algebra of G and g© be the
complexification of g. If 7 be an admissible unitary representation of GG on a Hilbert
space H,, we denote by H; i the space of all K-finite vectors of H,. The space
H, i is the associated (g©, K)-module.

Let I' C G be a torsion-free uniform lattice. Then the isomorphism L*(T\G) =
DB, cem(m,I')H, implies

P m-He i = C=(T\G)x

el
Matsushima’s formula [23] says that the above inclusion induces an isomorphism

P maHP (°, K Hy i) = HY (g5, K C%(T\G)x)-
e
Also we have the well-known isomorphism

HP (g%, K; C*(I'\G)k) = HP(T'\ X; C).
See [3, Cor. 2.7, Ch. VII]. Hence

HP(T\X;C) = P mH? (g%, K Hr xc).
e

Hence a non-vanishing (in the cohomology level) geometric cycle will contribute to
the LHS and it may help to detect occurrence of some 7 € G with non-zero (g%, K)-
cohomology. If X, denotes the compact dual of X, then the image of the Matsushima
map kr : H*(X,;C) — H*(I'\X; C) corresponds to the trivial representation (7, C)
of G. So if the cohomology class of a geometric cycle does not lie in the image
kp(H*(X,;C)), then it may help to detect occurrence of some non-trivial = € G
with non-zero (g®, K)-cohomology. For this purpose, it is important to know the
irreducible unitary representations of G with non-zero (g%, K)-cohomology. The
details are given in the following subsections.

5.1. Irreducible unitary representations with non-zero (g°, K )-cohomology.
Let G be a connected semisimple Lie group with finite centre and g be the Lie
algebra of G. Let g = €& p be a Cartan decomposition and 6 be the corresponding
Cartan involution. Let K be the connected Lie subgroup of G with Lie(K) = ¢.
Then K is a maximal compact subgroup of G. Let g© be the complexification of g
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and €€, p© c g© be the complexifications of £, p respectively. The complex linear
extension of # to g* is denoted by the same notation 6. If 7 be an admissible unitary
representation of G on a Hilbert space H, recall that H, i is the space of all K-
finite vectors of H,. By a theorem of D. Wigner, if 7 € G, then H* (% K;Hy ) #0
implies the infinitesimal character x, of 7 is trivial that is, x, = xo, the infinitesimal
character of the trivial representation of G. Hence there are only finitely irreducible
unitary representations with non-zero (g®, K)-cohomology. In fact, the irreducible
unitary representations with non-zero relative Lie algebra cohomology have been
classified in terms of the §-stable parabolic subalgebras q C g© of g.

A §-stable parabolic subalgebra of g is by definition, a parabolic subalgebra q of g©
such that (a) 0(q) = q, and (b) gNg = I€ is a Levi subalgebra of q, where ~ denotes
the conjugation of g© with respect to g. By (b), I is the complexification of a real
subalgebra [ of g. Also 0() = [ and and [ contains a maximal abelian subalgebra t
of £. Then h = 34(t) is a f-stable Cartan subalgebra of g, h* is a Cartan subalgebra
of g© and h® C q. Let u, be the nilradical of q so that q = € @ u,. Then u, is
f-stable and so u, = (ug N EC) & (uy N p©).

If V is finite dimensional complex L-module, where L is an abelian Lie algebra; we
denote by A(V) (or by A(V, L)), the set of all non-zero weights of V' and by (V)
(or by 6(V, L)), 1/2 of the sum of elements in A(V) counted with their respective
multiplicities.

Fix systems of positive roots A*((I N )€ %) and AT(I% %), compatible with
the system AT((IN €)% %), Then A = AT((IN &) U A(uy N €C£C) and
also AT = AF(I%,5%) U A(ug, hC) are systems of positive roots in A(EC,t€) and
A = A(g%, h%) respectively.

Now associated with a 6#-stable parabolic subalgebra q, we have an irreducible
unitary representation Rqs (C) = Aq of G with trivial infinitesimal character, where
S = dim(u, N €%). The associated (g, K)-module A, x contains an irreducible K-
submodule V' of highest weight (with respect to A{")

20(ug N pC, ) = > o
a€A(ugNpC %)
and it occurs with multiplicity one in Ay x. Any other irreducible K -module that
occurs in Ay x has highest weight of the form

20(ug N p&, %) + 3 n.y,
YEA (uqNpCit%)

with n, a non-negative integer [36, Th. 2.5].
If q is a f-stable parabolic subalgebra, then so is Ad(k)(q) (k € K); and A,,

