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Abstract. In prior work an orbit method, due to Pukanszky and Lipsman, was used to produce
an injective mapping ¥: A(K, N) — n*/K from the space of bounded K -spherical functions for
a nilpotent Gelfand pair (K, N) into the space of K -orbits in the dual for the Lie algebra n of N.
We have conjectured that U is a topological embedding. In this paper we complete the proof of this
conjecture under the hypothesis that (K, N) is an irreducible nilpotent Gelfand pair. Following
Part I of this work it remains to verify the conjecture in six exceptional cases from Vinberg’s
classification of irreducible nilpotent Gelfand pairs.
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1. Introduction

This paper is a continuation of [6] to which we refer the reader for background
material and motivation. The context is as follows. N will denote a connected and
simply connected nilpotent Lie group and K a compact Lie group acting smoothly
on N via automorphisms to yield a nilpotent Gelfand pair (abbr. n.G.p.) (K, N).
That is, the convolution algebra L} (N) of integrable K -invariant functions on N
is commutative as is Dg(N), the algebra of left- N and K-invariant differential
operators on V. It then follows that the group N is necessarily two-step or abelian
[1]. The spherical functions for such a n.G.p. are the smooth K-invariant joint
eigenfunctions ¢ : N — C for the operators Dy (N) satisfying ¢(e) = 1. We
let A(K, N) denote the space of all bounded K -spherical functions on N with the
topology of uniform convergence on compact sets.

In [2] we applied an orbit method due to Pukanszky [16] and Lipsman [14, 15] to
produce an injective map ¥ : A(K,N) — n*/K from A(K,N) to the set of K-
orbits in n* (n := Lie(N)). We let A(K, N) denote the image of ¥ and call this
the set of K -spherical orbits in n*. Endowing A(K, N) with the quotient topology
inherited from n*/K we conjectured that:

(0): the bijection ¥ : A(K, N) — A(K, N) is a homeomorphism.
This paper completes the proof of the following theorem, announced in [6].

Theorem 1.1.  Every irreducible n.G.p. satisfies conjecture (O).
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Here irreducibility for (K, N) means that K acts irreducibly on n/[n,n]. It follows
that [n,n] = 3, with 3 = 3(n) the center of n. Fix a K-invariant inner product on
n and write

n=Vaod;
where V = 3. The subspaces V, 3 C n are K -invariant and the Lie bracket amounts
to an anti-symmetric bilinear mapping V' x V' — 3. Our conjecture is proved for
Heisenberg n.G.p/s in [3, 4, 5]. From [6] the proof of Theorem 1.1 boils down to
verifying (O) for the irreducible n.G.p’s from Vinberg’s classification [19] with n
not a Heisenberg Lie algebra. These are listed in Table 1. The 3 entries in the table
follow Vinberg’s notational conventions. The actions of K on V' and 3 as well as
the Lie bracket V' x V' — 3 (which is in fact determined by the K -actions) can be
found in [20, Chapter 13] and in [8, 9, 10, 11].

K V 3 condition
1 SO(d) R4 A%(R%) d>3
2 SU(d) c? A (CH@eR | d>2even
3 U(d) c4 A2(CYH PR d > 3 odd
4 SU(d) c? A%(C?) d >3 odd
5 U(d) Ct | HAX(CYH =u(d) | d>2
6 Sp(d) He HS*(HY) & C d>1
7 | Sp(1) x Sp(d) H? Hy = sp(1) d>?2
8 Spin(7) RS R7
9 | SU(2) x SU(d) | C> @ C? | HA?*(C?) =u(2) d>3
10| U(2) x SU(2) | C*@C? | HA*(C?) =u(2)
11| U(2) x Sp(d) | C?@H* | HA*(C?) =u(2) d>1
12| Sp(2) x Sp(d) |H>?@H? | HA*(H?) =sp(2) | d>1
13 G R” R7
14 | U(1) x Spin(7) C?® R"® R

Table 1: The non-Heisenberg n.G.p.s from Vinberg’s list

The first six entries in Table 1 contain families of examples in which dim(3) increases
without bound. The verification of conjecture (O) in each of these cases was carried
out in [6]. The remaining table entries are exceptional cases involving a fixed
center 3. A result from [12] establishes (O) for the pairs in lines 7 and 8 of the
table. Here, in the case where the K-orbits in the center are spheres and the form
(u,z) = ([u,v], z0)n is non-degenerate on V' for non-zero z, € 3, the conjecture is
proved without the assumption of irreducibility. It remains to verify (O) for entries
9-14 in Table 1. This is done below following a discussion of preliminary material
and notation.

2. Notation and preliminaries

This section summarizes required results and notation from [6], to which we refer the
reader for details. Throughout we assume (K, N) to be a n.G.p. with N two-step
and [n,n] = 3. As noted in Section 1 this is the case for irreducible n.G.p/s.
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Fix a K-invariant inner product (-,-), on n and form the orthogonal decomposition
n="V @3 as in Section 1.

2.1. J,, mappings and decomposition of V'
Let z, € 3 be fixed with 2z, # 0 and J,, : V — V denote the operator satisfying

(Joy (1), 0)n = ([u,v], 25)n for all u,v € V.
The operator J,, is skew-symmetric with respect to the inner product (-, -),. Letting
a,, = Ker(J.,), w,, = Image(J,,),

one has w,, # {0} as z, # 0 and [n,n] = 3. The operator J,, preserves to, and is
non-degenerate and skew-symmetric on tv,_ . In particular tv,, is even dimensional
and J2 :w, — v, is negative definite symmetric. Letting

ot (z) :={A >0 : —\* is an eigenvalue for J2 }. (1)

we have an orthogonal direct sum decomposition for V' into eigenspaces for J2

V=a.,e P w., (2)

)\60’+ (Zo)

where JZQO =M on v, . For w € v, , we write w = > wy with wy € .. . The
operator J,, produces a complex structure on tv, , namely

:]sz 1o, — o, :]Vzo <Z w)\) = Z %Jzo (w)\) (3)

Let 1o, denote the complex vector space (tv,_, jzo) and equip this with the hermitian
inner product (u,v), = (u,v)s +i(u, J.. (V)

The stabilizer K, of z, in K acts unitarily on (w.,,(-,-), ). Moreover for each
a, € a,, the action K, , : tvo,, of the stabilizer for a, in K, , namely K, , =
K. NK,,,is a multiplicity free action of the compact group K, ,, on the complex
vector space 1, . That is, the associated representation of K, ,, on the polynomial

ring Clw,,] is multiplicity free.

2.2. The unitary dual N

Each irreducible unitary representation © & N corresponds to a coadjoint orbit
O(m) C n*. We use the inner product (-,-), to identify n* with n and regard O(r)
as lying in n. As N is two-step, O(7) C n is an affine set that projects to a single
point in 3. We say that m is of type I (resp. type II) when the projection to 3 is
non-zero (resp. zero). The type I representations are non-trivial on the center Z
whereas the type II representations have Z in their kernel, and act as characters on
N/Z. We write N = NIUN to distinguish the two types of representation.

The coadjoint orbit O(m) for a representation m € N NI of type I has the form
O(ﬂ-) = U, + mzo + Zo

for some unique z,€3— {0} and a, €a,,. The point £, = a, + 2, in O(m) is said to
be aligned. Conversely given any z, €3 with z, # 0 and any a, € a,, the affine set
@ + 10, + 2z, is a coadjoint orbit corresponding to a representation ., of type I.
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Thus N = {To0ao @ 20€35—1{0},a0 €0y}

The representation 7, ,. can be realized in a Fock space completion of C[tv,,].

The representations y € NI are unitary characters that correspond to single point
coadjoint orbits. For each w € V' one has the unitary character

Xw(exp(X)) = ¢/
with corresponding coadjoint orbit O(x.,) = {w}.
2.3. The space A(K, N)

Bounded K-spherical functions on N are associated with representations 7 € N.
A spherical function associated with a representation of type I or II is said to be of
that same type and we write A(K, N) = A/(K,N)U A" (K, N).

A spherical function of type I is associated with some 7, , € NI. As K, 4 W, is
a multiplicity free action the polynomial ring C[wm, ] has a canonical decomposition
into K, ,, -irreducible components. We write this decomposition as

C[f{)zo]: @ PZO,ao,a (4)

aGAzO ,ao

where A, .. is a countably infinite index set that depends on (z,,a,). Proposition
5.1 in [6] uses the set A, ,., to index the spherical functions associated with 7, .

We write  A'(K,N) = {¢z. 000 © 2 €3, 2 # 0,00 € az,a € A, 4, }.

