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Abstract. Let G be a real compact Lie group, such that G = G° x Cs, with G° simple. Here
G? is the connected component of G containing the identity and Cs is the cyclic group of order 2.
We give criteria for whether an orthogonal representation m: G — O(V) lifts to Pin(V') in terms
of the highest weights of m and also in terms of character values. From these criteria we compute
the first and second Stiefel-Whitney classes of the representations of the orthogonal groups.
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1. Introduction

Let G be a real compact Lie group such that G = G° x Cy, where GY is its
connected component containing the identity and C5 denotes the cyclic group of
order 2. We take Cy = {1,g9}, where conjugation action of gy on G° gives a
diagram automorphism of GY. We in particular consider the groups G with G°
simple of type A,, D, and Eg. These are of interest because other types do not
admit a nontrivial diagram automorphism.

We call a real (resp. complex) representation (m,V) of G orthogonal if its image
lies inside O(V'), the real (resp. complex) orthogonal group. We know that Pin(V')
is a topological double cover of O(V'). Let p: Pin(V)) — O(V') denote the covering
map. An orthogonal representation 7w of G is spinorial if there exists a Lie group
homomorphism 7 : G — Pin(V') such that the following diagram commutes:

Pin(V)
T p
c— " oW

ie. pom =m. We write O(n) (resp. SO(n)) for O(n,R) (resp. SO(n,R)). For
real representations we take the quadratic form

Q(x1, T2, ..., 2y) = —Zx?,

and consider the corresponding real Pin group.
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For any orthogonal complex representation 7 of a compact group G there exists a
real representation 7y such that 7 = my ® C. For details we refer the reader to [3,
Chapter 2, Section 6]. Note that the representation = is spinorial if and only if 7
is spinorial.

The irreducible representations of G = G° x Cy arise in the following way. Take
an irreducible representation (7}, V*) of G°, parameterized by the highest weight
A. Denote the highest weight of the representation ¢(z) = 7*(goxgy ') by go - .
Consider the representation p* = IndSe (7). There are two possibilities.

Type I:  The representation p* is irreducible. In this case we have go- A # A and

P |go= 7t @ T,

Type II:  The representation p* is reducible and p* = 75T @ 7>, such that
dim 7 = dim 7%~ = dim 7. In this case we have gy - A = A\ and

ahE | go= .

In fact every irreducible representation of G is either of Type I or Type II. From [9]
we obtain a criterion for spinoriality of reductive connected algebraic groups over a
field of characteristic zero. The criterion appears as the first condition in Theorem
1.1. We write g for the Lie algebra of G. Let g be simple. In the following theorem
p(v) is a certain constant related to group G° and x,(C) is the trace of the Casimir
element for the representation of G° with highest weight \. For details we refer
Sections 2 and 4 of this paper.

Theorem 1.1.  An orthogonal representation of G of Type I is spinorial if and
only if both the following conditions hold:

(1) p(v)- (@im V) (XA(QJH?“;“(C)) _ 0 (mod 2,

(2) dimV* =0 or3 (mod 4).

Theorem 1.2.  An orthogonal representation ™% of G of Type II is spinorial if
and only if both the following conditions hold:

(1) p(v) - dim VA -, (O)
dim g
(2) dimV?* — x,a:(g0) =0 or 6 (mod 8).

=0 (mod 2).

We also provide a formula for y,»«(go) in terms of the highest weight A of the
representation of G° (see Theorem 6.2).

We denote by w; and w, the first and second Stiefel-Whitney classes of 7. Then an
orthogonal representation 7 of G is spinorial if and only if wsq () 4w (7)Uw; (7) = 0.
Let m denote the multiplicity of —1 as an eigenvalue of 7%(gy). Then for repre-
sentations of Type II we have m = (dim V* — x.(go))/2. We use these results to
compute the second Stiefel-Whitney classes for representations m = 7% of O(n)
for n > 4:

2(n—1)

wa(mo) = gy VI A+ 2)ualy”) +

m(m — 1)
— 5 Ceuw



GANGULY AND JOSHI 267

where eq,, is a certain cup product and 7, is the n-plane vector bundle over the
infinite Grassmannian G, . For details see Section 9. Note that G, = BO(n)
where BO(n) denote the classifying space for O(n). We also calculate wq(mg) for
the cases when 7 = p is an irreducible representation of O(2n) and irreducible
representations 7w of O(2n + 1).

We also have a character formula to detect spinoriality of representations of orthog-
onal groups. A representation 7w of O(n) is spinorial if and only if both of the
following conditions hold:

(1) xx(I) = xx(d1) =0 0r 6 (mod 8),
(2) Xa(I) = xx(d2) =0 0or 6 (mod 8).
Here x, is the character of m and
d; = diag(—1,1,1...,1) and dy =diag(—1,—1,1,...,1),

where diag(as,...,a,) is the diagonal matrix with entries a;. In fact the same
formulae detect the spinoriality of orthogonal representations of GL(n,R)

The paper is arranged as follows. Section 2 reviews the basic definitions and
notations. We give a criterion for spinoriality of semidirect product and establish a
connection between spinoriality of a Lie group and its maximal compact subgroup
in Section 3. We present brief reviews of the papers [9] and [15] highlighting the
important results in Sections 4 and 5 respectively. In Section 6 we give criteria for
spinoriality of an orthogonal, irreducible representation of compact real Lie groups
G of the form G° x Cy in terms of their highest weights. In Section 7 we solve
the case of reducible representations. Section 8 deals with the particular case of
orthogonal groups. We calculate first and second Stiefel-Whitney classes of real
representations of orthogonal groups in Section 9 . Here we obtain expressions
of first and second Stiefel-Whitney classes in terms of the highest weights of the
representations. In Section 10 we provide criteria to detect spinorial representations
of orthogonal groups in terms of character values. Finally in Section 11 we work out
some examples like O(2),0(4) and O(8).

