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Abstract.  For an irreducible dual pair (G,G’) € Sp(W) with one member compact and two
representations Il <> II' appearing in the Howe duality, we give an expression of the character Oy
of II' via the character of II. We compute the value of O on the maximal compact torus T’
of G’ for the dual pair (G = U(n,C),G’ = U(p,q,C)), which are explicit in low dimensions. For
(G =U(1,C),G' =U(1,1,C)), we determine the value of the character on both Cartan subgroups
of G'.
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1. Introduction

For a finite dimensional representation (II,V') of a group G, the character of II,
denoted by Oy, is defined by:

On:G>g— tr(ll(g)) € C.

In general, to determine precisely the character of such representations is a hard
problem, but in few cases, in particular for a compact connected group, the formula
is explicit. Indeed, let G be a compact connected Lie group, T a Cartan subgroup of
G, g and t the Lie algebras of G and T respectively, gc and t¢ the complexifications
of g and t, ®(gc, tc) (resp. @1 (gc, tc)) be the set of roots (resp. positive roots) of gc
with respect to tc and # = # (gc, tc) be the corresponding Weyl group. According
to H. Weyl, all the irreducible representations (II, V') of G are finite dimensional and
parametrised by a linear form A on {t¢: this linear form is called the highest weight
of II. Moreover, the character of II is given by the following formula:

On(exp(x)) = Y sgn(w) e
weW aecb-!_([gotc)(e € )

(x € t78), (1)

where p is a linear form on t¢ given by p = % oo a.
acd*(geste)
In the 50’s, for a real reductive Lie group G, Harish-Chandra extended the concept

of characters for a certain class of representation of G called quasi-simple (see |6,
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Section 10]). More precisely, for such a representation (II, 5¢) of G, he proved (see
[7, Section 3]) that the map:

On:¢.°(G) >V — tr(I[(V)) = tr/ U(g)(g)dg € C
G
is well-defined and continuous. The map Oy is called the global character of II.
Moreover, he proved (see [8, Theorem 2]) that this distribution is given by a locally
integrable function on G (still denoted by ©p) which is analytic on the set of regular
points of G, i.e.

On () = / On(g)¥(g)dg (V€ €2(Q)).

An explicit formula for the function © on G™® (regular points of G) is hard to get.

We recall briefly some well known facts on those characters. Let G be reductive
group, K be a maximal compact subgroup of G such that rk(K) = rk(G) and T be
a Cartan subgroup of K (which is also a Cartan subgroup for G by our assumptions
on ranks). As before, we denote by g,¢ and t their Lie algebras and by gc, tc and
tc their complexifications.

1. If (II, 2) is a discrete series representation of G of Harish-Chandra parameter
A € t§, the character O of II is given by (see [9]):

dim(G / K) re
On(exp(z)) = (=1)" 2 Y ew) o) o (e t®),
UJGW(Ec,tc) H (6 2

ae®™ (ge,te)

where # (¥c, tc) is the compact Weyl group of K.

2. Assume that (G, K) is a symmetric pair of hermitian type. If (I, 7;) is an
irreducible unitary representation of G of highest weight A — p, the character
On of II is given by (see [4, Corollary 2.3]):

H (e#_e—"(j))@n(exp@)) = Z (_1)ZA(W) @(K,A(w, )‘))(GXP(I))7

a€2H (go,te)\ 2T (kc,te) weN}

where z € t°8 and # is defined in [4, Def. 2.1], and O(K, A(w, \))(exp(z)) is
the character of a K-representation of highest weight A(w, \), where A(w, \)
is defined in [4, Corollary 2.3].

We also mention a conjecture of A. Kirillov (see [18]), which should hold for a really
general Lie group, and a paper of H. Hecht ([10])
)

tries, Sp(WW') the metaplectic group and (w, ) the corresponding metaplectic repre-

Let (W, (-,-)) be a real symplectic space, Sp(W) its corresponding group of isome-

sentation (see Section 2). For a subgroup H € Sp(W), we denote by H its preimage

in Sp(W) and by Z(H,w) the set of equivalence classes of irreducible admissible
representations of H which are infinitesimally equivalent to a quotient of w™>. For
an irreducible reductive dual pair (G,G’) in Sp(W), R. Howe proved (see [16]) that

there exists a bijection between Z(G,w) and Z(G',w).
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In this paper, we assume that G is compact. In that case, it turns out that the
situation is easier: the representations II and II' are just subrepresentations of w™
Our goal here is to determine the character O using the character O of II. By
projecting onto the Il-isotypic component in J2°°°, we get in Proposition 2.3 that
for all ¥ € €°(G):

O (V) = tr / / On(g w™(gg')dgdyg'.
Gl

~/reg

So, formally, we have: O (q) = /~ On(9)0(gq)dg (deG ),
¢l

where the last equality is an equality as distributions on CKC"O(G) and where © is
the character of w (see Section 2). To avoid the problem of non-continuity of O,

we use the Oscillator semigroup introduced by Howe (see [15] or Section 3) and
denoted by Sp(W¢)**. The extension of © on Sp(VV@;)Jr+ is holomorphic and

—~reg

Sp(W) - Sp(We)*+ C Sp(We)*+. In particular, we get for ¢ € G’ that:

Ow(y) = hm /@H O(39'p)dg,

peG"H'

where G'*" = G NSp(W¢)*+. This is Theorem 4.3. The character of the represen-
tation II can be obtained using Weyl’s character formula (see equation (1)) together
with a paper of M. Kashiwara and M. Vergne [17], where they give explicitly the
weights of the representations appearing in the correspondence. Moreover, using [32]
or [1], we get an explicit formula for the restriction of the character © on T Tt
where T (resp. T') is a compact torus of G (resp. G') and T'"" = TN Sp(We)*+
(see Corollary 5.3).

We focus our attention on the case (G = U(n,C),G' = U(p, ¢, C)). We highlight the
result for n =1 (Proposition 6.4):

ifk<p-—

1
~I1t Y =L— otherwise
i=1  h=p+1 [T — tj)

\ h#j

In Section 7, we work with the pair (G = U(1,C),G’ = U(1,1,C)) and determine
the value of the character O on the non-compact torus of U(1,1,C) (unique up
to conjugation, see Section 7). A result of Jian-Shu Li [21], it follows that II" is a
discrete series representation. In particular, the value of O could also be obtained
using [10, Theorem 2.17], but we do not use of this result in our computations of

61‘[’ .

In Section 8, we recall a conjecture of T. Przebinda (see [27]) concerning the transfer
of characters for a general dual pair (G, G’) and discuss in few words an ongoing
project linked with recents works of T. Przebinda [28]. We refer the readers to [22]
and [5] on transfer of other invariants of representations such as associated cycles
and generalized Whittaker models.
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2. Metaplectic representation and Howe’s duality theorem

We recall the construction of the metaplectic representation using the so-called Stone-
Von Neumann theorem. Brieffly, let (W, (-,-)) be a real symplectic space and H(W)
the space W & R with group multiplication:

(w17>\1>.(w2,>\2) = (w1 +w2,/\1 + )\2 + %(wl,UJQ)), (’LUl,UJQ S W, )\1,/\2 c ]R)

Clearly, Z(H(W)) = {(0,A),A € R} = R. According to the Stone-Von Neumann
theorem, for every non trivial character U of 2°(H(W)), there exists, up to equiva-
lence, a unique irreducible unitary representation of H(W) with central character .
The group of isometries of (W, (-,-)), denoted by Sp(W), actsnaturally on H(W) by

g-(w,A) = (g(w),A) (g €Sp(W), (w, ) € H(W)).

By fixing an irreducible unitary representation (II,, &) of H(W) with central
character WUy, A € R, we get that the map:

Mg(h) =I(g"(h) (g € Sp(W),h € H(W)),

is an irreducible unitary representation of H(W) with central character ¥,, and
then, by application of the Stone- Von Neumann theorem, there exists an operator

wy(g) such that:
wr(9) T (h)wr(g) ™" = T (g~" (h)).