Moreover one has ¢, 4,0 = @...a, o~ Whenever the data (2),al,a’), (2, a., «) differ
by the action of K. Thus if I' C 3 is a cross section to the K-orbits in 3 and
for each z, € I" the set ¥, C a,, is a cross section to the K, -orbits in a,, then

A(K, N) is parameterized by
{(20,00,0) : zo€Ta0 €2, ,a€ A, 4}

The spherical functions of type II are straightforward. For each w € V the K-
average of Y., namely

bu(exp(X)) = / ik X0n g
K

is a spherical function of type II. Thus AY(K,N) = {¢, : w € V}. One has
AT(K,N)2V/K since ¢p., = ¢, for ke K, we V.

2.4. The map V: A(K,N) — A(K,N)

The initial definition for ¥, given in [2], involved working with coadjoint orbits
for the semidirect product K x N. An alternate description, also from [2], is less
conceptual but more suited to calculation in examples. We summarize this approach
here. See also [6, §2.3, 5] for more detail.

Identifying n* with n via (-,), the map ¥ takes spherical functions ¢ € A(K, N)
to K -orbits in n. For a bounded spherical functions ¢,, of type II we have simply

U(py) = K - w.
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The calculation of W(¢,, 4, o) for ¢, 4.0 € AN(K, N) involves the (unnormalized)
moment map for the multiplicity free action K,_,. : ., defined as

0,00

N, — zo,a.", nw)(A):=Im{w, A w)

P

where 2., a, = Lie(K,,_ ,,). Take as index set A, ., in (4) the set of highest weights
occurring in Clw,,]. Thus A, ., C 2, a,* and «a € A,_,, is the highest weight for
the irreducible representation of K, ,, on P, , . Itis a crucial fact that each such
highest weight lies in the image of the moment map 7.

Proposition 2.1. [6, Proposition 5.4] Assume that m € NI with aligned point
Uy = Qo+ 2o, 2o # 0. Decompose V' with respect to J,, as V =a,, &> 1, . Given
a€ N =AM\, 4 let w, €10, be any point for which n(w,) = a. Write w, = Y w)y
with wy, € 1, » and let W', := > (2A)Y2wy. Then

\I[(¢Zo7ao706> =K- (amw,a?ZO)'

We call a point w, € tv,, satisfying n(w,) = a, as in Proposition 2.1, a spherical
point. Spherical points for all multiplicity free actions arising in connection with the
irreducible n.G.p’s in Table 1 can be found in [3, 4, 5]. We will make use of these
in our subsequent calculations.

2.5. Fundamental highest weights

An element « € A, ,, is said to be a fundamental highest weight for K, : 1, ifan
a-highest weight vector h, € P, 4, .« is an irreducible polynomial. The fundamental
highest weights form a finite QQ-linearly independent set

{ag,...,a,}

which freely generates A, ,, as an additive semigroup [13]. The number of fun-
damental highest weights is called the rank of the multiplicity free action. With
the fundamental highest weights in hand we can identify A, , with (Z*)". That
is an r-tuple m = (mq,...,m,) of non-negative integers represents the weight
miayq + -+ M.

2.6. Differential operators D, € Dg(N)

Each K -invariant polynomial p € R[n]¥ yields a left- N and K -invariant differential
operator D, on the group N. One can apply the symmetrization mapping, or
modified symmetrization [8], to obtain D, from p. We used this approach in
[6] to study the first six entries in Table 1. In the current paper, however, we
prefer an alternate procedure following [12] and described below, yielding a non-
symmetrized operator D, € Dk (N). This has the advantage that the expressions
for the eigenvalues ﬁp(qﬁ) for D, on spherical functions ¢ € A(K, N) are somewhat
simpler than those obtained using symmetrized operators. This in turn simplifies
the verification of Condition (O) for the pairs in lines 9-14 of Table 1. More details
on this process will follow in the examples.

3. The pair ((S)U(2) x SU(d), (C* ® C*) & HA?*(C?))

Here n =n, =V @3 where V = C?*®C? (tensor over C) and 3 = HA*(C?) = u(2).
We realize V' as V = M, 4(C), matrices of size 2 x d with complex entries. The
bracket is then V xV — 3, [u,v] = w* —vu*.
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We have the compact group K = SU(2) x SU(d) for d >3 or K =U(2) x SU(2)
when d = 2 acting on n via

(kl, kQ) . (’U, A) = (klvk; klAkT>
This is case (21) in §13.4 of [20] and lines 9,10 in our table.

3.1. Jp maps

Equipping n with the K -invariant inner product
((u, A), (v, B)). = Re(tr(uv’)) + %Re(tr(AB*)) — Re(tr(uv)) — %Re(tr(AB)).
one has the mapping Jg : V — V for each B € 3 given by
Jp(v) = —Bu.

3.2. K-orbits in ;

Every K-orbit in 3§ = u(2) contains a unique diagonal point of the form
B)\I,)\Q = —diag(i)\l, Z/\Q)

with A; < A real. The sign convention here ensures that Jy, », := JBMM acts on
V' = M 4(C) by multiplying the two rows by iA; and i\y respectively.

3.3. The space A(K,N)

Values (A1, A2) with A\; < Ay as above serve as “3-parameters” for A(K, N). There
are eight possibilities regarding (A1, A2), namely

D<A <X | A <0<y

0<)\1:)\2 >\1</\2<0 (5)
0:)\1<)\2 )\1:>\2<0 '

O=XAM=X | A1 < X=0

These cases determine a “layering” of the space A(K, N) into spherical functions of
different sorts. Here we will focus on the four cases in the first column of (5), where
0 < Ay < Ay. The other four cases can be handled in a similar manner. In case
0 = A1 = Xy one obtains the spherical functions of Type II. The other three cases
produce spherical functions of Type I. The fundamental highest weight vectors for
these cases are among the following polynomials h; € C[V],

V11 V12
V21 V22

hi(v) :=wv11, ha(v) =091, h3(v) :=v9, hy(v):= (6)

Layer 1: 0<\A; <\y. This is the generic situation for A;, A\ non-negative. In this
case Jy, », has trivial kernel and wy, », = V with its standard complex and hermi-
tian structures. The stabilizer of By, », in K is Ky, = S(U(1) x U(1)) x SU(d)
when d > 3 and K, \, = (U(1) xU(1)) x SU(2) when d = 2. The multiplicity free
action of K}, y, on V has rank 3 with fundamental highest weight vectors hy, hs
and hy. This is an indecomposable but non-irreducible multiplicity free action. We
refer the reader to section 5.2 in [5] regarding this action.



BENSON AND RATCLIFF 373

The space C[V] decomposes under K}, ), as

CVl= P P

me(Z+)3

where Py = Py mem, 1S the irreducible subspace containing Ay h3?hy"*. Thus
spherical functions in Layer 1 are determined by parameters (Aj, Ag;my, ma, my)
with 0 < A\; < Ay and my, ms, my non-negative integers. Let A € A(K, N) denote
the set of all such spherical functions.

Layer 2: 0 < (A = )3). Say Ay = Ay = A where A > 0. As in Layer 1, toy, =V
with its standard complex and hermitian structures, but now the stabilizer of B)  in
Kis Ky, =K = (S)U(2)xSU(d). The multiplicity free action K : V is irreducible
with rank 2 and fundamental highest weight vectors hy, hy. Thus spherical functions
in Layer 2 are determined by parameters (A, \;m1, my) with 0 < XA and m;, m4 non-
negative integers. Let A? C A(K, N) denote the set of all such spherical functions.

Layer 3: 0= )\; < A\y. Let 1} and V5 denote the row spaces in V' = M, 4(C). We
have ag, = Ker(Jy,,) = Vi (as a real vector space) and g, = V» with its usual
complex structure. The stabilizer of By, in K is Ky, = S(U(1) x U(1)) x SU(d)
in case d > 3 and Ky, = (U(1) x U(1)) x SU(2) when d = 2. Moreover let
a. € ag, be given. Using the action of SU(d) C Ky, we may suppose that

a, =re; = (r,0,...,0)

for some real number r > 0. There are 2 sub-cases to consider here.

Layer 3,0: r = 0. The stabilizer of a, = 0 in Koy, is Kx,),0 = Ko, acting
on gy, = Vo as U(1) x SU(d) : C*. This is an irreducible multiplicity free action
of rank 1 with fundamental highest weight vector hs. Thus spherical functions in
Layer 3,0 are determined by parameters (0, Ay;0,m2) with 0 < Ay and mq € ZT.
Let A*® C A(K, N) denote the set of all such spherical functions.

Layer 3,1: r > 0. The stabilizer of ap = re; in Ky, is a copy of the group
(S)(U(1) x U(1)) x SU(d — 1). More precisely we have stabilizer

([ 0 F32) -~ emrevam v =} sz
and {({Y)l 702}7{? $2D 1%77261‘} when d = 2.

The space V, decomposes under the action of K ,)re, as Vo = C? = Ce Co 1.
This is essentially a product multiplicity free action on V5. The fundamental
highest weight vectors are hg, hg € C[V5]. Thus spherical functions in Layer 3,1 are
determined by parameters (0, \o; 7, ma, m3) with 0 < Ay, r > 0 and mgy, mg € Z*.
Let A*! € A(K, N) denote the set of all such spherical functions.