Acknowledgements. The authors would like to thank Dr.Steven Spallone for
helpful conversations. The first author of this paper was supported by a post doctoral
fellowship from IMSc, Chennai. The second author of this paper was supported by
a post doctoral fellowship from Bhaskaracharya Pratishthan, Pune.

2. Notation and preliminaries

2.1. Compact Lie groups

Let G be a real compact Lie group such that G = G° x Cy such that G° is simple.
Let T be a maximal torus of G° with Lie algebra t. Let X*(T') (resp. X.(T)) be
the character (resp. co-character) lattice of 7. Consider an irreducible orthogonal
representation (7, V?*) of G°, where \ denotes the highest weight. Let g denote the
Lie algebra of G°. Consider a co-character v € X,(T). Note that A\ € X*(T). We
have xA(C) = (A, A+26), where (, ) is the Killing form for g and § is half the sum of
positive roots for g, and C' is the Casimir element for g. Let m(G) = X.(T)/Q(T),
where Q(T') is the co-root lattice. (In Section 4 we review the usual pairing (o, v),
fix norms on t and t* associated to the Killing form.)
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2.2. Root systems

Let R be the root system with respect to T'. Let 7 € I, where I' denotes the group
of diagram automorphisms of the Dynkin diagram of G°. In fact 7 induces an outer
automorphism of G°. We in particular consider the groups G = G° x (go) such that
the conjugation action of gy on G° gives an outer automorphism of G°. If G is not
simply connected we have G° = GO /71, where GY denotes the universal covering
group of G°, and Z; is some subgroup Ao/f the center of GO . Let T 7, be the subgroup
of I' which leaves Z; fixed. Define G° = G° x4 'z, , where ¢ : I' — Aut(G) is

a homomorphism (see [15, Section 2.1] for details) . Take GO C GO to be any sub
extension of G°. Write S = (T7)° for the connected component of group of fixed
points of 7 inside 7" with Lie algebra s. Define Sy = T7, the sub torus fixed by 7.

Define R™ ={a |s: @ € R},
where sy denotes the Lie algebra of Sy and R! = R™. Note that R" is also a root
system. Here R™ = (j";) | @« € R™}, where the bilinear form (, ) is a suitable

multiple of Killing form such that («a,a) = 2 for a long root . Let e : C — C
denote the exponential map. For p € t* we have the map e(u) : t — C given by
e(u)(h) — e'™ for h € t. Write p” = £ 3" 5 pis .

3. Lifting criteria for semi-direct products

One can detect the spinoriality of a representation of a Lie group from the spinoriality
of its restrictions to certain subgroups. We state the result as the following lemma.
For a Lie group G, let G° denote its connected component containing identity.

Lemma 3.1.  Let G be a Lie group and H be a subgroup of it such that G = G°-H .
Then any orthogonal representation m of G is spinorial if and only if m = 7 |go
and 7o = 7 |g are spinorial and the lifts of ©1 and 7 agree on G° N H.

Proof. If 7 is spinorial then m; and my are spinorial. For the converse let the
representations m; and my be spinorial. We write 7; for the lift of m;. We have

G =] ]G,
acl

where h,’s are the representatives of the cosets of G in G and I is an indexing
set. Now any element of ¢ € G can be written as ¢ = a - h,, where a € G°. We
define the lift of 7 as

7(g9) = 7(a - ha) = m1(a)Ta(ha).

For a different coset representation if we have g = a’ - hg, then o'~'a = hgh,' €
G°N H. Since 7, and 7y agree on G®N H, we obtain #1(a’'a) = a(hgh,'). This
gives 71 (a)ma(ha) = m1(a’)72(hg). Therefore the lift 7 is well-defined.

To prove that 7 is a lift it suffices to show that 7 is a homomorphism, i.e. for two
elements ¢;, g2 € G, we require

T(9192) = 7(91)7(g2)- (1)
Let g1 = arhg, g2 = ash, and hg - h, € G°h,. Therefore hg - h, - h' € G°.
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We write #(g192) = #(arhgash,h; hy) = ﬁ((alhﬁagh[;l)(hﬁh’yh;l)ha)
= ﬁl((alhﬁagh? (hﬁh,yh(;l))ﬁ'g(ha) = ﬁl(alhﬁaghgl)ﬁ'l(hghyhgl)ﬁ'g(ha).

Note that since G° is normal in G, we have alh[gaghgl € G°. We can rewrite the
requirement mentioned in (1) as

m (ClllhBCLQhEl)’le(hlghvhgl)ﬁ'g(ha) = m1(a1)72(hg) 1 (az) T2 (hy).
Consider the element
x = (1 (arhgaghy )i (hghyhy ) (ha)) " 1 (ar) 7o () (ag) o (hy)-
Taking the image of x under the covering map p we obtain
p(x) = (mi(arhpaghy )mi(hghyhy ' )ma(ha)) ™ mi (ar)ma(hg)m (az)ma(hy).

Since both 7; and 7y are restrictions of the same representation we replace them
by 7 for the convenience of the computation. Thus we obtain

p(x) = (m(arhgaghy ) (hghyhy)m(ha)) ™ w(ar)ma(he)w(az) 7 (hy)
= (W(&lhgébzhfy))717T(a1h5a2h,y) = 1.
Therefore we should have x = £1. If we fix hg and h, then x becomes a continuous

function on GY x G°. Note that h, depends only on hg and h,. Since G° x G is
connected z takes a constant value on this domain. Taking a; = as = 1 we obtain

z = (1 (hghy ) (hghyhy ) ia(ha)) ™ iy (1) 72 (hg) 7 (1) 72 (hy)
= (a(hgh h he)) *7a(hsh,) as hghoh' € GY'NH =1
So x takes the value 1 at 1 x 1, so x takes the value 1 on G° x G°. Since this

is true for all hg,h,, we conclude that = 1. In other words the map 7 is a
homomorphism.

Next we claim that the map 7 is continuous. Since G° is open in G, so is G°h,,.
We have % |qon, (ahy) = 71(a)Fa(hy), for ahy € GOhy.

