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1. Introduction

The classical Springer resolution and the Grothendieck-Springer resolution are foun-
dational and important schemes in algebraic geometry and representation theory.
The Springer resolution is a desingularization of the variety of nilpotent elements
in a semisimple Lie algebra (see, e.g., [2, 3]), while the Grothendieck-Springer res-
olution is the minimal, symplectic resolution of the variety of the semisimple Lie
algebra, which contains the Springer resolution (see, e.g., [2, 10]).

We consider the case for G = GL,(C), the general linear group of invertible complex
n x n matrices, and let g = gl,(C) = Lie(G), the Lie algebra of G of all complex
n x n matrices. Under the adjoint action of G on g (i.e., G acts by conjugation),
we have the natural adjoint quotient map p: g — g/G = C", which sends r to
the tuple of coefficients of its characteristic polynomial x,(¢). So we have that
ro— (tr(r),...,det(r)), and these polynomials are invariant under the adjoint
action. Since p~'(0) consists of those r € g such that x,(t) = t", the preimage
p~1(0) is precisely the nilpotent elements in g. We denote N := p~1(0), the
nilpotent cone of g.

Let P be a standard parabolic subgroup of G, which consists of invertible block

upper triangular matrices, and let p = Lie(P), the Lie algebra of P, consisting of
all block upper triangular matrices. In particular, when all blocks have size 1 then
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P is the standard Borel subgroup B of invertible upper triangular matrices, and p
is the standard Borel subalgebra b of all upper triangular matrices. Let Np = pNN
be the nilpotent cone of p. Define G/P to be the partial flag (projective) variety
parameterizing parabolic subalgebras in g. Let

gp =G xpp={(z,p) egxG/P |z ey}
Np =G xpn={(2.p) € NpxG/P|z ey}

Let p: Np — Np be the partial Springer resolution (see [2, Chapter 3] and [3] for the
case of a full flag) and 7: gp — g be the partial Grothendieck-Springer resolution
([24, 25, 26]). Then we have an inclusion ¢: Np < gp such that mor = ~yop, where

v: Np < g is the natural inclusion. The nilpotent cone is resolved by the cotangent
bundle T*(G/P), which is a closed subvariety of Np.

In this manuscript, we consider a moment map associated to the partial Gro-
thendieck-Springer resolution. We show that the preimage of 0 under this map
is a complete intersection when the parabolic subgroup has at most 5 diagonal
blocks. Such property is important and interesting since it provides the exact
number of irreducible components in the special fiber. Furthermore, one can also
construct topological fibers, analogous to the topological Springer fibers of type
A corresponding to nilpotent endomorphisms with two equally-sized Jordan blocks
studied in [13, 14], and study the topology and intersection of the cotangent bundle
of the partial Grothendieck-Springer fibers. Let us make precise the construction of
this moment map for the parabolic setting.

Using the trace pairing, we have the identifications g ~ g* and p* ~ g/u, where u is
the maximal nilpotent subalgebra of p, i.e., strictly block upper triangular matrices.
The latter pairing is given by p x g — C, (r,s) — tr(rs), where this map factors
through the bilinear, nondegenerate pairing p x g/u — C.

Let P act on the space p x C", which we differentiate to obtain the comoment map
w: T (p x C") — p*.
We can write the map p as (r,,4,) — [r, 5] +ij by identifying
T*(px C") =Zpxg/uxC"x (C"".

Note that since P acts on p x C", the P-action is induced onto T*(p x C™). Now,
let G act on the first and the third factors of G x p x C", which also induces a
moment map
pa: T (G xpx C") — g".

We also have a natural P-action on the second and third factors of GxpxC", which
is induced onto the cotangent bundle with moment map pup: T*(G x p x C*) — p*.
Thus there is a natural G x P-action on G x p x C". We combine the two maps
e and pp to obtain the moment map

pexp: T"(G xpxC") — (g xp)*.
Next, note that T*(G x p x C") 2 G X g* x p x p* x C" x (C™)*, and consider

Haxp(0,0) = {(g.0,7,5,i,5) € T (G x px C") | 0 =1ij, g0y~ = —ad)(s)}. (1)
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We may set g = 1 since g € GG is a free variable. Then there is a bijection between P-
orbits on ~1(0) and G x P-orbits on ugL p(0,0), giving us an isomorphism between
the quotient stacks x~'(0)/P and T*(gp x C"/G) (see [20, Cor. 3.3, and [10,
Prop. 1.1] when P = B). This gives us a connection between the Hamiltonian
reduction of the enhanced P-moment map and the partial Grothendieck-Springer
resolution. That is, studying the G-orbits on T*(gp x C") is equivalent to studying
the P-orbits on T%*(p x C").

Theorem 1.1. Let a = (aq,...,qp) such that ¢ < 5. Let P be the parabolic
subgroup of GL,(C) with block size vector . The components of u=*(0) form a
complete intersection.

Next, we give a description of the irreducible components. Consider the scheme
M= {(r,5,4,7) € p x p* x C" x (C")" | [r,s] +4j = 0} = p~"(0), (2)

where 77 denotes the product with 7 as a column vector and ;7 as a row vector. Let
D be the representatives (r,s,i,7) € 9 of the P-orbits, denoted by O, ), that
are given by Lemma 5.1. We also require the set a;, which consists of the first a;
entries of the i-th block of P (see (10)). Let supp(i) denote the support of i € C".

Theorem 1.2. Let a = («,...,qp) such that £ < 5. Let P be the parabolic
subgroup of GL,(C) with block size vector o. Choose some a = (ay, ..., a;) € N
such that a, < oy, forall 1 < k <. The HZ (o + 1) drreducible components of

i=1
I are the closures of
- U {O (r,s,i,7) € D with }
a (r,s:.9) supp(i) = a;, supp(j) ={1,...,n}\a |~

Also, M is reduced and equidimensional with dim 9 = d, + 2n, where d, = dimp.

Let us remark about why we must have at most 5 blocks in P. Our proof of
Theorem 1.1 follows [5], but the following theorem of L. Hille and G. Rohrle is
crucial in replacing [5, Lemma 2.1] in the parabolic setting.