Layer 4: Ay = Ay = 0. That is By, », = Bop = 0. Now ago =V, g =0 and we
have a spherical function for each a, € V', namely the K-average of

(v, A) — i(viao)n.
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These are the spherical functions of type II. Taking the action of K on V into
account we can suppose that a, = [ TSI } with 7 > 0 real. Thus spherical functions

in Layer 4 are determined by parameters (0,0;7) with » > 0. Let A* € A(K, N)

denote the set of all such spherical functions.

3.4. The space A(K,N)
We wish to determine the spherical orbits O=V(¢) in n*=n for each p€ A(K, N).
Layer 1: Let O(\j, Ag;mq, mg,my) denote the spherical orbit for the Layer 1

spherical function with parameters (Ay, Ao; my, ma, my). In view of Proposition 2.1
this has the form

oo = ([ B o) o
where o) = | i |,

is a spherical point in V' for the parameters m = (my, my, my4). An explicit formula
for such a point v(m) is given in Section 5.2 of [5]. For our purposes later on
we require only the following facts concerning inner products of the rows in v(m),
namely

[o1(m) [ = my +ma, |va(m)]* =ma +ma, (vi(m),v(m)) = Vmms.  (8)

Layer 2: The spherical orbit for the Layer 2 spherical function with parameters
(A, Aymy,my) is
O\, \;my,my) = K - ((2/\)1/2v(m),B,\,)\) 9)

v(m):[vm10+m4 \/(7;_4 - 8} (10)

Here we have applied Proposition 2.1 with the spherical point for the relevant
multiplicity free action on V', given in [3, Proposition 5.4].

where

Layer 3,0: The spherical orbit for the Layer 3,0 spherical function with parameters
(07 )\27 OJ m2> is

0
O(O,/\Q,O,Tng) =K. (|: (2)\2m2)1/261 :| 7BU,)\2) . (11)

Layer 3,1: For Layer 3,1 parameters (0, \g; 7, m2, m3) we obtain spherical orbit

req

O(0, Ag; 7, mg,m3) = K - ([ (209m) 261 + (2A9ms) 265 } aBo,Az) - (12)

Layer 4: For Layer 4 parameters (0,0;r) we have simply

O(O,O;r):K([Tgl],o). (13)
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3.5. Generators for R[n]¥

8, Theorem 7.5] provides a set of five generators for R[n|* | namely

pi(v, A) = itr(A),  pa(v, A) = —tr(A%) = 2| A|[;
ps(v, A) = tr(vo*) = |3, pa(v, A) = det(vo*) = 37, |dety;(v)[? (14)
ps(v, A) = (1Av,v), = itr(Avv*)

V1 Uiy 5 and {ps,ps} generates

where det; ;(v) = . Here {p1,p2} generates R[3

Vo V25
R[V]¥. We remark that in [8] one finds the polynomial Fy(v, A) = tr((vv*)?) in
place of py. One can check that ps, py and Fj are related via p2 = Fy + 2py.

3.6. Differential operators D, € D (V)

In layer 1, for each K-invariant polynomial p(v, A) € R[n]X we first replace A
with B = — diag(i\;,i\2), to obtain a Kp -invariant polynomial pg(v). Using the
complex structure on wy, », = V, we use (3) to transfer to a standard Heisenberg
group, where we can write the polynomial as pg(v, 7). We construct an orthonormal
real basis {V4,...,Vaq, V1,...,Vaq} and obtain a Kp - invariant differential operator
D,,, = pp(V,V). Applying the representation, we get m5(Dj5,) = pp(—v,20/0v),
where derivatives are to the right of multiplication. We get eigenvalues for Dy, by
applying pp(—wv,20/0v) to highest weight vectors in the representation space.

For example, we have that ps(v,A) = i tr(Avv*) becomes, after substituting
A = — diag (i), i)s), the Kp-invariant A;|vi|* + Ao|ve|?. Applying the representa-
tion, we get —2X\; Y v1,;0/0v1 j—2X2 ) Vg ;0/0vs ;. This operator acts on monomials
in the highest weight vectors to obtain the eigenvalues given below. Comparing the
eigenvalues to the invariants, we see that in some cases, they differ by a sign. Sign
differences are consistent across layers, they depend only on the degree of homo-
geneity of p in v.

By not symmetrizing, we can more directly compute these eigenvalues. They will
differ from eigenvalues for symmetrized operators by lower order terms, which in
turn are eigenvalues for lower degree invariant operators.

3.7. Values p,;(0,4) and ﬁpj(gb). For given ¢ € A(K, N) we require

o the values p;(Oy),...,p5(0y) which the generators p; € Rn]¥ take on the
spherical orbit Oy = W(¢) associated to ¢,

« and the eigenvalues ZA)pl (9),... ZA?ps (¢) for the differential operators D, € D (N)
on ¢. We will write IA)]-(¢) for ZA)pj(qﬁ).

Layer 1: For the spherical function ¢ in Layer 1 with parameters (A1, Ag; mq, mo, my)
values for p;(Oy) and D;(¢) (j = 1,...,5) are listed below. Note that D;(¢) =
+p;(0y) for j =1,2,3,5 but Dy(¢) differs from ps(Oy) by a lower order term.

[ p1(0g) = M+ A = 1:71(¢)
pa(0) = N+ 22 ~ Dy(o)
p3(0¢) = 2)\1(m1 + m4) + 2)\2(7712 + m4) = —Dg(qb) (15)
pa(Oyp) = 4N Aamy(my + mao + my), R
P4(Oy) + A Aoy = D4A(¢)
[ 25(0p) = 2A7(my +ma) + 203 (ma +ma) = —Ds(4) )
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In outline these values are obtained as follows. Similar, and mostly easier, calcula-
tions were used to derive the data given below for subsequent layers.

The values p;(O4) are computed by applying each p; to the spherical orbit given

1/2
in (7). Let w = l ggngg ] from (7) and let B = B), \, = —diag(iA;,i\2).

Using (8) one has

ww* = <w1a U}1> <U}1, w2> _ 2)\1(m1 + m4) 2(/\1/\2m1m2)1/2
(wa, wy)  (wa, wo) 2(/\1/\2m1m2)1/2 2X9(ma + my)

and Buww* = —i [ 20 (my +ma) 200 (M Agmams)'? } ,

2)\2()\1)\27’1117712)1/2 2)\%(7712 + m4)
We have p1 (A1, Ag;m) = i tr(B), pa(A, Ay m) = —tr(B?), ps(A1, Aoy m) = tr(ww*),
pa(A1, A2y m) = det(ww*) and ps(Ai, Ag; m) = i tr(Bww®*).

Layer 2: For the Layer 2 spherical function ¢ with parameters (A, \;mq,my) one
computes values

pi(0g) = 2X =Di(¢) )
(0y) = 2X° - By(o)
p3(0p) = 2X(m1 + 2my) = —Dj3(¢) (16)
pa(0y) = 4AN*my(my + my), ~
Pa(Op) +4Xmy = Dy(9)
[ P5(0g) = 2X\*(m1+2my) = —Ds(¢) )

Again one has lA)j(gb) ==+p,(04) except when j=4, in which case the two differ by
a lower order term. In the remaining layers one finds D;(¢) = £p;(Oy) for all j.

Layer 3,0: For layer 3, we have \; = 0 and Ay > 0. The J-map is degenerate,
and V = Vi & V;, the representation acting by a character on V;. To compute
eigenvalues, we write p(vy, ve, A) and substitute v; = re;, A = diag(0,iAy) to get a
Ky, - invariant polynomial on V5. We then proceed, on V;, as described in section
3.6. For Layer 3,0 parameters (0, A2;0,m2) one has

(

p1(0g) = A = Di(9)
p(0y)= N =Dyo)
p3(0¢) = 2X\mg = :D3(¢) : (17)
p(0,)= 0 =Dyo)
{ 5(0y) = 2\my = —Ds(¢)

((91(0) = Ay =Di(¢) )
2(0,) = X - By(0)
p3(0y) = 124 2Xs(ma +my) = :D3(¢) (18)
pa(Oyp) = 2r°Xamg = D4A(¢)

[ 25(0p) = 2X3(my + m3) = —Ds(¢) |
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Layer 4: For Layer 4 parameters (0,0;r) one has
[ p1(0)= 0 =Di(¢) )
p2(05) = 0 = Dyf0)
p3(Og) = 1 = —Ds(¢) ¢ (19)
pi(0) = 0 = Dy(9)
( p5(0g) = 0 =Ds5(¢) )

3.8. Condition (O) for (K, N)

Let (¢,)5, be a sequence in A(K,N), ¢ € A(K,N) and let O,,,0 € A(K,N) be
the assomated spherical orbits, O,, = ¥(¢,), O = V(¢). We must show that
(¢n)52, converges to ¢ in A(K N) if and only if (0,)5, converges to O in
A(K,N). As {p1,...,ps} generates R[n |5 we know, by [7], that (¢,)%, converges
to ¢ in A(K,N) if and only if D, i(n) — D; i(¢) for j=1,...,5. Likewise (0,)22,
converges to O in A(K,N) if and only if pj(On) — p,(0) for each j. This is the
case as the invariants for a compact linear action on a finite dimensional real vector

space separate orbits.

