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Abstract. We first prove a Liouville theorem to the torsion system
QZkfk

{fg = A(z) + W’
£ +¢ =0, Vi#j

Vi=1,2-,n

for (¢,)\) € C°(R"™,R™ x R). As an application, complete resolutions of symmetry groups to the
porous medium equation

up — Dg(u™) =uP, V(z,t) e M xR
of Fujita type are obtained, where M is the sphere S® C R™*! or hyperbolic space H" with
canonical metric g.
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1. Introduction

A classical method to find symmetry reductions of PDEs is the Lie group method [21].
The classical symmetries of the general nonlinear heat equation was considered by
Clarkson and Mansfield [3]. They gave a catalogue of symmetry reductions. The
classical Lie group method has been generalized to the porous medium equation [25].
Gandarias [8] applied the Lie-group formalism to deduce symmetries of the porous
medium equation. Franco [6] globalize the symmetry group of the n-dimensional
nonlinear porous medium equation. Some other results concerning the symmetry
groups of (1) may refer to [7, 10, 9, 22] for one spatial dimensional case, and refer
to [1, 2, 4, 11] for higher dimensional case.

In this paper, we will firstly study a system of differential equation

£ +¢& =0, Vi # j
for (§7 /\) = ((617 e 7€n7/\) S COO(RTL,R” X R),

and then prove the following Liouville property:
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Theorem 1.1.  The unique solution of (1) is given by A(z) =0 and

¢ = Zaéxj + b, d = —al, Vi#j, (2)
JFL
where a], 5,7 =1,2,--- ,n and b",i =1,2,--- ,n are both constants.

The system (1) comes frequently from the studying of Lie’s theory to PDEs on
symmetric spaces. As an application, we derive classification results of symmetry
groups to a porous medium equation

—Agum =uP, V(z,t)e M xR (3)

of Fujita type, where n is assumed to be greater than one and (M, g) is a complete
Riemannian manifold equipped with metric g.

The classical frame of porous medium type equation was set up after landmark works
of [5, 18, 20, 23, 24, 25]. Although the applications of Lie’s theory and the analyses
of qualitative behaviors of solutions on Riemannian manifolds [13, 14, 15, 16, 17, 25|
are known for porous medium type equation, the interaction of both roles is not
clear yet. It is the main purpose of this paper to clarify the symmetry group for
equation on Riemmanian manifold.
If one sets v(z,t) = u™(z,t/m) and r = (1 —m)/m,q = p/m, (3) changes to a
semilinear equations in form of

u =u""(Dgu+u?). (4)
For the sake of simplicity, we turn to classify the symmetry groups of (4) with
constants ¢ # 0,r # —1 instead of (3), and assume that n > 3.
In case of M =S" C R""! we will prove the following result.

Theorem 1.2. When M = S™ C R" L after rotation on circle and the stereo
polar projection from north polar, the symmetry groups of (2) are generated

(1) by (43), in case q,r + 1,1 don’t equal mutually,

(2) by (50)—(51), in case of g =1+1#1,

(3) by (57), in case of q=1#r+1,

(4) by (62), in case of r+1=1+#¢q,

(5) by (72), in case of g=r+1=1.

And in case of M = H", the following characterization result was shown.

Theorem 1.3.  When M = H", the symmetry groups of (2) are generated

(1) by (80), in case q,r+ 1,1 don’t equal mutually,
(2) by (87)-(88), in case of g =1r+1%#1,

(3) by (94), in case of q=1#r+1,

(4) by (99), in case of r+1=1+#¢q,

(

5) by (109), in case of g=r+1=1.

Since there is no asymptotic assumption was imposed, our classification results
Theorem 1.2-1.3 are complete. The contents of this paper are organized as follows.
In Section 2, we recall some basic facts about the Lie’s theory for PDEs. Next, the
Liouville property will be proven for torsion system (1) in Section 3. Finally, as
an application of Theorem 1.1, we give the proofs of Theorem 1.2 in Section 4 and
Theorem 1.3 in Section 5.