Note that the set {G°h,, | @ € I} forms an open cover of G and 7 |goy,, is continuous
for all @ € I. Therefore 7 is continuous. [

Consider a group G with the following conditions:
(1) G =Gy x4G,

(2) Gy is a connected Lie group,

(3) Gy is a discrete group.

We prove the following theorem.

Theorem 3.2. A representation ¢ of G is spinorial if and only if ¢ |g, and
¢ |a, are spinorial.
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Proof. Since G = Gy x4 Gy we obtain (1) G' = G° and G = G, - Gy, and (2)
G1 N Gy = {e}. Therefore the theorem follows from Lemma 3.1. n

Lemma 3.3. Let G, G', H be connected real Lie groups and ¢ : H — G be a
homomorphism. Let o : G' — G be a cover. Then ¢ can be lifted to G' if and only
if the image of ¢, in m (G) is contained in the image of .

Proof. It follows from the lifting theorem in algebraic topology, that there is a
unique continuous topological lift 1, which takes identity of H to identity of G'.
We will prove that v is a group homomorphism.

G/

l

H"

G

Let * denote the multiplication in any group. We have ¢(g; * g2) = ¢(g1) * ¢(g2)-
So we get avoth(g1 * ga) = aib(g1) * arp(ge) . Hence a(v(gr * ga)ib(g1)"b(ga) ) = 1.
The image of the map p: H x H — G’ given by (g1, 92) — ¥(g1 % 92)¥(91) "9 (g2) "
is connected, since H is connected. The kernel of « is discrete, as it is a covering

map. Thus, we get (¢(g1* g2)¥(g91) "¢ (g2)~") = 1. Hence ¢(g1 * g2) = ¥(g1)1(g2)-
Thus 1 is, in fact, a group homomorphism. [ |

In fact for a real, reductive Lie group G, the spinoriality of a representation of it can
be detected by the spinoriality of its restriction to its maximal compact subgroup.

Theorem 3.4.  Let G be a reductive real Lie group such that G° has finite index in
G. Let K be a maximal compact subgroup of G. Then an orthogonal representation
¢ of G is spinorial if and only if ¢ |k is spinorial.

Proof.  One direction is obvious. Assume that ¢ |ic is spinorial. We denote the
lift of ¢ |k by ¢x. Note that [8, page 257 Theorem 2.2 part 3] the inclusion map
1 : K — G is a homotopy equivalence, which means

(1) We have G = G°- K, and (2) the map i, : m (K°) — m(G°) is an isomorphism.
Since 7 | lifts, from Lemma 3.3 we have ¢.(m(K?)) C p.(m1(Spin(V))). Thus we
have ¢.(m(G)) C p.(m1(Spin(V))) which says that ¢ |go is spinorial. We denote
the lift by ¢o. Since the lift ¢q is unique we have ¢y |go= @i |xo. Note that
K° =GN K. Now the theorem follows from Lemma 3.1 by taking H = K. ]

4. Review of Joshi-Spallone

The paper [9] gives criteria for spinoriality of the representations of connected, re-
ductive algebraic groups over fields of characteristic zero. We restrict our discussion
to real, compact Lie groups. We continue with the notations as in Section 2.
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Write (, )r: X*(T) x X.(T) — Z for the pairing

(nv)r =n& pp(t) =t",

for t € R* [ and (, )¢ :t" x t for the natural pairing. Note that for u € X*(T") and
v € X.(T), we have

<d:u? dy<1)>f = <:U’7 V>T'
So we may drop the subscripts and simply write ‘(u, v)’. Write (, ) for the Killing
form of g restricted to t; it may be computed by

(z,y) =Y _ alz)a(y),

aER
for z,y € t. Also set |x|? = (z,z). In particular, for v € X,(T) we have
lv|? = Z(a, v)? € 2Z.
a€ER

The Killing form restricted further to t induces an isomorphism o : t* = t. We use
the same notation ( , ) to denote the inverse form on t* defined for u,us € t by

(k1 p2) = (0(p), 0 (p2))-
Now we pick co-characters vy, ..., v, whose images generate m (G), where m(G) =
X (T)/Q(T) i.e., co-character lattice modulo co-root lattice. Consider the integer

1
P) = pln, ) = Seed (. ).

The following theorem is from [9, Theorem 1]
Theorem 4.1.  The irreducible representation my of a connected reductive Lie
group G is spinorial if and only if

p(v) dim V>, (C)
dim g

0 (mod 2),

5. Review of Wendt

This paper [15] gives Weyl character formula for character values of representations
of real compact Lie groups G with two connected components with G° of type
A,, D, and Eg. We continue with the notations as in Section 2. We write

T 1 R
=3 Z B.
BeRL
We have 07 : s9 — C, defined as 6™ (z) = e(p"(x)) HBeRi(l —e(B(x))) for x € 5.
For ;1 € s, we have
AT() = ) e(w) - e(wp),
weWw™

where W7 is the Weyl group of the root system R™ and e is the sign character of the
Weyl group W7. Since Sy is regular in G, we can choose a Weyl chamber K C t*
such that K N s is non-empty. Write K to denote the closure of K. Let I denote
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the lattice I = ker(exp) Nt and I* C t* be its dual. For this paper we consider
G = GY = G° x Cy, where Cy = {go). Let 7 denote the irreducible representation
of G° with highest weight X\. Write 7(\) to denote the highest weight of the
representation 7(7 - g). Following Section 1 the representation p* = Indg 7 is
either of Type I or Type II. Let x, denote the character of 7, and Y, denote the
irreducible character of G. We in particular take 7 = Cy,, the conjugation action
of go on G°. We define a function X7 : 59 — C as Y5(h) = Xa(go - exp(h)). From
[15, Theorem 2.6] and [15, Corollary 2.7] we obtain the following result.