Let (A1(n), A2(n)) and (N[, A,) be the j-parameters for ¢, and ¢. We have
p1(05) = Ai(n) + Xa(n) = Di(én),  pa(On) = Mi(n)” + Xo(n)* = Da(¢n)

and likewise
p(0) =X+ = ﬁ1<¢)7 p2(0) = (N)* 4+ (Xy)* = 132(@-

Moreover the values p,(0) = ﬁl(gb) and po(0) = ﬁg((b) completely determine
(A}, AL). Thus

o if either ¢, — ¢ or O,, — O we must have A\;(n) — \] and Ay(n) — \,.

So we assume henceforth that Ai(n) — A| and Ay(n) — X,.

By passing to a subsequence we may assume, moreover, that every ¢, belongs to
a single layer in A(K, N). We will suppose here that ((bn) ° | is contained in one
of the four layers discussed above.! Now as A\j(n) — \; and A\y(n) — A, it follows
that

¢ lies in the same layer as the ¢, ’s or in a higher layer.

For layers 3 and 4 one has ﬁ(¢n) = £p;(0,) and ﬁ(gb) = £p;(0) for all j. Thus
o if (¢,)22, is contained in Layer 3 or 4 then ¢ — ¢ if and only if O,, — O.

Suppose now that (¢,)%; is contained in Layer 1 or 2. There are a number of cases
to consider.

Case 1: (¢,)°2, C Al, ¢ € Al: Let (A(n), A\a(n);myi(n), ma(n), my(n)) be the
parameters for ¢, and (A}, \y; m}, mb, m}) those for ¢. We reason with data from
(15).

First suppose that p;(O,) — p;(O) for all j. As the sequence
p3(0,) = 21 (n)(m1(n) +my(n)) + 2Xa(n)(ma(n) + my(n))

LA(K, N) contains four additional layers, given by the right column of (5). When (¢,,)2%; lies
in one of these layers the proof is similar, so we omit the details.
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converges and lim A;(n) = A, lim A(n) = X, are positive we conclude that each of
mi(n), mae(n), my(n) are eventually constant. Thus we can assume that m;(n) =
my, ma(n) = my, my(n) = my independent of n. The limiting values for p3(0,,),
p4(0,,) and p5(0,,) are thus

]M(O) = hmp4(0n) = 4)\’1)\’2m4(m1 + mo + m4)
ps5(0) = limps(0,,) = 2(N))?(my + my) + 2(Ny)%(ma + my)

We note that each spherical function/orbit is determined by a unique set of param-
eters, in the case of O they are (A}, \y;m), mb, m}). As the invariants pq,...,ps
separate K -orbits their values, together with A} and M\, determine O and its pa-
rameters. So O has parameters ()\/17)\/gj my, Mg, my). In particular mj = my. So
now lim Dy(¢,,) = psa(O) + AN Nomy = Dy(¢).

The proof that ﬁj(gbn) — ZA)](QS) for j = 3,4,5 implies ps(0,) — ps(O) goes
the same way, using the fact that the parameters for ¢ are are determined by the
eigenvalues D1(¢), ..., Ds(¢).

Case 2: (¢,)>2, C A', ¢ € A%: The argument here is similar to Case 1. Let
(A1 (n), A2(n);mi(n), ma(n), my(n)) be the parameters for ¢, and (N, N;m}, m))
those for ¢. Using (15) and (16) one shows that m;(n), ms(n) and my(n) are
eventually constant with m; + my = m| and my = m} under the hypothesis that
p;(0,) — p;(O) for each j. This easily implies that ﬁj(¢n) — ﬁj(¢) for each j.

~ ~

The same argument shows p,(0,,) — p;(O) forall j when D;(¢,,) — D;(¢) for all j.

Case 3: (¢,)52, C A, ¢ € A3%: Let (A\i(n), \o(n);my(n), ma(n), ms(n)) be the
parameters for ¢,, and (0, \}; 0, m}) those for ¢, so that A\;(n) — 0 and Ay(n) — ;.
See (15) and (17). First suppose that p;(0,) — p;(O) for all j. Thus ps(O,) — 0
and Dj(¢,) = D;(¢) for j # 4. As the sequence

p3(0,) = 2X1(n)(my1(n) + ma(n)) + 2X2(n)(ma(n) + my(n))
converges to p3(0O) = 2M\ym, with Ai(n), A\a(n), A, > 0 we conclude that the
sequence my(n) is bounded. So Aj(n)Aa(n)my(n) — 0 and hence

Dy(¢n) — limpy(O,) +0 =0+ 0= 0= py(¢).

The same argument shows p;(O,,) = p,;(0) forall j when ZA)j(qbn) — IA)]-(¢) forall j.
Case 4: (6n)ien C AL, 6 € AM: et (M (n), Ao(n); ma(n), ma(n), ma(n)) be the
parameters for ¢,, and (0, \y; r, mb, m}) those for ¢. See (15) and (18). First suppose
that p;(0,) — p;(0) for all j. Thus ps(O,) — 2r’Xym} and D;(¢,) — D;(¢) for
j # 4. Justasin Case 3 it follows that (m4(n))zozl is bounded, A;(n)Aa(n)my(n) — 0
and hence Dy(¢,) — r2\ymly = Dy(¢). Likewise p;(0,) = p;(O) for all j when
Dji(¢n) = Dj(¢) for all j.
Case 5: (¢,)°2, C Al ¢ € A': Let (A (n), A\a(n);myi(n), ma(n), my(n)) be the
parameters for ¢, and (0,0;r) those for ¢, so that A\;(n), A2(n) — 0. See (15)
and (19). First suppose that p;(0,) — p;(O) for all j. Thus ps(O,) — 0 and
D;(¢,) = D;(¢) for j # 4. As the sequence

p3(0,) = 2X1(n)(m1(n) + ma(n)) + 2X2(n)(ma(n) + my(n))
converges to p3(0) = r? with Ai(n), \2(n) > 0 it follows that (Aa(n)ma(n))

(e}

n=1
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is bounded. As A;(n) — 0 it now follows that A;(n)Ae(n)my(n) — 0 and hence
the sequence Dy(¢n) = pa(On) 4 4A1(n)Az(n)ma(n) converges to ps(O) = Du(¢).
Likewise p;(O,,) — p,(0O) for all j when D, i(on) — D, i(¢) for all j.

Case 6: (¢,)°2, C A?, ¢ € A?: The argument here is similar to that for Case 1.
Let (A(n),A(n);my(n), my(n)) be the parameters for ¢, and (N, N;m], m}) those
for ¢. First suppose that p,;(0,) — p;(O) for all j. As in Case 1, the convergence
of (pg(On))Zo:l together with the fact that A’ > 0 implies m;(n) and my(n) are
eventually constant, mi(n) = my, my(n) = my say. Referring to (16) the limiting
values for p3(0,,), ps(O,) and p5(0O,,) are now

p3(0) = lim p3(0,,) = 2N (my + 2my)
pa(0) = limpy(0,) = 4(N)?*my(my + my)
p5(0) = 1lim p5(0,,) = 2(XN)?(my + 2ma)
As the invariants py,...,ps separate K-orbits in n these values, together with \)

and M\, determine O and its parameters. So O has parameters (X, \';my,my4). In
particular m/, = my. So now lim Dy(¢,,) = ps(O) + 4(N)*my = Dy(¢).

The proof that D; () — D; i(¢) for j = 3,4,5 implies ps(O,) — ps(O) goes
the same way, using the fact that the parameters for ¢ are are determined by the
eigenvalues Di (), . .., Ds(¢).

Case 7: (¢p)2, C A%, ¢ € A*: Let (A(n), A(n);mi(n),my(n)) be the parameters
for ¢, and (0,0;7) those for ¢. See (16) and (19). The argument here parallels
Case 5. irst suppose that p;(0,) — p;(O) for all j. Thus ps(O,) — 0 and
ZA)j(gbn) — ZA)J-(¢) for j # 4. As in Case 5, convergence of the sequence p3(O,,)
implies that A(n)mg4(n) is bounded and hence A(n)*mg4(n) — 0. Thus we get
that Dy(¢n) = pa(On) + 4A(n )m4(n) converges to py(O) = Dy(8). Likewise
p;(0y) — p;(O) for all j when D, i (on) — D, i(¢) for all j.