In particular, we get a projective representation of Sp(W). One can prove that we
get a representation (w, ) of a non-trivial double cover of Sp(W), that we will

denote by Sp(W) (see [35]).

In this section, we give an explicit realisation of the metaplectic representation (using
a paper of A-M. Aubert and T. Przebinda [1]). In particular, we get a formula for
the character of this representation (one can also check the paper of T. Thomas [32]).

Let x be the character of R given by x(r) = ¢*™. We denote by sp(W) the Lie
algebra of Sp(W), i.e.

sp(W) = {X € End(W), (X (w),w") + (w, X (w')) =0, (Vw,w" € W)}.

Let J be an element of sp(WW) satisfying J> = —Id and such that the symmetric
bilinear form (w,w’) defined by (w,w’) = (J(w),w’) is positive definite. For all
g € Sp(W), we denote by J, the automorphism of W given by J, = J '(g — 1).
One can check easily that the adjoint J; of J, with respect to the form (-, ) is given
by Ji = Jg~'(1 — g) and that the restriction of J, to Jy(W) is well defined and
invertible. The metaplectic group is defined as:

Sp(W) = {g = (9,6) € SP(W) x C*, &> = idimR(g_l)Wdet(Jg);gl(w)} )
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e~

The covering map 7 : Sp(W) 3 (g,&) — g € Sp(W) is the first projection and the
multiplication law is defined by:

(91,81)-(92,&2) = (9192, £152C (g1, 92)),

where the cocycle C” : Sp(W) x Sp(W) — C is defined in [1, Proposition 4.13].
Using [28, Equation (3)], we get that the absolute value of C” satisfies, for every
g1, g2 € Sp(W), the following equations:

C"(91,92)| =

det (T gy, ()A€t (Tga )3y, (W) C"(91,92) _ X (1 sgn(q )>
det(Jg1g2)ngg2(W) ’ |Cl(gl792)’ ) 91,92) | »

where ¢(g), g€ Sp(WW), is the Cayley transform of g defined on the space (g — 1)W by
c(g):(g—1D)W>3(g— 1w — (g+ 1w+ Ker(g — 1) € W/ Ker(g — 1),

(see [1, Section 2.3] for more details) and where sgn(qy, 4,) is the signature of the
form g, 4, defined by:

Q91,92 (u,0) = 5 ({c(g1)u, v) + (c(g2)u,v)) (w0 € (gr =)W N (g2 — W) (3)
To simplify the notations, for all g € Sp(IW), we denote by x.(, the form on (g—1)W
given by Xe(g)(u) = x (5(c(g)u, u)).

We now construct the metaplectic representation. We denote by S(W) the Schwarz
space corresponding to W and by t : Sp(W) — S*(W), © : W) — C* and
T: W) — S*(W) defined by

t9) = Xehg-yw  O@) =& T(9) =0(@ty),  (9=1(9,%),

where pg—1yw € S*(W) is the Lebesgue measure on the space (¢ — 1)W such that
the volume with respect to (-,-) of the corresponding unit cube is 1.

We now fix a complete polarisation W = X @Y, i.e. a direct sum of two maximal
isotropic subspaces of W. The Weyl transform %" : S(W) — S(X x X) given by:

# e = [ ate = (lne -+ ) ay

is an isomorphism and the extension of J# to the corresponding space of tempered
distributions 2" : S*(W) — S*(X x X) is still an isomorphism. Similarly, the map
Op : S(X x X) — Hom(S(X), S*(X)) given by:

/K:Ex

extends to isomorphism Op : S*(X x X) — Hom(S(X),S*(X)). According to [,
Section 4.8], for every ¥ € L*(W), Op oji/ (¥) is an Hilbert-Schmidt operator on
L*(X) and the map
Opo : L*(W) — HS(L*(X))

is an isometry. We denote by w : W) — U(L*(X)), defined by w = Opo# oT,
a unitary representation of Sp(W), called metaplectic representation. Moreover, the
function © defined previously is the character of (w, L*(X)) and the space of smooth
vectors is S(X), the Schwartz space of X .
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Remark 2.1.  We denote by Sp(W)¢ the subspace of Sp(W) defined by Sp(W)¢ =
{g € Sp(W),det(g — 1) # 0}. We denote by Sp(I¥)¢ the preimage of Sp(W)° in
Sp(W). For every g = (g,§) € Sp(W)e, we get:

O(7) = (1™ Wdet(J(g — 1)) ") * = det(i(g — 1)) .

A dual pair in Sp(W) is a pair of subgroups (G, G’) of Sp(WW) which are mutually
centralizer in Sp(W), i.e. Cspm)(G) = G' and Cspw)(G') = G. The dual pair
is said to be reductive if the action of G and G’ on W is reductive. If we have a
decomposition of W as an orthogonal sum W = W; & Wy where W; and W, are
G - G'-invariant, then (Gy,, ,Gj, ) is a dual pair in Sp(W},, ),i = 1,2. If we cannot
find such a decomposition, the dual pair is said to be irreducible.

The irreducible reductive dual pairs in the symplectic group had been classified by
R. Howe [13]. In this paper, we assume that the group G is compact. In this case,
(G, G’) is one of the following dual pairs

L. (U(n,C),U(p,q,C)) < Sp(2n(p +q),R),
2. ((n,R),Sp(2m,R)) C Sp(2nm,R),
3. (U(n,H),*(m,H)) C Sp(4nm,R).
For the computations in the Section 6, we will focus our attention on the first one.

Remark 2.2. (1) For a dual pair (G,G’) in Sp(W), we denote by G = 7 1(G)
and G the preimages of G and G’ in Sp(W). In [13], R. Howe proved that (G, é,) is
a dual pair in Sp(W'). With the precise definition we gave for Sp(W) in equation (2),
we can see that easily. Indeed, we need to prove that for all ¢ € G and ¢’ € G', we
have C(g,¢') = C(¢’,g). Obviously, |C(g,¢")| = |C(¢’, g)|, and because ¢, = qy 4,
the result follows.

(2) If the group G is compact, then G is also compact.

From now on, we assume that (G, G’) is an irreducible reductive dual pair in Sp(W)
with G compact. The Howe duality theorem can be stated in a easier way when we
assume that one member is compact. As before, we consider a complete polarisation
of W of the form X @Y and we realise the metaplectic representation w on the
space L*(X). The space of smooth vector is the Schwartz space S(X) and under the
action of é, we get the following decomposition:

sxX) = @ v,

(szn)eéw

where G,, is the set of irreducible unitary representations of G such that we have
Homg (II,w™) # {0} and V/(II) is the II-isotypic component in S(X), i.e. the closure
with respect to the topology on S(X) of the space {T'(Vi1),T" € Homg (II,w™)}.

Because G commute with é, the group G acts on V(II) for every II € éw, and as
~ ~1
a G x G -module, we get the following decomposition:

SX)= € ner,

(H,VH)GGW
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~
where II’ is an irreducible unitary representation of G . The map

~ o~

0:G, > — I =6(I) — G,

is one-to-one and usually called Howe’s correspondence.

Let (II, Vi) € G, and I = 6(II) the corresponding representation of G . We denote
by 1 : S(X) — V(II) the projection onto the II-isotypic component. According to
[34, Section 1.4], the map £y is given by the formula:

Py = dn /G (7)™ (57 = w™(duP).

where dp = dimg (Vi) is the dimension of the representation II. We get the following
result for the global character of II.

