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Abstract. We investigate the Lp − Lq boundedness properties of the Riesz potentials Iβκ and
the fractional maximal function Mκ,β associated with the κ -generalized Fourier transform. As
application, we establish a Welland inequality.
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1. Introduction

Dunkl theory is a far reaching generalization of Fourier analysis and special function
theory related to root systems and where the Lebesgue measure is replaced by
a weighted measure invariant under the refection group and parameterized by a
multiplicity function κ .
Recently, Ben Said, Kobayashi and Ørsted have introduced in [4] a deformation of the
Dunkl theory by a parameter a > 0 , which arises from the “interpolation” of the two
sl(2;R) actions on the Weil representation of the metaplectic group Mp(n;R) and
the minimal unitary representation of the conformal group O(n+ 1; 2) . They have
studied the so-called Fκ,a transform which includes the Fourier transform (κ = 0
and a = 2), the Dunkl transform ([7],[8]) (κ > 0 and a = 2) and a new unitary
operator Fκ = Fκ,1 having a rich structure, as much as the Dunkl transform, which
we call the κ-generalized Fourier transform.
In this paper we are concerned with Riesz potentials and fractional maximal function
associated with the κ-generalized Fourier transform Fκ .
We consider the weight function υκ , which is defined by

υκ(x) = ∥x∥−1
∏

α∈R+

|< x, α >|2κ(α) , x ∈ RN .

Here R+ is a fixed positive root system.
This is a G-invariant positive homogeneous of degree 2γκ − 1 , where γκ =

∑
α∈R+

κα.

Consider also the weighted Lebesgue measure νκ given by dνκ(x) = υκ(x)dx. Denote
by ℵ = 2γκ +N − 1 the homogeneous dimension of the system.
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For f ∈ L1(RN , νκ) , the κ-generalized Fourier transform is defined by

Fκf(y) = cκ

∫
RN

f(x)Bκ(x, y)dνκ(x), y ∈ RN , (1)

where cκ is the constant given by c−1
κ =

∫
RN

e−∥x∥dνκ(x) and Bκ(x, y) denotes the
kernel given by

Bκ(x, y) = Γ(
ℵ
2
)Vκ

[
J̃κ−1(

√
2∥x∥∥y∥(1+ <

x

∥x∥
, . >)

](
y

∥y∥

)
. (2)

Here Vκ denotes the Dunkl intertwining operator (see (6)) and J̃ν(z) = (
z

2
)νJν(z) ,

Jν (see [15]), being the normalized Bessel function.
The generalized translation operator f → τyf , y∈RN is defined on L2(RN , νκ) by

Fκ(τyf)(ξ) = Bκ(y, ξ)Fκ(f)(ξ), ξ ∈ RN . (3)

It plays the role of the ordinary translation τyf(.) = f(. − y) in RN , since the
Euclidean Fourier transform satisfies τ̂yf(x) = e−i<x,y>f̂(x) .
For 0 < β < ℵ , the Riesz potentials Iκβ is defined on S(RN) (the class of Schwartz
functions) by

Iκβf(x) =
Γ(ℵ − β)

Γ(β)

∫
RN

τyf(x)

∥y∥ℵ−β
dνκ(y), x ∈ RN . (4)

Up to this stage we have considered the Riesz potentials only for very smooth
functions. But since the Riesz potentials are integral operators, it is natural to
inquire their actions on the spaces Lp(RN , νκ) .
For this purpose we formulate the following problem. Given β ∈]0,ℵ[ for what pair
(p, q) is it possible to extend Iκβ to bounded operator from Lp(RN , νκ) to Lq(RN , νκ)?
That is, when do we have the inequality

∥Iκβf∥κ,q ≤ C∥f∥κ,p,

where ∥.∥κ,p stands as the Lp -norm with respect to the measure νκ .
Our aim in this paper is to show that the last inequality holds if and only if

1

p
− 1

q
=
β

ℵ
.

