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Abstract. Our purpose is to introduce by means of co-adjoint representation of a Lie groupoid
on its isotropy Lie algebroid a class of Lie groupoids. In other words, we show that the orbits of
the co-adjoint representation on the isotropy Lie algebroid of a Lie groupoid are Lie groupoid. We
will call this type of Lie groupoid, co-adjoint Lie groupoid. Also, we try to construct and define
Hamiltonian systems on the co-adjoint Lie groupoids. By considering the trivial Lie groupoid as an
example, we show that our construction can be considered as a generalization of the construction
of the Lie groups to the Lie groupoids. Finally we present the types I and II of Hamilton-Jacobi
theorem of the Hamiltonian system corresponding to the co-adjoint Lie algebroid.
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1. Introduction
As we know, the theory of Lie groupoids is a generalized theory of Lie groups.
Unfortunately, for the Lie groupoid there is not a normal adjoint and co-adjoint
representation. So, the authors, solve this by different methods [8].
Also, it is well-known that the co-adjoint orbits of a Lie group are symplectic
manifolsd and therefore they are natural candidates for phase space of Hamiltonian
systems. Hamiltonian systems on the phase space of this type endowed with the
standard Lie-Poisson bracket. The natural methods for describing this type of
systems are provided by the theory of Lie groups and Lie algebras[2]. For studying
the structure of Hamiltonian systems on co-adjoint orbits one can see [13].
In this work, we introduce a new class of Lie groupoid by using adjoint and co-
adjoint action, naturally, analogue to Lie groups and Lie algebras. By considering
some examples, exactly, the well-known trivial Lie groupoid, one can see that our
theory of Hamiltonian systems on co-adjoint Lie groupoid is the generalization of
Hamiltonian systems on Lie groups. On the other hand, in [5] authors defined
Poisson structure on dual of a Lie algebroid of a Lie groupoid. In this work we show
that this Poisson structure on dual of co-adjoint Lie algebroid for trivial Lie groupoid
give us the well-known Kirillov-Kostant bracket on the dual space of the tangent
space of co-adjoint orbit of a Lie group. So, as a result for every Hamiltonian section
on dual of co-adjoint Lie algebroid we obtain the interesting correspondence between
Hamiltonian vector field on dual space of trivial Lie algebroid and Hamiltonian
vector field on dual space of tangent space of co-adjoint orbit of the Lie group.
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The Hamilton-Jacobi theory was developed in 1866 by Jacobi. Then Abraham
and Marsden took this issue from a geometric perspective [1] and using what they
put forward, Wang was able to introduce two types of Hamilton-Jacobi theory of
Hamiltonian system on the cotangent bundle [14]. Also, de León et al. were able
to apply the version of Abraham and Marsden to Lie algebroid [5]. Finally, in our
previous article [6], we express the types I and II of the Hamiltonian-Jacobi theory
of the Hamiltonian system on Lie algebroid.
In the last section of this article, using the concepts stated in [6], we present the
types I and II of Hamilton-Jacobi theorem of the Hamiltonian system corresponding
to co-adjoint Lie algebroid.

2. Some basic concepts and definitions

2.1. Review of Lie groupoid and Lie algebroid conceptions
Let us have a survey on some definitions about Lie groupoids [9] and related con-
ceptions that we can consider in this paper (for review see [3] and [4] and [10]).

Definition 2.1. A groupoid consists of two sets G and M together with struc-
tural mappings α, β, 1, ι and m, where α, β are mappings from G to M, and are
called source and target mappings, respectively. 1 : M −→ G is the unit mapping,
ι : G −→ G is the inverse mapping and

m : G2 = {(g, h) ∈ G×G | α(g) = β(h)} −→ G

is called the multiplication mapping.
A groupoid G over M will be denoted by G⇒M .
A Lie groupoid is a groupoid G ⇒ M for which G and M are smooth manifolds,
α, β, 1, ι and m, are differentiable mappings and besides, α, β are differentiable
submersions.

Definition 2.2. Let G ⇒ M be a Lie groupoid. A smooth map σ : M −→ G
is called a bisection of G if it is right inverse to α : G −→ M, (α ◦ σ = idM) and
β ◦ σ :M −→M is a diffeomorphism.
As mentioned in [9], for each bisection σ, the left translation corresponding to σ is
defined as Lσ : G −→ G, g 7−→ σ(βg)g , and the right translation corresponding
to σ is defined by Rσ : G −→ G, g 7−→ gσ

(
(β ◦ σ)−1(αg)

)
.

Definition 2.3. Let G ⇒ M be a Lie groupoid and U ⊆ M be an open subset
of M . A map σ : U −→M is called a local bisection of G if it is right inverse to α
and β ◦ σ : U −→ (β ◦ σ)(U) is diffeomorphism, where β ◦ σ(U) is an open set in
M.

Proposition 2.4. Let G be a Lie groupoid over M. For g ∈ G, there is a local
bisection σ such that σ(αg) = g.

Proof. see [9].

The definition of a groupoid’s left action on the smooth mapping is presented below,
which there is a similar concept of a right smooth action.
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Definition 2.5. A smooth left action of a Lie groupoid G on a smooth map
J : N −→ M is a smooth map θ : G α × J N −→ N which satisfies the following
properties:

1. For every (g, n) ∈ G α × J N, J(g.n) = β(g),

2. For every n ∈ N, 1J(n).n = n,

3. For every (g, g′) ∈ G2 and n ∈ J−1(α(g′)), g.(g′.n) = (gg′).n

(where g.n := θ(g, n) and θ(g)(n) := θ(g, n)).

Definition 2.6. A Lie algebroid A over a manifold M is a vector bundle τ :A→M
which is equipped with the following data:

1. A Lie bracket [| , |] on the space of smooth section of τ, for which that space
is a Lie algebra [| , |] : Γ(τ)× Γ(τ) −→ Γ(τ) , (X,Y ) 7−→ [|X,Y |].

2. A vector bundle map ρ : A −→ TM called the anchor map such that we have
for X,Y ∈ Γ(τ) and f ∈ C∞(M),

[|X, fY |] = f [|X,Y |] + ρ(X)(f)Y.

Definition 2.7. Let G⇒M be a Lie groupoid with structure mappings α, β, 1, ι
and m. The Lie algebroid corresponding to the Lie groupoid G⇒M is defined as

AG := kerTα|1p

where α : G −→ M is the source mapping of the Lie groupoid G ⇒ M , and
Tα : TG −→ TM is the tangent mapping of α. AG has Lie algebroid structure as
follows: If we consider the Lie algebroid AG as a vector bundle τ : AG −→M, it is
well-known that there exists a bijection between the space of sections Γ(τ) and the
set of left (right) invariant vector fields on G (see [9]).
If X be a section of τ : AG −→ M, right invariant and left invariant vector fields
corresponding to X are, respectively, defined by

−→
X (g) = TRg(X(β(g))) and ←−

X (g) = −T (Lg)T (ι)(X(α(g)),

where Lg and Rg are left translation and right translation corresponding to g ∈ G.
By using the above information, Lie algebroid structure ([| , |], ρ) on AG can be
introduced as follows:

1. The anchor map ρ : AG −→ TM , ρ(X)(x) = T1(p)β(X(p)) , where X ∈ Γ(τ) ,
p ∈M.

2. Lie bracket: Γ(AG)× Γ(AG) −→ Γ(AG)

[|
−−→
X,Y |] := [

−→
X,
−→
Y ], ([|

←−−
X,Y |] := −[

←−
X,
←−
Y ])

where X,Y ∈ Γ(τ) and [ , ] is standard Lie bracket of vector fields.

Similar to the action of the Lie groupoid on smooth mapping (Definition 2.5), the
definition of action of a Lie algebroid on a smooth mapping will be as follows:
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Definition 2.8. An action of a Lie algebroid (A,M, π, ρ, [| , |]) on the map
J : N −→ M is a map θ : Γ(A) −→ X(N) which for all f ∈ C∞(M) and X,Y ∈
Γ∞(A), satisfies the following properties:

1. θ(X + Y ) = θ(X) + θ(Y )

2. θ(fX) = J∗fθ(X)

3. θ([|X,Y |]) = [θ(X), θ(Y )]

4. TJ(θ(X)) = ρ(X)

where J∗ : C∞(M) −→ C∞(N) such that J∗f = f ◦ J ∈ C∞(N) is the pullback of
f by J .

Remark 2.9. Let θ be the action of a Lie groupoid G on smooth map J : N −→M
which was introduced into definition 2.5. As mentioned in [3], every action of a Lie
groupoid G on J : N −→ M induce an action θ′ of a Lie algebroid A(G) on
J : N −→M as follows:

θ′(X)(n) :=
d

dt
|t=0 Exp(tX)J(n).n.

Definition 2.10. Let G be a Lie groupoid over M. Then G is a regular Lie
groupoid if the anchor (β, α) : G −→ M ; g 7−→

(
(β(g), α(g)

)
is a mapping of

constant rank.