CHEN, Du, Guo 395

2. Preliminary facts to Lie’s theorem on manifolds

Let’s first recall some facts of Lie’s theorem (see for example the elegant book by
Olver [21]) to partial differential equation. Here, we consider a parabolic partial
differential equation

F(x,t,u, Du, D*u,u;) = 0 (5)

of second order, and suppose that

7 = g (‘T7t7u>% + n(x7t7 U)a + Qﬁ(l‘,t,U)%

is an infinitesimal generator of one-parameter group action g(¢),e € R. By the
prolongation formula in [21] (Theorem 2.36, Page 110)

) 0 0 -0 0
(2) _ ¢t . . 1_— t_—
O =g ah t g tog, t gt g
0 .0 0
1] it tt
where ¢" = Di(¢p — Euj — nuy) + Eugj + nui

= ¢i + du; — (& + Gur)u; — (0 + muwi)ur,
¢ = Dy(¢ — Euy — nuy) + g + nuy
= 1+ Gutn — (&§ + Eu)uy — (g + muu)w, and
0" = Dij(¢ — E"ur — nue) + Eugjr + nuije
= Dj{¢i + Qutti — (E +Equi)ug — E¥u — (miFnuus)u, — nuit}+§kuijk+nuijt
= ¢ij + ditty + (Puj + Puutty) i + Puttij — {ﬁfj + &y + (&5 + &Ifuuj)ui}uk
— (& + Ehui)ujp — (§f + &g uig — {nij + Nty + (Nuj + nuuuj)ui}ut
— (i + ) uge — (0 + Nutty )i
Moreover, g(-) is a one-parameter symmetry group of (5) if and only if
pr @Y F(x,t,u, Du, D*u,u,) = 0 (7)
holds for any u® = (u, Du, D*u,u,) satisfying
Fle,t,u®) =0, ®)

where u, Du, D*u,u, are regarded as independent variables as usually.
When we consider the solution u of (4) on Riemannian manifold (M, g) which can
be parametrized by global coordinates x € R™, we have

F(x,t,u, Du, D*u,u;) = u; — u"”{g“ (Diju — F@Dw) + uq}, (9)

k
where I';,

1,7,k =1,2,--- ,n are the Christoffel symbols of M.
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3. Proof of the Liouville theorem for the torsion system (1)

In this section, we will prove that the Theorem 1.1 holds true for torsion system (1).

Without some specification, we may only give the proof to
= Mx) + ———,
éz ( ) |ZL‘|2 41

the minus case is similar.
At first, multiplying the second identity of (1) by x'z’, one concludes that

2/ D;j(2'€") + ' Dy(27€7) = 0, Vi # 5. (10)
One also has forall 1 =1,....n
I’lDi(‘%Zfl) — ’$Z|2Di£Z o xlfz — )\|wz’2 =+ ‘x’a; f— 1’3:7,'2 - ngz’ (11)
by the first formula in (1). Adding (10) by two times of (11) and then summing
over all indices 7,7 = 1,2,---, one obtains that
2(z - §)
_ 2 2
z-D(x-§) = Azl +W’l’\ — (- ). (12)
Using polar coordinates (r,0), r = |z| > 0, 0 = é—| € S"!, and expressing
x-&=(r,0), we have
ro, = N, 0)r? + :zﬁw, Vr >0 13)
©(0,0) = ¢o(0), ¢-(0,0) =0, VvOeS"
Solving the above first order ODE, one concludes that
r2+1p [T s?
olr,6) = — LA 82+1A@%md5+cxeﬂ. (14)
Using the initial condition of ¢, there must be C(f) = 0, V0 € S*~. Thus,
e e .
x-&(x) =p(r,0) = PR A 1/\(s, 0)ds, Yz € R". (15)

Next, summing (10) for all j # ¢ and then adding it by (11), we obtain that

4l’k§k
|z|2 + 1

IL’-D(l'ifi)+l’iDi(l'-f) = 2)\]xi\2+ |:15’\2 — 22",

or equivalently
x- D(2'€") +22'¢" =

(i1 T s? , N Y
:_ZD{ A,Hd} A2 |? /‘ (s, 0)d
T . /032+1 (s,0)ds ¢ +2X|z"|” + A (s,0)ds

