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Abstract. This work aims to develop a global quantization in the concrete settings of two graded
nilpotent Lie groups of 3-step; namely of the Engel group and the Cartan group. We provide a
preliminary analysis on the structure and the representations of the aforementioned groups, and
their corresponding Lie algebras. In addition, the explicit formulas for the difference operators
in the two settings are derived, constituting the necessary prerequisites for the constructions of
the \112?5 classes of symbols in both cases. In the case of the Engel group, the relation between
the Kohn-Nirenberg quantization and the representations of the Engel group enables us to express
operators in this setting in terms of quantization of symbols in the Euclidean space.
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1. Introduction

Since their initiation in the sixties, pseudo-differential operators have become a
standard tool in the study of partial differential equations. In the Euclidean setting
pseudo-differential operators are defined globally as the quantization of a smooth
function called the symbol via the FEuclidean Fourier transform. In this setting,
pseudo-differential operators are linear operators usually defined by

ofe, Du(w) = (20" [ e Qi) de, weSE), ()
where @ denotes the Euclidean Fourier transform of w in the Schwartz space S(R").
In (1) the pseudo-differential operator a(x, D) arises as the Kohn-Nirenberg quanti-
zation of the symbol a.

The utility of pseudo-differential operators is due to the fact that they carry similar
properties as their differential counterparts, such as the behaviour of a generalised
notion of the order under composition and adjunction, as well as bounded prop-
erties between suitable Sobolev spaces. Adjunction and composition formulas are
expressed in term of the corresponding symbols, and thus, the symbolic calculus is
exactly the calculus on the symbolic side that gives rise to the calculus of operators,
while also the calculus contains the parametrices of the elliptic pseudo-differential
operators.

*The author would like to thank Michael Ruzhansky for providing useful suggestions and
comments.
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It is a natural question whether a global pseudo-differential calculus can be defined
in other, more complicated, settings. To this end, in 2010 a global symbolic calculus
was developed on compact Lie groups in [16]. In that work the authors defined the
global symbol of a pseudo-differential operator via the group Fourier transform of the
right-convolution kernel (on any connected manifold pseudo-differential operators
can always be defined locally via local charts). They provide a definition of the
classes of symbols in this setting, so that the associated (via a suitable quantization
procedure) operators form an algebra of operators ‘close enough’ to the one in
the Euclidean setting. The most pivotal part of this work was the definition of
difference operators, which generalises the derivatives in the Fourier variable from
the Euclidean case, and thus allows expressing the pseudo-differential behaviour
precisely on the group.

Later on, the case of graded nilpotent Lie groups was treated in [9]. However, under
this new consideration the results developed in the compact case cannot be readily
extended. In particular, they dealt with the technical difficulties that arise from
the fact that the dual of the group is no longer discrete and the unitary irreducible
representations are infinite dimensional, and more crucially, from the fact that the
Laplace-Betrami operator has to be replaced by operators associated with the group
via its Lie algebra structure. On stratified Lie groups these are the sub-Laplacians,
or more generally, the so-called Rockland operator, and such operators are no longer
elliptic but hypoelliptic.

In their monograph, the authors study the global quantization of operators on graded
Lie groups, aiming to provide an intrinsic symbolic calculus of the operators in this
setting. They give an adequate definition of the difference operators in this setting,
which is somehow closer to the one in the Euclidean setting, and therefore, by
proving symbolic estimates on the functional calculus for the sub-Laplacian, or the
Rockland operator, they provide a way to obtain the formulas for composition and
adjunction. The origins of this go back to the 1970’s with the works of E. Stein, G.
Folland and L. Rothschild (see e.g. [12],[15]) among many others, motivated by the
study of differential operators on CR or compact manifolds.

In terms of the developed calculus there, to the author knowledge, most of the
versions of the global calculi of operators on homogeneous Lie groups (nilpotent Lie
groups endowed with some structure of dilations) that have appeared are, except
for a few notable exceptions, calculi of left-invariant operators. Since the seventies,
the works on a non-invariant pseudo-differential calculus were limited to [7] where
S. Dynin considers certain operators on the Heisenberg groups, and to [11], where
G. Folland developed a calculus on any homogeneous group where the classes are
given in terms of the kernel, i.e., they are not symbolic. Another version of a non-
invariant calculus on any homogeneous group is given in [4] but this is not symbolic
as well. Finally, in [18] M. Taylor describes a way that one can obtain a symbolic
(non-invariant) calculus by defining a general quantization and the general symbols
on any unimodular type I group, but chose to restrict his analysis mainly to invariant
operators on the Heisenberg groups.