~/

Proposition 2.3.  For every compactly supported function ¥ € €°(G ), we get:
on(w) =t [ ([ @u@=(a)aa ) wiraa
¢ \Ja
Proof. For such a function ¥, we have:

tr(@nw(W)) = tl“(IdVH ®H/(\1/)) == dn@n/(\y),

and then, O (V) = di tr(Pnw™(V)) = tr/~
I o’

—u ( /| me@a)da) W(F)dg .

Using that © is the character of w, we get formally:

V(g) ZPnw™(g)dg

O () = / nG0GT)E  (F ).

Because the character © is not continuous, the second member of the previous equa-
tion could not make sense. To avoid this problem, we use the Oscillator semigroup
introduced by R. Howe (see [15]).

3. Howe’s oscillator semigroup

Let (W, (-,-)) be a (finite dimensional) real symplectic vector space and (W, (-, -)) its
complexification. For every w € W, we consider the decomposition w = a+1b,a,b €
W and we denote by w = a — ib the conjugate with respect to the decomposition
We =W @ iW. By extension, we get a symplectic form (-,-) on We.

Lemma 3.1.  The form H: W¢ X We — C defined by
H(w,w ) = i(w, W) (4)

is hermitian.
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Proof.  Straightforward verification. [ |
We define now the subset Sp(W¢)*" of Sp(We) by:

Sp(We)™ = {g € Sp(We) ; H(w, w) > H(g(w), g(w)), (vw € We \ {0})}.  (5)
Similarly, we denote by sp(W¢)*" the subset of End(W¢) given by:
sp(We)™ ={z=a+iy; x,y € sp(W),det(z — 1) #0, (yw,w) > 0,w € W\ {0}}.

Lemma 3.2. Fiz an element z = x+iy with x,y € sp(W) such that det(z—1) # 0.
Then, H(w,w) > H(c(z)w, c(z)w) (Vw € W\ {0})

if and only if (yw,w) >0 (Vw € W\ {0}).

Finally, we obtain c(sp(We)™1) = Sp(We) ™.

Proof. Fix z =z + iy, with x,y € sp(W). We have

H(c(z)w, c(z)w) = H(c(z)  c(z)w,w)

and then H(w,w) > H(c(z)w,c(z)w) < H((1 — c¢(z) 1c(z))W,W) > 0. Or,

1—c(z) ¢(2)=1—(G+DE-D) " +1)(E-1)"
=1-E-D)E+) ' z+D)(z-1D"
=1-CZ+)'E-DE+D(E-1)""
=E+)'E+FDE-DE-) -+ D) M E-DE+D)(z-1)7!
=+ E+FD)E-)-CE-D(E+1)(z-1D"

By definition of z we get (24 1)(z —1) — (2 —1)(z + 1) = 4dy. So,

1—c(z) c(z)=4i(z+1) " y(z—1)" .
Then, for all w € W¢ \ {0}, we get:

H(w, w) > H(c(z)w, c(z)w) < H((1 —c(z) c(z))w,w) > 0
e 4iH(z+1)y(z— 1) 'w,w) >0 & 4HzZ+1D)yiz-1)"w,w) >0
& —dyz—1D)tw, (—z2+ DWW >0 e 4lyw,T) >0
with w' = (z — 1)"'w. As (yuw', @) € R*, by writing v’ as w' = w) + iw,, we get:
(yw', @) = (y(wy),wy) + (y(wy), wy). u
A proof of the previous lemma can also be found in Proposition 1.2 of [11].

Proposition 3.3.  The set Sp(W¢)™ is a subsemigroup of Sp(W¢), which does
not contain the identity but stable under g — §~'. Moreover, we have

Sp(We) . Sp(W) = Sp(W). Sp(We) ™ € Sp(We) ™" (6)

and the set Sp(We)tT U Sp(W) is a subsemigroup of Sp(W¢). To conclude, the
symplectic group Sp(W) is contained in the closure of Sp(We¢)t™.
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Proof. Fix g and ¢ in Sp(W¢)™™. Obviously we have gg' € Sp(W¢). For
every w € W, we have H(gg'w, gg'w) < H(g'w,g'w) < H(w,w), which implies that
gg" € Sp(We)*t*. The subspace sp(Wg)t" is stable under the map z — —Zz and
@_1 = ¢(—2). Then, if g € Sp(Wc)™, we get g~' € Sp(We)*™+.

Now, fix g € Sp(We)™ and h € Sp(W). For all w € W¢, we have h(w) = h(w)
and then:

H(gh(w), gh(w)) < H(h(w), h(w)) = i(h(w), h(w)) = i{h(w), h(w)) = H(w,w).
In particular, gh € Sp(W¢)™*. Finally, for every element g € Sp(W),

= lim —oli
g=—c0)g=_ lm  —c(iy)g

which proves that every elements of Sp(W) is a limit of elements in the semigroup
Sp(We)*+. n

Remark 3.4. Let z = X 4+ Y with z € sp(W¢)*". Then, for all w € W,

o) = PG

— e%rthXwe—gthYw

The matrix Y € sp(W), the form (Y- -) is positive and JY is symmetric and

positive definite. Then, there exists a diagonal matrix D = diag(ds,...,ds,) and a
matrix O € (2n,R) such that JY = O*DO. So,

/ Yoy (w)dw = / e Iy = / e~ 2w O DOw Gy, — / e~ 2" DY |det(0)[dY
w w w w

T % deZ 2n 2n 1
2 k _ 2 _1
= [e "kt |det(O)|dY = /e 24Yiqy, = | | —= = det™2 (D).

W
Using that |yxqyv(w)| = e 2¥7Y* we get that the integral Jow Xx+iv (w)dw is
absolutely convergent. More precisely, we get:

1
/ Xx+iy (w)dw = det ™2 (—(X + iY)) :
W 2
From now on, we denote by A(X +iY") the previous determinant, i.e.

AX +iY) = det ™2 <%(x + iY)) . (7)

Even if the complex symplectic group Sp(W¢) is simply connected, the complex

manifold Sp(W¢)*" is not simply connected. We define on Sp(W¢)™* a non-trivial
++

cover, denoted by Sp(W¢) , by

—~—
Sp(We) = {(9.6); g € Sp(We)™", & =det(i(g — 1)) '},
and let C': Sp(W¢)™" x Sp(We)™ — C defined by:

Claroga) = et~ ( 1 (clen) + () ) )
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Remark 3.5.  As explained in [1], the cocycle C” defined in Section 2 is continu-
ous, and it’s also obvious that the cocycle C' defined in equation (8) is continuous.

—_——

The cocycles C' and C” match to form a continuous function on Sp(W¢) USp(W).
Indeed, because of the continuity of those cocycles, it is enough to prove that they

— 4+ —_—

Jr
match on a dense subset of Sp(W¢) U Sp(W).

— -+ —_—— —~— ++ ——
The subset Q of (Sp(W¢) USp(W)) x (Sp(We) USp(W)) consisting of elements
(91, 92) satisfying det(g; — 1)det(ga — 1)det(g1g2 — 1) # 0 is dense. We get:

) +clg2) = G+ —1)"+(g2+1)(g— 17"
= (-1 +D(g2— D+ (g —D(g+1)(g2— 1)
= 21— 1) g1ga — 1)(g — 1)

and then the cocycle C' extends to a continuous map on 2. Moreover, by using the
notations of [1, Proposition 4.13],

1 gy w
’Y(Qthg) = / X (5 <c(g1)w,w> + <c(g2)w,w>> dw = / e 2 TBgla92 dw
w RQn

7r 1 (1
= /]Rz Q*EwTBgl,gz Ydw = det™ 2 (Z Bg1,g2) = A(c(gl) —+ C(gg))

where B, 4, is the matrix of form ¢, 4, defined in equation (3). It follows that the
cocycles C' and C" match on € and then, the result follows.