1 ' r 2 .
= (G )l [ N e 0ds + A 0) (16)
0

r s2+1
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Setting ¥(r,0) = 2'¢, r = |z|, 6 = =, one gets

82

s2+1

1 T
Ty + 2 = <3?" + ;) cos?® 6; / (s, 0)ds + r? cos® ;)\ (r, 0). (17)
0

Solving this ODE, we obtain that

2 =(r,0) = (r+1) COSQQ-/T A5, 6)ds
- ) - r 1 0 52+1 ’
= = = xi/o 82+1/\(S,9)d8. (18)

As a result,

. . x?m? 3 T2
2 D;(z'€") = T 1+ﬁ /o 82+1/\(S,0)ds+r/\(r,0) . (19)

Substituting into (10), one concludes that

r 82 T‘S
A(s,0)ds = ——=\(r,0). 2
| #5600 = ) (20)
Therefore, A is the solution to
4dr
N = — )\, Vr >0
(r2+1)(r2 +3) " (21)
A(0,0) = Xo, 0,A(0,0) =0,
L r?+3
which is given by A(r,0) = )\Om. (22)

Taking derivative on second identity of (18), and comparing both sides of (1), we

derive that
1 N 3x; g2 r—ux;
—l—r*—ar— A(s,0)ds = A(r, 0) (23)
0

s24+1 r

for the function A given by (22). So, there must be Ay = 0 and thus A(z) =0, Vx €
R"™. Now, the conclusion of Theorem 1.1 follows from the following Lemma.

Lemma 3.1.  The unique solution (\,§) € R x C*°(R",R") of

g= A+ 28 v

o (24)
§1E=0, Vit
are given by A =0 and &= Za}xj + b, aé- = —al, Vi#j. (25)
Remark 3.2.  Taking derivauti\]fzjsZ on (24), one gets
L= 20, (E), Vit 0

=20(p), Vi

and hence AE + (n—2)D3¢ =0, V. (27)
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However, since there is no asymptotic assumption of & at infinity, it would be
difficulty to classify all solutions £ using harmonicity formula (27). Fortunately,
using the special structure of system of differential equations (24), one can prove
the Lemma 3.1.

Proof of Lemma 3.1. Multiplying the second identity of (24) by x'z’, one gets
2/ D;j(2"€") + ' Dy(27€7) = 0, Vi # j. (28)
On the other hand, we have for all i =1,...,n

kafk

o' Di(e'd) = e PO — ' = AP+ ey

[« — &', (29)

by the first formula in (24). Adding (26) by two times of (27) and then summing
over all indices 7, 7, one obtains that

2(1‘5) ’$|2—(

x-D(x-&) = Nz|* + lz2 + 1

x-&). (30)

Using the polar coordinates (r,0), r = |z| > 0, § = € S"! and expressing

x-&=(r,0), we have

ro, = Ar? + :31190, Vr >0 (31)
31
©(0,0) = @o(0), ¢.(0,6) =0, VoesS"
Solving the above first order ODE, one concludes that
r?+1
o(r,8) = . [)\ (r — arctan r) + C(@)] (32)
Using the initial condition of ¢, there must be C'(0) =0, V8 € S*~!. Thus,
2
1
z-&(x) =p(r0) = )\|I"x—’i_ (|z| — arctan |z|), Vo € R™. (33)

It is clear that for the solution £ of (24), (26) and (27) also hold true. Therefore,
one concludes that

o @ \p [ =€) _
(a(xz‘)z * a(xj)z)DJ <|x|2 n 1) 0

0 0 B 1 _arctan\x] ac_ﬂ _
:’<8<xi>2+a<w>2){ A(ixmxm I >|z|} v

Using Taylor’s expansion for the function

f(r) = _1{ 1 B arctanr} _ i(—l)k+l2k + Qr%,

r|r(r2+1) 2 — 2k + 3
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o 1 t /

we know that F(z',27) = —)\( 5 _ e ar;|x|>:c_ e C°(R? isa
|z[(l=> + 1) ] |z

smooth harmonic function on (z,27) € R%. Noting that it is also bounded, a

famous Liouville theorem [12] for harmonic function gives the unique possibility by
A =0 and thus
x-&(x) =0, VreR" (35)