The boundedness of Riesz potentials will be used to establish the boundedness
properties of the fractional maximal operator associated with the κ-generalized
Fourier transform.
For 0 ≤ β < ℵ and f ∈ Lp(RN , νκ) , 1 ≤ p < +∞ , we define the fractional maximal
function Mκ,β(f) by

Mκ,β(f)(x) = sup
r>0

1

(νκ(Br))
ℵ−β
ℵ

∣∣∣∣∫
RN

f(y)τxχBr(y)dνκ(y)

∣∣∣∣ , x ∈ RN , (5)

χBr being the characteristic function of the Euclidean ball of radius r centered at 0 .
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If β = 0 , then Mκ = Mκ,0 is the Hardy-Littlewood-Paley function associated with
the κ-generalized Fourier transform. In [2] and [3] the authors have proved that Mκ

is Lp → Lp bounded if p > 1 and of a weak type (1, 1) on R and RN, respectively.
As application, we shall give pointwise estimates of Iκβ . Especially, we will prove
the Welland inequality for the κ-generalized Fourier transform, it says that:
For 0 < β < ℵ and 0 < ϵ < min(β,ℵ − β) , there exists a constant C > 0 such
that for any nonnegative locally integrable function f : RN → R+ the following
inequality holds:

Iκβf(x) ≤ C
√
Mκ,β−ϵ(f)(x)Mκ,β+ϵ(f)(x), x ∈ RN .

The contents of this paper are as follows. In section 2, we collect some results
about harmonic analysis associated with the Dunkl and the κ-generalized Fourier
transform theories. Section 3, is devoted to the proof of the Lp → Lq boundedness
of the Riesz potentials Iκβ associated with the κ-generalized Fourier transform. Note
that theses results have been established by Stein in [13] for the classical Fourier
transform and Hassani, Mustapha and the second author for the Dunkl transform
(see [9]). In section 4, we first study the Lp → Lq boundedness of the related
fractional maximal function. Next, we study the pointwise estimates of Riesz
potentials. Especially, we establish the Welland inequality for the κ-generalized
Fourier transform. This inequality was proved for the classical Riesz potentials by
Welland (see [16]).

2. Background
2.1. Dunkl theory
Let G be a finite reflection group on RN with a fixed positive root system R+ ,
normalized such that < α, α >= 2 for all α ∈ R+ , where < ., . > denotes the usual
Euclidean inner product. For a nonzero vector α ∈ RN , let σα denote the reflection
with respect to the hyperplane perpendicular to α , i.e.

σαx = x− 2
< x, α >

∥α∥2
α, x ∈ RN .

In consequence G is a subgroup of the orthogonal group generated by the reflections
{σα, α ∈ R+} . Let κ be a nonnegative multiplicity function α −→ κ(α) defined
on R+ with the property that κu = κα whenever σu is conjugate to σα in G, then
α −→ κ(α) is a G-invariant function.
Introduced by Dunkl in [6] and developed by many authors (see [5], [7], [8], [12]
and [14]) the Dunkl operators Tj , 1 ≤ j ≤ d on RN are the first-order differential-
difference operators given by

Tjf(x) = ∂jf(x) +
∑
α∈R+

κ(α)
f(x)− f(σαx)

< x, α >
< α, ej >, 1 ≤ j ≤ N,

where ∂j denotes the usual partial derivatives and e1, ..., eN the standard basis
of RN . A fundamental property of these differential-difference operator is their
commutativity, that is

TkTl = TlTk, 1 ≤ k, l ≤ N.

The Dunkl Laplacian is ∆κ =
∑N

j=1 T
2
j .
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Closely related to the Dunkl operators is the so-called intertwining operator Vκ ,
which is the unique linear isomorphism of

⊕
n≥0Pn determined by (see [8])

Vκ(Pn) = Pn, Vκ(1) = 1, TjVκ = Vκ∂j, 1 ≤ j ≤ N,

with Pn the subspace of homogeneous polynomials of degree n in N variables.
Even if the positivity of the intertwining operator has been established in ([10], [11])
by Rösler, an explicit formula is not known in general. However, the operator Vκ
possesses the integral representation

Vκf(y) =

∫
RN

f(y)dµx(y), (6)

where µx is a probability measure on RN with support in the closed ball B(0, ∥x∥)
of center 0 and radius ∥x∥ .

