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Abstract. We investigate the LP — L9 boundedness properties of the Riesz potentials I? and
the fractional maximal function M, g associated with the k-generalized Fourier transform. As
application, we establish a Welland inequality.
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1. Introduction

Dunkl theory is a far reaching generalization of Fourier analysis and special function
theory related to root systems and where the Lebesgue measure is replaced by
a weighted measure invariant under the refection group and parameterized by a
multiplicity function .

Recently, Ben Said, Kobayashi and Orsted have introduced in [4] a deformation of the
Dunkl theory by a parameter a > 0, which arises from the “interpolation” of the two
sl(2;R) actions on the Weil representation of the metaplectic group M,(n;R) and
the minimal unitary representation of the conformal group O(n + 1;2). They have
studied the so-called F,, transform which includes the Fourier transform (x = 0
and a = 2), the Dunkl transform ([7],[8]) (x > 0 and a = 2) and a new unitary
operator F,, = F, 1 having a rich structure, as much as the Dunkl transform, which
we call the k-generalized Fourier transform.

In this paper we are concerned with Riesz potentials and fractional maximal function
associated with the k-generalized Fourier transform Fj.
We consider the weight function v, , which is defined by

ve(@) = |lz| 7 I 1< 20 >, 2z e RN
a€R+

Here R, is a fixed positive root system.

This is a G-invariant positive homogeneous of degree 27, — 1, where 7, = Z K-

aERy
Consider also the weighted Lebesgue measure v, given by dv,(x) = v.(x)dx. Denote
by N = 2v, 4+ N — 1 the homogeneous dimension of the system.
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For f € LY(R™,v,), the k-generalized Fourier transform is defined by

Fuof (y) = cx » f(z)By(z,y)dvg(z), yeRY, (1)

where ¢, is the constant given by ¢, = / e el dy, (z) and By (z,y) denotes the
RN
kernel given by

N ~ x Y
Bulo) =TV [T el < o) () - @)
2 [l [yl
Here V. denotes the Dunkl intertwining operator (see (6)) and J,(z) = (%)”J,,(z),

J,, (see [15]), being the normalized Bessel function.

The generalized translation operator f — 7,f, y€RY is defined on L*(RY,v,) by

Fulryf)(€) = By, O)Fu(f)(€), €eRN. (3)

It plays the role of the ordinary translation 7,f(.) = f(. — y) in RY, since the

-~

Euclidean Fourier transform satisfies 7, f(z) = e *<%¥> f(x).

For 0 < 8 < R, the Riesz potentials If is defined on & (RM) (the class of Schwartz
functions) by

rm—ﬁx/ /()
IS f(z) = Y dv.(y), = eRY. 4
D=0 fe o ™ W
Up to this stage we have considered the Riesz potentials only for very smooth
functions. But since the Riesz potentials are integral operators, it is natural to
inquire their actions on the spaces LP(RY,v,.).

For this purpose we formulate the following problem. Given 5 €]0, X[ for what pair
(p,q) is it possible to extend I§ to bounded operator from LP(RN, v,) to LI(RY, v,)?
That is, when do we have the inequality

15 llsa < Cllf Ml

where ||.||., stands as the LP-norm with respect to the measure v.

Our aim in this paper is to show that the last inequality holds if and only if
1 1 B

p q N
The boundedness of Riesz potentials will be used to establish the boundedness
properties of the fractional maximal operator associated with the k-generalized
Fourier transform.

For 0 <3< WNand f e LP(RY,v,), 1 <p< +oo, we define the fractional maximal
function M, 5(f) by

Mo s(f)(@) = sup ————

) fW)maxs, (W)dve(y)|, =€ RY, (5)
r>0 (VH(BT)) R

RN

X5, beingthe characteristic function of the Euclidean ball of radius r centered at 0.
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If 3 =0, then M, = M, is the Hardy-Littlewood-Paley function associated with
the k-generalized Fourier transform. In [2] and [3] the authors have proved that M,
is L? — LP bounded if p > 1 and of a weak type (1,1) on R and R", respectively.