Apd(k)(q are unitarily equivalent. So it is sufficient to consider #-stable parabolic
subalgebras of g which contain t, and A, is contained in the corresponding system
of positive roots A*. Tt is known that [31, Prop. 4.5, for two such parabolic
subalgebras q and q', A, is unitarily equivalent to Ay if and only if u,Np© = uyNpC.
Actually A, is unitarily equivalent to Ay if and only if 6(u,Np©, t©) = §(uy Np®,°).
The proof can be deduced from [31, Lemma 4.6 and Lemma 4.8] just noting the
fact that if q,q are two #-stable parabolic subalgebras with q C q, then as they

contain the same Borel subalgebra of g, we have ug N pC = uz N pC if and only if
d(ug NP, t%) = d(ug N p*, ).
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If q is a O-stable parabolic subalgebra of g, then, in consequence, the Levi subgroup
L ={g € G:Ad(g)(q) = q} is a connected reductive Lie subgroup of G with Lie
algebra [. As 0(I) = [, LN K is a maximal compact subgroup of L. One has

HP (% K; Ay i) = HRO(C LN K;C),

where R(q) := dim(uy N p%). Let Y, denote the compact dual of the Riemannian
globally symmetric space L/L N K. Then H?(I°, LNK;C) = H?(Y,;C). And hence

H?(g% K; Ay i) = HP P9 (Y, C).

If P(q,t) denotes the Poincaré polynomial of H*(g%, K; A, k). Then by the above
result, we have
P(q,t) = t"VP(Yy, ).

If rank (G) = rank (K) and q is a #-stable Borel subalgebra that is, q is a Borel sub-
algebra of g© containing a Cartan subalgebra of £¢, then A, is a discrete series repre-
sentation of G with trivial infinitesimal character. In this case, R(q) = 1 dim(G/K),
L is a maximal torus in K and hence

0 if p# R(q),
Hp(g<c7K; Ag k) = {C it p— REq;.

If we take q = g*, then L = G and A, = C, the trivial representation of G.
Conversely, if 7 € G with H* (g% K; Hy ) # 0, then H, is unitarily equivalent to
A, for some 6-stable parabolic subalgebra q of g [36, Th. 4.1].

The (g%, K)-modules A, ;¢ were first constructed, in general, by Parthasarathy [28].
Delorme [7] and Enright [8] gave a construction of those for complex Lie groups.
Vogan and Zuckerman [36] gave a construction of the (g® K)-modules A, via
cohomological induction and Vogan [34] proved that these are unitarizable. See [35]
for a beautiful description of Matsushima isomorphism and the theory of (g&, K)-
modules Ag k.

5.2. Irreducible unitary representations with non-zero (g¢, K)-cohomology
of a connected complex semisimple Lie group: Now assume that g is a
complex semisimple Lie algebra and 6 is a Cartan involution on g®. Let g® = u®@iu
be the corresponding Cartan decomposition, for some compact real form u of g.
Let G be a connected Lie group with Lie algebra g and U be a Lie subgroup of GG
corresponding to the subalgebra u of g®. Then U is a maximal compact subgroup of
G. Recall that we shall identify g with the subalgebra {(X,X)+i(Y,-Y): XY €
u} of (g%)€ = g x g and via this identification the complex linear extension of ¢
(denoted by the same notation) on g x g is given by (Z;, Z3) — (Z, Z;), where
Z,Zy € g. Then ¢t = {(Z,2) : Z € g} and p = {(Z,-Z) : Z € g} are the
eigenspaces of 6 corresponding to the eigenvalues 1 and —1 respectively.

A parabolic subalgebra of (g%)¢ =2 g x g is of the form q; X qq, for some parabolic
subalgebras ¢q,q2 of g. Hence 0(q; X q2) = q1 X q2 if and only if q; = ¢o. If
q X q is O-stable, then q contains a #-stable Cartan subalgebra of g (see Section
5.1). Let t be a maximal abelian subalgebra of u. Then h = t© is f-stable Cartan

subalgebra of g. Let A = A(g,h). Since b is O-stable, define 0(«)(H) = a(0H)
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for all H € b, where a € h*. Note that (o) = —a for all @« € A. Soif q is a
parabolic subalgebra of g containing the Cartan subalgebra b, then qN6(q) = [, the
Levi factor of q relative to the Cartan subalgebra h. Let =~ denote the conjugation
of g x g with respect to the real form g = {(X, X)+i(Y,-Y): X, Y € u}. The map
TigXxg—>gxgisgiven by (Z1,73) — (0(Z),0(Z1)). Hence q X q=0(q) X 6(q)
and so (q x q)N(qgxq) = (0(q)Nq) x (0(q)Nq) = [x[, the Levi factor of the parabolic
subalgebra q x q of g x g relative to the Cartan subalgebra h x . Consequently, we
have a parabolic subalgebra of g x g is #-stable if and only if it is of the form q x q,
for some parabolic subalgebra q of g containing a 6-stable Cartan subalgebra of g.

