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Abstract. We investigate the structure and finite irreducible representation of a Lie H-
pseudoalgebra W (m, m, g), which is a generalization of the vector field Lie H -pseudoalgebra W (g)
defined earlier by B. Bakalov, A.D’Andrea and V. G. Kac [ Theory of finite pseudoalgebras, Advances
in Mathematics 162(1) (2001) 1-140]. We prove that automorphisms of W(m,r,g) are in one-to-
one correspondence with solutions of some Maurer-Cartan equation when g is a finite dimensional
simple Lie algebra.
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1. Introduction

Lie H-pseudoalgebras, which are multi-parameters Lie conformal algebras, were
introduced in [1]. They are a kind of chiral algebra in [3]. A Lie H -pseudoalgebra is
a Lie algebra in the pseudotensor category u*(H). This pseudotensor category has
the same objects as the category u!(H) of all left modules over a cocommutative
Hopf algebra H and the set of all pseudolinear maps between a finite family of
objects {L;}ic; and an object M is

Lin({L;}ic1, M) = HomH@(ZII Ly, H* @y M),
1€

where the left H®'-module X L; is equal to ® L; as vector spaces with the action
iel i€l

of @ierh; € H®' on ®ierv; € QierL; given by (Rierhi)(®iervi) := Qierhiv;. A Lie

conformal algebra structure is then the same as a Lie pseudoalgebra over H = C|0],

with the ordinary Hopf algebra structure. Since [1] was published, pseudoalgebras

have been investigated in both the mathematical and physical literature (see [4], [7],

[10], [9], [8] and so on).

If H = U(g) is the universal enveloping algebra of finite dimensional Lie algebra
g, the following four type Lie H-pseudoalgebras W(g), S(g,x), H(g,x,w) and
K(g,0), which were introduced in [1, Section 4], are called as primitive Lie H-
pseudoalgebras of vector fields. Furthermore, [1, Theorem 13,2] states that any finite
simple Lie H -pseudoalgebra is isomorphic to a current Lie pseudoalgebra over a
finite dimensional simple Lie algebra or one of the primitive U(g’)-pseudoalgebras of
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vector fields, where g’ is a subalgebra of g. The classification of all finite irreducible
representations of W(g) and S(g, x) was accomplished in [2].

In this paper, we study the structure and finite irreducible representation of a Lie
H -pseudoalgebra W(m, 7, g) := H ® m, where H = U(g) is the enveloping algebra
of finite-dimensional Lie algebra g and 7 : m — g is an epimorphism of finite-
dimensional Lie algebras. The pseudobracket of W (m, 7, g) is given by

[(f@a)*(g@b)]= (f®g)@n(1®]ab]) - (f©gn(a) @u (19D 1)

+(f7r(b) ®g) @ (1®a),
for any f® a,g®b € W(m,m,g). The Lie pseudoalgebra W (m,r,g) is a special
case of [6, Example 2.5]. It yields W(g) when m = g and 7 = id and decomposes
into a semi-product of W(g) and Curker(m) when m = g x ker(m). In all other
cases, W(m,m, g) is a non-trivial, but possibly non semi-direct, extension of W (g)
by an ideal isomorphic to Curker(r).

The paper is organized as follows. In Section 2, we recall some notations related to
Lie pseudoalgebras, most of which can be found in [1].

In Section 3 the structure of W(m,r,g) is investigated. We prove that W(m, 7, g)
has a unique maximal ideal Curker (7). From this, one can prove that W(m,x,g)
is semisimple if and only if ker(m) is semisimple. In the case that ker(mw) is
simple, we show that every automorphism of W (m,m,g) gives a solution of a
Maurer-Cartan equation. Furthermore, we determine all central extensions of
W (m,m,g) by the trivial module k through computing the second cohomology group
H?(W(m,7,g),k).

In Section 4, we determine all finite irreducible W (m, m, g)-modules, thus generaliz-
ing results from [5] and [2].

Throughout this paper, all algebras are defined over an algebraically closed field k
of characteristic zero. All unadorned tensor products ® are taken over the field k.
For all other undefined concepts, we refer to [1] and [2].

2. Preliminaries

In this section we recall some basic concepts and facts related to Lie pseudoalgebras,
most of which can be found in [1].

In the sequel, we always use H to denote a universal enveloping algebra U(g) of
finite dimension Lie algebra g. Then H is a cocommutative Hopf algebra with a
counit ¢, an antipode S and a coproduct A, which are determined by e(z) = 0,
S(x) =—z and A(r) =2 ® 1+ 1®x for any = € g respectively. We define

A" =(AR1®- - -@1)A™!
1
for any positive integer m. Suppose that {0y,0s,--,0,} is a basis of g and N
is the set of all nonnegative integers. Then H has a basis {0™|M € N"}, where

oM = ?TZQ -9 for any M = (iy,d9, - ,i,) € N*. The basis {0M|M € N"}
is usually called PBW basis of H. Let |M| =i +is+ -+ + 1, for any M =
(11,19, ,1,) € N*. Then |M] is called the degree of M. There is a total order

defined on the PBW basis {0 |M € N"} induced by a degree-lexicographical order
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of N™ as Qkvke:wkn) 5 glprpz:pn) if either
>.pi > ki, or lez‘ => ki
=1 =1 = =1

and there is an integer [ such that ky = py, ks = po, -+ , ki_1 = p;_1 but k > p;.