Remark 2.11. In the following, throughout the article, we assume that G be a
regular Lie groupoid over M.

2.2. The adjoint and co-adjoint actions
In this subsection, we will briefly discuss some concepts to see how adjoint and
co-adjoint actions are constructed and defined, which one can refer to [3] for more
details.
Let G ⇒ M be a Lie groupoid over M . The isotropy group of G ⇒ M is defined
by Ip = α−1(p) ∩ β−1(p) where p ∈ M is an arbitrary element of M . It is well-
known that Ip is a Lie group where its composition law and inverse map are the
restrictions of multiplication map m and inverse map ι to Ip, respectively. The
union of all isotropy groups Ip when p rounds over in M construct a groupoid over
M , i.e. IG = (∪Ip)p∈M is a groupoid over M . Note that the isotropy groupoid of
Lie groupoid is not a smooth manifold in general, see example A.10 in [12].

Lemma 2.12. Let G be a regular Lie groupoid, then its associated isotropy
groupoid is Lie groupoid.
Proof. see [12]
We denote the associated isotropy Lie groupoid to Lie groupoid G⇒M by IG and
the Lie algebroid associated to isotropy Lie groupoid by AIG and call it isotropy
Lie algebroid.
Consider Lie groupoid G⇒M and its associated isotropy Lie groupoid IG. G acts
smoothly from the left on J : IG −→M by conjugation, it means C : G×IG −→ IG,
C(g)(g′) := gg′g−1 is an action of G on IG which we call it conjugation action.
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On the other hand, the conjugation action induces an action of a Lie groupoid G on
AIG −→ M . We call this action adjoint action of G on AIG which can be defined
as follows:

Ad : G× AIG −→ AIG, AdgX :=
d

dt

∣∣∣
t=0

C(g)Exp(tX)

where p ∈M , g ∈ Gp = α−1(p) (the α-fibers over p) and X ∈ (AIG)p.

According to Remark 2.9, the action Ad induces an adjoint action of AG on
AIG →M as follows:

ad : AG× AIG → AIG, adXY = ad(X)(Y ) :=
d

dt

∣∣∣
t=0

Ad(Exp(tX))Y

where X ∈ (AG)p, Y ∈ (AIG)p and p ∈M.

One can easily prove that for every X ∈ Γ(AG) and Y ∈ Γ(AIG)

adX(Y ) = [|X,Y |].

Another action of G on dual bundle A∗IG which is called co-adjoint action of G, is
defined as follows:

Ad∗ : G× A∗IG −→ A∗IG, Ad∗gξ(X) := ξ(Adg−1X).

In other words 〈Ad∗gξ,X〉 = 〈ξ, Adg−1X〉 where g ∈ Gp, ξ ∈ (A∗IG)p.

Again, as previously stated (remark 2.9), the action Ad∗ induces so-called co-adjoint
action of a Lie algebroid AG on A∗IG which is defined by:

ad∗ : AG× A∗IG −→ A∗IG, ad∗Xξ(Y ) := ξ(ad−X(Y )) = ξ([|Y,X|])

or 〈ad∗Xξ, Y 〉 = 〈ξ, ad(−X)Y 〉 where ξ ∈ (A∗IG)p.

3. Co-adjoint orbits
In this section, we define the orbits of co-adjoint action of Lie groupoid using the
actions which we discussed in the previous section and show that these orbits of
co-adjoint action of Lie groupoid are themselves a Lie groupoid.

Definition 3.1. Let G⇒M be a Lie groupoid. We define the orbit of co-adjoint
action of a Lie groupoid G as follows:

O(ξ) = {Ad∗gξ | g ∈ G}

where ξ is an element of (A∗IG)p . We call O(ξ) co-adjoint orbit of the Lie groupoid
G.

3.1. Co-adjoint Lie groupoid
In the later, we try to equip the groupoid structure on the co-adjoint orbit O(ξ)
over M.

Let G⇒M be a Lie groupoid with source, target, multiplication, unit and inverse
mapping α, β, m, 1, ι, respectively. We claim that O(ξ) is a Lie groupoid over
M. So, we introduce the structural mappings of O(ξ) as follows:
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1. source mapping: α′ : O(ξ) −→M ; Ad∗gξ 7−→ α(g),

2. target mapping: β′ : O(ξ) −→M ; Ad∗gξ 7−→ β(g),

3. multiplication mapping: m′ : (O(ξ))2 −→ O(ξ);

(Ad∗gξ, Ad
∗
hξ) 7−→ Ad∗m(g,h)ξ = Ad∗ghξ,

4. unit mapping: 1′ :M −→ O(ξ); p 7−→ Ad∗1pξ,

5. inverse mapping: ι′ : O(ξ) −→ O(ξ); Ad∗gξ 7−→ Ad∗g−1ξ.

We call α′, β′,m′, 1′ and ι′, source, target, multiplication, unit and inverse mapping,
respectively, for Lie groupoid O(ξ).

Theorem 3.2. The orbits of co-adjoint action of any Lie groupoid, are Lie
groupoids.

Proof. Let G be a Lie groupoid over smooth manifold M. Consider co-adjoint
action Ad∗ of G which is introduced in subsection 2.2. For an arbitrary element ξ
in (A∗IG)p , consider the orbit O(ξ) with the structure mappings α′, β′,m′, 1′ and
ι′ . In order to O(ξ) be a groupoid over M with α′, β′,m′, 1′ and ι′ , one must check
the following conditions:

1. α′(g′h′) = α′(h′), β′(g′h′) = β′(g′) for all g′, h′ ∈ (Gξ)2.

2. (g′h′)j′ = g′(h′j′) for all g′, h′, j′ ∈ Gξ s.t α′(g′) = β′(h′), α′(h′) = β′(j′).

3. α′(1′p) = β′(1′p) = p for all p ∈M.

4. g′(1′α′(g′)) = g′, and (1β′(g′))g
′ = g′ for all g′ ∈ Gξ.

5. each g′ ∈ Gξ has a two-sided inverse g′−1 such that

α′(g′
−1

) = β′(g′), β′(g′
−1

) = α′(g′) and g′
−1

g′ = 1′α′(g′), g′g′
−1

= 1′β′(g′)

Here, we only check parts 1 and 5 for example. The other relations can be checked
similarly.

1. By definition of the source and target mappings, for every g′, h′ ∈ Gξ2 , we have

α′(g′h′) = α′(Ad∗ghξ) = α(gh) = α(h) = α′(h′),

and β′(g′h′) = β′(Ad∗ghξ) = β(gh) = β(g) = β′(g′).

2. Let g′ = Ad∗gξ ∈ Gξ, where g ∈ G. Based on well known properties of the Lie
groupoid G⇒M, we have

α′(Ad∗g−1ξ) = α(g−1) = β(g) = β′(Ad∗g−1ξ)

and β′(Ad∗g−1ξ) = β(g−1) = α(g) = α′(Ad∗g−1ξ).

Also Ad∗g−1ξ . Ad∗gξ = Ad∗g−1.gξ = Ad∗1α(g)
ξ = 1′α′(Ad∗gξ)

and Ad∗gξ . Ad
∗
g−1ξ = Ad∗g.g−1ξ = Ad∗1β(g)ξ = 1′β′(Ad∗gξ)

.
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As we know, associated to the smooth groupoid action G on A∗IG −→ M is an
action Lie groupoid GnA∗IG over A∗IG whose orbits are the same as the orbits of
the action and the set of orbits is a submanifold of A∗IG (see Theorem 1.5.11 in [9]
for more details). So O(ξ) is smooth submanifold of A∗IG.
In addition, since G ⇒ M is a Lie groupoid, its structural mappings have the
properties described in Definition 2.1. So, according to definition of mappings
α′, β′,m′, 1′ and ι′, they inherit these properties from structural mappings of Lie
groupoid G⇒M. Therefore, O(ξ) ⇒M is a Lie groupoid.
As a result, we obtain O(ξ) has a Lie groupoid structure on M , with structural
mappings α′, β′,m′, 1′ and ι′ , and we will call this Lie groupoid co-adjoint Lie
groupoid and denote it by Gξ .
In the following, using the definition of bisection and some related content, we will
define bisection and related concepts for the co-adjoint Lie groupoid.
At first, we recall following theorem that is proven in [9] and actually introduces
the tangent mapping of multiplication mapping m . We will use this theorem to
establish a key lemma, which is an important tool for purposes of our work in this
paper.
Theorem 3.3. Consider the Lie groupoid G⇒M and its multiplication mapping
m. Let σ, τ be any (local) bisections of G that σ(αg) = g and τ(αh) = h. Assuming
that X ∈ TgG, Y ∈ ThG and Tα(X) = Tβ(Y ) = W. Then

X.Y = Tm(X,Y ) = TLσ(Y ) + TRτ (X)− TLσTRτ (T (1)(W )).