As application, we shall give pointwise estimates of I§. Especially, we will prove
the Welland inequality for the x-generalized Fourier transform, it says that:

For 0 < f < N and 0 < ¢ < min(5,X — f3), there exists a constant C' > 0 such
that for any nonnegative locally integrable function f : RY — R, the following
inequality holds:

I51(2) < O\ Mo £) (@) Mo i ()(@), @ € RY.

The contents of this paper are as follows. In section 2, we collect some results
about harmonic analysis associated with the Dunkl and the x-generalized Fourier
transform theories. Section 3, is devoted to the proof of the LP — L9 boundedness
of the Riesz potentials I associated with the r-generalized Fourier transform. Note
that theses results have been established by Stein in [13] for the classical Fourier
transform and Hassani, Mustapha and the second author for the Dunkl transform
(see [9]). In section 4, we first study the L? — L? boundedness of the related
fractional maximal function. Next, we study the pointwise estimates of Riesz
potentials. Especially, we establish the Welland inequality for the r-generalized
Fourier transform. This inequality was proved for the classical Riesz potentials by
Welland (see [16]).

2. Background
2.1. Dunkl theory

Let G be a finite reflection group on RV with a fixed positive root system R,
normalized such that < o, >= 2 for all & € R, , where < .,. > denotes the usual
Euclidean inner product. For a nonzero vector o € RY | let o, denote the reflection
with respect to the hyperplane perpendicular to «, i.e.

<zT,a >
- ", zeRY.

O =2 —2
In consequence G is a subgroup of the orthogonal group generated by the reflections
{00, € R;}. Let k be a nonnegative multiplicity function o — k() defined
on R, with the property that s, = k, whenever o, is conjugate to o, in G, then
a — k() is a G-invariant function.

Introduced by Dunkl in [6] and developed by many authors (see [5], [7], [8], [12]
and [14]) the Dunkl operators T, 1 < j < d on RY are the first-order differential-
difference operators given by

f (33' ) — f (Uax)

Tif(@) = 0if () + X wla)=———*= <ae;>  1<j<N,

aERy

where 0; denotes the usual partial derivatives and ey, ...,ey the standard basis
of RV. A fundamental property of these differential-difference operator is their
commutativity, that is

7.1, =TT, 1<k/Il<N.

The Dunkl Laplacian is A, = Zjvzl Tf.
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Closely related to the Dunkl operators is the so-called intertwining operator Vi,
which is the unique linear isomorphism of P, -, Pn determined by (see [8])

Vn(Pn) = Pn» Vn<1) = ]-a TjVH = Vnaja 1 S.] < N7
with P, the subspace of homogeneous polynomials of degree n in N variables.
Even if the positivity of the intertwining operator has been established in ([10], [11])

by Rosler, an explicit formula is not known in general. However, the operator V,
possesses the integral representation

Vifly) = - f(y)dua(y), (6)

where p, is a probability measure on RY with support in the closed ball B(0, ||z||)
of center 0 and radius [|z||.

2.2. k-Generalized Fourier transform
Recall that the kernel B, (z,y), z,y € RY given by (2) satisfies

B.(0,y) =1,  [Bulz,y)| <L |[[#][ALBk(z,y) = —[lyl| Be(z, ).
The kernel plays an important role in the development of the k-generalized Dunkl

transform given by (1). Note that when f is a suitable radial function (see [3]), i.
e. (f(x)= fo(|lz]|)) then F.(f) is also radial function and has the form

Fo()(&) = Hx-1fo(l[€]]),
where H, fo(s / folu 2\/_ Yu” du.

Some properties of the k-generalized Fourier transform are collected below ([3]).

Proposition 2.1. (i) The k-generalized Fourier transform F, is a topological
isomorphism of S(RY) into itself and its inverse is given by F.! = F,.