Theorem 5.1. There exists an irreducible character X of GO for each N\e I* N K .
If X ¢ s; then p* is irreducible. In this case we have

Xa leo=xXx + X-0, and X |gco= 0,

For each \ € 55, p* splits into two irreducibles 75 . In this case we have

XA ’GOZ X, and

Xx(go - exp(h)) = X5(h) = £A" (A +p")(h)/AT(p")(h), where h € 5.

From [15, page 36] we have the following table showing relation between type of R
and type of R”.

Table 1: Table showing relation between type of R and type of R".

R Agp_1 Agp Dn(n > 4) Dy Es
ord(T)| 2 2 2 3 2
R Cn BCn anl G2 F4

For the even orthogonal groups O(2n), we take 7 to be the automorphism of the
Dynkin diagram of type D,, switching two of the extremal nodes. It corresponds to
the conjugation map by

2n—2
go = g €i; t+ €an_12n + €2n2n—1 |,

=1

where e;; denotes the elementary 2n x 2n matrix with 1 at the (4, j)-th position
cosf  sin 9)

and 0 everywhere else. Let Ry = ( sinf cosd

Let T' be the maximal torus T = diag(Ry,, ..., Rp,). Thus

Sg = diag(Rgl, c. 7R9n717 IQ)

6. Main Theorem

In this section we give the criteria for the spinoriality of the irreducible orthogonal
representations of G = G® x Cy. Let ‘sgn’ denote the non-trivial character of Cs.
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Lemma 6.1.  Let (m,V) be a representation of Co = {1}, such that

T=sgnPsgnP - BsgnPl B--- B 1.

m times

xr(W=xa(=1)

Then w is spinorial if and only if m =0 or 3 (mod 4), where m = 5

The proof of Lemma 6.1 follows from [6, Section 3.1].

Theorem 6.2.  For the irreducible representation (7™, V) of G we have

HaeRH‘ <ava A+ pT>
HCMGRT+ <av7 pT>

Xar+ (90) ==

Proof. From Theorem 5.1 we obtain

) = 0D g, )

where A™(p) = >, - €(w)e(w(p)) and by [15, Corollary 2.7] we have 67 = A7(p").
Note that X3(h) = xXa(goexp(h)) = xart(goexp(h)), for h € s, (3)

For our case 7 denotes the conjugation action by go. We have x,+(g0) = x3(0).
Let v be a co-character of sy such that v(1) = h. From Section 4 we obtain

(wlp),zh) = x(w(p),v(1)) = z(w(u), v),
where z € R. We write (w(u),v) to denote (w(u),v(1)). Therefore
AT()(xh) = Y e(w)e(a{w(p),v)). (4)

The character value xx(goexp(h)) is a continuous function of h. Therefore the limit
of the function exists at h = 0. We take the limit along the line zh € s,. This
allows us to use Equation (3) to calculate

o A ) )
AT h)

Note that A™(A+ p7)(0) = A7(p7)(0) = 0. From L’Hospital’s rule we have

iy A+ (k) L (AT(A+ p7)(h))
z=0  A7(p7)(zh) 70 L (AT(p7)(xh))

where ¢ is the least natural number so that the numerator and denominator are
non-zero. We calculate

LA+ )k o= 3 ) wr+ )0 5)

dxt
weWT
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From [9, Proposition 6] we obtain

0,ifl<i<N-—1,

d“d”, if i = N,

R

weW

)

where N denotes the number of positive roots of R™ and d, = [[,cx-+{a,v) and
dy = [laep-+(a”, 1) We calculate

dxyprdy .
lim AT()\ - pT)($h) — N )\+d6 . d)\'HJT _ HaGR"+<aV7 A + P >

0 AT (p7)(ah) Nl dy [laepr+ (@Y, 07)

Note that the expression [],cp-+(a’, A4 p7) is a polynomial in X. Therefore it is
non-zero for some A. This guarantees that the denominator should be non-zero. =

Remark 6.3.  Since the results in [15] hold true for the groups G with G° of
type D,,, Theorem 6.2 also holds for the groups O(2) and O(4).

Proposition 6.4.  Let m be an irreducible representation of G. Let m denote the
multiplicity of —1 as an eigenvalue of w(go). Then

dim V?, when 7 is of Type I,
B (dim V* — x(90))/2, when 7 is of Type II.

Proof. As gy is an involution we have

o~ (73 1) ©)

If p* is irreducible then [+ m = 2dim V*. From [15, Theorem 2.6] it follows that
xx(g0) = 0. This means [ —m = 0. So we deduce that [ = m = dim V*.
For m = 78% ) xmx(go) =1 —m and | +m = dim V*. This gives the result. [

Proof of Theorem 1.1. Note that p* |go= 7* @ 7%, (see 1 for reference).
From Theorem 3.2 and Theorem [9, Theorem 5], we conclude that p* |qo is spinorial
if and only if

p(v) - (dim V) - (xa(C) + Xgo2(C))

=0 d?2
dim g (mod 2),
Hence the first condition follows. To obtain the other condition use Lemma 6.1 and
Proposition 6.4. [ ]
Proof of Theorem 1.2. The proof is similar to the previous one. |

6.1. Case of G° x C,

Let 7, denote the irreducible representation of G° and p be an irreducible repre-
sentation of C5. We write sgn to denote the sign representation of Cs.
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Theorem 6.5.  An irreducible, orthogonal representation m = m\ ® p of G, for
n € N, is spinorial if and only if the following two conditions hold:

() P (dim VY- xa(©)
dim g
(2) dimV* =0 or 3 (mod 4) if p=sgn. Otherwise the first condition is sufficient.

=0 (mod 2), for all v in m (G"),

Proof. We know that G = G° x Cy. Here we identify Cy with {+1} C G. By
Theorem 3.2, 7 is spinorial if and only if 7 |go and 7 |, are spinorial. We obtain
the first condition from Section 4.