Definition 3.4. Let G ⇒ M be a Lie groupoid. We define a bisection of the
co-adjoint Lie groupoid Gξ corresponding to a bisection σ of G as follows:

σ′ : M −→ Gξ, p 7−→ Ad∗σ(p)ξ

One can easily check that σ′ is a right inverse to source map α′ , that is, σ′ is a
bisection corresponding to σ .
Now, similar to Definition 2.2, in the next definition we present left and right
translations corresponding to bisection σ′ of the co-adjoint Lie groupoid Gξ as
follows:
Definition 3.5. Let σ′ be a bisection of the co-adjoint Lie groupoid Gξ ⇒ M .
We define the left and right translations corresponding to σ′ , respectively, as follows:

Lσ′ : Gξ −→ Gξ
Ad∗gξ 7−→ σ′(β′(Ad∗gξ))Ad

∗
gξ = σ′(β(g))Ad∗gξ = Ad∗σ(β(g))ξ . Ad

∗
gξ = Ad∗σ(β(g))g ξ,

and Rσ′ : Gξ −→ Gξ, Ad∗gξ 7−→ Ad∗gξσ
′((β′ ◦ σ′)−1α′(Ad∗gξ))

= Ad∗gξ((β
′ ◦ σ′)−1(α(g))) = σ′((β ◦ σ)−1α(g))

= Ad∗gξ . Ad
∗
σ((β◦σ)−1α(g))ξ = Ad∗g.σ((β◦σ)−1α(g))ξ.

Their tangent mappings are obtained by:
TLσ′ : TGξ −→ TGξ

ad∗Xξ 7−→ Tσ′(Tβ′(ad∗Xξ)) ad
∗
Xξ = Tσ′(Tβ(X))ad∗Xξ

= ad∗Tσ(Tβ(X))ξ . ad
∗
Xξ = ad∗Tm(Tσ(Tβ(X)),X)ξ



500 Haghighatdoost and Ayoubi

and TRσ′ : TGξ −→ TGξ
ad∗Xξ 7−→ ad∗Xξ . Tσ

′((Tβ ◦ Tσ)−1(Tα(X)))

= ad∗Xξ . ad
∗
Tσ((Tβ◦Tσ)−1α(X))ξ = ad∗Tm(X,Tσ((Tβ◦Tσ)−1Tα(X)))ξ.

Now, we describe and prove a useful lemma that is the result of Theorem 3.3.

Lemma 3.6. Let G⇒M be a Lie groupoid and m be its multiplication mapping.
Suppose that X ∈TgG, Y ∈ThG where Tα(X) = Tβ(Y ) = W, and σ, τ are bisec-
tions of G that satisfy the conditions of Theorem 3.3. For bisections σ′, τ

′ of Gξ
and for arbitrary members η1 = ad∗Xξ, η2 = ad∗Y ξ such that Tα′(η1) = Tβ′(η2), we
have

Tm′(η1, η2) = ad∗Tm(X,Y )ξ,

where m′ is the multiplication mapping of the co-adjoint Lie gruopoid Gξ ⇒M.

Proof. Note that for every η1 = ad∗Xξ, η2 = ad∗Y ξ such that Tα′(η1) = Tβ′(η2),
we have Tα′(η1) = Tα′(ad∗Xξ) = Tα(X) = W.

Thus, according to Tα(X) = Tβ(Y ), one can obtain Tα′(η1) = Tβ′(η2) = W.
On the other hand, according to Theorem 3.3

Tm′(η1, η2) = TLσ′(η2) + TRτ ′(η1)− TLσ′TRτ ′(T (1
′)(W ))

By doing simple calculations, we obtain

TLσ′(η2) = ad∗Tm(Tσ(Tβ(Y )),Y )ξ = ad∗Tm(Tσ(Tα(X)),X)ξ = ad∗Tm(X,Y )ξ,

TRτ ′(η1) = ad∗Tm(X,Tτ((Tβ◦Tτ)−1Tα(X)))ξ

= ad∗Tm(X,Tτ((Tτ−1◦Tβ−1)Tβ(Y )))ξ = ad∗Tm(X,Y )ξ,

TLσ′TRτ ′(T (1
′)(W )) = TLσ′TRτ ′(ad

∗
T1W

ξ) = TLσ′(ad∗Tm(1W ,T τ((Tβ◦Tτ)−1Tα(1W )))ξ

= TLσ′(ad∗Tm(1W ,T τ((Tτ−1◦Tβ−1)Tβ(Y )))ξ = TLσ′(ad∗Y ξ)

= ad∗Tm(Tσ(Tβ(Y )),Y )ξ = ad∗Tm(X,Y )ξ

By embedding the calculations, we obtain

Tm′(η1, η2) = ad∗Tm(X,Y )ξ.

3.2. Co-adjoint Lie algebroid
In this section, using the definition of a Lie algebroid associated to the Lie groupoid,
we define the Lie algebroid associated to co-adjoint Lie groupoid, and show how its
associated Lie bracket and the anchor map will be defined.
Let Gξ := O(ξ) ⇒ M be co-adjoint Lie groupoid. We define its associated Lie
algebroid as follows:
Consider the source mapping α′ : O(ξ) −→M ; Ad∗gξ 7−→ α(g), so

Tα′ : TO(ξ) −→ TM, ad∗Xξ 7−→ Tα(X).

On the other hand, as a result, analogous to what is stated in [2], we have the
following lemma:
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Lemma 3.7. Let G ⇒ M be a Lie groupoid and g ∈ G. Consider its associated
co-adjoint Lie groupoid Gξ := O(ξ) ⇒ M. The tangent space of O(ξ) at any
ξ ∈ (A∗IG)p is equal to

TξO(ξ) = {ad∗Xξ | X runs over the tangent space TgG}.

According to Definition 2.7, we have AGξ = kerTα′|Ad∗1pξ
= TξO(ξ)|Ad∗1pξ

.
It turns out that the Lie algebroid of the co-adjoint Lie groupoid is the set of vectors,
tangent to the α′−fibres restricted to the units of O(ξ) . We call this Lie algebroid
co-adjoint Lie algebroid associated with the co-adjoint Lie groupoid.

Definition 3.8. Let g′ = Ad∗gξ, h
′ = Ad∗hξ be two elements of Gξ where h, g ∈ G.

The left translation corresponding to g′ is

L′g′ : G
p
ξ −→ G

q
ξ , h′ 7−→ L′g′(h

′) = Ad∗ghξ

and the right translation corresponding to g′ is

R′g′ : Gξq −→ Gξp , h′ 7−→ R′g′(h
′) = Ad∗hgξ.

where p, q ∈M and Gpξ ,Gξp are β -fiber and α-fiber, respectively.

Definition 3.9. Let G⇒M be a Lie groupoid, AG its associated Lie algebroid
and −→X (resp., ←−X ) be a right invariant (resp., left invariant) vector field on G
corresponding to X ∈ Γ(AG). Consider the co-adjoint Lie groupoid Gξ and its
associated Lie algebroid AGξ . We define the section X ′ of the vector bundle
τ ′ : AGξ −→M as follows:

X ′ : M −→ AGξ, x 7−→ ad∗X(x)ξ.

The right invariant vector field corresponding to X ′ on Gξ is
−→
X ′(g′) = TR′g′(X

′(β′(g′))) = TR′g′(X
′(β(g)))

= ad∗TRg(X(β(g))ξ = ad∗−→
X (g)

ξ

where g ∈ G, g′ = Ad∗gξ ∈ O(ξ), and
←−
X ′(g′) = −T (L′g′)T (ι′)(X ′(α′(g′)) = −T (L′g′)T (ι′)(X ′(α(g)))

= ad∗−T (Lg)T (ι)(X(α(g))ξ = ad∗←−
X (g)

ξ.

Now, similar to definition 2.7, we define the Lie algebroid structure ([| , |]′, ρ′) on
AGξ as follows:

1. The anchor map: ρ′ : AGξ −→ TM

ρ′(X ′)(x) = T1′(x)β
′(X ′(x)) = Tβ′(ad∗X(x)ξ) = Tβ(X(x)) = ρ(X(x))

where X ∈ Γ(τ) and x ∈M.

2. Lie bracket: [|
−−−→
X ′, Y ′|]′ = [

−→
X ′,
−→
Y ′], ([|

←−−−
X ′, Y ′|]′ = −[

←−
X ′,
←−
Y ′])

where X ′, Y ′ ∈ Γ(τ ′) and and [ , ] is the standard Lie bracket of vector fields.
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Let X ′ = ad∗Xξ and Y ′ = ad∗Y ξ , so we have
−−−−−−−−→
[|ad∗Xξ, ad∗Y ξ|]′ = [

−−−→
ad∗Xξ,

−−→
ad∗Y ξ].