(ii) (Plancherel Theorem) The k-generalized Fourier transform extends to an isom-
etry of L*(RYv,).

The k-generalized Fourier transform allows us to define the generalized translation
operator on L?(RY,v,), by (3). In the analysis of this translation a particular role
is played by the space

AoRY) = {f € L'R",v)/ Fuf € L'(RY, 1)}

Note that A.(RY) is contained in the intersection of L'(RY,v,) and L> and hence
is a subspace of L*(RY,v,).

The operator 7, satisfies the following properties.
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Proposition 2.2.  Assume that f € A.(RY) and g € LY(RY,v,)NL>® . Then
(i) For every z,y € RN we have ,f(x) = 1o.f(y) .

(ii) For every y € RN, the operator 1, satisfies
[, n@a@inta) = [ remgan ). (7

A formula of 7,f is known, at the moment, only in two cases. One in the case
of G = Zs,vs(x) = [z[**! on R (see [1]). Another case where a formula of 7,f
is known when f is radial function in A.(RY) (f(z) = f.(||z]|)), G being any
reflection group(see [3])
L'(3) ' >
—_)VH {/1f0(<< T, yiu,. ) (1—u?)

LG -3

|z

Tau| (L, ()

T f(x) = m

where < 2y, 3= ||z + [lyl = /2l2lllly 1+ < g, >)u

From (8) and (6) it follows that 7,f(x) > 0 for all y € RY, f(z) = fo(||z]|) > 0.
Further properties of 7, f (f being radial) follow from this formula. These properties
are collected in the following proposition.

Proposition 2.3. (See [3])

(i) For every f € L! 4(RN v,) the subspace of radial functions in L'(RY v,), we
have:

/RN T, f(x)dv,. () = - f(z)dv,(x). 9)

(RN, v,) — L

rad

(i) For1<p<2,71,:L"

P (RN, v,) is bounded operator.

(iii) For every s >0 and y € RN, we have
2
7_y(efs||.||)(x) < 6—8(\/ llzll—+/ ||?JH) , T € RN. (10)
The generalized translation operator can be used to define a generalized convolution.

Definition 2.4. For f, g€ L?*(R"Y,v,), we define the generalized convolution ,, by

fxsg(x) = c, - fW)eg(y)dve(y), = eRY,

Note that the generalized convolution %, is well defined since 7,9 € L*(RY,v,) and
it may be rewrite

frug(z) =co | Fuf(NFeg\)Bu(z, Ndve(A), x€RY.
RN
This convolution was considered in [3]. It satisfies

freg=9xc 3 Fulf*c9) = Fuf - Fuf
The following theorem holds.
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Theorem 2.5. Let g be a bounded radial function in L*(RY v,). Then f %.g
initially defined on the intersection of L*(RYN v.) and L*(RN,v,.) extends to all
LP(RY v,), 1 < p < oo as a bounded operator. In particular we have

I1F % gllsp < Mgl all fllp (11)

3. Riesz potentials

We consider the boundedness of If (given by (4)) as an operator from LP(RY, v,)
to LI(RY,v,). The following necessary condition holds:

Proposition 3.1.  Let 1 <p<gq<+4oo and § €]0,R[. If

175 llsa < Cllfllaps  f € SRY),
1 1 8

then it is necessary that ———=c. (12)
p q¢ XN

Proof. For s > 0, let ¢,(z) = e *I*l 2 € RN then using (11), a change
of variable shows that [If (eI (z) = s (e7I) (sz). Consequently, setting
P(x) = e7I7lla change of variables gives

_ 29k+d-—1

T S
1T50sllng = 577" 50 lngs sllew =57 [Wllesp- (13)

Letting s — 0 and s — +oo, we show that if |[I5fllxq < C| f|lxp, We must have

NN
p+ — — — =0, which gives (12). "
qg D

We shall see below that the condition (12) is also sufficient, save for the case p =1,
(then ¢ = ﬁ ), in this case we have only a weak type (1,q) mapping.