Note that m(—1) = £I by Schur’s Lemma. If it is I, then 7 |¢, lifts trivially.
Otherwise the second condition comes due to Lemma 6.1. [

7. Reducible representations

As before we take Cy = (go). Any orthogonal representation (7, V') of a real compact
group G can be written as

T = ®ip;i D (¢ D @),

where p; is irreducible and orthogonal and ¢; is irreducible but not orthogonal. We
have

by = Indgoqug, when ¢; is of Type I,
! ]j-t, where Indgoquo = 1/Jj+ ® v; , when ¢; is of Type II,
where ¢;o is an irreducible representation of G°. For a representation 7 of G, let
m, denote the multiplicity of —1 as an eigenvalue of 7(gy). Note that

My = Mygv.

Th b 2dim ¢y, when ¢; is of Type I,
€1l we nhave My . apy =
03 99] dim ¢jo — xg,(g0), when ¢; is of Type IL

Theorem 7.1.  Consider an orthogonal representation m of G of the form
T = Dip; D; (¢ D ¢ ).

Let \; (resp. ;) denote the highest weight of p; (resp. ¢;). Then m is spinorial if
and only if both the conditions hold:

(1) () =p®)) dimn Ziggxc) 0 (mod 2),

i

(2)  ma=22mp + D Mg eev) =0 or 3 (mod 4).

8. Orthogonal groups

8.1. General representations

From [3, Corollary 7.8, page 297] we obtain that all the representations of the
orthogonal group are orthogonal.
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ha O(Z) E:(l>><027 nl—2n+ ,
Ve ve — Whe
E:<l> X 027 vaenl—Qn.

We call them odd and even orthogonal groups, respectively. Take Cy = (go), where

—1I5,41, for O(2n+1),
902{ an+1, for O( ) (7)

(2321_2 €iit em_12n + €2n,2n—1) , for O(2n).

Here e;; denotes the elementary matrices.

Corollary 8.1.  An irreducible representation m, @ p of O(2n + 1), for n € N,
is spinorial if and only if the following two conditions hold:

(2n —1)
(1) n(2n +1)

(2) dim VA =0 or3 (mod 4) if p=sgn. Otherwise the first condition is sufficient.

dim VA, A 426) =0 (mod 2).

Proof. From [9, Remark 5] which says p(v) = 2n — 1. The result then follows
from Theorem 6.5. [

Again  O(2n) = SO(2n) x Cy. Note that Dy = A; & A; and D3 = Aj. Let
A= (A, A2, ..., A\,) be the highest weight of 7%, then 7 is of type I when \, # 0.
Otherwise it is of type II. For details we refer [3, Section 7.5, page 296].

The following theorem gives the criteria for spinoriality for the representations of
Type L.

Corollary 8.2.  The irreducible representation p* of O(2n),n > 3, is spinorial
if and only if both the following conditions hold:

2-(n—1)
(1) n-(2n—1)

(2) dimV*=0 or3 (mod 4).

- dim VA (xa(C) + Xgoa(C)) =0 (mod 2),

Proof.  The result follows from Theorem 1.1 and [9, Table 1, Section 11] which
says p(v) =2n — 2. ]

The next theorem gives lifting criteria for representations of Type II.
Corollary 8.3.  The representation Wf of O(2n), for n > 3, is spinorial if and
only if both the following, conditions hold:

2-(n—1)
(1) n-(2n—1)

(2) dimV° —x,(g0) =0 or 6 (mod 8), where ™ = %,

(dimV* - xA(C)) =0 (mod 2),

Proof.  This follows from Theorem 1.2 and [9, Table 1 , Section 11] which says
p(v) =2n — 2. [

Note that for n € {1,2} the group SO(n) is not simple. We work out those cases
in Section 11.
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8.2. Adjoint representation

The adjoint action of the orthogonal group O(n) on its Lie algebra so(n) preserves
the Killing form K(X,Y) = (n —2)Tr(XY) where X,Y € so(n).

Theorem 8.4.  The adjoint representation of the orthogonal group O(l) is spino-
rial if and only if | =0 (mod 4).

Proof.  We have [9, Corollary 4] which says that Ad |so(; is spinorial if and only
if 0 € X*(T), where § denotes half the sum of positive roots. For | = 2n + 1, the
group SO(2n + 1) is of type B,,. From [3, Chapter 5, Proposition 6.5], we have

1 n
=3 ;(Qn — 24 1)e; ¢ X*(T).
Therefore the adjoint representations of the odd orthogonal groups O(2n + 1) are
aspinorial.

For [ = 2n, the group SO(2n) is of type D,,. In this case from [3, Chapter 5,
Proposition 6.4], we have

n

§=> (n—ie; € X*(T).

=1

Therefore Ad |So(2n) is spinorial. Following Theorem 3.2, it remains to verify
whether Ad |¢, is spinorial. For that we calculate

HaGRT+ <av7 A+ pT>
HaeRT+ <av7 p7—>

From Table 1 we obtain R” is of type B,_;. Therefore one calculates

Xad(g0) =

n—1 n—1
- 1 2c 1 1 .
723 T g mp Dl et g > = S
Q€ERT ’ i<j j=1 i=1

From the given root system for the groups of type D,, in [3, Chapter 5, Proposition
6.4], we obtain the highest weight as A = e; + e5. Therefore

n—1
A4 p" =ne; + (n—1)ex + Z(n —1i)e;.
i=3
One calculates

vaalgo) = Haerr{a A+ 1) Mocr (oo A0 Tlacnes (@ A+ p7)

Ad 0) — - o - = —
HaeRT+ <a\/’ pT> l_IcngT+ <(37)= P > HaeR""" <CY, p >

Note that A+ p™ and p” differ only by first two terms. Therefore the terms in both

the numerator and denominator containing the elements e; and e, will survive. The

positive roots for groups of type B,,_; are e;+e; for i < j,and e; for 1 < j <n-—1.