+o
Theorem 3.6.  The function © : Sp(W¢) 3 (¢9,€) — & € C is holomorphic,

and we have the following equality:

©(9192)
©(91)0(g2)

— Clgr.g0) (g“g“ e Sp(Ve) U Sp<w>) . ©)

——~——

Moreover, for every function ¥ € €°(Sp(W)), we get:

| 0DV ) = ly | O @@ ()
PESP(VE)

Proof. The equation (9) has been proved in [1, Lemma 4.17 and Lemma 4.24]

for (g1, 92) € SW) The same arguments can be applied to prove this equality for

(G1,02) € S?(\VI//)JFJF. The general case follows from Remark 3.5.

We now prove the second part of the theorem. We first assume that the support of
VU is contained in the image of ¢(0)c. Then,

/SN O(59)¥ (7)dg = /N O(2(0)9) ¥ ((0)7)d5 = / O(2(0)3) U (&(0)g)dg

p(W) Sp(W) supp ¥

= /p(w)@@z(omw»\D(E(O)E(xm(x)dx: [ et e

sp(W)

where pc(0) = ¢(iy) with y € sp(W) such that (y-,-) > 0 and j(x) is the function
defined in [25, Lemma 3.11]. In particular, y — 0 when p — 1.
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But, according to equation (7), ©(c(iy)c(z)) = O(c(iy))O(c(z))A(x + 1y).
We denote by v the function of sp(W) given by ¢(z) = ©(c(z))¥(c(z))j(x) (we
notice easily that ¢ € €°(sp(W))). We get:

/ Az +iy)y(z)dr = /sp(w / Xa-tiy (W)Y (x)dwdx
= [ vttt = [ i, / )
sp(W w sp(W)
— 2T (w)(z) _ N 1 )
and then /EP(W) Xz (W) (x)dx /ﬁp(W) P(x)e dx = (4T(w) :

where 7 : W — sp(W)* is the moment map and 1 is the Fourier transform of ¢ on
sp(W). Then,

[, Mt = [ ) (Gr) do

For all w € W\ {0}, we have ;,(w) = & @ww) — o=3Www) < 1 because
(yw,w) > 0 for every non zero w € W. Finally, we get:

1}/13(1) o Az + y)Y(x)dr = /W{D\ (%’(m)) dw.

Using that lim O(cliy)) = O(¢(0)), we get:
Yy—

im [ O@E(iy) A + iy)(x)dz /W " GT(M)) dw.

y=0 Jap(w)

Finally, we have proved that the limit we considered in equation (10) exists. Now,
we determine this limit. For every x € sp(W), we denote by B the matrix of the
bilinear form (x-,-). We remark that the matrix of the form (J-,-) is the identity
matrix. For all £ > 0, we have:

A((j‘j —+ Zt,]) = Xz+th dw — / e F(z+itJ)w,w dw — / e F{(z+itJ)w, w)dw
w w w

= / e (Brithw g, —/ ¢ W EIBHDY gy — det3 (1(—iB —i—tl))
w % 2

We know that the eigenvalues of = are real numbers. So, for all ¢ > 0,
|det(—iB + tI)| > |det(iB)| i.e. |det(—iB + tI)|"2 < |det(iB)| 2.
Then, |A(x+itJ)| <|A(z)|. Using that the function A is locally integrable, we get:

lim Az +itJ))(z)dx = / A(z)y(x)dz.

=07 Jop(w) sp(W)

The choice of such function ¥ is done without loss of generality. Indeed, as explained
in [1, Proof of Theorem 4.28|, we can find elements hi,... hy € Sp(W) such that:

i=1
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Then, using a continuous partition of unity subordinate to the finite open cover
{h;Sp(W)¢}1<icn, one can easily check that we can reduce the problem to the case
U e € (Sp(W)¢), and it’s what we have done before. [

Remark 3.7. We first extend the map T on the semigroup. For every element

g € Sp(W¢)*™™, we have det(g — 1). We define the map 7 : Sp(W¢)++ — S*(W) by

T(g=(9,£)) = O(9) Xe(g) b

We denote by Cont(L?(X)) the semigroup of contractions on the Hilbert space L?(X).
One can prove that

= Opo oT : Sp(W¢)*t+ — Cont(L*(X))

is a semigroup homomorphism. Moreover, for all p € Sp(W¢)*+, the operator w(p)
is of trace class and trw(p) = O(p).

4. A general formula for O

Let us start this section with comments concerning some particular integrals. As

—~——

shown in [1, Section 4.8], for all ¥ € €>(Sp(W)),

/N V(9)T(g)dg (11)
Sp(W)

—_—

is in S(W). For ¥ e €>°(Sp(W)) with supp(¥) C Im(¢) and ¢ € S(W), we have:

(/ ¥()T( ) = [ [v@xpeceomwisCon (30w ) dxd

Sp(W) W sp(W)

- / ( / o(X)x G(Xw,w>) dX>¢(w)dw= / P © Top(w)P(w)dw

W sp(W)

where QD/QX) = U (c(X))O(c(X))jop(X) € €°(sp(W)). Then, = S(sp(W)) and
AMw) = ¢ oTyp(w) € S(W)/.\/ -

Similarly, for all p € Sp(W¢)*+ and ¥ € €>°(Sp(W)), one can prove that there
exists Ay € S(W) such that for every ¢ € S(W), we have:

( - w<§>T<ﬁ§>d§) @) = [ Mot (12)
Sp(W) w

The link between the functions Az and A is given by the following equality:

Ap(w) = T(PIA(w)  (w e W), (13)

—_—

Lemma 4.1.  For all § € Sp(W) and h € Sp(Wg)*++, we get:
1
2

C(y, h)Xc(gh) (w) = /WXc(g) (U)Xc(h)(w —u)x (u, w>> du (Vw € W).
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Proof. We have T(ﬁ%) = T(ﬁ)hT(ﬁ), ie. T@E)bqﬁ = T(ﬁ)bT(%)W for all p€S(W).
For all w € W, we have:

T(Gh)sp(w) = /w O(Gh) Xe(gny (W) p(w — u)x (%(u,w)) du

1

= 0@OMC( ) [ xenwotw — (o w) ) du

= =0@eHIC(h) [ et~ o (-5 (o)) do

= C(g, ) Xe(gn) (w — v)x (—;<v,w>>

1
Then, for all v,w € W, we get:  C(g, h)Xe(gn)(w — v)x (——(v, w))

~ [ vt - u— o (~3t0w =0 ) x (G0 )

We get the result by taking v = 0. [ |

P —_—

+t
Proposition 4.2. For every p € Sp(W¢) and ¥, P € €2°(Sp(W)), we have that

| v@ [ e@T@hnddg
Sp(W) Sp(W)
is a Schwartz function ¢z given by

dp(w) = [__ W(G) | __ 2(W)OGhP)Xe(ghy) (w)dhdg.

Sp(W) Sp(W)

Proof. For all ¢ € S(W), we have:

( [ wa | ¢<%>T<§%@dﬁd§)<¢>= | @ | e®mr@hnmeodag

—_— —_—

Sp(W) Sp(W) Sp(W) Sp(W)

- / \If@’)T@)h( / ¢><%>T<Emu¢dﬁ)<o>da

Sp(W) Sp(W)

- / () / @@xc(g)(w)( / ¢><%>T<ﬁﬁ>u¢dﬁ><—w>dwd§
Sp(W) w Sp(W)
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Sp(W)

( / O (hB) Xe(hp) (w) b (—0 — u)x(— . w>>du) dhduwdg
w

= / $(v) ( / / T(3) @ (h)O(3)O (M) Xe(g) (u—0) Xe(hp) (W)X (3 (u, w)) dudﬁc@) dv

Sp(W) Sp(w) W
/ ( | | ver@e@ernci.mxa >dﬁda) it
Sp(W) Sp(W)
/ ( | [ v@r@eamm e >d§dﬁ) v
Sp(W) Sp(W)
(where the last equality is obtained using Lemma (4.1)). n

Now, we are able to state and prove the following theorem.