The basic example, apart from R", of a nilpotent Lie group, is the Heisenberg group
where the associated Fourier analysis is very well studied. In particular, most of the
works that concern the non-invariant symbolic calculus on nilpotent Lie groups are
restricted to the Heisenberg groups (or to manifolds having the Heisenberg group
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as local model), and this is mainly due to the link between the representations
of the Heisenberg groups and the Weyl quantization that enables the development
of the pseudo-differential calculus on these groups with scalar-valued symbols that
depend on parameters. To the best of our knowledge, the only non-invariant calculi
with scalar-valued symbols on the Heisenberg groups has been developed in [2]
by H. Bahouri, C. Fermanian-Kammerer and I.Gallagher, while in [9, Chapter 6]
one can find the application of the general theory on graded Lie groups to this
particular setting- partially these results had previously been announced in [8]. The
last two works differ in the conditions on the symbol classes for small values of the
parameters.

Besides the big amount of work devoted to the case of the Heisenberg group which is
of 2-step, the same motivating aspects appear as well for other graded Lie groups. In
particular, our interest in the two graded nilpotent Lie groups of 3-step considered in
this work; namely the Engel and the Cartan group (or the generalised Dido problem),
is justified by the fact that they are perhaps the most elementary nilpotent Lie groups
of step higher that two not yet studied in the context of global pseudo-differential
calculus.

To lay down the necessary foundation for the development of the symbol classes on
a nilpotent Lie group, one needs first to study the positive Rockland operators on
the group and the associated Sobolev spaces, later on to study and generalise the
group Fourier transform and finally to find the concrete formulas for the difference
operators on the group.

The paper is organised as follows. In Section 2, we give the necessary preliminaries
for the construction of the classes of symbols as explained above. In Section 3 we
explain the precise settings of our investigation for the groups we consider, including
a description of their dual, and of the group Fourier transform in each setting,
which, for the case of the Engel group, leads to symbols parametrized by (A, u)-
the co-adjoint orbits. On Section 4, we find the explicit formulas for the difference
operators in both settings.

2. Preliminaries

2.1. The unitary dual and the group Fourier transform. We denote by
G the unitary dual of the group G, that is, the set of all equivalence classes of
irreducible, strongly continuous and unitary representations of G. In our settings,
the Fourier transform at = € G is defined on L'(G, dz) by

(k) = k(m) == /G/i(x)ﬂ'(l‘)*dl‘, (2)

where dx denotes the Haar measure, and 7*(x) the adjoint operator of m(z). This
defines a linear mapping on the representation space H,, i.e., &(7) : Hp — Hn.

The group Fourier transform of a vector in the Lie algebra of the group, say X €g, at
m€G is the operator 7(X) on H> C H.,, the subspace of smooth vectors, given via

T(X)v = O—o(m(exps(tX))v, (3)

where expg:g— G is the exponential mapping that identifies g with G. By setting
m(X*) = 7(X)* we extend the group Fourier transform to the Lie algebra U(g).
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2.2. Rockland operator and Sobolev spaces. Let us recall that a (left) Rock-
land operator, say R, on a homogeneous Lie group G! is a positive left-invariant
operator on G that is homogeneous of degree v 2 when for every non-trivial
7 € G the group Fourier transform 7(R) is injective on H>°. Being positive means
(Rf, f)r2@) = 0, for every f in the Schwartz space S(G), where as usual

(f17f2)L2(G):/Gf1($)£(l’)dx.

In the stratified case, we can choose R = —L, where £ is the sub-Laplacian
St X7, where {X;}, are the elements of the first stratum of g. In this case
the homogeneous dimension of R is v = 2. Furthermore, by [13, Chapter 4.B]
any positive Rockland operator R, as an operator on D(G), admits a self-adjoint
extension on L*(G).

