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Abstract. We study the unitarizations in the spaces of holomorphic sections of equivariant
holomorphic line bundles over a bounded homogeneous domain under the action of the identity
component of an algebraic group acting transitively on the domain. The classification of all such
unitary representations is accomplished in this paper. As an application, we give an explicit
description of the classification for a specific five-dimensional non-symmetric bounded homogeneous
domain.
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1. Introduction

Unitary representations realized in spaces of holomorphic sections of equivariant
holomorphic line bundles appear in various areas of the representation theory of
Lie groups. For instance, we can recall the Borel-Weil theory for compact Lie
groups, the holomorphic discrete series representations of Hermitian Lie groups,
and the Bargmann-Fock representation of the Heisenberg group. In this paper, we
complete classification of such representations over bounded homogeneous domains.
Let D C CVN be a domain which is biholomorphic to a bounded domain. Suppose
that a Lie group acts holomorphically, transitively, and effectively on D and the Lie
group is isomorphic to the identity component of a real linear algebraic group. Let
G be a covering group of the group.

Example 1.1. (i) G = any covering group of the identity component Autyy(D)°
of the holomorphic automorphism group Auty. (D) of D (see [14, Theorem 3.2]).

(i) D = any bounded symmetric domain, and G' = any covering group of the
identity component of a parabolic subgroup of Auty(D)°. [

For a G-equivariant holomorphic line bundle L over D, let I'"**/(L) denote the space
of holomorphic sections of L, and let 7;, be the natural representation of G on
["l(L) given by

7L(9)s(2) = gs(g™'2) (9 € G s €T"(L),z € D),

where we denote the actions of G on the base space D and the total space L by
Doz—gzeDand L>Z+—gz€ L.
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Let us consider all G-equivariant holomorphic line bundles L over D and the
following basic questions:

(Ql) When are the representations 7, of G' unitarizable?
(Q2) Which unitarizations are equivalent as unitary representations of G?

Here we make precise the class of representations we study.

Definition 1.2.  We say that the representation 7, of G is unitarizable if there
exists a nonzero Hilbert space H C ' (L) satisfying the following conditions:
(i) the inclusion map ¢: H — T"!(L) is continuous with respect to the open
compact topology of T"(L),

(ii) 72(g)H C H(g € G) and [[7(g)sln = [[s|n (9 € G, s €H).

In this case, we call the subrepresentation (7r,,H) a unitarization of the representa-
tion (77, T(L)) of G. ]

A Hilbert space H satisfying the condition (i) is a reproducing kernel Hilbert space,
and the notion of a unitarization in Definition 1.2 is closely related to the coherent
state representations in [20, 21]. We note that a Hilbert space giving a unitarization of
77, is unique if it exists. In particular, any unitarization is irreducible (see [13, 16, 19]).
In this paper, we shall give a complete answer to the questions (Q1) and (Q2) by
reducing the problems to the case where G is real split solvable.

We note that (analytic continuation of) the holomorphic discrete series of scalar type
is a special case of the representation we consider. For now we assume that D is
an irreducible bounded symmetric domain and G is the universal covering group of
Auty(D)°. Let J: G x D > (g,2) — J(g,2z) € C* be the complex Jacobian. For
~v € C, we define a power of the Jacobian J~7: GxD — C* by analytic continuation.
By using this function, we define a G-equivariant holomorphic line bundle over D.
We consider the action of G on the trivial bundle D x C given by

DxC>(z2,()— (92, 7(g,2)() e DxC (g€ G,zeD,(eC).

We denote this G-equivariant holomorphic line bundle by L., and put 7, = 7_.
Harish-Chandra [9, 8] showed that 7, is unitarizable for v € R sufficiently large, and
the unitarizabilities of 7, have been completely determined by Vergne and Rossi [27]
and Wallach [28]. Hence the answer to (Q1) is already known in this case. Indeed,
every (-equivariant holomorphic line bundle over D is isomorphic to L., for some
~v € C. In this case, the theory of the highest weight representations gives an answer
to (Q2), i.e. for 7,7 € C, if 7, and 7,/ are unitarizable and the unitarizations are
equivalent as unitary representations of GG, then we have v =~'.

In our setting, an Iwasawa subgroup (i.e., a maximal connected real split solvable
subgroup) B of G acts on D simply transitively (see [22, Chapter 4, Theorem 4.7]).
As we will see in Section 2, we can reduce the question (Q1) for G to the question
for B.

Theorem 1.3 (see Theorem 2.5).  Let L be a G-equivariant holomorphic line
bundle over D which has a G invariant Hermitian metric, and let H C T"'(L) be
a reproducing kernel Hilbert space. Suppose that 1 (b)H C H for all b € B and
|72(b)s|ly = ||sll% for all b € B and s € T"(L). Then we have 7(9)H C H for
all g € G and ||7o.(9)sllw = ||slln for all g € G and s € T"Y(L). Namely, the
unitarizability as the representation of B implies the one as the representation of G .
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We fix a reference point p € D, and let K be the isotropy subgroup of G at p.
Concerning the question (Q2), we obtain

Theorem 1.4 (see Theorem 9.5).  Let L and L' be G-equivariant holomorphic
line bundles over D. Suppose that Hilbert spaces H C ThY(L) and H' C TMN(L') give
unitarizations of representations T;, and T, respectively. Then the unitarizations
(10, H) and (1, H') are equivalent as unitary representations of G if and only if
they are equivalent as unitary representations of B and the actions of K on the
fibers of L and L' over the point p coincide.

Here we remark that Ishi [13] gave a classification of unitarizations in the case G = B,
and hence Theorems 1.3 and 1.4 together with the result complete the classification
of unitarizations. As a byproduct of the discussions of this paper, we obtain the
following theorem.

Theorem 1.5 (see Corollary 7.8).  Let L and L' be G -equivariant holomorphic
line bundles over D. Suppose that the actions of K on the fibers of L and L' over
the point p coincide. Then L and L' are isomorphic as K -equivariant holomorphic
line bundles.

Let us explain the organization of this paper. In Section 2, we see that problems
about equivariant holomorphic line bundles over D are equivalent to the problems
about holomorphic multipliers. Then we prove Theorem 1.3. In Section 3, we
review the theory of normal j-algebras and Siegel domains, which are useful tools
for the explicit description of group actions on bounded homogeneous domains.
In Sections 4, 5, 6, and 7, we work toward studying the actions of K on G-
equivariant holomorphic line bundles over D and proving a result (Theorem 7.7),
from which Theorem 1.5 follows. This result follows from the purely algebraic
result (Proposition 6.3), which we aim at in Sections 5 and 6. In Section 4, we
review some explicit descriptions of complete holomorphic vector fields on a Siegel
domain. In Section 5, we disscuss properties of gradations of Lie algebras consist
of the complete holomorphic vector fields. In Section 6, we study the isotropy
representation. Using results about B-equivariant holomorphic line bundles in [13,
24], we prove Theorem 1.5 in Section 7. In Section 8, we review a construction
of an intertwining operator between two unitarizations of holomorphic multiplier
representations of B. In Section 9, we prove Theorem 1.4 by using the intertwining
operator. In Section 10, we concentrate on a specific five-dimensional non-symmetric
domain Dj and Autye(Ds)°-equivariant holomorphic line bundles L over Ds, and
as an application of Theorems 1.4 and 1.5, we classify all unitarizations of the
representations 7y,.

2. Unitarizability

Throughout this paper, for a Lie group, we denote its Lie algebra by the correspond-
ing Fraktur small letter. Let Dy be a domain in CV, and let G, be a Lie group
acting holomorphically on Dy.