Combining 35 with (26), we obtain
£ = Zaéxj +0b" and a;'- = —a{, ai =0, Vi#j.
J

completing the proof of the Lemma 3.1. Thus, we have also completed the proof of
Theorem 1.1. [ |

4. Symmetry group on S"
Let’s start with a well known Hairy ball theorem (refer to a analytic proof by Milnor

[19]).

Theorem 4.1. Suppose that n is even, then there is no non-vanishing tangential
vector field on S™.

As a corollary, we have the following Brouwer type fix point theorem on sphere.

Corollary 4.2. Suppose that n is even. Then for any continuous map f:S™ — S”
satisfyin
fying f(a) # -z, VeeSs,

there is at least one fix point xo € S™.

Proof. Suppose on the contrary, there is a continuous mapping f : S* — S"
satisfying
f(z) # x,—x, VoreS"

Setting v(z) = f(x) — (f(x),z)r, VreS"

we have v is a tangential vector field on S™. Moreover, v does not vanish everywhere
on S" due to |(f(x),z)| < 1 for all x € S™, which contradicts with the hairy ball
Theorem 4.1. The proof is complete. u

Remark 4.3.  The assumption f(z) # —x, Vo € S" can not be removed, since
the inversion transformation is a continuous mapping of S™ which has no fix point.

By Corollary 4.2, we may assume that the symmetry group action has at least one
fix point for n even, as well as for n odd after a rotation SO(1). Without loss
of generality, we may also assume that the fix point is (0,1) € R” x R. Letting
X = (y,z) € R" x R be the coordinate representation of S”, we have the spherical
polar projection P :S"™ — R" given by

Ply,z) =z = % Y(y,z) € S"\ (0,1).
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Regarding = € R™ as local coordinates of S™\ (0, 1), one can express X in terms of

z by 2z |z -1
X = : :
|z]2+ 17 |22+ 1
Therefore, upon this local coordinates, the induced metric g of S™ is given by
_[0X 90X\ 40y
9=\ 921" 923 | ~ (a2 + 1)2

and the Christoffel symbol

1 dgji . Ogu  0gij 2
Fk - = M ]A Z, - Y == < - 1(5 - 52 5@ ) .
J 2g (31’1 + 8x3 al’l |£(]|2+1 Zi0jk X r+ Tk J

Thus, the Laplace-Beltrami operator becomes

10 .0 N 9
- — i 2 ) = g _rk
o @w«ﬁgw>g<wmjnw»

_ (=P +1)? |2+ 1
= 1 A —(n—2) 5 Vv,
0? 0 0
where AE% W, VE<%,...’%>

are the canonical Laplace operator and gradient operator of R™ under flat metric,
respectively. Suppose that

v =&, t, u)% + n(z, t,u)% + (ﬁ(x,t,u)aﬁu
to be an infinitesimal generator of one-parameter symmetry group g(¢),e € R, we
have the prolongation formula is given by (6). Using spherical polar projection, (9)
changes to
(|=[* + 1) |z[* +1

4 2
Therefore, the group action g(-) is a one-parameter symmetry group of (36) if and
only if

A — (n—2)

uuy = x-Vu+ul. (36)

(Jz* + 1)

ru" g+ u" @t = (|22 + D' Au + 1 ¢

.y 241 241
—(n— 2){%‘25133 -Vu + mTjLuiéz + 2 2+

:ciqﬁi} + qui™to. (37)
Comparing the like terms on both sides of (37), one gets

Ak , ; j
-1 k T ; 1 — 1 1
TU ¢—ﬁt—mf +26 =0 Vi, §+&=0Vi#j
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. x| +1 _
1— k . Cogik ek kil
—|—<77t+( n)qﬁu)x + (2 n){|x|2+1§x +¢ fzx} 0 Vk
2 1)2 2 '
(= gt 0+ o + (6, —myut - P g o g B F L g
or equivalently & =¢*x,t), n=n@), ¢=alz,t)u
2§i——7”04($7t)+77t+m Vi, §+&=0Vi#]
(r +1 = gale, t) = m]u? + (e, ! = utrya =0 (38)
2 1 2 2 1
u"0pER — N\ EF + —(|x| ; ) Dya + = 2+ {nt +(1-n-— r)a}xk