Recall also that, for 1 <p < oo, let R, denote the extension of R to LP(G); for a
characterisation of the operator R,, see [8, Section 4.3.1].

Now, for a fixed Rockland operator R of homogeneous degree v, following [8,
Sections 4.4 and 5.1, we define the subsequent spaces, which, for our scope, will
be particularly used to give a meaning to the difference operator discussed later in
the Section.

Definition 2.1. If p € [1,00) and s € R, we denote by L?(G) the Sobolev space
obtained by the completion of S(G) with respect to the norm

Ifllzz@) = I+ Ry)¥ fllzwe), | € S(G).

Notice that, if s = 0, then L{(G) = LP(G) for p € [1,00), with ||-|[zzc) = || [|Lr(c) -
In our setting, the group Fourier transform is an isomorphism between Banach spaces
acting from L2(G) onto the G-fields of operators denoted by LZ(G) defined below:

-~

Definition 2.2.  Let a € R. We denote by L?(G) the space of fields of operators
o={o,: HP — H:, m € G} such that

{(r(I+R)ooys: HX — H.,m€ G} € L*(G).

For such a o, we set [[o]| 2 ) = ||7T(I—|—'R,)%O‘7T||L2(G).
Notice that each 7 € G is viewed as subset of Rep G.

Recall that the space H2 is the Sobolev space obtained by completion of H2° with
respect to the norm

1 Fll3ze := Il (L + R)” flls, -

The next definition is devoted to the the extension of the group Fourier transform
to a suitable subset of tempered distribution as we will see later in the section. In
particular the following space of fields of operators will turn out to be the image of
the group Fourier transform of the latter.

LA graded Lie group is naturally equipped with dilations, i.e., it is homogeneous.
2A linear operator 7 : D(G) — D' (G) is homogeneous of degree v € C when
T(foD,)=r"(Tf)oD, for any f € D(G),r > 0.
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Definition 2.3. Let o, € R. We denote by LZOB(@) the space of fields of
operators o = {0, : H® — H? 7w € G} such that for some C' > 0

l06]]25) < Cllgllzae), ¢ €S(G), (4)

and for such a field o, the associated norm ||o|| 12,() is given by the infimum over
the constants C' > 0 such that (4) holds true.

Remark 2.4.  We notice that any two norms of the above spaces corresponding
to different choices of Rockland operators are equivalent, see [9, Theorem 4.4.20,
Proposition 5.1.7 and Lemma 5.1.7].

2.3. Quantization and symbol classes. As recalled in the introduction there is
a natural quantization introduced by [18] which is valid on any unimodular type-I
group due to the Plancherel formula and produces operators D(G) — D'(G), where
by D(G) we denote the space of smooth and compactly supported functions on G.
In particular, the quantization, i.e., the mapping ¢ — Op(co) is analogous to the
Kohn-Nirenberg quantization in the Euclidean setting and associates an operator
Op(o) to a symbol o in the following way: For any f € D(G) and =z € G, the
operator

0p()(x) = [ Tr (w(a)olz.m)ila)) dir), o)

G

where g is the Plancherel measure on @, is well-defined and continuous. Recall that
a symbol o is a field of operators {o(x, ) : H° — H,, (z,7) € G x G}, satisfying
for each x € G

o(x,) ={o(z,n) : HX = Hy, 7 E @} € Lzob(@) : (6)

for some a,b € R, where Lgob(@) is as in Definition 2.3.

Concrete examples of symbols that do not depend on x € G are operators of the
form 7(X)*, a € Nj.

In order to motivate the work presented in this paper, we focus our attention in the
symbol classes S7's = S7'5(G) for (p,d) with 0 <0 < p <1 and m € RU {—oo},
introduced in [9, Section 5.2] in the context of a graded Lie group G. An application
of the quantization process described in (5) then, yields the corresponding operator

classes
,Z,La = Op( 2,15) .
More accurately:
Definition 2.5.  (S5]5(G) symbol classes). Let m,p,d € R with 0 <4 <p <1,
and let R be a positive Rockland operator of homogeneous degree v. A symbol

in the sense of (6), is called a symbol of order m and of type (p,d) if, for each
a,B € Nj and v € R, we have

XPAG (2, )] oo < 00
ilelgH A%l )||Lw,p[a1—nm[m+w(G) 7,

where A® are the difference operators in G, discussed extensively later in the section.