Theorem 1.3 ([8, Thm. 4.1]).  Let k be an infinite field. Let P be a parabolic
subgroup of GL,, (k) with block size vector o = (cvy, ..., ). Let U be the unipotent
radical of P, and uw = Lie(U), the Lie algebra of U. Then the number of P-orbits
on U or u is finite if and only if £ <5.

We also require an analogous property of how for some b € gl (C), the Jordan
canonical form of b is a similar matrix (7.e., in the G-orbit of b) that naturally acts
on the decomposition of C" into the generalized eigenspaces under the action of b.
Indeed, we give an algorithm that constructs one such matrix in the P-orbit, which
we coin a Jordan P-semicanonical form of b.

For the case of P = B, T. Nevins finds in [20] at least 2" irreducible components
in the locus p~'(0), which is defined by n(n + 1)/2 equations, and conjectures
that x1(0) is a complete intersection. The first author has proved this conjecture
when g is restricted to its semisimple locus in [9, 10]. In this manuscript, we prove
Nevins’s conjecture for the entire preimage p~*(0) up to rank 5 matrices due to
the restriction in Theorem 1.3. Moreover, we note that Theorem 1.2 previously
appeared in [20] under the assumption that p~!(0) was a complete intersection.
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The proof that we give of Theorem 1.2 is different from the one given in [20] as we
give an analogous proof to [5] instead of lifting up to the g setting from b.

We note that Theorem 1.1 allows one to construct affine and geometric invariant
theory (GIT) quotients (see, e.g., [15, 21]), and it would be interesting to show their
connections to the Hilbert scheme Hilb™(C?) of n points on a complex plane (see,
e.g., [5, 19]), which is described as

Hilb"(C?) = {I € C[r,s] | I is an ideal satisfying ¢(V (1)) =dimc(Clr, s]/I)=n},

where ((V(I)) = length(V(I)), and the isospectral Hilbert scheme [7, Sec. 3.2],
which is the reduced fiber product

(Hilb™(C?) X gnc2 (C2)")™,

where S"(C?) = (C?*)"/S,, unordered n-tuples of points in C?. For notational
purposes, we identify the closed points of Hilb™(C?) with ideals I C C|[r,s] satis-
fying dimc(C[r, s]/I) = n. That is, the Hilbert scheme Hilb"(C?) parameterizes
finite closed subschemes of length n, while the reduced closed points of the isospec-
tral Hilbert scheme are the tuples (I,py,...,p,) € Hilb"(C?) x (C*)" such that
7(I) = [[p1,-..,pn]], where 7: Hilb"(C?) — S"C? is the Hilbert-Chow morphism
associating a closed subscheme with its corresponding cycle. It would be interesting
to construct a morphism between the Hamiltonian reduction of our parabolic mo-
ment map and noncommutative products of the Hilbert scheme Hilb®” (C?), as well
as investigate connections between the isospectral Hilbert scheme and our variety.

It would also be interesting to show (rational) morphisms between the Hamiltonian
reduction of our parabolic moment map and the partial flag Hilbert scheme on a
complex plane

PFHilb*(C?) = {Ig C...CIL CIy=C[rs]

- Clr ] Zk }
dim¢ = aj ¢,
Iy =

which also may be considered in terms of lower block triangular matrices P~ in G,
i.e., given p~ = Lie(P~) with u~ as the maximal nilpotent subalgebra of p—,

PFHilb"(C?) = {(r,s,i) € p~ x p~ x C" | [r,s] = 0,7"s" span C"}/P",

especially since both constructions involve P (or P~ )-conjugation action on its
subalgebra. Partial flag Hilbert schemes are fascinating in their own right, and are
of great interest in categorical representation theory and quantum topology since
(complete) flag Hilbert schemes give correspondence between Koszul complexes of
the torus fixed points on the flag Hilbert scheme FHilb"(C?) and idempotents in
the category of Soergel bimodules (see, e.g., [6]).

Our last main result is about the varieties analogous to the ones in [27]. Indeed, let
Con={(r;5) € pxp" | k([r, 5] + 1) = 1},

where T,, is the n x n identity matrix. Let C, = C, /P, where P acts on the pair
(r,s) by a simultaneous conjugation. Let C! = {[(r,s)] € C,, | r is diagonalizable},
which is a subspace of C,,. We show that r € C/ implies that the eigenvalues of r
must be pairwise distinct (see Lemma 6.4).
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Now let 3 :=p x C". Consider the following subvariety
Co = {(r,5,4,5) € T*P | [r,s] + L, = —ij}. (3)
We see that C, = u~'(—1I,), where p is the moment map (4).

Remark 1.4.  Our moment map and subvariety C,, differs from the moment map
and subvariety (after replacing P with G') considered in [27] by ¢ — —i. We do
this to match the moment map from [5, 20] when P = B (see (4) above). Note that
this sign difference comes from the fact that [27, page 9, lines 8-9] uses g x (C")*
in his study of Calogero-Moser systems instead of g x C" as in [5].

Note that for fixed (r,s) € p x p*, there exist vectors i and j satisfying (3) if and
only if (r,s) € C,,. That is, we claim that every rank 1 matrix is of the form ij for
some column and row vector 7 and j, respectively. Since tr([r, s]+1I,) = n, we must
have 1 < rk([r,s] + I,) = rk(ij) < 1 from (3). Thus we have rk([r,s] +I,) = 1,
and we can compute 7 and j up to a common scalar multiple A by ¢ — Ai and
j — A7'j. Therefore, we can identify C, with the quotient of C, by the scalar
matrices in P under the action (5), and we obtain the same space C,, as a quotient
of C, or of C,,, i.c., since the P-action given by (5) above preserves C,,, we will

also write C,, = C,,/P.

Theorem 1.5.  Let a = (ayq, ..., aq) such that € < 5. The scheme C,, is a smooth
irreducible affine algebraic variety of dimension 2n.

Our proof of Theorem 1.5 is given by extending the techniques of [27], and again
Theorem 1.3 and the Jordan P-semicanonical form play key roles.

