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Abstract. We consider a polynomial Poisson algebra P on R?"™ (n > 1) that is to say P consists
only of polynomials in R?”. We manage the conditions on P in order to have: every derivation of
P is a differential operator of order one which takes its coefficients in P. Otherwise, this result may
be not true. More, we have an analogous result for the derived ideal [P, P] of P. If [P,P] =P,
derivations of the normalizer 9t of P are sum of derivations of P and non-local derivations of 9t.
Without this last hypothesis on [P, P], we can state a similar theorem about the normalizer of
[P,P]. The first Chevalley-Eilenberg cohomology of these sub-algebras are computed. Moreover,
some results from polynomial Hamiltonian vector fields Lie algebras on R?" has been found out. A
special intention to Lie sub-algebras of the polynomial Poisson algebra R (z,y) on R? in which the
Jacobian conjecture holds is given. We give a definition on a sub-Lie algebra of R (x,y) verifying
the Jacobian conjecture and find that if it is different to R (z,y), it verifies the Jacobian conjecture.
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1. Introduction and preliminaries

Let n > 1 be a natural integer and the usual Poisson structure F (R?*") on R?*",
F (R?") the corresponding Poisson Lie algebra on R?" which is the ring of all smooth
functions from R?" to R with the Poisson bracket defined by

[R,Q]:Z(aR 0@ 94 a—R> for all R,Q € F (R*™)

— 6.732 axn—I—i axn—I—i aLL’Z
1=

and (x');<;<9, the canonical coordinates system of Darboux on R?*. Consider P a
Lie sub-algebra of the Lie algebra F (R?") consisting of polynomial functions from
R?*" to R. Explicitly (P,+,.,[,]) where +,[,] are inner laws on P, the external law
“.” by R stabilizes P. We can also verify the Jacobi identity on P and

for all 0,Q, R € P (0Q,P] =[0,P|Q +[Q, PO, (1)

from that of (F (R*'),+,.,[,]). We mean by monomial of degree i € N a monomial
of degree i in the usual sense. Exceptionally, we set R (z',... 2*") the ring of
polynomials on R?" instead of R [x!, ..., 2?"] to avoid confusion with the brackets of
our considered Lie algebras. We denote by H; for i € NU{—1} the space spanned by
all monomials of degree i+1 in R (z!,...,2*") and P; that of P so that P = @ P;.

i>—1
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We have [P_1,P;] = {0} for all i,j # —1, [P;, P;] C Piyj—1. The Lie algebra P is
mainly graded in this sense. When n =1 and P = R (2!, 2?%), it is the Lie algebra
relative to the Jacobian conjecture [6] posed in the first time by Ott-Heinrich Keller
(1939). After several studies, the conjecture says if X,Y € R (z',2?) such that
[X,Y] € H_; — {0}, then the mapping (X,Y) is an injection from R? to itself. Tt is
clear that it defines an endomorphism [X, .| of R (z!, 2?) which is a derivation. In the
first, we wish compute all derivations of R (x!, z?), more all those of P when n > 1.
The result of [3] says that all derivations of the Lie algebra F (R?*") containing P
are differential operators of order 1 on F (R?*"). So it is natural to ask if we will have
the same results as in F (R*")? Some facts that we will discuss in the beginning
of the following section lead us to chose the following hypothesis: P contains the
Lie algebra (1,z',... 2*") denoted by S. Then the centralizer of P is (1) and its
normalizer is a subset of R (z!,...,2?"). Even if S C P, P can admit a derivation
which is not a differential operator. To avoid this situation, we state the following
condition (H) to P: for all x € Py>1, there is (y, z2) € Pi<y X Pj<y With [y, 2] = z.

To make calculations easier we suppose that P, for all u € N is separated like a
similar definition on a polynomial vector field in [8] unless special mention.

In other words, if Y, . .. _ 4 Qi s, (z1)™ ... (22)*" is in P, — {0} then cach
Qi (1) (2P)" € P, where these 4; € {0,1,...,u} and ay, eR.

Along with these hypotheses, we get some interesting characteristics of P. It is
shown that the derived ideal [P,P] of P and P differ in some elements on P,
otherwise they are equal. The normalizer 91 of P contains z‘a'™ for all 1 <i < n.
In addition, every derivation of P is completely defined by its image on S and
we give a necessary and sufficient condition on a differential operator of order 1 on
F (R*") to be a derivation of P. Then, each derivation of P is a differential operator
of order 1 with its coefficients on P where these coefficients are completely studied.

~~~~~ 2n

This derivation is inner on I if and only if its value on 1 vanishes. If the derived
ideal of P is P itself, every derivation of 91 is a sum of a derivation of P and a
non-local derivation of 9t which is null on the derived ideal [9%, 9] of M and takes its
value on R. If P contains all 2'2**™ where 1 < i < n, then 91 = P. Therefore the
first Chevalley-Eilenberg cohomology of P, H' (P) = (91/P) @ R. That of N is the
following, H' (M) = R*"! when [P, P] = P where k € {0,...,n} is the dimension of
NS [N, N]. We get analogous theorems as the above in P for [P, P] which doesn’t
contain necessarily S'.

In the second, we look at the applications of our results. It’s natural to consider
the Lie algebra P = R (z',...,2%"). We have H' (R (z!,...,2%")) = R and the
derived ideal of R (x',...,2®") is itself. More precisely H, 1 = [H;, H;] when
t =i+ 7 for t > 0 and 7,5 € N. It is well known that it exists a one to one
correspondence with F (R?*") /H_; and the Hamiltonian vector fields Lie algebra 21,
on R?" with w the corresponding symplectic exact form, H' (2,) = R cf. [5]. Here
our theorem affirms that it is always the case in term of cohomology when we write
9 =R(z',...,2*)/H_; C A, the Lie algebra of polynomial Hamiltonian vector
fields on R?" instead of 2,. More, we denote by 2 the Lie algebra consisting of
polynomial Hamiltonian vector fields on R*", isomorphic in the same way as above
one to P/H_;. A particular result when n = 1, the Lie algebra of triple derivations of
P (resp. of ) equals to the Lie algebra of derivations of P (resp. ). More generally
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for n > 1, we obtain the following cohomological affirmations, H* () = (M/P) &R
and if we denote by N the normalizer of 2l and N the normalizer of N, we use the
results of [8] to have H' (N) is isomorphic to N/N. We will show similar results
as above one in the previous section on the Lie algebras relative to derived ideal of
P. Particularly, if n =1 and P # S, [P,P] =P, H'(P) =R and it follows that
H' () = R. In [8], we computed derivations of the Lie algebra of polynomial vector
fields on R™ containing all constant vector fields and the Euler vector field. Our
theorems above explore the results about the derivations of that Lie algebra which
doesn’t contain all constant fields nor the Euler vector field.

Third, the Lie algebra R (z',...,2?") has a particular importance when n = 1 on
the Jacobian conjecture as we said in the beginning of this introduction. In this
paper we explore new approach on this conjecture basing on Lie algebras. In other
words, our approach in finding the results and the results themselves are new in
order to reply partially the Jacobian conjecture cf. [9, 6], because it is based only
on the algebraic structures of R (z!,2?) and of all its Lie sub-algebras. By our
theorem, if X,Y € R (z!,2?) such that [X,Y] € R*, then [X,Y] = [X,,Yy] where
(Xo,Yo) verifies the Jacobian conjecture, Xy, Yy is respectively the part of X resp.
of Y in Hy and we can extend this result when n > 1 without Jacobian conjecture
consideration.

We set the following definitions, a Lie sub-algebra ¥ of R (2!, z?) is admissible for
the Jacobian conjecture (AJC) if there is X,Y € ¥ such that [X,Y] € H*|, and ¥
verifies the Jacobian conjecture (JC) if for all X, Y € ¥ such that [X,Y] € H*,,
(X,Y) defines an injection on R? into itself. In addition, ¥ satisfies (h) if for all
X € T, the part Xy of X in Hy is also in ¥. If T follows (h), we find that it
is (AJC) if and only if S C T. There are 20 types of (AJC) separated Lie sub-
algebras of R (2!, z?), 3 of them verify (H), 11 of finite dimensional and 9 of infinite
dimensional. The last Lie algebra in this list is R (z',2%). We use these previous
results in order to find that all Lie sub-algebras (AJC) following (h) (separated or
not) of R (z!,2?) different to R (z',2?) verify the Jacobian conjecture by Maple
calculations. As a corollary, we have the same results for the Lie algebras (AJC) not
necessarily under the (h) hypothesis but included in a Lie sub-algebra of R (2!, 2?)
different to R (z!,2?) verifying (h). Taking into account the above results, we can
state that the rest of the work to solve the Jacobian Conjecture in R? is to prove
the following theorem:

Theorem 1.1.  Every Lie sub-algebra (AJC) of R (z',2?) of dimension 3 which
doesn’t verify (h) and doesn’t included in a Lie sub-algebra (AJC) satisfying (h) of
R (', 2?) different to R (z*, %), verifies the Jacobian Conjecture (JC) where one of
the vector space basis is 1 and one another has a degree at least 101.

Throughout this paper the bracket operation on a Lie algebra is always noted by [, ].

2. Study of derivations of the Lie algebras relative to P
Let & be a Lie algebra which is a sub-algebra of the Lie algebra S.

Definition 2.1. A normalizer of & on S is the set {X € §/[X, 6] C &}.

Definition 2.2.  The centralizer of & is {X € §/[X, 8] = {0}}. The restriction
of this centralizer on & is the center of &.
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Definition 2.3. A derivation of a Lie algebra & is a linear mapping D from &
to itself such that for all X, Y € &: D[X,Y]=[DX,Y]+ [X, DY].

A derivation is called innerin the normalizer of & if it’s a Lie derived Lx with respect
to an element X of this normalizer. Shortly, it’s inner if the previous X € &.

Definition 2.4. A sub-set A of & is called ideal of & if [A, &] C A.

Let us take P having only the hypothesis in p.1 of our paper. If we take the Lie
algebra generated by 1,7y on R* with the Darboux coordinates system (z,z,y,t)
and its derivation D defined by D(1) = xy and D(zy) = 1, it is clear that it is not a
differential operator. The normalizer coincides with the centralizer of this Lie algebra
which is (1,zy, 2%y, ...,) + (L,zy,2%y%, ..., )5 with © the set of all functions in
F (R*) depending only on z,t. But we wish that these two last Lie algebras remain

in R(z!,...,2%") according to focus our study on polynomials.
These situations lead us to follow the hypothesis: In the following of the present
section and in section 3, let P be a Lie sub-algebra of R (z!,..., 2%") described in

the beginning of introduction’s section which contains S unless special mention.

