Journal of Lie Theory
Volume 31 (2021) 249-264
© 2021 Heldermann Verlag

Spectra of the Rarita-Schwinger Operator
on Some Symmetric Spaces

Yasushi Homma and Takuma Tomihisa

Communicated by B. Qrsted

Abstract. We give a method to calculate spectra of the square of the Rarita-Schwinger operator
on compact symmetric spaces. According to Weitzenbock formulas, the operator can be written
by the Laplace operator, which is the Casimir operator on compact symmetric spaces. Then we
can obtain the spectra by using the Freudenthal’s formula and branching rules. As examples, we
calculate the spectra on the sphere, the complex projective space, and the quaternionic projective
space.
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1. Introduction

The Rarita-Schwinger operator is a generalization of the classical Dirac operator.
The Dirac operator is a famous first order elliptic differential operator on spin % fields
and has been studied for a long time not only in physics but also in analysis and
differential geometry. The Rarita-Schwinger operator is “spin % version” of the Dirac
operator. There has been much research about the Rarita-Schwinger operator on the
Euclidean spaces from the view point of Clifford analysis. For example, polynomial
solutions, fundamental solution and Clifford-Cauchy kernel were studied in [7], [8].
Furthermore, the generalization to the higher spin operators is in progress, [11], etc.
On non-Euclidean spaces, harmonic analysis of the Dirac operator has been studied
a lot. The eigenvalues of the Dirac operator were calculated explicitly on the sphere
(cf. [1]), the odd dimensional complex projective space [9], [18], the quaternionic
projective space [17] and more many examples, for more details see [13]. On the
other hand, there are a few results about harmonic analysis of the Rarita-Schwinger
operator on non-Euclidean spaces. In fact, the eigenvalues of the Rarita-Schwinger
operator were calculated only in two cases. One is the sphere case in [4], [6], the
other is S' x S™ case in [16]. One of the reason why we could have done only them
is that it is difficult to apply the method of calculation on the sphere in [4], [6]
(originally from [5]) to other symmetric spaces.

Recently, the Rarita-Schwinger operators on Einstein manifolds were researched in
[15]. In the paper, they show that the Rarita-Schwinger operator is the linear
combination of the scalar curvature and the standard Laplacian on an Einstein
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manifold by using the Weitzenbock formulas. Here, the standard Laplacian is one of
important operators naturally defined on Riemannian and spin manifolds [14], [20].
Especially, it coincides with the Casimir operator on compact symmetric spaces.

In this paper, we give a way to calculate the eigenvalues of the Rarita-Schwinger
operator on irreducible compact symmetric spaces, which are famous examples of
Einstein manifolds. Because the twistor operator P is overdetermined elliptic, the
space of the spin % fields is decomposed into the direct sum of the kernel of P*
and the image of P. According to the Weitzenbock formula, we write the square
of the Rarita-Schwinger operator in terms of the Casimir operator and the scalar
curvature on each component. Therefore, we can arrive at the eigenvalues of the
Rarita-Schwinger operator by using the Freudenthal’s formula and branching rules.
Our method is much simpler than before [4], [16]. Moreover, we apply our method
to some concrete examples. We actually calculate the eigenvalues for the sphere
(theorem 3.4), the complex projective space (theorem 3.8) and the quaternionic
projective space (theorem 3.11). These are all irreducible compact rank-1 symmetric
spaces except for the octonionic projective plane F,/Spin(9).

Acknowledgements. This research was partially supported by JSPS KAKENHI
Grant Number JP19K03480.

2. Preliminaries

Let (M, g) be an n-dimensional Riemannian spin manifold with spinor bundle S/,
and the complexified tangent bundle TM® . We consider the twisted Dirac operator
on 51/2 X TM(C

Dy = Z(ek - @idppe) 0 Ve,
k=1
where V is the covariant derivative on S/, ® T'M € and ey is the Clifford multipli-
cation by an orthonormal frame {e,}. With respect to the Spin(n) decomposition
S1/2 ® TMC = S1/2 @ S3/2, we can write Dryy as the 2 X 2-matrix

5 Q_T”D 2P
™ = %P R

where D : I'(S1/2) — I'(S1/2) is the Dirac operator, P : I'(Si/2) — I'(S3/2) is
the twistor operator and P* is the formal adjoint operator of P. The operator
R :T'(S3/2) — I'(S3/2) is called the Rarita-Schwinger operator, which is a first order
elliptic differential operator with conformal covariance. Furthermore, there is the
L?-decomposition I'(S3 /2) = Ker P*@®Im P on a compact Riemannian spin manifold
since the twistor operator P is an overdetermined elliptic operator [3].