Let us briefly discuss the relationship with Calogero-Moser particle systems (see,
e.g., [1, 12, 17, 18]). We show that there exists a representative for every point

(r,s,1,7) € C! such that r = diag(—p1,..., —p,) and
e =Yoo Y )
=1 p<q€ly

where [}, = {a1+.. . +a_1+1,...,0q0+.. .4}, and in particular p; # p; forall 7,5
(Lemma 6.4). Thus, 3 tr s? is the sum (over 1 < k < ¢) of Hamiltonians of Calogero-
Moser particle systems with ay particles. Equivalently, this is the Hamiltonian of
a Calogero-Moser particle system where only certain particles (depending on «)
interact with each other. We remark that the existence of such a representative
does not require that there are at most 5 blocks in P.

We also conjecture that our results do not require ¢ < 5 (i.e., not relying on
Theorem 1.3); thus extending Nevins’s conjecture for all parabolic subgroups.

Conjecture 1.6.  Theorem 1.1, Theorem 1.2, and Theorem 1.5 hold for all com-
positions «a.

This paper is organized as follows. In Section 2, we give some background on P-
invariant functions on p. In Section 3, we give a notion of Jordan P-semicanonical
form for matrices, which are crucial in the proof for Theorem 1.1. We prove Theo-
rem 1.1 in Section 4, and Theorem 1.2 in Section 5. Finally, we prove Theorem 1.5
in Section 6.
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2. Preliminaries

Throughout this paper, we consider all groups and (Lie) algebras to be over C
unless otherwise stated. Let N be the set of all nonnegative integers (in particular,
0 € N). Let S, denote the symmetric group on n letters, and we will identify S,
with the subgroup of all permutation matrices of GL,,. Therefore, we have a natural
Sp-action on C" given by permuting coordinates.

Let a = (ay,a9,...,04) be a composition of n, that is «; € Z-o for all i and
Zle a; = n. Let p, be the set of block upper triangular matrices, where the i-th
diagonal block has size «;, which is a standard parabolic subalgebra of g = gl,,. Let
u, be the set of block strictly upper triangular matrices with block size vector «,
which is the nilradical of p,. Let P, = p, x C*. We will identify the cotangent
bundle of B, as TP, =~ p, X p- x C* x (C")*, where p? = g/u,, and (C")*
is dual to C™. We will consider vectors in C" as column vectors and vectors in
(C™)* as row vectors. For an element z € g, we write the corresponding element
T € g/u,. Let P, be the parabolic subgroup of G corresponding to p, (i.e., we have
Lie(P,) = pao ). To ease notation, we will omit the subscript a on the above notation
(e.g., we will simply write p := p,, ) when there is no danger of confusion. Note that
the standard Borel subalgebra b (resp. subgroup B) of all (resp. invertible) upper
triangular matrices corresponds to the case when o = (1,1,...,1).

Let P act on the space P via b.(r,i) = (brb=!,bi). The comoment map from
differentiating the P-action is

p = Lie(P) = I'(Ty) € C[T"],

where a(v)(r,i) = %(exp(tv).(r, i) . = ([v, 7], v1).

Next, we dualize a to obtain the moment map
p: TP — p*,  where (1,35,1,7) — ad(s) + a*(ij) (4)

and a: g — End(C") is the natural g-representation on C". Since g = Lie(G), we
pullback a to obtain a*: End(C")* — g*, where a*(ij) = 1j.
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Therefore, there is an induced Hamiltonian P-action on T given by

b.(r,s,i,7) = (Ady(r), Ad;(s),bi, 7b) = (brb~*, bsb=1, bi, jb~ ) (5

~—

with moment map p: TSR — p*, (r,s,i,7) — [r,s] +ij. (6)
There is also a p-action on 7™ given by

qe (T, S7i7j) = ([q7 T]a [S7Q],Qi, _jQ>
Now, let G act on the first and the third factors of G x p x C" as g.(¢/,7,i) =
(¢’'g7*,r, gi), which induces the moment map
pa: TH(GxpxCh) 2 Gxg*xpxp*xC"x(C")* = g%, (g9,0,r,8,1,7) — —0+a"(ij).

We also have a natural P-action on the second and the third factors of G x p x C",

given by b.(¢',r,i) = (¢',brb=*,bi). This action is induced onto the cotangent

bundle, where its moment map pp: T*(G x p x C") — p* is given by
(9,0,7,5,1,5) — Ady(0) + ad;(s).

Thus there is a natural G x P-action on G x p x C*. We combine the two maps

e and pp to obtain the moment map

Hoxp: T*(G x p x C7) 2 G x g* x px p* x € x (C")" — (g x p)* = g* x p",

which is given by (g,0,7,s,i,7) = (=0 + a*(ij), Ad}(0) + ad;(s)).
Thus, we obtain ug! »(0,0) in (1). Consider the scheme

M = {(r,s,i,§) €pxp* x C" x (C")* | [r,s] +ij = 0}.
Then M is equal to x~1(0) € T*YB. Note that the P-action preserves 9i:
[brb~" b= sb] + bijb~" = b([rs] +i5)b~" = 0.

Let C*® := C*/S,, so C® is the set of all unordered tuples (i.e., multisets)
of size k of complex numbers. For the composition o« = (ay,...,q), denote

C@ =], C»).

Lemma 2.1.  For the coadjoint action of P, on p., we have po [/ Py = C(®) =2 C",

Proof. Recall that the adjoint action is given by b.r = brb=!, where b € P, and
r € Ppy. For 1 <k </{, define pry: po — Pa,, where pr,(r) = ry, the projection of
r onto its k-th diagonal block. Denote Z := {(k,¢) | 1 < k < fand 1 <. < ay}.
For (k,t) € Z, define fi,: po, — C as fi,(rx) = tr(r}). Define g, := fr, o pry,
and note gi, € C[p,]. Since

b-gk,b<7’) = gk,L(bil‘T) = gk,b(bflrb) = fk,L(b];lrkbk)
= tr((by 'rbr)") = tr(by 'ribr) = tr(ry),

where by, is the k-th diagonal block of b € P,, the polynomials {gx, } &, ez are
algebraically independent (see [16, Sec. 2.4]) and satisfy C[{gx,}@nez) C Clpa)™™.
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Now, let \: C* — P, be a 1-parameter subgroup defined as
Mt) =diag(t ottt )

~~ ~~ 7 V H,—/
a1 times a2 times ayp_1 times ay times
t@*l qu
tﬁ—Q Iag
_ t€—3 Ia3
L.,
Denote the block matrix version of r with block size vector « as
yp irgg i3 ... i Ty
0 irgpirgs ' iry
r= 0 0 Irss - sy ’
0 0 0 N 7
i rlgt I'13t2 . I'lgtg_l
0 | Top  Togt | oo routtT?
1 .
then AE)r=At)-r-At) = 0 i 0 i 13 @ . irgtt3 |
0 0 0 c. Ty

where (7j)a,xa, 1S the k-th diagonal block of 7. Now, since

I 0 ce 0
mA(f)r = | -2 F2 O]
=0 AR R

0 0 R 7

the P,-invariant polynomials are independent of the coordinate functions in the
nilradical. Thus C[p,]™ = C[{tr(r}) }k.0ez) - u

Example 2.2.  Let us examine when P = B. For the adjoint (resp. coadjoint)
action of B on b, we have b//B = Spec(Cldiag(r)]) = C" by Lemma 2.1.