Proposition 2.5.  The centralizer of P is H_; = R and then a characteristic
ideal of P, its normalizer N is a sub-Lie algebra of R (x!,... x?").

Proof. If X isin H_y, [X,P] = {0} by the above graduation. Reciprocally if
X is in the centralizer, [X,z’] = 0 for all + € {1,...,2n}. Then all derivatives of
X with respect to all coordinates are null and X € R because R?*" is connected.
Recall that a characteristic ideal of a Lie algebra A is a sub-algebra of it, stabilized
by all derivations of A. By the results of [1], H_; is a characteristic ideal of P. The
result of the normalizer 91 can be checked in the same way as that of the centralizer
by integrations. That is to say, let X be in 91 so that [X,P] C P. In a similar
way than the previous, % for i € {1,...,2n} is an element of P. Thus it exists
t € R(z',...,2%") such that X = ¢+ P where P is a function independent on z°.
But ;2% € P, so it exists a polynomial function K in R (z',...,2*") which doesn’t
depend on 2™ such that P = K +C where C is independent on 2%, "™ . Running
iin {1,...,n}, we have C € R(z',...,2*") and P so. Then X isin R (z!,... z%")
and M C R(x!,...,2%"). Tt is well known that normalizer of a Lie algebra is a Lie
algebra, in this we achieve the proof. [ ]
By our hypothesis, it is immediate that

Proposition 2.6.  The Lie algebra P is non-solvable and non-nilpotent.

Then we can talk about derivations of P which are non trivial.

Even if S C P, P can admit a derivation which is not a differential operator. Let
us take R? with (x,y) as coordinate system and P = (1,z,y,2% 23 ...). The
endomorphism D of P defined by D(1) = 1, D(y) =y, D (z°) = (1 — s)a® for
all s > 0 is a derivation of P but is not a differential operator in the usual sense.

That is to say, it’s a differential operator of infinite order cf. [2], because the value
8D(z5+1)

oz :
That is the reason in which we state that in the following of the section 2 and in the
section 3, unless expressed mention, we suppose that P is such that for all x € Py>1,
it exists (y,z) € Pi<k X Pj<i such that [y, z] = x. This hypothesis will be denoted
by (H).

of D (z®) for s > 0 depends on
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Definition 2.7. A derived ideal of G denoted by [&, &] is the Lie algebra spanned
by all brackets of two elements in &.

Proposition 2.8.  The Lie algebra P = [P, P] & (Py © [P, P]) where [P, P] the
derived ideal of P and & is a direct sum of spaces.

Proof. We know that 1 = [2%,2"™] € [P, P] and by (H) every @ € Pj>; is in
[P, P]. It remains all z’ for i =1,...,2n to be in [P,P]. All 2,4 =1,...,2n may
not be in [P, P]. |

Remark 2.9.  The following are the only conditions in which (z?, 2"t") e [P, P]’
if1<i<n:
(1) the existence of k, k" monomials of degree 2 which is not in (z‘x*™™) where
vl 4+ k atz + k' € P such that

({L‘i, :L.iJrn) _ ([l‘l, ittt + k] ,— [:L,i+n7 plpttn + k’/]) ]
(2) the existence of k, k" monomials of degree 2 which is not in (x'z!™) (¢ # 1,
1<t< n) resp. <xi+nl,t+n> with (xi’xiJrn) — ([l‘t,xi$t+n+k] ’ [xt’xi+nl,t+n+k,/])
where zla!™ + k, 2ttt 4 K € P
(3) the existence of &,k monomials of degree 2 which is not in (z'z') (¢t # i,
1 <t <n)resp. (xzt) with (2%, 2™) = (= [z, 2'2! + k], — [2"T7, 2" T2t + K/])
where ziat + k, 2ttt + k' € P.
(4) the existence of k, k' monomials of degree 2 which is not in <(x’)2> (1<i<n)

resp. <(xi+”)2> with (zf, 27" = %([(:L‘Z)z + k, ], [2f, (z+m)? + k']) where the

following (z')° + k, (2"t + k' € P. ]

In the following proposition, we suppose that P; is separated. Moreover, we don’t
suppose P satisfying (H) in the following proposition but only the hypothesis every
r € Piso is in [P,P]. The proposition which follows is a discussion in what P,
comes from [Py, Py] or [Pa, Pyl.

Proposition 2.10. We set 1 < i < n. If 2'2"™ € P and P wverifies (H),
then (z%)° and (""" are in P. But when (z%)° (resp. (at")?) is in P, then
we have the previous result or it exists 1 < 1 < n such that z'at 2"z € P (resp.
$l$i+n, plitngitn c 'P)

Proof.  Suppose that 1 <4 < n. In the first condition, if 2’2" € Py, by (H) and
our hypothesis it exists y, 2 € P; such that x'z"™ = [y, z]. We can suppose that y, 2
are monomials with only one term by the separated hypothesis on P;. It is possible
only if y = (), z = ('*™)? up a multiplication by constants. If (z/)* € Py, by
(H) it exists y, z € Py such that (z')° = [y, z]. As in the previous, we suppose that
y,z are monomials with only one term. It is true only when y = (z)°, z = zizit"
up a multiplication by constants or it exists 1 <[ < n such that y = 2'z?, z = 2!z
where [ # i. We proceed in a similar way when (zt7)? € P;. ]

Remark 2.11.  If 2’2" € [Py, Py], then the following situations can be present:
1. (2)’ 2" € P, such that izt =1 [(a:l)2 m””,x””] and

_ [(xz)2 xi—&—n,xi] _ (xz)2 P, 2
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2. (z™)" 2" € Py such that z'a™™" = —2 [(m””) xz,x’] and

(xi-l—n)Qxi?xi-i-n] — () € Py,

3. attrpiyttt € Py such that z'z™ = — [x2f2™" 2! then x'z'™ is equal
to — [zt 2] and 2Tt = [pate T 2T are in Py where t #£ 4,
1<t <n,

4. xtz'z"™™ € P, such that ziz™™ = [zlaiz™™ 2] then z'z' is equal to

— [2tzia™ 2% and 2z = [glaiz?T 2T are in Py where t #£ i, 1 <t < n;

if (2)° respectively (z7*")” is in [Py, Py, then (2¢)° € P, such that (2%)® =

3 [(xi)g,x””} respectively (z7+")% = —3 [(x”")g’,a:"]. ]

—

In the following of the present section and in section 3, Py>; are separated unless
special mention. We insist in this hypothesis because there are examples in which
it’s not the case, for example P = (1, z,y, 2% + y* + 2zy) where P is not separated.

In the following, the expression f (9) means that f doesn’t depend on z.

Proposition 2.12.  Here, the Lie algebra P may not verify (H). Let K be the
set {1 < i < n/x'a™" € P} and the sum of natural integers iy + -+ + ig, # 0.
If X = (a)" ... (2®)" € P such that it exists k € & where iy # ipyn, then
X € [P,P]. In the case that all 1 < k < n, iy = g, where it exists 1 < j <mn
such that i;>1, then X € [P, P], otherwise X € [P, P] if it exists 1 < j <n with

A A A A
) / 9 ) / . 2
¥ (xl,...,xj,...,:I:]Jrn, _'_,x2"> (/)" .9 (:Ul, ...,xj,...,ijrn,...,x%) (/) (2)

A A
in P, with (fg) («',...,27,... 27" . a® ) = =+ where if the expression of
f has z' (resp. ™) then g doesn’t depend on '™ (resp. x') for all 1 <i <mn,
i # j and conversely. In the conditions where for all 1 < k < n, iy = igin, the
bracket of X and x'z'™ equals to 0 for all 1 <t <n.

Proof. It is sufficient to check that in the first case X = [X 1 xkx“”} )

Pl —Tktn
In the second one, we do [...[[X,27""],2!]...,2'] to have (z0)5 71 (27tm) € P

and [X,27] to obtain % € P. Then

xj+n

X

xitn’

S\ (i | X‘ ()22 ()22
) )] = e e )

When 4; > 1, we can decrease the degree of W (z7)*97% (27+7)*5 % in P to

2/ and 2/™". Thus our corresponding result. Otherwise, 1 < j < n is such that
ij = ij1n =t with £ = 0 or 1 (it’s not possible that every i; = i;;, = 0 by initial
hypothesis i1 + - - - + 19, # 0), the bracket of elements in (2) permits us to conclude.
The final assertion is easy to compute. [ |

have (z9)" (x3+")% € P by successive brackets with sufficient number of

The following Corollary is clear by Proposition 2.12:
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Corollary 2.13.  If 9 is the normalizer of P where P may not verify (H), then
rirt with i =1,...,n are in N.

It is possible that 91 doesn’t satisfy (H) and doesn’t contain all monomials of the
form x'z*® with 1 <4,k < 2n. Let’s view it in the following example.

Example 2.14. In R*, with the coordinates system of Darboux (z, z,y,t). The
Lie algebra of infinite dimension P is generated by 1,x, 2, vy, t, xt, xy, 2, y?, 2%, 2%t2.
By calculation, its normalizer 9N coincides with P @ (zt) which doesn’t verify (H).

Let P, be the part of P such that all its elements depend on z* and z*™" for a
k=1,...,2n with the existence of X € P, such that its degree is 2.

Proposition 2.15.  If there is k = 1,...,n such that P, exists, then zFzFt" € P
or it exists t = 1,...,n with 'z € P.

Proof.  With this hypothesis and to simplify, there is X € P such that its degree
on z* is more than or equal to 2 with a 1 < k < n or such degree is 1 and the degree

of X is 2. So:

o X = 2F2**" we have the trivial case.

o X = (xk)2, by (H) and separated hypothesis the only possible cases are x¥z**" € P
such that 3 [(mk)Z,xkx“”] = (mk)2 or it exists t = 1,...,n with 2%zt 2zt e P

t .k t+n k

such that [:ck:c ,xx } = (:1: )2. If we have the second case, we must then have
ghktn € P or 2’2" € P such that [2Fz! 2FzFT] = 2Fzt and [2Fatt, akah ]
equals to z*z'*™ or such that [zFz!, 2'2"™"] = z¥2! and — [2Fa™", 2lfa!™"] = ghattm
because of (H).

e X = ¥zt with t # k,k + n, by the same reasons as in the second part of the

second bullet, zfz*" or zFz**" is in P. n

Lemma 2.16. If we are in R* with (z,y) as coordinate system and a Lie sub-
algebra T D S of R(x,y) contains simultaneously x3,y* or 2%, y*, then T = R (z,y).
Moreover, if 22 € T D S and it exists X € T where the degree in y of X is > 3,
then T =R (x,y). The same result is obtained if we swap the place of x and y.