Definition 2.1. A smooth function m: Gy x Dy — C* is called a multiplier if
the following cocycle condition is satisfied:

m(gg’,z) =m(g,9'z2)m(g’,2) (9,9 € Go,z € Dy),
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where we denote the action of Gg on Dy by Dy >z — gz €Dy. Moreover, a multiplier
m is called a holomorphic multiplier if m(g, z) is holomorphic in z€Dy. [

Remark 2.2. Let G = {m: Gy x Dy — C*;m is a holomorphic multiplier}.
Pointwise multiplication of holomorphic multipliers gives G the natural structure of
a group. We write the product of two elements m, m’ of G as mm/. [ |

For a holomorphic multiplier m: Gy x Dy — C*, we define a Gg-equivariant holo-
morphic line bundle over Dy. Let us consider the action of Gy on the trivial bundle
Dy x C given by

Dy x C>3 (2,() = (9z,m(g,2)¢) € Dy x C (g € Gy, z € Dy,( € C). (1)

We denote this Gp-equivariant holomorphic line bundle by L,,.

As we will see in Section 3, the domain D is biholomorphic to a Siegel domain. Thus
D is a Stein manifold (see [1]). By the Oka-Grauert principle, every G-equivariant
holomorphic line bundle over D is isomorphic as a G-equivariant holomorphic line
bundle to L,, with some holomorphic multiplier m: G x D — C*. Let O(D) be
the space of holomorphic functions on D. Then the representation 77, gives the
following multiplier representation 7, on O(D):

Tu(9)f(z) =m(g~',2) ' flg~'2) (g€ G, feO(D),zeD).

Next we discuss representations 7,, and their unitarizations. Let us reduce the
question (Q1) for G to the question for B (see Theorem 2.5). The next lemma plays
a key role for the reduction.

Lemma 2.3 ([13, Lemma 5|, [18, Lemma 3.3]).  Let H C O(D) be a Hilbert space
with a reproducing kernel K: DxD — C, and let m: G xD — C* be a holomorphic
multiplier. Then H gives a unitarization of T,, if and only if we have

K(gz, gw) = m(g, 2)K(z, wym(g,w) (z,w € D,g € G). (2)
We get the following lemma by the decomposition G = BK .

Lemma 2.4. Let m: G x D — C* be a (not necessarily holomorphic) multiplier.
If a function f on D satisfies

m(k,p)f(p) = f(p) (k€ K) (3)
and f(bz) =m(b,2)f(z) (b€ B,z€ D), (4)
then we have flgz) =ml(g,2)f(2) (g€ G,ze€D). (5)

Proof. We consider the G-equivariant line bundle D x C, and regard f as a
section of the line bundle. Then (4) means that the section f is B-invariant under
the action of B, and (5) means that the section f is G-invariant under the action
of G. Therefore, since B acts on D transitively, (4) and (5) are equivalent. n

The following theorem is just an application of the previous two lemmas.
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Theorem 2.5. Let m: G x D — C* be a holomorphic multiplier such that
Im(k,p)| = 1 for all k € K, and let H C O(D) be a reproducing kernel Hilbert
space. Suppose that the representation T,, satisfies T,,(0)H C H (b € B) and
T (D) fll% = || fllx (b € B,f € H). Then we have T,,(9)H C H(g € G) and
1T (9) flle = I fllxe (9 € G, f € H).

Proof. Let K: D x D — C be the reproducing kernel of H. By Lemma 2.3, for
all g € B, we have

K(gz,92) = m(g, 2)K(z, 2)m(g,2) (2 € D). (6)

Let K¢ be the function on D given by K%(z) = K(z, 2) (z € D), and m: GxD — C*
be the multiplier defined by

(g, z) = Im(g,2)]* (g9 € G,z € D).

Applying Lemma 2.4 to 7 and K%, we see that (6) holds for all g € G. By the
analytic continuation, the equation

K(gz, gw) = m(g, 2)K(z,w)m(g,w) (g € G,z,w € D)

holds. This proves the result by Lemma 2.3. [ |

3. Normal j-algebra

Reviewing the theory of normal j-algebras in [2, 7, 5, 23, 24], we see in this section
that the domain D is biholomorphic to a Siegel domain.
For X € aut;(D), let X# denote the vector field on D given by

X#(2) = % . ez (z€D). (7)

We fix a B-invariant Kahler metric ((-,-)) on D such that ((j0X,70Y)) = ((X,Y))
for all vector fields X,Y over D, where j, denotes the complex structure on D
induced from the one of CV¥. For example, ((-,-)) may be the Bergman metric on
D, which is a Kéhler metric and Auty,(D)-invariant (cf. for example [17, Chapter

A

9, §6]), or if D is contained in a complex domain D of larger dimension as B-
submanifold, then we can take ((-,-)) as the restriction of the Bergman metric of D
to D. Let j be the complex structure on b given by

(GX)*(p) = joX*(p) (X €b),
and let (-,-) be the inner product on b given by
(X,Y) = (X, Y#)(p) (X, €b). )
Now b is a real split solvable Lie algebra with the equality
X,Y]+ JIX, Y] 4+ X, §¥] = [{X,¥] (XY €b) )
and it is known [7] that there exists a linear form w € b* such that

(X,)Y)=w(jX,Y]) (X,Y €b).
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Thus the triple (b, j,w) is a normal j-algebra. Let a be the orthogonal complement
to [b,b] in b relative to the inner product (-,-). Then a is a Cartan subalgebra of
b. For a € a*, let b, be the root space associated to a given by

b, ={X €b;[A, X]=a(A)X (A € a)}.

Theorem 3.1 (Piatetski-Shapiro, [23, Chapter 2, Sections 3 and 5]).  For a suit-
able basis Ay,--- , A, of a, the following assertions hold: if we put Ey, = —jAy, then
we have [Ag, Ej] = 05, E; (1 < k,1 <), if we denote the dual basis of Ay, -+, A, by
ay, -, € a¥, then we have

b= b(0) ® b(1/2) ® b(1),

where b(0) =a@ @ blay—ap)/2r  B(1/2) = @ L
1<k<I<r 1<k<r
(1) = D b0, ® B bz
1<k<r 1<k<I<r

and the equalities by, = REy, jba,—ay)/2 = bay+ap) 2, and jba, ;2 = bg, o hold. We
have the relation

[6(y),6(¥)] Cb(v+7) (1,7 =0,1/2,1),
where we put b(vy) =0 for v > 1.

Following [23, Chapter 2, Section 5|, we introduce the Siegel domain D(2, Q) on
which the group B acts simply transitively as affine automorphisms as follows. Put

E=E+- +E,.

Let B(0) be the Lie subgroup of B with Lie algebra b(0). We know that B(0) acts
on b(1) by adjoint action. Let 2 be the B(0)-orbit through E. Then ©Q C b(1)
is an open convex cone containing no straight lines, and B(0) acts on € simply
transitively. Let @: (b(1/2),7)x(b(1/2),5) — b(1)c be the sesquilinear map defined
by

QV, V') = %l([jv, VT4V, V') (V,V' € b(1/2)).

Then @ is an -positive Hermitian map, that is,
QV.V)eQ\{o} (Veb(1/2)\{0}),
where Q denotes the closure of Q. Let
D(©Q,Q) ={(U,V) € b(1)c ®b(1/2);Im U = Q(V, V) € Q}.
The subgroup B(0) acts on D(2, Q) by
(U, V) = (Ad()U, Ad(t0)V)  (ts € B(0), (U, V) € D(2.Q)).
and for Uy€b(1) and V5€b(1/2), the element exp(Up+Vp) of B acts on D(Q, Q) by
exp(Up+Vo) (U, V) = (U4+U+2iQ(V, Vo )+iQ(Vo, Vo), V+Vy), (U, V)eD(Q,Q).  (10)

We define a Cayley transform C: D(2,Q) — D by C(b(iE,0)) =bp(b € B). Then
the map C is a biholomorphic.
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Remark 3.2. (i) By D’Atri [2], the decomposition

6,6 = P b-002® P bao® P ba, @ P blaprane

1<k<I<r 1<k<r 1<k<r 1<k<I<r

is orthogonal with respect to (-, ).

