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1. Introduction

The main goal of this paper is to explicitly describe the derivations of the Lie algebra
of strictly block upper triangular matrices over a field F. A derivation of a Lie algebra
(g,[,]) over a field (or more generally, over a ring) is a linear map f: g — g that
satisfies the following Lie derivation property for all X, Y € g:

FIX YD) = [F(X), YT+ [X, fF(Y)]- (1)

Let Der(g) denote the set of all derivations of g, which itself forms a Lie algebra,
called the derivation algebra of g, with the Lie bracket [f,g] = fog—go f for all

f.9 € Dex(g) [9, p.15].
The following elements of End(g) are typical examples of derivations:

1. For X € g, the linear map ad X defined by ad X (V) = [X,Y] forall Y € g is
called an inner derivation; the other derivations are called outer derivations.
All inner derivations of g form an ideal Inn(g) of Der(g).

2. Any linear map f that maps g to the center Z(g) of g and maps [g, g] to zero
is a derivation, called a central derivation. All central derivations of g form an
ideal Cen(g) of Der(g).

The structures of a Lie algebra and its derivation algebra are closely linked. Numer-
ous works have been done on this subject. Jacobson proved that when char(F) = 0,
any Lie algebra g over F with a nonsingular derivation is nilpotent, and every nilpo-
tent Lie algebra has a non-inner derivation [11]. Leger shown that when char(F) = 0,
if Z(g) # 0 and Der(g) = Inn(g), then g is not solvable and its radical is nilpo-
tent [13]. Tog6 generalized Leger’s result to determine Lie algebras g such that
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Cen(g) C Inn(g), Cen(g) D Inn(g), or Der(g) = Cen(g) + Inn(g), respectively [18].
It is well-known that any semisimple Lie algebra g over F with char(F) # 2 ad-
mits only inner derivations and g = Inn(g) = Der(g) [9, 17]. Brice described the
derivation algebra of the parabolic subalgebras of a reductive Lie algebra over an al-
gebraically closed field F with char(F) = 0 or over R, and proved the zero-product
determined property of such derivation algebras [4].

Ado-Iwasawa theorem states that every finite dimensional Lie algebra over a field
can be realized as a matrix Lie algebra [1, 10]. In recent years, significant progress
has been made in studying the derivations and generalized derivations of matrix Lie
algebras over a field or a ring. Chen determined certain generalized derivations of a
parabolic subalgebra of gl(n,IF) over a field F with char(F) # 2 and |F| > n > 3
[5]. Ghimire and Huang described the derivations and Lie triple derivations of
the Lie algebra of dominant block upper triangular matrices over a field F with
char(F) # 2[8]. Let R be a commutative ring with identity. Cheung characterized
proper Lie derivations and gave sufficient conditions for any Lie derivation of a
triangular algebra over R to be proper [6]. Du and Wang investigated the Lie
derivations of 2 x 2 block generalized matrix algebras over R [7]. Wang, Ou, and
Yu described the derivations of intermediate Lie algebras between the Lie algebra
of diagonal matrices and that of upper triangular matrices in gl(n, R) [20]. Wang
and Yu characterized all the derivations of parabolic subalgebras of gl(n, R) [21].
Ou, Wang, and Yao described the derivations of the Lie algebra of strictly upper
triangular matrices in gl(n, R) [15]. More recently, Benkovi¢ described the Lie
derivations and Lie triple derivations of upper triangular matrix algebras over a
unital algebra [3]. Some other results on the Lie triple derivations of certain matrix
Lie algebras are given in [2, 12, 14, 19].

Fix a field IF. Let M, , be the set of all m xn matrices over I, and put M,, = M,, ,,.
Let A (resp. B) denote the set of all strictly block upper triangular matrices (resp.
block upper triangular matrices) in M, relative to a given partition. Then N and B
are Lie subalgebras of gl(n,F), i.e. M,, with the standard Lie bracket. In this paper,
we explicitly determine the derivations of N according to char(F):

1. when char(F) # 2, every derivation of N is a sum of the adjoint action of a
block upper triangular matrix in B, a central derivation, and two special linear
maps (Theorem 2.1);

2. when char(F) = 2, every derivation of N is a sum of the adjoint action of
a block upper triangular matrix in B, a central derivation, and four special
linear maps (Theorem 2.4).

The main motivation of this work comes from Ou, Wang and Yao’s results on the
derivations of the Lie algebra of strictly upper triangular matrices over a commutative
ring R with identity [15]. Our work on Der(N) not only generalizes the main result
of Ou, Wang and Yao over a field, but also use a new approach that is promising
to find the derivations of other matrix Lie algebras with appropriate block forms.
The essential tools are Lemmas 3.1-3.4, where four types of product preserving linear
maps between matrix spaces are determined. They frequently occur in the derivations
of matrix Lie algebras and matrix algebras. In exploring the Der(N') action on N,
we factor out the effects of the adjoint actions of block upper triangular matrices
and those of central derivations of A, to investigate the other derivations.



GHIMIRE AND HUANG 1029

Section 2 gives the basic notations and characterizes the elements and the structure
of Der(N) for both char(F) # 2 and char(F) = 2 cases. Section 3 determines
four types of product preserving linear maps between matrix spaces that will play
essential roles in finding the derivations of N'. Section 4 presents the other lemmas
and proves Theorems 2.1, 2.2, 2.4, 2.5.

2. Main results

The derivations of the Lie algebra of strictly block upper triangular matrices will be
determined in this section.

2.1. Notations. Let [n] ={1,2,---,n}. Fix a field F. Let M,,,, (resp. M,) be
the set of m x n (resp. m x m) matrices over F. Let S?(F") be the set of n x n
symmetric matrices over IF. Let I,, denote the identity matrix in M,,. The transpose
of a matrix A is denoted by AT. A t x t block matriz form in M,, is represented by
a sequence (nq,ng,- - ,n;), where n; € Z* for i € [t] and ny +---+n; = n. Fixing
a t x t block matrix form in M, represented by a sequence (ni,ng,---,n;), each
A € M, can be expressed as

A=[A]

where the (i, j) block A;; € M, ,,. The matrix A can also be expressed as
-3
(i) Eltx 1]

such that each A" € M, has A;; on the (4, ) block and 0’s elsewhere. A is called
e block upper triangular it A;; =0 forall 1 <j <7 <t,

txt

o strictly block upper triangular if A; ; =0 for all 1 <75 <i <t,
o block diagonal if A; ; =0 for all ¢ # j.