Some Weitzenbock formulas in [15] and [22] give us the following formulas about
the Rarita-Schwinger operator on Einstein manifolds.

Theorem 2.1 ([15]). Let (M,g) be an n-dimensional compact Einstein spin man-
ifold. Then

(1) R*=(=2)*(Asj2 + gscal) onImP,

n

(2) R*= Agpp+ %Bscal  on Ker P*.
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Here, Ayjy is the standard Laplacian on the bundle Sy o introduced in [20]. For
example, Aijy = V*V + %“1 = D? — %al. Furthermore, we have equations about
commutation,

" 2pop, Por—""?

n n

RoP = Do P*,

A1/20D = DOA1/27 A1/2OP* = P*OA3/2, A3/2OP = POA1/2> A3/2OR = ROA:s/z-

In particular, Tm P and Ker P* are invariant under the action of the Rarita-
Schwinger operator R.

Note that, on a homogeneous vector bundle over a compact symmetric space F =
G x,V, the standard Laplacian A on the sections of E coincides with the Casimir
operator of G [20].

3. The spectra of the Rarita-Schwinger operator on symmetric spaces

Let M = G/K be a compact symmetric space and E be a homogeneous vector
bundle over M. Then, by Frobenius reciprocity, we can decompose the space of
L?-sections L?(E) into the Hilbert sum

L*(E) = @ Homk (Va, E) @ Vy
AeG

where G is the set of equivalence classes of the irreducible representations of G' and
V) is the irreducible representation space of highest weight A. It follows from the
Freudenthal’s formula that the restriction of the standard Laplacian Ag on E to
the above V) satisfies

Aglv, = (A + 26, )

where ¢ is half the sum of the positive roots on g = Lie(G) and this inner product
on weights comes from the Killing form on g.

From now on, we consider an irreducible compact symmetric space (G/K,g) with
spin structure (cf. [10]). Then the metric ¢ is Einstein, and the space of the twistor
spinors Ker P coincides with the space of the real Killing spinors. Since a symmetric
space admitting a real Killing spinor is locally conformally flat (cf. [2]), if G/K has
nontrivial Ker P, then it is a space form of positive curvature, that is, S"/I' where
' is a discrete group of O(n+1). Furthermore, the manifold is S™ or RP™ because
the fundamental group of symmetric space G/K is included in the center of G.
Note that RP™ has a spin structure only for n = 3 mod 4. In [1], it was proved
that S™ and RP*"~! have real Killing spinors. They constitute GG-modules whose
highest weights are easily understood. As a result we know G-module structure of
Im P isomorphic to L*(S;/2) ©Ker P, and hence, its orthogonal complement Ker P*
in L2(53 /2).

In fact we will give irreducible decompositions of them on the standard sphere S™
in the next subsection. When an irreducible compact symmetric space G/K is not
S™ or RP™, the kernel of the twistor operator Ker P is zero. Then the space Im P
in L*(S32) is isomorphic to L*(S1/2) as a G-module. By Frobenius reciprocity,
we decompose L?*(S;/2) and L*(S35) if we know the branching rule for G/K.
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By subtracting Im P from L?(Ss/5), we can have an irreducible decomposition of
Ker P*. As examples, we will decompose Im P and Ker P* on CP" and HP"
later. Thus we have known G-module structure of Im P and Ker P* on irreducible
compact symmetric spaces.

We calculate the eigenvalues of the square of the Rarita-Schwinger operator R%. It
follows from Theorem 2.1 that, for ¢ in an irreducible summand V) in Im P,

R*) = n-2 2(A +1 )y = n-2 2(()\+26 A>+1 1)y
= " 3/2 8sca = " G 8sca .