Using the PBW basis, FPH = spam {0™| |M| < p}, p = 0,1,2,... defines an
increasing filtration on H = U(g). The dual algebra X = H* has an H-bimodule
structure given by

(hz, f) = (2, S(W)f),  (xh, ) = (z, fS(h)) (2)
for any z € X and f,h € H. It was proved in [2, (2.20)] that X is isomorphic
to the formal series ring O,, = K[[t1,- - ,%,]]. Then this isomorphism endows X a
decreasing filtration F,X (p= —1,0,1,---), where

FpX:(tlatQa”' 7tn)p+10n7 p:_laovla'“ . (3)
Notice that each F}, X is the annihilation of F?H in X . Moreover, for any p,q > —1,

(FX)(FpX) C Fypn X, g(FpX) C Fp X, (F,X)g C Fp X (4)

After recalling the notations and basic results about the Hopf algebra of U(g), we
restate some concepts related to Lie H-pseudoalgebras introduced in [1].

Definition 2.1. A left H-module L is a Lie pseudoalgebra if there is a map
[ %] € Hompe:(LX L, H®?> @y L) satisfying

(1) Skew-symmetry: [a*b] = —((12) ®g 1)[b*a],

(2) Jacobi identity: [[axb]*c] = [ax*[bxc]] — ((12) @y 1)[b * [a * c]]

for all a,b,c € L, where (12) is the permutation of first two factors in H®® and
[(f @u a)* (g@ub)] = (fFA" '@ gA™ @y 1))[axb] for any f € H®™ ge& HE™
and a,b € L.

A left H-submodule I of a Lie pseudoalgebra L is said to be an ideal of L if
l[axb] € H®? @y I for any a € L and b € I. A Lie pseudoalgebra L is abelian if
l[a*xb] =0 for any a,b € L. A Lie pseudoalgebra L is said to be simple if L is not
abelian and has only two ideals, namely, 0 and L. [ |

Since we fix the Hopf algebra in the sequel, we sometimes simplify Lie H -pseudo-
algebra as Lie pseudoalgebra. If H = k, then a Lie H-pseudoalgebra is a usual
Lie algebra over the field k. A further easy example of Lie H-pseudoalgebras is a
current Lie H-pseudoalgebra given by the following.

Example 2.2. Suppose that H; is a sub-Hopf algebra of H and L is a Lie
pseudoalgebra over H;. Let Curgl(L) = H ®p, L be a free H-module with the

action given by left multiplying the first factor of Curjy (L). For any f®p, a,g®m,
be Curgl(L), define

[(f ®n, a) * (9 ®m, b)] = Zi(ffi ® 99:) Ou (1 ®m, i), (5)
where [a*b] = Y, fi ® g; ®p, ¢;. Then Curjy (L) is a Lie pseudoalgebra via (5). In
particular, if H; =k, then L is a Lie algebra over k and Curgl(L) is simplified as

CurL. It is well-known that Curgl(L) is a finite simple Lie H -pseudoalgebra if L
is a finite simple Lie H;-pseudoalgebra. [ |



18 Xu, TAN AND WU

In addition to the above current Lie H -pseudoalgebra, there is another important
simple Lie H-pseudoalgeba W (g) introduced in [1]. Suppose b is a finite dimen-
sional Lie algebra. In accordance with [1], we use the notation W (g) x Curb to refer
to the semiproduct of Lie pseudoalgebras W (g) and Curb defined by

[(f®a)x(g@b)]=—(f ®ga) @y (1),

for f@a € W(g) and g®b € Curb. We generalize Lie H-pseudoalgebras W (g) and
W(g) x Curb to a Lie H-pseudoalgebra W (m,m,g) defined by the next example.

Example 2.3. Let m: m — g be an epimorphism of finite-dimensional Lie alge-
bras and H = U(g). Set W(m,m,g) = H ® m. Then W(m, 7, g) becomes a Lie
H -pseudoalgebra with a pseudobracket defined by (1).

(a) Let idy be the identity map of g. Then W(g,id,, g) = W(g).
(b) If m = g @ ker(mw) as Lie algebras, then W (m, 7w, g) = W(g) x Curker(r).