Consider the set

S={e1te;|j>1}U{eate;|j>2}U{er, e}
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We have

C aeslasA+p7)  2n—=4)1/2-2n=3)!-2n—-1) _ ,
Wl =S Sy T Gno Dl @) a-3) R

Following Proposition 6.4 we obtain the multiplicity of —1 as an eigenvalue of Ad(go):

% - (dim(Ad) — xaa(90)) = % ' ((QMT_QH — (2n® — 5n + 2))
=2n —1.

Since 2n — 1 is odd, from Lemma 6.1 we conclude that Ad |¢, is spinorial if and
only if 2n — 1 =3 (mod 4). Equivalently we require 2n =0 (mod 4). [

Remark 8.5. In general the adjoint representation of G = G° x Cj is of type II.
This is because Ad |go remains irreducible.

9. Stiefel-Whitney classes for representations of orthogonal groups

For an orthogonal representation 7 of a Lie group G one can define Stiefel-Whitney
classes w;(7) € H(BG,Z/27), for 0 < i < dimm. Here BG denotes a classifying
space of G and H'(BG,Z/27Z) denotes the singular cohomology of BG with coef-
ficients in Z/27Z. For details we refer the reader to [2, Section 2.6, page 50]. The
well known fact that
H!(G,Z/2Z) = H' (BG,Z/27),

allows us to work with the continuous group cohomology H{ (G,Z/2Z). One can
see [4, Proposition 5.2] for a reference of the fact. We simply write H'(G,Z/27)
for H!, (G, 7/27).

cts
We first calculate the second Stiefel-Whitney class for a representation of C.

Lemma 9.1.  Let (m,V) be a representation of Cy and

T=sgnPsgnP - PsgnPl .- P 1,

m times

then wsy(m) = M -wq(sgn) U wi(sgn).

Proof. We have w(m) = (1 + wy(sgn))™.

Therefore wy(m) = (7;) w1 (sgn) U wy(sgn). [

For G = O(n) we have BG = G,,, where G,, denotes the infinite Grassmannian.
Let 4™ denote the real n-plane vector bundle over G,, and ¢, denote the standard
representation of O(n) on R". In fact the vector bundle 4" is isomorphic to the
vector bundle associated to ¢, over G,. From [10, Theorem B.7, page 381] we
obtain

H*(O(n),Z)2Z) = Z/2Z[w, .. ., w,], (8)
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where w; denotes the i-th Stiefel-Whitney class of the vector bundle 7" over

Gp. In other words w; = w;(y") = w;(¢,). From the same reference we obtain
H*(SO(n),Z/2Z) = Z]2Z[w}, . . . ,w)], where

wi € H(SO(n),Z/2Z) and w; =w;(i*(y")).

J

Here i : BSO(n) — BO(n) denotes the induced map from the inclusion of SO(n)
into O(n).

Let ‘det’ denote the determinant of ¢,,. Note that wy(¢,) = w;(det) is the only non-
zero element of H'(G,Z/2Z). We write ey = wy(det) Uw;(det). From Equation
(8) it follows that

H*(0(n),Z)2Z) = (wy(¥"), cup) = Z/27 D 7./ 27.
For any representation 7 of O(n) we have
wy(m) = awsy(Y") + becup, Where a,b € Z/2Z.

For the subgroups Cy; and SO(n) of O(n) we obtain the two restriction maps
it :H*(O(n),Z/27Z) — H?*(SO(n),Z/2Z) and i} : H*(O(n), Z/27Z) — H?*(Cy, Z/27).

Lemma 9.2.  The map
i* : H*(O(n),Z/27) — H*(SO(n), Z/27) ® H*(Cy, 7./27.),
given by i*(a) = it (a) ® i5(a), for a € H*(O(n),Z/27Z), is an isomorphism.

Proof. Since i* is a linear map between 2-dimensional Z/27Z vector spaces, it
suffices to show that its rank is 2. From [7, p. 328] we obtain that

we +wy Uwy € H*(O(n), Z/27)
corresponds to the group extension Pin(n) of O(n), where w; denotes the Stiefel-
Whitney classes of 4™ over G,. The restriction map ¢, [som): SO(n) — SO(n) is
in fact the identity map on SO(n). If there exists a lift [ : SO(n) — Spin(n), then it
becomes a section of the covering map p : Spin(n) — SO(n), as pol is the identity
map on SO(n). This violates the fact that Spin(n) is a non-trivial double cover of
SO(n). Therefore ¢, [so(n) is aspinorial and hence i} (ws(¢r)) = wa(dn [som)) # 0.
Note that H*(Cy,Z/27) = 7/27Z[x]. Also observe that ¢, |c, is the identity map
on Cy, where
{{:I:]}, for n is odd,
) =

(go), for n is even.

In any case we have w(¢, |c,) = detod, |c,= x.

The representation ¢, |¢, is spinorial if and only if n = 3 (mod 4). Thus in this
case i5(wa(dn |c,)) + 22 = 0 which implies i%(ws) = 2%, and 0 otherwise. Therefore
we obtain

I, whenn=3 (mod 4)

0, otherwise.

i(wa(Pn)) = {

Therefore i*(ws(¢y,)) = (1,1) or (1,0).
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Consider the representation 1) =det @ det. As det |som)= 1, we obtain i} (w2(1)))=0.

Note that ¥(g0) = (_1 0 ) :

0 -1
So w1 (¢ |¢,) = det(¢ |¢,) = 1 and ¢ |¢, is aspinorial. This gives i*(wq (1)) = (0, 1).
Thus ¢* has rank 2, as required. u

Theorem 9.3.  Let m\ ® p be an irreducible representation of O(2n + 1), where
p 1s an irreducible representation of Cy and my be the irreducible representation of
SO(2n + 1) with highest weight X\. Then

2n—1) n o m(m—1
wa((mr @ plo) = H((TJFB) dim V- x\ (Cws (") + (T)eculh
where _— dim 7y, for p = sgn,
B 0, otherwise.

Proof. From Lemma 9.2 we obtain ws(m) = awz(7") + becup.