Note that the right-hand bracket is the bracket on the vector fields. Using the
definition of the right invariant vector fields on the Lie groupoid O(ξ), for g ∈ G
we get

[
−−−→
ad∗Xξ ,

−−→
ad∗Y ξ] = [ad∗X(β(g))ξ, ad

∗
Y (β(g))ξ]

= ad∗X(β(g))ξ . ad
∗
Y (β(g))ξ − ad∗Y (β(g))ξ . ad

∗
X(β(g))ξ

= ad∗Tm(X(β(g),Y (β(g)))ξ − ad∗Tm(Y (β(g),X(β(g)))ξ

= ad∗−→
X .

−→
Y
ξ − ad∗−→

Y .
−→
X
ξ = ad∗−→

X .
−→
Y −

−→
Y .

−→
X
ξ = ad∗

[
−→
X ,

−→
Y ]
ξ.

Based on the calculation above, we can deduce the following commonly used lemma:

Lemma 3.10. Consider the Lie algebroids (AG, [| , |], ρ) and (AGξ, [| , |]′, ρ′)
and let X,Y ∈ Γ(AG) and X ′, Y ′ ∈ Γ(AGξ), then

[|
−−−→
X ′, Y ′|]′ = ad∗−−−−→

[|X,Y |]
ξ.

3.3. Poisson structure
As stated in [5] and [11], for every Lie algebroid (τ : A −→ M,ρ, [| , |]), its dual
A∗ has linear Poisson structure. In this section we use this structure for the dual of
a Lie algebroid AG, the associated Lie algebroid to the Lie groupoid G ⇒ M, and
define a linear Poisson structure for the dual of the co-adjoint Lie algebroid.
Let (AG,M, ρ, [| , |]) be associated Lie algebroid to Lie groupoid G⇒M . So, the
dual bundle A∗G to AG, has a linear Poisson structure. First we describe it in more
details.
Remark 3.11. Let X be a section of τ : AG −→ M . The linear function X̂ is
defined on A∗G as follows: X̂ : A∗G −→ R , X̂(θ) = θ(X(τ ∗(θ))), here θ ∈ A∗G
and τ ∗ : A∗G −→M is the dual bundle of τ : AG −→M.

The linear Poisson structure on A∗G, which is indicated by {., .}A∗G, is characterized
by the following conditions:

{., .}A∗G : C
∞(A∗G)× C∞(A∗G) −→ C∞(A∗G)

{X̂, Ŷ }A∗G = −[|X̂, Y |], {f ◦ τ ∗, X̂}A∗G = (ρ(X)(f)) ◦ τ ∗, {f ◦ τ ∗, g ◦ τ ∗}A∗G = 0.

where τ ∗ : A∗Gξ −→M, f, g ∈ C∞(M) and f ◦ τ ∗, g ◦ τ ∗ ∈ C∞(A∗G).
Also, the linear Poisson bivector on A∗G is defined by ΠA∗G(dφ, dψ) = {φ, ψ}A∗G

where φ, ψ ∈ C∞(A∗G).
Let H : A∗G −→ R be a smooth function on A∗G. The Hamiltonian vector field
XΠA∗G

H of H is defined by

XΠA∗G
H (F ) = {F,H}A∗G = ΠA∗G(dF, dH) (1)

where F ∈ C∞(A∗G).
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Now, consider (AGξ, ρ′, [| , |]′) as the associated Lie algebroid to the co-adjoint
Lie groupoid Gξ ⇒ M . Using what was previously described in the linear Poisson
structure on A∗G, in the following we will show that A∗Gξ , the dual of AGξ, has
linear Poisson structure.
As we know (see Definition 3.9), every section of τ ′ : AG → M can be written by
X ′ = ad∗Xξ , where X is a section of τ : AG→M .
According to the remark 3.11, for a section X ′ = ad∗Xξ of Γ(τ ′) we consider the
associated linear function X̂ ′ on A∗Gξ as follows:

X̂ ′ : A∗Gξ −→ R, X̂ ′(δ) = δ(X ′(τ ′
∗
(δ)))

where δ ∈ A∗Gξ and τ ′
∗
: A∗Gξ −→M is dual bundle of τ ′ : AGξ −→M.

In other words, the above formula indicates that

X̂ ′ = âd∗Xξ.

Also the linear Poisson structure on A∗Gξ can be considered

{., .}A∗Gξ : C
∞(A∗Gξ)× C∞(A∗Gξ) −→ C∞(A∗Gξ)

{X̂ ′, Ŷ ′}A∗Gξ = −[|X̂ ′, Y ′|]′ = − ̂ad∗[|X,Y |]ξ

It is easy to check that this Poisson structure on A∗Gξ satisfies in the characterized
conditions which are mentioned in Remark 3.11.
For every Hamiltonian H ′ : A∗Gξ −→ R the Hamiltonian vector field X

ΠA∗Gξ
H′ on

A∗Gξ will be considered as equation (1).

3.4. Hamilton-Jacobi equations
Hamiltonian-Jacobi theorem is one of the most important parts of classical mechan-
ics and has been studied extensively in last years. The geometric view of this theorem
was expressed by Abraham and Marsden in [1]. Also, using these results expressed
by Abraham and Marsden, Wang presented two types of geometric Hamilton-Jacobi
theorem for a Hamiltonian system on the cotangent bundle of a configuration man-
ifold, by using the symplectic form and dynamical vector field (see [14] for more
details).
In our previous article [6], we developed these results to Lie algebroids, i.e. we
introduced types I and II of for the Hamilton-Jacobi equation for Hamiltonian
systems on Lie algebroids by using symplectic section and Hamiltonian vector field.
Moreover, as we explained in [6], if we apply these theorems to the particular case
when E is the standard Lie algebroid TM then we directly deduce a well-known
theorems stated in [14].
Here, after introducing some items for the co-adjoint Lie algebroid AGξ , we will
present the types I and II of Hamilton-Jacobi theorem for Hamiltonian systems
with this kind of Lie algebroids.

Definition 3.12. Consider a vector bundle τ : AG −→ M and suppose that
X : M −→ AG be a section of AG. Let τ ∗ : A∗G −→ M be dual of vector bundle
τ . We define section γ = X∗ ∈ Γ(τ ∗) as follows:

γ(x)(Y (x)) = 〈X∗(x), Y (x)〉,
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where X∗(x) =
(
X(x)

)∗ is the dual section corresponding to X ∈ Γ(τ) , x ∈M and
Y ∈ Γ(τ) .
Now consider the vector bundle τ ′ : AGξ −→ M and section X ′ = ad∗Xξ ∈ Γ(τ ′),
where X ∈ Γ(τ). We define a section γ′ of vector bundle τ ′

∗
: A∗Gξ −→ M ( the

dual bundle of τ ′ ) as follows:

γ′(x) :=
(
ad∗X(x)ξ

)∗
.

Definition 3.13. Let X :M −→ AG be a section of vector bundle τ :AG −→M
and τ ∗ : A∗G −→M be dual of vector bundle τ.
Suppose that X∗ ∈ Γ(τ ∗) be the dual section associated to X ∈ Γ(τ) and
TX∗ : TM −→ TA∗G is tangent map to X∗, we define a vector field χ := TX∗

on A∗G as follows:
χ(X(x)) = TX∗(x).

Moreover, consider the vector bundle τ ′ : AGξ −→ M and X ′ = ad∗Xξ ∈ Γ(τ ′),
where X ∈ Γ(τ). Let X ′

∗ be the dual section corresponding to X ′ ∈ Γ(τ ′) and
TX ′

∗
: TM −→ TA∗Gξ be tangent map to X ′

∗ .
We define a vector field χ′ := TX ′

∗ on A∗Gξ as follows: χ′(X(x)) = T
(
ad∗X(x)

)∗
.

Definition 3.14. For every Hamiltonian function H on A∗G , we define a Hamil-
tonian function H ′ on A∗Gξ as follows:

H ′ : A∗Gξ −→ R, γ′(x) 7−→ H ′
((
ad∗X(x)ξ

)∗)
= H(γ(x)),

where γ(x) = X∗(x).

As is well-known in the literature the prolongation of every Lie algebroid over the
vector bundle projection of the dual bundle is a Lie algebroid over dual of the
Lie algebroid, for more details one can see for example [5]. In the next three
definitions follows [5], we define the prolongation for the co-adjoint Lie algebroid and
introduce its Liouville section and canonical symplectic section. Also we construct
the Hamiltonian section for the prolongation of the co-adjoint Lie algebroid.

Definition 3.15. Let (AGξ, [| , |]′, ρ′) be a co-adjoint Lie algebroid and let
τ ′

∗
: A∗Gξ −→ M be the dual of vector bundle τ ′ : AGξ −→ M. Define the prolon-

gation T τ ′
∗
AGξ of AGξ over τ ′∗ as follows:

T τ ′
∗

AGξ =

{
(a′, ϑ′) ∈ AGξ × TA∗Gξ

∣∣∣∣∣ a
′ = ad∗X(x)ξ, X ∈ Γ(AG),

ϑ′ = T (ad∗X(x)ξ)
∗, ρ′(a′) = Tτ ′

∗
(ϑ′)

}
which is subset of AGξ × TA∗Gξ and Tτ ′

∗
: TA∗Gξ −→ TM is tangent map to

τ ′
∗
: A∗Gξ −→M . T τ ′

∗
AGξ is Lie algebroid over A∗Gξ with following structures.