Theorem 3.2.  Let 8 be a real number such that 0 < < X and let (p,q) be a

pair of reals numbers such that 1 < p < q < oo, and é = i — g Then

i) If p > 1, then the mapping f — I} f can be extended to a bounded operator
(i) 8
from LP(RY v,) to LY(RY,v,) and

15 flleg < Apsll flep: € LPRY, 1)
where A, 3 > 0 depends only on p and 3 .

(i) If p=1, f — I5f can be extended to a mapping of weak type (1,q), meaning
that for all A >0

q
/ dv, () < Ag (w) f e LYRYN, v,),
(w15 £ (@) > A} A

where Ag > 0 depends only on .

> d
Proof.  Recall the simple formula ||y||™* = —/ soeelll 22
0
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Applying this formula with ¢« = X — § and using Fubini’s theorem, we obtain

T5f(x) = ﬁ / e ([ etns@nm) =

e —5, f € S®RY),
here 1,(y) = e~*I¥I. Thus
I5f(x K Ps(2)—, f€SRY). (14)
By (10), we obtain Tx(e_s”'”)(y) <1. (15)

Thus the mapping f — I f can be extended to all functions f € LP(RN,v.),p > 1.

Let (p, q) be a pair of real numbers satisfying (12) and let f € LP(R", v,) normalized
such that || f]/,, =1.

1
We shall prove that the integral W / NP s sz )— converges absolutely
Cr 0

for almost every . We decompose I f(z) = G f(x) + G* f(z)

where Guf(x) = cﬁl}(ﬁ) /0 NP F %(:E)%
—+00 d
and Gaf(l') = - Fl(ﬂ) / SN_BJC Xk ¢s<x>§7

where a > 0 is a nonnegative constant which will be fixed later. Let z € R. Then,
by Holder’s inequality, (9), (13) and (15), we obtain

sup | 5o a0l < [ )l (o)

<o/, ws@)duﬁ(y))l’l’ (/. ws<y>|f<y>|pduﬁ<y>)’l’ < Sﬁjii)-

Hence
vl s, d \ 1
|Gof(z)] < () / sp P = Aar~?, where A= —————
L(B) Jo s L(B)(cx)'
This gives 1Gafllroo < Aar . (16)
-
Using (10), we obtain G fllep < =——
% (10) 16 o < 155

This last inequality combined with (16) implies that the integral representing I7 f
given by (14) converges absolutely for almost every x € RY.

We shall show next that if 1 < p < g < oo satisfying (12), then the mapping
f — I f is of weak type (p,q), in the sense that

ve ({o: |I5f(z)] > A}) < ( ”f”’”’), fel’®R,v,), A>0. (17)
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Let A > 0, then

Vg ({ZE : |Igf($)| > /\}) < ({ZL’ : |Gaf(I)| > %}) + vy ({[L’ . |Gaf($)| > %}) ‘

Choose therefore a satisfying g = Aar~? : (18)

we obtain thanks to (16) that w, ({x | Gaf(2)| > %}) = (. Thus

i ({250 > 0) o (Gl @) > 5) = () 16,

and then v ({z: [I5f(2)] > A}) < (?a—ﬁyp.

Using (18) we deduce that

Bp®
2P BP(2C) R5» o )2
ZECOT (V)

)\ Ni};p - /\

ve ({2 15 (@)] > A})

since ¢ =pR/(X—fBp) and |[[f|.p=1.
This is (17), and so the mapping f — I§f is of weak type (p,q).

The special case for p =1 gives then part (ii) of Theorem 3.2. Part (i) of Theorem
3.2 follows by an obvious use of a real interpolation of the spaces LP(RY,v,) and
the Marcinkiewicz interpolation theorem. [ |

4. Fractional maximal function

We begin this section by proving that the condition (12) is necessary for the bound-
edness of the operator M, 3 given by (5).