3For non-zero multi-indexes a = (a1, ,an),8 = (B1, -+ ,Bn) and vy, ,vx the dilations’
weights of G, [o] := 1100 + - +vyay and [B] :=v1f1 + - vnON.



522 CHATZAKOU

Symbols in the symbol classes S7'5(G) via the quantization (5) give rise to the
operators W7t := Op( ;‘5). Before giving the main properties of the operators in
75(G), let us state a few remarks:

Remark 2.6. For the purposes of Definition 2.5, we assume that the Rockland
operator R is fixed. However, the appearing class ;%(G) exists independently of
the choice of R as Remark 2.4 suggests.

Remark 2.7.  For the case where G = (R",+), the symbol classes S75(G)
coincide with the usual Hérmander classes S7';(R") as in [14], where the difference
operator A% becomes the usual derivatives with respect to the Fourier variable; see
Section 2 Paragraph 2.4.

Remark 2.8. For m as in Definition 2.5, we can allow m = —oo. This can be
justified if we set ST := [ g Shs to denote the class of smoothing symbols. In
this case the associated operator class is denoted by W=°.

The class of symbols ST fulfills the desired properties of a symbolic calculus. Briefly,
the following properties hold:
- U W75 forms an algebra of operators.
meR

o If T"isin W7, then its formal adjoint 7™ is also in W7s.

o« If T € U5, then T extends to a continuous operator from LZ(G) to L2_,,(G),
for any s € R.

« If T € U7l is an elliptic (or more generally a hypoelliptic) 4 operator in this
setting, then there exists T-' € W _§" such that TT~' — T € U= .

One can refer to ([9, Theorem 5.5.3]),([9, Theorem 5.5.12]), (]9, Corollary 5.7.2])
and ([9, Theorem 5.8.7]), respectively, for proofs of the above properties.

2.4. Difference operators. The difference operators in the setting of a graded
Lie group are defined as acting on the spaces K, ;(G).
Recall that by K, ,(G) we denote the subspace of tempered distributions x € S'(G)
such that the operator

SG)>¢p— ¢pxr,

extends to an operator in Z(L23(G), L(G)), where the latter stands for the set of
linear bounded operators from L2(G) to L}(G). In view of [9, Proposition 5.1.24],
one can extend the definition of the group Fourier transform to the above space.

Definition 2.9.  (The group Fourier transform on /C,4(G)) The group Fourier
transform of a tempered distribution k € I, ,(G) is the field of operators

o:={o, H® > M, 7eG}e Lg‘fb(@),

where for 7 € G the operator o, := n(x) = i(r) is such that

- d(m) = xr(m), ¢€S(G).

4A linear differential operator T on a manifold M is called hypoelliptic, if for any u € D’ (M),
the condition Lu € C°(N) with N C M implies that v € C*®°(N) for any N C M.
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Following ([9, Section 5.2.1]), the difference operators in the setting of a graded Lie
group are defined as:

Definition 2.10.  (Difference operators) For any ¢ € C*°(G), the difference
operator associated to ¢, is the operator A, acting by

Ay(f) = af(m) = 7(af),
onany f € D'(G) such that f € K,,(G) and ¢f € Ky v (G) for some a, b, a,b €R.

Note that the definition of the difference operators has to be given as each A, is
acting on the fields of operators parametrized by G. Even in the simplest case where
G = (R™,+), the difference operators associated to the inverse of the coordinate
function ¢;(x) = x; include derivatives in the dual variable. Indeed in this case, the
dual space R" is isomorphic to R, and we have

10

B 1 Fee () = (20) ™ [ e )ola) di = (zag

More generally, for a = (aq, -+, ) € Nii, and ¢%(z) = (¢i*(x),- - ,¢%"(z)), the

)&m@%¢e&ww

n

1 O&
means essentially that the difference operators generalise the notion of the derivative

with respect to the Fourier variable.

difference operators Aey-1 coincide with the operators D = (1.Q) . The latter

We note that the difference operators A® appearing in Definition 2.5 of the S;’:‘(;(G)
classes are associated with the Taylor polynomials ¢,, see [9, Proposition 5.2.3],
of a function in each setting. Although, one can easily check that Definition 2.5
could be simplified if one uses instead the operators A, ., Fischer and Ruzhansky in
their monograph [9] decided to use the operators A®, since are those that naturally
appear in the asymptotic formula for composition and in the formula for the adjoint.