Theorem 4.3.  For every function ¥ & Cfcoo(é,), we get:

O (V)= lim / / On(7)0(577) V() dgdg.

p—>1
pGSp(Wc

~
Then, as a distributions on G , we have:

O (q) = hm /@H O(g9'p)dg. (14)

PESP(W(c)

Proof. According to Proposition 4.2 there exists a function \; € S(W) such that

(/ [z >dgdg)<o>> | twpetwrte o esw)).

Similarly, there exists A € S(W) such that

(/ /@n ) (g )dgdg> (¢) = /WA(w)¢(w)dw (6 € S(W)).

Using equation (13) we have for all w € W that A\y(w) = T(p)gA(w). Moreover,
do=T(1) = l~1ni T'(p), and then, using [1, Section 4.5], we get
p—

o
pPESP(W()

lim  A;(0) = lim T(@h)\(O) = 0pgA(0) = A(0).

p—1 p—1
pespove) T pespve)
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Then, using [14, Theorem 3.5.4], we get:
o) = tn / , / On(9) ¥ (7)w(57)dad7
— trOpoX /G | /G 6n(@) ()T (77)dgdg
_ ( L/ _@n(~§)\1f(’§’)T(’§’§’)d§dg~’) (0) = A(0)
G JG

= lm N0- I [ | Ga@eE@nYE)dd.
p—1 p—1 a Ja
pesp(we) ' pespve)

++ ~
From now on, we assume that G is connected. For every p € Sp(W¢) and ¢ € G/,

we define the function F53 : G-oC by:
Fg(9) = On(9)0(g9'p).
We easily prove that for every element g € G, we have F;7((9,)) = Fpz((g,=¢)),
and in particular, we get a function Hyz on G by:
Hoz(pr(g)) = Frz (@) (€€ G).

By a standard result of differential geometry (see [33, Lemma A.4.2.11]), we get

/~ Fpg(9)dg = 2 / Hp g (g)dg,
G G

where dg is the normalized Haar measure on G.

From now on, we assume that G is connected. By Weyl’s integration formula (see
[19, Theorem 8.60]), we get:

/Gﬂﬁ,g'(g)ng/T(/G/THra:g"(gtg_l)dgT) [D(t)[*dt

where D is the Weyl denominator. We define G = G N Sp(W¢)*™ and denote

by G the preimage in Sp(W¢) . For every element p € G, we prove easily
that the function Hyy in invariant by conjugation. In particular, we get:

/T ( /G /THﬁ,E’(gtg_l)dgT) D(t)[2dt = /T Hy 0 (6)[D () 2t

Using Theorem 4.3, we get:

Proposition 4.4.  Assume that G is compact and connected. For every reqular
~
element ¢ € G, the character O of 11 is given by the following formula:

Ouw(@) = lm | Hpp(VA®PdL (15)

pea/tt

Using a result of Kashiwara and Vergne [17], we obtain the weights of the represen-

tations II € G,,. Then, using the Weyl character formula (equation (1)), we get a
formula for the character ©r;. What we need now, is an explicit realisation of the
character © of the metaplectic representation.
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5. A restriction of ® to a maximal compact subgroup

We recall here the main ideas of [29, Section 2]. Here we want an explicit formula for
the character © of the metaplectic representation on a maximal compact subgroup
of Sp(W). We know that for any positive complex structure J on W, the sub-
group Sp(W)” of symplectic matrices which commute with .J is a maximal compact
subgroup of Sp(W). More precisely, for every compact dual pair (G,G’) (with G
compact), there exists a complex structure J of Sp(W) such that G. T’ C Sp(W)”,
where T’ is the maximal compact Cartan subgroup of G’ (we will construct this
element J explicitly for the dual pair (U(n,C), U(p,q,C)) in Section 6).

We fix a positive complex structure J on W, and we denote by W¢ the complexifi-
cation of W. With respect to the endomorphism J, we get a decomposition of W¢
of the form

We=WgaeWs

where W (resp. W¢ ) is the i-eigenspace (resp. —i-eigenspace) for J. One can
prove easily that the restriction of the form H defined in equation (4) to the space
W is positive definite. We denote by U = U(W{, H_ ) the subgroup of GL(W¢)
which preserve the form Hyy.. -

We define a two fold cover of U, denoted by ﬁ, as
U = {(u,),&% = det(u),u € U} C GL(WZ) x C. (16)

Then, Uisa group (endowed with the pointwise multiplication). More precisely, it’s

a connected two-fold covering of U.

Proposition 5.1.  The map Sp(W)’ > g — 9.+ € U s a group isomorphism
C

and lifts to an isomorphism

— J

Sp(W) 3 (g,€) — (u,&det(g — 1),

) e U.

(e-1W{
Then, the restriction of the metaplectic cover to Sp(W)7 is isomorphic to the covering
Us (u,§) »uecU
Proof.  The proof of this result can be found in [29, Proposition 1]. [

According to equation (14), we need a formula for © not only on Sp(W)7, but on
an analogue subset in the oscillator semigroup. Briefly, the map

(Sp(We)™)" 29— g, € GLWE)
is well define and bijective. We now define a subgroup GL(WZ )™ of GL(W{Z) as
GL(WZ)™ = {h € GL(WE), Hyy,_(w,w) > Hy,_(hw,hw),0 # w € Wg}

As in equation (16), we define a non-trivial double cover of GL(WZ)** by

GL(Wg)++ — {(h,€) € GL(WF)™ x C*, &% = det(h) } .

The group structure on GL(WZ)  is given by the coordinate-wise multiplication.
More particularly, we get the following proposition.
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++
Proposition 5.2.  The set GL(WZ) UU is a semigroup. Moreover, the map

—_ — J ~
(Sp(We)™M)7usSp(W) 29— Glys € GL(Wd) uU

s a semigroup isomorphism.
— J
Corollary 5.3 gives us the character © on the subsemigroup (Sp(W¢)* )7 USp(W) .

++ —J
Corollary 5.3. The restriction of © on the subsemigroup (Sp(W¢g) )7 USp(W)
s given by

~ . ~ . § =
O(k) = %13’115 ©(h) = %ﬁ% Jet(1 = 1) (h = (h,)). (17)

4+ 4+
heGLWI) heGLW)

6. The dual pair (G = U(n,C),G’ = U(p, q,C))

Let (V,b) be a n-dimensional vector space over C endowed with a positive definite
hermitian form b and % be a basis of V' such that Mat(b, #) = 1d,,. We denote by
U(V,b) the group of isometries of b, i.e.

U(V,b) = {g € GL(V), b(gu, gv) = b(u,v), (Vu,v € V)}. (18)

By writing the endomorphisms in the basis %, we get that the right hand side of
equation (18) can be written as:

{9 € GL(n,C),g"g = 1d,}, (19)

where ¢* = g7, We denote by G = U(n,C) the group defined in equation (19), by
g = u(n,C) the Lie algebra of U(n,C). The maximal torus T of U(n,C) is given
by T = {diag(ty,...,t,),t; € S'} and its Lie algebra t is defined as:

t= é iR By,
k=1

One knows (see [19, Chapter IT]) that the roots of g¢ withrespect to tc are given by
P(gc, tc) = {x(e; —e;),1 <i<j<n},

where ey (diag(hy, ..., h,)) = hg. Similarly, let (V', ') be a p+ ¢-dimensional vector
space over C endowed with a non-degenerate hermitian form ¥ of signature (p,q)
and let %’ be a basis of V' such that Mat(b', %') = 1d, ,. We denote by U(V', V)

the group of isometries of V', i.e.
UV, b) = {g € GL(V'),b'(gu, gv) = b'(u,v), (Vu,v € V')}, (20)
and by U(p, ¢, C) the following group

{9 € GL(p,q,C),g"1d, , 9 =1d, 4} (21)

Let K' = U(p,C) x U(q,C) be the maximal compact subgroup of G'.
Using the paper of Kashiwara and Vergne [17] (we can also use the Appendix of

—_——

[26]), the weights of the representations of II € U(n,C),, which appears in the
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correspondence are given by the following formula:

A= ; a ;pea - az:; Valntl—a + az:; Ha€as (22)

where 0 < r < p, 0 < s <q, r+s < n, and integers vy, ...,V 1, .., s which
satisfy vy > ... > v, >0 and puy > ... > us > 0. The weights A can be written as

A= (% + Aa) €a (23)
a=1

where \; € Z, \; > ... > A, with at most ¢ of the integers \; are positives and p
negatives. It is easily proved that, for G = U(n,C), we have:

n

1 n—2a+1
IR

ac®*(ge,te) a=1

Using Corollary 5.3, we give a formula for the character ® on T.T't", where

T and T’ are diagonal Cartan subgroups of G and G’ respectively and T'*" =
TeNSp(We)* .