2.2. κ-Generalized Fourier transform
Recall that the kernel Bκ(x, y) , x, y ∈ RN given by (2) satisfies

Bκ(0, y) = 1, |Bκ(x, y)| ≤ 1; ∥x∥∆x
κBκ(x, y) = −∥y∥Bκ(x, y).

The kernel plays an important role in the development of the κ-generalized Dunkl
transform given by (1). Note that when f is a suitable radial function (see [3]), i.
e. (f(x) = f0(∥x∥)) then Fκ(f) is also radial function and has the form

Fκ(f)(ξ) = Hℵ−1f0(∥ξ∥),

where Hνf0(s) =

∫ ∞

0

f0(u)J̃ν(2
√
us)uνdu.

Some properties of the κ-generalized Fourier transform are collected below ([3]).

Proposition 2.1. (i) The κ-generalized Fourier transform Fκ is a topological
isomorphism of S(RN) into itself and its inverse is given by F−1

κ = Fκ.

(ii) (Plancherel Theorem) The κ-generalized Fourier transform extends to an isom-
etry of L2(RN , νκ).

The κ-generalized Fourier transform allows us to define the generalized translation
operator on L2(RN , νκ) , by (3). In the analysis of this translation a particular role
is played by the space

Aκ(RN) = {f ∈ L1(RN , νκ)/ Fκf ∈ L1(RN , νκ)}.

Note that Aκ(RN) is contained in the intersection of L1(RN , νκ) and L∞ and hence
is a subspace of L2(RN , νκ) .
The operator τy satisfies the following properties.
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Proposition 2.2. Assume that f ∈ Aκ(RN) and g ∈ L1(RN , νκ) ∩ L∞ . Then

(i) For every x, y ∈ RN , we have τyf(x) = τxf(y) .

(ii) For every y ∈ RN , the operator τy satisfies∫
RN

τyf(x)g(x)dνκ(x) =

∫
RN

f(x)τyg(x)dνκ(x). (7)

A formula of τyf is known, at the moment, only in two cases. One in the case
of G = Z2, υκ(x) = |x|2κ−1 on R (see [1]). Another case where a formula of τyf
is known when f is radial function in Aκ(RN) (f(x) = fo(∥x∥)) , G being any
reflection group(see [3])

τyf(x) =
Γ(ℵ

2
)

Γ(ℵ
2
− 1

2
)
Vκ

[∫ 1

−1

f0(≪ x, y;u, .≫)
(
1− u2

)ℵ
2
− 1

2 du

]
(
y

∥y∥
), (8)

where ≪ x, y;u, .≫= ∥x∥+ ∥y∥ −
√

2∥x∥∥y∥(1+ < x
∥x∥ , . >)u .

From (8) and (6) it follows that τyf(x) ≥ 0 for all y ∈ RN , f(x) = f0(∥x∥) ≥ 0 .
Further properties of τyf (f being radial) follow from this formula. These properties
are collected in the following proposition.

Proposition 2.3. (See [3])
(i) For every f ∈ L1

rad(RN , νκ) the subspace of radial functions in L1(RN , νκ), we
have: ∫

RN

τyf(x)dνκ(x) =

∫
RN

f(x)dνκ(x). (9)

(ii) For 1 ≤ p ≤ 2, τy : Lp
rad(RN , νκ) −→ Lp

rad(RN , νκ) is bounded operator.

(iii) For every s > 0 and y ∈ RN , we have

τy(e
−s∥.∥)(x) ≤ e

−s
(√

∥x∥−
√

∥y∥
)2

, x ∈ RN . (10)

The generalized translation operator can be used to define a generalized convolution.

Definition 2.4. For f, g∈L2(RN , νκ) , we define the generalized convolution ⋆κ , by

f ⋆κ g(x) = cκ

∫
RN

f(y)τxg(y)dνκ(y), x ∈ RN .

Note that the generalized convolution ⋆κ is well defined since τxg ∈ L2(RN , νκ) and
it may be rewrite

f ⋆κ g(x) = cκ

∫
RN

Fκf(λ)Fκg(λ)Bκ(x, λ)dνκ(λ), x ∈ RN .

This convolution was considered in [3]. It satisfies

f ⋆κ g = g ⋆κ f ; Fκ(f ⋆κ g) = Fκf · Fκf.