When A is not given in advance, A and similar expressions may be used to express
generic matrices in M,, with 0’s outside of the (7, ) block.

Let B (resp. N, D) denote the set of all block upper triangular matrices (resp.
strictly block upper triangular matrices, block diagonal matrices) in M,,. They
are Lie subalgebras of the Lie algebra M, with the standard bracket operation
[A,B] = AB— BA for A, B € M,,. Moreover, B=D x N, and B is the normalizer
of N in M,,. Every X € B induces a derivation of N :

ady X: N =N, Y~ [X,Y] (2)

For 4,7 € [t], let M denote the set of matrices in M,, with 0’s outside of the (i, j)
block. Define the block index set of N as

Tv={(i,j) €2 |1<i<j <t} (3)

For (i,7) € Ty, denote N/ = M. For A C I'yr, denote
NA= P N9, N¥= P N (4)

(i,j)eA (4,5) ETA\A

Let E!7 denote the matrix in M, that takes 1 on the (p,q) entry of the (7, 7) block
and 0’s elsewhere for (i,7) € [t] x [t] and (p, q) € [ni] % [n,].
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2.2. Derivations of N for char(F) # 2

We describe the elements and the structure of Der(N') when char(FF) # 2. Obviously,
Der(N) = 0 when ¢ = 1, and Der(N) = End(N) when ¢ = 2. The main results
for ¢t > 3 are given in Theorems 2.1 and 2.2 below. We will give the proofs of these
theorems in section 4.

Theorem 2.1.  Suppose char(F) # 2. When t > 3, every derivation f of the Lie
algebra N can be written (not uniquely) as

J = ady X + 9o+ 1+ ¢ (5)

where the RHS components are determined below:
1. X eB.

2. ¢ 1is a central derivation in
Cen(NV) = {¢ € End(N) | Ker 2 [N, V], Tmp C Z()}  (6)

where [N, N = NIGHDEEED® gng Z(N) = NLE.

3. ¢1 =0 except for ny = 1, in which ¢; € End(N) is uniquely determined by
a 3-tensor [x;;rlijx € F"2*"2X™  such that each cross-section matric X, =
[%jvij € S%(F"2) for k € [ny], and

Ker(¢1) 2 NTEDE Tm(ér) € N,

7)
D(A2) = S XPHAYTEY, for A2 € N2,

where X* € M>? has Xy, in the (2,2) block.

4. ¢y = 0 except for ny = 1, in which ¢y € End(N) is uniquely determined
by a 3-tensor [yijrlije € Fr-1*"=1%" " such that each cross-section matriz
Y = [yuij € S%(F™-1) for k € [n4], and

Ker ¢p D NELOY T (¢y) € N,

(8)
t—1,t\ ni Lt pt—1,6\Ty t—1,¢-1 t—1,t t—1,t
2 - = ’
P (AT je1 B (ATH)TY, for A1t e N

where Y,V € MEYT has Yy, in the (t —1,t — 1) block.

All possible elements ¢ in (7) (resp. ¢2 in (8)) form an abelian Lie subalgebra Dy
(resp. Dy) of Der(N):

D; = {¢ e Der(N)|Ker¢ D NIED¥ Tme¢ C N2, (9)
D, = {¢ € Der(N)|Ker¢p D NI Tm¢ C NV (10)

For any two subsets S7, S, of a Lie algebra g, let [S7, Ss] denote the subspace of g
spanned by {[z,y] |z € S1, y € Sa}.

It is known from [18, Lemma 2| that Inn(N)NCen(N) ={ad X | X e N/, [X,N] C
Z(N)} is nonzero when N is nonabelian nilpotent, that is, when the matrix block
form of A/ has more than one nonzero block. Based on Theorem 2.1, Der(N') can
be further elaborated below.
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as a vector space direct sum of Lie subalgebras:

Der(N) = (ady B + Cen(N)) @ D; & D,

where the RHS components satisfy the following:

1. ady B contains the inner derivation ideal ad N of Der(N), Cen(N) is the
central ideal of Der(N'), and ady BN Cen(N) = ad(N111 + N2H).

2. When ny # 1, Dy = 0.

1031

Suppose char(F) # 2. When t > 3, Der(N) can be decomposed

(11)

When ny = 1, Dy is an abelian Lie subalgebra of

Der(N).
3. When ny # 1, Dy = 0. When ny = 1, Dy is an abelian Lie subalgebra of
Der(N).
4. The following bracket relationships hold (all unlisted cases are zero):
Cen(N) ady B Dy Do
Cen(N) 0 Cen(N) ad N3 ad N'12
ift=3,n =1 ift=3,n =1
ady B Cen(N) ady By ad N3t @ Dy ad N1 @ Dy
ifn=1 ifn,=1
D, ad N'23 ad N2t @ Dy 0 ad M>?
ift=3,n =1 ifni=1 ft=3,n=n =1
Dy ad N'12 ad N1 @ D, ad My 0
ift=3n =1 ifng=1 ift=3,n=n=1

Table 1

where By = [B, B] is the Lie algebra of all block upper triangular matrices with
trace zero on each diagonal block.

5. The dimensions of component subalgebras are listed below.

(12)

subalgebra dimension
weB | (1) ()
Cen(N) ning (Zf;i niNit1)
adyx BN Cen(N) niMe—1 + nony
D, ("Zjl)nt if n1 = 1;0 otherwise.
D, ("“21+1)n1 if ng = 1;0 otherwise.

2.3. Derivations of N for char(F) =2

In this case, Der(N) has more different types of elements. Let us examine the
following case.

Example 2.3.

Suppose char(F) = 2, n = 4, t = 4, and (ny,ng,n3,ny) =

(1,1,1,1). Let E“ be the matrix in M, that has the only nonzero entry 1 in
the (i,7) position. Then N has a basis S = {E"?, F13 EY4 B3 F24 343,
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Choose f € End(N) such that f(E"?) = E3* f(E"3) = E** and f(E) =0 for
all other F € S. It is easy to verify that for any F, E' € S

f(EE) = [f(E), ET+[E, f(E)]. (13)
Hence f € Der(N). However, f can not be expressed by (5), since otherwise
f(EY?) C Span(E"? E'3 EY), which is a contradiction.