Remark 3.1.  Since we have R?P¢ = ("7’2)2 PD?%¢ for spinor filed ¢, the eigen-
values for R? on Im P correspond to the eigenvalues for D? up to a constant mul-
tiple. [ |

When we take v in an irreducible summand V) in Ker P*, Theorem 2.1 again allows
us to get the eigenvalue,

n—_§

8 scal) .

We shall give some examples in the next subsections. For simplicity, an irreducible
representation space V) is sometimes denoted by its highest weight A. In addi-
tion, k; denotes a string of k with length j. For example, ((1/2),,_1,%£1/2) =
(1/2,...,1/2,£1/2).

— —

m—1

scal)) = ((A + 20¢, A) + n-

n n

R%) = (Ag/g +

Remark 3.2. The kernel of the Rarita-Schwinger operator Ker R on Ker P* is
the space of the Rarita-Schwinger fields, which are important fermion fields from a
view point of physics and geometry (cf. [15]). By using Theorem 2.1, we can easily
see that Ker R for compact G/K with dimension n > 8 is zero. Furthermore,
the irreducible compact symmetric spaces admitting Rarita-Schwinger fields are
classified in [15], where Gry(C*) and %@ow are separated, but they are the
same as a symmetric space.

3.1. The sphere

The n-dimensional standard sphere S™ is recognized as the symmetric space S™ =
Spin(n + 1)/Spin(n). We put m = [(n+ 1)/2|. The highest weight of Spin(n + 1)
is written as A = (Ay,..., A) in Z™ or (Z + 1/2)™ which satisfies the dominant
condition

)\12)\222)\m712)\m20 fOI'TlIQTTL,
A=A > > A 2> Al for n =2m — 1.
The spinor bundle S;/, over the sphere S™ is realized as the homogeneous vector
bundle Spin(n 4 1) Xgpinn) Va with the highest weight
((1/2)pm—2,1/2) ® ((1/2) 2, —1/2) for n = 2m,
((1/2)m—2,1/2) forn=2m —1

of Spin(n). By Frobenius reciprocity and branching rule (cf.[23]), L*(Si/s) is de-
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composed into the irreducible Spin(n + 1)-modules with the highest weights A =
(A1, ..., Am) which satisfy the dominant condition and

M>1/2>20>1/2>--->1/2>\,.1 > £1/2>—),, forn=2m,
M>12>2X02>1/2>-->1/2>X,1>1/2> |\, for n = 2m — 1.

Especially, if A satisfies this conditions, then dim Homgpinm)(Vi,S1/2) = 1. The
highest weights which satisfy the above conditions are

(k+1/2,(1/2)m-9,1/2)  for n = 2m,
(k+1/2,(1/2)p2,£1/2) for n=2m —1,

(1)

where k is non-negative integer. Thus, we have the following decomposition
L*(S12) = P W
A

where A runs over the highest weights in (1). On these irreducible components, the
Dirac operator satisfies

1 nin—1 n\ 2
D2’VA = A%|VA + gscal = (A4 20spin(n+1), A) + % — (k + E) (2)

because 20spinm+1) =(n—1,n—3,...,n+1—2m).

Remark 3.3.  The inner product in the above equations satisfies (e;,e;) = d;;
using the standard basis {e; = (0,...,0,1,0,...,0)} of the dual of the maximal

abelian subalgebra bh*. [ |

Next, since the highest weight of TM® with respect to Spin(n) is (1,0,...,0), we

get the irreducible decomposition
3/2,(1/2)p—3,£1/2) B (1/2,(1/2)—3, F1/2) for n = 2m,

5,00 - { G2 0D 126 (1/2,0/2 51/
(3/2,(1/2)—3,1/2) ® (1/2,(1/2),—3,1/2) for n =2m — 1.