3. The Jordan P-semicanonical form

In this section, we will construct an analog of the Jordan canonical form for a matrix
under the P-action. We first consider the n = 2 case with P = B. So take

[ T11 T2 . bii bio
r—(o r22>€b and b—<0 b22>EB’
bi2(rao—ri1)+bi1riz

Then we have brb! = <T11 b22 ) : (7)
0 T29
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We see that the diagonal entries {r11, 22} are fixed under the B-conjugation action.
Now, let us examine the upper right entry, and see how we can obtain

bio(r22 — 711) + b117r12 = 0.

Note that we have multiplied the upper right entry by bsy (recall that byy # 0
because by is a diagonal entry of b € B). Therefore, if 99 # 111, we can take
bia = —b11712/ (192 —711) (note we can have bjs = 0 since it is an off-diagonal entry).
If ri1 = roy, then we must have r;5 = 0 since by; # 0. Therefore, we can classify
the orbits O, = BrB~! into the following 3 types:

Distinct eigenvalues 1y # 79;
Two Jordan blocks r11 = T99 and rio = 0;
One Jordan block r11 = T99 and 1o # 0.

To generalize this to arbitrary n, we need to weaken the classical notion of Jordan
canonical form for P-orbits. We construct an embedding &,: gl,, — gl,, by consid-

ering an (ordered) subset a = {a; < as < ... <a,} C{1,2,...,n} and mapping a
matrix (qu)ngl to (x;v)z,vzl by
Tpy if ap, =w and a; = v for some 1 < p < g <n,
=<1 if u = v and there does not exists p such that a, = u,
0 otherwise.

Slightly abusing notation, we will also write &, for the embedding &,: GL,, — GL,
of Lie groups, which naturally restricts to an embedding of a parabolic subgroup of
GL,, into a parabolic subgroup of GL, .

Remark 3.1.  The embedding &, corresponds to embedding GL,, along the roots

aal,a27 aa2,a37 cee 7aam71aam7

where o, = a, + a1 + ... + 4. Furthermore, the order of the eigenvalues can
only change within a particular embedded GL,, block.

We say that a matrix M € p is in Jordan P -semicanonical form if there exists a
(set) partition a® Ua® U ... ua® = {1,2,...,n} (recall that in a partition, we
have al/) # ) for all j) such that the following holds:

1. if j # j/, then M,y =0 for all a € a¥) and o’ € al"),
2. the diagonal blocks of M are in Jordan canonical form, and
3. if Muy # My for a € a¥) and o € a") | then j # j'.

We call the set al¥) a Jordan P -block or simply a P-block (or block when P is clear).

Theorem 3.2.  For any block upper triangular matrix r € p, there exists at least
one matriz in Jordan P -semicanonical form in its orbit {brb=' | b € P}.
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Proof. For p < ¢, define the matrix

bpq(7) rzé{p,q}((l T))z | :

where the entry for z is in position (p,q).

We give an algorithm to construct a Jordan P-semicanonical form of r. Suppose
P has block size vector a@ = (ay,aa,...,a4), and so it has a Levi subgroup of
L = GL,, x GL,, x ... x GL,,. Suppose r has distinct eigenvalues 2D AR
First, note that r is a block upper triangular matrix, and we can act by L on each
factor so that each diagonal block is in Jordan canonical form. Thus our resulting
matrix satisfies (2); in particular, we can now assume r is upper triangular.

Next, consider the partition a® L1a® ... ua® = {1,2,...,n} given by al) =
{a | r4qa = A9}, Therefore, we have (3). Lastly, our algorithm proceeds through
entries in r in the order of

(n—1,n),(n—2,n—-1),(n—2,n),...,(1,2),(1,3),...,(1,n)

(i.e., we proceed row-by-row from left-to-right, bottom-to-top). Suppose we are at
step (a,a’). If r4q = raw, then we continue to the next step. Otherwise we have
Taa 7# Taw (i-e., different eigenvalues), and we construct a new matrix

7= baar (1) - 7+ bagr (7)1

that we use in the next step. To show (1), it is sufficient to show (by induction)

/

r.» = 0 and this conjugation does not change any previously set entry, nor any

entry in L. A direct computation shows that

: /
x(ra’a/ - Taa) + Taa! 1fp =a,q=a,

: _ /
o Taqg T XTTarq ifp=ua,q>d, (8)
Pa Tpa! — TTpq ifp<a,qg=d,
Tpq otherwise.

Thus, it is straightforward to see that 7/, = 0 and we do not change any previously
set entry, nor any entry in L (note that there is a non-zero entry at (a,a’) in L if
and only if 7., = rye as it is an off-diagonal entry in a Jordan block). [ |

Example 3.3. Let P = B. It is possible that a B-orbit can contain multiple

Jordan B-semicanonical forms. For example, both of the following matrices are in
Jordan B-semicanonical form consisting of a single B-block:

M =

o O O O
O OO
S O O
O = O O
o O OO
o O O
o O O O
O~ =k O
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but are in the same B-orbit as one can obtain M’ from M by conjugation using
1 000

0 0
0 0 € B.
0 1

O O =
O = =

4. Proof of Theorem 1.1

Our proof of the complete intersection of the irreducible components of the preimage
of 0 under the Borel moment map closely follows the proof of [5, Thm. 1.1].