(c) Let m be a Lie algebra with a basis {z,y,z} such that [z,y] = y,[z,2] = 2
and [y,z] = 0. Then ky + kz is an ideal of m. Let g := m/(ky + kz) and
m: m — g be the canonical projection. Then W(m,m,g) is a Lie conformal
algebra with [(1®@z)*x(1®z)]|=(z®1-1®2)Qy (l®x), [(l1®z)*x(1®y)] =
(-l®z+1) ey (1oy), [(1®z)x(1®2)]=(-1®z+181)®y (1® 2)
and [(1®@y)*(1®2)]=0.Let ep=1®z, =10y, e2=1® 2z and s = .
Then the Lie conformal algebra is a O-type Lie conformal algebra of rank three
defined in [12]. n

A left H-module homomorphism v : L — L’ between two Lie H -pseudoalgebras is
called a homomorphism of Lie H -pseudoalgebras if, for any a,b € L,

(1©1@m y)axbl = [¢(a) b))

Example 2.4. We claim that idg ® 7 : W(m, 7, g) — W(g) is a homomorphism
of Lie pseudoalgebras with kernel Curker(w), where ker(m) is the kernel of 7. In
fact, for a,b € m, we have

(I®l) ey (dpgem)[(lea)*x(1®b)]=(1®1)®y (1 ®(a,b])) —
—(1®m(a) ®@r (L@ 7(b) + (7(b) ® 1) ®@p (1 @ 7(a)) = [r(a) * (b)].
Hence idy ® m is a homomorphism of Lie H-pseudoalgebra. It is obvious that
ker(idyg ® m) = H ® ker(m) = Curker(mw). Thus W(m,n,g)/Curker(r) = W(g).

Since W(g) is simple, Cur ker() is a maximal ideal of W (m, m, g). Furthermore, we
prove that any proper ideal of W (m, m, g) is contained in Cur ker(7) in Section 3. ®

Next, we recall representations of a Lie H-pseudoalgebra L. Suppose that M is a

left H-module. Then we say M is a representation of L if there is an H -bilinear
map - * - € Hompye:(L X M, H®? @ M) such that

[axb]xm=ax(bxm)— ((12) @y 1)b* (a x m)

for any a,b € L and any m € M. A representation M of L is also called an
L-module. An L-module M is said to be finite if it is a finitely generated left H -
module. A finite L-module is also called a finite representation of L. An L-module



Xu, TAN AND WU 19

V' is said to be trivial if axx = 0 for any a € L and v € V. In other words, if V is
a nontrivial representation of L, then there is a € L and v € V' such that a*xv # 0.

Assume that N is an H-submodule of a representation M of L. Then N is called
a subrepresentation, or submodule, of M if axx € H®*? @y N for any a € L and
x € N. A nontrivial representation M of L is said to be irreducible, if M has only
two subrepresentations, namely 0 and M. An irreducible representation of a Lie
H -pseudoalgebra L is also called a simple L-module.

Definition 2.5. Let U and V be two representations of a Lie pseudoalgebra L.
Then a left H-module homomorphism ¢ : U — V is called a homomorphism of
L-modules if ¢ satisfies (1®1)®py ¢)(a*xu) = a*x@(u) for any a€ L and ucU. =

Suppose that L is a Lie pseudoalgebra and A(L) = X @y L where X = H*. Then
A(L) is a Lie algebra with the bracket

[z ®na, y®ub = Z(Jj,ﬂ)(ygz) ®n i (6)

for x,y € X and a,b € L, where [a*b] =Y (f; ® g;) @p ¢;.

This Lie algebra is called the annihilation Lie algebra of L. Moreover, A(L) is a
left H-module with the action given by

h(a; Rp a) = hr ®py a,

for any h € H and r ®y a € X ®y L. With this action, we can construct semi-

product @ := g X A(L) of Lie algebras. This Lie algebra A/(E) is called the
extended annihilation algebra of L.

We say that an extended annihilation algebra _@—module V' is conformal it for
any a € L,veV, x®ya-v=0 when x € F, X for n> 0.

We finish this section by stating the following proposition from [1, Proposition 9.1].
It is very important in the study of representations of Lie pseudoalgebras.

Proposition 2.6.  Suppose L is a Lie pseudoalgebra. Then any L-module V has

a conformal A(L)-module structure defined as follows. For any h € g, v € X,
veVanda e L, ifaxv=> ,(fi®g)®uv;, then

(h+x®pga)-v:=hv+ Z < x,S(figi(-1)) > Gi2)Vi- (7)

Conversely, let V' be any conformal A(L)-module. Then V becomes an L-module
with an H -bilinear map given by

a*v—z SO @ 1) @y (3 @ a) - v

where {xy|M € N*} C X is the dual basis to the PBW basis {0™|M € N"} of
H. Moreover, V is irreducible as an L-module if and only if it is irreducible as an

—

A(L)-module.
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3. The structure of the Lie pseudoalgebra W (m,w, g)

In this section, we investigate the structure of the Lie pseudoalgebra W (m,m, g).
Unlike the Lie pseudoalgebra W (g) in [1], W (m, 7, g) is not simple if 7 is not
injective, as it contains a non-trivial ideal Curker(rw). In fact, this is the unique
maximal ideal of W(m, 7, g).