This completes the proof for this example. u

4. The pair (U(2) x Sp(d), (C? @ HY) @& HA2(C?))

Here n =ny =V @3 where V = C?®@H? (tensor over C) and 3 = HA*(C?) = u(2).
We realize V' as V' = M 54(C), matrices of size 2 X (2d) with complex entries. The
bracket V x V — 3 is [u,v] = wv* — vu*, as in the previous eample. We have the
compact group K = U(2) x Sp(d) where Sp(d) ={k € U(2d) : kJk' = J}, with
J = {%} , acting on n via (ky, kg) - (v, A) = (kyvks, ki Ak]). This is case (22)
in §13.4 of [20] and line 11 in our table.

The pair (K, n) is obtained from (U(2) x SU(2d), M224(C) & u(2)), treated in the
previous section, by replacing SU(2d) with the smaller group Sp(d). Just as before,
matrices By, n, = —diag(i\i,ile) with Ay < Ay form a cross-section to the K -orbits
in 3 and the values (A, A2) impose a layering on A(K, N) and A(K,N). For our
proof of Condition (O) we focus on the four layers with A\;, A2 non-negative.
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As generators for R[n]% we take (see [8]?)
p1<U7 A) = Zt’f’(A), p2(vv A) = _tr<A2> = 2||AH121
p3(v, A) = tr(vv*) = ||v||?, ps(v, A) = det(vv*), ps(v, A) = |w(vi, v)]? (20)
pe(v, A) = (1Av,v), = itr(Avv*)
where w(vy,v2) = v Jvh is the symplectic inner product of the rows in v. Here
{p1,p2} generates R[3]™ and {ps3,ps,ps} generates R[V]*. Note that generator

ps is a new ingredient in this example. As in the previous example one obtains
(unsymmetrized) generators D; := D, (j =1,...,6) for Dg(N).

Next we introduce parameters on layers 1 through 4 and use these to determine
spherical orbits Oy = U(¢) and values p;(0,), D;(¢) for each layer. The following
polynomials h; € C[V] will appear as fundamental highest weight vectors in the
first three layers.

hl(U) = V11, h2(U) = V21, h3(U) ‘= V22, h4(U) = V2,d+1,

hs(v) == | 1 U2 g (v) = w(v, vs)
V21 V2o

(21)

Layer 1: 0 < A\ < A\p. Here J), ), has trivial kernel and 1oy, ,, = V with its
standard complex and hermitian structures. The stabilizer of By, , in K is Ky, », =
(U(1)xU(1))xSp(d). The multiplicity free action of K, 5, on V is indecomposable
but not irreducible. It is a multiplicity free action of rank 4, discussed in Section
5.8 in [5]. Fundamental highest weight vectors in C[V] are hy, ho, hs and hg. So
the Layer 1 spherical function parameters are (A1, Ag; mq, ma, ms, mg). The function
¢ € A with these parameters has spherical orbit Oy

221)Y %01 (m
Oy = O(A1, Ay, ma, ms,me) = K - <[ EQ)\;;I/%;EHI% } 7B,\1,,\2>

where v(m) = [ ] , given in [5], satisfies

{ lv1(m)|? = my+ms+mg, |v2(m)]? = mo+ms+me, (vi(m),ve(m)) = \/mims }
w(vi(m), vy(m)) = _\/mG(ml + mg + 2ms + mg) '

These facts may be used to compute the values p,;(Oy), listed below along with the
eigenvalues D;(¢).

( p1(Og) = A1+ A = 1}1(@ )
pa(0) = N2+ 23 — Du(9)
p3(Og) = 2X\1(my +ms + mg) + 2 a(mae + ms +mg) = —Ds3(9)
pa(O0y) = 4N Aa(ms + meg)(ma + ma + ms + mg), ~ (22)
pa(Og) + 4X1 Az (M5 + M) = Dy(¢)
p5(Op) = 4N Aamg(my + ma + 2ms + mg) R
[ P6(0g) = 2X](m1 4 ms +me) + 2X3(ma + ms5 +mg) = —Dg()

Thus ﬁ](@ = £p;(Oy) for j =1,2,3,6 but 134(¢) and 135(@ differ from p4s(Oy)
and p;(0y) by lower order terms.

2In [8] the invariant tr((vv*)?) is used in place of generator py.
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Layer 2: 0 < A\; = Ay. For A > 0 we again have 63)\7,\ = V but now B, has
stabilizer K y = K = U(2)xSp(d). The multiplicity free action K : V isirreducible
of rank 3 with fundamental highest weight vectors hy, hs, hg. See Section 4.7 in [4].
Thus parameters for spherical functions ¢ € A? are (\y, Ao;my, ms, mg) and we
have associated spherical orbit

O¢ = O(Av )\a m17m57m6) =K- ((2)\)1/21)(1’[1), B)\,)x)

where v(m), given in [4], satisfies

{ loy(m) |2 = my + ms + mg, |vo(m)]? = ms + mg, (vi(m),vo(m)) =0 }
w(v1(m), va(m)) = \/m6(m1 + 2ms + mg) '

One obtains the following values for p;(O,) and ﬁj(qb).

( p1(Op) = 2A = 91(@ )
p2(0¢) = 2)\2 = D%Eqb)
p3(0¢) = 2)\(m1 + 2m5 + 2m6) = — 3(¢)
pa(0y) = 4X*(ms5 + mg)(my + ms5 + M), N (23)
Pa(0g) + 4N (ms + me) = Dy(¢)
p5(0g) = 4X2mg(my + 2ms + mg) ~
P5(0g) +4Xme(2d — 1) = Ds(¢)
[ P6(0p) = 2X%(my + 2ms + 2mg) = —Dg()

~

Here again for Layer 2 the eigenvalues D;(¢) differ from p;(Oy4) for j =4,5. In the
remaining layers one has D;(¢) = £p;(Oy) for all j, as in the previous example.

Layer 3: 0 = \; < Ay. Here qap, and (ﬁo,Ag are the row spaces V; (as a real vector
space) and Va (with its usual complex structure). The stabilizer of By, in K is
Ko, = (U(1) x U(1)) x Sp(d). Each Kj,-orbit in V; contains a unique point of
the form a, = re; with » > 0.

Layer 3,0: r = 0. Ky, stabilizes ac = 0 and Kj,, : Vo is an irreducible
multiplicity free action of rank 1 with fundamental highest weight vector hs. Thus
a spherical function ¢ € A%*Y has parameters (0, \y;0,my) and associated orbit
O, = 0(0, A\2;0,m2) as in (11). One obtains

[ p1(0y) = Xy = 1:71(¢) )
p(O)= X =Dyo)
p3(0g) = 2Xomy = :D3(¢)
pO)= 0 —Die) [ 2y
p5(0¢) =0 = DE£¢)
[ 6(0g) = 2X\3my = —Ds(¢) )

Layer 3,1: r > 0. The stabilizer of a, = re; in Ky, is a copy of (U(1) x U(1)) x
Sp(d —1). Fundamental highest weight vectors for the action Ko ,)q, : V2 are hg,
hs and hy. Thus the parameters for a function ¢ € A*! are (0, \y; 7, ma, ms3, my).
The spherical orbit O4 = O(0, Ag; 7, M2, M3, My) is nOW

— . rep
O =k ([ (2Aama)!?er + (2Aams3)' ey + (2hama) Pegin } =Bo,A2>
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and one has

[ p1(0y) = X =Di(¢) )
p(0) = X _ Dy(0)
p3(0g) = 124 2Xa(ma +mg+my) = :Dg(gb) (25)
pa(0y4) = 2Xor?(m3 + my) = 124(<b)
p5(0g) = 2Xar?my = D5/£¢)
( 26(0p) = 2X5(my + m3 + my) = —Dg(9) )

Layer 4: \; = Ay = 0. As in the previous example Layer 4 parameters are (0,0;7)
with r > 0. For ¢ € A* with these parameters we have O4 = O(0,0;7) given by
(13) and

( )

p1(0¢) =0 = 1:)1((15)
p2(0g) = 0 = Dy(0)
p3(0y) = 17 = —Ds(¢)
| 900 = 0 = Do) 20)
p5(0g) = 0 = Ds(o)
\ p6(0¢) =0 = D6(¢) Y,

4.1. Condition (O) for (K, N)

The proof that (K, N) satisfies Condition (O) closely parallels that for the previous
example. See Section 3.8. Given a sequence (¢,)5, in A(K,N) and ¢ € A(K N)
one argues that ¢,) converges to ¢ if and only if the sequence O, := ¥(¢,)
converges to O := U(¢). Equivalently one must show that ﬁj(qﬁn) — ﬁj(qﬁ) for
j=1,...,6 if and only if p;(O,) — p;(O) for j =1,...,6. We can assume that
the ¢,’s all lie in a single layer in A(K, N) and, for simplicity, here suppose that
(¢n)o2, is contained in one of the four layers discussed above. If either ¢,, — ¢ or
O, — O it follows that ¢ lies in the same layer as the ¢,’s or in a higher layer.
On layers 3 and 4 the values D;(¢) and p,;(O,) agree, up to sign, for all j. Thus it
suffices to assume that (¢,)22; is contained in Layers 1 or 2.