Proof.  The following calculations are up multiplication by a constant. If (2*, y?)g
is a subset of T then [23,y?%] = 2%y,

[2%y, [2%y. [ [2%y,2%]]]] = 2™ for all i > 1

-

VvV
22y i times

are all in €. Thus [z%,y*] = z'"'y for all : > 3 and
L [[2'yv?]  v?] ] = 2ty

g

y2 j times
for all i > 3 and for all 4 > j > 1 are element of T. But S C T so all 4/ € T where
j > 2, and the bracket [2%,y?] leads to xy € €. All these situations conclude with

T = R(z,y). The following assertion, z?> € ¥ containing S and there is a X € T
where the degree in y of X is > 3. By S C ¥,

— .3 3.1 4 4,1 m m .0
X =93 sin0 T + Y D siso @+ + Ym0 gttt €T

where the [; € N, af € R and m an integer more than or equal to 3 with o] # 0.
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Let W = {j/a{j # 0}, by successive brackets of X by y in ¢t = max{l;/j € W}
times, we get Y = > i p a{;(lj!)yj € T*. Reasonable successive brackets
with 2 of this last expression give us y* € T. Also, if jo = maz{3 < j <m/l; = t},
wedo [...[Y,z],...,z], and obtain by y* € T that y> € T. By the above result, we

~ J/

~—
x for (jo—3)—times

have reached T = R (z,y). [

Proposition 2.17.  If D a derivation of P then for all u € Pi>o, 1,j =1,...,n:

D ( au) ~ 9D(u) N Z”: (@ap (z7t")  Ou 0D (Wﬂ)) ;

(3)

oxJ ol — oxt  dxttn  9xttn gt
du \  9D(u) <~ [ OudD (27) ou 0D (a7)\
D (8xj+n> - Qyitn ; (8xt Hrttn orttn Ot ! <4)
oD (z"*") 0D (a7t™)
am] - awz 9 1 7é .]) (5)
oD (@) OD() |
ai[}]+n - axi+n I 1 # ]7 (6)
oD («"*") 9D (a7) . .
8xj+” - (9x’ y b # J5 (7)
oD (z7) = 0D (a7t")
9 + S D(1). (8)

Proof. Let u € P> with ¢,j = 1,...,n and D a derivation of P, we have
D [u,z*"] = [Du,2*"] + [u, D2*"] = D (£2%). Then we have (3). We set 27
instead of z7*" in the first equality and we get (4). We can use (3) replacing u by
2" then we have (5) and we obtain (6) by analogue arguments. When u = x**"
in (4), we get (7). If we write u = 27 in (3), we get (8). n

In the following, we set for ¢ between 1 and n and a derivation D of P

(D(z") — D(1)(z")) g; + (D(z"*™) — D(1)(z")) aifin EPYueP. (9)
and for i between 1 and 2n: (D(2") — D(1)(z")) % €PVueP. (10)

Proposition 2.18.  Fora i=1,...,2n, if P; doesn’t exist then (10) holds for i.

Proof. If P; doesn’t exist with ¢ = 1,...,2n, then all elements of P depending
on z', & are of degree less than or equal to 1. So these elements are in (2%, 2"7")p.
Then (10) is obtained by taking into account that D(1) € R cf. Proposition 2.5 and
%GRforaHUEP. n

Theorem 2.19. [f there is a i = 1,...,n such that P; exists and x'z'™ € P,
then (9) is satisfied for i.

Proof. It exists P; with ¢ = 1,...,n such that 2’2 € P. So P is once
again graded by P = @,.,; P with [z’ X] = tX with ¢t € I C Z with X a
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monomial in P. Let us take v a monomial in P. We have [a:lx““” xk] = 0 if
k#idi+mn and 27" if k =i+ n, —a' if k = i. Then this second grading makes
(zf, 2"t gh#iitn) € P71 Pt x PO Because of this grading and the element z'2"™",
we can affirm by [4]’s results that D is of degree zero. It means D (P') C P! for
each t € I. So (D (z%), D (z™"), D (z¥##")) belongs to P~ x P! x P, Then we
have the following finite sums

D (2') = Z ay (xi)t(x”") €P, D (a2 Z By (z) :c””)tep (11)
w>t>1 w>t>1

where the oy, 3; are polynomials independent on %, 2*" w € N such that o, or
Bw # 0. We can write (8) and obtain

Therefore A = (D(z") — D(1)(z")) 2% + (D(z"*") — D(1)(2"*™")) 52% which is equal
to —D(1)a'Z% + 37,0, % [u (%)’ (x””)t]. In the case v = (z))' (™)' Q where
Q) is a monomial independent on ¢ and "™ and t € N, then the polynomial
A = —D(1)z'2% € P. Otherwise, u = (z') (z7")° Q where @ is a mono-

mial independent on :164 and a:”” and [,s € N with [ # s. Let us remark that
—D(1)z" 2% we set [ > s with [ > 1. So we have to

prove atQ( )l+t Yatmy T e pofor t> 1.

o If P, &R D R(zf,z"™) then (z)) (1) € P. But ' € P, therefore
we obtain [aga?, (27)' (x”")tﬂ] € P which leads to a; (z%)" (z7*")" € P. Then
[a; (27)" (2*")" ,u] € P implies C' = @,Q ()T @) T e P ofor ¢t > 1 it
and only if B = [oy, Q] (z') ("™)*"" € P by (1). But Q € P; then we have
(', Q] = [, Qz* € P. Moreover, [[ag,Qa?, (2%) (zt")™] € P leads to
[, Q) (z9) (") €P. But P; @R D R (2, 2"), then ()" (#'*")*" € P and

[[OétyQ] (mz)t (x””)t, (xi)lJrl (x””)sﬂ} € P yields BeP.

o If P, ®R C R (2, z7t"). Because z'z"™ € P, from Proposition 2.10, (z*)* and
(z+™)* are in P. Again about the elements in P, P doesn’t contain (z)’ (zi+")’
where f 4 7 > 3 because of Lemma 2.16. So it remains two possibilities of elements
depending on z,2"*" to be checked, u = Q (z%)” or u = Q (z'*t")* (we consider
only the first case, the second one can be done by symmetry). The degree on
2 of D(z') is at most 1 and the degree on z'™ of D (z'™) is at most 1. Tt
implies every a;>2 = 0 and B> = 0, D (') = aqz’ and D (") = B2, Then
A= —D(1)a* 2% + o, [u,2'z"*"]. Computing [Q (), (z/*")*] € P leads to

ox i
Qr'z™™ e P (13)

and a2, Q (a:z)2] = [a1, Q] (z)* = 0 by the hypothesis P;®R C R (2%, 27*"). Thus
[041, Q] =0. (14)
Using (3) with u = (z7)” and j = i, we have a; — 8, = 0; where D( (x’)z) =4 (z%)

because of the grading in the beginning of this proof, with 4; a polynomial indepen-
dent on 2, ™. In addition to a;+3; = D(1), it yields ; = 2a;—D(1). Tt is known
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that &, (z¢)> € P, then oy (z')° € P. We can compute [ (z')?, Qz'z"t™] € P, by (13)
and (14) we have o1 Q (z')°€P. We conclude A€ P because -D(1)z'2%4ecP. =

Proposition 2.20.  If z'z'™™ € P then D (z'2'™™) = 0.

Proof. By Proposition 2.10, (z¢)* and (2'*")* belong to P. We denote the
D <<$t)2> = §(«")* and D ((:1:””)2) — & (2'*")* by the similar reason as in the
f—/L /—J/\\
second bullet of the proof of Theorem 2.19 where o (:vt,xH"), o’ <a:t,:1:t+"> are
polynomials in R (2%,...,22"). We use (3) with v = (z/)* and j = ¢ resp. (4)
with u = (2/*")* and j = t, considering (8) where j = ¢ we get 20q = & + D(1)
resp. 2a; = —0' + D(1) with D (2') = aqa’ and D (") = (D(1) — aq) 2'™ by

Theorem 2.19. Therefore § = —§’. Moreover, we have

D)’ (@) = [D(()°) @)’ + @), 0 (@)°) ]
It yields D (zfz'*t") = (6 + §') ata™™™ = 0. n
TheoremA2.21. If some i = 1,...,n exists with x'x"™ ¢ P, but there is a

t=1,...,4,...,n with 'z € P following the second and third cases of the proof
of Proposition 2.15, then we get (9) for i.
Proof. There is P; with ¢ = 1,...,n such that z’2'™ ¢ P but it exists ¢ =

A

1,...,%,...,n with 2!z € P by the two last bullets of the proof of Proposition

2.15 where (%)%, ziz!, 22" € P. In this proof, we denote this hypothesis by (J);.
A

A

For [ € N, let @' (m”, ' xtxH”) ,Q° (xl, ' :Et:ct+") followed by the polynomials
A AN A AN

— — P — — T
Ut <xz, 't xtxt+”) , R (SUZ, ot gt +"> , Q1 <xz, 't xt:L"H”) , Ry (CL‘Z, AR +">

be in R(z!,...,2*). By analogous graduation as in the beginning of the proof of
Theorem 2.19 from z'z*" and by similar reasoning as in this proof, D (z), D (z'™")
are of degree zero. Therefore

D (l,z) _ ZQZ (l,z)l + Q2" 4 ZRI (l,txt+n)17

1>1 1>0

D (xwrn) _ lei-i-n + Z [t (xz)l + ZRl (xtxt—i-n)l;
1>1 1>0

here we don’t have (z7t")'%* € P otherwise ‘2™ € P. So the possible element

depending on 2™ in P is cz™™ where ¢ € R otherwise (z7t")? € P like the
statement on z’. Then (10) is true for i + n using the same arguments as in the
proof of Proposition 2.18.

By (8), @'+ Q1 = D(1) and Q' =0 for all [ > 2. By (6) and (5) when j = ¢ and
Theorem 2.19, we have respectively R = R; = 0 for all [ > 2. Then

D (:L,z) — Q2" + Q2 Z R (xtmt+n)l’

1=0,1
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and D (x””) = le”” + Z U (xz)l + Z R, (xtx“r")l
>1 1=0,1
If we write
Ql — Qll t t+n QO t t+n q t t—i—n

and U' =Y ., Ul (a' 2™)" where all the coefficients on the sums are polynomials
which don’t depend on %, z'+" 2!, z*" belonging to R(z!,...,z*"). Using (7) where
j replaced by t respectively 1 replaced by t and j replaced by 7, we have

Q1122 = Q?zz =0; QlZQ = U£22 =0.