+(2 - n){(xifi)wk - WTH&} =0 Vk

So, our situation can be divided into five cases:

Case 1: (¢,7+ 1,1 pairwise not equal) By the 4th and 5th identity in (38), we get

p

0= o ) =B, € =g (39)
§ = sty +pEas Vi
and S e (40)
&+¢ =0, viZJ
and, where & = (¢4, &),
§  JB2-n—gq y
Agf_@_n)l_z{T—qu@_n)y'f}(l—z)?' (41)

Applying Theorem 1.1 to (39) and (40), one gets

¢=> aial +V, p=0.

JFi
Substituting into (41) and noting that (n — 2) Z {bi + (bjyj):ci} =0 for all 7, we
j=1
conclude that
a=0, n(t)=7, &= daal, aj=—a Vi#] (42)

J#i
Therefore the infinitesimal generators are spanned by

71 = aty 72 = Za;m]aﬂ )

JFi
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and their corresponding group actions are generated by
gi(e) : (z,t,u) = (T,6,0) = (x,t + ¢, u)

g2(e) ¢ (x,t,u) = (Z,t,0) = (Acx, t,u), A: € SO(n)

corresponding to translation in time and rotation on space.

Case 2: (¢ =71+ 1+#1) By the 4th identity in (38), one obtains
a(w,t) =n(t) + B(x), n(t) =re" =, & =Ex), AL=0
& =5y —B@)| + 2t i
&+& =0, Vi

and

where DS = (S, , Fn),
§

—z

Agg—(Q—n)l

2DB

:{(1—71)/{6”—}—(1—n—?”)[ﬂ(:v)—w}+(2—n)y‘§} y

(=22 (12

Applying Theorem 1.1 to (45), one concludes that 5 = and
¢ =aka? + 0", k.

So, we get o= ke, n=ret —q, &= Zaij. a; = —a{, Vi # j.
7k

Thus, the infinitesimal generators are spanned by

v = ertat + ertuau’ v 2 = 8ta v 3= ai'zjaxi>
J
J#1

and their corresponding group actions are generated by

x z x
g1(e) : t =1t |= —LIn(e™"" —re)
~ 1
u u u(e ™ —re)Tre
and g2(e) : (w,t,u) = (T,1,0) = (2, + &, ),

g3(e) ¢ (z,t,u) = (T,£,0) = (Acx,t,u), A. € SO(n).
Case 3: (¢=1%#r+1) We have &¥ = ¢*(z),
a=a(z), n=PFt+y, &=¢@), Na—-rat+p=0,
26l = —ra(z) + B+ 2555, Vi
&+& =0, Vi

and

(43)

(44)

(45)

(47)

(48)

(49)

(51)

(52)

(53)
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and

13 2Da

D= @=n)=— = {8+ @-n-ra+y e}~

By Theorem 1.1 and (53), one obtains that
a=—, n=pt+-, §k = Za?:vj, a;- = —az, Vi #£ j.
i#k
Thus, the infinitesimal generators are spanned by

Uy =td, +u/rd,, TVs=0, Us= Zaj-xj(?xi,

J#i
and their corresponding group actions are generated by
g(e)  (z,t,u) = (T,1,0) = (x,eet,ee/ru)
g2(e) ¢ (xz,t,u) = (T,6,0) = (z,t + e, u)
gs(e) = (x,t,u) = (T,1,0) = (A.x,t,u), A. € SO(n).
Case 4: (r+1=1%#q) We have " = £*(z,t) and