The above example will be explained by Lemmas 4.2 and 4.3. It can also be viewed as
a special case of [15, Section 2(D)]. The following two theorems describe the elements
and the structure of Der(N) for char(F) = 2.

Theorem 2.4.  Suppose char(F) = 2. When t < 3, Der(N) is the same as in
char(F)#2 case. When t> 3, every f€Der(N) canbe decomposed (not uniquely) as

f=ady X + o+ @1+ 2+ o3+ ¢y (14)

where ady X, @, ¢1, ¢2 are the same as in Theorem 2.1, and ¢3 and ¢4 are
determined as follow:

1. ¢3 = 0 except for ny = ng = 1, in which ¢3 € End(N) is determined by a
constant matriz ¢3(E11f) € N3t such that
Ker ¢y D ANT12.03)}
¢3(N1,2) g ./\/'37157 ¢3(N1,3) g ./\/'27157 (15)
AS) = ELASBL)  for 415 € NS
2. ¢4 = 0 except for ny = ny_y = 1, in which ¢, € End(N) is determined by a
constant matriz ¢s(Ey ;") € NY2 such that
Ker ¢4 D NE-10.¢=20}
¢4<Nt—1,t) C N2, ¢4(Nt—2,t) C N (16)
¢4<At—2,t) — ¢4(Ef11’t)At_2’tEf’ffl f07’ At—2t c Nt—Q,t_
The structure of Lie algebra Der(N) is given in the next theorem. Let D3 be the

set of ¢3 € End(N) that satisfy (15), and Dy the set of ¢, € End(N) that satisfy
(16).

Theorem 2.5.  Suppose char(F) = 2. When t < 3, Der(N) is the same as
in char(F) # 2 case. When t > 3, Der(N) is a vector space direct sum of Lie
subalgebras:

Der(N) = (ady B + Cen(N)) & Dy & Dy & D36 Dy (17)
where Dy and Dy are the same as in Theorem 2.2, and the following claims hold:

1. D3 = 0 except for ni = ny = 1, in which D3 is an abelian subalgebra of
Der(N') of dimension ngn,.

2. Dy = 0 except for ny = ny_1 = 1, in which Dy is an abelian subalgebra of
Der(N) of dimension nin, .

We will give the proofs of the above theorems in section 4.
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3. Linear maps preserving matrix products

The Lie derivation property (1) over a matrix Lie algebra is closely relative to some
matrix product preserving properties. Their relationships are much obvious when
the Lie algebra consists of block matrices. Here we will determine linear maps that
preserve four different types of matrix products. These maps play essential roles in
exploring the derivations of A/ as well as other Lie algebras of block matrices. They
will also be helpful in studying the derivations of matrix algebras, since every matrix
algebra in M, is conjugately isomorphic to a subalgebra of B (with an appropriate
partition) determined by a set of linear equalities on the blocks [16, Theorem 1.1].

In Lemmas 3.1 — 3.4, let EP'%, denote the m x n matrix that has the only nonzero

entry 1 in the (p,q) position.

Lemma 3.1.  If linear maps ¢: My, , — M, , and @: M, , — M, , satisfy that
®(AB) = Ap(B) forall Ae M,,,,, Be M,,,

then there is X € M, , with ¢(C)=CX for C € M,,,, and p(D)=DX for DeM,,.

Proof. For any j € [n] and B € M,,,, we have &(E,.,B) = Ey.o(B).

mXn
Let R}W, denote the subspace of M,,, consisting of matrices with 0’s outside of the
first row. Similarly for R}, . Then for every j € [n], R}, , = EM M, ,, so that

mxn

¢(Rin,p> = ¢(E'r1rzj><nMn7p) = Erlr;jxngp(Mn,p) g R7ln,q'

There exists an X € M, , such that the linear transformation ¢|g1 : Ry, , — Ry,
can be expressed as

¢lry, (T)=TX, forallT €R,, .

mxn mXxn

Therefore, p(B) = BX for B € M, ,. Hence ¢(AB) = Ap(B) = ABX for every
A e M,,, and B € M, ,. The linear combinations of all such AB form M,,,. So
¢(C)=CX forall C € M,,,. [

Then for every B € M, ,, we have Eizjxn%?(B) — ¢(E1J B) = EY BX.

Lemma 3.2.  If linear maps ¢: M,,, — M, , and ©: M,, , — M, , satisfy that
¢(BA) = p(B)A forall AeM,, BEec M,

then there is X € M,, ,, with ¢(C)=XC' for C € M,,,, and ¢(D)=XD for De M,,,.

Proof.  The proof (omitted) is similar to that of Lemma 3.1. [

Lemma 3.3.  If linear maps ¢: M, , = My, , and ¢: M, , — M, , satisfy
»(A)B = Ap(B) forall A€ M,,, BeM,,,

then there is X € M, , with ¢(C)=CX for CeM,,, and ¢(D)=XD for De M,,,.
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Proof. For any j € [p| and any EY, € M,,,, we have

gxn

(B,

mxp

gxn m qxn)a

which shows that the only possibly nonzero row of ¢(E;;jxp) is the first. So ¢ maps

the first row of M,,, to the first row of M,,,. There exists X € M, , such that
E#(Biien) = O(Enien) Byin = Buihp X Bigen, for all j € [p], - By, € M.