Moreover, Q' + Q; = D(1) conducts us to Q} = —¢*. Therefore

D (xz) _ (Qé _'_Q%a:txt+n) 2 + (Qg +Q(1)xt$t+n) i+n + Z R! (xtxtJrn)l’ (15)
1=0,1
D(xiJrn):( () Qo %ttJrn z+n+z Ul+Ultt+n)+
>1

+ > Ry (af2") (16)

[=0,1

Let D (') = Soym (2! (z4") ™0, D(a'at™) = 30, G (2") ()™ Dby the
same arguments as in (11) where each 7, (; are polynomials 1ndependent on zt, 2!,

By Theorem 2.19, D (z') = va! and D (z'*") =+ x”” where 7,4 are polynomials
which don’t depend on z!, ™. We replace u by z'z! and j by ¢ in (3), and obtain

/

n Oy n
= iy (") () + e +at. (17)
>1

Replacing u by z'z*" and j by ¢ in (3), then we get

ZlCl t+n)l 87 gtett™ 4yl (18)

39[:””
I>1

Because of 5 lnx 2t 4+ /2t € P, by separated hypothesis 7/2* € P. So 4/ doesn’t
A

depend on z'*™ because x'z"" ¢ P, we have also fy(:t:'”"). Thus

Z Iy (x x””)l ++'t, (19)

>1

and Z 1 (2 t+”)l + vzt (20)

>1

Then we replace ¢ by t and 7 by 4 in (7) and we have

oy
axi+n$t+n — ( 1 t+n % QO t+nxz+n RlxtJrn) ’

which is null.
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Therefore D (2') = Q' + Qoz'" + R (21)
Identifying (19) and (21) resp. (20) and (21), we get m>2 resp. (>2 = 0 and

D (2') = ¢ + 92" =m + 2. (22)
We write D ((m’)z) = D [z'z", 2"z = [mat, 2’2" + [2'2t, (a't"]. Therefore

D ((x’)2> = (m + C) 2’ + (355 — 528 ) w'at™™. We replace u by x'z* and j by i
resp. u by z'z'*" and j by 4 in (3), then we have Q) = ;21 = %1 — () So

Oxitn T Qxitn
D <($i)2> = (m+¢) " (23)
By (22) and v+ 4" = D(1), we have
om 28} . 1
o = i = 2Q, — D(1). (24)

We calculate (3), when u = (z¢)” and j replaced by 7, leading to

D) =5 (m+ )+ (G + 5 ) )+ (D) - @)

oxt  Oxt
By (24), D (&) = ¢ ((m +) +2* (D)) (25)
Recall that now D (2') = Q' + R". (26)
We are looking for the constancy of @} and R°. Only two situations are possible:
x Ifsome h=1,... ,/@'\, ..., n exists satisfying (J);,, we have Q}, R® independent
on z, zh+m.
x If some h # t exists with h = 1,...,2,...,71 such that if a monomial u € P

depending on 2 or 2™ or z or ™", [u,2"] = [u,2"™] = 0. That is to say,
it is impossible to have zizh € P, 2iahtn € P, xitrah ¢ P, gitnghtn € P,
2hat € P, alattn € P, ahtrat € P, oat gttt € P We call this hypothesis by
(I)ir,. Then Q} doesn’t depend on z", z"™ if we refer to Qjz* € P.

We can conclude that @} is constant. Now we prove that Ry is a constant.

Identify (26) with (25), we get:

o If (m +¢)(x"), then R® = 0. In this case, D (z') = Qjz’, and (10) holds for
i because @ € R.

N

o If (1 + @(ﬂ) then R° = 1(n +¢) and Q) = 1D(1) by (24). The only

case to check is the second *. But we have (23), then R%z' € P. This leads to
A A

R° (xh,:v’”“”) because of (I);,.

Thus R° is a constant, then we can conclude that (10) is true for x.
The final conclusion is then (9) holds for . ]
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Theorem 2.22.  Equation (9) is true.

Proof. For ¢ =1,...,2n, we have exactly three cases. The first is described by
the hypothesis of Proposition 2.18. Considering Proposition 2.15, the second one is
given by the hypothesis of Theorem 2.19 and the third by that of Theorem 2.21.
Compounding the results of Proposition 2.18, Theorem 2.19 and Theorem 2.21, we
achieve the proof. [ ]

In the following, M denotes a smooth manifold.

Definition 2.23. If & is a Lie sub-algebra of the ring F' (M) of smooth real
functions on M, a derivation D of & is called local if for every non-empty open set
U of M and X € & such that Xyg =0, we have D (X), =0.

Definition 2.24. A differential operator on F'(M) is a R-endomorphism of F'(M)
which is local [7]. In this sense, the differential operator is of finite order.

Theorem 2.25. A necessary and sufficient condition on a differential operator D

which is equal to Y =2" X'%) 4 () of order one of F (R*) with h € F (R*") to

be a derivation of P is:

(a) h = D(1) is a constant.

(b) All its coefficients X' where 1 < 1 < 2n are polynomials in P such that
(X955 + XTIt ) (P)C P forall j=1,...,n

(c) aa)if + ‘?,f;: =—0iD(1) forall 1 <ik<n.

(d) &2 — X" yith 1<k <nand 1<i<n.

Ozt Oxk
(e) 62% = aﬁﬁn with 1 <k <n where 1 <i<n.

Proof. We set D = Y= xi190)

5 + P (.) a differential operator of order one on
F (R?") as cited above Where heR. Let f,g € F(R*), we compute

[Df, gl +[f, Dg] = DI[f,4g] (27)
which is equal to hif, g+

1=2n,j=n

8Xiﬂ dg ox? Jf 9g _8Xi dg Of 0X' dg Of (28)
Oxd Ozt Oxitr  Oxitn Oxt Oxd  Oxd Oxt Oxitn Ozt Oxt O

i=1,j=1

Now, we check the necessity of our theorem. We suppose a derivation of P, namely
D == X% 4 p () like in the previous with only i € F (R?"). Because (1)
is the centrahzer of P, D stabilizes (1) by Proposition 2.5. Therefore D(1) = h is
a real number and we have (a). It is D(1) = h € R and D(z') = X'+ ha' € P
for i = 1,...,2n. But every ha' € S, then X* € P such that for j = 1,...,n,
(X'—+XJ+”6 9_-)(P) C P by Theorem 2.22. So (b) is true. If we chose
successively in (28) for k = 1,...,n and i = 1,...,n: f = 2% and g = 2",
f=a"" and g = 2", f = 2% and g = 2%; we have respectively (c), (d) and (e)
because the expression cf. (28) is null.

Conversely, (27) is always equal to (28) where we have (a). We remark that it is a
differential operator of order strictly 1 on (F (R2"))?. So its determination depends
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only on its value on (z*,2%) € P? where k = 1,...,2n;i = 1,...,2n, otherwise it
is null. If we have the last three conditions, the function cf. (28) vanishes on these
(z%,2") € P%. So D is a derivation of F (R*"). But D;p C P because of (b), D is
a derivation of P. [

Lemma 2.26. A derivation D of P is null on P if and only if D is null on S.

Proof. If a derivation D of P is null, then D is null on S C P. Conversely, if D
vanishes on 5. We take u € Py, [u, 2] = —5%% and [u,2"""] = 2% for i = 1,...,n.
Applying these relations to D with Djp, = 0, we have D(u) € R. But (H) said,
that there exists y,z € Py such that [y, z] = u; so we apply this last equality to D

and we obtain:

Dly,z] = [Dy, 2] + [y, Dz], (29)
and then D(u) = 0. Now, u € P, in the same way as the previous one and
using Djp, = 0, we obtain D(u) € R. Adopting a similar equation as (29), we find
D(u) = 0. By recurrence, if u € P, with £ > 2, D(u) = 0. [

Theorem 2.27.  Fvery derivation of P is a differential operator of order one with
coefficients in P described by Theorem 2.22. Generally, if P doesn’t verify (H), if
N satisfies (H), every derivation of the normalizer N of P is a differential operator
of order one with coefficients in N following Theorem 2.22.

Proof. Let D be such a derivation, by hypothesis D(1), D(z") for all i in
{1,...,2n} are defined in P. Inspiring to [3] p. 53, we set a linear mapping T
such that for every u € P,

T(w) = D(w) = D(1u =3 _ (D(a') = D(1)(a)) 5.

It is clear that T is null on all elements of (1,z',...,2?") C P. Now, the differ-
ential operator of order 1 u € F (R*) s D(1)u + 7", (D(z%) — D(1)(z)) 2% is a
derivation of P because of Theorem 2.22, (7), (8), (5

f

), (6) in Proposition 2.17 and
of Theorem 2.25. So T becomes a derivation of P. By Lemma 2.26, we get T' = 0
and

D(u) =D(1)u+ > _ (D(z') — D(1)(z")) o Y vueP.

The Proposition 2.5 says that the elements of D are polynomial on R?*. From the
fact that 9t verifies (H) and P C M, we can apply the results on P to 91 and we
achieve the proof. [ |

Remark 2.28. The locality technique for a derivation D on F(M) in [3] doesn’t
work in the proof of Theorem 2.27 because, if a polynomial is null on an open set of
R™ it is null on R™ and it is a trivial situation for the locality of a derivation D of P.

Theorem 2.29. A derivation of P is inner in N if and only if D(1) =0.
Proof. Let D be a derivation of P, then by Theorem 2.27,

D(ueP)= u—i—Z D(1)(x")) 5=
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We will solve Lxu=3"_,.,, (5559 0% _2u) = D (u € P), therefore

Ozt Bzt  Pxitn 9t

90X — D(2™*") — D(1)(2**") and 22X = —D(2%) + D(1)(2") with X € 91.

Ox? Jritn

By the classical theorem of Frobenius on a system of partial differential equations
and using (c), (d) and (e) of Theorem 2.25 a necessary and sufficient condition from
which these identities are true is

oD(xz") _8D(xi+")

“ow T gpen 2P
But D satisfies (¢) of Theorem 2.25, giving ‘9ggfi) = _aggﬁ”) + D(1) in the first
part. Therefore, this condition is D(1) = 0. ]

We ask if P is not trivial with our hypothesis, we can answer it by some examples

of P.

Example 2.30. We can take P on R?" with n > 1 generated by 1,z!,..., %",
also that spanned by all monomials on R?". Their normalizers are respectively the
Lie algebra generated by all monomials of degree at most 2 and itself, they verify
(H). We can affirm [P, P] # P for the first Lie algebra and we see that [P,P] =P
for the second by Proposition 2.12. More, we are in R* with system of Darboux
coordinates (x,z,y,t) and let P be the Lie algebra of infinite dimension spanned
by 1,z,2,y,t, 2% xy, y*, xy?, 2%y, y>. Here [P, P] # P because z,t ¢ [P, P] and its
normalizer is P @ (zt, 22, %) which satisfies (H). Then, every derivation of P (resp.
of M) is like Theorem 2.27 said.