(1—(])0&(1‘,15) =M 6

o — —(\x|2;-1)2 Ao — —'miﬂx -Va=0 4
2 = B+ ek, i
and ' ‘
g+e =0, Vi #
and
3 B2—-n—gq) Y
_ _ S S SR VAR () . )

Applying Theorem 1.1 to (59), one concludes that

a=0, n=ry, &=> dit)al, af(t)=—al(t), Vj#k
J#k
Substituting into (60), there holds

Z@taf(t):cj =0, Vk
J#k

or equivalently ¢¥ = £*(x),Vk. So, the infinitesimal generators are spanned by

71 = aty 72 = Za;‘xj@xia

JFi

Q=22 (=27

403

(54)

(55)

(56)

(57)

(60)

(61)
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and their corresponding group actions are generated by
gi(e) : (z,t,u) = (T,6,0) = (x,t +¢,u)
g:(e) + (z,t,u) = (T,t,0) = (Az,t,u), Ae SO(n) (62)

corresponding to translation in time and rotation on space respectively.

Case 5: (¢=7+1=1) We have
— AQOK = Tt (63)

2£ =T + |$‘2+1£k Vi
and (64)

&+ =0, Vi#j

and

& = —{Ut+(1—”)a+<2_n)y ' 5}(1_yz)2 C(1=2)%

Using again Theorem 1.1, we infer from (63)—(64) that
— D=0, n=7, &= d)a!, af(t)=—alt), Vj#k (66)

ik
Combining (65) with (66), one concludes that
(1—n)a* (Jz?+1)%
D = — oa’ (t)x? 67
O+ 2P+ 1 ; 5 ]()x (67)

Taking the second derivative with respect to z! we obtain

Okl 2kt xk
Dua=—(1— - —(1-n)——D
e ”){|x|2+1 (R e A e e

_ 2 Lja kip (2> +1)? IN2([ 012 k

2|27 +1) Y 2laiodi(t) S 2 (e +1) O (t). (68)
J7#k.3#

Substituting (67) into (68), one derives that

) k.l
Dkla+(1—n){ k_l‘_l—l—(n—?))L)Q}a

|z (> +1

= |:1c|2 Z a1 9yali(t) — 2(|x)* + 1) Z ala! 0,af(t)

i#k gl i#k

" (jaf? + 1)@ PO (t) — (o + 1>{ iy 2<w’>2}ataf<t>.

Exchanging the indices k,[ and using the symmetry of second derivatives, we get

L ; n Z xj{xkatag (t) — xl(?ta?(t)}

#k

—{<|xy2 1) 42 3 n [(xk)Z + (xlﬂ }ataf(t) —0, Vk#L
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Consequently, we get a?(t) = a?, Vi #k

and so a=p8, n=r, §k:Za§xj, afz—ai, Vi # k.
J#k
Thus, the infinitesimal generators are spanned by
71 = u@u, 72 = 8t, 73 = Za;%jaxi,
J#i
and their corresponding group actions are generated by
gi(e) : (z.t,u) = (T,6,70) = (z,t, e u)

g2(e) + (z,t,u) — (f,f,ﬂ) = (x,t+¢e,u)

gs(e) : (z,t,u) — (’i,f,ﬂ) = (Acz,t,u), A. € SO(n).

5. Symmetry group on H"

405
(69)

(70)

(71)

As one knows, Hyperbolic space H",n > 2 is a complete, simply connected Rieman-
nian manifolds having constant sectional curvature —1. The most important mod-
els of hyperbolic spaces include the Poincaré balls, half-spaces and hyperboloids (or
Lorentz model). In this section, we only discuss the Poincaré balls By C R",n > 2,

which equipped with a complete metric

2
2 -
0= () e =2 e,

whose Christoffel symbol is given by

2 ort  Oxi  Ox!

| (991 Oga  Ogi > |
Fsz—gkl( It 29 _ g])— (xz jk+$]5ik—$k5ij>-

“1- [z

Thus, the Laplace-Beltrami operator

1 0 0 g 0? 0
Ny = —— b | = g¥ Tk
! V9 oz <\/§g OxJ > g (83:@1:7 “ 895’“)

1— 2\2 1 — 2
S el D NI E e LSS 3
4 2
and (9) changes to
1_ 2\2 1_ 2
uuy = #Au + (n — Z)ix -Vu +u?.