Therefore,
(3/2,(1/2)1n-3,1/2) & (3/2,(1/2)p—3, —1/2) for n = 2m,
S3/9 =
(3/2,(1/2)1—3,1/2) for n =2m — 1.
By Frobenius reciprocity and branching rule, L?*(S3/,) is decomposed into the ir-

reducible representations of the highest weights A = (Aq, ..., A,,) which satisfy the
dominant condition and

M >3/2>2M0>1/2>--->1/2> N\, 1 >+£1/2> ), forn=2m,
M >3/2>2X02>21/2>-->1/2> X1 >1/2> |\, for n = 2m — 1.

Especially, if A satisfies this conditions, then dim Homgpinm)(Va,Ss/2) = 1. The
highest weights which satisfy the above conditions are

. (1+3/2,3/2,(1/2)—2), (1 +3/2,1/2,(1/2)m_2) for n = 2m,
C(143/2,3/2, (1/2)ms, £1/2), (1 + 3/2,1/2, (1/2) 5, £1/2) for n = 2m — 1,

where [ is a non-negative integer.
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On a compact n-dimensional Einstein spin manifold, the space of the twistor spinors
coincides with the eigenspace of Dirac operator with the eigenvalue ¢y which satisfies

o= mseal. (cf. [12])

By the equation (2) and this fact , we have

(1/2,1/2,1/2,...,1/2) for n = 2m,
Ker P =
(1/2,1/2,1/2,...,1/2,£1/2) forn = 2m — 1.

Therefore, considering the highest weights of L?(S)/2) in (1), we have

I P — D1 (b +1/2,1/2,(1/2)-3,1/2)  for n=2m, ;
neT Doy (kb +1/2,1/2,(1/2)0_5,+1/2) forn =2m -1, (32)
Ker P — {@M(z +3/2,3/2,(1/2)m-3,1/2)  for n=2m, (3b)
@120(1—1—3/2,3/2,(1/2)m,3,j:1/2) for n =2m — 1.

Here, k is positive integer and [ is non-negative integer.
From the eigenvalues of D?, we get the eigenvalues of the square of the Rarita-
Schwinger operator on the irreducible components in Im P

(” - 2>2 (k: + g>2 on (3a).

On the irreducible component Vy of Ker P* C I'(S3/2) in (3b),

—8)(n—1 2\ 2
scal = (A + 20spin(n+1), A) + % N (l " %) '

n—=_
R2|V>\ - A3/2|V>\ + N

Theorem 3.4. ([4],[6]) The eigenvalues of the square of the Rarita-Schwinger
operator on the sphere are

(1) on ImP,

-9 2 2 n+1 —
(n )<k+g> with multi, 2"z (k+z 1) (k=1,2,...),

n

(2) on Ker P*,

2 n l D(+1) /1
(l+1+ﬁ> with multi, 215 (n — 9L DU (L
2 [+1
(1=0,1,2,...

U+ n)(l+2)
).

3.2. The complex projective space

In this subsection, we shall calculate the case of the complex projective spaces with
Fubini-Study metric, CP™ = SU(n + 1)/S(U(n) x U(1)). If n is even, the complex
projective space CP™ has no spin structure, so we consider only the case that n is
odd and n > 3.
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Since the isotropy representation is an (n + 1)-fold covering homomorphism of the
form S(U(n) x U(1)) 3 (A,a) — a~'A € U(n), we get the correspondence between
the highest weight of U(n) and S(U(n) x U(1)) for the irreducible U(n)-modules,

(Ml;---,ﬂn)U(n)—<M1+Zﬂi---7un+zm> (4)
i=1

i=1 S(U(n)xU(1))

where we use a notation in [9] to write weights for S(U(n) x U(1)). For example, the
highest weight of the canonical bundle A™ is ((—=1)n)um) = ((—(n+1))n)swm)xu()) -
Through the correspondence, we get the information on the highest weight for
S(U(n) x U(1)). Indeed we know the dominant condition for the S(U(n) x U(1))-
module p' = (py, ..., 1) is
= 2

We also know there exists the square root of the canonical bundle v A™? on CP™,
which gives a spin structure, because its highest weight

(( n—I—l)) _<( 1))
2 "/ S(U(n)xU(1)) 2/n U(n)

is an integral weight for S(U(n) x U(1)) when n is odd.
The spinor bundle is decomposed by the action of S(U(n) x U(1)) into