Throughout this section, we assume that p = p, has at most 5 blocks, that is to
say we fix an o = (g, o, ..., ap) with £ < 5. We note that Theorem 1.3 and the
Jordan P-semicanonical form will assume the role of [5, Lemma 2.1]. Next, we note

0
d, := dimp = (";1) +y (O;’“)
k=1

Let O, be the P-orbit of r in p, and define the reduced subscheme M(O,) =
{(r',s,i', 5"y e M| r" € O.}. We give the analog of [5, Prop. 2.4].

Proposition 4.1.  Given a P-orbit O, Cp of r € p, the subscheme M(O,) in
TP s Lagrangian.

Proof. Assume that P is an arbitrary smooth P-variety. Let Orb denote the
set of all P-orbits of 91, and for each orbit O € Orb, let TP C TP denote the
conormal bundle to @. The natural P-action on TP is Hamiltonian with moment
map p: TP — p*, and we have

p0) = | 1% (9)

0eOrb
since the conormal bundle to O is a subbundle of T*|» consisting of cotangent
vectors to B that are zero on the cotangent bundle to O. Since O C 9N, it follows

that THB C 1~ 1(0). Since O € Orb, Equation (9) follows.
Now, assume that 3 = p x C". Since we can write p~'(0) as a union of conormal

bundles to O asin (9), given any point (1, s',7, j") € M(O,) and any pair of tangent
vectors X, Y in the tangent space T(,s ¢ inMM(O), we have w1 (X,Y) = 0.
That is, given a canonical symplectic form w = ) o dsy, A dry,, the restricted
symplectic form w|o(o) vanishes. Finally, given the projection map 7: px (C")* — p
onto the first factor and a conjugacy class O, C p, the set 771(O,) is a finite
union of P-orbits from Theorem 1.3. So M(O,) is a finite union of TP, where
O € Orb. Let us enumerate these orbits as O, € Orb, where 1 < n < ¢. Since
dimM(O,) = dim T, P = 5 dim T*P, it follows that IM(O,) is Lagrangian. n
Next, we have an analog of [5, Prop. 2.5], working with p/P = C®) (Lemma 2.1).
For a matrix r, we let Spec(r) be the tuple of diagonal entries of any Jordan P-
semicanonical form of 7, which we then consider as an element in C®. In other
words, Spec(r) is equivalent to the tuple of unordered tuples of eigenvalues (counted
with multiplicities) of each P,-block of any Jordan P-semicanonical form. We note
from the properties of a Jordan P-semicanonical form that this is well-defined.
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Proposition 4.2.  Assume that o has length at most 5. We consider the map
A: TP — pP=CY given by (r,s,4,7) — Spec(r). Then the morphism

px AN: TSR — p* x (p)P)  given by  (r,s,4,5) — ([r, s] +1ij, Spec(r))

is flat. Moreover, all nonempty (scheme-theoretic) fibers of this morphism have
dimension dy +n.

Proof. For any tuple ¥ = (r1,79,...,7,) € C® the set of all elements r € p
such that A(r,s,i,j) = 7 (for fixed s, i, and j) is a finite union of P-conjugacy
classes by considering the possible Jordan semicanonical P-block decompositions of
r and Theorem 1.3 implies there is only a finite number of P-orbits for any such
block decomposition. Therefore, the zero fiber of u x A, denoted by &, is equal to
a finite union of Lagrangian subschemes 9t(O,.) from Proposition 4.1, where O, is
a conjugacy class of a nilpotent matrix r € p. Hence, we have

1
dim¢ < o dim T*P = dy + n = dim T*P — dimp x Cc@®

since Lagrangian subschemes can have dimension at most %dim 8.

We define a C*-action on T by scalar multiplication, i.e., the action is given
by a.(r, s,4,7) = (ar, as,ai,aj). Next let C* act on p*xC@ by (.(s,7) := (35, (i).
Then the map pu x A is a C*-equivariant morphism since

(1 x A) (5,4, 7)) = (1 x A)(Cr, €5, Ci, €)= ([Cr, €8]+ (Ci)(C), Spec(r))
= (¢*([r,s] + i), ¢ Spec(r)) = C.([rs] +j, (111, -, 7an) ) = C(p X A) (1, 5,4, ).
Let C[T*]<; be the set of polynomials of degree less than or equal to ¢. This

o —

forms an N-filtration on C[T*PB] = 2, C[T*PB]<;. Let C[T*P] be the set of all
finite expressions of the form . b;,¢* with b; € C[T*J]<;.Since C*-equivariance is

well-defined under the limit as o — 0, we have a natural ring embedding

Clc] = CTF] = > Cr"Plaid’ € CITpl(c)

which gives a surjective morphism of algebraic varieties f: Spec(C[T*B]) — C.

— o —

Since ¢ is not a zero-divisor, C[T*)] is a torsion-free C[¢]-module. So C[T*p] is
flat. Thus p x A is a flat morphism, and the dimension of any fiber of the map
pux Ais dy, +n (also see [2, Sec. 2.3.9]). n

Finally, we obtain analogs of [5, Cor. 2.6] and [5, Cor. 2.7]. Let A := Alpy be the
restriction of A to the closed subscheme 9.

Corollary 4.3.  The moment map p is flat.

Proof. The moment map pu is the projection of p x A onto the first factor
pry: p* x C" — p*. Since the composition pryo (u x A) is flat, p is flat. [

Corollary 4.4.  The scheme M is a complete intersection in TP with dim M =
d, + 2n. Moreover, the map A: M — C) from Proposition 4.2 is a flat morphism
with fibers of dimension d, 4+ n that are Lagrangian subschemes in T .
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Proof.  The restriction A is surjective since clearly (r,0,0,0) € p~1(0) for any
r € p. Thus all fibers of A are nonempty.

Taking a flat base change with respect to the embedding {0} x C* — p* x C" yields
that the scheme 9 = p~1(0) = (u x A)~'({0} x C") is a complete intersection in
T*P and that A: 9 — C” is flat. This implies that the dimension of any irreducible
component of any fiber of this morphism A is dim 7"} — dimp x C" = d, + n.

Consider a fiber £ = K_I(Spec(r)), and so for (r,s,1,j) € &, the diagonal entries
of r are Spec(r). From Theorem 1.3, there exists only finitely many conjugacy
classes O, in p, and so £ is a finite union of M(O,). By Proposition 4.1, 9M(O,)
is a Lagrangian subscheme. Next, any irreducible component of the corresponding
scheme-theoretic fiber must be the closure of an irreducible component of (O, )
for some conjugacy class O, of p, and hence a Lagrangian subscheme, since every
irreducible component of the scheme-theoretic fiber has dimension dim9(O,). =

We conclude that Corollary 4.4 yields Theorem 1.1.