The following theorem holds.
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Theorem 2.5. Let g be a bounded radial function in L1(RN , νκ). Then f ⋆κ g
initially defined on the intersection of L1(RN , νκ) and L2(RN , νκ) extends to all
Lp(RN , νκ), 1 ≤ p ≤ ∞ as a bounded operator. In particular we have

∥f ⋆κ g∥κ,p ≤ ∥g∥κ,1∥f∥κ,p. (11)

3. Riesz potentials
We consider the boundedness of Iκβ (given by (4)) as an operator from Lp(RN , νκ)
to Lq(RN , νκ) . The following necessary condition holds:

Proposition 3.1. Let 1 ≤ p < q < +∞ and β ∈ ]0,ℵ[. If

∥Iκβf∥κ,q ≤ C∥f∥κ,p, f ∈ S(RN),

then it is necessary that 1

p
− 1

q
=
β

ℵ
. (12)

Proof. For s > 0 , let ψs(x) = e−s∥x∥ , x ∈ RN , then using (11), a change
of variable shows that Iκβ

(
e−s∥.∥) (x) = s−βIκβ

(
e−∥.∥) (sx). Consequently, setting

ψ(x) = e−∥x∥ , a change of variables gives

∥Iκβψs∥κ,q = s−β−ℵ
q ∥Iκβψ∥κ,q; ∥ψs∥κ,p = s−

2γκ+d−1
p ∥ψ∥κ,p. (13)

Letting s → 0 and s → +∞ , we show that if ∥Iκβf∥κ,q ≤ C∥f∥κ,p , we must have

β +
ℵ
q
− ℵ
p
= 0 , which gives (12).

We shall see below that the condition (12) is also sufficient, save for the case p = 1 ,
(then q = ℵ

ℵ−β
), in this case we have only a weak type (1, q) mapping.

Theorem 3.2. Let β be a real number such that 0 < β < ℵ and let (p, q) be a
pair of reals numbers such that 1 ≤ p < q <∞, and 1

q
= 1

p
− β

ℵ . Then

(i) If p > 1, then the mapping f −→ Iκβf can be extended to a bounded operator
from Lp(RN , νκ) to Lq(RN , νκ) and

∥Iκβf∥κ,q ≤ Ap,β∥f∥κ,p, f ∈ Lp(RN , νκ)

where Ap,β > 0 depends only on p and β .

(ii) If p = 1, f −→ Iκβf can be extended to a mapping of weak type (1, q), meaning
that for all λ > 0∫

{x:|Iκβ f(x)|>λ}
dνκ(x) ≤ Aβ

(
∥f∥κ,1
λ

)q

, f ∈ L1(RN , νκ),

where Aβ > 0 depends only on β .

Proof. Recall the simple formula ∥y∥−a =
1

Γ(a)

∫ ∞

0

sae−a∥y∥ds

s
.
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Applying this formula with a = ℵ − β and using Fubini’s theorem, we obtain

Iκβf(x) =
1

Γ(β)

∫ ∞

0

sℵ−β

(∫
RN

e−s∥.∥τyf(x)dνκ(y)

)
ds

s

=
1

cκΓ(β)

∫ ∞

0

f ⋆κ ψs(x)
ds

s
, f ∈ S(RN),

here ψs(y) = e−s∥y∥ . Thus

Iκβf(x) =
1

cκΓ(β)

∫ ∞

0

f ⋆κ ψs(x)
ds

s
, f ∈ S(RN). (14)

By (10), we obtain τx(e
−s∥.∥)(y) ≤ 1. (15)

Thus the mapping f −→ Iκβf can be extended to all functions f ∈ Lp(RN , νκ), p ≥ 1 .
Let (p, q) be a pair of real numbers satisfying (12) and let f ∈ Lp(RN , νκ) normalized
such that ∥f∥κ,p = 1 .