Hence @(E;“Xln) = XEZ;’Xln for all ngln € M,,,. Therefore, p(B) = XB for B € M,,.
Now ¢(A)B = AXB for A € M,,, and B € M,,, so that ¢(A) = AX for

AeM,,. n

Lemma 3.4. If linear maps ¢: M, , — M, ,, ¢: My, — My, , and : M, , — M,,
satisfy that

¢(A)B + Ap(B) = (AB) for AeM,, BeM,,, (18)

then there exist X € M,,Y € M,, Z € M, such that

»(A) = XA-AY for Ae M,,, (19)
o(B) = YB—-BZ  for BeM,,, (20)
Y(C) = XC-CZ  for C e M,,. (21)

Moreover, any triple (X',Y', Z") € M, x M, x M, satisfies (19), (20), and (21) after
replacing (X,Y,Z) by (X',Y', Z") if and only if there is X\ € F such that

X' =X+A, Y =Y+A, Z=Z+,. (22)

Proof. In this proof only, the (7,7) entry of a matrix B is expressed as B, ;.
For any EY € M,, and E¥" € M,

pXq gxr
V(B BN = ¢(En )V Enlt + EN) o(Eaih). (23)

There are two cases:
1. j # k: the LHS of (23) is zero and

OBy By = —Epilyo(Bgsr)- (24)

2. j = k: the LHS of (23) is ¥(E}}), whose possibly nonzero entries are on row
n and column m according to the RHS of (23):

VB im = S(Epg)is  forall i€ [pl\ {n}, (25)

V(Ep g = @(Bges  forall L€ [r]\ {m}, (26)

YR nm = BBk + P Eglem: (27)

The (25) implies that ¢(ENr)i . = ¥ (B, )i1 when i # n. The (26) implies
that Y(Eyr )y = ¥(Eyi)1, when [ #m. The (27) implies that

P

¢(Eg>7<rg)n,m = w(E;;}r)n,l + w(E;;ﬁ)l,m - w(Ezl)Qr)l,l-
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Build the following matrices:
o Xy € M, with the (4,7) entry w(Eg’iT)m for 7,75 € [p|;
- X =Xo—U(Ep)indy € My
o 7 € M, with the (i,j) entry —w(E;’XiT)Lj for i,j € [r].
Define a linear map ¢': M,, — M,, by ¢'(C) = XC — CZ. A straightforward
calculation together with the implications derived after (27) show that ¢ (E}}}) =
Y (Eyyy) for all n € [p] and m € [r]. Therefore, 1) =’ and (21) holds.

pPXr

Now for A € M, , and B € M,,, by (18),
#(A)B + Ap(B) = (AB) = XAB — ABZ = (—¢(A) + XA)B = A(BZ + ¢(B)).

Applying Lemma 3.3 to ¢: M,, — M,, defined by ¢;(4) = —¢(A) + XA and
o1 My, = M,, defined by ¢1(B) = BZ + ¢(B), we can find Y € M, such that

—9(A)+ XA = ¢1(A) =AY for A € M,,,
BZ +¢(B) = vi(B)=YB for B € M,,,

which lead to (19) and (20).
Finally, if (X",Y’,Z") € M, x M, x M, satisfies (19), (20), and (21) after replacing
(X,Y,Z) by (X',Y',Z'), then for any A € M, ,, $(A) = XA - AY = X'A - AY’
so that

(X' = X)A=AY'-Y). (28)
Let A go through all E;,’iq € M, , and compare both sides of (28). We will have
X' — X =M, and Y' - Y = A\, for some A € F. Similarly, Z’' — Z = A\,. So (22)
is proved. [ ]

4. Proofs of the main results

The main goal of this section is to prove Theorems 2.1, 2.2, 2.4, 2.5. We always
assume that ¢ > 3 in the following discussion.

4.1. Derivation image locations

First we will give several auxiliary results on the image locations of f(N%7) for
f € Der(N) and N C N'. We will observe the following interesting fact: most
nonzero blocks of f(A“) for A% € N are located on the i-th block row and the
j-th block column. It gives a hint that a generic derivation may be close to ady X
for some X € B.

The first lemma discusses the derivation image on N/%3 N34 ... N!=24-1

Lemma 4.1.  For f € Der(N) and 1 <i<t—1,

i—1 i
FNEH) C ZN’MH + Z NS Z(N). (29)
p=1 g=1+1

In other words, matrices in f(N*!) (1 <4 < ¢ — 1) have nonzero entries only on
the block row i, the block column (i + 1), and the center Z(N) = N
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Proof. For A%+l e N4 T it suffices to prove that the (p,q) block f(A»*1)P4 =(
for (p,q) € Tar, p# 1, ¢ #i+1,and (p,q) # (1,t). Either p > 1 or ¢ < t. Without

loss of generality, suppose ¢ < t (similarly for p > 1). Then for any A?' € Nt
[ABFL A9 = 0 so that

0= fIAMH AM]PE = [f(AMH), AT 4 [APHL fAT]PE = fARTpPaATt,

Therefore f(A» )P4 = (. ]
Next we consider the derivation image on A% and N~ The case char(F) # 2 is

simpler in the following lemma.

Lemma 4.2.  Suppose f € Der(N). Then

t

N2 C Y N N N (30)
=2
.

f(Nt—l,t) C ZNp,t+N1,t—1+N1,t—2‘ (31)
p=1

Furthermore, if char(F) # 2 or t =3, then f(N'?)>' =0 and f(NT"IHLI72 = 0.

Proof. The case t = 3 is obviously true. We now assume that ¢ > 4.
To prove (30), we show that f(AY?)% =0 for any A? € N2 1 <i<j<tand
(1,7) ¢ {(2,t),(3,t)}. By assumption, either ¢ > 3 or j < t.

1. Suppose i > 3. For any A%* € N3,
0= (LAY, A3 = [F(A12), A5 4 [AV2, (AR = A F(A12)5,
which implies that f(A"?)% = 0.

2. Suppose j < t. By assumption j > 2. For any A» € N7t [AY2 A3 =0 so
that

0= J(AY A = [(AY), A9 4 (A2, FAE = f(A2)1 400
Therefore, f(A"?)% =0.
Next, when char(F) # 2, we show that f(A%?)3' = 0. For any A?3 € N?3,
0 = FAM2 (412, A2
= [f(AD?), [AD% AR 4 [AL2 [f(AD2), AR+ [AD2 [AL2, f(A9)]H
= —2AMAP (AL

So 0 = AMA23 (A3t When A'? = 0, obviously f(A"?)3* = 0. Otherwise,
suppose row i of A'? is nonzero; then row i of AY?A?3 for A*3 € N?3 could be
any vector in F'*"s: hence f(A"?)3' = 0.