Theorem 2.31.  For all derivations D of M such that D (Py© [P,P]) C P,
we obtain D is a sum of a differential operator of order 1 where their coefficients
are in P and a non local derivation which has its value in R and null on [D,N].
Particularly, if [P, P] = P, we have the same result as above one and the normalizer

of M is itself.

Proof. Let D be a derivation of 91, X € P and Y € P. We have P C N,
then D[X,Y] = [DX,Y] + [X,DY]. By definition of the normalizer, the above
hypothesis and Proposition 2.8, if X,Y run into P, we obtain D (P) C P. Thus
Dip = Dy is a derivation of P. By (H), Djp is a differential operator of order
one with its coefficients in P cf. first part of Theorem 2.27. Now, we take X € N
and Y € P. We get again D [X,Y] = [DX,Y] + [X, DY] where [X,Y] € P. So
D, [X,Y] = [DX,Y] + [X,D,Y] and by definition of the derivation D;, we say
[DX — D1 X, Y] =0 forall Y € P. Then DX — D; X belongs to the centralizer of
P. By Proposition 2.5, DX — DX is a constant and the derivation D' = D — Dy is
null on [91,91]. In the situations of the present theorem, every derivation of the form
Ly of M is such that X’ belongs to the normalizer of 9. The above result says
that this derivation is a differential operator of order strictly one where its coefficients
are in P. If we adapt the reasoning in Theorem 2.29, we have D(1) = 0 and the
corresponding D’ = 0. Then we have X’ € 0, the normalizer of 9T is N itself. m

Remark 2.32. Every z/2'™ is in 91 for all i = 1,...,n by Proposition 2.13, so
all 2%,z € M, M| for i = 1,...,n. Then each element X € N such that D' (X)
is non null where D’ is the derivation on the proof of the previous theorem, is outer

of S.
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Theorem 2.33.  We suppose that the derived ideal of P is different to P. We
consider K' = {1 <i <2n/az" € PyN[P,P]} # @. Every derivation of [P,P] is a
differential operator of order one which takes its coefficients on [P, P]. Moreover,
if we denote M the normalizer of [P, P|, then each derivation of M is a sum of
differential operator of order one taking its coefficients on [P, P] and an arbitrary
endomorphism in 9 where its image is in the centralizer of [P,P| wvanishing on

[0, 9nt]

Proof. In advance, we can say that [P, P] # {0} because H_y C [P,P]. Propo-
sition 2.8 allows us to deal with K’ = {i/z' € Py N [P, P]}. If K' # @, then [P, P]
contains at least (1,2") where t € K'. For all i ¢ K', each element in [P, P] doesn’t
depend on z' and [P,P] = P& (z',i ¢ K'). We can adapt the proof of Lemma 2.26
where S is replaced by S" = (1,2%;¢ € K')p and Theorem 2.27 to [P, P] in R*" and
every derivation D of [P, P] is of the form:

D (u) = D(1)u+ Z (D(z") — D(1)(z")) g;, where u € [P, P].

1€K'’

Next, we remark that the derived ideal of [P, P] is itself. Then a similar proof of
that of Theorem 2.31 states the final assertion. [ |

Remark 2.34. The previous theorem permits us to consider a Lie algebra of
polynomials on R* where k < 2n. |

In the following, we suppose K’ # @ and we split K’ into a partition of subsets. Let

B:{i,i+n/(z’,i+n)€(K’)2, forlgign},
K={ieK'/i+ng¢gK' forl<i<n}
and L={i+neK'/)i¢g K', for1 <i<n},
O={i,i+n/i¢g K'i+n¢K' forl<i<n}.

Then we obtain a partition of K/ = BU K U L. In the following, we suppose
[P,P| # H_.

Proposition 2.35.  The set B is non-empty.

Proof. If P issuch that all X € P are in Pi<p, then [P,P] = H_;. So it exists
X € P with X € P,. By separated hypothesis, X is one of (%)%, (zt")°, zizi*n,
ziz! where 1 < i <nand t#i,i+n. If (z)° € P, then there’sa | € {1,...,n} such
that z'z' and 2’2" in P from (H). Thus, (z!,z"™") € [P,P)°. In the same way
we prove for (z7*")% € P’s case. It is obvious that 2, 2" € [P, P] if #'z't" € P.

If 2z'2* € P, we have z'2"™ or z'z™™ or z'2'™" in P because of (H). Therefore
(zf,2"t") or (at,2"*") or (z!, 2™ in [P, P]>. n

Corollary 2.36. Ifn =1, then [P,P] =P when P #S.

Proof.  We can affirm this theorem using Proposition 2.35 and Proposition 2.8. =
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In the following theorem, when the case where K or L is void, we cancel it. From
the proof of Theorem 2.25, it’s easy to check that:

Theorem 2.37. A differential operator D = szn X 356'2 +h (.) of order one of

F (R?") with h € F (R*") is a derivation of [P, P] if and only if:

(1) h=D(1) is a constant.

(2) All its coefficients X' where i € K' are polynomials in [P, P] such that
(X955 + X2 ([P, P]) C [P,P] forall j=1,...,n.

OXE L OX — _§iD(1) for all 1 < i,k <n where i,k € B.

3

4

X" = X5 with 1 <k <n and 1 <i <n when i,k € B.

X 0 with 1 <k <2n where 1 <i<n such that 1 € K,k € BUL.

ok

6

7

(3)
(4)
(5) 82{&:% with 1 <k <n where 1 <1i <n such that i,k € B.
(6)
(7)

X =0 with 1 <k <2n and 1 <i<n wheni+n€LkeBUK.

oxk
We denote M the set of elements X = X (2,4 € BUK UL) in 9.

Theorem 2.38.  Let a derivation D of [P,P]. If KUL# @ (resp. KUL=0),
D is inner on M if and only if D (1) =0 and D(z") =0 for all i € K UL (resp.
D(1)=0).

Proof. We have to solve D (u € [P,P]) = Lxu with X € M.

Suppose K U L # @, by Theorem 2.33, we have D (z') — D(1)a" = —324 for all
1 <i<nwithi€ K and D(z*") — D(1)z"™ = 2% for all 1 < i < n with

t+n € L. We obtain both previous cases when 1 <i <n in B. By Theorem 2.37
and classical Frobenius theorem, D is inner on M if and only if we have D(1) =0,
D(z')=0forallie KUL.

The proof of the last assertion is similar to the one of Theorem 2.29. [ ]

Example 2.39. Here we take again the last part of examples in Example 2.30,
then [P, P] is the Lie algebra (1, z,y, 2%, xy,y?, xy?, vy, y>) which always satisfies
(H). Next, we get the Lie algebra P in Example 2.14, where [P, P] coincides with
the Lie algebra spanned by 1,x,y,t, xt, vy, 22 y?, 2%t 2*? verifying (H). Every
derivation of these Lie algebras is a differential operator of one order where its
coefficients are in [P,P| as the previous theorem describes. Moreover, the Lie
algebra P generated by 1,z,y, 2,t, xt, vy, 22, y*, 2%, 2*t* coincides with [P,P] and
has a normalizer M equals to P @ (zt). In addition, M S [N, N] = (zt). A linear
mapping defined by D such that D (zt) = 1 and D vanishing otherwise, is a non
local derivation of 91, which verifies Theorem 2.31.

Proposition 2.40. If P contains all '™ with i =1,...,n, then N =P.

Proof.  We know that P C 9. We will prove the converse in the following. The
algebra O is separated like P was, so let X = (z!)" ... (2®")"*" € M of degree
at least 2. In the first, we suppose it exists 1 < j < n such that i; # 74, or
all j = 1,...,n, t; = 4, with existence of k such that ¢ > 1. If we have
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these hypotheses and use the definition of 91, by Proposition 2.12 first and second
situations, we have X € P. Now, we set that all non null ¢; = 7;;,, = 1 with
1 < j < n and the degree of X is at least 4 because all z'z™t" € MNP cf.
Corollary 2.13 and the case where all i; = 0 is trivial. For simplification, we
suppose X = z'z!t"z222t" f where f = (2%)% ... (™)™ (") ... (") with all
ir>3 € {0,1}. By definition, [[zla!Ta?z>™ f 21¥7] 22| = frltz?™ e P and we
arrange our calculations to obtain z'™"z?™" =Y €P. Then [z'a'T"z?2x?>™f Y] € P.
Because of the separated hypothesis of P, z!(z'*")?z*t"f = Q € P. In the
same way, we have (xl)2 r!*ra2tn f € P when we obtain by successive brackets by
monomials of degree 1 the (z!)° 2122t = Z € P. Therefore, [Z,Q] € P leads

to (z1)? (z™")* (#*t")* f € P. By Proposition 2.10 we have (x2)2 € P so that
[(22)%, (21 (z+)? (222 f] € P, giving (21)° (x1+") 222" f = W € P. Thus
[[W, 2], 217] leads us to X € P. Thus M C P and we have 91 = P. n

Proposition 2.41.  The space NS, N| is of finite dimensional where its element
X s of the form z7z7™ with 1 < j < mn. Moreover if k = dim (Mo [N,N)]), then
0<k<n.

Proof. We take X = (21)"...(2?")"" € M. By Corollary 2.13, every ziz™™
for 1 < i < n arein . If it exists 1 < [ < n such that 4 # 4,,, then
X = a[X, :clx””] € M,N] with a € R*. If there is 1 < j < 2n such that
i; > 1 with for all 1 <t <n, 4 = i41,, we can proceed like in the proof of Theorem
2.31 and we have X € [D,M]. So X is such that all i; € {0,1}. The last part
of Proposition 2.40 says the degree of X is strictly less than 4. Then the space
M S [M,N] is of finite dimensional and we have the special form of elements of 91
cited above. Therefore, the dimension of (91 & [9,N]) is between 0 and n. ]

Let U be the Lie algebra (D € Der (P), such that D(1) #0) and V a sub-Lie
algebra of U such that each D € U satisfies D(1) = 0. Remark now that if
D,D" € Der(P) with D(1) and D’(1) non zero, [D,D'](1) = 0. It is easy
to check that V is a non null ideal of U, then we can define the commutative
Lie algebra ideal U/V. We consider the endomorphism ¢ : U — R where
(D) = D(1). We find that ¢ is surjective , because if a € R, the differential
operator D = ", _, . %xt% —a(.) is a derivation of P by Theorem 2.25 such

.....

