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Abstract. = We utilize the notion of relative central extension on pairs of Leibniz algebras to
study their Schur multipliers and covers. We provide some necessary conditions for detecting a
certain class of covers of a pair of Leibniz algebras. In addition, we prove that every perfect pair of
Leibniz algebras admits at least one cover. Moreover, we show that under certain conditions this
cover is unique up to isomorphism. Finally, we prove that any two covers of a finite dimensional
Leibniz algebra induce isoclinic pairs of Leibniz algebras.
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1. Introduction

Leibniz algebras originated from works by Blokh [4, 5] as a noncommutative version
of Lie algebras, and was rediscovered by Loday in [12, 13] in his study of periodicity
in algebraic K-theory. Several questions arise from investigating extentions of prop-
erties of Lie algebras to Leibniz algebras. The aim of this paper is to extend certain
properties of the Schur multiplier and covers of a pair of Lie algebras to a pair of
Leibniz algebras. Recall from [17] that for a free presentation 0 -t —f—q — 0
of a Lie algebra q, and n an ideal of q, the Schur multiplier of the pair (n,q) is
defined to be the factor Lie algebra

Mnq) = =50

where s is an ideal in § such that s/t = n.

The concept of Schur multiplier was introduced by Schur [21] in 1904 in his study of
projective representations of a group. Since then, it has appeared in many studies
related to mathematical concepts such as efficient presentations, homology and
projective representations of various algebraic structures. Nearly a century later,
the notion of Schur multiplier was extended by Ellis [8] to a pair of groups, and
more recently to a pair of Lie algebras by Saeedi et al. [17]. Both of these studies
rely on notions of relative central extensions presented by Loday in [11].
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In this paper, we consider this notion on a pair of Leibniz algebras and use it to study
the Schur multiplier and covers on a pair of Leibniz algebras. It is worth noting that
a study of Schur multiplier has been recently developed on the category of Leibniz
algebras by Biyogmam and Casas [3]. Their study relies on Lie-central extensions,
that is, central extensions relative to the Liezation functor (—)ie : Leib — Lie,
which assigns to a Leibniz algebra q the Lie algebra q,_, where q,, = q/q*" with
q*™ being the subspace of q spanned by all elements of the form [z, z], = € q, and
Leib denotes the category of Leibniz algebras and Lie denotes the category of Lie
algebras. This approach applies essentially to non-Lie Leibniz algebras.

The approach in this paper provides results that apply to all Leibniz algebras,
including Lie algebras. The rest of this article is organized in two sections. In
section two, we provide preliminaries on Leibniz algebras and define the notions
of relative central extension, multiplier and covers of a pair of Leibniz algebras.
We prove that every perfect pair of Leibniz algebras admits at least one cover.
Section three contains the main results of the paper. In particular, we provide some
conditions under which all covers of a pair of finite dimensional Leibniz algebras
are isomorphic. We also prove that any two covers of a finite dimensional Leibniz
algebra yield isoclinic pairs of Leibniz algebras.

Our results are inspired by corresponding works in group theory [8, 14, 15] and Lie
algebra [1, 18, 19].

2. The Schur multiplier and covers

Recall that a Leibniz algebra [12, 13] is a vector space q equipped with a bilinear
map [—,—] : g X ¢ — q, usually called the Leibniz bracket of q, satisfying the
Leibniz identity: [z, [y, z]] = [[z,v], 2] — [[z, 2], 9], =,v,z € q.

A subalgebra n of a Leibniz algebra q is said to be left ideal (resp. right ideal) of
q if [h,g] € n (vesp. [g,h] € n), for all h € n, g € q. If n is both left ideal and
right ideal, then n is called two-sided ideal of q. In this case q/n naturally inherits
a Leibniz algebra structure.

Let q be a Leibniz algebra and n be a two-sided ideal of q. Consider the pair (n,q)
of Leibniz algebras. Then

[m,al = ([n.ql,[g,n] [ n €n g e,

Z(n.q)={nen|[n,q =gn]=0,Yq € q}
are called commutator subalgebra and center of the pair (n, q), respectively. Clearly,
[q,q] and Z(q,q) are the usual commutator subalgebra and center of .