5. Proof of Theorem 1.2

The results in this section are in [20] (with assuming Theorem 1.1). We give a
slightly different proof that instead closely follows [5] rather than lifting up to the
g setting.

For this section, we fix an o = (a,as,...,a¢) with £ < 5 (as in the previous
section). We will also consider o € N*. Let e, denote the unit vector with 1 in the
a-th entry and 0 otherwise.

We give the analog of [5, Lemma 2.8]. Note that we have to give an (block) upper
triangular version of [5, Lemma 2.8|, so we have interchanged the roles of i <> j.
This is [20, Eq. (4.1)] when P = B. Since this does not require the lift from [20,
Lemma 4.1], we do not require [5, Lemma 2.3]. Thus, in practice, ours is distinct
as we do not lift to the g and G setting and instead work directly with the Borel
subalgebra and the Borel subgroup.

Define a partial order on N¢ by u < v if u, < v, for all k. For an element
a= (a1, as,...,a;) € N° such that a < «, define the sets

a = {1,2,...,a1}U{a1+1,041—1-2,---,0414—@2}

10a
U...U{an+...+ap 1+ 1, ..., + ...+ a1 + ag}y (10a)

ay = {ozl—a1+1,041—a1+2,~-7041}

U{Oél—l-OéQ—CLQ+1,@1+C¥2-CL2+2,...,O&1+O&2} (10b)
U..U{n—ar+1,n—a;+2,...,n}.

Note that aj U (o —a)s = {1,...,n}.

Lemma 5.1.  Let (7,35,7,]) € M such that p, # py for all 1 < p < q < n, where
(Pp)p=1 are the eigenvalues of T (i.e., the eigenvalues of T are pairwise distinct).

Then the P-orbit of (7, 3,1,]) contains a representative (r,s,i,j) such that

(a) r=diag(p1,p2,-.-,pn) is diagonal,
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(b) i= Zaeai eq and j = Za,ea% ea for some a,a’ € N® such that a+a’' < «,

(c) s= (qu)g’qzl is given by

op ifp=gq,
1 .
Spq = ifp€ay,qeai, andp>q,
Pp — Pq
0 otherwise,
for some o1,...,0, € C.

Conversely, given (r,s,1i,7) that satisfy these conditions for any choice of p1, ..., pn,
O1y...,0,, @, & (i.e., with py,...,p, pairwise distinct and a+ a’ < «), we have

/

(r,8,1,7) € M with supp(i) = a;, and supp(j) = a; .

Note that s,, = 0, in Lemma 5.1, but o, are considered as free variables for the
converse.

Proof. From Theorem 3.2, we can assume 7 is diagonal, so we obtain (a). For
simplicity, we consider P = B, but the general case is similar (note that we can
permute the entries of 4 and j within a block GL,, € P and ajNna’ =0).

Next, we need to solve

0
N (rog —r11)821 0 .
[r, 8] +ij+u= : N . +ij +u
(rnn - Tll)snl o (rnn - rnfl,nfl)sn,nfl O
=0+u (11)

Let a = supp(7) and a’ = supp(j). Note that 75 is the matrix with a row p given by
J scaled by i; if p € a and is 0 otherwise. However, to have a solution to (11), we
must have ana’ = () as otherwise there will be a nonzero entry along the diagonal
of ij.

Next, by computing br — rb = 0, we see that the centralizer of r is given by the
diagonal matrices. Therefore, we can assume i is a vector with entries {0,1}. Since
supp(¢) Nsupp(j) = 0, we can (independently) scale all nonzero entries of j to be 1.
Since we are working in g/u, we do not care about the strictly block upper diagonal
portion in (11). Therefore, we have (b). Next, solving for (s,q); ,—; yields (c). Note
that we have also shown the converse statement of the lemma. |

We give the analog of [5, Lemma 2.9], which we split into the following two lemmas.
We note that the condition that supp(i) and supp(j) are disjoint is redundant
from (11) as noted above, but we have included it for clarity.

Let A = {(x1,...,2z,) € C" : 2; = z; for some i # j} denote the big diagonal
in C". For some a = (ay,...,a;) € N’ such that a < «, define the (parabolic)
subgroup

Sa = Sa; X Say—a; X Say X Sag—as X - X Say X Say—a, T Sh,

where the first factor S,, acts on the first a; elements, then the second factor S,,_a,
acts on the next a; — a; elements, etc.
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Let © be the elements (r,s,14,j) € 9 such that

(a) 7= (1pg)p =1 is a diagonal matrix with pairwise distinct eigenvalues pi,. .., p,
(note 7, = p, forall 1 <p <n),

b) ¢ = e, and j =5, , ey for some a,a’ € N’ such that a+a’ < a,
aca a EaT

(c) 5= (5pq)pg=1 is given by

op if p=gq,
1 .
Spg = P if pe€ay,qgeal, and p > g,
0 otherwise,
for some o1,...,0, € C.

Lemma 5.2. Choose some a € N* such that a < o. Recall from Theorem 1.2 that

m, = {O(ns,m')

Then O, is connected of AimIM, = dy, + 2n, and both of the actions of P and p
on M., are free.

(r,s,1,7) € D with }
supp(i) = ay, supp(j) = (e —a); | -

Proof. Let (r,s,1,7) €M, be a representative from Lemma 5.1 with supp(i) = a, .
To see that the isotropy (or stabilizer) group {b € P | b.(r,4,j) = (r,4,7)} is trivial,
note that brb~' = r (equivalently [b,7] = 0) implies that b is a diagonal matrix.
Since b is a diagonal matrix and b: = ¢, we must have that b is the identity matrix.
Similarly, the isotropy Lie algebra {b € p | b.(r,4,7) = 0} is trivial.