As above, suppose that

7 = 5 (x,t,u)% + 77(%@“)& + (b(x,t,u)%
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is an infinitesimal generator of the one-parameter symmetry group g(e), € € R,
where the prolongation pr® 7% is given by (6). Therefore, the group action g(-) is
a one-parameter symmetry group of (73) if and only if

o 1—|z?)? ..
Turflutcﬁ—l—ur(bt — _(1 o ’%‘2>$161Au+ ( Z|l‘r| ) (bu
1—|z? 1—|zf?

Hn—m{—ﬂ&va+ w + 1=

x%i} + qut . (74)
Comparing the like terms on both sides of (74), we get

Az* o
ru—1¢—nt+1 ||2§ +28 =0 Vi, &+& =0 Vi#]j

2 rek 1— ‘iL"Q
R 2

(204 — ANEF) — ru o

+<77t‘|‘ (1 —n)¢u>xk+ (2 —n){ 1 Eﬁ;’ﬂwkﬂ%k —ffivi} =0 Vk,

1 — |2[2)2 ]2
(r—q@ut'+u"dy + (¢ — mr)u? — %Agﬁ + (2 — ) 2| | z'p; =0,
or equivalently zit = &F(x,t), n=nt), ¢=alz,t)u,
. Axkek A ,
2§z:—m<x,t>+m—1f—|il2 el =0 Vit
[(r +1—q)a(z,t) — nt] u? + ay(z, )" — ul,a =0, (75)

1 — [2[2)2 1— |zl
u"OhER — N EF + A==l 2\x| ) Do — —2|x| {nt +(1—n-— r)a}xk

. igiyk ‘53 ? ok _
+(2—n)s (2'&")a” — ———€" =0 Vk.
As in Section 4, our results are divided into five cases:

Case 1: (gq,r+1,1 pairwise not equal) By the 4th and the 5th identity in (75) one
has

o= ) =Bt ¢ = (76)
and TR tg Tt ()
g+6=0, Vit ]

and for £ = (&, -+, €M),
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Applying Theorem 1.1 to (77), one concludes that

a=0, nt)=7, &= dal, d =—al, Vi#j
J#
Therefore the infinitesimal generators are spanned by
vy =0, Uy = Za§$j8xi,
i

and their corresponding group actions are generated by

gi(e) : (z,t,u) = (T,6,0) = (x,t + &, u)

g2(e) + (z,t,u) = (T,1,0) = (Az,t,u), Aec SO(n).
corresponding to translation in time and rotation on space.

Case 2: (¢=r+1+# 1) By 4th identity in (75), we get

a(z,t) = n(t) + Bz), n(t)=re" —v, & =¢E"(x), DB =0

T 22L‘k .
. f=5p -] - o pet Vi
§+& =0, Vi
and, where DB = (B, , Bn),
Agg—(Z—n)lfz

—{ e+ (mnn)[B0) 2] + @-miy- € f s + o

1—2)2 " (1—2)

Applying Theorem 1.1 to (82), one concludes that 5 =~ and
¢ =diad + V", V.
So, we get
a=re, n=ret —~, &= Za?xj. a; = —a{, Vi # 7.
i#k
Thus, the infinitesimal generators are spanned by
71 = e"0, + e"ud,, 72 = 0, 73 = Zaéxjami,
J#i
and their corresponding group actions are generated by

T T T
g1 (E) : t — t — _% ln(e—rt . 7,6)
U u u(e™"t — Ts)_%eft
and 92(e) : (z,t,u) = (T,4,7) = (x,t + &, u)

g3(e) : (z,t,u) — (f,zﬂ) = (A.x,t,u), A. € SO(n).