Proposition 6.1. (1) The set T'"" is given by
T = {diag(ts, ..., lpsq); [t <1 for1<i<pti| >1 forp<i<p-+gq}. (24)

(2) Forallt€T and € T, the character © is given by:

et (i) (1107)

O(tt) = —— “=;+q — . (25)
al;ll bl;ll(tb - til) a:Iz:I—‘rl bl;ll (tb - %>

Proof. (1): See Appendix A.

(2): We consider W = M((p+ ¢) x n,C) as a real vector space endowed with the
following form
-t
(w,w') = Im(w" I, ,w).

This form is symmetric and non-degenerate. Moreover, the map J(w) = il,,w is a
posiitive definite complex structure on W. The maps

GxW >3 (g, X)—=gX eW, G'xW > (¢, X)=Xg*
give embeddings of G and G’ into Sp(W). For every matrix E,, € W, we have:
(tt") Eap = tht, ' Eap .

1 Eap ifl1<a<p

By definition of J, we get: J(E,;) = ‘ .
’ —iE.p ifa>p

Then, the eigenvalues of tt' are of the form

{t;tb—l;1gagp,lgbgn}u{t;tb—l;p+1§a§p+q,1§b§n}.



MERINO 1015

Finally, using equation (17), we get:

=

(e 1w (fer T @)
@(tt/) . c;:lb:l ap}jr—zlbn . _ 1:1:1 a:p+1p+q bn:1
fita-ni T fo-ae) [ A0-eeh T io-u

In particular, for every element ' of T/, we get:

7 a=1 a=p+1
G)(t ) o p n Pp:; n
[T —-¢t) IT TI(L—2)
a=1b=1 a=p+1 b=1

According to equation (9), we get O(tt') = O(H)O(H)A(c(t) + c(t')).
The rest of the proof is a straightforward computation.

|
~ ~/
Proposition 6.2.  For every reqular element t' in T |, we get:
(_1)nq+("—21)n (pﬁqt,)g
O (¥) = o=l
2im)"n! n n
( 7T) In ti) n—1 ltzjz;\)a 1<H< (tz _ t])
=1 1<j<n
hm ngn / / — T nj‘ Hdtk
Fhig B - T (- )
a=1b=1 a=p-+1b=1 rt
n tp n—24+w= (b)f)\w_l(b)+/3’_ (b)
hm sgn(w) sgn(S dty,
& & L P pt+q
5 i3 e, A ) T (- %)
n a=1 a=p+1 rt
g (n=n p+q/ 2
(=D (T
here K(t') = o= .
where K(¢) (2im)"n!

Proof.  Using equation (15), we get

O (g') = e Hy g (6)|A(6) *dprr (t).

peGgt

The torus T of U(n,C) is isomorphic to S1®"  Under this identification, we get

~ dz
dur = g dus:  and  dugi(z) = Sima’
~ o o 11 11
Moreover, D(t = exp(z)) = H(ef(x) —e 2 = H (t7t; 2 —t, °t7)
a>0 1<i<j<n

:Ht;T IT -t (26)
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and by using the Vandermonde’s determinant formula, we get

n

I —t)="> sen(d []t" (27)

1<i<j<n BESr i=1

The rest of the proof is a straightforward computation using equation (1), Proposition
6.1 and equation (23). [

We now give a technical lemma concerning the integrals which appears in the previous
proposition (the proof is obvious using residue theorem).

Lemma 6.3. Let ay,...,a, be p-complex numbers such that |a;] < 1 for all
i € [|1,pl]. Similarly, we consider apiq,...,a,44 € C such that |a;| > 1 for all
i€llp+1,p+q|]. Moreover, we assume that a; # a;,i # j. Then, we get:

D ak .
1 th 2 o) k=0
— ="
) + ak .
2T Jq p]_[q(t . ai) — Z Ty (a,’ffaj) otherwise
i=1 h=p+1 j+n

Let us now fix n = 1. In this case, the weights A of the representations II are of the
form \ = (% + k) e1,k € Z . The reason why we voluntarily change the notations

—_—

here is because the set of irreducible genuine representations of U(1, C) is isomorphic
to the unitary dual of U(1,C), which is isomorphic to Z via the isomorphism:

—

Z3k— (v — ™) e U(1,C).

—_—

We denote by Il the representation of U(1, C)/gf/highest weight (q;Qp + k:) e; and

by IIj the corresponding representation of U(p,q,C). Using Proposition 6.2 and
Lemma 6.3, we get the following proposition.

Proposition 6.4.  The character O, of the representation 1Tj of U(p,q,C) is
given, for every t' € T', by:

(p+q . tfb_(k"’l)
t? L —
zl;ll hzzzl 1 —1))

AN h#j
@HZ (t') = ptqg 1 ptq tzfvl—(k—i-l) (28)

— tf B
21;11 h:Zp;H [Tt — 1))

\ hki

The Weyl group # (resp. #(¢)) of G’ (resp. K') is isomorphic to .%,., (resp.

Sy x #). For every element h € {1,...,p+ q}, we denote by #" the stabilizer of

h,i.e.

ifk<p-—1

otherwise

W' ={ocecW, oh)=h}.
We define similarly #/(€)".
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Proposition 6.5. We get, up to a constant, the following result:
> osen(p) Yo sgn(w)eEATOEf > p -1
D(X)Op (exp(X)) = { HeA™! wESpxTa A
(X)Om (exp(X)) sgn son(w)ew A2 +6)() otherwise
gnpu g
ueAl WESp XSy
where
p ) p+q
e M =>(—1e+{p—(k+1))ep1+ > (i —2)ey,
=1 i=p+2
ptq
« Xo=(p—(k+1D)es + 3 (a—2)e,
a=2

o A (resp. AP is a system of representatives of W' /W (8)' (resp. WP /W (£)PH1),
p+q

e (=3 P++—2€k
k=1

Proof. We assume first that & > p — 1. According to equation (26), we have:

ptg—1

[[ % - Ht S | B}

a€<1>+(gc,t(c) 1<i<j<p+q
For all h € {1,...,p+ ¢}, we get:
L6
<1<j<p+q _ (_1)h—1 H (tl o t])

kl;[h(th —tg) ISi_<g§lp+q
2%}
and then
a(x) ptg ptq—2 4 h+1 p—(k+1)
I] (= - )@H, exp(z Ht 2 Z (—1)" 1P IT @)
a€d(ge,te) h=p+1 1<i<j<p+q

ih,j+h

For all h € {1,...,p+q}, we denote by t,,1 < k < p+¢q— 1 the following elements

i 7 it k<h
’ ter1  otherwise
Then, up to a £1, we get:
p+q 1
I -t = [T G-t)= > sen(o H £
1<i<j<p+q 1<i<gj<p+q—1 0ES ptq—1
i#h,jAh
p+q
_ -2
= D s Htcr(a) II e
cesh a=h+1

p+q
Finally, we prove that:

p+q p+q

h—1
POED DI ICIC A | L |
a=1

h=p+lgesh a=h+1

=(=1)" Z sgn () Z sgn(w)eiW(/«M)(x)

peAP+1 WESp XSy
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p pt+q
where A\ = > (i—1)e;+(p—(k+1))ep1 + > (i —2)e;.
i=1 i=p+2
The proof is similar if £k <p—1. [ |

We recall briefly some well-known facts from [30] (see also [2]) concerning the Fourier
transform of co-adjoint orbits. To simplify the notations, we assume that G is a semi-
simple connected Lie group such that rk(K) = rk(G), where K is a maximal compact
subgroup of G. We denote by Ad* the natural co-ajoint action of G on g*. For
every A € g*, we denote by G, the G-orbit associated to A. On the space G,,
we have a natural measure df), usually called the Liouville measure on G, (see [2,
Section 7.5]).