Sij2 = @D Siy2(k)
k=0

where S1/5(k) is the irreducible bundle of the highest weight

((";1 —k;)n_k, (”;1 —k>k> (cf. [18])

Using the same method of the case of the sphere, we get the eigenvalues of the Rarita-
Schwinger operator on the complex projective space. By Frobenius reciprocity and
branching rule in [9], [18], L?(S)/2(k)) is decomposed into the direct sum of the
irreducible SU(n + 1)-modules of the highest weights A = (A\1,...,\,) in Z" which
satisfy the dominant condition for SU(n + 1)

A > A 2>-2>X, >0

and the condition that there exists (vq,...,v,) in Z™ such that
[ = Z()\, Vi)
i=1
1 -1
%—k:w—l (i=1,....,n—k), nT—k:Vi—l (t=n—-k+1,...,n)

>\12V12)\22V22".2)\TLZV7’L20‘

Especially, if A satisfies this conditions, then dim Homgwym)xu))(Va, S1/2(k)) = 1.
Thus the highest weight A in L?(S)/2(k)) is one of the following.
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Ifk=1,...,n—1, then

Ak e l) = (5a)
n+1 n+1 n—1 n—1
— —k+2—¢|——k+1 — —k+1 — —k+1

( 2 * 6’( 2 * >n—k—1’ 2 - +€’( 2 * )k—l)

where € € {0,1} and [ > max{e, =251 + k}. If k=0, then

1 1
Maqm:(ﬁi—+m(”+ +Q ) (5b)
2 2 n—1
where [ > 0. If K =n, then
n
A(n, 1,1) = (— —n+ 2, (T —n—l—l)n_l) (5¢)
where [ > "TH On these irreducible components, the Dirac operator satisfies
1 +1
D2|VA = A%|VA + gSCal = <>\ + 258U(n+1)7 )\> —+ %

(l+n—k)2l+n+1—2¢) on (ba)
=q({l+n)2l+n+1) on (5b) (6)
[(2l+n—1) on (5c)

because 20sym+1) = (2n,2(n —1),...,2).

Remark 3.5. The inner product of the above equations satisfies

n+1 éij—l

<?z‘, e;) = %
using the basis {e; = (0,...,0, i,O, ...,0)} of the dual of the maximal abelian
subalgebra b*. [ |

Next, we consider the decomposition of Sy 2(k)®TM®. The tangent bundle 7M€ is
the direct sum of (1,0)-part T"°M and (0,1)-part T%*M . Since the highest weight
of TYYM and T°'M is (1,0,---0) and (0,---,0,—1) with respect to the action of
U(n), we have the decomposition with respect to U(n) and also S(U(n) x U(1)) by
the correspondence (4),

Sij2(k) @ TM® = { 55,(0) @ Si2(1) for k=0
Si/2(n —1) ® 535(n) for k=n

Here, we put

s = ("3 -k (50, (5 8),):

53_/2(]{:) - ((n;1 B k>n—k’ <n;3 B k)k—f n;5 B k) '
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n

n—1 n—1
Thus, we get Ss/o = @ S12(k) @ @ Sg5(k) @ EB S3/9(k).
k=1 k=0

k=1

As the case of the spinor bundle , LQ(S;FM(/{)) is decomposed into the irreducible

SU(n + 1)-modules with the highest weights A = (A,..., ;) in Z" which satisfy
the condition that A is dominant and there exists (vq,...,1,) in Z" such that

n

n+5
l:Z(/\i—yi), o —h=n—l,
3 = n+1
%— =y, =1l (1=2,....,n—k), T—k:’/i—l (t=n—k+1,...,n),

AIZV12A22V2Z"'2)\7LZVTLZO-

Especially, if A satisfies this conditions, then dim Homgym)xuy)(Va, 5’;/2(/{)) =1.
Then, A is one of the following. If £k =1,...,n — 2, then

5 3
nt —l{:+2l—e—61,n—2i_

n—+1 n+1
——k+ite (—2 —k+z>k_1)

A+(k,e,61,z):( —k+l+el,<n+3—k+l> o

where €,¢; € {0,1} and [ > max{e + €, =25+ + k}. If £ =0, then

NH(0,0,61,1) = (”+5+21—61,”+3+1+61,(”—+3+l> 2>.