We shall prove that the integral 1

cκΓ(β)

∫ ∞

0

sℵ−βf ⋆κψs(x)
ds

s
converges absolutely

for almost every x . We decompose Iκβf(x) = Gaf(x) +Gaf(x)

where Gaf(x) =
1

cκΓ(β)

∫ a

0

sℵ−βf ⋆κ ψs(x)
ds

s

and Gaf(x) =
1

cκΓ(β)

∫ +∞

a

sℵ−βf ⋆κ ψs(x)
ds

s
,

where a > 0 is a nonnegative constant which will be fixed later. Let x ∈ RN . Then,
by Hölder’s inequality, (9), (13) and (15), we obtain

sup
x

|f ⋆κ ψs(x)| ≤ cκ

∫
RN

τxψs(y)|f(y)|dνκ(y)

≤ cκ

(∫
RN

τxψs(y)dνκ(y)

)1− 1
p
(∫

RN

τxψs(y)|f(y)|pdνκ(y)
) 1

p

≤ (cκ)
1
p

sℵ(1−
1
p
)
.

Hence

|Gaf(x)| ≤
(cκ)

1
p

Γ(β)

∫ a

0

s
ℵ
p
−β ds

s
= Aa

ℵ
p
−β, where A =

1

Γ(β)(cκ)
1− 1

p

.

This gives ∥Gaf∥κ,∞ ≤ Aa
ℵ
p
−β. (16)

Using (10), we obtain ∥Gaf∥κ,p ≤
a−β

Γ(β)cκ
.

This last inequality combined with (16) implies that the integral representing Iκβf
given by (14) converges absolutely for almost every x ∈ RN .
We shall show next that if 1 ≤ p < q < ∞ satisfying (12), then the mapping
f → Iκβf is of weak type (p, q) , in the sense that

νκ
({
x : |Iκβf(x)| > λ

})
≤
(
Cp,q

∥f∥κ,p
λ

)q

, f ∈ Lp(Rd, νκ), λ > 0. (17)



294 Oukili and Sifi

Let λ > 0 , then

νκ
(
{x : |Iκβf(x)| > λ}

)
≤ νκ

(
{x : |Gaf(x)| >

λ

2
}
)
+ νκ

(
{x : |Gaf(x)| > λ

2
}
)
.

Choose therefore a satisfying λ

2
= Aa

ℵ
p
−β, (18)

we obtain thanks to (16) that νκ

(
{x : |Gaf(x)| >

λ

2
}
)

= 0. Thus

νκ

(
{x : |Iβk f(x)| > λ}

)
≤ νκ

(
{x : |Gaf(x)| > λ

2
}
)

=

(
2

λ

)p

∥Gaf∥κ,p ,

and then νκ
(
{x : |Iκβf(x)| > λ}

)
≤
(
2B

λ
a−β

)p

.

Using (18) we deduce that

νκ
(
{x : |Iκβf(x)| > λ}

)
≤ 2pBp(2C)

βp2

ℵ−βp

λ
pℵ

ℵ−βp

= Cp,β

(
∥f∥κ,p
λ

)q

since q = pℵ/(ℵ − βp) and ∥f∥κ,p = 1 .
This is (17), and so the mapping f −→ Iκβf is of weak type (p, q) .
The special case for p = 1 gives then part (ii) of Theorem 3.2. Part (i) of Theorem
3.2 follows by an obvious use of a real interpolation of the spaces Lp(RN , νκ) and
the Marcinkiewicz interpolation theorem.

4. Fractional maximal function
We begin this section by proving that the condition (12) is necessary for the bound-
edness of the operator Mκ,β given by (5).

Proposition 4.1. (i) Let 1 < p < q < +∞ and β ∈ ]0,ℵ[. If

∥Mκ,βf∥κ,q ≤ C∥f∥κ,p, f ∈ Lp(RN , νκ),

then it is necessary that (p, q) satisfies (12).

(ii) Let q ∈]1,+∞[. If

νκ ({x :Mκ,βf(x) > λ}) ≤ C

(
∥f∥κ,1
λ

)q

, λ > 0,

then it is necessary that q = ℵ
ℵ − β

.

Proof. (i) We consider the dilation operator δrf(x) = f(rx) , r > 0 , then

∥δrf∥κ,p = r−
ℵ
p ∥f∥κ,p; δr−1Mκ,βδr = r−βMκ,β.

If p > 1 , the estimate ∥Mκ,βf∥κ,q ≤ C∥f∥κ,p implies that

∥Mκ,βf∥κ,q ≤ Crβ+
ℵ
q
−ℵ

p ∥f∥κ,p, r > 0.
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Letting r −→ ∞ and r −→ 0 we get 1

q
− 1

p
=
β

ℵ
.