In other words, the vector bundle τ̃ ′ : T τ∗AGξ −→ A∗Gξ has Lie algebroid structure
(ρ̃′, [̃| , |]′) such that:

(1) The anchor ρ̃′ : T τ ′
∗
AGξ −→ TA∗Gξ is projection onto the second factor,

ρ̃′(a′, ϑ′) = ϑ′. (2)
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(2) The bracket is given in terms of projectable sections (X ′1, χ
′
1) and (X ′2, χ

′
2)

˜[|(X ′1, χ′1), (X ′2, χ′2)|]′ =
(
[|X ′1, X ′2|]′, [χ′1, χ′2]

)
=

(
ad∗[|X1,X2|], [χ

′
1, χ

′
2]
)

where X ′i = ad∗Xi
ξ ∈ Γ(AGξ) and χ′i = T (ad∗Xi

ξ)∗ ∈ X(A∗Gξ).

Definition 3.16. We may introduce the Liouville section Θ′ ∈ Γ((T τ ′
∗
AGξ)∗)

and canonical symplectic section Ω′ ∈ Γ(Λ2(T τ ′
∗
AGξ)∗) as follows:

Θ′(a′
∗
)(a′, ϑ′) = a′

∗
(a′) = (ad∗X(x)ξ)

∗(ad∗X(x)ξ).

and Ω′ = −dΘ′.

Definition 3.17. Let H ′ : A∗Gξ −→ R be a Hamiltonian function on A∗Gξ which
is defined in Definition 3.14. Suppose that µH = (XH , TX

∗
H) ∈ Γ(T τ∗AG) be the

Hamiltonian section corresponding to the Hamiltonian function H : A∗G −→ R.
Then, there exists a unique section µ′H′ ∈ Γ(T τ ′

∗
AGξ) which satisfying

iµ′
H′Ω

′ = dH ′

where dH ′ ∈ Γ((T τ ′
∗
AGξ)∗) and Ω′ ∈ Γ(Λ2(T τ ′

∗
AGξ)∗) is canonical symplectic

section. We define µ′H′ as follows: µ′H′ =
(
ad∗XH

ξ, T (ad∗XH
ξ)∗

)
.

Now, using the content above, we present a proposition, which is in fact the case of
the Hamilton-Jacobi theorem for the co-adjoint Lie algebroid (AGξ, [| , |]′, ρ′) and
it can easily be proved by using theorem 7 of [6] or theorem 3.16 of [5] which are
Lie algebroid version of geometric Hamilton-Jacobi theorem on cotangent bundles
(theorem 5.2.4 in [1]).

Proposition 3.18. Let (AGξ, [| , |]′, ρ′) be co-adjoint Lie algebroid and assume
that H ′ : A∗Gξ −→ R is a Hamiltonian function. Consider the Lie algebroid
(T τ ′

∗
AGξ, ρ̃′, [̃| , |]′) and the Hamiltonian section µ′H′∈Γ(T τ ′

∗
AGξ). Let γ′∈Γ(A∗Gξ)

be a 1-cocycle, i.e. γ′ is a section of A∗Gξ such that dγ′ = 0, and denote the section
ζ ′ = pr1 ◦ µ′H′ ◦ γ′ by ζ ′ ∈ Γ(AGξ). Then the following statements are equivalent:

1. For every curve t −→ σ(t) in M that applies to the property ρ′(ζ ′)(σ(t)) = σ̇(t)
for all t, the curve t −→ γ′(σ(t)) on A∗Gξ applies to the Hamilton equation.

2. γ′ applies to the Hamilton-Jacobi equation, d(H ′ ◦ γ′) = 0.

Definition 3.19. The section γ′ is called to be cocycle with respect to projection
pr′1 : T τ ′

∗
AGξ −→ AGξ if for any κ1, κ2 ∈ T τ ′

∗
AGξ we have that

dγ′(pr′1(κ1), pr
′
1(κ2)) = 0.

Definition 3.20. Let τ ′∗:A∗Gξ →M be the dual of the vector bundle τ :AGξ →M ,
Ω′ ∈ Γ(Λ2(T τ ′

∗
AGξ)∗) the canonical symplectic section and H ′ : A∗Gξ −→ R a

Hamiltonian function. We call the triple (A∗Gξ,Ω′, H ′) the Hamiltonian system on
the co-adjoint Lie algebroid.
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Now using the Definition 3.20 and simulation of what is explained in [6], we can easily
present types I and II Hamilton-Jacobi equation for Hamiltonian system (∗Gξ,Ω′, H ′)
which is a Hamiltonian system associated to co-adjoint Lie algebroid (AGξ, [| , |]′, ρ′).
We state these under two propositions without proof, they can be easily proved using
the types I and II of Hamiltonian-Jacobi equations of [6].

Proposition 3.21. Consider the Hamiltonian system (A∗Gξ,Ω′, H ′).
Assume γ′ ∈ Γ(A∗Gξ) and ζ ′ = pr′1 ◦ µ′H′ ◦ γ′, where µ′H′ is the corresponding
Hamiltonian section. Suppose that the section γ′ ∈ Γ(A∗Gξ) is a cocycle with respect
to pr′1 : T τ ′

∗
AGξ −→ A∗Gξ, then γ′ is a solution of the equation (ϕ′γ′ , γ′) ◦ ζ ′ =

µ′H′ ◦ γ′, which is called type I of Hamilton-Jacobi equation for Hamiltonian system
(A∗Gξ,Ω′, H ′).

A∗Gξ τ ′
∗

//M
γ′

//

µγ′
H′

��

A∗Gξ

µ′
H′

��

T τ ′
∗
AGξ AGξ

(ϕ′
γ′ ,γ

′)
oo T τ ′

∗
AGξ

pr′1

oo

Proposition 3.22. Consider the Hamiltonian system (A∗Gξ,Ω′, H ′). Let γ′ ∈
Γ(A∗Gξ) and T̃ λ′ := (T λ′ ◦ γ′) ◦ pr′1 = (ϕ′γ′ , γ′) ◦ pr′1 : T τ ′

∗
AGξ −→ T τ ′

∗
AGξ, and

also for every symplectic morphism ε′ : A∗Gξ −→ A∗Gξ, define ζ ′ε
′
= pr′1 ◦ µ′H′ ◦ ε′,

where µ′H′ is the corresponding Hamiltonian section. Then ε′ is a solution of the
equation T ε′ ◦ µ′H′◦ε′ = T̃ λ′ ◦ µ′H′ ◦ ε′, if and only if it is a solution of the equation
(ϕ′γ′ , γ′) ◦ µε′

H′ = µ′H′ ◦ ε′, where µ′H′◦ε′ ∈ Γ(T τ ′
∗
AGξ) is Hamiltonian section of the

function H ′ ◦ ε′ : A∗Gξ −→ R.The equation (ϕ′γ′ , γ′) ◦ µε′

H′ = µ′H′ ◦ ε′, is called type
II of Hamilton-Jacobi equation for Hamiltonian system (A∗Gξ,Ω′, H ′).

A∗Gξ // A∗Gξ τ ′
∗

//

µ′
H′◦ε′

� �

µε′
H′

��
??

??
??

??
??

M
γ′

// A∗Gξ

µ′
H′

��

T τ ′
∗
AGξ T τ ′

∗
AGξT ε′

oo AGξ
(ϕ′

γ′ ,γ
′)

oo T τ ′
∗
AGξ

pr′1

oo

4. Example
In this section we consider an example, namely the trivial Lie groupoid (we refer the
reader to [9]). By describing the example and realizing our theory for the trivial Lie
groupoid one can see that the theory of Hamiltonian systems on the co-adjoint Lie
groupoid can be consider as a generalization of the theory of Hamiltonian systems
on Lie groups.
Now let G be a Lie group and g be its Lie algebra. Also, let M be a smooth
manifold and consider Υ :=M ×G×M. As mentioned in [9], Υ has a Lie groupoid
structure over M, called trivial Lie groupoid, with the following mappings:

1. source mapping: α : Υ −→M, (x, a, y) 7−→ y,

2. target mapping: β : Υ −→M, (x, a, y) 7−→ x,
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3. multiplication mapping: m : (Υ)2 −→ Υ, ((x, a, y), (y, b, z)) 7−→ (x, ab, z),

4. unit mapping: 1 :M −→ Υ, x 7−→ (x, 1, x),

5. inverse mapping: ι : Υ −→ Υ, (x, a, y) 7−→ (y, a−1, x).

The Lie algebroid associated to the trivial Lie groupoid is AΥ = TM⊕(M×g)([9]).
It is easy to see that isotropy Lie groupoid corresponding to the trivial Lie groupoid
is IΥ =M ×G and its associated Lie algebroid is AIΥ =M × g.