2 2 2
where €; € {0,1} and [ > €. If k =n — 1, then

5 1
PO D 42— (L)

—(n=1)4+1+(1+¢),

<n;—1 —(n—1)+l>n_2).

>\+(n - 17 ]-7 6lal) = (

where ¢, € {—1,0,1} and [ > max{1 + ¢, 25%}.

Remark 3.6. The SU(n + 1)-module A*(n — 1,1,—1,1 — 2) is isomorphic to
A(0,0,1) in (5b), hence @, At (n —1,1,—1,1 —2) = L*(S1,2(0)). n

Next, LQ(S?)’/Q(/@)) is decomposed into the irreducible representations with the high-
est weights A = (Ay,...,A,) in Z™ which satisfy the condition that A is dominant
and there exists (v4,...,1,) in Z™ such that

n

1
1=\ —w), "2 —k=y—1 (i=1,...,n—k),
i=1

n;3—k:m—l (t=n—-k+1,...,n—1), n—>5

M2 2> 2> 2>\, >, > 0.
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Especially, if A satisfies this conditions, then dim Homgwyem)xua))(Va, S35, /2(k)) =1.

Then, A is one of the followings. If k= 2,. — 1, then
1 1 _
A (ke €6,1) = n —k+2l—e—62,<——k‘+l> ,n—3—k—|—l—|-e,
2 n—k—1 2
n—3 n—>5
( 5 —k+z)H, 5 —k+z+62>

where €, €65 € {0,1} and | > max{e + e, =5 + k}. If k=1, then

n—1

-1 —
A‘(l,O,GQ,l):( —1+2l—62,(”T—1+z) ,”75—1+l+62)

n—2
where € € {0,1,2} and [ > max{es, 52}. If k =n, then

-3 -5
—n+2l—62,<nT—n+l> ’n2 —n—l—l+62)

n—2

n—3

A" (n,1,6,l) = (
where e € {0,1} and [ > 2£2.
Remark 3.7. We know @, A7(1,0,2,1) = L*(S12(n)) as a SU(n+ 1)-module. m

We shall give decomposition of Im P and Ker P*. Because Ker P = {0}, we have
Tm P 2L2(S) ) = @@A kye,l)
k=0 el

where | > max{e, =51 + k} and € runs as follows (i) for &k = 0, ¢ = 0 (ii) for
k=1,....n—1,e=0,1 (iii) for k =n, e = 1. According to Remark 3.6 and 3.7,
we can decompose Ker P* = L?(S5/5) © Im P. We divide it into two parts,

Ker P* = (Ker P*)* & (Ker P*)".

n—1
The first part is (Ker P*)* = @ @ A (ky e, eq,1)
k=0 €,e1,l

where | > max{e + e, -+ + k}, and €, € run as follows: (i) for k =0, e =0,

e =0,1, (ii) for k=1,....n—=2,e=0,1, ¢ =0,1, (iii) for k =n—-1, e =1,
€1 = 0,1. The second part is
(Ker P*)~ @@)\ (k,€,€9,1)
k=1 e,e2,l
where [ > max{e + e;, =252 + k}, and €, €; run as follows: (i) for k =1, € =0,
eg = 0,1, (ii) for k =2,....n—2, ¢ = 0,1, e = 0,1. (iii) for k =n, e = 1,

62:0,1.

Finally, we obtain the following eigenvalues by the same calculus as the case of the
sphere.
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Theorem 3.8.  The eigenvalues of the square of the Rarita-Schwinger operator
on the odd dimensional complex projective space CP™ are

n—1

(1) on A(k,e,l) C Im P, (
n

)2(l+n—k)(2l+n+1—2€),
(2) on A (k.e,e1,1) C Ker P¥,
((+1)+n—k—e)2(+1)+n+1-26) = (n+1)(1 —e),
(3) on A~ (k. e,1) C Ker P*,
(=) +n—k+(1—e)20—-1)+n+1—-2)— (n+1e.