(ii) The number r = dima is called the rank of b. n

4. Complete holomorphic vector fields on D(£2, Q)

In this section, first we review some explicit descriptions of complete holomorphic
vector fields on D(Q, Q). After that, we see some technical lemmas.

Let X be the space of complete holomorphic vector fields on D(Q, Q). It is well
known that the following map is bijective:

aut (D(Q,Q)) > X — X* € X.
For Uy € b(1), let dy, be the holomorphic vector field on D(2, Q) given by
8U0(U7 V) = (U07 0) <<U7 V) < D(Qv Q))

Here for every (U,V) € D(, Q), we identify the tangent space Ty1yD(£2, Q) with
b(1)c @ b(1/2), and we consider a vector filed X € X as a (b(1)c @ b(1/2))-valued
function. For V5 eb(1/2), let 0y, bethe holomorphic vector field on D(£2, Q) given by

Oy (U, V) = (2iQ(V, o), Vo) ((U,V) € D(2,Q)).

For complex endomorphisms A € gl(b(1)c) and B € gl(b(1/2)), let X5 be the
holomorphic vector field on D(£2, Q) given by

XA,B<U7 V) = (AU, BV) ((U7 V) € D<Q7 Q))
We say B € gl(b(1/2)) is associated with A € gl(b(1)¢) if the equality
AQ(V, V') = Q(BV. V') + Q(V.BV') (V,V" € b(1/2))

holds. Let O be the infinitesimal generator of the one-parameter subgroup D(£2, Q) >
(U, V) = (etU, e?V) € D(Q,Q) (t € R). Then we have

0=X :
idy(1)0:1do(1/2)
For v € R, we put X(v)={X e X;[0,X] =~X}.
Let G(Q) = {A € GL(b(1)); AQ = Q}.

Theorem 4.1 (Kaup, Matsushima, Ochiai, [15, Theorems 4 and 5]).  The Lie
algebra X has the following gradation:

X=X(-1)o®X(-1/2) @ X(0) ® X(1/2) ® X(1).
One has X(—1) = {dy,; Uy € b(1)}, X(=1/2) = {0y,; Vo € b(1/2)}, and
X(0) ={Xap Acg(Q), Begl(b(1/2)), B is associated with A}.
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We denote by D(£2) the tube domain {U € b(1)¢;Im U € Q}, and for A € gl(b(1)c),
let X4 be the holomorphic vector field on D(£2) given by X4(U) = AU (U € D(Q?)).
We have the following formulas (see [25, Chapter V, §1]):

(X a8, 0u,] = —0au,, (11)
(X a5, Ov,] = —Osvis (12)
(Xas, Xap]=—Xa41885] (13)

Next we see explicit descriptions of X(1/2) and X(1). For U',U" € b(1), let
U +iU"=U" —iU".

Proposition 4.2 (Satake, [25, Chapter V, Proposition 2.1]).  Fvery element of
X(1/2) can uniquely be written as

Yoo (U,V) = (2iQ(V,2(U)), 2(U) +c(V.V)) ((UV)€D(Q,Q)  (14)

where ®: b(1)c — b(1/2) is a C-linear map and c: b(1/2) x b(1/2) — b(1/2) is a

symmetric C-bilinear map, satisfying the following conditions:

(Y1) for each Vo€b(1/2), the linear map Py, : b(1)2U — Im Q(®(U), V) € b(1)
belongs to g(2),

(Y2) Q(c(V', V"), V) =2iQ(V', 2(Q(V, V")) (V.V' € b(1/2)).

Conversely, for any pair (®,c) satisfying (Y1) and (Y2), the vector field Ys . given

by (14) belongs to X(1/2).

As we shall see later, every vector field Y . is uniquely determined by the vector
O(E) € b(1/2), so that Yy . will be also written as Y.

Proposition 4.3 (Satake, [25, Chapter V, Proposition 2.2]).  Fvery element of
X(1) can uniquely be written as

Zap(U,V) = (a(U,U),0(U,V)) ((U,V) € D(Q,Q)) (15)

with a symmetric R-bilinear map a:b(1)xb(1) — b(1) (which we extend to a C-bili-

near map a:b(1)exb(1l)c — b(1)c), and a C-bilinear map b:b(1)cxb(1/2) — b(1/2)

which satisfy the following conditions:

(Z1)  for each Uy € b(1), the linear map Ay,: b(1) 3 U — a(Uy,U) € b(1) belongs
to 9(92),

(Z2)  for any Uy € b(1), the linear map Buy,: b(1/2) 5 V — +b(Up, V) € b(1/2)
is associated with Ay, , and Im tr By, =0,

(Z3)  for any V,V' € b(1/2), the linear map b(1) 5 U — Im Q(b(U,V), V') € b(1)
belongs to g(),

(Z4)  QMQ(V", V), V"), V) = Q(V", b(Q(V, V"), V")) (V,V',V" € b(1/2)).

Conversely, for any pair (a,b) satisfying (Z1), (22), (Z3), and (Z4), the vector field
Zap given by (15) belongs to X(1).
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We have the following formulas (see [25, Chapter V, §2]):
(000, Yo.c] = Oaun) (16)
Oy, Yo, = Xap, (17)
where A and B are given by A = 49y, and
B:b(1/2) 5V = 250(Q(V, Vp)) + 2¢(Vp, V) € b(1/2).
Moreover we have [Ouys Zap) = 2X Ay, By, - (18)

Next we see a description of the subalgebra: X;go = {X € X; X(4E,0) = 0}.
Let @ be the element of X(0) given by &' (U,V) = (0,5V), (U,V) € D(,Q), and
let Yp: X(1/2) = X(—1/2), and pg: X(1) — X(—1) be linear maps given by
1 .
Vg = ad(0)ad(0p)|x(1/2), and ¢p= §ad(8E)2|%(1), respectively.
Put m={X +v¢p(X); X € X(1/2)} and m' = {X + pp(X); X € X(1)}.

Theorem 4.4 (Kaup, Matsushima, Ochiai, [15, Theorem 6)).
Xip0) = (Xigo NX(0)) +m' +m.

We note that ¢r and g are injective (see [25, p. 211—212]), and by [25, p. 215],
we have

ve(Ye) = 0_jo(m). (19)
Next let us prove some results, which will be used later. We obtain the following two
lemmas through straightforward computations.

Lemma 4.5. Let X 5 € X(0), and let Yo. € X(1/2). We define a C-linear
map ®': b(1)c — b(1/2) and a C-bilinear map ¢: b(1/2) x b(1/2) — b(1/2) by
Yoo = [Yo,Xag]. Then the following conditions hold:

(i) '(U)=—-2(AU)+B2(U) (U €b(l)c),

(ii) d(V,V)=Bc(V,V)—=2¢(BV,V) (V €b(1/2)).

Lemma 4.6. Let Z,, € X(1), and let X5 € X(0). We define a R-bilinear
map a’': b(1) x b(1) — b(1) and a C-bilinear map b': b(1)c x b(1/2) — b(1/2) by
Zoy = [Zap, Xan|. Then the following conditions hold:

(i) (U, U) = Aa(U,U) —2a(AU,U) (U € b(1)c),
(i) ¥(U,V)=BbU,V)—b(AU,V) —bU,BV) (U€b(l)e,V € b(1/2)).
For a subspace W C auty (D(Q,Q)), let W# = {X#; X € W} C X. Since
T# = Xad()lyy oMo 2y (17 € 6(0)),
we have 0 = (jE)¥ € b#. By (10), we also have
Ut =0y (Ueb(l), VF=0d, (Veb(1/2)).