Fix a maximal abelian subalgebra t of u and a system of positive roots AT in
A = A(g,h), where h = t©, a §-stable Cartan subalgebra of g. By Section 5.1, it is
sufficient to consider -stable parabolic subalgebras of g which contain t, and A™T is
contained in the corresponding system of positive roots in A(g x g,h x ). Now the
f-stable parabolic subalgebras of g x g, which contain t and A™ is contained in the
corresponding system of positive roots in A(gx g, hxh), are of the form q x q, where
q is a parabolic subalgebra of g containing the Borel subalgebra b = h @ > g,.

acAt
Let @ be the set of simple roots in A*. The parabolic subalgebras of g containing

the Borel subalgebra b arein one-one correspondence with p(®), the power set of ®.
Namely, for & C &, the parabolic subalgebra qe corresponding to @’ is given by

qor = lor B ug, where

lor =H B Z O, Up = Z go and «a = an,(a)w e A.

Ny (a)=0 Ny () >0 ped
Viped’ for some ed’

So the #-stable parabolic subalgebras of g x g, which contain t and A™ is contained
in the corresponding system of positive roots in A(g X g,h x bh), are in one-one
correspondence with p(®). The one corresponding to & C ® is given by qe¢ X qo,
where qg¢/ is given above.

Note that the root space decomposition of gx g with respect to the Cartan subalgebra
h x b is given by
Xg=bXHS Y 80 D 0.,
aEA
where g0 = {(Z,0) : Z € ga}, 90,0) = {(0,2) : Z € go} for all @« € A. So for
®" C @, if ug denotes the nilradical of the 0-stable parabolic subalgebra qe X qor,
then
Ugr = Z 9(c,0) D 8(0,0)-

a€A, ny(a)>0
for some ed’

Again f(lig) = tigr implies iy = (Ugr N ) @ (ttey NP). Hence

g Np= Y  {(Z,-2):Z€gs}, andso dim((ie Np) = dim(ug).

a€A, ny(a)>0
for some Yed’

The Levi subgroup L = {g € G : Ad(9)(qe X qa) = qar X qor} is a connected
reductive Lie subgroup of G with Lie algebra [g/. As 0(lg/) = lgr, ler Nu is compact
real form of [ and L NU is a maximal compact subgroup of L. Also the centre of
the reductive Lie algebra lg/ is |®’|-dimensional, where |®’| denotes the cardinality
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of the set ®'. Let Yg denote the compact dual of the Riemannian globally symmetric
space L/LNU. Then Yo = LN U, a connected compact Lie group. Hence

H?(Ygr; C) = H?((Igy Nu)S; C) = HP(lg; C).

If s is a finite dimensional complex Lie algebra, we denote by P(s,t), the Poincaré
polynomial of H*(s;C). So

P(Ygr,t) = (1 +8)I®1P(1y,t)P(Iy, ) - - P(I, 1), by the Kiinneth formula ;

where [, [o, ... [ are the simple factors of the semisimple part [lg/, lg/] of lg. If 5 is
a finite dimensional complex simple Lie algebra, the Poincaré polynomial P(s,t) is
given by

P(s,t) = (L+ 20T (1+ #2371 - (14 204, ()

where [ = rank(s) and dy, ds, . .. d; are the exponents of s (see the table given below).
If Ag is the irreducible unitary representation of G associated with the #-stable
parabolic subalgebra q¢/ X qg/, then the Poincaré polynomial of H*(g x g,U; Ae 1)
is given by

P(® 1) = t5m®e) (1 4 )I¥IP(1, ) P(1, ) - - - P(I, ),

where each P([;,t) is given by the formula (x). Also for &', ®” C &, Ag is unitarily
equivalent to Agr if and only if ug: Np = ugr N p if and only if ug = ugr if and
only if & = ",

The exponents of complex simple Lie algebras are given below :

Table 5.1: Table for the exponents of a complex simple Lie algebra s of rank [

5 di,ds, ... d

O 1,2,...,1

b; 1,3,...,2l—1
v 1,3,...,2l—1
0 1,3,...,2l-3,1—1
e6 1,4,5,7,8,11

er 1,5,7,9,11,13,17

es | 1,7,11,13,17,19,23,29
fa 1,5,7,11

g2 1,5

5.3. Proof of Theorem 1.2: Let G be a connected complex simple Lie group
with Lie(G) = g. Let u be a compact real form of g, 6 be the corresponding
Cartan involution of g®, and U be the connected Lie subgroup of G with Lie
algebra u. Let b be a f-stable Cartan subalgebra of g. Choose a system of positive
roots AT in the set of all non-zero roots A = A(g,h). Let ® be the set of all
simple roots in AT. We have seen that up to unitary equivalence, the irreducible
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unitary representations of G with non-zero (g x g,U)-cohomology are in one-one
correspondence with p(®), the power set of ®. The one corresponding to ' C & is
Ag which is the irreducible unitary representation of GG associated with the #-stable
parabolic subalgebra q¢ X qe of g, where

dor = lor Dugr, lor =Hd Z Ooy Uer = Z Jay Q= an(&)w €A.
Ny ()=0 Ny () >0 ped
Viped’ for some PP’

The Poincaré polynomial of H*(g x g,U; Ag/y) is given by
P((I)la t) = tdim(u(b/)(l + t>‘©llp([17 t)P([27 t) T P([ka t)v

where [y, [y, ... [ are the simple factors of the semisimple part [lg/, [g/] of lp. We
begin with the following results regarding P(®’,¢).