We choose a = 75(2;”;11)) dim VA - x\(C) by [9, Remark 5] which says p(v) = 2n — 1

and b = @ Note that 7\ ® p |s0,,,, is spinorial if and only if a =0 (mod 2).

We use Lemma 9.1 for b. Hence the result follows. ]

Theorem 9.4. Let (m,W) be an irreducible representation of O(2n), where
n>4. Let Rt be the root system C,_1. Then we have

2-(n—1) . n o m(m—1
wo(mo) = % dim V* (xa(C) + Xgo A (C)) wa(7") + %f%up,
when m = p* is irreducible. For m = 7%, we have
2 -1 L mlm=1)
w2(7T0> - n- (2n — 1) dim V X)\(C)UJQ(’}/ ) + 9 €cup-

Here m is as mentioned in Proposition 6.4 and x»+(go) is as in Theorem 6.2.
Proof. The proof follows by a similar argument as in Theorem 9.3. u

Remark 9.5. We have H?*(SO(l),Z/2Z) = (w)). Therefore for an orthogonal
representation 7 of SO(n) by [9, Remark 5] and [9, Table 1, Section 11] which
says p(v) =1 — 2 we obtain

2n — 1
w dim V* - X)\(C)wé, when [ = 2n + 1,
Moy ) n(2n+1)
wo (7)) = )
- (2n —1) VA xA(C)wh, when [ = 2n.

9.1. Calculation of w;

Let (m, W) be an irreducible representation of O(n). From [12] we obtain immedi-
ately wy(mp) = det(m).
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Theorem 9.6.  For O(2n+ 1), if 7 = 7 ® p as in Corollary 9.3, then
dim VA - wy (™), when p = sgn
wy(mo) =
0, when p = 1.
For O(2n) we have wy(mp) = m - wy ("), where m is as in Proposition 6.4.

Proof. Note that 7(SO(n)) C SL(n). Therefore it is enough to determine
det(m(go)) (resp. det(m(—1))) for O(2n) (resp. O(2n +1)). ]

10. A character formula

We begin this section with a detection result.

Proposition 10.1. Let Gy and Gy be two groups and f : Gy — Gy be a
morphism. If the map f*: H (G, Z/2Z) — H'(G1,Z/27) is injective for i € {1,2},
then any representation ¢ of Go is spinorial if and only if ¢ o f is spinorial.

Proof.  We have w;(¢o f) = f*(w;(¢)), for i € {1,2}. This gives

wa(po f) +wi(po fUwi(do f) = f(wae) +wi(d) Uwi(e)). (9)

From [7, p.238] we obtain ¢ is spinorial if and only if wy(¢)) + wy(¢) Uw;(4) = 0.
If ¢ is spinorial then following equation (9) we conclude that ¢ o f is spinorial. On
the other hand if ¢ o f is spinorial then we obtain f*(wa(¢) + wi(¢) Uwy(¢)) = 0.
Since f* is injective we have the result. [ |

Consider the subgroup D; = diag{\il, +1,...,+1,1,...1...,1} of O(n) consisting

) )
J/

¢ times

of the diagonal matrices for 1 < i < n.We write

d; = diag(—1,—1,...,—1,1,...1...,1).

Y Y
J/

~
i times

The next result enables us to detect spinorial representations of O(n) from their
character values.

Theorem 10.2. A representation © of O(n) is spinorial if and only if the
following two conditions hold:

(1) xx(1) = xx(dy) =0 0or 6 (mod 8),
(2)  xx(1) = xx(d2) =0 or 6 (mod 8).

Proof. Let W; denote the permutation group of D;. Note that W, = S;. From
[14, Theorem 2.2, page 82] we obtain an isomorphism

a: H*(O(n),Z/27) — H*(D,,7./27)"".

From [1, Theorem 4.4, p.69] we have H*(D;,Z/27) = 7/2Z[x1, 22, ... ,z;], the
invariant subgroup H*(D;, Z/27)Vi = 7./27]x1, s, . . ., x;)% is the ring of symmetric
polynomials in ¢ variables.
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We obtain an injection f; : HY(D,,, Z/2Z)" — H'(D;,Z/27)": by putting z; =0
for i +1 < j < n. Therefore we obtain an injection

fioa: H(O(n),Z/27) — H'(D;, 7./27)"".
In particular fy 0 « : H*(O(n),Z/2Z) — H*(Dy,7Z/27) is an injection. From

Proposition 10.1 we conclude that 7 is spinorial if and only if 7 |p, is spinorial. The
non-trivial elements of the group Dy are the involutions dy, ds and dyds. Therefore
Dy = (dy,ds) = Cy x Cy. From Lemma 6.1 we obtain that 7 |¢,—(4,) is spinorial
if and only if the first condition mentioned in the theorem holds. Since d; and
dydy are conjugate in O(n), the same condition works for 7 |c,—(4,4,) - Similarly the
representation m |c,—(q,) is spinorial if and only if the second condition holds. n

Remark 10.3. This method was suggested by Steven Spallone.

Using Theorem 3.4 one obtains similar result for orthogonal representations of
GL,(R). We state it as the following corollary.

Corollary 10.4.  An orthogonal representation © of GL,(R) is spinorial if and
only if both the following conditions hold:

(1) xx(1) = xx(d1) =0 or 6 (mod 8),
(2)  xx(1) = xx(d2) =0 or 6 (mod 8).

Remark 10.5. One can use the injective map
faoa: H*(O(n),Z/27) — H*(D,, 7/27)

to calculate wq(mg) for a representation m of O(n). Consider the two 1-dimensional
representations of Cy x Cy, namely ¢o: (di,didy) — (—1,1) and ¢3: (dy, dids) —
(1,—1). For i € {1,2} we write

_ Xx(1) = X (di)
2

For a representation (m, V) of O(n) we have
e =[S+ [5] ([8] 4] 3] o

where a = wy(¢2), B = wi(¢3) and || denotes the greatest integer function. For
details we refer to [13].