The Fourier transform of Gy, denoted by Fg,, is the generalized function on g
defined by:

Fe, (X) = /G OB (F) (X €g).

From [30, page 217], if X\ € "™ we have, up to a constant, the following equality:

[[ o) |Fa,(X)= ) clwe?@™) (X et

€@t (gc,te) we (b)

If the weight X is not regular, see [2, Theorem 7.24]. To simplify the notations, we
denote by 7(X) the quantity [T «aX).
a€®t(ge,te)

Corollary 6.6. Using the notations of Proposition 6.5, we have, up to a constant:

2 . sgu(u) Fa, o, o(X)  ifp<k+1
7(X) ' D(X)Omw(exp(X)) = pEAP+

> seu(p) Fa, ., (X) ifk<—q+1
peAl

Remark 6.7. (1) For the dual pair (G =U(1,C),G' = U(1,C)), using equation

(28), we get:
O (T') = 72 = O, ().
In particular, to be precise, with our method, we don’t get Oy (#') but O (£~1) (or

O (') because the representation II' is unitary): in the embedding of (G,G’) in
Sp(W), ¢ € G actson w € W as ¢’.w = wg'~*.

(2) The function t - X — 7(X)'D(X) € C is well-known in the literature,
usually denoted by p(z) (see [18] or [30]). More precisely, p(X) can be defined as

P(X) = deth ( sinh(ad(X/Q))) |

ad(X/2)

7. The case of (G =U(1,C),G' =U(1,1,0))
As recalled in equation (21), the unitary group U(p, ¢, C) is defined by

U(p> q, (C) = {A € GL(p + q, C)a A* Idp,qA = Idp»q} :
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We fix the convention that p < ¢. In this case, there is, up to conjugaison, g + 1
Cartan subgroups in U(p,q,C) (see [12]). More precisely, the Cartan subgroups
Hyi,0 < k < q are of the form Hy = H, H;, where H, and H; are the subgroups of
U(p, q,C) are defined by

Hi = {Hf (tr,...,t),ti € R, 1 <i <k}

where H (t1,...,ty) is given by

Id, 0
Ch(tk) Sh(tk>
Ch(tk_l) Sh(tk_l)
+ - Ch(tl) Sh(tl)
B ti) = sh(t1) ch(t))
sh(tr_1) ch(tg_1)
Sh(tk) Ch(tk)
0 Id,_k
and
H = {diag(ei¢1, .., ek el ,eiel,eiel, et elTaic ,eiﬁ), ¢, 6;, 1 € R}

We now work with the pair (G(V,by),G(V',by/)) = (U(1,C),U(1,1,C)) C Sp(W),
where W = (C® C?)g and (-,-) = Im(by ® by/). We denote by H; and Hy the two
Cartan subgroups of G’ (up to conjugation), with H; compact.

Let &' = {v1,v2} be a basis of V' such that:

F = Mat(%#', by:) = ((1) _01) .

Then, U(1,1,C) ={g € GL(2,C),g*Fg=F}, and

u(l,1,C) ={4 e M(2,C),AF+F A" =0}
v 0 v 0 01 0 ¢
k(5 0)er (s O)en(? Don(®, ).
In particular, we have u(1,1,C)c = Cldy @sl(2,C). We fix the sl(2,C)-triple
(h, e, f) defined by h = El,l — E272, € = El,g, f = Eg’l and let
X
C =exp (zz(e + f)) .
More particularly, we have:
(s ch( cos(7) isin(5)> 1 (1 z)
C=e i 4 - =\ 47r 71fl ==\ )
P (Z 0) (sh( ) (z sin(§) cos(%) NoAAR!

so C' ¢ u(1,1,C) (the choice of the matrix C' is natural, see [31, Section 2]).

SIS
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Lemma 7.1. Let

m:m(é?)@RG g) and m=R<ég>@R(g @

Then, Hy = exp(h1) and Hy = exp(ha) are the two non-conjugate Cartan subgroups
of U(1,1,C) and Hy is compact. Moreover, we have

0 1\ _ (i 0\,
(% o)=c(o B)e

where the choice of the matriz C' is motivated by a work of Koranyi-Wolf (see [31,
Section 2]).

Remark 7.2.  More particularly, the subgroups H; and H, are given by

e 0
H, = ()€%>ﬁh%€R}

R (e Y

e 0 ch(X) ish(X)
_{<0 gior | O ER P —mMX)cMX)’XER =Ta A,
The set A, is the split part of Hy (see [34, Section 2.3.6]).
Proposition 7.3.  For all element g € C~}/++, we get:

() = det(g)det(g — 1)".

Proof. Let g € U(1,1,C) (<—> (g ;*> € Sp(4, R)> We get:

detw,(i(g — 1)) = detw.(g — 1) = detcz(g — 1)detc2(g" — 1)
= det(g — 1)det(g™* — 1) = det(g — 1)det(g )det(1 — g)

= det(g) 'det(g — 1) ]

We can now determine O, on Hy (more particularly on Ay). According to equation
(15), we get for X > 0:

o (i i) om0 (e )

= /sl PaC) <z exp <—(i)X Z? > dz

= /sl ) (z exp C <_6X ;)( Cl> dz = /S1 PR <<Z€0X ZSX>> dz
_ -1 -

:iéz%ﬂ&mGez_l %Q_J dzzél@%_QZ;X_Udz

if k> 1,

zkFl eX —e X
= / X dZ =
g1 (z —eX)(z —eX) —~X(k—1)

otherwise.
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More generally, for all 6 € R and X € R", we get:

<<—f232£?> ) o (s (2 8)+ (s )

[ (7 ) (G 9)))

(el (1 ) (5 )e)e

:/81 (0 ) e ()

—k+1 i0 —Zez—k‘-i-l
= . : dz = . 4 dz
/81 (zefeX —1)(zeWe=X —1) /Sl (z — e eX)(z — e—0eX)

oi0(k=1) X (k—1)

T k>,
B €X _ G_X —
) i) X (k1)
otherwise.
o—X _ X

We got similar results for X < 0.

8. A conjecture of Przebinda

In [27], Przebinda investigated the correspondence of characters for a general dual
pair. We recall here the Howe’s duality theorem in this context. Let (W,(:,-))
be a symplectic vector space over R, SW) the corresponding metaplectic group,
(w, ) the metaplectic representation of Sg(\l/l//), (G, G") be a dual pair in Sp(W)
and (G, 6}/) the corresponding dual pair in SW)

We denote by %(é, w) the set of equivalence classes of irreducible admissible rep-
resentations of G which are infinitisemally equivalent to a quotient of w™. In [16],
Howe proved that there exists a bijection between 2(G,w) and ,@(é/,w) whose

graph is %(é : é/, w). We denote by 6 the following one-to-one map:
0: Z(G,w) > — I = (1) € Z(C,w).