Proposition 3.1.  Any proper ideal of W(m,m,g) is contained in Curker(mw). In
particular, Curker(r) is the unique mazximal ideal of Lie pseudoalgebra W (m,m,g).

Proof.  Suppose that I ¢ Curker(n) is a proper ideal of W (m, 7, g). Then there

exists an element A = > M ®ay, € I\ Curker(r), where ay; # 0 for any M € Q.
MeQ
Let My be the maximal element (under the degree-lexicographical order) in §2 and

Ny be the maximal element in the set {N € Qlay & ker(n)}. Then My = Ny or
My > Ny. If My > Ny, then m(ap,) = 0. Choosing an element by € m such that
m(by) = Oy # 0, we have

Y (M @ay)x(10b)| =Y (07 @1) @ (—m(an) @ bo + 1 ® [anr, bo))

+> (M7(an) ©1) @ (1@ bg) + > (001 @ 1)@y (1@ ay) € H? @y 1. (8)

Since m(ay,) =0, (M0, ®1) @y (1®@an,) € H*?*®y I by (8). Thus 0M ®ay, € I.
Let Ay = A—0M ® ay,. Then A; € I\ Curker(w). Repeating the previous

process, we get an A; = Y. OM ® ayp € I\ Curker(n) for some i finally such
Meqy

that max{M'|M’ € Q'} = max{N' € Q|n(an’) # 0}. To simplify the notation, we

may assume that A; = A and My = Ny. Then

[Ax(1@b)]=> (0" ®1)®y (—m(ay) ®b+ 1@ [ay,b])

MeQ

+ Y (Mr(an) @ 1) @u (1©D) € H @y 1
MeQ

for any b € ker(m). Since m(ap,) # 0 and My is the maximal element under
the degree-lexicographical order, (0Mor(ay,) ® 1) @y (1 ® b) € H®? @y . Hence
1®b e I for any b € ker(m). Thus Curker(w) C I. Since W(g) is simple and
W(m,r,g)/Curker(r) is isomorphic to W(g), Curker(w) is a maximal ideal of
W(m,m,g). It forces that Curker(r) = I. This contradicts the assumption that
I ¢ Curker(m). Hence I is contained in Cur(kern). ]

Corollary 3.2.  The Lie pseudoalgebra W (m,m, g) is semisimple if and only if
ker(m) is semisimple. Moreover, if W(m,w, g) is semisimple, then W(m, m, g) =
W(g) x Curker(m).

Proof.  Suppose that ker(w) is semisimple. Then Curker(w) is semisimple. Since
(W(m,m,g)) has a simple quotient, it is not solvable. Hence Rad(W (m,,g)) is a
proper ideal of (W (m,,g)). Now, by Proposition 3.1, Rad(W(m, 7, g)) is a solvable
ideal contained in Curker(w). Hence Rad(W(m,7,g)) = 0. On the contrary,
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suppose that W(m,m,g) is semisimple. Since W (m,7,g) has the unique maximal
ideal Curker(m) and W (m,r,g)/Curker(m) = W (g), using [1, Corollary 13.5], one
can easily obtain that W (m,m,g) is either isomorphic to W(g) x Curker(w) or
W (g) ® Curker(m) as Lie pseudoalgebras. In the latter case, since W(g) is a proper
ideal of W(m,m,g), by Proposition 3.1, W(g) C Curker(n) which is impossible.
Thus W (m,m,g) = W(g) x Curker(m). Hence Curker(m) is semisimple and ker(m)
is a semisimple Lie algebra. |

Proposition 3.3.  Suppose that I is a proper nonempty subset of W(m, 7, g).
Then I is an ideal of W (m,m,g) if and only if I = H @ v for some ideal v of m
contained in kerm.

Proof. It is straightforward to check that I = H ® v is a proper ideal of
W(m,n, g) if v is an ideal of m contained in kerm. Conversely, if I is a proper
ideal of W (m,m,g), then I C Curker(w) by Proposition 3.1.

Assume that A = Y 0™ ®@ay, € I. Similar to the proof of Proposition 3.1, we can
MeQ

prove that 1®ay € I for all M € Q. Thus [ = H ® v for some space v C ker(m).
For any by € m and ¢ € v, we have

[(1@q)x(1@b)] = (1©1)@u (1@[q,b]) + (w(bo) @ 1) @u (1©q).

So [q,bo] € v. Hence v is an ideal of m contained in ker(rw). n

Corollary 3.4. Suppose I = H @ v is a proper ideal of W(m,m,g). Then the
proper ideal of W (m,m,g)/I has the form H @ w where v is an ideal of m/v con-
tained in ker(m)/v. Moreover, W (m,m,g)/I is semisimple if and only if ker(m)/v
is semisimple. Moreover, if W(m,m,g)/1 is semisimple, then W (m,m g)/I =
W(g) x Cur(ker(m)/v).