1) — dd
and Gardy = X7r( ) X7r( 1 2)'

2

9d;

11. Examples

We work out the cases for the irreducible representations of O(2) and O(4) and
O(8). Note that we cannot apply Theorem 1.1 to determine the irreducible spinorial
representations of the first two groups as SO(2) and SO(4) are not simple.

11.1. Case of O(2)

We have O(2) = S* x Cy. The irreducible representations of S' are m, given by
m(2) = 2". We write p, = Indgc()Z()Q) (7). From [11, Section 5.1] we obtain that
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for n > 0, the irreducible representations are given by p,. On the other hand

po = 1 & det. We write gy to denote the element ((1) é) From Theorem 5.1

-1 0
0 1
representations p,, are aspinorial for n > 0. The det representation is aspinorial by
the same lemma.

we obtain x,,(go) = 0. Therefore p,(go) ~ . Hence by Lemma 6.1, the

11.2. Case of O(4)

We know that Spin(4) = SUs x SUy, whose irreducible representations are of the
form V,, = Sym"V; X SymeO, where V denotes the standard representation of
SU,. The representations which factor through SO(4) have the property a = b
(mod 2). We write gy = (Zle i+ esat 6473) . From Proposition 6.4 we obtain

m = dim(V,,) = (a+1)(b+ 1),

when p(®? is irreducible. So p@? is spinorial if and only if the two following
conditions hold:

(1) (a+1)(b+1)=0o0r3 (mod 4)

@) i((a+1)(b—;2) +(b+1)<a‘§2)> =0 (mod 2).

We have the second condition from [9, Example 3, page 21]. Now we consider the
case when p®® is reducible. The root system of SO(4) is Dy =2 A; x A;. Therefore
D} =2 AT x AT = Ay x Ay. From [5, Exercise 14.36, page 210] we obtain the Killing
form (, ) for so(2n) as

1

220 — )1 1 o)

(1, p2) =

where 1 - o denotes the normal inner product. The positive roots are obviously
S ={e1 — ey, e1 + ex}. We calculate

2(61 — 62)

(e1—e3) =4- (61— e2) - (1 — e2)

=4(e; — ey).

Similarly we have (e; + e5)" = 4(eq + e). The highest weight of V,; is (242, 29).
Now for calculating p” we take the normalized Killing form mentioned in Section 5.

2a 1
Z (a a) :§<€1+€2+€1—€2):€1.

From Theorem 6.2 we obtain

HaéS(avv A + pT>
HaeS<CYV, pT>

Here (", x) = (2%, x) where ( , ) is the Killing form. We have

(o, @)
a—+b b—a
>\+pT:( 5 +1)61+< 5 )62.

Xart(go) = £
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So we calculate

(e1 — ea, (2 + 1)er + (5%)en) (e1 + ea, (“E2 + 1)er + (5%)es)

2
(e1 —eg,e1)(e1 + €2, €1)

= +(a+1)(b+1).

Xort (90) = £

_ L (a+1)B+)

From Proposition 6.4 we obtain
)0 when 7= ot
@+ 1)(b+1) when m=at".
Therefore we conclude the representation 7~

two conditions hold:

(1) (a+1)(b+1)=0or3 (mod 4),
(2) i((a+1)<b§2)+(b+1)(a§2)>EO(mod2).

On the other hand the representation 7% is spinorial if and only if

Han (") voen("37)) =0 moa).

11.3. Case of O(8)

Consider the representations V* of SO(8) with highest weight A = (A, A2, A3,0).
In these cases Indso(()?g)‘/’\ is reducible with irreducible components 7% such that

is spinorial if and only if the following

™% |sos)= V*. From [9, Table 1, Section 11] which says p(v) = 2n — 2, we have
the representation V?* is spinorial if and only if the integer
2(n—1)

mdimV’\-x,\(C), (11)

is even. From [3, Theorem 1.7, page 242]| we obtain the Weyl dimension formula

. A (A+pa Oé)
dimv* = J[ 22 (12)
0416_(£F (p7 OC)

where (1, ) denotes the Killing form as mentioned in (10).

As an example we solve here for the case A = (1,0,0,0).

The root system for SO(8) is Dy. The positive roots ¢* are e; —e;, e; + ¢e; for
1 <i < j <4. The half sum of positive roots is p = (3,2, 1,0), then using equation
(12) we calculate

dim V* = H1§i<j§4((47 2,1,0) - (&; — ¢5)) H1§i<j§4((47 2,1,0) - (e; +¢5))
[licicj<a((3:2,1,0) - (ei — ;) [T1<icj<a((3,2,1,0) - (€; +€;))
From [9, Section 2.3] we have x,(C) = (A, A+ 2p). This gives

(€)= % ((1,0,0,0) - ((1,0,0,0) + 2(3,2,1,0))) = 7/12.
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Putting n = 4 in Equation 11 we obtain

2(n—1)

mdim‘/’\'x,\(C):—'S'—zl. (13)

1,0,0,0),%

Therefore is aspinorial.

To find the Stiefel-Whitney class of this representation we need m as in Proposition
6.4. We take p = X |x= (1,0,0). The root system of SO(8) is Dy. From
Table 1 we have D] = Bs. Let S be the set of positive roots of Bs. Then
S={e;xe; |1 <i<j<3}U{e;|1<i<3}. Therefore we calculate

_ 200 _ o
P _QZ(a,a) Z(a,a) (3:2,1).

S

From Theorem 6.2 we obtain

HaéS(a\/? )\ + pT>
Ha65<av’ pT>
_2a_

(o - Putting the value of a¥ we calculate

sl o) TLes( (4.2,1)
X (00) = ) T Lo (3.2,1)

From Theorem 6.4 we have m = 7 for 7% and m = 1 for 7#»~. Putting these
values in Theorem 9.4 we obtain

w(r) = wy(7y), form =7
wa(7y) + ecup, for m=m

Xort (90) = £

where oV =

= +£6.

A+
A=

For the notations v and e, see Section 9.
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