The difference operators in the setting of Engel and Cartan groups whose concrete
formula we find in Section 4 are exactly those of the form A, . Knowing their
explicit formulas is enough to describe symbols in the classes ST’ in these settings,
since one can show that for a = (ay, -+ ,a,) € Nj, and for x = (x,--- ,z,) € R”

(Azl)al e (A$n>an = AIO‘ .

3. Preliminaries on the groups

In this section we expose the main results necessary for our analysis on the groups.
As our major source mainly for the description of the Lie algebras and the corre-
sponding Lie groups, and wherever else stated, we have used [3, Section 3].

3.1. The Engel group. Let [, = span{ly, 5, I3,1;} be a 3-step nilpotent Lie
algebra, whose generators satisfy the non-zero relations

([, 1) =13, [L,I5]=14,

while all the other commutators are zero. Thus, [4 is graded, as it can be endowed
with the vector space decomposition

L=VidVo® V3, (7)
where Vi =span{ly, I}, Vo=span{l3}, and Vz=span{l,}, such that [V;, V;]CV,,.
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Observe also that [4 is stratified, since V; generates all of [,. Thus, the correspond-
ing Lie group, called the Engel group and denoted by B, is a homogeneous Lie group,
and the natural dilations on its Lie algebra are given by

Dr(Il) :T’Il,DT(IQ) :TIQ,DT(I:J,) :TQIg,andDr(Q) :7“3[4, r>0. (8)
In particular, B, can be identified with the manifold R* endowed with the group
law:
(21, 29, T3, 24) X (Y1,Y2, Y3, Ys)

1
= (¥1 + Y1, T2+ Y2, T3 + Y3 — T1Y2, Ty + Ys + §xfy2 — T1Y3) -
This identification, in turn, implies that T.Bs; ~ TyR*, where e is the identity
element of B, and 0 is the element (0,0,0,0) in R*. The basis of [*, now called
the canonical basis, given by [3, Section 3.2], or by explicit calculations, consists of
the following canonical left-invariant vector fields:

0 0 0 2 0
Xi(z) = =—, Xo(z)= — -
1(CL') 81'1 ’ Q(x) 81'2 o 81’3 + 2 61’4 ’ (9)
0 0 0
X3(z) = — — 21—, Xylz)=—
3(1’) 81'3 e 81134 ’ 4(I’) 8274 ’

where & = (1, 79,73, 74) € R*, that, as expected, satisfy the above relations. The
right-invariant vector fields can be computed, see Appendix A, as

0 0 0 - 0 0 0
81‘1 —$28$3—$3ax4 s Xg(l') = 8_1‘27 Xg(l’) = a—x?’, X4(ZE) = a— (10)

Xl(x) = s

Additionally, we notice that the map expy, is the identity map, meaning that, for
the elements of By, after choosing {X1, X5, X3, X4} as a basis for [;, we have the
identification

(21, 22, T3, 14) = expp, (01X71 + 22 Xo + 03X5 + 24Xy) (11)

and that we can fix the Lebesgue measure dzdzodrsdrs on R*, as being the Haar
measure on By, see e.g. [9, Proposition 1.6.6]. Therefore, in what follows we may
formulate as

/ cee d$1d$2d$3d$4 = / e diCld{EQdiL‘ng4 . (12)
By R4
By (11) we can transport the dilations (8) to the group side, i.e.,

Dy (1, 9, 3, 24) = (ray, vy, 7°ws,7°04), >0,

whereas the homogeneous dimension of the groupis Qp, =1+1+24+3=7.
The next proposition has been proved by Dixmier in [6, p.333].