If g = (x, a, p) is an element of Υ and g′ = (p, b, p) ∈ IΥ, as mentioned in subsection
2.2, the action of the Lie groupoid Υ on J : IΥ −→M is as follows:

C(x,a,p)(p, b, p) = (x, a, p)(p, b, p)(p, a−1, x) = (x, aba−1, x) = (x,Ca(b), x)

where x = β(g) and Ca : G −→ G, b 7−→ aba−1 is the conjugation action of the
Lie group G by a ∈ G.
Before describing adjoint and co-adjoint actions on the Lie groupoid Υ, we first
consider it necessary to focus on the content of the exponential map. Consider trivial
Lie groupoid Υ =M×G×M and its associated Lie algebroid AΥ = TM⊕(M×g).
According to the exponential mapping defined for Lie groupoids and Lie algebroids,
Exp : AΥ −→ Υ, X̃ 7−→ Exp(X̃), and it results that Exp(X̃) ∈ Υ. Suppose that
X̃ = X ⊕ U where X ∈ TM and U ∈M × g . Let U = (y, V, y) where y ∈M and
V ∈ g. Since X̃ ∈AΥ, there is a smooth curve γ : I ⊆ R −→ Υ, γ(t) = Exp(tX̃)

such that dγ(t)

dt
|t=0 = (X,U). Let x(t) = β(γ(t)), so

γ(t) =
(
x(t), Exp(tU)

)
=

(
x(t), exp(tV ), y

)
. (3)

Note that here exp : g −→ G is the usual exponential map on Lie groups.
Now we write the definition of the adjoint representation for Υ. As mentioned before,

Ad : Υ× AIΥ −→ AIΥ

(g,X) 7−→ AdgX =
d

dt

∣∣∣
t=0

Cg Exp(tX)

Let X ∈ (AIΥ)p, from equation (3), Exp(tX) = (p, exp(tV ), p) where p ∈ M and
V ∈ g, we have

AdgX =
d

dt

∣∣∣
t=0

Cg Exp(tX) =
d

dt

∣∣∣
t=0

Cg (p, exp(tV ), p)

Now, if g = (x, a, p) ∈ Υp, then

Cg(p, exp(tV ), p) = g(p, exp(tV ), p)g−1 = (x, a, p)(p, exp(tV ), p)(p, a−1, x)

= (x, a(exp(tV ))a−1, x) = (x,Ca exp(tV ), x)

So for every g = (x, a, p) ∈ Υp, we have

Cg(p, exp(tV ), p) = (x,Ca exp(tV ), x)

which implies AdgX = (x,AdaV, x), (4)

where x = β(g), Ada = TCa.
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Now we construct the adjoint representation of the Lie algebroid AΥ on AIΥ :

ad : AΥ× AIΥ −→ AIΥ

(X̃, Y ) 7−→ adX̃Y :=
d

dt

∣∣∣
t=0

AdExp(tX̃)Y =
d

dt

∣∣∣
t=0

Ad(x(t),exp(tV ),p)Y.

where Exp(X̃) = g ∈ Υp and V ∈ g.

If Y = (p,W, p) ∈ (AIΥ)p , then using equation (4),

adX̃Y := (x,
d

dt

∣∣∣
t=0

Adexp(tV )W,x)

So adX̃Y = (x, adVW,x) . Furthermore, if X = (x, V, x), Y = (y,W, y) ∈M × g,

then [|X,Y |] = [V,W ],

where [|., .|] is the bracket of the Lie algebroid AIΥ and [., .] is the bracket of the
Lie algebra g .

Remark 4.1. This fact which we obtain above also is known from the definition
of Lie algebroid for the trivial Lie groupoid and Lie algebroid for its isotropy Lie
groupoid. In other words, the bracket of the isotropy Lie algebroid of the trivial Lie
groupoid is same with the bracket of the Lie algebra g .

Later, we try to construct the co-adjoint representation of Υ on A∗IΥ and consider
it as follows:

Ad∗ : Υ× A∗IΥ −→ A∗IΥ

Ad∗gξ(X) = ξ(Adg−1(X)) = ξ(p,Ada−1(V ), p)

where p = β(g−1), X = (x, V, x) ∈M × g.

In order to AIΥ = M × g, so A∗IΥ = M × g∗. Therefore, for every section ξ of
(A∗IΥ)p , there exists ξ′ ∈ g∗ and p ∈M , such that ξ = (p, ξ′, p) . So

Ad∗gξ(X) = Ad∗aξ
′(V )

By doing the same calculations, we conclude that the co-adjoint representation of
the Lie algebroid A∗Υ on A∗IΥ is defined as follows:

ad∗ : AΥ× A∗IΥ −→ A∗IΥ

ad∗
X̃
ξ(Y ) = ξ(ad(−X̃)Y ) = ξ(x, ad(−V )W,x) = ξ′(ad(−V )W )

where ξ = (p, ξ′, p) ∈ (A∗IΥ)p and Y = (p,W, p) ∈ (AIΥ)p. Similar to what we did
above, we obtain

ad∗
X̃
ξ(Y ) = ad∗V ξ

′(W ).

Consider ξ = (p, ξ′, p) ∈ (A∗IΥ)p, its orbit under the co-adjoint action of Υ is as
follows:

O(ξ) = {Ad∗gξ | g ∈ Υ} = {(p,Ad∗aξ′, p) | a ∈ G, p ∈M}.
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Therefore, we have the following relation between O(ξ)-the orbit of co-adjoint action
of the trivial Lie groupoid Υ at ξ and O(ξ′)-the orbit of co-adjoint action of the
Lie group G at ξ′ :

O(ξ) =M ×O(ξ′).

It is easy to see that O(ξ) =M ×O(ξ′) has Lie groupoid structure on M with the
following mappings:

1. source mapping: α′ :M ×O(ξ′) −→M ; Ad∗gξ = (p,Ad∗aξ
′, p) 7−→ α(g),

2. target mapping: β′ :M ×O(ξ′) −→M ; Ad∗gξ = (p,Ad∗aξ
′, p) 7−→ β(g),

3. multiplication mapping: m′ : (M ×O(ξ′))2 −→M ×O(ξ′);(
Ad∗gξ, Ad

∗
hξ
)
=

(
(p,Ad∗aξ

′, p), (q, Ad∗bξ
′, q)

)
7−→ (q, Ad∗abξ

′, q) = Ad∗m(g,h)ξ,

4. unit mapping: 1′ :M −→M ×O(ξ′); p 7−→ (p,Ad∗eξ
′, p) = Ad∗1pξ, where

e is the identity element of the Lie group G .
5. inverse mapping: ι′ : M ×O(ξ′) −→M ×O(ξ′);

Ad∗gξ = (p,Ad∗aξ
′, p) 7−→ (p,Ad∗a−1ξ′, p) = Ad∗g−1ξ.

From now on, Gξ denotes the co-adjoint orbit O(ξ) = M × O(ξ′) . According to
definition 2.7, it can be easily concluded that the Lie algebroid associated to Gξ is
as follows:

AGξ =M × Tξ′O(ξ′) = {(x, ad∗V ξ′)
∣∣ x ∈M and V ∈ g}.

It is worthy of note that ξ′ is an element of g∗ such that ξ = (x, ξ′, x) ∈ (A∗IΥ)x .
Consider the vector bundle τ :M ×Tξ′O(ξ′) −→M . We equip it with the following
Lie algebroid structures:

1. The anchor: Using the explanations of Section 3.2, we can easily conclude that

ρ′ :M × Tξ′O(ξ′) −→ TM

ρ′(x, ad∗V ξ
′)(p) = T1′(p)β

′((x, ad∗V ξ
′)(p)) = X(p) (5)

where X ∈ Γ(TM) = X(M) is equal to ṗ(0) , p(t) = β(γ(t)) ∈ M , γ(t) =
(p(t), Ad∗aξ

′, p(t)) ∈ Gξ , d
dt
|t=0(γ(t)) = (x, ad∗V ξ

′) ∈ AGξ and p(0) = p ∈M.

2. The space of sections of the vector bundle τ : M × Tξ′O(ξ′)) −→ M may be
identified with the space of sections of TO(ξ′). Under this identification, the
Lie bracket on the space of sections Γ(M × Tξ′O(ξ′)) is

[|ad∗V ξ′, ad∗W ξ′|]′ = ad∗[V,W ]ξ
′.

for every ad∗V ξ
′ and ad∗W ξ

′ in Γ(M × Tξ′O(ξ′)).

The compatibility condition of the Lie bracket and the anchor map, as is easy to
check and we leave it to the reader to verify.
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Now consider the trivial Lie groupoid Υ = M × G ×M on M and its associated
Lie algebroid AΥ = TM ⊕ (M × g). Let Σ = X ⊕ V be a section of AΥ. As we
mentioned before, the orbit of co-adjoint action of trivial groupoid is M×O(ξ′) and
its associated Lie algebroid is M × Tξ′O(ξ′).
As we know, if we assume that V̂ ′, Ŵ ′ ∈ C∞(T ∗ξ′O(ξ

′)), then T ∗ξ′O(ξ
′) carries the

Kirillov-Kostant bracket as follows:

{V̂ ′, Ŵ ′}(λ) = 〈λ, [V ′,W ′]〉.