Therefore, the same holds for (r,s,7,j). Note that the representative (r,s,1,j) is
unique up to the natural S,-action since we cannot permute the diagonal blocks
of r by the P-action, nor can we permute the entries of ¢ (and similarly for j)
by elements of the centralizer of r (recall, this is the group of diagonal matrices).
Indeed, if we act by any b € P that is not in S, nor the centralizer of r, then r
is no longer a diagonal matrix, and we cannot change the support of ¢+ when acting
by a diagonal matrix (all of whose diagonal entries must be nonzero). Hence, we
obtain

M, ~ P xg, ((C"\ A) xC"),

where S, acts diagonally on (C"\ A)xC" (i.e., o.(x,y) = (0.x,0.y)), and the claim
follows. u

Lemma 5.3. Choose some a € Nt such that a < «. Let

;= {0<r,s,i,j)

Then dim M < d, + 2n.

(rys,1,7) € © with supp(i) C a, }
a, Nsupp(j) =0, supp(i) Usupp(j) # {1,...,n}
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Proof. Let (r,s,i,j) € M be arepresentative from Lemma 5.1 with supp(i) C a, .
Let ¥ = supp(i) Usupp(j). Consider the subgroup B” C B given by the diagonal
matrices (byp)p_; with

1 if pe X,
bpp: e
ﬂa// lfa E{l,,n}\27

where [,» are arbitrary complex numbers. Note that {1,...,n} \ X # ( by
assumption. Hence, the subgroup B” is of strictly positive dimension that acts
trivially on (r,s,4,j). Hence, we must have dim 9 < dim M, = dim M = d, + 2n
(the last equality is by Corollary 4.4). ]

Proof of Theorem 1.2. Since the diagonal entries under the P-action cannot
change, it is straightforward to see that 91 can be written as

M = (U am;) L (U sm) LA H(A). (12)

ala ala

Next, note that dimA < n, and thus Corollary 4.4 implies that dimKﬁl(A) <
n+ (d, +n) = d, + 2n. Also from Corollary 4.4, we have that 9t is a complete
intersection, and so every irreducible component must have dimension d, + 2n.
Hence the closures of M/ (from Lemma 5.3) and 7 !(A) cannot be irreducible
components. The claim that the closure of 9N, is an irreducible component follows
from Lemma 5.2, and thus we have obtained all irreducible components from the
decomposition (12).

Since there are no fixed points under the P-action on 9, , the map p is a submersion
at generic points of the scheme 2. Thus 91 is generically reduced. We have that
M is Cohen-Macaulay since it is a complete intersection. We conclude that 9 is
reduced (see, e.g., [4, Ex. 18.9] or [2, Thm. 2.2.11]). [

6. Proof of Theorem 1.5

In this section, we will work with é’n, proving Theorem 1.5. Our proofs closely follow
those of the analogous statements from [27]. We first prove a lemma analogous to
[27, Cor. 1.4].

Lemma 6.1.  Fiz (r,s,1,j) € 6’n Suppose b € P is a matrix that commutes with
both r and s. Then b= A1, for some A € C (i.e., b is a scalar matriz).

Proof. Consider some representative s € g of s. Note that (r,s,4,7) is an
element of the variety defined by [27, Eq. (1.1)]. For any matrix b that commutes
with both r and s, any eigenspace of b is a common invariant subspace for r and
5. Therefore any eigenspace of b must be C" by [27, Lemma 1.3|. Since this holds
for every representative of s, we must have b = AT for some A € C as desired. =

The following corollary is a generalization of [27, Cor. 1.5].

Corollary 6.2.  The group P acts freely on é’n
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Proof. If (brb=t bsb™" bi,jb=1) = (r,s,4,7), for some b € P, we have br = rb
and bs = sb. Therefore, b commutes with r and s, and so b = A1,, by Lemma 6.1.
Since we have bi = A\i = ¢, we have A = 1 and b the identity matrix. |

We follow [27, Prop. 1.7] to obtain:
Proposition 6.3.  The differential of p is surjective at every point of 5n

Proof.  The differential of p at the point (r,s,i,j) € T™B is
du(X,Y,a,b) = [r, X] +[Y, s] + ib— aj.

The annihilator of the image of this map with respect to the nondegenerate bilinear
form (r,s) — tr(rs) consists of all matrices R such that

[R,r] =[R,s] = Ri=jR=0.

Thus dp is surjective at (r, s,4,7) if and only if R = 0 is the only solution to these
equations. Yet if (r,s,1,75) € C,, then by Lemma 6.1, the first two equations imply
that R is a scalar. The last two equations show that R = 0. [ |

Since C,, = p~(—1,) for the point —1I,, € p*, it follows from Proposition 6.3 and
the implicit function theorem that C, is a smooth subvariety of T™ with every
component of dimension dy, 4+ 2n. It follows from Corollary 6.2 that the quotient
space (), is a smooth affine variety of dimension 2n.

For the remainder of this section, we aim to prove that C), is irreducible. Since C),
is smooth, it is equivalent to proving that it is connected (here, we may work with
either the classical complex or Zariski topology).

The following is the analog of [27, Prop. 1.10].

Lemma 6.4.  Let (7,8,1,]) € CN’n such that 7 is diagonalizable. Then the eigen-
values of 7 are distinct, and the P-orbit of (7, 35,1,j) contains an element (r,s,, )
such that

(a) r = diag(—p1, —p2,...,—pn) is diagonal,
(b) all of the entries in the vectors i (resp. j) are equal to —1 (resp. 1),

(c) s is a block lower Calogero-Moser matrix: it has entries

(

Tp ifp=gq,

5 = (op = pg)™" ifp >4,
(pp — pg)~ " if p < q with (p,q) an entry in a diagonal block,
0 otherwise,

\

for some o, € C".

Moreover, the element (r,s,i,7) is unique up to (simultaneous) permutation of
(pivai)znzl by SOé'
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Proof.  From the Jordan P-semicanonical form (Theorem 3.2), we can consider r
to be a diagonal matrix with diagonal (—p1, —p2, ..., —p,). Note that the diagonal
of [r,s] is (0,...,0), and so if we consider the diagonal entries [r,s] + I, = —ij
in (3), we obtain —i,j, = 1 for all 1 < p < n. Thus, —ij is the matrix with every
entry being 1. For all p > ¢ and p < ¢ with (p,q) being an entry in some diagonal
block, the (p, q)-entry of [r,s] + I, is spe(pp — pg).' Therefore, if a diagonal entry
of r repeats, then for some p and ¢, we have sy,(p, — p,) = 0 # 1, which is a
contradiction.