Proposition 3.1.  The dual space of By is B, = {maulA # 0, u, A € R}, In
particular, for each (x1,x9,x3,74) € By, 7 (1, T2, 3, 24) is acting on L*(R,C)
via

Tou(T1, T2, T3, x4)h(u) = exp (z (—%xz + Ary — Az3u + %xQUQ)) h(u+ z1) .
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We assume that the Hilbert space L*(R,C) is endowed with the standard product

(h, o) ::/hl(u)hg(u) du.,
R
where du is the Lebesgue measure on R.

Remark 3.2. For the case of the representation m, given above, as well as
for any representation acting on some L?(R™) of a connected, simply connected
nilpotent Lie group, the space H> is simply the Schwartz space S(R™), see [5,
Corollary 4.1.2].

By [3, Subsection 3.2.3|, or by explicit calculations using (3), the group Fourier
transform of the elements of [, are the operators acting on S(R) given by

d 1 1
ﬂ-/\y/t(Xl) = @ ) 7T/\,M(X2) = ( - % + §>\U2) . (13)
Further calculations show that
Tau(Xs) = —idu, . (Xy) =N, (14)

Due to Proposition 3.1, the group Fourier transform of a function f € L'(By) at
Tau € By is, as follows from (2), given by:

Foi(f)(mau) = f(ﬂk,u) =mu(f) = - f@)myu(x) de, (15)

where # = (x1,72,23,74) € R*, is a linear endomorphism of L?(R), and, after
calculations, the adjoint my ,(z)* of the unitary operator m ,(x) is acting on h =

h(u) € L*(R) via

75, (@)h(u) = exp <z (%xg—)\xﬁ-/\xg(u—xl)—%xg(u—xl)Z)) h(u—z1). (16)

More particularly one can show the following.

Proposition 3.3.  The group Fourier transform of f at w», is the operator given
by

Fa, (f)(TD\yM) = Op[af7A7M<'7 )] ) (17)
where

A
aran(v.§) = (20 Fus(F)(§ 507 = 55, =W, V),

and Oplasy,(-,-)] denotes the Kohn-Nirenberg quantization of ayx ..

Recall that the Kohn-Nirenberg quantization of a smooth symbol @ on R x R is the
operator

Op(a)f(u) = (27) " / / (0, €) f(v) do d
for f € S(R) and u € R.
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Proof.  Using (15) and (16), the operator Fp,(f)ms, can be written as

/ |:f(x1,fﬂ2,x3,x4)
H A 2
- exp —xg Axy + Arz(u — xp) — Ewg(u — 1) h(u — x1) |dxy dxe dxs dzy

277') 2/ / |:~7:]R4 5 n,T, W) 1:01{ szn ezxdr . ezx4w
R4 JR4
M A 2
cexp | ¢ 53:2 Azy + Awg(u — 1) — §x2(u — 1)

~h(u — xl)] dxy dxgy dxs dxydé dn dr dw
27T / / |: ngf é )\(’U, — :(,’1> — ﬁ )\($1 — u) )\)h(u - 171):| d&?l df

= 2n) [ [ | mainie 5 - o aode,

where for the last inequality we have applied the change of variable v = u — 1, and
this proves Proposition 3.3. [ ]

In the above computations, the Fourier transform Fgm(f)(£) has been defined via:

Frr(f)(€) := (2m)™™* | flx)e ™ dz, =z,(€R™,

Rm

so that the Fourier inversion theorem becomes
[ [ ewesavds = @mmiw), o err
Let us finally note that by (17), we see that for a symbol ¢ as in (6) quantized as:

O-(SE7 7T)\,,u) = O'(I', )‘7 :u) = Op(aﬂz,)\,,u«> )
then its symbol that is given by

A
Ay rp(0,€) = (27)2 Fa (k) (€, 21)2 — ﬁ —Av, A), (18)

where {r,(y)} is the kernel of the symbol o(z, A, i), i.e

U('I? )‘7 ,LL) = 7T)\,H<K:E) .

For our notation the quantization (5) becomes
Op(o)d(z) = 227~ / / Tr(man(@)o (e, p)man(@) dudy,  (19)
A#£0 J peR

where 227 3dud) is the Plancherel measure on B, calculated in Appendix B.
Summarising one can have the following equivalent formula in terms of composition
of symbols on the Euclidean space.
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Corollary 3.4.  For ¢ € D(By), o as above and for x € By we can write
Op(@)oe) =225 [ [ Tr(Oplan.u)Oplasieran)) dudh, (20
A£0 J peRr

where 2727 3dud) is the Plancherel measure on G.