Lemma 5.1.  If © is an automorphism of the Dynkin diagram of g, then we have
P(®',t) = P(v(®'),t) for any &' C ®.

Proof. Note that

{aeA:ny(a)>0 for some Y ev(P)} =v({aeA : ny(a)>0 for some ped'}),
and so dim(ug/) = dim(uzeny). Also the Dynkin diagram of [lg/, [e/] is the sub-
diagram of the Dynkin diagram of g consisting of the vertices in ® \ ®'. Now
O\ v(P') = v(P\P') and v maps the subdiagram consisting of the vertices in &\ ¢’
onto the subdiagram consisting of the vertices in 7(®\®’). So [lo, lor] = [lp(a), ln(a)] -
Hence the proof is complete. [

Lemma 5.2. If &' " C &, then the degree of P(®',t) - the degree of P(®”,t) =
dz’m(u@u) — dim(uq,/).

Proof. Recall that P(®' t) = t3mWe) P(Yy t), where Yg is the connected Lie
subgroup of U with Lie algebra [ N u, which is a compact real form of [g .
Hence the degree of P(Ygs,t) is the dimension of Yy, which is equal to dim (lg/) =
dim(g) — 2dim(ug/). Thus the degree of P(®’,¢) = dim(g) — dim(ug/). Similarly the
degree of P(®",t) = dim(g) — dim(ug~). So the degree of P(®’,t) - the degree of
P(®" t) = dim(g) — dim(ug ) — dim(g) + dim(ugr) = dim(ugr) — dim(ug/). n

Remark 5.3. If ¢/, ®" C & with &' C ®”, then dim(ug) < dim(ugr). Thus
dim(ug) < dim(ugr) < the degree of P(®”,t) < the degree of P(®',t). In
particular, dim (ug.y) < dim(ug) < the degree of P(®,t) < the degree of P({a},1),
for any o € ®. [ |

Lemma 5.4. Assume f(t) = (1 +¢)(1 4+ )1+ 5)---(1 + ¢**1) (I € N).
Then the coefficients of t2 and tYV*=2 in f(t) are zero and the coefficients of
" (0<n<(+1)?2 n#2, (I+1)*—2) in f(t) are non-zero.

Proof.  We shall prove this by induction on [. For [ = 1, the result is obviously
true. Assume that [ > 1 and the result is true for [ — 1. So the coefficients of
2, 72 in (14 6)(1 + 3)(1 +t3)--- (1 + t2-1) are zero and the coefficients of
t" (0 <n <I? n#2 [*—2) are non-zero. Now the degree of f(t) = (I + 1)2,
and so the coefficient of " is non-zero iff the coefficient of ¢t¢+)*~" is non-zero.
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Since (I +1)?—-(*-2)=21+3=1+3+20—-1), I+1)*=(*+2) =1,
I+1)2=F+2m—-1)=21—-2m+2 =1+ (2(l —m) + 1), and finally also
(I+1)2—(1*+2m)=2(l—m)+1 for all 1 <m <1—1, we have the coefficients of
D2 =(2=2) ()2 =(2420) (D) —(P42m—1) - g (412 (P +2m) ) f(t) are non-zero for

all 1 < m < 1—1, and thus the coefficients of ¢(*=2), ¢*+2) ¢(*+2m—1) = 4(I*+2m)
in f(t) are non-zero for all 1 < m <[ — 1. Clearly the coefficient of * and so the

1+1)2-2

coefficient of t( are zero. Hence the result. n

Now we shall return to the proof of Theorem 1.2. Note that X = G/U is a
Riemannian globally symmetric space of type IV, and

HYT\X;C) = €P maH"(g x g,U; Agr )
'Cd

for all £ and for any uniform lattice [ of G, where mg is the multiplicity of Ag/ in
L*(T\G). For the empty subset ¢, m, = 1. Now by Theorem 1.1, for each i = 1,2,
or 3, there exists I' € £;(G) such that H*(I'\ X; C) contains a non-zero cohomology
class which has no H*(g x g,U; Ay r/)-component, for some %k (which depends only
on g if I' € £1(G) or L9(G), and it depends on g and I' if I' € L£3(G)) given as
dim (X (7)) and dim (X (56)) in Table 2. Now we shall determine possible ® C ®
such that the non-zero cohomology class in H*(I'\X; C) has a H*(g x g,U; A/ 17)-
component, via case by case consideration. Note that

dim(X (7)) + dim(X (50)) = dimc(g) = m (say).
Let ¢ = min{dim(X (7)), dim(X(56))}. Then for ® C @, the degree of
P(®')t) — (m — q) = dim(ug) + dim(lg:) — m + ¢ = ¢ — dim(ug).