Remark 3.9. The dissertation of U.Semmelmann [19] gave the eigenvalues of
the square of the twisted Dirac operator D7, on the odd dimensional complex
projective spaces. [ ]

3.3. The quaternionic projective space

Next, we shall consider the case of the quaternionic projective spaces. The quater-
nionic projective space HP™ is the symmetric space Sp(n+1)/(Sp(1) x Sp(n)) with
a spin structure. We calculate the eigenvalues for n > 2 as the previous subsections.
First, the spinor bundle is decomposed into

Sij2 = @D Siy2(k)
k=0

where Si/9(k) is the irreducible bundle of the highest weight (k,1,_,0x) with
respect to the action of Sp(1) x Sp(n). Here, the first component and the other
components are parametrized by the highest weights for Sp(1) and for Sp(n),
respectively.

By branching rule in [21], L?*(Si/2(k)) is decomposed into the direct sum of the
irreducible Sp(n + 1)-modules of the highest weights A = (A1,..., A\,yq) in Z*T!
which satisfy the dominant condition for Sp(n + 1)

M > > Ay >0

and for = (ula s >/Ln+1) = (ka 1n7k7 Ok)a
Xi > g1 > A2 (1< <n—1), Ay > fys1.
In addition, the multiplicity m(\) of X is the coefficient of X#1*! in

n+1
(X =X )[4 = X~¢HD) - where
=1

L = A —max{ Ay, o}, 1 = min{\;, p;} — max{ N1, pip1} (1 <i <),

ln—i—l = min{)\n—l—ly ,un—&-l}-
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For simplicity, we put A\(m,l,e) = (m +1,m,1,-1-;—¢,0;1.). The highest weight A
satisfying the above condition is one of the followings.

(A(m, k, 1) for 0 <k<n-2
)\(mk—i—l—l) for 0 <k<n-1
A=< A(m, 1) for1<k<n-1
)\(mk—l) for1<k<n
(A (0,n, —1) fork=n—1n

where m is positive integer and all of the multiplicities are 1. Therefore, we obtain
the decomposition

n—2
L*(Syj0) = @@m m,1,—1) & P P 2A\(m. 1, 1) & 2X(0,n, —1).

=1 m>1 =0 m>1

On these irreducible components A(m, [, €), the Dirac operator satisfies

1 n
D2|V>\ = A%|VA + gscal =(\+ 258p(n+1)7 A) + 1
1
= sy tmo9ntmtl+14

because 20gp(nt1) = (2(n+1),2n,...,2).

Remark 3.10.  The inner product of the above equations satisfies
<ei7 ej) = ;5

4(n+2) i

using the basis {e; = (0,...,0, i,O, ...,0)} of the dual of the maximal abelian
subalgebra h*. [ |

Next, considering that the highest weight of Sp(1) x Sp(n)-representation TMC is
(1,1,0,...,0), we have the irreducible decomposition

n—2 n
S172 @ TM® =Dk, 2, 12, 0k1) & (K, 2, 1, 0 1)

k=0 k=1
n—2 n+1

® EB(’% Ly—k—2,0p42) ® @(k’, Ly—k+2, Op—2)
k=0 =2

n—1 n
D EB(]% Lok, 0r) & @(lﬁ Lk, Og)-
k=0 k=1

Therefore,
n—2 n
Ssj2 =Pk, 2, Ln_r—2,0p1) © D (K, 2, L, Ox1)
k=0 k=1
n—2 n+1 n—1

) @(ka 1n7k727 OkJrQ) ©® @(ku 1n7k+27 0k72) ©® @(k7 1n7k7 Ok)

k=0 k=2 k=1
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We denote by L?(v) the space of the L?-sections of the vector bundle with the
highest weight v in the above decomposition. By branching rule, the space L*(v)
is decomposed into the direct sum of irreducible Sp(n + 1)-modules.