There are seven cases to examine, just as in Section 3.8. In each case one needs
to check that if the sequence D;(¢,) = %p;(O,,) converges to D;(¢) = p,;(O) for
Jj = 1,2,3,6 then both 134(¢>n) — ﬁ4(¢) and ﬁ5(¢5n) — 135(¢) if and only if
p4(0,) — ps(O) and p5(0,) — ps(0O). An argument for each case can be given
that is similar to that in Section 3.8. To illustrate we give the argument for Case 4
and omit the details for the remaining cases.

Case 4: (¢,)22, C A, ¢ € A*: Let ()\1( ), A2(n);my(n),m (n),m5(n) 6(n)) be
the parameters for ¢, and (0, Xy; r,mb, m5, mYy) those for ¢. See (22) and (25). First
suppose that p;(0,) — p,;(0) for all j. Thus also D](¢n) — ﬁj(¢ for j # 4,5.
As the sequence

p3(On) = 2A1(n)(mi(n) + ms(n) +me(n)) + 2X2(n)(ma(n) + ms(n) +me(n))

converges and Aj(n) — 0, Ag(n) — A, > 0 it follows that both ms(n) and mg(n)
are bounded sequences. Thus the lower order terms in the expressions for Dy(¢,,)
and Ds(¢,,), namely

AA1(n)Ae(n)(ms(n) + mg(n)) and 44X (n)Aa(n)me(n)(2d — 1)



BENSON AND RATCLIFF 383

respectively, both converge to zero as n — oco. So limﬁ4(¢n) = limpy(O,) =
p1(O) = Dy(¢) and likewise lim D5(¢p,,) = limps(0O,,) = p5(O) = D5(¢). The same
reasoning shows that p;(0,) — p;(O) for all j when D;(¢,) = D;(¢) for all j. =

5. The pair (Sp(2) x Sp(d), (H? ® H?) & HAZ?(H?))

Here n =ng = V®3 where V = H2@H? (tensor over H) and 3 = HA?(C?) = sp(2).
We realize V' as V' = M, 4(H), matrices of size 2 x d with quaternion entries. As
usual the bracket V x V' — 3 is given by [u, v] = uv* —ovu* and K = Sp(2) x Sd(d)
acts via (ky, k2) - (v, A) = (kivk}, k1 AkT). Here we are viewing both Sp(2) and
Sp(d) as quaternionic matrices satisfying kk* = I. This is case (18) in [20, §13.4]
and line 12 in Table 1.

The pair (K,n) is closely related to the example treated in the previous section,

namely (K,7) := (U(2) x Sp(d), M54(C) S u(2)). We will use the fact that (K, N)
satisfies Condition (O) to establish Condition (O) for (K, N).

Each K-orbit in 3 contains a unique point of the form By, , = —diag(i\1,i)\y) with
0 < A1 < X real® This fact imposes a decomposition of A(K, N) and A(K,N)
into layers as before. Moreover using the K -invariant inner product on n, given by

((u, A), (v, B))n = Re(tr(uv)) + %Re(tr(AB*)),

one again has that the J-mapping, Jp : V — V for B € 3 is simply Jp(v) = —Bwv.
Thus Jy, \, = JBAI,AQ is left multiplication by #A;, i\ on the two rows. For
Layer 1 and Layer 2, where 0 < Ay < Ay, the complex vector space 1’5,\17,\2 is
thus V = M, 4(H) with its standard complex structure, i.e. left multiplication by
i. For Layer 3 (0 = \; < Ay) one has 1oy, = Vo = H?, the second row with its
standard complex structure.

To connect analysis for (K, N) with that for (K, N) we apply the standard isomor-
phism My 4(H) =2 My 54(C), namely (v = u+wyj) — v := [u|w], for u,w € M, 4(C).
Giving V = My 4(H) and V := M, 4(C) their standard complex structures the map
v+ ¥ is an isomorphism of complex vector spaces. Moreover v +— v transforms
the right action of Sp(d) on V into its right action on V' with Sp(d) realized as
{k e U2d) : kJk! = J}, as in the previous example. The left action of the
subgroup U(2) C Sp(2) carries over from V' to the usual left action of U(2) on
V. Sonow K C K (as U(2) C Sp(2)) and we regard T as a subspace of n by
identifying V = V and noting that (3(%) = u(2)) C (sp(2) = 3(n)).

For the first three layers we have the following stabilizers for B, »,.

o Layer 1: 0 < Ay < Ao, Ky, \, = (U(1) xU(1)) x Sp(d).
o Layer 2: 0 < Ay = X=X\, K, =U(2) x Sp(d).
. Layer 3:0=X\< )\2, [(0’,\2 = (U(l) X U(l)) X Sp(d)
These all lie in K = U(2) x Sp(d) and agree with the stabilizers from the previous

example. As the standard isomorphism V' = V' respects the standard complex
structures and is K -equivariant one has the following facts.

3As the Weyl group for Sp(2) includes sign changes one can ensure A, Ay > 0 here.
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o The relevant multiplicity free actions for Layers 1,2,3 are as in Section 4 and
the fundamental highest weight vectors that appear are given in (21).

o The parameters for A', A%, A*? and A*! coincide with those in Section 4.
Letting ¢ € A(K,N) and ¢ € A(K,N) denote spherical functions for the

two pairs in these layers with common parameters one has ¢|3 = ¢.

« The spherical orbits O for functions ¢ in Layers 1,2,3 are as given in Section
4. That is, in each case we have a base point in O, of the form (v, By, »,) with
7 € V determined by the layer parameters. Regard this as lying in V' & sp(2)
and take the orbit under the group K = Sp(2) x Sp(d).

The Layer 4 situation, A\; = 0 = )y, is entirely straightforward. Here the spherical
functions ¢ and their orbits Oy coincide with those from Section 4.

Let AZYK,N) = (A'UA?U A U A UAY (K, N)
and AZ(K,N) ={0; : ¢ € A*°(K,N)}.
The discussion above yields homeomorphisms

A(K,N)~ A>°(K,N) and A(K,N)= A>°(K,N)

which intertwine with the orbit mappings for the two pairs. The argument given in
Section 4 shows that the orbit mapping for (K, N) restricts to a homeomorphism
AZ(K N)= A2°(K,N). Thusnow ¥ : A(K, N) — A(K, N) is a homeomorphism
and the pair (K, N) satisfies Condition (O) as claimed. [

6. The pair (G2, R” @ R")
Here n =V @ 3 where V = Im(Q) = 3 with Lie bracket V' x V — 3 given by

[v,w] == %(vw — wv).

The group K = G5 acts on n via two copies of its usual representation on R” =
Im(Q). This is case (3) in [20, §13.4] and line 13 in Table 1. Equipping V and j
with their usual inner products, denoted by dot, one has J,(v) = [z,v] for z € 3,
v € V. The orbits for K = Gy on 3 = Im(0) are spheres. (This example is not
handled in [12] because the J-map is singular.) For z € 3 with z # 0 we find that

a, := Ker(J,) =Rz

and that the restriction of J, to t, := al NV is given by J,(w) = 2w. The
stabilizer of z in K is a copy of SU(3) and this is, of course, also the stabilizer of
the point (a, z) € n for any a € a,.

Letting {e1,...,er} denote the standard basis for Im(Q) the set {\e; : A > 0}
is thus a cross section to the K-orbits in 3, which are parameterized by A. The
situation here is straightforward. There are just two layers in A(K, N), the spherical
functions of type I, for which A > 0, and those of type II, for which A = 0. As
generators for R[n]% one has (see [8])

I7,

{pi(v,2) = v pa(v, 2) == ||2|1?, ps(v,2) =v- 2}

Asusualwelet D; €Dy (N) denote the (unsymmetrized) operator obtained from p; .