Now, consider vector bundle τ : M × Tξ′O(ξ′) −→ M, where is projection over the
first factor, and its dual τ ∗ : M × T ∗ξ′O(ξ

′) −→ M. Let Σ′ := V ′ = ad∗V ξ
′ ∈ Γ(τ)

and δ = (p, λ) ∈ M × T ∗ξ′O(ξ′), so the linear function Σ̂′ on M × T ∗ξ′O(ξ′) will be
as follows:

Σ̂′ : M × T ∗ξ′O(ξ′) −→ R

Σ̂′(δ) = δ(Σ′(τ ∗(δ))) = 〈λ, V ′〉

In other words, we have Σ̂′ = (p, V̂ ′).

Now, we try to clear relation between C∞(M × T ∗ξ′O(ξ
′)) and C∞(T ∗ξ′O(ξ

′)). Let
V ′ ∈ C∞(T ∗ξ′O(ξ′)) be a vector field on O(ξ′). We define

V̂ ′ : T ∗ξ′O(ξ
′)) −→ R, V̂ ′(λ) = 〈λ, V ′〉 = λ(V ′)

V̂ ′ is linear function on T ∗ξ′O(ξ
′).

Now, the Kirillov-Kostant bracket on C∞(T ∗ξ′O(ξ
′)) is as follows:

{., .}K.K : C∞(T ∗ξ′O(ξ
′))× C∞(T ∗ξ′O(ξ′)) −→ C∞(T ∗ξ′O(ξ

′))

(V̂ ′, Ŵ ′) 7−→ {V̂ ′, Ŵ ′}K.K , {V̂ ′, Ŵ ′}K.K(λ) = −〈λ, [V ′,W ′]〉.

As we know Tξ′O(ξ
′) = {ad∗V ξ′ | V ∈ g}, so let V ′ = ad∗V ξ

′ ∈ Tξ′O(ξ′). Also by well
known facts for finite dimensional vector spaces

T ∗∗ξ′ O(ξ
′) ∼= Tξ′O(ξ

′),

one can consider V ′ ∈ T ∗∗ξ′ O(ξ
′), i.e. V ′ : T ∗ξ′O(ξ

′) −→ R is linear functional, in
other words, V ′ ∈ C∞(T ∗ξ′O(ξ

′)). So Tξ′O(ξ
′) ⊂ C∞(T ∗ξ′O(ξ

′)), therefore we can
take V̂ ′ = V ′ and for every λ ∈ T ∗ξ′O(ξ′)

V̂ ′(λ) = V ′(λ) = 〈λ, V ′〉

or equivalently 〈λ, V ′〉 = (ad∗V ξ
′)(λ).

Now, we rewrite the bracket

{., .}K.K : C∞(T ∗ξ′O(ξ
′))× C∞(T ∗ξ′O(ξ′)) −→ C∞(T ∗ξ′O(ξ

′))

as follows:

{V̂ ′, Ŵ ′}K.K(λ) = −〈λ, [V ′,W ′]〉 = −[V ′,W ′](λ)

= −[ad∗V ξ′, ad∗W ξ′](λ) = −ad∗[V,W ]ξ
′(λ),

and as result we obtain {V̂ ′, Ŵ ′}K.K = −ad∗[V,W ]ξ
′.
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So, according to Subsection 3.3, one can easily check that the first property of linear
Poisson structure of functions

{., .}A∗Gξ : C
∞(M × T ∗ξ′O(ξ′))× C∞(M × T ∗ξ′O(ξ′)) −→ C∞(M × T ∗ξ′O(ξ′))

will be as follows:

{Σ̂′1, Σ̂′2}A∗Gξ(δ) = {V̂ ′, Ŵ ′}K.K(λ) (6)

where Σ̂′1 = (p, V̂ ′), Σ̂′2 = (p, Ŵ ′) and δ = (p, λ) ∈ M × T ∗ξ′O(ξ′). So we have a well
known Poisson structure on M × T ∗ξ′O(ξ′).
Also, according to equation 5, it is clear that the property (ii) of linear Poisson
structure on M × T ∗ξ′O(ξ′)) is

{f ◦ τ ∗, Σ̂′}A∗Gξ(δ) = (ρ′(Σ′)(f)) ◦ τ ∗(δ) = X(f(p))

where Σ′ = ad∗Σξ
′ ∈ Γ(AGξ) and Σ = X ⊕ V ∈ AΥ.

Moreover, the third feature of linear Poisson structure on M × T ∗ξ′O(ξ
′)) easily

deduced based on the linear Poisson structure on A∗Υ, i.e.

{f ◦ τ ∗, g ◦ τ ∗}A∗Gξ = 0.

Now, suppose that H : M × T ∗ξ′O(ξ
′) −→ R be function which we define it as

H = (p, h) where h : T ∗ξ′O(ξ
′) −→ R is a Hamiltonian function. In the following,

we will show that H is Hamiltonian function on M × T ∗ξ′O(ξ′). In order to reach
this result, we need to express some fundamental information which are related to
Hamiltonian mechanics on cotangent bundles and Lie algebroids.
Consider O(ξ′) as a smooth manifold and let T ∗O(ξ′) be its cotangent bundle.
Suppose that δ = (p, λ) ∈ T ∗O(ξ′) and Xδ ∈ Tδ(T ∗O(ξ′)). As we know, the Liouville
form on T ∗O(ξ′) is the 1-form θ such that

θ(Xδ) = λ(TπO(ξ′)(Xδ)) (7)

where πO(ξ′) : T
∗O(ξ′) −→ O(ξ′); (p, λ) 7−→ p is canonical projection. Moreover,

the 2-form

ω = dθ (8)

is a canonical symplectic form on T ∗O(ξ′).

Furthermore, a vector field X , where X ∈ Γ(T (T ∗O(ξ′))), is called a Hamiltonian
vector field if there is a h ∈ C∞(T ∗O(ξ′)) such that iXω = dh.

Let h : T ∗O(ξ′) −→ R be a Hamiltonian function and Xh be Hamiltonian vector
field associated to Hamiltonian function h. Moreover,

Xh(f) = Π(df, dh) = {f, h}K.K

where Π is Poisson 2-vector on T ∗O(ξ′) and f ∈ C∞(T ∗O(ξ′)).
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Now, consider the prolongation
T τ∗AGξ of AGξ =M × TO(ξ′) over τ ∗ : M × T ∗O(ξ′) −→M :

T τ∗AGξ =

{
(δ, a, ϑδ) ∈M × T ∗O(ξ′)× TO(ξ′)× Tδ(T ∗O(ξ′))

∣∣
ρ(a) = Tτ ∗(ϑδ), ϑδ ∈ TδA∗Gξ, τ ∗(δ) = τ(a)

}
where δ = (p, λ) ∈M × T ∗O(ξ′) and a = (p, V ′) ∈M × TO(ξ′).

The vector bundle τ̃ : T τ∗AGξ −→ A∗Gξ has a Lie algebroid structure (ρ̃, [̃| , |])
such that

1. The anchor ρ̃ : T τ∗AGξ −→ TA∗Gξ is projection onto the third factor,

ρ̃(δ, a, ϑδ) = ϑδ.

2. A section Σ̃ ∈ Γ(τ̃) is projectable if there exists a section Σ′ of τ : AGξ −→M
and a vector field X ∈ X(A∗Gξ) which is τ -projectable to the vector field
ρ(Σ′) on M, such that Σ̃(δ) = (δ,Σ′(τδ)),X (δ)) for all δ ∈ A∗Gξ. We use the
notation Σ̃ ≡ (Σ′,X ). Then the bracket of two projectable sections Σ̃1 and
Σ̃2 is given by

˜[|Σ̃1, Σ̃2|](δ) =
(
δ, [|Σ′1,Σ′2|]′(τ(δ)), [X1,X2](δ)

)
,

(see [4] for more details).

Consider the Liouville section Θ ∈ Γ((T τ∗AGξ)∗) and using equation (7), we define
it as follows:

Θ(δ)(a, ϑδ) = δ(a) = (p, λ)(p, V ′) = λ(V ′) = θ(ϑδ) (9)

So, as a result Θ = (p, θ), where θ is Liouville 1-form on T ∗O(ξ′).

Furthermore, according to equations (8) and (9), the canonical symplectic section
Ω will be defined as follows:

Ω = −dΘ = (p, ω) (10)

where ω is canonical symplectic 2-form on T ∗O(ξ′).