that ¢ (D) = a. Moreover Ker (1)) =V then by isomorphism theorem, U/V = R.

Theorem 2.42.  The first Chevalley-FEilenberg cohomology of P, H' (P) is iso-
morphic to (M/P)@®R. When N =P, H' (P) =R. Under the second hypothesis
of Theorem 2.31, H' (M) = RF+L,

Proof. By definition, H' (P) = Der (P) /adp where Der (P) is the Lie algebra
of derivations of P and adp is the one of inner derivations Lx = [X,.] (X € P) of
P. By Theorem 2.27, all derivations of P are differential operators of order one with
coefficients in P. Because of Theorem 2.29, H! (P) is isomorphic to /P & U/V
and to /P @ R by our previous computation. The mapping ¢ : Der (P) — R
by ¢ (D) = D(1) is a surjective endomorphism in the same way as for v in the
assertion just before the present theorem where Ker (¢) = ady by Theorem 2.29.

Then Der (P) /ady = R. Particularly, if 91 = P, H'(P) = R. By Theorem
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2.31, Der (M) = Derpe (N) & Derpioe (M) where Deryye (M) the Lie algebra of lo-
cal derivations of M, Derp,. (M) that of non local derivations of 9. The mapping
¢ : Deryye (M) — R is linear surjective with ¢ (D) = D(1). Now, Ker (¢) = ady
via Theorem 2.29 and Theorem 2.31. Then, Dery,. (M) /ady = R. The fact in Propo-
sition 2.41 says k = dim (Mo [IM,N]) is finite. Because of the results of Theorem
2.31 about non local derivations of M, Deryoe (M) = Der (N) /ady is isomorphic
to R*. Moreover [Derjo. (M), Derpioe (M)] = {0}, then H! (N) is isomorphic to
R ® R* = RFL, |

Example 2.43. We can take R* with the Darboux coordinate system (z, z,y,t)
and P = (1,z,y,2,t). Its normalizer N is P + (a2 y? 22, t? vy, vz, xt,yz, yt, zt)
verifying (H) but [P,P] # P where the normalizer of 9 is itself. By our theorems,
HY (P) = (2%, y?, 22,13 xy, vz, xt,yz, yt, 2t) DR and H' (M) = R.

Let us take an illustrative example for the cohomology of the normalizer 91 of

P =[P, P,

Example 2.44. If we refer to the last example of P in Example 2.39, we have
H' (M) = R? by the above theorem.

If KUL # @, we denote by 3; = (1,z%) for i € K UL and 3 the direct product
of all 3; that is to say 3 = ®3,exur, which is isomorphic to R KUL) We set the

sequence of sets (1;), with 7, = € for all ¢ € N where € is the centralizer of [P, P]
on R?". We find € = {f € F (R*") /f depends only on z' where i € KULUO }.

Theorem 2.45.  The first space of Chevalley-FEilenberg cohomology of [P, P] is
isomorphic to (M/ [P, P]) @ R UKL+ When dim (IS [N, M]) is countable
infinite resp. equals to g € N, the H* (IM) = R® (n;); resp. is isomorphic to R ® €1
when g >0, to R if ¢=0.

Proof.  The linear mapping ¢ : Der ([P,P]) — R x 3 with (D) is equal to
(D(1), D(2%);cxur) is well-defined surjective mapping. That is to say, it is clear that
if for i € KUL with o' € 3;, then the linear mapping D; defined by D; (z') = o' and
null otherwise, is a derivation on [P, P| by Theorem 2.37. Therefore, if (a, (@);eru L)

is in R x 3, the derivation D = ), _p %azt% —a(.) + > ey Di is such that
¢ (D) = (a,(a");cxur)- Combining these arguments, we find 1 is surjective. In
addition, ¢ has Ker (¢) isomorphic to M D [P,P] by Theorem 2.38. So we use
Theorem 2.38 with the above affirmations and isomorphism theorem on ¢ to find:
H'[P,P| = Der[P,P] Jadp p is (M/ [P, P])&(Der [P, P] Jadp) = (M/ [P, P]) &
Reard(KUL)+1  The rest of the assertions follows from the technical adopted in the
proof of Theorem 2.42, our affirmations just before the present theorem and Theorem

2.33. [

Example 2.46.  We get the usual coordinate system (z, z,,t) on R* and the Lie
algebra P generated by 1,x,y, 2,t,2% y?, 2y. We have KUL = & and O # @&. The
derived ideal of P is (1,z,y, 2% y? zy). By our results, the normalizer 9 of [P, P]
s A={feFRY/f=[(zt)}e(1)g) ®[P,P]. Then H' ([P,P]) = A®R. We
find that 9t & [P, 9] = {0} and we can write H'! (9) = R.
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Example 2.47. In R* with Darboux coordinates (z,z,y,t), we can consider P
the Lie algebra generated by 1,z,z,y,t, 2% y? zy, xt, yt,t>. We obtain H' (P) =
(zt)g @ R. It is remarkable that L # @, K = @& and [P, P] = P & (2)p verifying
(H). The normalizer of P doesn’t verify (H) and [P,P] # P. Here M is
[P, Ple(B={fe F(RY) /f=[f({)}o(1,t,t*)g), then H' ([P,P]) = B&R?. And
M is P D (zt)y UB so H' (M) =R because Mo [M, M] = {0}.

3. Applications to the derivations of the polynomial Poisson Lie
algebra and of Lie algebras of polynomial Hamiltonian vector fields

Proposition 3.1. We have
(]R (xl,xZ,...,xQ" , @sz [H_y, H;] = {0}

i>—1
foralli,j # —1, [H;, Hj| is equal to Hij_1. The derived ideal of R (2,27, ... 2*")
and its normalizer are R (x', 2% ... 2*), the first Chevalley-Eilenberg cohomology
H' (R (2%, 22,...,2°")) = R.

Proof. Let u = 1,...,n, to simplify, we set only here 2" = z,z%™ = y.
It is obvious that [H,l, ;] = {0} for all ¢« > —1. Let i,j 7£ —1, naturally
[H;,H;] C H;y;—1. First, we take X € H; ;1 and we can proceed on the form
of X such that:

For i+ j—1>0 with 4,5 # —1,

o pytiTl= ﬁ [22y=1 ¢ for i > 0,

o 1yl = 7 L[z, 297] because j > 1 in this case.

For i+7—2>0 with 4,7 # —1,

o 22yt = 3(j£rl) [23y*=2 /] for i > 1,
o 2y = 311 [z, 2%y771] because j > 2 in this case,
o %yl = [x zy’] because j > 1 in this case.

Fori+j—3>0w1thij7é—1,

o DY = oy [ty Ry for i > 2,

o 2Byt = Lz [z, 23y772] because j > 3 in this case,

o 23y = ﬁ [2, 2%y7~1] because j > 2 in this case,
o 23yl = 313 (23, zy’] because j > 1 in this case.

In general, if ¢ > 1 with ¢4+ 75—t >0 and 7,5 # —1,

oyl = m [y =y ] for i >t — 1

o alyit = = = 7 [, 2'y/~"*"] because j >t in this case,

o ghyi—ttl = 2(j—1t+2) [x2’$t_1yj_t+2] because j >t — 1 in this case,
o glyi~l = % [#¢, zy’] because j > 1 in this case.
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If X = 2" respectively y'™ with i4+j > 1, X = - +]1‘ -1 [#7Hy] respectively

_ % [yt

i+j+1

For i+j =1 with ¢,j # —1, we havei=1l and j =0 or ¢ = 1 and j = 0. It suffices
todo z = [z%y] and y = § [v*, —x].
When ¢ + 7 = 0 where 7,5 # —1, then + = 7 = 0 and X € R is such that
X = [Xz,vy].
Second, if X = g™ (22)* .. .y (22T (22)™" is a monomial of degree
i+ where 1 + j = 21221 a; > 0. That is to say X € H;,;_1. To simplify the proof
of X tobein [H;, H;], we set k = 1. Now, we suppose then ¢,j # —1, (7,7) is such
that if =0 resp. j =0, then 7 > 0 resp. ¢« > 0 in the following otherwise they are
trivial cases. We have the following remaining cases:

—z|.

(a) oy > 0,014, >0 with 4,7 > 0 and j < a3, denoting by g = xaly%, then

X = Gy [ gy

(b) a3 > 0,a14, >0 with i,7 > 0 and j > aj4,. There is a sequence of integers
A
ki <a,l=1,...,14+n,24+n,...,2n such that j = a1, + >, k. Thus X is
the bracket of
TR ()T (g e (g2

and zh (a:z)k2 Lyt (g2 Fain (a:zn)k%

up to a multiplication by a constant.

(¢) a1 =0 and ay4, > 0 with 4,5 > 0, we remark that the methods (a) and (b)
are again applicable to the present situation.

(d) a3 >0 and a4, = 0 with i,7 > 0, we proceed like in (¢) by swapping places
between x and y in (a) and (b).

(e) a1 =aq4n =0 with ¢ =0, then X = [z,yX].

(f) a1 =ag4n =0 with 7 =0, then X = [2X,y].

(g) a1 = ajy, =0 with 4,7 > 0 and if it exists 1 <t < n such that X depends on

x' and '™ then we return to the cases (a) and (b) with a similar method.

(h) a1 = a4, =0 with 4,5 > 0 and if there is no 1 <t < n such that X depends
on z' and x'™™, then we return to the situations (c¢) and (d) with a similar
method.

We can conclude that for all X € H;; 1, X € [H;, H;]. In our proof, if X € H; 4,

we can choose arbitrarily 4, j such that ¢ +j = ¢ and X € [H;, H;]. Thus we have

H, | C [H;, Hj], but it’s obvious that [H;, H;|] C H;_y, then H, y = [H;,H;]. It

leads to the fact that the derived ideal of R (z!,...,2?") is R (z!,... 2*") by another

method than in Corollary 2.36. The situation in Proposition 2.5 permits us to say
that the normalizer of R (z!,... 2*") is itself. By Theorem 2.42, we have the last
affirmation. [

Proposition 3.2.  If u,l > —1 then
Ha+ - +H,H + - +H|=H 1+ -+ Hyy1.

Proof. It is sufficient to apply Proposition 3.1 knowing that the bracket is linear
and we can conclude. [ |
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Definition 3.3. A triple derivation of a Lie algebra A is an endomorphism f of
A in which we have for all X,Y,Z € A,

f [Xa [Y> Z]] = [fX> [K ZH + [X’ [f}/a ZH + [X’ [Y> fZH

Proposition 3.4.  If the derived ideal of P is itself, then the set of 3-derivations
of P is equal to one of derivations of P. Particularly, the set of 3-derivations of
R (z!,...,2°") JH_, equals to the set of derivations of R (z',... x*") /H_;.