Let 0 =t — § — g — 0 be a free presentation of q. The Schur multiplier of the
pair (n,q) is defined to be the factor Leibniz algebra

t0ls, f]
e,

where s is a two-sided ideal in f such that s/t = n. M(q) := M(q,q) is referred
to as the Schur multiplier of the Leibniz algebra q (see also [9]). Clearly, this
definition extends the definition of Schur multiplier of a pair of Lie algebras (resp.
Schur multiplier of a Lie algebra) defined in [17] (resp. in [20]).

M(na CI) =




BIYOGMAM AND SAFA 303

Proposition 2.1.  Let (n,q) be a pair of Leibniz algebras. Then the following
sequence is exact:

0 M(n.q) — M(q) — M(q/n) — “1109

[, q]

Proof. We use an argument similar to the proof of [3, Proposition 4.1]. Let
0=t —f5 q— 0 bea free presentation of the Leibniz algebra q, and s a
two-sided ideal of f such that n 22 s/t. Then 0 — s — § =5 q/n — 0 is a free
presentation of the Leibniz algebra q/n, where 7 is the canonical projection, and
we have the following diagram of free presentations:

0 0

— 0.

Define II : M(q) = Tr[ff’]ﬂ — ﬁr[;[fﬂﬂ = M(q/n) by II(r + [v,f]) = r + [s,f]. Clearly

ker(II) = tﬂ[j{jﬂ = M(n,q) and Coker(Il) = n?l[l’f} thanks to the following commuta-

tive diagram:

N o] ——enlif — o

o.fl ———s[f.f] — "5
L
Definition 2.2.  [6] Let m and n be Leibniz algebras. A Leibniz action of m on

n is a couple of bilinear maps m X n — n given by (m,n) +— ™n,and n x m — n
by (n,m) — n™, satisfying the following axioms:

[mm'],, m(m’n) 4 (mn>m” m[n’n/] _ [mmn/] - [mn/7 n]7
Y (O LN T L SR )
m(m/n) + m(nm') =0, [n, ™n/] 4+ [n,n'™] =0,

for every m,m’ € m and n,n’ € n.
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Definition 2.3. Let (n,q) be a pair of Leibniz algebras. A relative central
extension of the pair (n,q) is a homomorphism of Leibniz algebras ¢ : m — q
together with a Leibniz action of q on m satisfying the following conditions:
(i) p(m)=n,
(i) @(*m) = lg,(m)] and p(m?) = [p(m),q], for all ¢ € g and m € m,
(iii) ¢y = [my, mo] = m&"™ | for all my, my € m,
)

(iv) keryp € Z(m,q), in which Z(m,q) = {m em | 9m =m?=0,Yq € q}.

Moreover, the relative central extension ¢ : m — q is said to be a cover of (n,q), if
M(n,q) =kerp C [m, q],

where [m,q] = (Ym,m? | m € m,q € q). Now if n = q, then a cover p : m — g
of the pair (q,q) together with the action 9m = #™)m and m? = m#™) | where
q = ¢(my) for some m; € m, is a cover of q.

Finally, a Leibniz algebra q and a pair (n,q) of Leibniz algebras are said to be
perfect, if ¢ = g? (in which g* denotes [q,q]) and [n, q] = n, respectively.

Example 2.4. (i) Let q be a Leibniz algebra and n be a two-sided ideal of q.
Then the inclusion map i : n — ¢ is a relative central extension of (n,q), where the
Leibniz action of q on n is given by the Leibniz bracket.

(ii) Consider the 4-dimensional Leibniz algebra m = (xy, 2y, x3,24) over a field
K, with non-zero multiplication [z1, 2] = x5, and also the 2-dimensional abelian
Leibniz algebra q = (a,b) and the two-sided ideal n = (a) of q. Since [n,q] = 0,
we have M(n,q) = [s,f]/[t,f] where 0 — v — § - q — 0 is a free presentation of g
such that n = s/t. Thus s/t = (s +t) and /v = (s+ ¢, f + ), for some s € s and
f € f such that n(s) = a and 7(f) = b, and hence

M(n,q) = ([s, s] + [0, ], [s, /T + [0, ], [f, s] + [e, )
Moreover, consider the (non-zero) action of q on m by %z, = 2 = x5, bz = w3
and x4 = x4. Now define ¢ : m — q by ¢(z1) = a and ¢(z;) =0, for 2 < i < 4.
One can easily check that M(n,q) = kerp = [m,q] = Z(m,q) = (22,23, 24) and ¢
is a cover of the pair (n,q).