Proof. It is an easy observation of Proposition 3.3 and Corollary 3.2. [ |

Remark 3.5.  Suppose 7 is not epimorphic and H' = U(im(m)) is the universal
enveloping algebra of the image of 7. Then

W (m, m,g)/Curker(r) = Curf, W (im()).

Notice that Curk, W (im(r)) is still simple. Similarly, we can prove that Proposition
3.1, Corollary 3.2, Proposition 3.3 and Corollary 3.4 hold if 7 is not surjective. =

After describing all ideals of W (m, 7, g), we will prove that any automorphism ¢ of
W(m, 7, g) is a solution of the Maurer-Cartan equation dI" + %F AT = 0 provided
that ker(m) is a simple Lie algebra in the next theorem.

Theorem 3.6.  If ker(w) is a simple Lie algebra, then any automorphism ¢ of
W(m, 7, g) is a solution of the Maurer-Cartan equation dI' + %F AT =0, where T’
is a ker(m)-valued 1-form on the Lie algebra m.

Proof. Let ¢ be an automorphism of W(m,7r,g). Then (1 ® m)p is a ho-
momorphism from Curker(w) to W(g). Since there is no non-trivial homomor-
phism between W(g) and Curker(w) by [1, Theorem 13.5], (1 ® m)p = 0 and
o(Curker(m)) C Curker(n).
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Now, ¢ induces an automorphism ¢ of W(m,r, g)/Curker(w), where
o(1 + Curker(m)) = ¢(l) + Curker(rw)

for I € W(m,m,g). Since W(m,n,g)/Curker(r) is isomorphic to W(g) and the
only non-zero endomorphism of W(g) is the identity map by [1, Theorem 13.7], ¢
is the identity map of W (m,m, g)/Curker(m). More explicitly, for any a € m, there
is an element Y, € Curker(m) such that

p(1l®a)=(1®a)+Y,.

From [1, Theorem 13.6], we obtain that O|Curker(r) = 1 @ p for some automorphism
p of ker(m).
We claim that Y, € k ® ker(m) for any a € m. In fact, if a € ker(w), then
o(1®a) = (1®p)(1®a) = 1®p(a) € k@ker(w). Thus Y, = 1®(p(a)—a) € k®ker(x).
Next, we assume that 7(a) # 0 and Y, = > 0M ® K, for some Ky € ker ().

M

Let b € ker(m). Then
[p(1®a)xp(1®b)] =[((1®a)+Ys)* (1 p(b))]
= (1®1) @y (1@ a,p(b)]) — (1@ 7(a)) ®@u (1® p(b))
+Y (M@ 1) @n (1@ [Ku, p(b)])
and M
1olere)(l®a)*(10b)]=(1®1) s (1 p([a,b]) - (1@ 7(a) @n (1 p(b)).
Since [p(1®a)*xp(1®b)] =115 ¢)[(1®a)*(1®0b)], we have
Y (M@l @ (1@ [Ky,p(b)]) =0.
M,|M([>0

Thus [Kyy, p(b)] = 0 for any |M| > 0 and any b € ker(m). As p is an automorphism
of ker(m), Ky is contained in the center of the Lie algebra ker(mw). Since ker(m)
is simple, K); = 0 for all |M| > 0. By now, we have completed the proof of the
previous claim, that is, p(1®a) = 1®a+1®Y, for any a € m, where Y, € ker(m).
To complete our proof, assume that a,b € m. Then

(1& 105 ¢)[(18 )+ (105)]

= (18 1) ©n (1® (0,6 + Yis) — (1 8 7(a)) @ (10 (b+¥5))

+(r(b) @ 1) ©n (1® (a+Ya))
=[p(l®a)*p(1b)]
=(1®1)®y (1@ ([a,b] + [a, Y] + [Ya, 0] + [Ya, Y2])) — (1@ 7(a)) ®n (1 @ b)
+ ()@l @ (1lea)+ (r(h)@1) @y (1Y, —(1®7(a) ®x (10 Y;).
Comparing the term (1® 1) ® 5 1 ® * in the two sides of the above equation, we get
Yigp) = [Yo, Y] + [0, 3] — [b, Yo, (9)

Regarding kerm as an m-module, we can define a ker(rm)-valued 1-form I'y via

I'y:m — kerm, a—Y,.

Then (9) implies that Iy is a solution to the equation dI' + iT'AT = 0. [
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In the remainder of this section, we will determine all central extensions of W (m, , g)
by the trivial representation k. To achieve our purpose, we just need to measure
the second cohomological group H?(W(m,r, g),k). Recall that a central exten-
sion of W(m,m,g) by trivial coefficients is a Lie pseudoalgebra W (m,m,g)°, where
Wm,m,g)° = W(m,m, g) ®k as direct sum of left H-modules. In addition, for
x,y € W(m,m,g) and u,v € k, the pseudobracket * on W (m,,g) is defined via

[(z +u)k(y +v)] = [z xy] + (B(z,y) ® 1) @5 1,

for some 3 : W (m,m, g)®? — H. Obviously, 8 has the following properties

for any x,y € W(m,m,g), h € H, where S is the antipode of the Hopf algebra
H. Since W(m,r, g) is a free H-module, § is determined by its value on basis.
For simplicity, we use a and b to denote the element 1 ® a,1 ® b € W(m,7,g) in
B(1®a,1®b) respectively. Thus, f(a,b) means (1 ®a,1®b).