The proofs of (31) and f(N*"11)14=2 = (0 when char(F) # 2 are similar. n

Now we consider the derivation image on the other N/,
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Lemma 4.3. For f € Der(N), 4,57 € [t] and j > i+ 1, the image f(N™)
satisfies:

1. If char(F) # 2 or t =3, then

SN C Zi/\/m + Xt:f\/m. (32)
2. If char(F) =2 and t > 3, then (32)pi_1101d3 for (i,;) Z{(1,3),(t —2,t)}, and
fNE3) C zt:/\/lvq + N2, (33)
s
FNT2)C Y NP N (34)
=1

Proof. First assume char(F) # 2. Let j =i+ k, £k > 2. We prove (32) by
induction on k.

1. k=2 N2 = NEFHLAfIFLIR2 — [AfHL AfFLIR2) | Fop Aiitl @ AL and
. : , .
AFLH2 ¢ \fiFLF2 - gccording to Lemmas 4.1 and 4.2,

f([Ai,i+1,Ai+1,i+2]) _ [f(Ai,i—H) Ai+1,i+2] [Ai,i—l-l f(Ai—i-l,i—i-Q)]
e sz+2+Zsz+2+ Z qu (35)

q=1+3
Hence k£ = 2 is done.

2. k> 2: Suppose (32) holds for all ¢ < k. Now we have
Ni,i+k Nz z+2Nz+2 i+k __ [Nz Ji+2 NH—Z z+k]
For any Abit2 c Ni,i+2 and Az+2,z+k 6NZ+2’Z+k,

f([Ai,i-l-Q’Ai-f—?,i-‘rk]) — [f(Az',i-I—Q) Ai+2,i+k] [Ai,i+2 f(Ai—l—Q,i—I—k)]

e Nu-i—k + ZNpH-k + Z qu (36)
q=itk+1
where (36) is due to induction hypothesis, Lemmas 4.1 and 4.2. So (32) holds

for k.

3. Overall, when char(IF) # 2, we have proved (32) for all k.

Next assume char(F) = 2. By Lemma 4.2, (35) still holds except for ¢ = 1 and
i=t—2. When ¢ =1, by Lemmas 4.1 and 4.2, for any A2 € N2 A%3 € N23:

f([A1,27A2,3D — [A1’2,f(A2’3)] [f(A12 A23 C Zqu N2t N3,t7A2,3]

q=3

t
CY NMH N
=3

We get (33). The (34) is proved similarly. The relation (36) still holds when
char(F) = 2; it suffices to discuss the impact of (33) and (34) when ¢ = 1 or
(i,k) = ( — 4,4). We can use analogous induction process to prove (32) for

) =2 n

char(F
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4.2. Block relations of derivation images

The above lemmas determine all possibly nonzero blocks of f(A%) for f € Der(N)
and A» € N C N'. The next goal is to describe the f-images on these blocks.

The next two lemmas essentially show that the f-images on most blocks are identical

with the corresponding images of ad X for a certain block upper triangular matrix
X eB.

Lemma 4.4. Let f € Der(N). Then there exist XPP € MPP and X% € M1
for p,q € [t], such that

fAPOPS = XPPAPT — APIXT for gll AMTENPIC N,  (37)
t
that is, f(API)PE = [Z X Ara (38)
i=1

Proof. TForany 1<p<gqg<r<t, AP4 € NP2 and AY" € N7,
F(APLATT) = F(IAP, A0T]) = [F(APO), AV7] 4 4P, (AT, (39)
Comparing the (p,7) blocks on both sides, we have
FAPIAGTYPT — f(APAYPAATT L AP f(ATT)DT (40)
Applying Lemma 3.4, there exist XP? € MPP X% ¢ M2 and X" € M", with
fAPDPL = XPPAPG . AP X 94 for all AP € NP4,
FATMET = XTIADT — AT XY for all A?" e N9,
fAPTPT = XPPAPT — APT X7 for all AP™ € NPT,

Let (p,q,r) go through the triples (1,2,3),(2,3,4),---,(t —2,t — 1,t). By (22) in
Lemma 3.4, if we fix the choice of X!, then X22 X33 ... X% will be uniquely
determined. [ |

In the following lemma, denote the index set by

Lemma 4.5.  Let f € Der (N). Then for any (p,q) € 2, there exists XP1 € NP4
such that

fAWPYT = — AP XPI for all AP € NP C N, (42)
fADPI = XPIATI  for all AY € N¥ C N. (43)
Proof. Fixing a (p,q) € 2, we prove (42) and (43) by the following steps.

(1) We prove (43) for (q,j) = (t — 1,t). By (41), (p,q) # (1,t —1). Hence
l1<p<t—1. For A=Y ¢ Nt=Lt and AP € N'YP | we have

0= F(A™, A=) = [F(A), A1 4 AL, F(A1)
= FAM) AN AN (A,
Comparing the (1,t) block of the above equality, we get
AT = AL (At
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Define ¢: NP — NLL by ¢(C) = —f(C)M! for C € NP, and the map
o+ Nt=LE 5 NPt by (D) = f(D)P! for D € N*=5. Using Lemma 3.3, we
can find XP#~1 € P41 quch that f(A™H)PE = XPImLATLE for all AL e APLE
So (43) holds for (¢,7) = (t — 1,t).
(2) Similarly, according to Lemma 3.3, (42) holds for (i,p) = (1,2). In other words,
when 2 < ¢ < t, there is —Y?%? € N?9 such that f(A"?)M = —AL2Y24 for all
A2 € N2
(3) Now we prove (43) for 1 < ¢ < j <t and (¢,j) # (t — 1,¢). We must have
q <t—1. Given j' € [t] and j' > j, we have N9/’ = NGINII' = NG NI,
Hence for any A% € N and A% € N7’

f(Aq,jAj,j’)p,j’ _ f([Aq’j, Aj,j’])p,j’ _ [f(Aqyj)’ Aj,j’]pyj’ + [Aq,j7 f(Aj’j/)]p’j/