Next, we prove that every perfect pair of Leibniz algebras admits at least one cover.

Proposition 2.5. Let (n,q) be a perfect pair of Leibniz algebras with a free
presentation 0 — v — | 5 q — 0 such that n = s/t, for some two-sided ideal 5 in
f. Then p:[s,f]/[v,f] — q given by p(z + [v,f]) = z + ¢, is a cover of (n,q).

Proof. Consider the action of q on [s,f]/[t,f] given by the following bilinear
maps:

e R Y PO T o
(5. 1+ [0 0) s [ FL A+ (08 (@l £ [ ) s [ [ 1+ o)
s+ 0fha) e (L 4 ofl (@ lfos + [0 F) — [ 5]+ [o.f]

where 7(t) = q.
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As (n,q) is perfect, ([s,f] +t)/v = s/t. Clearly, p is a cover of the pair (n,q), since
e p = (¢ s, l)/[e, 7] = M(n,q), and thus

s/edl . [sd _lsfl4e_s
ker p tN s, f] t t

12

n.

It remains to show that ker p < [[s,f]/[v,f],q]. It is enough to prove that

[, 71/[x, ] < [[s, 11/[v, 71, d]
since ker p < [s, f]/[, f]. Indeed, recall that

[[s,f1/[e,§l,q] = {[z,q], [g,2] | € [5,f]/[¢, f], ¢ € q),
such that [z, q] = [[s0, fo] + [v,f],q] = [[s0, fo], t] + [t, ],

for some sy € s and fy,t € f, where 7(t) = q. Now, let s € s and f € f. Since
[5,f] + v = s, there are s’ € 5, f' € f and r € v such that

s, [T+ 6] = ([, ST+ ST+ 6] = [ £ ST+ e ] € (ls /v ], al-

Similarly, one may show that [f, s|+[t, f] € [[s, f]/[v, f], q]. Therefore we have reached
[, 71/[v, 711 < [ls, §]/[x. ], o] -

A relative central extension ¢ : m — q of a pair (n,q) of Leibniz algebras is said to
be universal, if for every relative central extension 6 : m’ — ¢, there exists a unique
homomorphism ¢ : m — m’ such that p = o. A unified framework for the study
of universal central extensions using techniques from categorical Galois theory can
be found in [7].

Proposition 2.6.  If a pair (n,q) of Leibniz algebras has a universal relative
central extension, then it is perfect.

Proof. Let o : m — q be a universal relative central extension of (n,q). Consider
the following exact sequence:

0—>ker0€BL—>m@Li>q—>0,
[, q] [, q]
where 0(m,n + [n,q]) = o(m), for all m € m, n € n. One may easily check that
kerf < Z(m @ n/[n,q],q). Therefore, 6 is a relative central extension of the pair
(n,q). Now, define homomorphisms

;i m—>mob (Z:1,2),

n
[n. q]
by QOl(m) = (m,O) and @2(771) = (m,a(m) + [ﬂ, q]) Since 9301 =0 (l = 172)7 by
the universal property of o, we get 1 = ¢y, which implies that [n, q] = n. u

3. Main results

Throughout this section, we assume that the relative central extension (or cover) m
contains at least one maximal subalgebra, which means that the Frattini subalgebra
®(m) # m. It is well-known that every finite dimensional Leibniz algebra contains
at least one maximal subalgebra.
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Let (n,q) be a pair of Leibniz algebras with a free presentation 0 —t — f = q — 0
such that n = s/t for a two-sided ideal s in §. Consider the homomorphism
d:s/[t,f] — q given by s+ [¢v,f] — 7(s). It is easy to see that J is a relative
central extension by the following action

N o
e R Y Om T R
Gt — AR Frustf) — s+,

In the next result, we show that under certain conditions, any relative central
extensions of an arbitrary pair (n,q) of Leibniz algebras is a homomorphic image of
the relative central extension d.