(ii) The same argument proves the result in the weak case.

Now, we shall prove the following fractional maximal theorem.

Theorem 4.2. Let β be a real number such that 0 < β < ℵ and let (p, q) be a
pair of real numbers such that 1 ≤ p < q <∞ and satisfying (12). Then

(i) The maximal fractional operator Mκ,β is bounded from Lp(RN , νκ) to Lq(RN , νκ)
for p > 1.

(ii) The maximal fractional operator Mκ,β is of weak type (1, q), that is,

νκ ({x :Mκ,βf(x) > λ}) ≤ Cβ

(
∥f∥κ,1
λ

)q

, for f ∈ L1(RN , νκ), λ > 0,

where Cβ > 0 depends only on β .

Proof. Based on a passage to polar coordinates, we have for r > 0

νκ(Br) =
cκr

ℵ

Γ(ℵ+ 1)
.

So we deduce from (7) that for all f ∈ S(Rd) ,

Mκ,β(f)(x) = sup
r>0

mκ

rℵ−β

∣∣∣∣∫
Br

τxf(y)dνκ(y)

∣∣∣∣ (19)

= sup
r>0

mκ

rℵ−β

∣∣∣∣∫
RN

τχBr
(y)f(y)dνκ(y)

∣∣∣∣ , x ∈ RN ,

where mκ =

(
Γ(ℵ+ 1)

cκ

)1− β
ℵ

. Invoking (19) we obtain

Mκ,βf(x) ≤ Cκ,N,βI
κ
β (|f |)(x), (20)

where Cκ,N,β is the positive constant given by Cκ,N,β =
Γ(β)

mκΓ(ℵ)
.

Thus the assertions (i) and (ii) follow from (20) and Theorem 3.2.

Now, we will prove some estimates of the Riesz potentials associated with the κ-
generalized Fourier transform.

Notation. We denote by L1
loc(RN , νκ) the space of locally integrable functions with

respect to the measure νκ .

Theorem 4.3. Let 0 < β < ℵ.
(i) (Welland inequality) For 0 < ϵ < min(β,ℵ− β), there exists a constant Cϵ > 0

such that for every f ∈ L1
loc(RN , νκ) and for every x ∈ RN the following

inequality holds:∣∣Iκβ (f)(x)∣∣ ≤ Cϵ,β (Mκ,β−ϵf(x))
1
2 (Mκ,β+ϵf(x))

1
2 .
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(ii) For 1≤p < λ

p
, there exists a constant C>0 such that for every f ∈L1

loc(RN , νκ)

and for every x ∈ RN the following inequality holds:∣∣Iκβ (f)(x)∣∣ ≤ Cp,λ

(
Mκ,λ

p
f(x)

)βp
λ
(Mκf(x))

1−βp
λ .

Proof. Let f be a function in L1
loc(RN , νκ) . For any r > 0 , we decompose the

integral Iκβ as the sum of two integrals:

Iκβf(x) =
Γ(ℵ − β)

Γ(β)
(Qrf(x) +Qrf(x)) , (21)

where Qrf(x) =

∫
Br

τyf(x)

∥y∥ℵ−β
dνκ(y) and Qrf(x) =

∫
RN\Br

τyf(x)

∥y∥ℵ−β
dνκ(y).

(i) Note that for every ρ, ς > 0 , we have∣∣∣∣∣
∫
Bρ

τyf(x)dνκ(y)

∣∣∣∣∣ ≤ ρℵ−ς

mκ

Mκ,ςf(x). (22)

Let 0 < ϵ < β ; then we have

|Qrf(x)| ≤
+∞∑
n=0

∣∣∣∣∣
∫
B2−nr\B2−n−1r

τyf(x)

∥y∥ℵ−β
dνκ(y)

∣∣∣∣∣
≤

+∞∑
n=0

1

(2−n−1r)ℵ−β

∣∣∣∣∣
∫
B2−nr

τyf(x)dνκ(y)

∣∣∣∣∣ .
Applying (22), with ρ = 2−nr and ς = β − ϵ , we obtain

|Qrf(x)| ≤
2ℵ−β

mκ

rϵMκ,β−ϵf(x)
+∞∑
n=0

2−nϵ.