— f(AqJ)p,jAj,j’_

Define ¢: N%" — NP3 by ¢,(C) = f(C)P7 for C € N9’ and ¢,: N — NPJ
by (D) = f(D)P7 for D € N%7. Applying Lemma 3.2, we can find XP4 € AP
such that f(A?9)PJ = XP1A for all A% € N9 and (q,j) # (t — 1,1).
(4) Similarly, using Lemma 3.1, we can prove (42) for (7,p) # (1,2). In other words,
there exists —Y?4 € NP7 such that f(A“P)" = —A"PYP4 for all A%? € NP and
(i,p) # (1,2).
(5) Finally, when i < p < ¢ < j, for any A"”? € NP and A% € NI we have
[A%P) A%I] =0, so that

0= f([A™, AM])"T = [f(A"P), AT]M + [AWP, f(ATT)]™

— f(Ai,p)i,qu,j + Ai,pf(Aq,j)p,j — _ABPYPY ADI + AVP X P AL

Therefore, X?? = YP4. The equalities (42) and (43) are proved. [

According to Lemmas 4.1, 4.2, 4.3, the possibly nonzero blocks of f-images not de-
scribed by (37), (42) and (43) are f(N* 1 for i € [t—1], fF(NT2)>!, fFNEBHLEL
and the following blocks when char(FF) = 2:

f(./\/’l,Q)?:,t7 f(N1’3)2’t, f(Nt—l,t)l,t—Q’ f(Nt—Z,t)l,t—l. (44)
It turns out that f(N® 1)L for ¢ € [t —1] could be the image of any linear map due
to the facts N = @'_; N @ [NV, N], Z(N) = N, and the following classical
result.

Lemma 4.6.  Let g be a Lie algebra. Then any f € End(g) such that Ker(f) 2
[g,0] and Im(f) C Z(g) is in Der(g).

Proof. For any A,B € g, we have f([A4, B]) =0=[f(A), B] + [A, f(B)]. m
The next two lemmas explicitly describe f(N1?)%! and f(N*~B)L-T

Lemma 4.7.  For f € Der(N), f(N'?)?! satisfies that:

(1) If ny > 2, then f(N'?)?t=0.

(2) If ny =1, then Ey7f(EY)> = EyIf(EYD) for any i, € [na]. (45)
Moreover, if ny = 1, any g € End(N) that satisfies Ker g 2 N2} Tm g C N??,
and (45), must be in Der(N).
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We remark that (45) is equivalent to that row i of the (2,¢) block of f (Ellf) equals
row j of the (2,¢) block of f(Ellf) for any 4, j € [ng).
Proof. Fix f € Der(N). For any A'? B'? € N2,
0 = f([Al’Q, BI,Q])I,t — [f(Al’Q),Bl’2]1’t + [A1’2, f(Bl,Q)]l,t
— _Bl,Qf(Al,Q)Zt + Al’Qf(Bl’2)2’t.

Therefore, A2 f(BYH)2 = BREF(AVH)A (46)
In particular, Ezlff(ETlf)“ = Eif (Ezljz)” (47)

for any i, € [n1], j, s € [no], and we get (45). When n; > 2, given any Ezlj2 e N2
we can choose 7 € [ny]\ {i}. In (47), all rows except row i of the LHS are zero, but
all rows except row r of the RHS are zero; hence both sides are zero. Since s € [ng]
is arbitrary, we have f(E;”)*' = 0. Therefore, f(N?)%* = 0. The last claim is
straightforward to verify. [ |

Lemma 4.8. For f € Der(N), the image f(N*P)L1 satisfies the following
properties:
(1) If ny > 2, then f(N*EB)LIL =0,
(2) If ny =1, then

f(E;El,t)l,tflEfELt — f(Efyzl,t)l,tflE;El,t fOT’ any ’i, ] e [ntfl] ) (48)
Moreover, when n, = 1, any g € End(N) that satisfies Kerg D N{t-10}
Img C NY1and (48), must be in Der(N).

Equation (48) is equivalent to that column 7 of the (1,¢—1) block of f (E;_l”) equals
column j of the (1,t—1) block of f(E;l’t) for any 4, j € [ni—1]. The proof of Lemma
4.8 (omitted) is similar to that of Lemma 4.7.

Finally, when char(F) = 2, we shall determine f(N12)3t  f(N13)2t fNELELI=2
and f(N?=2H)L=1 The following two lemmas explicitly describe their relationships.
Lemma 4.9.  Suppose char(F) = 2. Then every f € Der(N) satisfies:
(1) If ny >2 or ny > 2, then f(NB2)3 =0, fF(ND3)> = 0.
(2) If ni=mno=1, then E}7f(E)> =B f(EYD™ for any j € [ng]. (49)
Moreover, when ny =ny = 1, any g € End(N) that satisfies Ker(g) D N11L2.03)}F°
gNT2) T N3 g(NY3) C N and (49), must be in Der(N).
Proof.  Suppose f € Der(N). For any EZIJ2 e N'? and E}? e N3,

0= f(E EXNY = (B (B + (B, BYY

i, 0 s

= B FED? = BB

Therefore, ER2f(E2) = B2 f(E)P (50)

If ny > 2, then for a fixed E;? € N2, we can choose r € [ny] \ {i}. In (50), all
rows except row ¢ of the LHS are zero, but all rows except row r of the RHS are
zero; so both sides must be zero.
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Letting s go through all elements of [n3] on the right hand side of (50), we see that
F(ES)3 = 0. Hence f(N?)3 = 0. Similarly, f(N'#)%! = 0.
Now for any AY? € Ab? and A?3 € 23,
FIAVZAZHEE = F([AN2) AZ3])20 = [F(AD2), AZ3)2E 4 [AV2] f(A23)]2
_ _A2,3f(A1,2)3,t (51)
For any i € [ny], the space Y 7% N 2E}’ = N3 Then by (51),

N13 ZfN12E23 ZEZ?)JCNIQ

which implies that the (2,¢) blocks of matrices in f (N 13)2% have all zero rows except
row i. If ny > 2, we can choose different i values and deduce that f(N13)>! =0,
and thus f(N'2)>! =0 by (51).

The remaining case is ny = ng = 1. Then (50) 1mmed1ately leads to (49), which
determines f(N1%)2¢ in terms of a constant matrix f(E;7)>t.