Lemma 3.1. Let q = /v, where f is a free Leibniz algebra, and let n be a
two-sided ideal of q with n = s/t for some two-sided ideal s in §. If o : m — q
is a relative central extension of a pair (n,q), then there exists a homomorphism
B :s/[t,f] — m such that the following diagram is commutative:

T S 5

0
[tlﬂ e, 7 k
ﬁl B 1'ﬂ
0 ——=kero tL 7 >n 0,

where & is the relative central extension defined above. In particular, if m is a perfect
Leibniz algebra, then (B is an epimorphism.

Proof. Consider the map k : q — n by k(q) = q if ¢ € n, otherwise x(q) = 0.
Clearly x induces a homomorphism 6 : f — n, and since f is a free Leibniz algebra,
there is a homomorphism « : f — m such that oo = 6. For z € f and r € r,
a([r,z]) = [a(r),a(z)] = 0, since a(r) € kero < Z(m,q) < Z(m). Therefore
[t,f] < kerals, which gives § : s/[t,f] = m. Clearly S(v/[t,f]) < kera which
induces the restriction of 8 to t/[tr,f]. Now, let kero < Z(m,q) and ®(m ) # m.
For every m € m, there exists 5 € s/[t,f| such that o(m) = §(5) = Jﬂ( 5). Hence
m = B(5) + a, for some a € kero. So m = 3(s/[r,f]) + kero. Since m = m?, thus

kero < Z(m,q) Nm* < Z(m) Nm? < &(m).
Therefore, m = (s/[¢,f]) and hence 8 is an epimorphism. [
The following example shows that the perfectness condition of the above lemma is

necessary.

Example 3.2. Let q be an abelian Leibniz algebra with the free presentation
q = f/f and also let n = q and m = q @ q (which is not perfect). Consider the
following commutative diagram:

2
r q=n——-0

T

0—=q——>m=qdq——>( 0,

N

0 T_ s
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where a(z) = (2,0) and o(x,y) = y, for every x,y € q. Therefore B(f/§) =
[B(f/), B(]/§%)] < m? =0. Thus 3 is not an epimorphism.

The following is an immediate consequence of the above lemma.

Corollary 3.3.  Let 0 : m — q be a cover of (n,q) such that m is perfect. Then
m s a homomorphic image of s/[t,f].

Now, we prove the first main theorem.

Theorem 3.4.  Let (n,q) be a pair of Leibniz algebras with finite dimensional
Schur multiplier, q = f/t and n = s/t, where f is a free Leibniz algebra and s is a
two-sided ideal of f. Then for every cover o : m — q of (n,q) in which m is perfect,
there exists a two-sided ideal t of f such that

(i) m=s/t and kero = t/t,

v ot
i) 7q = Mm@

Proof. Since 0 =t — f = q — 0 is a free presentation of q, it follows by the
proof of Lemma 3.1 that there exists a homomorphism ¢ : § — m which induces
the epimorphism ( : s/[t,f| = m, and so ¢ is onto. Put t = ker, then s/t =~ m.

Clearly ¢(t) = kero and by Lemma 3.1, ¢([t,f]) = 0. Hence [v,f] < t, which
induces the epimorphism ¥ : t/[t,§] — kero. We claim that 9| : M(n,q) — kero
is an isomorphism. Indeed, suppose that a € kero. Since ¢ (t) = ker o, there exists
x € v such that ¥)(x) = a. On the other hand, by the proof of Lemma 3.1, we have

.. s v
m—<5(5)|36m—m>~

Now since m is perfect, we have n=0(m)=0([m,m|)=[n,n| < [n,q] < n. Thus the
pair (n,q) is also perfect. Therefore [s,f] + v = 5. Moreover, kero = 9(r) < &(m)
and hence [m,q] < ¥([s,f]). It follows that a = ¥(y) for some y € [s,f], since
kero < [m,q|. Thus ¥(z) =a =1(y). Hence y —x € kery) < v and so y € tN|s, f|.

Since kero = M(n,q) = L[E’ﬂ, and M(n,q) is finite dimensional, | is an

: [t f]
isomorphism. As ¢ is surjective, for every 7 € v/[r,f], there exists T € M(n,q)
such that ¢(z) = ¥(7). So 7 — & € kery. Consequently, t/[t,f| = ker¢) + M(n,q).