Note that there is a natural action of G on D(£2, () which is given by the transfer
of the action of G on D by means of the biholomorphism C. We also have the
B-invariant metric on D(2, Q) which is the transfer of the metric ((-,)) on D.
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To simplify the notation, we denote the metric on D(2, Q) by the same symbol.
We denote by V the Levi-Civita connection on (D(2,Q),((,-))). We define a map
V:bxb3(X,)Y)— VxY €b by

d -
o exp(tVxY)(iE,0) = (Vx#Y?)(iE,0).
t=0

Then we have
_2<@XKZ>:<[X7Y]=Z>_<[27X]7Y>_<X7 [Z,Y]> <X7}/7Z6b> (20)

We see from the above equation that VxY = VyX for all XY € b(1). Fur-
thermore, recalling Remark 3.2(i), we obtain the following lemma by a mechanical
calculation using (20).

Lemma 4.7. Let 1 <k<r, andlet X € b(1). Then Vg X = jad(A;)X.

Lemma 4.8. Let A€ g(Q2), and let 1 <k <[ <r. Then we have
Albaro)2) C D barramz+ D blarram2-

1<m<r 1<m<r
Proof. First let us consider the case of [ = k. We show that
AFE, € @ b(ak+am)/2- (21)
1<m<r

The Lie subgroup of B with Lie algebra b(0) @ b(1) is an Iwasawa subgroup of
Autpy (D()), and we consider the action of the subgroup on the tube domain D(2)
in this proof. We have

9(2) = gu(2) @ {ad(X)[o); X € b(0)},

where gg(Q) is the Lie algebra of the Lie group Gg(Q2) = {A € G(Q); AE = E}.
The result for A = ad(X)|p1) with X € b(0) follows from (9). Let A € gp(Q2). By
(11), we have [X 4, Ef] = —(AEy)#. Let ((-,-))" be the Bergman metric on D(Q),
and let V' denote the connection on (D(2), ((-,-))’). Then we also have the map
V' (6(0) & b(1))x (6(0) & b(1))3(X,Y) — V'xY €b(0) & b(1) which is defined by

d ~
- exp(tV/xY)iE = (Vi Y7)(iE).
t=0

Let 1 <m <r and m # k. Since X4 generates isometries of D(Q2), we have
(X, Vi Ef) = =V ag,y# BY = Vs (AE*. (22)
By Lemma 4.7, we have (V’EﬁEz&)(zE) = 0. By looking at the value of (22) at
iE € D(Q), we have
0=V'4p, Er+ V', AE, = V'5, AE,, + V'p, AE}. (23)

We remark that equation (23) can be seen from [3] and [4]. By Lemma 4.7, we have
[Ay, AE,,] = —[A,, AEL] € b. Thus we obtain [A,,, AE}] € b, a2 (M # k), and
(21) follows.
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Next, let us consider the case of k < 1. Let A € g(£2). By (21), we have

A(b(ara2) C Y Aad(X)(RE)

Xeb(arak)ﬂ

c Y ARE)+ Y ad(X)ARE)

A,GQ(Q) Xeb(al—ak)/Q

C @ bayram)/2 + @ b(as+am)/2;

1<m<r 1<m<r
and the proof is complete. [ |

Lemma 4.9. Let Yo € X(1/2). Then the followings hold:
(i) ®(Ek) €bye (1<k<T),
(i) [AF [AF, Ye]]=0 (1<k<r1<I<rk#Il).

Proof. (i) By Lemma 4.8, we have ®(E}) € b,, /2 because
V0B = 49y (B) € @D baranyz (V€ b(1/2)).

1<m<r

(ii) By (i) and Lemma 4.5, it is straightforward to verify (ii). ]

5. Gradation and subalgebras of X
The purpose of this section is to extend the next lemma to certain subalgebras of X.
Lemma 5.1. Let Oy, € X(—1). If [Oy,, X(1)]={0}, then we have [Oy,, X(1/2)]={0}.

Proof. Let Yy € X(1/2). Then Yje € X(1/2) by Proposition 4.2. We put
Zap = [Yo,Y,e|. Then the equality

a(U,U) = 4Q(2(U),@(U)) (U € b(1))
holds (see [25, Chapter V, Lemma 2.5]). Then 0 = [Oy,, Zap] = 2X Ay, By, follows
from (18). Hence
0= Ay, (Up) = a(Uy, Upy) = 4Q(P(Uy), ®(Uy)).
By the Q-positivity of @, we get ®(Uy) = 0. Using (16), we get
[Ouy, Ya] = 5@((]0) = 0. ™

In the above proof, the fact that X(1/2) has a complex structure is crucial. We
extend this result to certain subalgebras of X in Proposition 5.8 below. Proposition
5.8 is also crucial to the proof of Proposition 5.10, which is the main result of this
section. Let us consider the case dimb(1) = 1.

Proposition 5.2.  Assume that dim b(1) = 1 and that § is a subalgebra of X
which contains X(—1/2) and 0. Then for any Ys € §, we have Yo € §.

Proof. Define C-linear maps A€ gl(b(1)c), Begl(b(1/2)),and &': b(1)c — b(1/2):
Xup = [Os(m), Yo|, Yo = Yo, Xa5].
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By assumption, we have Yy € f. Since g is injective, it is enough to show that
P'(E) = CjP(E) with some constant C' € R. By (17), we have AE = 0. Since
b(1) = RE, we can define a Hermitian form ¢ on b(1/2) by

QV.V) =q(V,V)E (V.V'€b(1/2)).

Put Vo = ®(F). By (Y2), we obtain ¢(Vo, Vo) = 2¢(Vo, Vo)jVo. Using (17), we
are lead to BVy = 6q(Vp, Vo)jVo. Finally, thanks to Lemma 4.5 (i), we obtain
/() = 6q(Vo, Va)j@(E). .

We shall extend Proposition 5.2 to the cases dimb(1) > 2 by induction. The main
idea is to decompose X into subalgebras consist of complete holomorphic vector fields
on complex domains of smaller dimensions. We assume that r > 2. We define a
subalgebra b C b by

b={X cb;[X,A]=[X,E] =0}
Put b(y) =bnNb(y) for y=0,1/2,1. Then b is a normal j-algebra of rank r — 1.
Define Q = exp(b(0))(Fy + - - - + E,.),
D(Q,Q) = {(U.V) € b(1)c ® b(1/2);Im U — Q(V. V) € Q}.
According to Lemma 5.3 below, the following equality holds:
iBy +D(Q,Q) =D(,Q) N (iE; + b(1)c @ b(1/2)). (24)

Lemma 5.3. Q-+ FE =Qn(b(1)+ Ey).
Proof.  This follows from [11, Proposition 2.5]. ]
For a subalgebra §f C X, we put

f(y) = {X €} [0, X] =X} (v€R), and j={X e} [X, Af] = [X, Ef] = 0}.

Now we sball associate a complete holomorphic vector field X € X to a vector field
on D(2,Q).

Lemma 5.4. (i) Let Yy € X(1/2). Then
Yo(iEy + U, V) € b(L)c ®6(1/2) (U €b(1)e,V € b(1/2)).
(i) An element Yo of X(1/2) belongs to X(1/2) if and only if [Yo, A¥] =0.

Proof. (i) By Lemma 4.5 (i), we have ®([4;,U]) = [41,2(U)], U € b(1)c,
which implies

®(F) =0 and ®U)e€b(1/2) (U€b(l)e). (25)

However, from Lemma 4.5 (ii), it follows that ¢(V,V) € b(1/2) (V € b(1/2)), where
c is given by Yp = Y. Hence the result follows immediately from (14).