Proposition 4.1. (i) Let 1 <p<g < +oco and f €]0,N[. If
[Mycsflleg < Clfllep, [ € LP(RY, v),
then it is necessary that (p,q) satisfies (12).
(i) Let q €]1,+o0]. If

v, {z: Mypf(x) > A}) <C (%)q, A >0,

then it is necessary that ¢ = ——.
Y q N_ 3

Proof. (i) We consider the dilation operator 6, f(z) = f(rz), r > 0, then

_x -
Hér‘mep =rr Hf”fﬂ,p? Op—1 M g0, =1 BMK,/D"
If p> 1, the estimate | M, sf|l.q < C| fllx,p implies that

R_R
1Mepflleg < O 0 | fllap, 7 >0.



OUKILI AND SIFI 295

1 1
Letting » — oo and » — 0 we get ———:é.
qg p N
(ii) The same argument proves the result in the weak case. n

Now, we shall prove the following fractional maximal theorem.

Theorem 4.2.  Let 5 be a real number such that 0 < < X and let (p,q) be a
pair of real numbers such that 1 < p < q < oo and satisfying (12). Then

(i) The mazimal fractional operator M, g is bounded from LP(RY v,) to LY(RYN v,)
forp>1.

(ii) The maximal fractional operator M, s is of weak type (1,q), that is,

q
el s Moaf(a) > ) < o (M2 por g e @), 2>,
where Cg > 0 depends only on 3.

Proof. Based on a passage to polar coordinates, we have for r > 0

N
ChT
B) ="
vl Br) = PR )
So we deduce from (7) that for all f € S(R?),
V(D) = s | [ n ' (19
= STEIO)T ﬁ ’/ TXBT dV,.i( ) , T E RN,
PR+ 1)\ %
where m,, = (c—> . Invoking (19) we obtain
My pf(x) < Cenpls(f])(2), (20)
where C); n g is the positive constant given by Cy y s = M
w T m D(R)
Thus the assertions (i) and (ii) follow from (20) and Theorem 3.2. [

Now, we will prove some estimates of the Riesz potentials associated with the k-
generalized Fourier transform.

Notation. We denote by L} (R, v,) the space of locally integrable functions with
respect to the measure v, .

Theorem 4.3. Let 0 < < N.

(i) (Welland inequality) For 0 < ¢ < min(f3, R — (), there ezists a constant C, > 0
such that for every f € Li (RN v.) and for every x € RN the following
inequality holds:

1 T5(f) ()| < Cep (Myp-cf(x))

[NIE
[SIE

( nﬁ+6f< ))
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A
(ii) For 1<p < =, there exists a constant C >0 such that for every f € L, (RN v,)
p

and for every x € RN the following inequality holds:
Bp
Bp

5(0)@)] < Con (M2 S (@) (Mef (@)

Proof. Let f be a function in L}, .(RY,v,) . For any r > 0, we decompose the
integral I as the sum of two integrals:

I57(x) = W Qo f () + Q' F(2)). (1)

where Quf(e) = [ S an) ad @fw)= [ )

O 7] rN\B, (Y]
(i) Note that for every p,¢ > 0, we have

N—¢
| nt@in)| < LM, () (22
B, my
Let 0 < e < 3; then we have
+o00
Tyf(x> d
@Il = nzg /BZ"T\BQMT ly[|—# ely)

400 1
< pT N v 7y f (@) dvi(y)| -

> Gy |f,

Applying (22), with p = 27"r and ¢ = 5 — €, we obtain

2N—B +o00
; < € e g—ne.
Qrf@)] £ S Ms-cf (x) Z;
2RX=Bm,.
Thus |Q.f(z)| < Cir*M, p—f(z), where C) = o (23)
On the other hand, for 0 < e < X — 3, we have
+00
[ (x)
@@l < Y[ )
; Byn+1,\Bany ly|[¥=7
+00 1
< TonAN=G / 7y (2)dvi(y)] -
; (2nr)R-5 Byns1, Y
Applying again (22), with p = 2"r and ¢ =  + €, we obtain
2Nfﬁ+e +oo
Q" f(z)| < P Mgy f(x) Y 27
R n=0
Thus |QTf(x)| S CQT_e n,B-‘ref(x)a (24)

where Cy = 2% Pm, /(2¢ - 1).
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Hence, according to (21), (23) and (24), we obtain for any 0 < ¢ < min(3, R — f3)