Thus dim(ug) < ¢ < the degree of P(®'t) iff dim(ug/) < m — g < the degree
of P(®',t), and in this case ¢ — dim(ug) = the degree of P(®';t) — (m — ¢q). So
the coefficient of t7 in P(®',t) is non-zero iff the coefficient of ™7 in P(®',¢) is
non-zero. Hence it is sufficient to determine possible & C ® such that the non-zero
cohomology class in H*(I'\X; C) (where k = min{dim(X (7)), dim(X(56))}) has a
H*(g x g,U; Agr 7)-component.

1. g=a,_1, n>1. Then

k= 2p(n_p)7 p2+ (n_p)2 -1, (n*2)2(n+1)7 n(n2+1) (1 <p< g>7 if n€ 4Z’7

k=2p(n—p), p*+(n—p)?—1, ("_2)2("+1), "(";1) (1<p<3),ifne€2+4Z, n > 2;

k=2p(n—p), P>+ (n—p)?—1, Mol @002 g <) < ndy if e 14 2.

ap-1: O0—O0——0—0
(n > 1) ¢l ¢2 ¢n—2 wn—l
Here @ = {1,%2,..., ¥ 1}, and dim (ugy;)) = j(n —j) forall 1 <j <n —1.
P({i} t) =t" (1 + )L+ ) (1 +£2) - (L +12"7%) = P({¢hor},1), and
P({h;},t) = /D (L) (1 +3)(1+8°) - (L+ 7D (1 +83) (1 4+47) - - - (144207271
n(n—1)

forall 2<p<n-—2. Also P(®,t) =t =2 (1+t)"'. Now
dim (ugy,y)— dim(ugy,_y) =j(n—7)— (G- (n—j+1) = —j+n—j+1=n—-2j+1.
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Thus dim (ugy,})— dim (ugy, ,3) >0 for all 1 < j < 2. That is,
dim(u{wl}) < dim(u{w}) < e < dim(u{wc}),

n—1

where ¢ = #=, if n is odd, and ¢ = %, if n is even. Clearly

dim (u{%_j}) =dim (u{%}) forall 1 <j<ec.

First consider k = 2(n — 1). Note that 2(n — 1) < 3(n — 3) = dim(ugy,) iff
n>7 Soifn>7 2(n—-1) < dim(ug) for any " C & with ¢, € ¢’ for some
3 <j <n—3, since dim(ug) > dim(ug,y) for any a € ®'. So the coefficient of
2= in P(®',t) is zero for any ® C ® with ¢; € ® for some 3 < j < n — 3,
if n > 7. Also the coefficient of 2™~V in P({¢;},t) is non-zero iff n # 3 (by
Lemma 5.4). Since 2(n — 1) = 2(n — 2) + 2, the coefficient of 2™~ in P({1y},1)
is always zero (by Lemma 5.4). Now dim (ugy, o)) = 2n — 3 = dim (ugp, 4, 11)-
dim (ugy, 1) = 30— 7, dim (ugy, 4, ,1) = 4n—12. So the coefficients of ™~V in
P({t1, 2}, 1), P({¥1,Yn-1},t), P{¥n_1,%n_2},t) are non-zero. Thus we do not
get any significant result. The other values of k also donot give any significant result.

2. g=b, (n>2). o (T R P wnfl;(én
(n>2)

Here ® = {¢1, %, ..., ¥, }, and dim(ugyy) = 2j(n — j) + 220 forall 1 < j < n.

JG+1)

P{p;}, 1) = 90D (1 4 ) (L4831 +£7) - (L + 9 (A + ) (1 +17) -
co (Tt forall 1 < j<n—1,and

n(n+1)

P{{u},t) =t 2z (1+)1+) (1 +) - (1+*71).

Also P(®,t) =" (1 +t)".
In this case, we do not have Theorem 1.1. See Table 2.
3. g=c¢,, n>3. Then k =4p(n—p), p(2p+1)+(n—p)(2n—2p+1), n?, n(n+1)

(1<p<n-1),ifn€dZorn € 34+4Z; k = 4p(n—p), p(2p+1)+(n—p)(2n—2p+1),
(1<p<n—-1,p#5),if nel+4Z or n € 2+4Z.

U1 U1 Yy

¢! O—O0—  —O—0
(n >3)
Here ® = {¢b1, 4, .., o1, %n}, and dim (ugy,y) = 2j(n — j) + 227
P({;}, 1) = =D+ (1 L ) 1+ ) (1 +£7) - (L + 2 (A + )1+ 17) -
s (Tt forall1 < j <n—1, and

n(n+1)

Pty =t 2 (1+)(1+)(1+2) - (1 +"1).