(i) Let Yy € X(1/2), and suppose that [Yg, A¥] = 0. Then we see from (16) and
(25) that [Ef,Ys] = (®(F,))* = 0. This proves (ii). .
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Lemma 5.5.  Let Z,, € X(1). Then
Zay(iBL +U, V) € b(1)c @ b(1/2) (U € b(1)e,V € b(1/2)).
Proof. By Lemma 4.6 (i), for U € b(1)c and V € b(1/2), we have
[A1,a(U,U)] = 2a([A1,U],U), (26)
which implies a(iBy,iE) =0 and a(U,U) € b(1)c (U € b(1)c). (27)
Let U € b(1)c. From (26) and (27), it follows that
2[4y, a(iEy, U)] = [Ay, a(iEy + U,iEy + U)] = 2a(iEy, U).
Thus a(iEy,U) € (b,,)c. By Lemma 4.8, we have also
a(E,U) = Ag, (U) € < > bl /2> .
2<I<r,1<k<r c
Thus a(iEy,U) = 0. On the other hand, from Lemma 4.6 (ii), it follows that
[A1, (U, V)] = b([A1, U, V) + b(U,[A1,V]) (U €b(l)c,V € b(1/2)),

which implies b(iEy, V) = 0 and b(U,V) € b(1/2) (U € b(1)¢, V € b(1/2)). Hence
the result follows immediately from (15). n

} ), and let 0,
be the element of X, given by O,(U,V) = (U,1/2V) (U € b(1)c,V € b(1/2)). Put
X(y) ={X € X;[0,, X] =7X} (v € R).

Lemma 5.6. Let v € {—1,-1/2,0,1/2,1}, and let X € X(v). Then we have
Xlim +o(1)cob(1/2) € b(1)c & b(1/2).

If we regard D(Q, Q) as a complex submanifold of D(Q, Q) by means of (24), then

we have X|pg o) € Xs(7)-

Proof. The results for v = —1 and v = —1/2 follow from (11) and (12).
Let Xap € %(0), and suppose [Xaz, A7] = 0. Then we see from (13) that
AU € b(1)e,BV € b(1/2) for all U € b(1)c and V € b(1/2). Now suppose
[Xas Ef] =0. Then AF;, =0 by (11). We have

Xap(iEy +U, V) = (AU,BV) (U € b(1)c,V € b(1/2)),

which shows the assertion for v = 0. Let Yy € ¥(1/2). By Lemma 5.4 and (24), it
follows that Ys|pg o) € Xs(1/2). This proves the assertion for v = 1/2. By Lemma
5.5 and the same argument as above, we obtain the result for v = 1. [ |

Remark 5.7. By Lemma 5.6, for any X € X, we have X|D(Q,Q) € X, and the map

defines a Lie algebra homomorphism. Since ¢p is injective and since we have
(iE,0) € iEy + b(1)c @ b(1/2), the map X(1/2) 3 Ys = Yal|png) € Xs(1/2) is
injective. ]
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Proposition 5.8.  Let f C X be a subalgebra which contains X(—1/2) and a*.
Then for any Y € f, one has Yjo € §.

Proof. We show the assertion by induction on r > 1. For the case r = 1, we
have shown the assertion in Proposition 5.2. Let r > 2. We define a C-linear map
P b(1)ec — b(1/2) by Ya = [Ya, A¥]. By Lemma 4.9 (i), we have [Yor, A¥] =0
(2 <k <r). Thus

Yoiae, AT] = Yo + [Yaer, 0] = 0.

From Lemma 5.4, it follows that Ygi00 € f We denote by R the Lie algebra
homomorphism in Remark 5.7. Now we can apply the inductive hypothesis to the
domain D(Q, Q) and the subalgebra R(f) C X,. Then we see from Remark 5.7 that
Yj(@420) € yE Thus in order to show that Y € §, it suffices to show that

Y;'cpl €. (28)

Next we prove (28). Let ¢’: b(1/2) x b(1/2) — b(1/2) be the C-bilinear map such
that Yo = Yo . We define C-linear maps ®”: b(1)c — b(1/2), A € gl(b(1)c), and
B € gl(b(1/2)) by

Xup = [5<I>'(E)7Y<1>'], and Yor = [Yor, X a 5]
By assumption Yg» € f. We define a Hermitian form ¢ on by, /2 by
QV, V) =q(V,VE, (V,V' € by, ).

Let Vo = ®'(F). By the same argument as for Proposition 5.2, it follows that
" (E) = 6q(Vo, Vo)jP'(E), and (28) holds (see Remark 5.9). ]

Remark 5.9. In the above proof, we have 1 € b, /o by Lemma 4.5 (i) and
Lemma 4.9 (i). Hence ¢/(Vy, Vo) € b, /2 by (Y2). ]

Proposition 5.10.  Let f C X be a subalgebra which contains X(—1/2) and a¥,
and let Oy, € X(—1). If [0y, f(1)] = 0, then one has [Jy,,f(1/2)] = 0.

Proof. For v =1/2,1, we replace X(y) in the proof of Lemma 5.1 by (7). To
complete the proof, it is enough to show that Y;e € §(1/2). Hence the result follows
from Proposition 5.8. [ |

6. Isotropy representation

From now on, we assume that ((-,-)) is the Bergman metric on D, and let (:,-)
denote the inner product on b given by (8). We consider the Hermitian inner
product (-,-)p on b such that Re(X,Y), = (X,Y) for all XY € b, and we
regard b as a complex Hilbert space. Recall that G is a covering group of a
connected Lie group which acts holomorphically, transitively, and effectively on
D(Q,Q). Let m denote the covering homomorphism. Let us now think of the action
of 7(G) on D(Q, Q). Identifying T(;p0)(D(2,Q)) with b via the correspondence
Tir0)(D(Q,Q)) > X#(iE,0) ++ X € b, we consider the isotropy representation
p: m(K) — GL(b) at (i£,0). Then p is an unitary representation of 7(K) on the
Hilbert space b. Let 1: 7(K) — C* be the trivial representation, and let b; be the
1-component of b. Then we have b; = {X € b;[X, €| C ¢}.
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Lemma 6.1.  For any X € by, we have [X, ¢ = {0}.

Proof. Let X € b;. The linear map ad(X): g — g has only real eigenvalues (see
22, p. 161]). On the other hand, we have ad(X)([¢,€]) C [¢,€], and ad(X)|pg has
only pure imaginary eigenvalues and is diagonalizable. Hence ad(X)|gg = 0. Let Z,
be the center of £, and let ZQ(K) be the Lie subgroup of w(K) with Lie algebra Z;.

Since the inner automorphisms of 7(G) defined by e!* (t € R) induce isomorphisms
of the Lie group Z7 ., which is isomorphic to a torus, it follows that ad(X)|z = 0.
This completes the proof. [ |

Put f = g#. For v € {-1,—-1/2,0,1/2,1}, let g(vy) C g be the subspace given
by g(v)* = §f(7). Then we have g(y) = {X € g;ad(jE)X = —yX} and also
g=g(-1)®g(—1/2) & g(0) & g(1/2) ® g(1). Note that
b(1) =a(-1), b(1/2) =g(=1/2), b(0) C g(0).
Let n,n’ C g be the subspaces given by n#* = m and n'# = m’. Then we have
mNg* =mnf={X+vp(X);X €§1/2)}
and (mNg)* =m'Nf={X+pp(X); X € f(1)}.

By Theorem 4.4, we also have ¢= (¢Ng(0)) & (nNg)® (0 Ng). From now on, for
X egand ye{-1,-1/2,0,1/2,1}, let X, denote the projection of X on g(v).

Proposition 6.2.  The subalgebra by C b is ad(jE) -invariant.

Proof. Let X € b;. We see from Lemma 6.1 that [Y, X], =0 for all Y € ¢ and
ve{-1,-1/2,0,1/2,1}.

For Y € €N g(0), we have ad(Y)ad(jE)(X) = 5[V, X]_1j2 + [\, X]-1 = 0.

For Y e wNg, we have ad(Y)ad(jE)(X) = 3[Y, X]1/2 + [V, X]o = 0.