Let Z € kervy N M(n,q). Then # € ker)| = 0. Therefore,

T - t
R ker v = _
o f M(n,q) @kertp = M(n,q) ® i

which completes the proof. [ |

Corollary 3.5. Let 0 : m — q be a relative central extension of a pair (n,q) of
finite dimensional Leibniz algebras such that m is perfect. Then m is a homomorphic
image of a cover of (n,q).
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Proof. Let q = f/t and n = s/v. By Lemma 3.1, there is an epimorphism
f:s/[t,f] = m such that the following diagram is commutative:

T S 5

0 0
N
ﬁll 8 1nl

0 ——=kero m—2—-n 0,

where ¢ is the relative central extension defined in Lemma 3.1. Now put ker | =
ker f = u/[r,f] for some two-sided ideal u in tv. By the proof of Theorem 3.4, we

have
oY oy e NI D/[ed] L (eN s f]) +u

vowedl T Wil /e v
and since ker o is finite dimensional, we have (tN[s,f]) +u = t. Now, let t be a
two-sided ideal of § such that t/[t, f] is the complement of (un{s,f])/[¢,f] in u/[x,§].
Then, tN (tN s, f]) = [r,f] and t+ (v N [s,f]) = v, which implies that

t t
T M(n7 q) b
[z, f] [x, ]
It is easy to see that 0 : s/t — /¢ given by 0(s+1t) = s+, together with the action
é: E X i — E é’ : i X E —_— E
t ot t vt t
s+t f+r) — [s, f]+1 (f+res+t) — [f,s]+t
. . s/t
is a cover of the pair (n,q) such that w/t >~ m. ]

We prove next that under some conditions all covers of a pair of finite dimensional
Leibniz algebras are isomorphic. This shows that such a cover is unique up to
isomorphism.

Theorem 3.6.  Let 0, :m; — q (i = 1,2) be two covers of a pair (n,q) of finite
dimensional Leibniz algebras such that m? = m;. Then
(i) my = my,
(il) my/Z(my,q) = my/Z(ma,q), and
(iii) Z(my,q)/keroy = Z(my,q)/ keros.
Proof. (i) Let o0 : m — g be a cover satisfying the assumptions. As m is perfect,

the pair (n,q) is also perfect, i.e. [n,q] = n. Also, since ¢ : m — ¢ is a cover, we
have m/kero = n and kero < [m,q]. Hence

m/kerc 1
[m,q]/kero [n,q]’

and so [m, q) = m. Therefore o : [m, q] — [n, q] is an epimorphism.
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Thus dim[m, q] = dimker ¢ + dim|[n, q] = dim M (n, q) + dim|n, q.

Now assume that q = f/t such that f is a free Leibniz algebra and n = s/v. By
Lemma 3.1, we have the following commutative diagram

T S 5
0 n 0
[t, f] v, ]
Bll B 1a
0——=kero m—2—=n 0.

Since [s/[v,f],q] = [s,f]/[t,f] and §| : [s,f]/[t,f] — [n, q] is an epimorphism, thus
dim([s, f]/[t, f]) = dim M(n, q) + dim[n, q].

Thus dimm = dim[m, q] = dim([s, f|/[v,f]). Clearly 5(]s,f]/[r,f]) < [m,q]. On the
other hand, m = [m, q] < 5([s, f|/[r,f]) and so m = [s, f]/[v,f].

(ii) By Theorem 3.4, there exists a two-sided ideal t in f such that m = s/t. This
leads to an action of q on s/t, which implies that Z(s/t,q) = Z(m,q).

Put u/t = Z(s/t,q) and let = € Z(s/[t,f],q). Then [z,q] € [t,f] < t and so
Z(s/[v,f],q) < u/[t,f]. Now suppose that = + [t,f] € u/[t,f|. Then

[z, et<tNl[s,flNt=]rT].

Hence /[t f] = Z(s/[el.q). Therefore, il = 5—?1 =2

Z(m’q) o u_/t ~ U
kero v/t ot

(iii) By Lemma 3.1 we have , which completes the proof. =

Theorem 3.7. Let (n,q) be a pair of Leibniz algebras with finite dimensional
Schur multiplier, and o; : m; — q, (i = 1,2) be two covers of the pair (n,q) such
that m? =m;. If a:my — my is an epimorphism such that a(ker o) = ker oo, then
a s an tsomorphism.