Proof. We know that H_; is a characteristic ideal of P, then we can consider the
Lie algebra P/H_;. By [P,P] = P, we have [P/H_1,P/H_1] = P/H_;. Because
H_1 is the centralizer of P cf. Proposition 2.5, P/H_; will be centerless. By [10],
every triple derivation of P/H_; is a derivation of P/H_;. Conversely, it is clear
that every derivation of P/H_; is a triple derivation of P/H_;. We can now take
P =R(x', ..., 2°"). By Theorem 3.1 [R(z!,...,2%") R (2!, ..., 2?")] = R (2}, ..., 2%").
We can now apply the previous result for R (z!,..., 2?") to obtain the last assertion

of our proposition. [ |
It is immediate to state the following by this previous proposition and Corollary 2.36,

Corollary 3.5. When n = 1, the Lie algebra of all 3-derivations of P # S
coincides with the Lie algebra of all derivations of P, in particular that of P/H_4
has analogous situation.

Proposition 3.6.  If a Lie sub-algebra P of R(x,y) verifying (H) is different to
S, H' (P) =R.

Proof. If P follows these hypotheses, [P,P] = P cf. Corollary 2.36. By Propo-
sition 4.6, P is in {(1,z,y, 2y, 2% y*)p ,R(z,y)}. Then by simple calculations, the
normalizer of P is P itself. Thus H' (P) =R by Theorem 2.42. n

In this paragraph, we deal with Hamiltonian vector fields on R?*". It is well known
that the set of Hamiltonian vector fields H on R?" is a Lie algebra. That is to say,
the mapping Y from F (R*) to H where for f € F (R?") assigns to an unique
Yy such that Y, = Yia‘zi with Yitn = %,Yi = —85’;” forall 1 <i <mn,isan
homomorphism of Lie algebras. The set B of polynomial vector fields on R?" is a
Lie algebra cf. [8]. Let $ be the set of polynomial Hamiltonian vector fields on R?",

then $ =H NP is a Lie algebra.

Proposition 3.7.  The Lie algebra P/H_y is isomorphic to a Lie sub-algebra A
of 9, particularly R (z*,... 2*") /H_y is isomorphic to $).

Proof. We denote again the restricted homomorphism Y : R (2!, ..., 2%") — H.
It is clear that if f is polynomial, then Y7} is simultaneously a polynomial vector field
in P and an Hamiltonian vector field of R?", then Y is in the Lie algebra ). Thus
Y (P) is a Lie sub-algebra of $ denoted by 2. We set again Y : P — 2 which
is a surjective homomorphism with Ker (Y) = H_;. By isomorphism theorem of
Lie algebras, Y : P/H_; — 2l is an isomorphism of Lie algebras. Then, the last
affirmation is true. [
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Thus, we have the following properties of 2 by those of P: 2 is a Lie sub-algebra of
$) containing all 624. for i =1,...,2n verifying A = @,_ A, where 2, is the part
of 2 of all monomials vector fields of degree i € NU{—1} and for all X € 2>, it

exists YV € Ay<i, Z € Aj<; such that X = [V, Z]. But 2 is not necessarily separated.

Theorem 3.8.  The cohomology H' () = (M/P) ® R, every derivation of the
normalizer N of 21 is inner with respect to the normalizer N of N, H'(N) is
isomorphic to N/N and an analogous assertion as in N to the normalizer of N
can be stated. Particularly H' () = R and when n = 1 with A # (3, 32%).
H' () =R.

Proof. By isomorphism and the fact that H_; is a characteristic ideal of P cf.
Proposition 2.5, each derivation D of 2 is such that it exists a derivation D’ of P
with D(.) = D'(.) + H_; and conversely. Then by Theorem 2.42; we prove the first
part of our theorem. We know that (FE) is always a subset of N because for every
X e, [E,X] =iX, where E = >, ..., 2'7% is the Euler vector field on R?".

ozt
Then N contains all constant vector fields %, 1=1,...,2n and E. It is easy to
find by normalizer’s definition that N C . By the results of [8], all derivations of
N are inner in the normalizer N of N with H' (N) is isomorphic to N divided by N.
The affirmation about N just before the latter is clear in the same way as in N. It
is easy by Proposition 3.1 to find the result on H' (£)) and by Proposition 3.6 with
the previous result to check the last assertion. [ ]

Example 3.9. Let 2 be the Lie algebra of vector fields on R* with coordinate

system (z,z,y,t), <(_%, 8%, %, %> . If we chose the usual Darboux coordinate system

on R*, we state that it is isomorphic to (1,z,2,y,t)/(H_1). By our theorem,
HY (1) = (22,42, 2%, 1%, vy, vz, at,yz, yt, 2t) ® R and H' (N) = 0 cf. [8] because the
normalizer N of 2 is the Lie algebra of affine vector fields on R%.

Remark 3.10. We can remark that the normalizer of 2 is not in general iso-
morphic to the one of P/ (H_1). We can take the case where 2( is the correspond-
ing Lie algebra in the Example 2.43. The normalizer of P/ (H_1) coincides with
(P + (22, 9% 2% 12, oy, vz, xt, yz, yt, 2t)) / (H_1) of dimension 14, but that of the nor-
malizer of 2 in the Lie algebra of vector fields on R*, that is to say the Lie algebra
of affine vector fields on R* is of dimension 20. ]

It is easy to see that H_; is the center of [P,P] and then a characteristic ideal of
[P, P] cf. [1]. By theorem of isomorphism of Lie algebras, Y : [P, P] /H_; — B is
an isomorphism of Lie algebras where ‘B is its image on §). Then, the consideration of
[P,P] conducts us to the following equivalent conditions as those stating Theorem
2.45. Thus B # @ says if we have 82,- € B, then az'% € ‘B or WL_R e B if
respectively 1 < i < norn+1<i<2n. The one K # @ (resp. L # @)
means if we have 2 € B, then 52+ ¢ B (resp. 52 ¢ B) for 1 <i < n (resp.
n+1<1i<2n). Therefore, by Theorem 2.45 we state the following.

Theorem 3.11.  The H' (%B) is isomorphic to (M/ [P, P]) @& ReerdKUL)+1

Theorem 3.12.  [If we denote M the normalizer of B in B and M the normalizer
of M in ‘B, all derivations of M are inner on M, H' (M) = M/M and we can
state a similar result on M.
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Proof. By the Jacobi identity, always the normalizer of [P, P] contains P. Then
all constant vector fields in R?" are in M. Because all elements of B are polynomial
vector fields, then the Euler vector field is in M. We can conclude in the same way
as in the proof of Theorem 3.8. The last affirmation can be proved remarking that
M C ‘B and using the same arguments as above on M. ]

Remark 3.13.  The normalizer of [P, P] can be outer of 3. Let us take the first
part of Example 2.39 when [P, P] is the Lie algebra (1, z,y, 22, zy, y*, vy?, .:1: y,y%) on

R*. The corresponding B is generated by 8656, (f)ay, Y 882/ ai Y ai , ;y, y —2:cy B
Qxya% — a? adm> y? af in R* has a non-polynomial vector field e* a

because O # @, it justifies our choice in Theorem 3.12.

i in its normahzer

Example 3.14. We consider the usual coordinate system (z,z,y,t) on R* and

P the Lie algebra generated by 1,z,y,z,t,2% 3% oy like in Example 2.46. By

9 9 0 o) 0 o)
ox? By’yax’ ay’y(‘)y - x(’?x

H'(B) = A®R. The part M of the normalizer of B in B is the following Lie
algebra < 9 > &) (<Q Q>R(Z t)> . The normalizer of M is itself

calculation, the corresponding Lie algebra ‘B is and

8x’8y’y8x’ 6y’y8y’ 2z 920 0t
and by our theorem, H' (M) = {0}.

Example 3.15. If we take B corresponding to the [P, P| of Example 2.47, it is
generated by %, 6%, %,ya% — %,y%, (%,t 9 882,15 0 4 yaz,t 82. By our result,
H'(B) =R?*® B and M is

%@<E2t2£ t38 > .
R

o’ 9z 0z
Moreover, H' (M) = {0}.

4. The Jacobian Conjecture on the Lie sub-algebras of R (x, y)

The Jacobian Conjecture in R? is still an open question. That is to say if a
polynomial map (z,y) € R? — (X(z,y),Y (z,y)) has Jacobian in R*, then map
(X,Y) is invertible (and have a polynomial inverse) which is equivalent to (X,Y)
is an injection. In [6], there is a partial answer saying that if the degrees of X
and of Y are all no more than 100, the conjecture is true. Some little propositions
about Jacobian conjecture are the following. In this section, P is not supposed to
be separated unless special mention.

Proposition 4.1.  If we have [X,Y] € H_; for X,Y € R(z',...,2°") where we
denote Xy, Yy the respective part of X and Y on Hy, then [X,Y] = [Xo, Yo].

We can directly deduce from the previous proposition the following

Corollary 4.2. In R? of coordinate system (x,y), if we state [X,Y] € H*,
for X.Y € R(x,y) where X, Yy the respective part of X and Y on Hy with
Xo=ax+ Py, Yo =dx+ 'y and o, o, 5,5 € R, then af — o’ = [X,Y] and
(Xo,Yo) realizes the Jacobian conjecture.

Definition 4.3. A Lie sub-algebra T of R (2!, 2?) is admissible for the Jacobian
conjecture if it exists X,Y € T such that [X,Y] € H*,.
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Definition 4.4. A Lie sub-algebra T of R (z!, 2?) verifies the Jacobian conjecture
if for all X,Y € T with [X,Y] € H*; we have that F' : R? — R? defined by (X,Y)
is an injection.

The following theorem gives a necessary and sufficient condition for a Lie sub-algebra
of R (z',2?) to be admissible for Jacobian conjecture.

We suppose in the rest of this section unless special mention that a Lie sub-algebras
T of R(x',2?) is such that if X € T, the part of X in Hp is in T also. This last
hypothesis will be denoted by (h).

Theorem 4.5. A Lie sub-algebras T of R (z',2?) is admissible for Jacobian
conjecture if and only if S C ¥.