BENSON AND RATCLIFF 385

Layer 1: A > 0. Taking z = \e; with A > 0 we have tv, = {0} ®R® with complex
structure jz(w) =eyw and J? = —)\? on .. The multiplicity free action K, : 1w,
is a copy of SU(3) : C3. For each t € R and m € Z* we have a spherical function
® = ¢xt.m determined by the data (z = Aej,a = tey, m). The associated spherical
orbit Oy = U(¢) is

O,=K- (tel + (2)\m)1/2€2, )\el)

and the values p;(Oy4) and Bj(gb) agree for 7 = 1,2, 3, namely

p1(0¢) = t2 + 2)\m = :Bl (¢)
p2(04) = N = Dy(¢)
p3(0g) = A = Ds3(¢)

Layer 2: A = 0. For each r > 0 we have a spherical function ¢ = ¢,, the K-
average of the character (v, z) + €. The associated spherical orbit O, = ¥(¢)
is

O, =K - (rey, 0)

and we have

p1(0g) =1* = j\ﬁl((b)
p2(0y) =0 = 122(¢)
p3(0g) = 0= D3(¢)
6.1. Condition (O) for (K,N) As p;(0,) = £D;(¢) for j = 1,2,3 and all
¢ € A(K,N) it follows immediately that (K, N) satisfies Condition (O). [

7. The pair (U(1) x Spin(7),C® @ (R” & R))

In line 14 of Table 1 one has n = V@3 where V = Q% = {v = [ U1 } D U1, U9 € @}

%)
and 3 = Im(QO) & R. The bracket V x V — 3 is given by

[v,w] = ({U,w},w(v,w))

where {v,w} € Im(0) and w(v,w) € R are defined as
1, _ _ _
{v,w} = —§(vlw1 — w1V + Vo — 'I.UQ'UQ), w(v,w) := vy - wy — vy - W1.

The expression for {v,w} involves arithmetic in the octonians @. The expression
for w(v,w) involves the usual inner product on @ = R®, namely v - w = Re(vw).
The group K = U(1) x Spin(7) acts on n as follows. Spin(7) acts on V via two
copies of its spin representation on O = R® and acts on I'm(Q) = R” by the vector
representation via SO(Im(Q)) =2 SO(7). The action of Spin(7) on R C 3 is trivial.
The scalars U(1) act via rotations on V', and act trivially on 3. This example is
case (12) in [20, §13.4].4

4The factor of —1/2 on {v.w} is not, however, used in [20] or elsewhere. This has been
introduced to simplify Formula 27.
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We equip V' and j with their usual inner products. For (z,t) € 3 one finds
| zup —tug
Joxlv) = [ 209 + tuy } ' (27)
As the orbits for Spin(7) on Im(Q) are spheres we can take for z a non-negative
multiple of a chosen unit vector.

Let {eqg,e1,...,er} be the standard basis for @, where ey = 1, so that {eq,...,er}
is the standard basis for Im(Q). We may assume that z = re; for some r > 0 and
let J,.; := Jye, 1. Note, in particular, that

Ji(0) = Jio(v) = [ }

€1V2

is a complex structure on V. We denote this space, with its complex structure, as
V. Letting V. be the subspaces of V' defined as

Y ) O (e R

one obtains the following Lemma via routine calculation.

Lemma 7.1.  The subspaces Vi are U(1)-invariant and V = V. & V_ is an
orthogonal direct sum decomposition. The subspaces Vi are invariant under J,; for
all r >0, t € R with

Jrtlvy, = (r +t)Iilve,  Jeilve = (r =) Sy

Hence also  JZ,|v, = —(r 1)1y, .
Let
o a,, = Ker(J.;), v, = Image(J,;), and
o(r,t) ={A>0 : —\* is an eigenvalue for .J,;},

. jr,t be the complex structure on w,; obtained from J,,,

. tAﬁr,t denote the complex vector space (t0,, j;t)

Moreover let Vi denote the complex vector space (Vi,J;) and Vi denote its
conjugate complex space, i.e. (Vi,—J;). In view of Lemma 7.1 we have the
following.

1. If r >0 and |t| < 7 then o(r,t) = {r+t,r—t}, a,, = {0} and w0,, = V. ®V_.
2. If r >0 and r < [t| then o(r,t) = {|r +¢t|,|t — r|}, a,, = {0} and

G Vie V. ifr<t
Tl VeV ift<—r
3. If r >0 and t = £r then o(r,t) = {0,2r}, a,;, = V5 and t"BT7t:‘7:t'

4. If r =0 and ¢ # 0 then o(r,t) = {|t|}, a., = {0} and w,, = VF @ VT,
In this case it is best to ignore the V, @& V_ decomposition and write simply
1, = (V, Jo1). See equation (27).

5. If r=0=1¢ then o(r,t) = {0}, a,; =V and tv,, = {0}.
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Figure 1 illustrates these cases as regards tv,;.

Figure 1: The complex spaces 1,

The values (r,t) € RT xR parameterize the K -orbits in 3 and determine a layering
on A(K,N) and A(K,N) corresponding to the five possibilities above. Before
discussing these layers in detail we introduce, from [8, Theorem 7.5], generators for
R[n]%, namely®

pl(U,Z,t) =1, pz(U,Z,t) = HZHZ
p3(v,2,t) = ol palv, A) = (foa]® = Jlv2l)? + 4(vr-v2)* > (28)
p5(1}, Z,t) = RG(Z(QHEQ)) = —Z- (Ulﬁg).
Here {p1,p2} generates R[3]¥ and {ps, ps} generates R[V]¥. As usual one obtains
(unsymmetrized) generators D; := D, (j =1,...,5) for Dg(N).

Next we introduce parameters on each layer and give values p;(Oy), ZA?j(qb) for
subsequent use in the proof that (K, N) satisfies Condition (O). As the calculations
required to justify the various formulas are similar to those for prior examples
we omit the details. Letting K,; denote the stabilizer of (re;,t) € 3 in K =
U(1) x Spin(7) one has

Ko U(l) x SU(4) ifr #0 (i.e. in Layers 1, 2, 3)
PP U(1) x Spin(7) if r =0 (i.e. in Layers 4, 5)

Layer 1: » >0 and [t| <r. We have K,; = U(1) x SU(4) acting diagonally on
the complex vector space 1, =V, & V_ with J2, = —(r &¢)* on V.. Identifying
‘N/Jr & V_ with M, 4(C) we have fundamental highest weight vectors

h1(2> = 211, hg(Z) = 2921, hg(Z) = d@tQ(Z)
and write (r,t;my, mg, m3) (m; € Z*) for the Layer 1 spherical function parameters.

°In [8] one finds the invariant Fy(v, z,t) = |v1|?|v2|? — (v1 - v2)? in place of py. These invariants
are related via ps + 4F; = p3. We prefer py here as the values ps(O,), Di(¢) given below are
somewhat simpler than those obtained using Fjy.
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The spherical orbit O, for the function ¢ € A' with these parameters is obtained by
applying Proposition 2.1 to the spherical point given in [5, §5.2]. Further calculation
yields the following values.

’

p1(0¢>> = = ﬁ1(¢)
p2(0g) = 7“2 = Da(9)
p3(Og) = 2(r +t)(m1+m3) +2(r —t)(mg +m3z) = —ﬁs(@ (29)
pa(Oy) = 16(r +t)(r — t)myma, ~
pa(Og) — 16(r +t)(r — t)ms = Day(¢)
| p5(0y) = —r(r+t)(m1+m3) +r(r —t)(me+mz) = —ﬁ5(¢) )

Layer 2: r > 0 and r < |t|]. Suppose here that 0 < r < t. Now K,; =
U(1) x SU(4) acts diagonally on tv,, = V, @ V~. (In case t < —r < 0 just
interchange the roles of V, and V_.) This is a twisted variant of the multiplicity
free action from Layer 1, treated in [5, §5.3]. Identifying V.a V- with M, 4(C) the
fundamental highest weight vectors are as in Layer 1 but with hz replaced by

hs(z) = 1~ " 22—,
the dot product of the rows. We again write (r,t;mq, mg, m3) for the Layer 2

spherical function parameters. One obtains the following values p;(O,) and ﬁj(qﬁ)
for the function ¢ € A? with these parameters.

;

p1(0y) = = Di(¢)
p2(0g) = 7“2 = ﬁ2(¢)
pa(00) = 2+ tlimy 4 ms) +2fr —ti(ma +ms) = -Dufe) |y
p1(Og) = 16|r + t[|r — tims(m1 + ma + mg),
Pa(Oy) + 48|r + tf|r — t|m; = Du(0)
| p5(0y) = —rr +t|(my +my) + rlr — t|(ma +ms) = —Ds(¢) |
Layer 3: r > 0, t = £r. Here suppose ¢t = r. (In case t = —r just interchanges

the roles of V; and V_.) We have K,, =U(1) x SU4), a,, =V_, 10,, = I7+ with
J2. = —(2r)> = —4r*> on V,. Let a € V_ be given. As the action of K,, on V_
is transitive on spheres we can assume that a = s [ 2(1) } for some s > 0. There are
two sub-cases to consider.