Since [Y, X]o = [Y1, X_1], we see from Proposition 5.10 that [Y', X ;] = 0 where
Y’ € g(1/2). Thus, for Y € nNg, we have

. 1 1
ad(Y)ad(jE)(X) = 5[V, X]1 + Y, X]o + [Y10, X-1] = 0.
This completes the proof. [ ]

Let b be the orthogonal complement of by in b relative to (-, ).

Proposition 6.3.  The subspace by C b is ad(jE)-invariant.
Proof. By Remark 3.2(i), for X € by and Y € by, we have
(ad(jE)X,Y) = (X, ad(FE)Y),

which is equal to 0 by Proposition 6.2. This implies that the assertion holds. |

7. Actions of K on G-equivariant holomorphic line bundles

Let g_ C gc be the complex subalgebra defined by

d d
_ _ . . tX .
g —{Z—X‘{‘Z) 6967_dt € p+Z_dt

where T]?JD denotes the antiholomorphic tangent vector space at p.

eVpe T]?’lD} : (29)

t=0 t=0
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Set b_:g_ Nbc.

Proposition 7.1 (Rossi and Vergne, [24, Proposition 4.21]).  Let 7: b — b_ be
the R-linear map defined by

T(U+V+T)=(V+igV)/24+ T+ T (U €b(l),V e€b(1/2),T € b(0)).
Then 7 s a Lie algebra homomorphism, and if T is extended to a C-linear map

7: bec — b, then we have T|p_ = idy_ .

For a complex representation #: g_ — C, let x? be the function on B defined by
Y(expX) =" (X eb). (30)

Theorem 7.2. Let 60: g — C be a complex representation, and suppose that
0(¢) = 0. Estend the representation dx?: b — C of b to a linear map dx’: g — C
by the zero-extension along with the decomposition g = b @ €. Then dx’: g — C
defines a representation of g.

Proof. For ( € C and W € ¢, we put b(W,() ={X € b;dp(W)X = (X}.
For v € R\{0}, W € ¢, and X € b(W,i7), we have

0= 0([W, X +ijX]) = 0(dp(W)X + idp(W)(j X)) = —if(X +ijX).

Thus 6(X +4jX) = 0. Since b = > e b(W, i), we obtain

yER{0}
O(X +ijX)=0 (X €by).
For X € by, we have X_1/2,Xp € b1 by Proposition 6.3. Thus
AP (X) =0(1(X)) = 0((X_12 + 15X _12)/2+ Xo +ijXo) =0 (X € b7).
We see from the above equality that dx’([b,€]) = 0. Now let X, X’ € g, and write
X=Y4+W X' =Y'+W with Y,Y' € b and W, W' € £. Then we have
dX’([X, X)) = dX*([Y,Y']) = [dx*(Y), dx’(Y")] = [dx"(X), dx"(X")].

This completes the proof. [ |

Lemma 7.3 ([13, Lemma 1]).  Let Dy be a domain in CV, and let Gy be a Lie
group which acts holomorphically on Dy. Let m,m': Gq X Dy — C* be holomorphic
multipliers. Then L,, and L, are isomorphic as Gg-equivariant holomorphic line
bundles if and only if there exists a holomorphic function f: Dy — C* such that

m'(g,2) = f(gz)m(g,2)f(2)™" (g € Go, z € D). (31)

Definition 7.4.  We say that two holomorphic multipliers m, m’: Gy x Dy — C*
are Go-equivalent if they satisfy (31) with some holomorphic function f.

For a holomorphic multiplier M: G x D(Q,Q) — C*, let 0y: g — C be the
complex representation of g_ given by

d d
== M, (GE,0) +i—| MY, (iE,0) (Z=X+iY cg.).
t=0

Oy (2
m(2) il .
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Theorem 7.5 (Ishi, [13, Theorem 12]).  Let M: G x D(Q,Q) — C* be a holo-
morphic multiplier. Then the holomorphic multiplier

B xD(Q,Q) > (b, (U, V) = x™ (b) € C*

is B-equivalent to M .

Lemma 7.6.  For a holomorphic multiplier M : G x D(£2,Q) — C*, there exists
a unique holomorphic multiplier My: G x D(Q2, Q) — C* which is G -equivalent to
M and satisfies the following conditions:

My(k, GiE,0)) = M(k, GE,0)) (k € K), (32)
Mo(b, (U, V)) = x™(b) (b€ B). (33)

Proof. By Lemma 7.3 and Theorem 7.5, there exists a holomorphic function
f:D(2,Q) — C* such that the equality

XM (b) = f(b(U, V)M (b, (U V) f(U,V)™" (be B,(U,V) € D(Q,Q))
holds. We define a holomorphic multiplier My: G x D(2,Q) — C* by
Mo(g, (U, V) = f(g(U, V) M(g, (U V) (U, V)" (g€, (UV)eDQ,Q)).
It is immediate that M satisfies the conditions. [

From now on, for a holomorphic multiplier M: G x D(2,Q) — C*, let M, denote
the holomorphic multiplier which satisfies all conditions in the previous lemma.

Theorem 7.7.  Let M, M': G x D(2,Q) — C* be holomorphic multipliers. Sup-
pose that M(k,(iE,0)) = M'(k,(1E,0)) for all k € K. Then Myk,(U,V)) =
My(k, (U, V) forall k € K and (U, V) € D(Q,Q).

Proof. By Theorem 7.2, the representation dy’=%w:b — C of b extends
to a representation of g, and this representation lifts to a group representation
x: G — C*. Now yx defines a holomorphic multiplier y: G x D(Q,Q) — C*,
and we see from (32) and (33) that

MoMy ™ (K, GE,0) = 1 (k € K),
and MM, "X (b, (U, V) =1 (be B,(U,V)eD(,Q)).
By the same arguments in Lemma 2.4, we have
MMy~ 'x g, (UV) =1 (g €G,(UV) € D(2,Q)).
This proves the result. [ |

Under the assumption of Theorem 7.7, we see that the identity map id: Ly, — Ly
is K -equivariant. Thus we obtain the following corollary.

Corollary 7.8.  Let L and L' be G -equivariant holomorphic line bundles over D.
Suppose that the actions of K on the fibers of L and L' over the point p coincide.
Then L and L' are isomorphic as K -equivariant holomorphic line bundles.
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8. Unitary equivalences among representations of B

In this section, we first associate a holomorphic multiplier M: G x D(Q, Q) — C*
to a linear form on g. Next we review the construction of an intertwining operator
between two unitarizations of holomorphic multiplier representations of B studied
in [10, 12] in a form convenient to us by using linear forms on g.

We shall deal with unitarizable representations 73, with holomorphic multipliers
M: GxD(Q,Q) — C*. Given such a representation let us consider the reproducing
kernel of the unitarization (Th,H). Let K: D(2, Q) x D(£2, Q) — C be the repro-
ducing kernel of H. Put Kugo) = K(-, (i£,0)) €eH. For g€ G and feH, we have

(f, Tn(9)Kig0)n = (Tl ) [ Karoy)n = Tu(g™ ) f((E,0)).

The right hand side of the above equation is a C“-function of g € G. Hence K(g )
is a C¥-vector of the representation (T),H). By the definition of the holomorphic
multiplier, if the representation dT); of g is extended to a complex representation,
then we have

dTvi(2)Kigo) = —0u(2)Kigo (Z €9-), (34)

where X +14Y = X —4Y for X,Y € g. Let J: H* > f+— J; € g* be the moment
map of (T, H) defined by

1 (dTo (X) . )
i (D

We put & = Ji(.ig0) € ¢°. Then by (34), if we extend & to a complex-linear form
on gc, we have

(X, Jf) = (X €g).

On(Z)=1i6(Z) (Zeg).