Proof. Let q = f/t be a free presentation of q and n = s/t, for some two-sided
ideal s in f. Using Theorem 3.4, there exist two-sided ideals t; (i = 1,2) in f such
that m; = s/t;, ker(o;) = v/t; and v/[¢,f] = M(n,q) & t;/[v, f]. Therefore, one may
consider « as an epimorphism from s/¢; onto s/ty with a(r/t;) = t/ty. By Lemma
3.1, there exists an epimorphism [ : s/[t, f] — §/t; such that ker 5 = t5/[¢, f].

Thus, the following diagram is commutative:

0 —t/[v,f] —s5/[t,f] —n—0

[

0 'C/tg 5/t2 n O,

where (37 and (5 are the restriction and the induced homomorphism of [, respec-
tively. It is easy to see that [y is an isomorphism. So, we obtain a homomorphism
p: s — s/t with ap = (7, in which 7 is the natural epimorphism from s onto
s/[t,f]. Since [t,f] C t;, ¢ induces a homomorphism ¢ : s/[t,f] — s/t; and hence
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the following diagram is commutative:

0—=r/[v,f] —s5/[t,f] —=n—+0

0 v/t s/t n 0

and ap = 3, where ; is the restriction of @, and ¢y = (a/)~!f; is an isomorphism,
in which o : n — n is the induced isomorphism by a. Thus, s/t; = t/t; + Im® and
since s/t; is perfect and t/t; is abelian, we have

v/t < [s/ti,s/t] = v/t + Imp, v/t + Imp] < Im.

Hence ¢ is onto. Now, put ker p = u/[t, ], for some two-sided ideal u in s. One
can easily check that u C t; and u+ (¢t N s, f]) = v. Therefore u = t; and so « is
an isomorphism. [ ]

In [10], it is proved that every two covering groups of a finite group are isoclinic.
Also, Salemkar et al. [20] showed that if L is a Lie algebra with finite dimensional
Schur multiplier, then all covers of L are isoclinic.

Let 0, : m; — q (i = 1,2) be two covers of a pair (n,q) of Leibniz algebras. In
the following result, we show under certain assumptions that two pairs (ker oy, m;)
and (ker oy, my) are isoclinic. Note that a different notion of isoclinism, namely
Lie-isoclinism, was already discussed on pairs of Leibniz algebras in [16], which
generalizes the concept of Lie-isoclinism of Leibniz algebras given in [2].

Definition 3.8. Two pairs (n,q) and (n’,q’) of Leibniz algebras are said to be

isoclinic, and are denoted by (n,q)~(n',q’), if there exist two isomorphisms
a:q/Z(nq) —q/ZW,q") with a(n/Z(n,q)) =v'/Z(x',q'), and
B:na] — [n,qT with B([n,q]) = [n'.¢] and B([g,n]) = [¢,n],

whenever a(¢+ Z(n,q)) =¢ + Z(v',q') and a(n+ Z(n,q)) =n'+ Z(v',q).

Note that this definition clearly implies the commutativity of the following diagram:

n X q (51 [n q] 52 q % n
Z(n,q)  Z(n,q) | Z(n,q)  Z(n,q)
o l o
w Cl/ o - q/ w

! ./
Zowd) “ Zw.q) T Zw) * Ziw, )

where 6;(Z1,Z2) = [x1, 22] and 0;(Y1,Y2) = [Y1, Y2)-

Proposition 3.9.  Let (n,q) be a pair of Leibniz algebras with finite dimensional
Schur multiplier and o; : m; — q (i = 1,2) be two covers of (n,q) such that
m? =m;. Then

(ker o1, my )~(ker oy, my).
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Proof. Let (n,q) and (n',q’) be two pairs of Leibniz algebras and ¢ : ¢ — ¢’ be
an epimorphism such that ¢(n) = n’ and ker o Nn = 0. Now consider two isomor-
phisms « : q/Z(n,q) — q'/Z(W',q’) given by a(qg+ Z(n,q)) = p(¢) + Z(n',q'), and
B nal — 0,9 by B([n,q]) = [p(n),¢(q)] and 5([g,n]) = [p(q),¢(n)].