Also P(®,t) = " (1 +1)". Now
(J—1)j
2

WA -5 +1) -

=2n—j+1)—2j+j=2n+2-3j.

dim(u{¢j}) — dim(u{wjfl}) = 2j(n — ]) +



PAuL 903

So dim (ugy,})— dim (ugy, ,3) >0 for all 1 < j < 2282 Thus

dim(u{wl}) < dim(u{wg}) < <K dim(u{wc}) > dim(u{wc+1}) > dim(u{¢c+2}) > e
e > dim(u{w}),

where ¢ = 2 if n € 3Z, c=221 if n€1+3Z,and ¢ = 21 if n € 2+ 3Z.
First consider k = 4(n — 1).

Note that 4(n — 1) < dim (ugy,}), and 4(n —1) < w = dim (ugy,;) iff n > 6. So
if n >6, 4(n—1) < dim(ug ) for any ® C ¢ with ¢; € & for some 3 < j < n,
since dim (ug/) > dim (ug,y) for any a € ®'. So the coefficient of ¢t~V in P(®’,t)
is zero for any ® C &, O # ¢, {1}, {2}, {1, s}, if n>6.

Since 4(n — 1) = dim(ugy,)) + 1 = dim(ugy,, 4,)), the coefficients of 4"~V in
P({1},t) and P({t1, ¥»},t) are non-zero. Now 4(n—1)— dim (ugy,}) = 2n—3, and
P({n},t) = 2" L (1) (1+3) (1+47) - - - (144~ D=1) . Note that 2n—3 = 22U
it nisodd, and 2n —3 =3+ 7+ (@ — 1) if n is even. So if n is odd, then the
coefficient of t* "= in P({¢;},t) is non-zero. And if n is even with n > 12, then
the coefficient of t*"~1) in P({¢;},) is non-zero. Also for n = 6, 8, or 10, the
coefficient of t*"~Y in P({¢;},t) is zero. Thus if n > 6, the non-zero cohomology
classin H*"=Y(I'\ X; C) hasa H*™V(gxg,U; Ag: 7)-component, where ® = {1},
or {1}, or {11, o}. If n =6,8, or 10, we can discard {t} among these. This
implies in particular that if Lie(G) = ¢, (n > 6), then for each i = 1,2, or 3, there is
a uniform lattice ' € £;(G), such that L?(I'\) has an irreducible Ag -component
for atleastone @’ givenabove. The other values of k£ do not give any significant
result.

4. g = o,, n > 4. Then k = p(2n — p), p(p_1)+(2”;p)(2n_p_1), n(n — 1), n?
(1<p<n—1),if n ¢ 2+4Z; k= p(2n — p), LeHCrpIC=p=l) (1 <y <y — 1),
if n €24z,

77ZJn—1

% ¢2 ¢3 ¢n—3 ¢n—2

Un
Here @ = {91, %2, ..., ¥n_0,Vp_1,¥n}; dim(ug,y) = 2j(n — j) + @ for all
1<j<n,j#n—1,and dim(ug, 1) = dim(ug,}).

iG=1)

P({h;},t) = 9D (1 )1+ ) (A 4+ 7) - (L2 + 3 (1 +t7) - - -
c (LT (1 42 forall 1 < j <n— 2, and

n(n—1)

P({uh,t) =t = (L+ )1+ )1+ ) (1+ 1) = P({a}, ).
Also P(®,t) =" D(1 +¢)". Now

dim(ugy,y) — dim(ugy, ,})

=2j(n— )+ D oy any - LD

=2n—j+1)=2j+j—-1=2n+1-35 foralll <j<n-—2.
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Thus dim(u{%}) < diHl(u{w}) < - < dim(u{wc}) > dim(u{%ﬂ})
> dim(u{wc+2}) > e > dim(u{wn_Q}) > dim(u{wn_l}) = dim(u{wn}),

where c:%",ifnGZ%Z, c= 2”32
First consider k = (2n — 1). Note that
2n — 1< 2j(n — ) < 2j(n —7) + 251 = dim (ugy,)

forall 2<j<n—2,and 2n—-1< @ = dim(u{wnil}) = dim (ugy,y) iff n > 4.

Soif n >4, 2n —1 < dim(ug) for any ' C & with 9’| > 2, as ¢; € O’ for some
2 < j < n,and dim(ue) > dim(ugy) for any o € ®'. Therefore the coefficient of
t>=1in P(®' t) is zero for any & C ®, & #£ ¢, {11}, if n > 4. Since we have
2n — 1 = dim (ugy,y) + 1, the coefficient of ¢**~' in P({¢)1},t) is non-zero. Thus
the non-zero cohomology class in H*"~*(I'\X; C) has only H*" (g x g,U; Agyy1.0)-
component. This implies in particular that if Lie(G) = d,,(n > 4), then for each i =
1,2, or 3, there is a uniform lattice I' € £;(G), such that L?*(T'\G) has an irreducible
Agy,y-component. If n =4, then corresponding to the value k = 2n—1 =7, we can
say that at least one Ay y (j = 1,3,0r 4) will occur in L*(I'\G). The other values
of k£ do not give any significant result

5. g=c¢s. Then k =26, 52, 32, 46, 36, 42, 38, 40.