From now on, a one-dimensional complex representation of g_ which is given by
the restriction of £ (£ € g*) will be written as i in this section and the next.
For such a £ € g* with T, unitarizable, let (Ty:,H¢) denote the unitarization
of the representation T\:c of B, and let K¢ be the reproducing kernel of H¢. Let
us now review the construction of an intertwining operator between such unitary
representations (T, He) and (T, .1, Her) of B. The results presented in this section
will be used in the next section to determine the image of K¢ under the intertwining
operator. Define an action of B(0) on b(1)* by

(U tol) = (t,'U L) (U € b(1),ty € B(0),£ € b(1)*).

Theorem 8.1 (Ishi, [10]).  There exist a unique B(0)-orbit Of C b(1)* and a
unique measure dvg on Of such that

dve(tol) = | X" (to) Pdre(0) (€ € OF, to € B(0)),

/ e~ U0 due(€) < oo for all U € Q.
O*
13

If Tyie and T e define equivalent unitarizations, then Of = O .
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In [10], Of and dvg are written as OF and dRg, .., respectively. The dual cone
Q* C b(1)* of Q is defined by

Q= {0eb(1);(U, L) >0 for all U € Q\{0}}.
For ¢ € Q% let Q, be the Hermitian form on b(1/2) given by
QUV,V') = (2Q(V, V'), 6 (V,V' € b(1/2)),
where we extend ¢ to a complex-linear form on b(1)c. Then @, is positive definite.
For ¢ € Q*, let Ny ={V €b(1/2);Q,(V,V) = 0},
and let F; be the space of holomorphic functions F' on b(1/2) such that
(i) F(V+V')=F(V) forall V € b(1/2) and V' € Ny,
(i) 11FIZ, = fy oy, (V)P0 dpy([V]) < o,

where [V] = V 4+ N;(V € b(1/2)) and du, denotes the Lebesgue measure on
b(1/2)/N, normalized in such a way that

[ ety =1
b(1/2)/N,

Let L¢ be the function space consists of all equivalence classes of measurable func-
tions f on Of x b(1/2) such that

(i) f(¢,-) € F, for almost all £ € Of with respect to the measure dg,
(i) 111z, = Jog I/

Edve(6) < oo.

Theorem 8.2 (Ishi, [10, Theorem 4.10]).  The map ¢¢: Le — He defined by
0 UV) = [ ULV dug(t) (V) € DIR.Q))
¢
gives a Hilbert space isomorphism.

We define a unitary representation Txi£ of B on L¢ by
¢eTyie(b) f = Tyie(b)def (b€ B, f € Le).
For (Uy, Vo) € D(2,Q), let
S (AGE o) eQeVYo) (0, V) € Of x b(1/2)).
Then k§U07V0) € L¢, and we have the following equalities (see [10, p. 450]):
o f(UV) = (flkiyy)ee (U,V) €D(2Q), f € Lo), (35)
(K v k() ce = KE(U V), (U V) (U V), (U, V') € D(Q,Q)).  (36)

From now on, we assume that two unitarizations of 7). and T are equivalent as
unitary representations of B. As in [12, p. 541], we fix a function T # 0 on O,
which is also a function on O, such that

T(tol) = Xty E ()X (E) (ko € B(0), ¢ € OF).
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Proposition 8.3 (Ishi, [12, Proposition 4.5]).  There exists a nonzero constant C
such that the following map \Ilg ¢ Le— Le _gives the intertwining operator between
the unitary representations (T, L¢) and (Tuer, Ler) of B

Uee f(L,V) = CYWO)f(L, V) (f € Le, (4,V) € OF x b(1/2)).

Let A¢ and A¢¢e be the functions on €2 defined by

Ae(toE) = X (to)l*, A (taB) = x*(to)x " (to)  (to € B(0)).

Proposition 8.4 (Ishi, [10, Corollary 2.5 and Proposition 4.6]). The two functions A¢
and A¢ ¢ extendto holomorphic functions on Q+ib(1). For (U, V), (U, V") eD(Q,Q)

we have KE(U, V), (U, V') = Ag (U U _2Q(V, V’)) :

9. Unitary equivalences among representations of G

In this section, we study unitary equivalences among unitarizations of holomor-
phic multiplier representations by using Theorem 7.7 and the intertwining operator

between two irreducible unitary representations of B. Suppose that holomorphic
multipliers M, M': G x D(Q), Q) — C* satisfy

0n(2) =18(Z), O0u(Z)=1(Z) (Z€g-),

where £ and £ are linear forms on g in the previous section. Now the unitarizations
(Thy, He) and (Thgy, Her) are equivalent as unitary representations of B. By Schur’s
lemma and the decomposition G = BK , the unitarizations are equivalent as unitary
representations of G if and only if the intertwining operator between representations
(Thy| B, He) and (Thy| s, Her) preserves the actions of K. From this point of view,
we get the equation (38) in Proposition 9.3 below, which determines whether the
unitarizations are equivalent as unitary representations of G. The equation (38)
together with the results in Section 7 yields Theorem 9.5, which gives an answer to
the question (Q2).

Let \11575/ — ¢§/\I/£7§/¢5_1.
Lemma 9.1. There exists a nonzero constant C' such that

v "E) (U, V) € D.Q)).

Ve oK) (U, V) = C’ICEEO (U, V)Agg,(

Proof. Put K' = ¥ 5/IC o). By (35) and (36), we have K' = = ¢aV E’szo

Hence we have

KU V)=C / U=EOY () dve(0) (U, V) € D, Q)).

For (iU, V) € D(2, Q) with Uy € , it follows that Uy+E € Q2 from Uy—Q(V, V) €

Q and Q(V,V) € Q (see Remark 9.2). Thus there exists ¢, € B(0) such that
toE - UO + E
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Then ’C,(’iUo, V) = O/ €_<t0E’Z>T(€) dV&/ (6)

= Ol (o) PN ) [ e B00(0)de (0
(’)g,

, WUg +1E 1WUg +1E
s () e (1)

where we put C' = C [,. e POT(¢)dve(¢). By the analytic continuation and
6/

Proposition 8.4, we obtain the results. [ |

Remark 9.2.  Let Int: P(b(1)) — P(b(1)) denote the interior operator. Then we
have {U 4+ U";U € Q and U’ € Q} C Int(Q) = Int(Q) = Q, where the first equality
holds because © C b(1) is a convex set. ]

If the unitarizations (T, He) and (Thy, He) are equivalent as unitary representa-
tions of G, then the equality

Togy (k) Ve e Koy = Ve Tuty (KK (g (K € K) (37)

holds. The converse is also true as we shall see in the next proposition. In what
follows, we put (U(g),V(g)) = g(U,V) for g € G and (U,V) € D(Q,Q).

Proposition 9.3.  The following are equivalent:

(i) the unitarizations of Ty and Ty are equivalent as unitary representations of
the group G,
(ii) (37) holds,
(iii) the following equality holds for k € K, (U,V) € D(Q2,Q):

see (M=) <anv e opace (C5F)

Proof. First we show that (i) and (ii) are equivalent. Thanks to the remark
preceding Proposition 9.3, it is enough to show that (ii) implies (i). We suppose that
(37) holds. By the decomposition G = BK = KB, we have

We e Tty (k) Tty (DK 50y = Togg (K) W o Tasy (DK gy (b € B,k € K).

Now W, is continuous, and the subspace of H, generated by 7' MO(b)IC i2.0) (b e B)
is dense in H¢. Thus

Ve o Th, (k) f =T (k)Vee f (k€ K, f € He),

which implies (Tas,, He) and (Thyy, Her) are equivalent as unitary representations of
G. Thus (i) follows. Next we show that (ii) and (iii) are equivalent. By Lemma 9.1
and (2), for k € K and (U,V) € D(,Q), we have

1— / . ! Uk™) - ik
O™ (Tay (k)W 0 K ) (U, V) = M (k, (P, 0)K{ 5 0 (U, V) Ag (%> .
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We also have

O (Yo Tty (K)K{ ) (U, V) = ' M(k, (iE, 0)) (We e Ky .0 (U, V)

= M(k, (iE,0))KS o) (U, V) A (U - ’E)

Thus (37) holds if and only if (38) holds. n
We see one formula on the function Age. We have

Acer (YO5TD —20(v (5), V() ) = ¥EE (D) Ace (SSE —2Q(V, V) (39)
where b€ B, (U, V), (U, V') € D(Q,Q).
Proposition 9.4.  The unitarizations of Ty and Ty are equivalent as unitary

representations of G if and only if

M(k, GE,0)) = M'(k, (iE,0)) (k € K).