Let (G,G’) be an irreducible reductive dual pair in Sp(W). Without loss of gen-
erality, we assume that rk(G) < rk(G’). We denote by {Hj,...,H,} the set of
conjugacy classes of Cartan subgroups of G. As explained in [34, Section 2.3.6], for
every 1 <i < n, there exists a decomposition of H; of the form

H; = Ti A,

where T, is compact and A; is the split part of H; (by convention, H; is the compact
Cartan subgroup, i.e. A; = {Id}).

For every 1 < i < n, we denote by A; = Cgpw)(A;) and A;, Csp) (A;) (
particular, A} = Sp(W) and A, = Z(Sp(W)) = {£1}). Then, ( LAY s
reductive dual pair in Sp(WW) (not irreducible in general).
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We define a measure dw; on the quotient A; \W given by:

[ o= [, [ ot @id

In [27, Section 2], T. Przebinda defines the following distribution on A;:

= [ ( /

i

\If@)T@@) (wydw (¥ € G2(A)).
As mentioned in Section 4, the integral

/A VETE)G € SW),

in particular, Che(®) is well defined. Moreover, for all h € H'* | the intersection of
the wave front set WF(Che) of the distribution Che with the conormal bundle of
the embedding

G'5F = hi € X;
is empty. In particular, there is a unique restriction of the distribution Chc to
G’'. We denote by Chc; this restriction. In [27, Conjecture 2.18], T. Przebinda

conjectured the following result:
Conjecture 8.1. (T. Przebinda) We denote by G} the connected component at

identity of G'. We assume that (O = 0. For every ¥ € €>(G)), the
character O of II' is given by:

)G,

O (V) = Ky ; W A On(h)|D(h)|? Che; (U)dh. (29)

reg
K

where Kpy is a complex number depending of II (one can check [27, Definition 2.17]).

We now explain how we can get characters by double lifting starting with a compact
dual pair. To simplify the notations, we will present that for the dual pair of unitary
groups (this is an ongoing project [23]). Let (G = U(1,C),G' = U(1,1,C)) in
Sp(Wg), where Wg = (C! @c CH)g and (Gy,G)) = (U(1,1,C),U(m,m + 1)) in
Sp(Wg"), where Wi = (CH! @c C™!™)p. We denote by (w, #) the metaplectic
representation of Sp(Wg), by (wm, #,) the metaplectic representation of Sp(Wg*)
and by 6 and 6, the two bijections

Q:Q(G,w)%%(a/’,w) O+ B (G, wim) —>§?(a§,wm).

For two positive integers r, s, we denote by det 2 —cov the double cover of U(r,s,C)
given by:

{(g,ﬁ) € U(r,s,C) x C*, &% = det(g)rfs} )
According to [24, Section 1.2], we have:

1 — =~ 1
G ~ detz — cov, G’ ~ det® — cov, Gy ~ det® — cov G/ ~ det? — cov.

where det® — cov is the trivial cover.
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Let II € #(G,w) such that 6(II) # {0}. According to a result of J-S Li [21],
0(11) € Z(Gy,wy,) and using the persistence of Kudla [20], 6,,(6(I)) # {0}. We
now assume that the dual pair (G, G}) is in the stable range (with rk(G1) < rk(G))).

As explained previously, the weights of the representations IT such that 6(II) # {0}
are well-known (see [17]). In [28], T. Przebinda proved that the formula given in
equation (29) holds for (G, G}). In particular. the distribution character Oy, o))

is given, for all ¥ € €>(G)), by the following formula:

2

1 — - ~
©9,,, (o)) (V) = Kn Z W/ﬁreg @e(n)(hi)|D(hi)|2 Chc};(\ll)dhi.

i=1

where {Hy, Hs} is the set of Cartan subgroups of G’ (up to equivalence). The value
of the character Oy on H; is obtained by the formula given in Proposition 6.4 (it
can also be obtained using Enright’s formula (see [4, Corollary 2.3]). The integral
over HY® is computed using [3, Theorem 0.9].

A. The oscillator semigroup for U(1,1,C)

In this appendix, we would like to prove the equality given in equation 24 of the
Proposition 6.1.

We recall here some well-known facts concerning complexifications. Let’s V' be a
complex dimension n endowed with an antilinear involution ¢ (i.e. ¢* = 1 and
c(M) = Ae(v), A € C,v € V). Then, we have the decomposition:

V={veVcw) =v}d{veV ) =-v}=ReV,c)@Im(V,c). (30)
Both Re(V,c) and Im(V,c) are vector spaces over R of dimension n. Moreover,
Re(V,c¢) 3 v —iveIm(V,c)

is well-defined and an isomorphism of R vector spaces. We denote by Vi the vector
space given in equation (30).

Example A.1. Let V = C" and ¢ : V — V given by ¢(v) = v the natural
conjugation on C". Then,

Re(V) = {xeCx=x}=R" Im(V)={xe€C"x=—-x}=iR"

On the vector space V @& V| we define the map ¢ given by
¢ VeV (uv) = (c(v),c(u) e VeV

is an antilinear involution. As in equation (30), we define the spaces Re(V @ V,¢)
and Im(V @ V,¢). In particular, we have:

Re(Ve V,¢) ={(v,c(v)),v e V}.
Moreover, the map:

Ve 2 v— (v,¢(v) € Re(VBV,E) CVEV (31)
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is an isomorphism of real vector spaces. In particular, the complexification of Vg,
denoted by (Vr)c,is V@ V.
For all (z,y) € V @V, its “conjugate” ¢(z,y) is equal to (c(y),c(x)). Moreover,
there exists a,b € V such that

(z,y) = (a,c(a)) + (b, —c(b)) € Re(V® V,¢) dIm(Vea V,o).

More particularly, we have a = %‘3(0) and b = 1%@

Let us now assume that the space V is endowed with an hermitian form by of
signature (p,q) (i.e. there exists a basis %Ay of V' such that F = Mat(by, By) =
Id, ). On the space W = V&, we have a natural symplectic form b given by b =
Im(by). We denote by W¢ the complexification of W and by b¢ th corresponding
symplectic form on W¢. Then, using the identification given in equation (31), we
get for all w = (wy,wy) € We =V @V, we get:

Hw,w) = by (2500 _Hon = cva)) )

= 1 (Re(by(wi, w) = Re(by (i, c(w3))) + Refby(e(wa), wa))
— Re(by (c(wa), ¢(w2))) )
= 1 (Re(by (w1, w) — Re(by{wr, a(wa))) + Re(by(c(ws), wi)
~ Re(by(c(wa), c(w2)))
(Re(by (w1, W) ~ Re(by(c(wa), c(w2))))

(Re(by (w1, w1)) — Re(by(wsa, wa)))

el S

For all g € Sp(W¢)*", we get, according to equation (5), that:

o en (1)) #() () venmeren

<~ Re(bv(W17 Wl)) — Re(bv(Wg, Wg)) > Re(bv(gwl, gW1>> — Re(b\/(g*WQ, g*Wg))

o Re(by(wy,wy)) — Re(by(gwy, gwy)) >0
Re(by(wa, w2)) — Re(by(g*wa, g*wa)) <0

{bv(w,w) —by(gw,gw) >0 (Vw € Re(V,c) \ {0})

by(w,w) — by(g*w,g*w) <0

S F—g"Fg>0.

Example A.2. We assume that V' = C? and that the signature of by is (1,1).
The compact torus T is given by:

T:{t: <t1 O),tl,tQEU(l,(C)}.
0 ¢
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and then, using the notations of Section 7,

o _ t1 0O ti O - |tl|2 0
FtFt<0& Id171 (0 t_g Idl,l 0 t >0« 0 |t2|2 -1 > Oa

ie. t € TH & |ty| <1 and [ty > 1.
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