I¢2
¢: O O O O

O
Ve s Ya Y3

Here ® = {¢1,v9,..., 196}, and

P({t}, 1) = (1 + 1) (1 + ) (1 + ) (1 + 1) (1 + 1)1+ 17) = P({th}, 1),
P({a},t) =t 1+ )1+ )1+ )1+ t7)(1 + ) (1 4+ ¢11),

P{ys},t) =51+ )(1 + 321+ °)(1 +t7) (1 +t°) = P({t)s},t), and

P({wa},t) = t22(1 4+ ¢) (1 4+ 3)3(1 + t°)2.

Also P(®,t) = t36(1 +¢)S.

Clearly dim(ugy,;) < 26, 52, 32, 46, 36, 42, 38, 40 < the degree of P({¢;},?)
for all j except j = 4, and dim (ugy,;) < 32, 46, 36, 42, 38, 40 < the degree of
P({t4},t). Not only these, but also the coefficients of t* in P({1,},t) are non-zero
forall 1 <j <6, k=32, 46, 36, 42, 38, 40; and the coefficients of t* in P({1;},)
are non-zero forall 1 <7 <6, j #4, k=26, 52. Thus we do not get any significant

result.
6. g=-¢;. Then k£ = 64, 69.
I¢2
O O O O O 0
vy s U5 Ys Y3

, 7}, and

P({¢h1}, 1) = 31+ 6)(1 4+ ) (14 7)1+ 1) (1 + 1) (1 + 19) (1 + 1),
P({th2},1) = (L + )1+ ) (1 + 7)1+ ¢T) (1 + ) (L + 1) (1 + 1),
P({ush, t) = t97(1 4+ )(1 + t3)2(1 + £5) (1 4+ t7) (1 + ) (1 + ¢11),

(4

Here @ = {11,1o, ...
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P({u},t) =31+ t)(1 + 33 (1 + °)2(1 + ¢7),

P({ys},t) =1+ t)(1 + 32 (1 + °)2(1 + t7) (1 + ¢9),

P({ye},t) =21+ t)(1 +3)*(1 + ") (1 + ) (1 +¢19)(1 +¢%), and
P{Yr},t) =" (1 + )(1 +3) (1 + ) (1 + 1) (1 + ¢15) (1 + £17) (1 + %3).

Also P(®,t) =53(1+1)7.

Clearly dim (ugy;;) < dim(ug) < 64, 69 < the degree of P(®,t) < the degree of
P({t;},t) for all j. Not only these, but also the coefficients of t* in P({¢;},t) are
non-zero for all 1 < 5 <7, k=64, 69. Thus we do not get any significant result.

7. g=c¢g. Then k=112, 136, 120, 128. "
I 2

o—0—0—20 o
Ys Yr e U5 Yy Y3 Y

Ys}, and
P({p1},6) = t(1 4+ )1+ 3) (1 + 7)1+ ") (1 + 1) (1 + t19) (1 + 2) (1 + ¢19),
(

€g

Here & = {wl,lpg, e

) ) (
P({tha}, 1) = (1 + 1) (1 + ) (1 + 7)1+ ) (1 + ) (1 + 1) (1 +£7)(1 +177),
P({ths},t) = (1 + 1) (1 + ) (1 + 7)1+ ) (1 + ) (1 + 1) (1 + ),
P({ia}, t) = t106(1 4+ ) (1 + £3)3(1 + ¢5)2(1 + ¢7) (1 + ¢9),
P({ws},t) = 141 4+ )(1 + t3)2(1 + ¢5)2(1 + ¢7)2(1 + 19,
P({whe}, 1) = t97(1 + 1) (1 + t3)2(1 + 7)1+ 7) (1 + ") (1 + %) (1 + 1),
P({r} 1) =t (L £)(L+ ) (L) (1 + ") (1 + ) (1 + £'T)(1 + %), and
P({ths}, 1) = 7(1+£)(1+ 3)(1+ 1) (1 + ) (1 + 112) (1 + £23)(1 + £7) (1 + %),

Also P(®,t) = t129(1 +¢)8.

Clearly dim (ugy,3) < 112, 136, 120, 128 < the degree of P({¢;},t) for all j. Not
only these, but also the coefficients of t* in P({t;},t) are non-zero for all 1 < j <8,
k=112, 136, 120, 128. Thus we do not get any significant result.

8. g=fi. Then k=16, 36, 24, 28.
fa:

O O O O
(o N 1
Here ® = {41, 19, 13,14}, and

P{n},t) =t +6)(1+3) (1 +¢7) (1 + ¢,

) (
P({tn},t) = (1 +t)(1 +°)*(1 +¢°),
P({s},t) = £20(1 4+ t)(1 + £3)2(1 + t7), and
P{thy},t) =t (14+t) (1 +3)(1 4+ 7)(1 + ).