‘Iﬁ(f)@)‘ < F(N——ﬁ)

(Crr* My g—cf () + Cor™ My giof () - (25)
C2Mn,ﬁ+ef<x)

Taking r¢ =
s (CIMR,B—ef(x>

2
) in (25) we get assertion (i) with

o . FB) 2m,
CTIR=pB) 25 — 275

(ii) Applying the same method as in (i) we obtain

. 7y f ()
- < dv,
sl < f, T @)‘
+o0o 1
< ;W /B Q_anyf(ﬂf)dvn(y)
< Cyr?Mf(), (26)

where (O3 = 2%m,/(2° —1). Similarly, we obtain

+oo
. 7y f(2)
’Q f(x)‘ = ; /L;s’gmrlr\Bgnr HyHN_Bdl/ﬁ(y)i
400 1
< ;W /BWHT 7y f (@)dv,(y)
< CiPTE M, f(2), (27)

where C, = 2N7%m,€/(1 — 2ﬂ7%). According to (21), (26) and (27), we obtain

(3

264+d—a—1) (OgrﬁM”f(x) + CMﬁ_%Mn,%f(x)) ' (28)

15 @) < ¢

oy M2 f(@)

g
—_r in (28) we get assertion (ii) with
C, Mﬁf@)) e W

Taking r = (

_ 20
0T R

IS

P

(Cy)~ %K. "

>

(Cy)

Corollary 4.4.  Let 0 < <X and let (p,q) be a pair of real numbers such that
1 < p<q< oo satisfying (12). Then the following properties are equivalent.
(1) The mazimal fractional operator M, 5 is bounded from LP(RY,v,) to LY (RN, v,,).

(ii) The Riesz potentials operator If is bounded from LP(RY,v,) to LY(RY, v,).
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Proof.  The proof of the implication (i)=>(ii) goes as follows:
Let 0 < e <min(f,N — f),1 < p < ¢ < oo satisfying (12). If we take

2 2

1 _
y DP1= —4e;, P2= — (g
q q

de

| —

Q| =
Z| o

+€
N?

=
|

€

we have pil + p% = 1. From Theorem 4.3 and Hoélder’s inequality we get

/RN |15 f(2)|" dvi(z)
SC’e/ ( K,B— ef( ) nﬂ-‘ref( ))%dVK(ZE)

RN

<C.( [ Otusct@)¥ dna )(/ Mo (o >>2p2duﬁ<x>)”12

1

:06(4N<Mﬂ,g_ef< )" ([ (st an))”

= C|| M- Sl

q
2
q

Qe H ,B+e€

Finally, using Theorem 4.3 we conclude that

1
15 fllsg < Cell My p—c |50

nﬁ+ef|lﬁqé < Cl S Ml p-

On the other hand, the implication (ii) = (i) follows from (20). Thus the proof
is finished. [

Theorem 4.5. Let 0 < 8 < RN. For 0 < 6 < 1, there exists a constant C' such
that for any f € L} (R% v,) and for any x € RN the following inequalities holds:

15, £ ()] < C(I5f@))" (Mepf(a) ", (29)
5 f(2)] < C(Muf(2)” (M pf(x) " (30)

Proof. ~ We decompose I f as in (21). Since for r > 0,
=7 <r#72,y e RIB,,

we deduce that

Q" f ()] < r?7°

7 f () T(R) 5

dv,, y)| < r B ]nf 2 31

/Rd\Br R )| < wgy B @] G
According to (21), (26) and (31), we obtain

15, £(2)] < CarP M (F)(x) + =) 1508 | 15 ()] (32)
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) |I5f(2)]