Proof. 1If S C T then 1,2',2> € T and [2',2%] = 1 with (2',2?) realizes
the Jacobian conjecture cf. Corollary 4.2. Therefore ¥ is admissible for Jacobian
conjecture. Conversely, if T is admissible for Jacobian conjecture, there is X, Y € T
such that [X,Y] € H*,. By Corollary 4.2 and (h), it exists Xo,Yy € HyN%
such that [X,Y] = [Xo,Yy] and (Xo,Ys) satisfies the Jacobian conjecture. In this
case it exists «, 3,7, € R such that (1, Xg = ax! + B2, Yy = vt + §2%) C T with
ad — By = [Xo, Yy]. Thus, z!,2? € T by linearity independence of X, and Yy. It
achieves our proof. [ |

When n = 1, we denote ' = z and 2? = y in the following and (AJC) means
admissible for Jacobian conjecture.

Proposition 4.6.  The Lie separated sub-algebras of R (x,y) (AJC) are of the
following types:
(L), (Lay, (@), (12,9, (9)), (Le,y,2y), (Lz,y, ()% zy), (L2, y, (v)° 2y),
Ao = (L,z,y,(2)*, ), 2y), A = (1,2, 9,95 v% .., y"),
Ay = <1,x7y,xy,y2,y3,...,yt>,A3 = <17x,y7m2,x3,...,xt>,
Ay = <1, z,y, xy, v ad, ,xt> fort > 3 of finite dimension and
Ay = <1,x,y,y2,y3,...>,A6 = <1,x,y,a:y,y2,y3,...>,
A; = <1,x,y,xy,xy2,y2,y3,...>,Ag = <1,x,y,x2,x3,...>,
3,...>,A10 = <1,x,y,xy,x2y,x2,x3,...>,
Ay = <1,x,y,xy,xy2,xy3, T T > ,
Ag = <1,x,y,xy,x2y,x3y, I > ,
R (z,y) of infinite dimension. The 15, 7" 20" of the above Lie algebras verify (H).

A9 - <17x7y7xy7x27x

Proof. Let T be a such Lie sub-algebra of R (z,y), be separated and (AJC).
Then (1,z,y) C T by Theorem 4.5. It is clear that the first seven Lie algebras verify
all these hypotheses. Following Lemma 2.16, if T doesn’t contain simultaneously
22 3 or 23,9, T # R(z,y). Without the case of the seven previous Lie algebras,
first we can consider y?> € T then 23 ¢ T. So for t > 3, T is A; or Ay or A; for
i =5,6,7,11. Similar situations when z? € T with y*> ¢ T, T is A3 or A4 or A4,
for i = 8,9,10,12. The rest of the cases is 22,4 € T or 22,y? € T, by Lemma 2.16
T =R (x,y). The last assertion is easy to check. [
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Theorem 4.7.  The Lie algebra Ay, verifies the Jacobian conjecture.

Proof. Let a,b and all Greek letters are real number. To simplify, let

X=a+ar+ Py+ Z Nizy' + Z oy’

s>i>1 52122
and Y:b—i—fyx—l—éy—ier:cyi—l-Zﬁiyi
s>i>1 §>i>2

in Aj; such that [X,Y] =1 and s a natural integer. By Corollary 4.2, a§ — fy =1
and by identification an; — YA =0, any — v e =0, A — By + 2a85 — 2y =0,
and for all ¢ > 2

(i + DaBiyr — B + 06X — (i + Dyain + > IS — > tam =0,
ti=it1 =it 1,6>2,1>1

(i + Damir — (i + D)yAipr + Z (t =D \ne = 0.

tHl=i+1
£1>1

We solve this system of equations with Maple following the condition that X and
Y are polynomials, then we can take

Qs = Qgg1] =+ = gy = Bog = Pos—1 =+ = Byp1 =0
and )\252)\25—1Z"'Z)\s+127]2527723—12"':775+1=0
such that X=a+ar+ py+ Z Niwyt + Z .y

25>i>1 25>i>2
and Y=b+~yx+0y+ Z nixy + + Z By’
25>i>1 25>i>2

We find the following results, if v = 0, then «, 9, §; are arbitrary for 2 <i < s and

51 :
B:a ,771‘:)\1':0V1§i§5,04i=a5V2§i§3
v g

or if v =0 then a # 0 and «, 3, ; for 2 <i < s are arbitrary,

1
(67

Then we have two corresponding types of possibilities:

ad — 1

<X:a—|—ax—|— y‘f‘%ZBﬁ/i,Y:b—F’}/SL‘—F&J—FZﬁiyi> (30)

$>i>2 $>i>2

, 1
X = WY =b+—y | 1
or ( a—i—am—i—ﬁy—i—Zay —i—ay) (31)

5§>1>2
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Let (2/,9') € R? such that:

ad — 1 o i i
(X:a+ax'+ y'+—Zﬁiy',Y:b+7$'+5y/+Zﬁiy/>
T Si>2 §>i>2
i 1
or (X:a+ax’+ﬁy’+Zoziy’,Y:b—i——y').
§>i>2 @

Resolving the linear system of equations in X' =2’ —z,Y' =4 — y:

ad — 1 « , i
aX' + 7 Y =— Zﬁi<y1—9/>

v $>i>2

VX' +6Y =) B (y - y”)

§>i>2
aX'+ pY' = Z a; (yi — y'i>
1 /
Syt =0
a
1 ; i
we find respectively (X = — Z Bi <y’ -/ ) Y = 0)
7 Size
and X’:l Z o <yi—y/i> — By’ lY’:O
> Sise z a

Thus all cases lead us to X’ =Y’ = 0. We can swap the values of X and Y and we
have a similar result. Hence, the mapping defined by (X,Y’) is an injection and Ay,
verifies the Jacobian conjecture. [ |

Theorem 4.8.  Fach Lie sub-algebra T wverifying (h) of R (x,y) admissible for
Jacobian conjecture different to R (x,y) verifies the Jacobian conjecture.

Proof.  First, suppose T # R (x,y) separated (AJC) verifying (h). By Proposi-
tion 4.6 it is one of the 19 types of the above Lie algebras. If all degrees of elements
of ¥ are no more than 2, we can use a theorem of [6] or [9] to conclude. Otherwise,
T # R(x,y) is one of A; for i = 1,...,12. We remark that for a given t > 3,
Al C Ay CAg C Ay C Ay, A C Ag C A7 C Ajp and Az C Ay C Ag C Ay C Ao,
Ag C Ag C Ajg C Ays. Therefore, it is sufficient to verify the Jacobian conjecture for
Aq; and Ajs in order that all A; for all i = 1,...,12 satisfy the Jacobian conjecture.
But the methods to find this result are similar for A;; and Ayo, then we will check
only the case of Aj;. By Theorem 4.7, Ay, satisfies the Jacobian conjecture.

Second, T # R(x,y) is non-separated (AJC) verifying (h). If the degree of all
elements in ¥ is no more than 2, we can conclude by the same way as in the first
case. Otherwise, it is sufficient to check the following:

(1) Suppose a Lie algebra T contains strictly A;;. By Theorem 4.5 applied to A;y,
x,y € T. But we have

X =2? Z ajy’ +a® Z gy + - 2™ Z "yt e

[121>0 l2>1>0 lm=>1>0
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where the I; € N, o/ € R and m an integer more than or equal to 2 with a{fnj #0.
Let R = {j/af;ll # 0}, by successive brackets of X by z in ¢t = maz{l;/j € R}
times, we get > ey Oz{';ll(lj,ll)xj € ¥ with j > 2. Successive brackets with
y of this last expression give us x*> € T. We denote by (T) this last result. Then,
knowing 3? € T, Lemma 2.16 leads to T = R (z,y) and we find a contradiction.

(2) Suppose a Lie algebra T containing strictly A;o. By symmetry, we reason in
the same way when we replace the above Ay by Ajs.

(3) Suppose a Lie algebra T doesn’t contain strictly A;; nor Ajy. Denote the
vector space T = (X € T/3i,j > 0 with X = (2'y’)y)p and consider the vector
space T/T°P = TP in order to have T = TP @ T""*P  Then we have the
following cases:

x  For all X € "™ the degree of X relative to x is < 2:

o Ifall X € T the degree of X relative to y is < 2. Then X € (xy)g
because S C T°P a contradiction.

e If it exists Y € TP the degree of Y relative to y is > 2. So Y € Ay,
otherwise we have the same situation as in the first . So we obtain TP C
Aqy. Therefore the only possibility is that ¥ is in A;;. But Ay; verifies the
Jacobian conjecture, then ¥ also.

x It exists a X € T where the degree on x is > 2, otherwise if the degree
on xis <2, X € Ay;. Then, like in (T), 22 € €. By Lemma 2.16, the degree
in y of each element of ¥ is < 3. Therefore,

X = 2 D osis1 aly’ + 23 > 9miz0 aty + - 4 a™ D rmiso a" i e g
where o) € R and m an integer more than or equal to 2. Then we have the

following situations:

e If the degree on = of X is 2 and the degree on y of X is 2, then the only non
null coefficients of X are af,ad # 0. So [[X,2?],z] leads to 2® € T, then by
Lemma 2.16, T = R (z,y) a contradiction.

o If the degree on x of X is 2 and the degree on y of X is < 1, impossible
because X € TnonsP,

e If the degree on = of X is > 2 and the degree on y of X is 2, then by Lemma
2.16, T = R (x,y) conducts to a contradiction.

e If the degree on x of X is > 2 and the degree on y of X is <1, then X € Ajs.
By the fact that 22 € T by the last part of the proof of Lemma 2.16, by the
same Lemma every Y € ¥ has a degree on y strictly less than 2.

We can conclude that:

(a) It exists X € TP ig such that its degree on x is > 2 and its degree on y is
<1.

(b) Tt exists X € T is such that its degree on = is < 1 and its degree on y
is <1.

(¢) Every X € % is such that its degree on y is < 1.
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So the only compatible cases on X € ¥ are (a), (b) and (c), therefore ¥ C A;5. But
Ao satisfies the Jacobian conjecture then T also.

Thus all non-separated Lie sub-algebras verifying (h) of R (z,y) different to R (z,y)
verify the Jacobian conjecture. [ |

According the results of Theorem 4.8, it’s clear that:

Corollary 4.9. A Lie sub-algebra of R (x,y) different to R(x,y) (AJC) not
necessary verifying (h) but included in one of Lie sub-algebras of R (x,y) wverifying
(h) satisfies the Jacobian conjecture.

Hence, we can say that if the following theorem would be proved, the Jacobian
conjecture in R? is also proved.

Theorem 4.10.  Each Lie sub-algebra (AJC) P of R(x,y) which doesn’t verify
(h) of dimension 3 which is not in a one of Lie sub-algebras (AJC) satisfying (h)
different to R (x,y), satisfies the Jacobian conjecture (JC).

The Lie algebra in Theorem 4.10 contains only the three generators X,Y € P such
that the degree of X orof Y isat least 101 and [X,Y] =a € R* with P = (1, X, Y).
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