For simplicity, we put S\(m, lie) = (m+1,m,2,1, 2 1 0p.). The highest weight
A= (A1,..., A\py1) of the irreducible summands in L?((k, 2, 1,,_j_2,0511)) is

Am', k+1,0) for0<k<n-3
Am/ k—1,2) forl<k<n-3
S\(m’,k,()) for0<k<n-—2
S\(m’,k,Q) for0<k<n-—4
Am,k+2,—-1) for0<k<n-—2
A(m/ k1) for0<k<n-3

A=< A(m, k1) for1<k<n-2
A(m/ k —2,3) for2<k<n-2
A(m,k+1,-1) for0<k<n-—2
A(m,k+1,1) for0<k<n-3
A(m' k—1,1)  for1<k<n-—2
A(m/ k—1,3) for1<k<n-3
| A0, n, —1) for k=n—2

where m > 1, m/ > 2 and all of the multiplicities are 1.

For L*((k,2,1,_k,0x_1)), the highest weight A of the irreducible summands is

~

S\(m k+1,-2) forl<k<n-—1
Am/ k—1,0) for1<k<n-1
A/ k, —2) for2<k<n
S\(m k,0) forl1<k<n-—2
Am,k+2,-3) forl<k<n
A(m/ k,—1) forl1<k<n-—1
A=< Am, k,—1) for1<k<n
A(m/ k—2,1) for2<k<n
Am,k+1,-3) for2<k<n
)\(mk+1—1) for1<k<n-1
Am/ k—1,-1) for2<k<n
A(m/, k—ll) for1<k<n-1
A0,n +2,-3) for k=n—1

Ve

where m > 1, m/ > 2 and all of the multiplicities are 1.
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For L*((k, 1,—k—2,0k12)),

(\m, k, 1) for 0 <k <mn—2
A(m,k+1,1) for0<k<n-—3
A= Am,k—1,3) forl1<k<n-3
A(m, k, 3) for0<k<n-—4
A0,n—2,1) fork=n—3n—2

\

where m is positive integer and all of the multiplicities are 1.
For LQ((ka 1n—k+27 0k—2))7

)\( —1) for2<k<n
)\(mk—l—l—B) for2<k<n-+1

A= Amk—1,-1) for2<k<n+1
A(m, k,—3) for3<k<n+1
(

AMO,n+2,-3)  fork=n+1

where m is positive integer and all of the multiplicities are 1.
Because of Ker P = {0}, we obtain

n—2
Tm P 22 L2(Sy5) @EBQA m,1,—1) & @ 5 2\(m,1,1) & 2A(0,

I=1 m>1 1=0 m>1
n—2 n—2
Ker P* = @ @ 2\(m,1,0) & EB @ 2X(m, 1, 0)
=1 m>2 =0 m>2
n—4 n
o PP 2im.i.2) e P EP2r(m.1,-2)
=0 m>2 =2 m>2
n—4 n—4
o P EP2rm.1.3) o P ED2A(m,1,3)
1=0 m>2 1=0 m>1
n+1 n+2
& P P 2x(m.1,-3) & P EP 2A(m, 1, -3)
=3 m>1 =0 m>1

® é_} P2rm.1. 1) e 59 P2rm.1. 1) e n@é P 4r(m.1.1)

=0 m>2 =0 m>2 =1 m>2
n—1 n—1
o P EP2rm.i.-1) & P 2x(m, 1, -1)
=1 m>2 =2 m>1
@EBEB?A m, 1, —1 @@@2)\ m.l—1
=1 m>1 =2 m>1

® 2>\(0, n+2,-3)® 2>\(0, n—21).

Here, k is positive integer and [ is non-negative integer.

n7_1)7
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We calculate the eigenvalue on each component. Then we have

Theorem 3.11. The eigenvalues of the square of the Rarita-Schwinger operator
on the quaternionic projective space HP™ are

(1) on A(m,l,e) CImP,

on—1\> 1
( o ) 2(n+2)(n+m—6)(n+m—|—l+1+e),

(2) on A(m,l,e) C Ker P,
1

m((n+m—e)(n+m+l+l+€)+%(6—2)(5+2))7

(3) on A(m,l,€) C Ker P,

—2(n+2)((n+m—e)(n+m+l+1—1—6)—(n+1/2)+%(6—2)(6+2)).
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