Layer 3,0: s = 0. The stabilizer of a = 0 in K, is K¢.,;)0 = K,, = U(1)xSU(4).
This acts on V, = C* as (U(1) x SU(4)) : C*, a rank 1 multiplicity free action

with fundamental highest weight vector h(z) = z;. We write (r,£r;0,m) for the
parameters of a spherical function ¢ € A*? and compute

( pi(Og) = +£r = 1:71(¢) \
n(O) = = Dys)
p3(0gy) = 2rm = —Ds(9) (31)
pa(0g) = 0 = Du(9)

( 25(0g) = Frim = —Ds(¢)
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Layer 3,1: s > 0. Now a # 0 has stabilizer K,,y, = S(U(1)xU(3)) in K, , acting
on V, = C* as S(U(1) x U(3)) : C & C*. Our fundamental highest weight vectors
are hi(z) = z; and hy(z) = 22 and we write (r, £r; s, my, ms) for the parameters of
¢ € A%, One finds

/

pi(0) = 2 Do) )
p2(0y) = 12 = Dy(9)
p3(0¢) = 252 + 2r(m1 =+ mz) = AD (¢) . (32)
pa(Oy) = 16rs*my = Dy4(9)
| p5(0y) = Ers> Fri(mi+me) = —Ds(¢) |
Layer 4: r =0, t # 0. We have Ky; = ( ) x Spin(7) = K acting on the complex
vector space 1o, = (V, Jo1) where Jo1(v) = { G } The multiplicity free action

Ko : g, is a copy of (U(1) x Spin(7)) : CS, Wthh is irreducible of rank two with
fundamental highest weight vectors

hi(2) = 21 +i2y, ho(2) =27 + -+ + 23.

The spherical functions ¢ € A* are parametrized by (0, ¢;my, ms) and one computes

((p1(0y) = =+t = Di(¢) )
p2(0,) = 0 ~ Dy(0)
p3(0g) = 2[t[(m1 + 2mo) = —D3(9) ] (33)
pa(Oy) = 16t>ma(my + my), ~
Pa(Ogp) +48t°my = Dy(¢)
( P5(0p) = 0 = —Ds(¢)

Layer 5: r = 0 = t. This layer gives the spherical functions of type II. These
correspond to (K = U(1)x Spin(7))-orbits in V', which are parameterized as follows.

Lemma 7.2. [17, Lemma 5.9] Every K -orbit in V contains a unique point of the

form v(sg, s1) 1= [ 2(1)2(1) } with 0 < sg < 7.

' p1(Og) = 0 = 121(¢) \
2(0,) = 0 ~ By(0)
p3(0g) = sg+st  =—Ds(¢) - (34)
pa(0g) = (50— s1)* = Du(9)

[ p5(0y) = 0 = —Ds(9) )

7.1. Condition (O) for (K,N) To verify Condition (O) for this example we
reason as in Section 3.8. Note that in all layers p;(O,) = :I:lA)j(gzﬁ) for j =1,2,3,5
but that ﬁ;(gb) differs from p4s(Oy4) by a lower order term if ¢ € A U A2 U A%
So given a sequence (¢n)pZy in Layers 1, 2 or 4 and a function ¢ € A(K,N)
we need to check that (D4(q§n) — D4(¢)) < (ps(0,) — ps(0)) under the
hypothesis that the sequence D, i(¢6n) = £p;(O,,) converges to lA)j(qb) = £p;(0) for
j=1,2,3,5. The assumption that p;(0,) = p;(0) for j = 1,2 implies that the r
and t parameters for ¢, converge to those for ¢.
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In particular
o if (¢,)22; C A! then ¢ € AV UA3PUAM UA®,
o if (¢,)22, C A% then ¢ € A2UA3PUAMM UATUAS and
o if (¢,)°2, C A* then ¢ € ATUA®.
Thus there are eleven cases to examine.
Case 1: (¢,)°2, C A, ¢ € Al: Let (r(n),t(n);mi(n),ma(n),ms(n)) be the
parameters for ¢, and (r',t';m}, m,, m}) those for ¢. Using (29) the argument
here is similar to that given for Case 1 in Section 3.8. As p3(0,,) — p3(O) and
"+t # 0 # 1 —t it follows that the sequences my(n), ms(n) and mg(n) are
eventually constant, (my(n),ma(n), mg(n)) = (mq, ma, m3) say. If we assume that
p4(0,) — p4(O) it then follows that ¢ has parameters (1',t',mi, mg,m3) and
hence (m), mh,m4) = (my,me,m3). This is the case as the limiting values for
p1(0,), ..., p5(0,), namely p(0) = limp,(0,) = t', p2(0) = lim py(0,,) = (r')?
and
p3(0) = limps(0,,) = 2(r" + ') (m1 + ms3) + 2(r" = 1')(m2 + M)
p4(0) = lim py(O,,) = 16(r" + ') (r" — t')mymy :
p5(0) = limp;(0,,) = —1' (7" — ') (mq +mg) + /(1" — ') (ma + ms3)
completely determine O and its parameters. So now
lim Dy (¢) = ps(0) — 16(r' + ') (r' — t')ms = Dy(9)

as desired. The proof that ps(O,) — ps(O) when Dy(¢,) — Dy(¢) goes the
same way, using the fact that the eigenvalues Dy(¢), ..., D5(¢) determine ¢ and its
parameters.

Case 2: (¢,)2, C A', ¢ € A¥0: Let (r(n),t(n);mi(n), ma(n), mg(n)) be the
parameters for ¢,, and (v, £7’;0,m’) those for ¢. See (29) and (31). As p3(O,,) —
p3(0) and one of 7'+ (£1"), ' —(£r’) is non-zero it follows that the sequence ms(n)
is eventually constant, ms(n) = ms say. So lim(r(n) +t(n))(r(n) —t(n))ms(n) =0
and hence lim Dy(¢,) = D4(¢) if and only if lim ps(O,) = p4(O).

Case 3: (¢,)52, C A, ¢ € A®!: The reasoning from Case 2 applies equally here.

Case 4: (dn)izy C A, ¢ € A% Let (r(n),t(n);mi(n),ma(n), ms(n)) be the
parameters for ¢, and (0,0;s{,s]) the parameters for ¢. See (29) and (34). As
p3(On) = p3(0) = 0, we have lim(r(n) & t(n))ms(n) = 0 and hence we have also
lim(r(n) 4 t(n))(r(n) — t(n))ms(n) = 0. Thus lim Dy(¢,) = Dy(¢) if and only if
lim p4(On) = p4(0).

Case 5: (¢,)22, C A%, ¢ € A?: The argument here is identical to that for Case 1.
Cases 6,7: (¢,)°, C A%, ¢ € A*® U A3!: The proofs here are as in Case 2.

Case 8: (¢,)%2, C A%, ¢ € A*: Let (r(n),t(n);mi(n),ma(n),ms(n)) be the
parameters for ¢, and (0,t';m}, m)) those for ¢. See (30) and (33). As p3(O,,) —
p3(0) and ¢’ # 0 the sequences my(n), ms(n) and mg(n) are eventually constant,
(m1(n), ma(n), ms(n)) = (my, me, ms) say. So now limp;(0,,) = p3(O) implies

my + mao + 2ms = mj + 2m,. (35)
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Suppose that lim ps(O,,) = p4(O). This gives
ms(my + ma 4+ mgz) = my(mi + my). (36)
Together (35) and (36) imply that
m3 =m, and my + mo+ms =m} +m,.
Thus we obtain

lim Dy(¢,) = pa(O) + 48(t')*ms = pa(O) + 48(')*m, = Dy(o)

~

as desired. Likewise assuming lim Dy(¢) = Dy(¢) gives
ms(my + ms + mz + 3) = my(m) + m + 3), (37)

which together with (35) again implies that both m3 = m} and m; + mg + m3 =
m} +mj. So

lim p4(0,0) = Da(6) — 48(¢')my = Da(6) — 48(¢')m) = ps(O)

Case 9: (¢,)22, C A%, ¢ € AS: The argument here is identical to that for Case 4.

Case 10: (¢p)2, C A*, ¢ € A*: Let (0,t(n);mi(n), my(n)) be the parameters
for ¢, and (0,t;m}, m}) those for ¢. See (33). As p3(0,) — p3(0O) and t' # 0
the sequences my(n), mo(n) are eventually constant, (mi(n),ms(n)) = (mq, ms)
say. Thus now limp3(O,,) = p3(O) impies my + 2my = m} + 2mf. If we assume,
in addition, that either lim ps(O,,) = p4(O) or lim ﬁ4(¢n) = lA)4(gb) then it follows
that (m},m}) = (mq,ms). This is the case as the values p;(O),...,ps(0) and
Dy(6), ..., Ds(¢) each determine the parameters for ¢. Thus

limpg(0,) = ps(0) < lim Dy(¢y) = pa(O) + 48(t')*ms = Dy().

Case 11: (¢,)22, C A*, ¢ € A5: Let (0,t(n);my(n),ma(n)) be the parameters for
¢n and (0,05 s, s]) those for ¢. See (33) and (34). As p3(O,,) — p3(O) it follows
that the sequence |t(n)|mq(n) is convergent, hence bounded. As t(n) — 0 this
implies that t(n)*my(n) — 0 hence lim py(O,,) = p4(O) if and only if lim Dy(¢,) =
Dy(o). u
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