407

(79)

(86)

(87)

(83)
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Case 3: (¢=1%#r+1) We have £ = ¢*(z) and
a=a(x), n=PFt+y, &=£@), Mpa—ratpf=0,

, 4akek
2% = —ra(e) +f ~ T,

g +¢ =0, Vi j

and vi

and
Y 2D«

Agf—(Z—n)L:{ﬁ+(2—n—r)oz+y~£}(1_z>2+(1_Z)2.

11—z
By Theorem 1.1 and (90), one obtains that

B k k,.j i j . .
&:;7 77:5754‘% é- :Zajmjv a; = —a;, vll?éj
%k
Thus, the infinitesimal generators are spanned by
71 = tat + u/r@u, ?2 = (9,5, ?3 = Z a;-.ﬁb’jaxi,
J#i
and their corresponding group actions are generated by
gi(e) : (z.t,u) = (T,6,0) = (z,et, e/ )
g2(e) ¢ (z,t,u) = (T,6,0) = (z,t + e, u)
g3(e) : (x,t,u) = (T,1,0) = (A.x,t,u), A. € SO(n).

Case 4: (r+1=1%#¢q) One has " = *(x,t) and

(1 - Q)Oé(.%,t) =M B
1—|z[?)? 1—|z|? = n=pt+y, a=-——
at—ﬂﬁa—(n—Z)ﬂx-Vozzo 1
4 2
26} = B — ek, Vi
and .
§+& =0, Vi# ]
and

atg—Ang—n)lfz:—{m%q‘%(z—n)y-g} v

Applying Theorem 1.1 to (96), one gets that

a=0, n=ry, &= d®)al, af(t)=—al(t), Vj#k
j#k
Substituting into (97), one gets

> oaf(t)a’ =0, Vk
Jj#k

(1-2)*

(91)

(92)

(94)

(95)

(96)

(98)
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or equivalently, &¥ = £*(x) Vk. Therefore the infinitesimal generators are spanned by

U =0, Uy = Za?.rj@xi,
J#
and their corresponding group actions are generated by
gi(e) : (z.t,u) = (T,6,0) = (x,t + e, u)
g2(e) ¢ (. t,u) = (T,6,0) = (Az, t,u), Ae SO(n)
corresponding to translation in time and rotation on space respectively.

Case 5: (¢=7+1=1) We have

ar— Dgoe =1
) 4k
261 =, — koY
and & 7t 1—\1’]25’ !
£ +¢& =0, Vi # j
and

2D«

&
1

O —DyE+(2—n) s :—{nt+(1—n)a+(2—n)y.§} Yy

By Theorem 1.1, we infer from (100)—(101) that
o =Dy =0, n=", &= at)r’, aj(t)=—ai(t), Yj#k
ik
Combining (102) with , one concludes that
(n—1)z (1-— |x|
Dya + W - Z ()
Jj#k
Taking the second derivative with respect to z! we obtain

Okl 2kt xk

Duar = —(n — U{ 1= [aP (A= [2])? }“ D phe

v Jaf) 3 a'wiaa(e) - { 5 - 2 - o) oo

J#k,j#

Substituting (104) into (105), we derive that

5kl xkxl

(1-2)  (1-2)*

(99)

(100)

(101)

(102)

(103)

(104)

(105)
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Exchanging the indices k, [ and using the symmetry of second derivatives, we receive

> ; n Z :Uj{xkataé () — :L’l@taf(t)}

ik

+{<1 ) 42 3 n [(ﬁ)? + (W] } Bak(t) =0, Wk #£1.
Consequently, we have ab(t)=dl, Vj#k (106)
and so a=08, n=n1,8&= a?mj, a;? = —ai, Vi # k. (107)
J#k

Thus, the infinitesimal generators are spanned by

71 = u@u, 72 = (9,5, ?3 = Z a§-$jami, (108)
JF#

and their corresponding group actions are generated by

gi(e)  (z,t,u) — (%,f,ﬂ) = (x,t,eu)
g2(e) : (z,t,u) — (f,%;,ﬂ) = (z,t+¢,u) (109)
g3(e) : (z,t,u) — (T,t,0) = (Acx, t,u), A. € SO(n).
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