Theorem 3.7.  Suppose that ker(w) is a finite-dimensional simple Lie algebra.

0, dim(g) > 1,
kaek, dim(g)=1.

Proof. For any a & ker(m), b,c € ker(m),

[(T@a)*x(1@b)+(1ec)
=[[A®a)x(1eb)] (1) + (A(B(e,b],c) @ 1) ®x 1

Then H*(W(m,7,g),k) = {

—(1®m(a) @ 1)(A(B(b, ) ®@1) @y 1, (10)
(1@ a)*[(1@b)*(1® c)]]
=[(1®a)*x[(1®b)*(1®c)]+ (B(a,[b,d)) ®1®1) @y 1. (11)
(1@ b)*[(1 ®a)*(1 ® c)]]
=[1®b)*[(1®a)*(1®)]]+ (B(ba,c]) ®1®1) @y 1
—(1l®1®n(a)(fbc)®1x1)y 1. (12)

Since  [[(1@a)*(1®b)*(1 @ c))]
=[(1®a)*x[(1®b)*(1®c)]] —((12) @ 1)[(1 @ b)¥[(1 ® a)*(1 @ ¢)]],
(10)—(12) implies that
A(B(la, 8], ) — (1@ 7(@) A(B(b, )

B(a,[b,c]) ®1 -1 B(b,[a,c]) —7(a) @ B(b,c) — 1 & B(b,c)mw(a). (13)
),

As B(b, c

m(a) © B(b,
Since ker(m
b € ker(rm).

B([a, b, c), B(b,]a,c]) belong to g by [1, Proposition 15.8], we get that
c) = B(b,c) @ m(a). If dim(g) > 1, then S(b,c¢) =0 and B(a,[b,c]) = 0.
) is simple, [ker(w),ker(m)] = ker(m). Thus B(a,b) = 0 for any
He

ence

H*(W(m, 7, g), k) = H*(W(g), k) =0
when dim(g) > 1 by [1, Theorem 15.2]. If dim(g) =1, then g = kn(a).
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Thus, A(la, 0], c) = Bla, [b,d]) = =B(b, [a,c]) (14)
by (13). Since a acts on ker(m) as a derivation of ker(m), there exists some

a’ € ker(m) such that [a,b] = [d@’,b] for any b € ker(m). Now (14) implies that
B(a, [b,c]) = B([a,b],c) = B([d',b],c) = —B([b,d'],c) = B(d, [b,c]). (15)

The last equation follows from the fact that the restriction of g to Curker(rw) is an
invariant bilinear form with values in g. Since [ker(w), ker(w)] = ker(m), 5(a,b) =
p(a’',b) for all b € ker(m) by (15). In other words, the value of (a, Curker(rw)) is
completely determined by that of f(Curker (), Curker(w)). In this case, we have
H*(W(m,n,g), k) = H*(W(g),k)® H?*(Curker(r),k) = kdk by [1, Theorem 15.2].

]

4. Representations of W(m, w, g)

In this section, we study representations of W(m,x,g). First, we deal with the
special case that m = g @ ker(m) as Lie algebras. To simplify notation, we use n to
denote ker(mw) and W(m,n,g) to denote W (m,,g) in this special case. Explicitly,
Wi(m,n,g) = W(g) x Curn where the action of W(g) on Cur(n) is given by:

[(f ®a)x(g@b)] = =(f ®ga) @n (1®D),
for f®a € W(g) and g ® b € Curn.
For convenience, we use £ to denote the extended annihilation Lie algebra
A(W(m,n,8)) = g x (X @y W(m,n,g)) of W(m,ng)

The filtration of X gives a filtration on 2= gx £ as follows. Set £, = }3, E,, =£,
for p > 0 and

L, =FXey(H®g) +FaXp(Hoan)=F,X®g+F,_1X®n, (16)
for p=—1,0,1,--- . It is easy to check that
[’gp?Sq - ’gp-&-qv for p,q > _L (17)

]
£i1=~Land £/ 2 k®g =g, 20/21 >~ g* ® g ®n as vector spaces. Let
{01,04,--+,0,} be a basis of g and {z°}", C g* be the dual basis of {9;,}",
Suppose ej € gl(g) (1 < 4,5 < n) are linear transformations of g satisfying
e{@t = 5{&- for t =1,2,--- ,n. Then the mapping

c:g®g = gl(e),d @l = ¢

is an isomorphism of vector spaces. The isomorphism ¢ conveys the Lie algebra
structure of gl(g) to the vector space g ® g*. Let ¢ : £9/£1 — g ® g* @& n be the
mapping defined by

r®a mod £ — —b® (z mod F1X), forxze FyX, a€g.

y®b mod £ — (y mod FpX)®0b, forye F1X, ben.