Let H : M × T ∗ξ′O(ξ
′) −→ R be a Hamiltonian function, Ω be symplectic section

and dH ∈ Γ((T τ∗AGξ)∗). Then, by definition, there exists the unique Hamiltonian
section µH ∈ Γ(T τ∗AGξ) satisfying

iµH
Ω = dH.

In the following lemma, we will show the correspondence between Hamiltonian
sections associated to Lie algebroid M × Tξ′O(ξ′) and tangent space Tξ′O(ξ′).

Lemma 4.2. Consider Hamiltonian function H = (p, h) : M × T ∗ξ′O(ξ′) −→ R
where h : T ∗ξ′O(ξ

′) −→ R is Hamiltonian function defined on T ∗ξ′O(ξ
′). Let Xh be

Hamiltonian vector field of h, then the Hamiltonian section of H will be as follows:
µH = (p,Xh).
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Proof. Let Y ′ = (p, Y ) be a vector field on M × T ∗ξ′O(ξ′), Then

dH(Y ′) = (p, dh)(p, Y ) = iXh
ω(Y ) = ω(Xh, Y )

= (p, ω)((p,Xh)(p, Y )) = Ω((p,Xh), Y
′) = i(p,Xh)Ω(Y

′).

So, if Xh be Hamiltonian vector field associated to Hamiltonian function h, then,
according to what was presented above, and since the Hamiltonian vector field as-
sociated to Hamiltonian function h and Hamiltonian section associated to Hamilto-
nian function are unique, we conclude that the µH = (p,Xh) is Hamiltonian section
associated to Hamiltonian function H, and vice versa.

Furthermore, ρ̃(µH) is Hamiltonian vector field of H with respect to the linear
Poisson structure ΠM×T ∗

ξ′O(ξ′) on M × T ∗ξ′O(ξ′). So, according to equation (2), we
have that

ρ̃(µH) = XH ∈ X(M × T ∗ξ′O(ξ′)).

We denote by X
ΠM×T∗

ξ′
O(ξ′)

H the Hamiltonian vector field of H with respect to the
linear Poisson structure ΠM×T ∗

ξ′O(ξ′) on M × T ∗ξ′O(ξ′).

Note that by using the equations (1) and (6), we have actually proved that:

X
ΠM×T∗

ξ′
O(ξ′)

H (F ) = Xh(f)

where F = (p, f) ∈ C∞(M × T ∗ξ′O(ξ′)) and f ∈ C∞(T ∗ξ′O(ξ′)).

In the remainder of this work, we will consider the Hamiltonian system corresponding
to the co-adjoint Lie algebroid associated to the co-adjoint action of trivial groupoid
and introduce the types I and II of Hamilton-Jacobi equation for it.
Consider co-adjoint Lie algebroid (M × Tξ′O(ξ′), [| , |]′, ρ′) associated to co-adjoint
Lie groupoid M ×O(ξ′) corresponding to trivial Lie groupoid Υ .
Suppose that H = (p, h) is the Hamiltonian function on M × T ∗ξ′O(ξ

′) , where
h : T ∗O(ξ′) −→ R is the Hamiltonian function defined on T ∗O(ξ′).

Let (M×T ∗ξ′O(ξ′),Ω, H) be the Hamiltonian system on the co-adjoint Lie algebroid
associated to the trivial groupoid G , where according to equation (10), Ω = (p, ω)
is the canonical symplectic section, where ω is the canonical symplectic 2-form on
T ∗O(ξ′).

Let γ := (p,ϖ) : M −→M × T ∗ξ′O(ξ′) be a section of τ ∗ such that

γ
(
τ(p,B)

)
=

(
p,ϖ(♭)

)
where ♭ ∈ O(ξ′), B ∈ T♭O(ξ′), p ∈M and ϖ is a 1-form on O(ξ′).

Also, let ζH = pr1 ◦ µH ◦ γ be a section of M × TξO(ξ′), where

pr1 : T τ∗AGξ −→M × Tξ′O(ξ′)

is a projection, µH = (p,Xh) is the corresponding Hamiltonian section and Xh is
Hamiltonian vector field associated to the Hamiltonian function h : T ∗O(ξ′) −→M.
So, ζH = (p, ζh) where ζh = TπO(ξ′) ◦ Xh ◦ϖ and TπO(ξ′) : TT

∗O(ξ′) −→ TO(ξ′) is
cotangent bundle map.
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According to Proposition 3.18, the following conditions are equivalent:

1. Let t −→ σ′(t) and t −→ σ(t) are two curves on O(ξ′) , M and σ̇′(t) , σ̇(t)
are their tangent vector fields on TO(ξ′) and TM , respectively. We have

σ̇(t) = ρ′
(
p, σ̇′(t)

)
= ρ′(ζH)(σ(t))

= ρ′(p, ζh)(σ(t)) = ρ′
(
p, TπO(ξ′)(χh(ϖ(σ′(t))))

)
If ϖ satisfies the Hamilton-Jacobi equation, then since ϖ ◦σ′ : I −→ T ∗O(ξ′)
is an integral curve of the Hamiltonian vector field Xh, (see [14] for more
details), then it turn out that the curve γ ◦σ = (p,ϖ◦σ′) : I −→M×T ∗O(ξ′)
on A∗Gξ satisfies the Hamilton equations.

(2) γ satisfies the Hamilton-Jacobi equation, d(H ◦ γ) = 0.

Assuming that the section γ is cocycle with respect to pr1 : T τ∗AGξ −→ AGξ, this
assumption is equivalent to the 1-form ϖ is closed with respect to

TπO(ξ′) : TT
∗O(ξ′) −→ TO(ξ′),

because for every κ1 = (p, V ′1 , η1), κ2 = (p, V ′2 , η2) ∈ T τ ′
∗
AGξ, we have that

0 = dγ
(
pr1(κ1), pr1(κ2)

)
= dγ

(
pr1(p, V

′
1 , η1), pr1(p, V

′
2 , η2)

)
= dγ

(
(p, V ′1), (p, V

′
2)
)

= dϖ(V ′1 , V
′
2)

= dϖ(TπO(ξ′)(∆1), TπO(ξ′)(∆2))

where ∆1,∆2 ∈ TT ∗O(ξ′).
So, according to proposition 3.21, γ is a solution of the equation (ϕγ, γ) ◦ ζH =
µH ◦ γ, which is called type I of Hamilton-Jacobi equation for Hamiltonian system
(A∗Gξ,Ω, H), and

(ϕγ, γ) ◦ ζH = µH ◦ γ = (p,Xh) ◦ (p,ϖ) = (p,Xh ◦ϖ) = (p, Tϖ ◦ ζh).

Here we have used the fact mentioned in [14] that since ϖ is closed with respect to
TπO(ξ′), then ϖ is a solution of the equation Tϖ ◦ ζh = Xh ◦ϖ, which is called the
type I of Hamilton-Jacobi equation for the Hamiltonian system (T ∗O(ξ′), ω, h).

Moreover, we define the symplectic morphism ε : M ×T ∗ξ′O(ξ′) −→M ×T ∗ξ′O(ξ′) as
follows:

ε = (p, ε′)

where ε′ is symplectic map ε′ : T ∗O(ξ′) −→ T ∗O(ξ′) and denote by ζεH = pr1◦µH ◦ε,
where µH is the corresponding Hamiltonian section, so

ζεH = pr1 ◦ µH ◦ ε = pr1 ◦ (p,Xh) ◦ (p, ε′)
= (p, TπO(ξ′) ◦ Xh ◦ ε′) = (p, ζε

′

h ).
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Then, according to Proposition 3.22, ε is a solution of the equation

T ε ◦ µH◦ε = T̃ λ ◦ µH ◦ ε,

if and only if it is a solution of the equation (ϕγ, γ) ◦ µε
H = µH ◦ ε, where µH◦ε ∈

Γ(T τ∗AGξ) is Hamiltonian section of the function H ◦ ε : A∗Gξ −→ R.

As mentioned in [14], ε′ is a solution of the equation Tε′ ◦ Xh◦ε′ = Tλ ◦ Xh ◦ ε′,
where Xh◦ε′ is the Hamiltonian vector field of the function h ◦ ε′ : T ∗O(ξ′) −→ R,
if and only if it is a solution of the equation Tϖ ◦ ζε′h = Xh ◦ ε′, which is called the
type II of a Hamilton-Jacobi equation for the Hamiltonian system (T ∗O(ξ′), ω, h).
So, we have that

(ϕγ, γ) ◦ ζεH = µH ◦ ε =
(
(p,Xh) ◦ (p, ε′)

)
= (p,Xh ◦ ε′) = (p, Tϖ ◦ ζε′h ).

The equation (p, Tϖ◦ζε′h ) = (p,Xh◦ε′), is called type II of Hamilton-Jacobi equation
for Hamiltonian system (A∗Gξ,Ω, H).

As the final note in this paper, we state that the time-dependent case of the
Hamiltonian-Jacobi equations of Hamiltonian system (A∗Gξ,Ω′, H ′) is similar to
what we stated in [6], which we ignore expressing here.
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