Proof. First we show the ‘only if’ part. Putting (U,V) = (iF,0) in (38), we
obtain M(k,(iE,0)) = M'(k,(iE,0)) for all k € K. Second we show the ‘if’ part.
Suppose that M(k, (iE,0)) = M'(k,(iE,0)) for all k € K. Then (39) gives

Ao (L2 —20(v(b), V(1)) = &€ BAee (5L —20(V,V))
= MoM (0, (U V) deer (57 - 2Q(V,V)) - (b€ B,(U,V) € D(2,Q).

Then Lemma 2.4 and Theorem 7.7 show that
Ao (PETE —9Q(V(k), V(K)) = MoMy (. (U, V) A (57— 2Q(V, V)
= A (7 -20(V,V)) (k€ K, (U,V) € DQ,Q)).

By the analytic continuation, we have for k € K, (U, V), (U, V') € D(Q,Q)
Ace (TEETH —20(V (), V'(R)) = Ao (LF —20(v,V)).

Putting (U’, V') = (iF,0) in the above equation, we obtain

Ager (M) Ace (U : ZE) (ke K,(U,V) € D(Q,Q)).

Thus we get equation (38), and hence the unitarizations of Ty, and Ty are equi-
valent as unitary representations of G by Proposition 9.3. The proof is complete. =

Proposition 9.4 together with the fact that C: D — D(Q,Q) is a G-equivariant
biholomorphism yields the following theorem.

Theorem 9.5.  Let m,m': G xD — C* be holomorphic multipliers. Suppose that
there exist Hilbert spaces H and H' of holomorphic functions on D which give the
unitarizations of T,, and T,, , respectively. Then the following two conditions are
equivalent:

(i) (T, H) and (T, H') are equivalent as unitary representations of G.

(i) (T, H) and (T, H') are equivalent as unitary representations of B, and

m(k,p) = m/(k,p) for all k € K.
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10. Application to a certain non-symmetric domain

In this section, we see an application of Theorems 2.5 and 9.5. For a complex
domain and a Lie group let us describe the set of unitary equivalence classes of the
unitarizations of all holomorphic multiplier representations.

First we associate a holomorphic multiplier m: G x D — C* to a one-dimensional
complex representation 6,,: g — C by putting

d d .
em(Z> = % m( X p) +1 % m(etY,p) (Z =X +1iY € g*)
t=0

Theorem 10.1 (|26, Theorem 3.6]).  The above correspondence induces a bijec-
tion from the set of (G-)equivalence classes of holomorphic multipliers to the set
of one-dimensional complex representations of g_ whose restrictions to € lift to
representations of K .

By Lemma 7.3 and the above theorem, we obtain an algebraic description of G-
equivariant holomorphic line bundles over D, and we shall use this description for a
classification of unitarizations.

Next let us deal with a particular complex domain. Put

b 0 2t
U=z=| 0 22 2° |:2',--- 2R},
R

and let Q5 = U N P(3,R), where P(3,R) denotes the homogeneous convex cone
consists of all 3-by-3 real positive-definite symmetric matrices. We consider the
following homogeneous domain Dj in Ue:

D5 :Z/{EBZQ5

Let G = Auty,(D5)°. To simplify the notation, we write z = (21, 22, 23, 2%, 2%) € Uc
instead of

20 2
z=1 0 22 22| ele.
24 2 B

We define linear endomorphisms a, as, as, as 1, asz2, €1, €2, €3, €31, €32, w1, w2 of Ue

by

ai(z 21,0,0,24/2,0), as(2) = (0,2%0,0,2°/2),
as(z 0,0,2% 2%/2,2°/2), as1(z) = (0,0,2z% 2,0),
asa(z 0,0,22°,0,2%), e (2)=(1,0,0,0,0),

(2) = ("
(2) = (0,
(2) = (
ex(2) = (0,1,0,0,0), e3(z) =(0,0,1,0,0), (40)
(2) = (0,
(2) = (-
(2) = (

€3,1(% 0 O 0,1,0) 632( ): (0,0,0,0,l),
wy (2 ()% = 1,0, — (2%, =212, 0),
ws (2 0, —(2%)* = 1,—(2°)%,0, —2%2°),

and we regard these maps as holomorphic vector fields on Djs. Then by Geatti [6],
holomorphic vector fields in (40) span the space X of complete holomorphic vector
fields on Ds.
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Let us consider the one-one map g 2 X — X7 € X, and let A, Ay, As,
Asq, Aso, Ev, Ey, Es, Es1, Es,, Wi, and Wy be the elements of g whose
images under the map are a;, a2, as, as1, asz2, €, €2, €3, €31, €32, wp, and
wy, respectively. If we denote the Lie subgroup of G corresponding to the Lie
algebra b = (A;, A, A3, As 1, Aso, By, By, E3, E5 1, Es5) by B, then B is an Iwasawa
subgroup of G. Let p = (4,4,4,0,0) € D5, let K be the isotropy subgroup of G at p,
and let g_ C gc¢ be the complex subalgebra given by (29). For a basis {X,} of g, we
shall denote the dual basis by {X}}. Then every £ € g* satisfying £([g—,g-]) =0
can be written as

!/

§= 5(53777&”7”,) = &§3b3 + 773A3 + 5(2W1 - El) + 5(2W2 - EQ)a

where &3,m3,n,n" € R. If the representation ifle: € — C lifts to a representation of
K, then n,n’ € Z. Put

& =&(&,m3,n,n') with &,13 € R and n,n’ € Z, and for a
0% = { ¢ € g*; holomorphic multiplier m: G x Dy — C* corresponding

to i€|y_, the representation 7,, of G is unitarizable

Let us consider the isomorphism classes of GG-equivariant holomorphic line bundles
L over D5, and we denote the isomorphism class of L by [L]. Then the set ©¢
parametrizes the following set:

I L is a G-equivariant holomorphic line bundle over D5 such
’ that the representation 7, of G is unitarizable

By Theorem 2.5, the set ©F is also characterized by the unitarizabilities of T}, |p.
On the other hand, Ishi [13, Theorem 13] gives a classification of unitarizations of
holomorphic multiplier representations of B, leading to the following: Put

@G(TB) ={£(0,73,0,0)} (n3 € R),
OF (13) = {£(0,m3,n,0);n € Zso} (13 € R),
OF (13) = {€(0,7m3,0,n');n’ € Zso}  (n3 € R), (41)
OF (13) = {£(0,m3,n,n');n,n" € Lo} (13 € R),
OF = {(&.m3,n,1'); & < 0,m3 € Rynyn € Zso}

Then the set ©F is the disjoint union of all the sets in (41). For elements ¢ and
& of ©Y, let m and m’ be holomorphic multipliers which correspond to i& g and
i&'|4_ , respectively. Then the unitarizations of T,,, and T}, are equivalent as unitary
representations of B if and only if £ and & belong to the same set in (41).

Finally we shall describe the set of unitary equivalence classes of the unitarizations
as representations of G. By Theorem 9.5, we obtain the following: Put

@g(n>n/) = {5(5377737 n, TL/), 53 < 07773 € R} (77,, n/ € Z>0)7

G AN / / (42)
O7 (n3,n,n") = {£(0,m3,n,n")}  (n3 € R,n,n" € Zx).

Then the unitarizations of T}, and T,, are equivalent as unitary representations of
G if and only if ¢ and £ belong to the same set in (42).
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