Also P(®,t) = t*(1 +t)*.

Clearly dim (ugy,;) < dim(ug) = 24 < 28 = the degree of P(®,t) < the degree
of P({1;},t) for all j. But the coefficients of t* in P({1;},t) are non-zero only
for j = 2, 3; kK = 24, 28. Yet these values do not give any significant result.
Now consider the values k = 16, 36. Clearly the coefficient of t* (k = 16, 36) in
P(®'t) is zero for any ® C ® such that &’ contains 15 or ¢3. Also 16 < 20 =
dim (ugy,, 4y3) < 32 = the degree of P({t1,%4},t) < 36, and the coeflicients
of t* (k = 16, 36) in P({w1},t), P({w4},t) are non-zero. Thus the non-zero
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cohomology class in H*(T'\X; C) (k = 16, 36) has a H*(gx g,U; Ag/ 7)-component,
where @ = {1}, or {¢4}.

This implies in particular that if Lie(G) = f4, then for each ¢ = 1,2, or 3, there is
a uniform lattice I' € £;(G), such that L?(I'\G) has an irreducible Ag -component
for at least one @’ given above.

9. g=g2. Then £ =6, 8. g2: C==0
Y2 U

Here ® = {91, 99}, P({tp1},t) = t>(1+t)(1+t3), and P({¢o},t) = t°(1+t)(1+13).
Also P(®,t) = t5(1 + t)2.

Clearly the coefficients of t* in P({11},t), P({12},t), P({¢1, 12},t) are non-zero,
k =6, 8. Thus we do not get any significant result.

Thus the proof of Theorem 1.2 is complete. u

Remark 5.5. (i) If g = ay, then k = 3, 4, 5. Also the coefficients of t* in
P({yn},t), P({1x},t) are zero, and the coefficient of t* in P({¢;, 1»},t) is non-
zero. This shows that if Lie(G) = as, then for each ¢ = 1,2, or 3, there is a uniform
lattice I' € £;(G), such that L?(I'\G) has an irreducible Agy, y,3-component. That
is, Agy, .4} is an automorphic representation of G. See [32, Cor. 7.7] for n = 3.

(ii) Let G be a connected non-compact semisimple Lie group with finite centre, K
be a maximal compact subgroup of G with 8, the corresponding Cartan involution,
and X = G/K. Let ¢ be an involutive automorphism of G such that ¢ = 0o,
Glo)={g9€G:0(9) =g}, K(o)=KNG(o), and X(0) =G(0)/K(0). Let g =
Lie(G), and g(o) = Lie(G(o)). Let I' be a torsion-free o-stable uniform lattice
in G such that I'(6)\X (o) is embedded inside I'\ X', where I'(¢) = ' G(o). Let
C(0,T") be the image of I'(0)\X (o) in I'\X, and P(C(c,I')) be the Poincaré dual
of the fundamental class [C(o,I')]. Let A be the irreducible unitary representation
with trivial infinitesimal character associated with the #-parabolic subalgebra q of
g. Then we have

If G is simple, Ay is not the trivial representation of G, and Ay is
discretely decomposable as a (g(0), K(0))-module, then P(C(o,T')) does
not have a Aq-component [25, Cor. 4.2].

This is a modification of [19, Th. 4.3], and is corollary of a more general result in
[25, Th. 4.1], [18, Th. 1.2]. Now there is a classification of all pairs (g,g(c)) and
the modules Ay, such that A, is discretely decomposable as a (g(o), K(0))-module.
See [20], the work of which is based on [16], [17]. According to this classification, if
g = Qg,, by, ¢, ¢, ¢7, €3, f1, @2, then there is no involutive automorphism o and
f-stable parabolic subalgebra q(# g) such that A, is discretely decomposable as a
(g(0), K(0))-module ([20, Th. 4.12]). If g = as,,—1, and g(o) = sp(n,C), or su*(2n),
then A, is discretely decomposable as a (g(0), K(c))-module iff g = qgy,3, or
a1} O 4 = gg. For any other g(o), no non-trivial representation A, is discretely
decomposable as a (g(o), K(o))-module. If g = 4,, and g(o) = so(2n — 1,C),
or so(2n — 1,1), then A, is discretely decomposable as a (g(c), K(0))-module iff
q = qg.}, OF g = qs. For any other g(o), no non-trivial representation A, is
discretely decomposable as a (g(0), K(o))-module. See [20, Table C.4, C.5]. We
know from the proof of Theorem 1.2 that if g = d4, at least one Ay, (j = 1,3,0r 4)
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is an automorphic representation. Now if we apply the above results for g = d,, we
see that either Ay y, or Agy,y is an automorphic representation. n
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