The last claim is straightforward to verify under the assumption char(F) = 2. n

Lemma 4.10.  Suppose char(F) = 2. Then every f € Der(N) satisfies the
following conditions:

(1) [f ng > 2 or Ny_q > 27 then f(Nt—l,t)l,t—Z — 0’ f(Nt—Z,t)l,t—l =0.
(2) If ng =ng_y1 =1, then

f(E;?vt)l,t*lEfllvt — f(Eﬁl’t)l’t*QE;f’t for any j € [ny_s]. (52)
Moreover, when ny = n,_1 = 1, any g € End(N) satisfying Ker(g) D N1E-10,=20}
gINtB) C NLEZ2 0 g(N2) C MY and (52), must be in Der(N).

The proof (omitted) is similar to that of Lemma 4.9.

4.3. Proofs of Theorems 2.1, 2.2, 2.4, 2.5

We are ready to prove the main structure theorems for Der(N).

Proof of Theorems 2.1 and 2.4.  Let X?? for p € [t|] be chosen as in Lemma
4.4, and XP1 for (p,q) €  be chosen as in Lemma 4.5. Define

X = ZX“’+ Y X1 e B, fy=f-adyX € Der(N).  (53)

(p,9)eQ

Then (37), (42) and (43) imply that for (k,I) € 'y, (p,q) € ©, 1 < i < p and
g<j<t:
fo(AROEL = 0 for all AR € NP (54)
fo(APY4 = 0 forall A"P € NP, (55)
fo(A9)PI = 0 forall A% € N9, (56)
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Therefore, by Lemmas 4.1, 4.2, 4.3, for A = )" A% e N, we have

(4:.5)€lw
t—1
Z Z fO A'L] ZA11+1 1t+f(A12)2t+f<At 1t>1t 1
(.)€l N (P,9)ElN i=1

+ (f(Al,Q)?),t + f(Al,S)Z,t) 4 (f(Atfl,t)l,t72 T f(Ath,t)l,tfl) ) (57)
So fo(A) is a sum of the following derivation images:

1. o(A) = f(3IZ) A¥+1)LE defines a central derivation ¢ according to Lemma
4.6.

2. ¢1(A) = f(AY?)?! defines a derivation ¢, described in Lemma 4.7. In partic-
ular, ¢1(A) =0 except for ny = 1.

3. ¢a(A) = f(ATE)EL defines a derivation ¢ described in Lemma 4.8. In
particular, ¢o(A) =0 except for n; = 1.

4. ¢3(A) = f(AM?)3E 4 f(AL3)2! defines a derivation ¢3 described in Lemma 4.9.
In particular, ¢3(A) = 0 except for char(F) =2 and n; =ny = 1.

5. ¢4(A) = f(ATIHLI2 4 f(AT21) 11 defines a derivation described in Lemma
4.10. In particular, ¢4(A) = 0 except for char(F) =2 and n;—y =n; = 1.

Therefore, we got (5) in Theorem 2.1 and (14) in Theorem 2.4.

It remains to verify the detailed formulas of ¢1, ¢o, @3, ¢4 in Theorems 2.1 and 2.4.
When n; =1, ¢1(A) = f(AY?)3 = ¢1(A"?) is a linear transformation from N2 to
N2t Suppose that for j € [n],

ng Nt

=D D wigll,  wik€F. (58)

i=1 k=1

A direct computation shows that ¢; can be expressed as
gb A12 ZXQQ AIQ)TE
k=1
where X;?€ M?? has the (2,2) block submatrix X = [x”k]z . By (45) and (58),

By (Ey Z kB, = By (B Z ik By (59)

k=1

Therefore, x; jx = x;ix, so that X, € S*(F"2) for k € [n]. Conversely, any
¢1 € End(N) satisfying (7) must be in Der(N'). So Theorem 2.1 (3) is proved.

Theorem 2.1 (4) can be proved similarly.
When char(F) = 2 and n; = ny = 1, by (49), the linear transformation ¢3(A) =
FAL2)3E 4 f(AL3)2E satisfies that

03(AM?) = B Eyigs(AYY) = Ef AV gs(ErY). (60)
Therefore, ¢3 satisfies (15). Conversely, every ¢3 € End(N') that satisfies (15) is in
Der(N'). Hence Theorem 2.4 (1) is proved.

Theorem 2.4 (2) can be proved similarly. [



GHIMIRE AND HUANG 1043

The proofs of Theorems 2.2 and 2.5 can be done by computation. Before proving
Theorem 2.2, let us recall a classical result about derivations.

Lemma 4.11.  Let g be a Lie algebra, X € g, and f € Der(g). Then [f,ad X] =
ad f(X).

Proof. For any Y € g, we have
[f;ad X](Y) = f(IX,Y]) = [X, f(YV)] = [f(X),Y] = ad f(X)(Y). -
We use Lemma 4.11 in the way that for any subalgebra L of Der(N),
[L,ady B] = [L,ad N + ad D] = ad L(N) + [L,ad D]. (61)
Proof of Theorem 2.2.  (5) gives the vector space sum:
Der(N) = (ady B+ Cen(N)) 4+ Dy + D

To prove (11), it remains to show that if ad X + ¢+ ¢1 + ¢ = 0 for X € B,
p € Cen(N), ¢1 € Dy, ¢ € Dy, then ¢; = 0 and ¢ = 0. In this case, for any
AL2 € A12

0= (ad X + ¢+ ¢1 + ¢2)(A"?)*" = ¢ (AV?)>".

Hence ¢; = 0. Similarly, ¢ = 0. Therefore (11) is proved.

Consider ady B N Cen(N). A matrix X € B satisfies ady X € Cen(N) if and
only if ady X(N) C NV if and only if X € NV 4 N2E + N Therefore,
ady BN Cen(N) = ad( MBI+ N1

Theorem 2.2 (2) and (3) are obviously true, according to Theorem 2.1.