Then ¢ is an isomorphism of Lie algebras by [2, Corollary 3.1].

Let W =AW(g)) = X ®y (H®g) =X ®g be the annihilation Lie algebra of
W(g). Then W is a subalgebra of £ with filtration W, :=W N £, for all p > —1.

It is well-known that W is a linearly compact simple Lie algebra, and all derivations
of W are inner. Set W := gx W C €. Let r : g — W be the homomorphism of
Lie algebras such that [0, w] = [r(0),w] for any 0 € g and any w € W.
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Then 0 =9 —1r(9) € W for & € g. Suppose that g = (td—r)(g) and Ng = £, D g.
Then g < W is isomorphic to g. With the above preparations, we have the following
propositions.

Proposition 4.1.  Suppose that A=0+1®0—0 € e = gx (X®m) for 0 €g.
Then A € £y and the adjoint action of A on g = £/£ is equal to the action of
add on g = £/L.

Proof.  This is similar to [2, Lemma 3.3]. ]

Proposition 4.2.  For every p > 0, the normalizer of £, in 2 s equal to Ng.

Proof.  This is similar to [2, Proposition 3.3]. [

Recall that an Ng-module V is said to be conformal if every v € V is killed by
some £, for p > 0.

Proposition 4.3.  The subalgebra £; C Ng acts trivially on any irreducible
finite dimensional conformal Ng-module. Irreducible finite-dimensional conformal
Ng-modules correspond to irreducible finite dimensional conformal modules over

m @ gl(g) = Ne/Ly.
Proof.  This is similar to [2, Proposition 3.4]. n

Let V' be a representation of W(m,n,g) and singV = {v € V|€, -v = 0}. We
call elements of singl singular vectors of V. It is easy to see that singV is an
m @ gl(g) & Ng/Li-module. The action of this module determines a Lie algebra
homomorphism pgn, : m & gl(g) — gl(singV). psing satisfies the following two
conditions

Psing(0)v = 0 -, psing(B)v = (1®@ ) -v, fordeg, fen, (18)
and psing(eZ)v:—(xj®8i)-v, i=1,2,---,n, 7=1,2,--+ ,n. (19)

Proposition 4.4.  Suppose V' is a non-trivial finite W (m,n,g)-module. Then
singV #{0} and singV'/kerV is finite dimensional, where kerV={veV|L-v = 0}.

Proof.  This is similar to [2, Theorem 6.1]. n

Theorem 4.5. Let V be a finite W(m,n,g)-module. For every singular vector
v € singV', the action of W(m,n,g) on v is given by

(1®pf)*xv=»1&®1)®u psing(B)v, for B en, (20)
and (1®0;) *v:Z(3j®1) R psing(€)v — (1@ 1) @p v
j=1

Proof. Let g &€n and v € singV'. Then

(@@ v=(101)en1es)- v (22)
by Proposition 2.6 and (16). Thus, by (18) and (16),

(1@p)xv=>0&1)Qu psing(B)v- (23)
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Similarly, for « € g, we have
1@ xv=> (-0;01)On (2?®0)-v+(1®1) @y (180)-v. (24)
j=1
Then Proposition 4.1 implies that

for 1 <¢ <n . Combining (18),(19),(25), we get (21). ]

Corollary 4.6.  Suppose that V is a finite W (m,n,g)-module. If U is a sub-
module of the m @ gl(g)-module singV', then HU is a W{(m,n,g)-module. Thus
V = HU if V is an irreducible W(m,n, g)-module.

Proof.  From (20)-(21), we obtain that W(m,n,g)«U C H® H®y (HU). Thus,
W(m,n,g)« HU C H® H @y (HU). Consequently, HU is a submodule of the
W(m,n,g)-module V. ]

Then, we will prove that every finite W (m,n, g)-module can be controlled by some
irreducible finite-dimensional m & gl(g)-module. For this purpose, we define a
W(m,n,g)-module V(R) by a m & gl(g)-module. Suppose that R is a finite-
dimensional m @ gl(g)-module with action pr and V(R) = H ® R, where V(R) is
a free H-module with the action given by left multiplying on the first factor. Define
an action of W(m,n,g) on V(R) via

1epf)+*(1®a)=(1®1)®y (1®pr(f)a), for fen, ac€ R, (26)

n

and (12d)«(1@a) =Y (9;®1) @y (1 pr(el)a)-
—(1®1)®y (0;® aj)7+ (1®1)®y (1® pr(d; + add;)a), (27)

for 1 <i<mn, a € R. It is easy to check that V(R) is a W(m,n, g)-module with
the action given by (26) and (27). Using the module V(R), we have the following
result.