Thus |Qrf(x)| ≤ C1r
ϵMκ,β−ϵf(x), where C1 =

2ℵ−βmκ

1− 2−ϵ
. (23)

On the other hand, for 0 < ϵ < ℵ − β , we have

|Qrf(x)| ≤
+∞∑
n=0

∣∣∣∣∣
∫
B2n+1r\B2nr

τyf(x)

∥y∥ℵ−β
dνκ(y)

∣∣∣∣∣
≤

+∞∑
n=0

1

(2nr)ℵ−β

∣∣∣∣∣
∫
B2n+1r

τyf(x)dνκ(y)

∣∣∣∣∣ .
Applying again (22), with ρ = 2nr and ς = β + ϵ , we obtain

|Qrf(x)| ≤ 2ℵ−β+ϵ

mκ

r−ϵMκ,β+ϵf(x)
+∞∑
n=0

2−nϵ.

Thus |Qrf(x)| ≤ C2r
−ϵMκ,β+ϵf(x), (24)

where C2 = 2ℵ−βmκ/(2
ϵ − 1) .
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Hence, according to (21), (23) and (24), we obtain for any 0 < ϵ < min(β,ℵ − β)

∣∣Iκβ (f)(x)∣∣ ≤ Γ(β)

Γ(ℵ − β)

(
C1r

ϵMκ,β−ϵf(x) + C2r
−ϵMκ,β+ϵf(x)

)
. (25)

Taking rϵ =

(
C2Mκ,β+ϵf(x)

C1Mκ,β−ϵf(x)

) 1
2

in (25) we get assertion (i) with

Cϵ,β =
Γ(β)

Γ(ℵ − β)

2ℵ−β+1mκ

2
ϵ
2 − 2−

ϵ
2

.

(ii) Applying the same method as in (i) we obtain

|Qrf(x)| ≤
+∞∑
n=0

∣∣∣∣∣
∫
B2−nr\B2−n−1r

τyf(x)

∥y∥ℵ−β
dνκ(y)

∣∣∣∣∣
≤

+∞∑
n=0

1

(2−n−1r)ℵ−β

∣∣∣∣∣
∫
B2−nr

τyf(x)dνκ(y)

∣∣∣∣∣
≤ C3r

βMκf(x), (26)

where C3 = 2ℵmκ/(2
β − 1) . Similarly, we obtain

|Qrf(x)| ≤
+∞∑
n=0

∣∣∣∣∣
∫
B2n+1r\B2nr

τyf(x)

∥y∥ℵ−β
dνκ(y)

∣∣∣∣∣
≤

+∞∑
n=0

1

(2nr)ℵ−β

∣∣∣∣∣
∫
B2n+1r

τyf(x)dνκ(y)

∣∣∣∣∣
≤ C4r

β−λ
pMκ,λ

p
f(x), (27)

where C4 = 2ℵ−
λ
pmκ/(1− 2β−

λ
p ) . According to (21), (26) and (27), we obtain

∣∣Iκβ (f)(x)∣∣ ≤ Γ(β)

Γ(2κ+ d− α− 1)

(
C3r

βMκf(x) + C4r
β−λ

pMκ,λ
p
f(x)

)
. (28)

Taking r =

(
C4

C3

Mκ,λ
p
f(x)

Mκf(x)

) p
λ

in (28) we get assertion (ii) with

Cp,β,λ =
2Γ(β)

Γ(ℵ − β)
(C4)

pβ
λ (C3)

1− pβ
λ .

Corollary 4.4. Let 0 < β < ℵ and let (p, q) be a pair of real numbers such that
1 < p < q <∞ satisfying (12). Then the following properties are equivalent.
(1) The maximal fractional operator Mκ,β is bounded from Lp(RN , νκ) to Lq(RN , νκ).