Thus, we have p, # p, for p # q. Note that the centralizer (equivalently stabilizer)
of r is given by diagonal matrices and elements of S, , so we can act by diagonal
matrices and elements of S, without changing r. Acting by the diagonal matrices,
we can obtain i = (—1,—1,...,—1), and so subsequently we have j = (1,1,...,1).
However, by fixing ¢ (and j as in (b)) we only have the action of S, remaining.
Since 1 = sp4(pp — pg) for all p > ¢ and p < ¢ with (p,q) in a diagonal block
and s is block lower triangular, we obtain that s is a block lower Calogero-Moser
matrix. ]

We remark that since the eigenvalues of 7 are pairwise distinct if r is diagonalizable,
not every matrix r occurs as a part of the quadruple (r,s,4,j) in C, . Furthermore,
for any p € C®, there exists a unique element (r,s,i,7), up to the Sy-action, in
the P-orbit of (7,3,17,]) such that Spec(r) = p and that satisfies (b) and (c) from
Lemma 6.4. Therefore, note that in Lemma 6.4, we cannot permute the p; using
the parabolic subgroup P other than within a particular block. So the set of points
((p1,-- s pn), (01, .., 00)) € (C\ A) x C" is fixed under the P-action.

Let 7: C,, — C® be defined by (r, s,4, ) — Spec(r). It is clear that 7 is surjective.
A consequence of Lemma 6.4 is that

C4:={(r,s,i,j) € C, | r is diagonalizable} = 7~ 1(C® \ A).

Therefore the parameters (p, o) define an isomorphism C¢ ~ (C®\ A) x C", with
7 corresponding to the projection onto the first factor. Thus we have the following
analog of [27, Lemma 1.9].

Corollary 6.5.  We have that 7= (C® \ A) is connected.
Next, we need the following lemma, which is similar to [27, Lemma 1.8].

Lemma 6.6. Let a have length at most 5. The fibers of m have dimension at
most n.

In order to prove Lemma 6.6, we first study the restriction to én of the projec-
tion pr: T* — C?* onto the last two factors (i,7); in other words, we have
pr(r,s,i,7) = (i,7). The following generalizes [27, Lemma 1.11].

Lemma 6.7.  Fiz some ro € b, and define

5n(7’0) ={(r,s,i,j) € C, | r =10}

Then pr(C,(ro)) is contained in an n-dimensional subvariety of C*".

! Recall that s € b* is a lower triangular matrix.
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Proof. Since pr is P-invariant, assume that ry is in Jordan P-semicanonical
form. We first consider the case when ry consists of a single Jordan P-block, which
implies that within each diagonal block dj of rg

(dk)pq: 1 ifp=gq-+1,
0  otherwise.

Recall that for a matrix A to have rank 1, for the minimal d such that A, 4, # 0
for some p, there exists a unique such p. In other words, the lowest diagonal that

is not 0 has exactly one nonzero entry. Next in X := [rg, s| + I, we have within
the k-th diagonal block of X

ag—|d|

Z Xstp-dstp =0

p=1

fﬁr all o, < d <0, where s =y +...4+ ag_1. Then we can take the representative
X € p* with all lower diagonal blocks being 0, hence we have

n—|d|

> Xpoiap=0
p=1

for all d < 0. Therefore, X is upper triangular since rk(X) = rk(—ij) = 1.
Moreover, there exists a unique nonzero entry on the main diagonal of X, which is
equal to

tr(X) = tr(X) = tr([ro, s]) + tr(I,) =04+ n = n.

Next, suppose the first nonzero entry in j occurs at position p, and so the last
nonzero entry in —i also occurs in p. Note that —i,j, = tr(X) from above.
Therefore, for each of the pairs (i,7), there are n families corresponding to the
choice of entry p. Every such family has dimension n since there are n — p + 1
parameters in j and p parameters in ¢ with one relation: —i,j, = n. Hence, the

claim holds when ry has a single Jordan P-block.

Now, assume 79 = €D, ra, the direct sum of several Jordan P-blocks of sizes n,, and
we write Sap, (ia), (ja) for the corresponding P-block decompositions of s, i, and
J, respectively. Then taking the (a,a)-block in (3) gives [Faa, Saa] + In. = —iaja-
By the above, there are only at most n, parameters in (ia, ja), and so the claim
follows. [

Next, we obtain a result analogous to [27, Cor. 1.12].
Corollary 6.8.  Fiz a conjugacy class O, in p, and define
Cn(O,) :={(r",s,i,5) € C,, | 7" € O, }.

Then dim C,(O,) < n.
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Proof. Fix rq € O, such that C,(O,) = C,(ro)/P™ (recall that P™ denotes
the centralizer of ro in P). From (3), it is clear that the part of C,(ro) lying
over a fixed (i,j) € C?" is parameterized by the Lie algebra of P™. We have
dim C,(ro) < n+dim P™ by Lemma 6.7. Since the P™-action on Cj,(r) is free by
Corollary 6.2, the claim follows. [ |

Proof of Lemma 6.6. Note that the conjugacy classes of p can be parameter-
ized by the conjugacy classes of the Levi and the nilpotent u subalgebras. Recall
that for a fixed p € C® such that Spec(r) = p, there are only a finite number
of ways to decompose r into Jordan P-blocks. Thus, there are only a finite num-
ber of orbits O, by Theorem 1.3 and Theorem 3.2. Therefore, each fiber of 7 is
a union of sets C,(0,) for a finite number of orbits O,. The claim follows from
Corollary 6.8. [ |

Theorem 6.9. The variety C,, is connected. Moreover, C,, s irreducible.

Proof. We have dim7~!'(A) < 2n—1 by Lemma 6.6 and because A is a reducible
subvariety of C" of dimension n — 1. Let X = C, \ 77 1(A) = 7#7}(C"\ A), the
complement of 771(A), and X is a connected open subset of C,, by Corollary 6.5.
Let Y denote the connected component containing X . If 77(A) is not contained
in Y, then C,, would have a connected component of dimension less than 2n, which
cannot happen since dim(C,,) = 2n. Hence, we have

Y =7 HC"\ A)urHA)=7HC") = C,,

and so C,, is connected. ]
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