Taking r° = in (32), we obtain the inequality (29).
CaI'(8) Mo(|f])()
To prove (30), we use the same method as in the proof of Theorem 4.3 to obtain
+o00
.f(y)
@@l < Y| f T v, ()
; Bynir\Bany [YIIN77
+00 1
< A \N_ R0 x d K
< HZ:O (2 )N 0 /B 2n+1,~7— fy)dvi(y)
< Csr? P M, 5f(2), (33)

where Cs5 = 28 #m, /(1—2P5). Taking into account (21), (26) and (33), we deduce

15:0)] < T (Cr Ml (o) + Car® M 5(H)(2). (34)
Taking r° = % in (34), we obtain the inequality (30) with
r
C = rcict. .
References

[1] S.Ben Said: A product formula and convolution structure for a k-Hankel transform
on R, J. Math. Analysis Appl. 463/2 (2018) 1132-1146.

[2] S.Ben Said, L.Deleaval: A Hardy-Littlewood mazimal operator for the generalized
Fourier transform on R, J. Geom. Analysis 30 (2020) 2273—-2289.

[3] S.Ben Said, L. Deleaval: Translation operator and mazximal function for the (k,1)-
generalized Fourier transform, J. Functional Analysis 279/8 (2020), art. no. 108706.

[4] S.Ben Said, T. Kobayashi, B. Orsted: Laguerre semigroup and Dunkl operators, Com-
pos. Math. 148/4 (2012) 1265-1336.

[5]  M.De Jeu: The Dunkl transform, Invent. Math. 113/1 (1993) 147-162.

[6] C.F.Dunkl: Differential-difference operators associated to reflection group, Trans.
Amer. Math. 311/1 (1989) 167-183

[7] C.F.Dunkl: Integral kernels with reflection group invariance, Canad. J. Math. 43/6
(1991) 1213-1227.

[8] C.F.Dunkl: Hankel transforms associated to finite reflection groups, in: Proc. of
the Special Session on Hypergeometric Functions on Domains of Positivity, Jack
Polynomials and Applications, Tampa 1991, Contemp. Math. 138 (1992) 123-138.

[9] S.Hassani, S. Mustapha, M. Sifi: Riesz potentials and fractional mazimal function for
the Dunkl transform, J. Lie Theory 19/4 (2009) 725-734.

[10] M.Résler: Positivity of Dunkl’s intertwining operator, Duke Math J. 98/3 (1999)
445-463.

[11] M.Résler: A positive radial product formula for the Dunkl kernel, Trans. Amer. Math.
Soc. 355/6 (2003) 2413—2438.



300 OUKILI AND SIFI

[12] M.Résler: Dunkl operators: theory and applications, in: Orthogonal Polynomials and
Special Functions, E. Koelink, W. Van Assche (eds.), Lecture Notes in Mathematics
1817, Springer, Berlin (2003) 93-135.

[13] E.M. Stein: Singular Integral and Differentiabilty Properties of Functions, Princeton
University Press, Princeton (1970).

[14] T.Trimeche: Paley- Wiener theorems for the Dunkl transform and Dunkl translation
operators, Integral Transforms Spec. Functions 13/1 (2002) 17—-38.

[15] G.N.Watson: A Treatise on the Theory of Bessel Functions, Cambridge University
Press, Cambridge (1966).

[16] G.Welland: Weighted norm inequalities for fractional integrals, Proc. Amer. Math.
Soc. 51/1 (1975) 143-148.

Sara Oukili, Mohamed Sifi, Laboratoire d’Analyse Mathématiques et Applications, Faculté des
Sciences de Tunis, Université de Tunis El Manar, 2092 Tunis, Tunisie;
oukili2213@gmail.com, mohamed.sifi@fst.utm.tn

Received March 30, 2020
and in final form September 8, 2020