(ii) The Riesz potentials operator Iκβ is bounded from Lp(RN , νκ) to Lq(RN , νκ).
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Proof. The proof of the implication (i)=⇒(ii) goes as follows:
Let 0 < ϵ < min(β,ℵ − β), 1 < p < q <∞ satisfying (12). If we take

1

qϵ
=

1

q
+
ϵ

ℵ
,

1

qϵ
=

1

q
− ϵ

ℵ
, p1 =

2

q
qϵ, p2 =

2

q
qϵ,

we have 1
p1

+ 1
p2

= 1. From Theorem 4.3 and Hölder’s inequality we get

∫
RN

∣∣Iκβf(x)∣∣q dνκ(x)
≤ Cϵ

∫
RN

(Mκ,β−ϵf(x)Mκ,β+ϵf(x))
q
2 dνκ(x)

≤ Cϵ

(∫
RN

(Mκ,β−ϵf(x))
q
2
p1 dνκ(x)

) 1
p1

(∫
RN

(Mκ,β+ϵf(x))
q
2
p2 dνκ(x)

) 1
p2

= Cϵ

(∫
RN

(Mκ,β−ϵf(x))
qϵ dµk(x)

) 1
p1

(∫
RN

(Mκ,β+ϵf(x))
qϵ dνκ(x)

) 1
p2

= Cϵ∥Mκ,β−ϵf∥
q
2
qϵ∥Mκ,β+ϵf∥

q
2
qϵ
.

Finally, using Theorem 4.3 we conclude that

∥Iκβf∥κ,q ≤ Cϵ∥Mκ,β−ϵf∥
1
2
κ,qϵ∥Mκ,β+ϵf∥

1
2
κ,qϵ

≤ C ′
ϵ∥f∥κ,p.

On the other hand, the implication (ii) =⇒ (i) follows from (20). Thus the proof
is finished.

Theorem 4.5. Let 0 < β < ℵ. For 0 < θ < 1, there exists a constant C such
that for any f ∈ L1

loc(Rd, νκ) and for any x ∈ RN the following inequalities holds:∣∣Iκθβf(x)∣∣ ≤ C
(∣∣Iκβf(x)∣∣)θ (Mκ,βf(x))

1−θ , (29)∣∣Iκθβf(x)∣∣ ≤ C (Mκf(x))
θ (Mκ,βf(x))

1−θ . (30)

Proof. We decompose Iκθβf as in (21). Since for r > 0 ,

∥y∥βθ−β ≤ rβθ−β, y ∈ Rd \Br,

we deduce that

|Qrf(x)| ≤ rβθ−β

∣∣∣∣∫
Rd \Br

τxf(y)

∥y∥ℵ−βθ
dνκ(y)

∣∣∣∣ ≤ Γ(ℵ)
Γ(β)

rβθ−β
∣∣Iκβf(x)∣∣ . (31)

According to (21), (26) and (31), we obtain

∣∣Iκθβf(x)∣∣ ≤ C3 r
βMκ(f)(x) +

Γ(ℵ)
Γ(β)

rβθ−β
∣∣Iκβf(x)∣∣ . (32)



Oukili and Sifi 299

Taking rβ =
Γ(ℵ)
C3Γ(β)

∣∣Iκβf(x)∣∣
Mκ(|f |)(x)

in (32), we obtain the inequality (29).

To prove (30), we use the same method as in the proof of Theorem 4.3 to obtain

|Qrf(x)| ≤
+∞∑
n=0

∣∣∣∣∣
∫
B2n+1r\B2nr

τxf(y)

∥y∥ℵ−βθ
dνκ(y)

∣∣∣∣∣
≤

+∞∑
n=0

1

(2nr)ℵ−βθ

∣∣∣∣∣
∫
B2n+1r

τxf(y)dνκ(y)

∣∣∣∣∣
≤ C5r

βθ−βMκ,βf(x), (33)

where C5 = 2ℵ−βmκ/(1−2βθ−β) . Taking into account (21), (26) and (33), we deduce

∣∣Iκθβf(x)∣∣ ≤ Γ(β)

Γ(ℵ)
(
C3r

βθMκ(f)(x) + C5r
βθ−βMκ,β(f)(x)

)
. (34)

Taking rβ =
C5Mκ,β(f)(x)

C3Mκ(f)(x)
in (34), we obtain the inequality (30) with

C =
Γ(β)

Γ(ℵ)
C1−θ

3 Cθ
5 .
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