Next we determine all [S, T for S, T € {Cen(N),ady B, D1, Do }. If generic elements
01 € S and 09 € T satisfy that Imd; C Kerdy and Imdy C Kerdy, then obviously
[S,T] = 0. This includes all unlisted cases in Table 1 and the cases S = T' = Cen(N),
S =T =D;,and S =T = Dy. The remaining cases in the upper triangular part of
Table 1 are discussed below:

(1) [Cen(N),ady B]: on one hand, [Cen(N),ady B] C Cen(N) since Cen(N) is
an ideal of Der(N'). On the other hand, every f € Cen(N) has Ker f D [N, N] =
NAGHDEEE=Y and Tm f € N Construct fi;41 € End(N) for i € [t — 1] such
that each Ker f;;41 2 N1OF and f; ;4 |yiin = flpaen. Then f = ZZ} Jiit1
and each f;;11 € Cen(N). Denote IP? = (I,,)P?, then

f1,2 = [fl,z,ad<_f2’2)]§ fi,i—l—l = [fi,i-l—la ad IML t=2,3,---,t—1

Therefore, f € [Cen(N),ady B], and [Cen(N),ady B] = Cen(N).

(2) [Cen(N),Dy], t =3, ny = 1: given ¢ € Cen(N) and ¢ € Dy, we have Imp C
Nt C Kero so that [p,¢] = po¢. By Ker[p,¢] 2 N1E2DF Tm[p, ¢] € N3,
and n; = 1, we have [p,¢] € ad N*3. So [Cen(N),D;] € ad N??. On the other
hand, given f € ad N>3, we choose ¢, ¢ € End(N) such that Ker¢ D N{(1:2}
Ker g 5 A1ED)

O(Ery) = Epy, o(Ey)) = [(Bry), (Ep)) =0, forq€ [na], r € [n]\ {1}.

Then ¢ € Cen(N), ¢ € Dy, and [, ¢] = f. Therefore, [Cen(N),D;] = ad N'?3.
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(3) [Cen(N),Ds], t =3, n; = 1: the analysis is similar to the previous one.

(4) [ady B,ady B]: for X, Y € B, we have [ad X,ad Y] = ad[X, Y] where [X,Y] is
in By = [B,B] and all such [X,Y] span By. Hence [adx B,ady B] = ady By.

(5) [ady B, D], ny = 1: we have
[adN B, Dl] = [ad/\/, Dl] + [ad D, Dl]

By Lemma 4.11 and Lemma 4.7, [ad A/, D] = ad N?*. Next, every f € [ad D, D]
has Ker f O N112} and Im f C N?!; therefore, f € Dy in view of the decomposi-
tion (11). Moreover, since n; = 1, every ¢ € D; can be written as

¢ =¢o(adEyy) = [-ad Eyy, 6] € [ad D, Dy].
Therefore, [ad D,D;] = Dy, and [ady B, D] = ad N3! & D;.
(6) [ady B,Ds], ny = 1: the analysis is similar to the previous case.
(7) [D1,Ds], t=3,ny=n;,=1:1et f €D; and g € Dy. Then
[fLglNT2) SN2 [Fg]WPP) SN2 [f,gl(V) =0
By Theorem 2.1 (3), there exists X* € M>? with a symmetric (2,2) block X; =
[2ig1],; € S?(F™) such that f(A"?) = XPHAWYTE for AY? € N2 by
Theorem 2.1 (4), there exists Y;* € M?2? with a symmetric (2,2) block Y; =
[ym;le € S*(F™) such that g(A%%) = E[7(A*)TY? for A%% € N23. So for
Ab? e N12 and A% € 23,
[ g)(AY?) = —gf(AY) = =By (Byy) AV (X)) = —AMXPY,
[f9)(A%%) = fg(A®®) = XPP(V)) T A2 (B ) By = XTPY, P A%,

So [f,g] = adN(Xlz’sz’z) € ady M>?. Conversely, all products of two symmetric
matrices in M?2? span M2? since

22 2222

22 22,22 2,2 o,
2,0 ) Ez‘,j - Ei,i (Ei,j + Ej,i ) for 4 7é 7,
Therefore [Dy, Dy] = adyr M>? when t =3 and n; =n; = 1.

Finally, we verify the table of dimensions in Theorem 2.2 (5). The centralizer of A/
in B is Zg(N) = N + FI,,, which is the kernel of ady: B — Der(N). So

1 ey
dimady B = dim B — dim Zz(N) = ("; ) +3 (2) — g — 1.
=1

The ideal Cen(N) consists of all elements f € End(N) with Ker f D [N, N] and
Im f CZ(N) =N So
t—1

dim Cen(N) = dim(N /[N, N]) dim Z(N) = dim(z NEHDY dim AV
i=1

t—1
= nlnt(z ”miﬂ)-
i=1

Obviously dim(ady BN Cen(N)) = dimad(N 1 + N2 = nyng_ g + nany.
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When n; = 1, by Theorem 2.1 (3), dim D; equals the dimension of the space

of 3-tensors [:L‘”k]”k € Fr2xm2Xm that have symmetric cross-section matrices
X, = [x”k]” for k € [ny, so that dim D; = (”22“)77,,5 . Similarly, when n; = 1,

dim DQ = ("“5“)711 . |

Proof of Theorem 2.5. The t = 3 case can be similarly treated as in char(F) # 2
situation. Now assume t > 4. (14) implies the vector space sum

Der(N) = (ady B+ Cen(N)) + Dy + Dy + D3+ Dy

To prove (17), it suffices to show that if 0 = ad X + @+ ¢1 + d2 + 3+ ¢4 for X € B,
o € Cen(N), ¢; € D; for i = 1,2,3,4, then ¢; = ¢ = ¢35 = ¢4 = 0. To prove
¢3 =0, for any A%? € N'1? and BY3 e N3,

0= (adX + @+ ¢1 + ¢2 + ¢3 + ¢4)(A1’2)3’t — ¢3(A1’2)3’t,
0= (adX + @+ ¢1 + ¢2 + ¢3 + ¢4)(Bl’3)2’t — ¢3<B1,3)2,t.

Therefore ¢35 = 0. Similarly, we can prove ¢; = ¢ = ¢4 = 0.

When n; # 1 or ny # 1, obviously D3 = 0. When n; = ny = 1, Theorem 2.4 (1)
shows that Dgj is abelian, and that every ¢3 € D3 is uniquely determined by the
constant matrix ¢3(E)77) € N3¢, Therefore dim D3 = nzn, and Theorem 2.5 (1) is
proved. Theorem 2.5 (2) can be similarly proved. [
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