Theorem 4.7. If V is a finite irreducible W(m,n,g)-module, then V 1is a
quotient module of V(R), where R is an irreducible finite-dimensional m & gl(g) -
module.

Proof.  Since singV # {0} is finite dimensional by Proposition 4.4, we can choice
R to be a non-zero irreducible m & gl(g)-submodule of singV. Now by Corollary
4.6, V = HR. Consequently, the map

p:VIR)=H®R—HR=V, h®aw— ha

is surjective. Comparing (26),(27) with (20) and (21), one can easily prove that p
is an epimorphism of W(m, n, g)-modules. ]

Next, we prove that V(R) is irreducible under some additional conditions.

Lemma 4.8. If R is an irreducible finite-dimensional m & gl(g)-module and n
acts non-trivially on R, then singV(R) =k ® R.
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Proof. Obviously, k ® R C singV(R). Let u = >, 0™ @ vy; be an element
MeQ
of singV(R). Let My be the maximal element (under the degree-lexicographical

order) of . Suppose pr(a)vy, = 0 for any a € n. Then n acts trivially on the
gl(g) ® m-submodule U(gl(g) ® g)vag of R. Since R is assumed to be irreducible,
U(gl(g) ® g)vy, = R. This is impossible. Hence we can find an element b € n
such that pgr(b)ua, # 0. Now, (26) forces that |My| = 0. This implies that
singV(R) Ck® R. ]

Proposition 4.9.  If R is an irreducible finite-dimensional m@® gl(g)-module and
n acts non-trivially on R, then V(R) is irreducible.

Proof.  Suppose M is a non-zero W (m,n, g)-submodule of V(R). Then singM C
singV(R) = k ® R by Lemma 4.8. Since R is irreducible, singM = k ® R. Thus
V(R) = HsingM C M. Hence M = V(R). ]

Finally, we are going to determine all finite irreducible W (m,r, g)-modules, where
7 : m — g is an epimorphism of any two finite-dimensional Lie algebras with
pseudobracket (1). Before that, we give an important lemma.

Lemma 4.10.  Any non-trivial irreducible finite representation of W(m,7,g)
factors through a quotient isomorphic to a semi-direct product W (g) x Curn’ |, where
n is a reductive quotient of n whose center is of dimension at most one.

Proof. Suppose V' is an irreducible finite representation of W(m, 7, g). Then
there is a homomorphism of Lie pseudoalgebras ¢: W(m,m,g) — ge(V) (see [1,
Proposition 10.2]). Hence L := W (m,,g)/ker(¢) acts faithfully and irreducibly
on V. On the other hand, by Proposition 3.3, ker(¢) = H ® v for some ideal v of
m contained in ker(mw). Let n’ be the quotient ker(mw)/v. If L is semisimple, by
Corollary 3.4, L = W(g) x Curn’ where n’ is semisimple in this case. If L is not
semisimple, by virtue of [1, Theorem 14.2(ii)],

L= L/Rad(L) x Rad(L) C W(g) x Curgl(R)

such that Rad(L) is an H-module of rank one, where R is a finite dimensional
subspace of V. Since Rad(L) = CurRad(n’) by Corollary 3.4, dimRad(n’) = 1
and L/Rad(L) = W(g) x Curs where s is the Lie algebra n’/Rad(n’). Thus s is
semisimple or 0 which completes the proof. [ |

Theorem 4.11.  Let t = gl(g) ® g P ker(n) be a direct sum of three Lie algebras.
Any non-trivial finite irreducible W (m, w, g)-module V is isomorphic to one of the
following cases:

(1) If Curker(m) acts non-trivially on V', then V' = V(R), where R is an irre-
ducible finite dimensional t-module such that ker(mw) acts non-trivially on R.

(2) If Curker(m) acts trivially on V', then V' is a finite irreducible module of W (g).

Proof.  The second claim is clear and the classification of finite irreducible W (g)-
modules was accomplished in [2]. We focus on the first claim. By Lemma 4.10,
any non-trivial finite irreducible W (m, 7, g)-module V factors through a quotient
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isomorphic to a semi-direct product W (g) x Curn’ , where n’ is a reductive quotient
of ker(m) with a projection map ¢. Let R be an irreducible gl(g)®g®n’-submodule
of singV'. Then V = HR by Corollary 4.6. By Theorem 4.7, V is a non-zero
quotient of V(R). On the other hand, if Curker(m) acts non-trivially on V', n’ acts
non-trivially on R. Thus V(R) is irreducible by Proposition 4.9. This implies that
V =2 V(R). Finally, define pr: t — gl(g) @ g ®n' by pr(4,b,¢) = (A4,b,¢(c)) for
A€ gl(g), b€ gand c € ker(m). Then pr is a surjection of Lie algebras and R
admits an irreducible t-module structure induced by pr. [ |
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