Therefore (n,q)~(n',q’). Now, by Theorem 3.4, if 0 : m — q is a cover of the

pair (n,q), then there exists an epimorphism ¢ : s/[t,f] — m such that we have
¢(([s,flNe)/[x,§]) = kero. Since

[s,fjnt s 7
ker Y2 N [—[t7 ﬂ s m} == 0,
we have (ker o, m)~ <[s’[tﬂ—f?t, [:_ﬂ> ,
which completes the proof. [ |

Acknowledgments. The authors would like to thank the referee for his/her valu-
able comments which helped to improve the article.

References

[1] H.Arabyani, H.Safa: Some properties of c-covers of a pair of Lie algebras, Quaest.
Math. 42(1) (2019) 37-45.

[2] G.R.Biyogmam, J. M. Casas: On Lie-isoclinic Leibniz algebras, J. Algebra 499 (2018)
337-357.

[3] G.R.Biyogmam, J. M. Casas: The c-nilpotent Schur Lie-multiplier of Leibniz alge-
bras, J. Geom. Phys. 138 (2019) 55-69.

[4] A.Blokh: A generalization of the concept of a Lie algebra, Dokl. Akad. Nauk SSSR
165(3) (1965) 471-473.

[5] A.Blokh: Cartan-FEilenberg homology theory for a generalized class of Lie algebras,
Dokl. Akad. Nauk SSSR 175(2) (1967) 266—268.

[6] J.M. Casas, H. Ravanbod: Some properties of the Schur multiplier and stem covers
of Leibniz crossed modules, Bull. Malaysian Math. Sci. Soc. 43 (2020) 3437-—-3456.

[7] J.M.Casas, T.Van der Linden: Universal central extensions in semi-abelian cate-
gories, Appl. Categorical Structures 22 (2014) 253-268.

8] G.Ellis: Schur multiplier of a pair of groups, Appl. Categorical Structures 6 (1998)
355-371.

[9] S.N.Hosseini, B. Edalatzadeh, A.R. Salemkar: The second relative homology of Leib-
niz algebras, J. Pure Appl. Algebra 224 (2020) 206-217.

[10] M.R.Jones: Isoclinisms and covering groups, Bull. Austral. Math. Soc. 11 (1974)
71-76.

[11] J.-L.Loday: Cohomologie et group de Steinberg relatifs, J. Algebra 54 (1978) 178-202.

[12] J.-L.Loday: Cyclic Homology, Grundlagen der Mathematischen Wissenschaften 301,
Springer, Berlin (1992).

[13] J.-L.Loday: Une version non commutative des algébres de Lie: les algébres de Leibniz,
Enseignement Math. 39 (1993) 269-293.



312

BIYOGMAM AND SAFA

M. R. R. Moghaddam, A.R. Salemkar, K. Chiti: Some properties on the Schur multi-
plier of a pair of groups, J. Algebra 312 (2007) 1-8.

A. Pourmirzaei, M. Hassanzadeh, B. Mashayekhy: On relative central extensions and
covering pairs, J. Algebraic Systems 4(1) (2016) 1-13.

Z.Riyahi, J. M. Casas: Lie-isoclinism of pairs of Leibniz algebras, Bull. Malaysian
Math. Sci. Soc. 43(1) (2020) 283-296.

F.Saeedi, A.R.Salemkar, B. Edalatzadeh: The commutator subalgebra and Schur
multiplier of a pair of nilpotent Lie algebras, J. Lie Theory 2 (2011) 491-498.

H. Safa, H. Arabyani: On c-nilpotent multiplier and c-covers of a pair of Lie algebras,
Commun. Algebra 45(10) (2017) 4429-4434.

H.Safa, H.Arabyani, M. Norouzi: On the c-nilpotent multiplier of a pair of Lie
algebras, Publ. Math. 97 (2020) 253-264.

A.R.Salemkar, V. Alamian, H. Mohammadzadeh: Some properties of the Schur mul-
tiplier and covers of Lie algebras, Commun. Algebra 36 (2008) 697-707.

L. Schur: Uber die Darstellung der endlichen Gruppen durch gebrochen lineare Substi-
tutionen, J. Reine Angew. Math. 127 (1904) 20-50.

Guy R. Biyogmam, Dept. of Mathematics, Georgia College & State University, Milledgeville,

U.S.A.; guy.biyogmam@gcsu.edu

Hesam Safa, Dept. of Mathematics, Faculty of Basic Sciences, University of Bojnord, Iran;

h.safa@ub.ac.ir

Received March 16, 2020
and in final form May 6, 2020