Proof. By using the property of the Fourier transform

~

O(mrp)mau(®) = Fi,(0(2-)) (Tau)
as well as the properties of the trace, and formula (19), the equivalent formula (20)

follows immediately. [ |

3.2. The Cartan group. Let 5 = span{ly, 5, I3, 14, I5} be the 3-step nilpotent
Lie algebra, whose generators satisfy the non-zero relations

[]1, ]2} =13, []17[3] =14, []27 ]3] =I5,

while all the other commutators are zero. Thus, [5 is graded, as it admits a vector
space decomposition of the form

L=VieV,aV; (21)

where Vi = span{ly, I}, Vo = span{l3}, and V3 = span{ly, I5}, such that we have
Vi, V] C Viy;. Now, observe that [5 is stratified, since V; generates all of [5.

The corresponding Lie group, called the Cartan group and denoted by Bs is a
homogeneous Lie group, and the natural dilations on [5 are given by

D.(I,) =rl, D,(Iy) =rly, D,(I3) = r’I3, D,(I4) =Ly, and D,(Iy) = r’I5,
where r > 0. We identify Bs with the manifold R® endowed with the group law

(301,3?27-733,554,3?5) X (yl,yg,yg,y4,y5)
2

1Yy
= (SB1 + Y1, T2 + Yo, T3 + Y3 — T1Y2, Ty + Y4 + 122 — 1Ys,
2
1y
Ts +Ys + 122 —$2y3+x1x2y2>-

Therefore, T.Bs ~ ToR?, where e is the identity element of Bs and 0 is the element
(0,0,0,0,0) in R®. The canonical basis of I°, given by [3, Section 3.3], or by explicit
calculations, consists of the canonical left-invariant vector fields

0 0 0 x? 0 o
X =— X = — “1
1(55) a33'1 7 Z(x) 8562 = 8%3 * 20 4 + T 8335 ’ (22)
0 0 0 9 5
o) = Gy M 0w ) = X =g
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where x = (1, 79, T3, 14, 75) € R, that satisfy, as one expects, the above relations.

If we choose the set {Xi, X5, X3, X4, X5} of right-invariant vector fields as a basis
of I5, then the later acts on the space C*°(Bs), see Appendix A, by

~ 0 0 o 130 - 0 0

Xi(w = o 28_@_x38_m+7a_x5’ Xo(z) = 8_:62_3338905 (23)
and X()—i )N(()—i and )N(()—i (24)
" 3I_8x3’ 4x_8x4’ 511_85(]5.

The map expg,_ is the natural diffeomorphism from [5 onto Bs as in (11) for the
case of By, yielding analogous results, see (12), concerning the integration on Bj.
Finally, transporting the dilations above to the group side, we get

2 3 3
D, (1,9, x5, 4, x5) = (121, 722, r° XT3, 7Ty, 7°T5) .

In this case the homogeneous dimension is Qp, =1+ 1+2+3+ 3 = 10.
Dixmier in [6, p.338] showed the following.

Proposition 3.5.  The dual space of Bs is Bs = {mapw| N2+ p? #0,v,\, u € R}.
In particular, for each (x1,xq, x5, x4,25) € Bs ,Txuu(T1, T2, T3, 4, 5) is acting on

L*(R,C) via

y Ary + px
7T>\,,u,1/(x17 L2, X3, T4, {L’5)h(U) = eXp(ZAa)E\luzg T3,L4,25 (u))h (u + )\;TZQQ> )
with
AT () = — 2 (g — Aas) + A+
T1,T2,L3,L4,T5 u) = 2)\ +ILLZ HI X2 Ty M5
1 pu 2,
e 2()\ + 3\ Ty + 3pPwy a5 — M)

1
+ pPzwau + Au(r] — 23)u+ 5 ()\2 + %) (pary — Awg)u® .

As before, the Hilbert space L*(R,C) is endowed with the standard product. Wor-
king as we did previously for the case of By, the group Fourier transform at 7, ,
acts on the elements X, X5 of the canonical basis of L5 via

T VR i A d
7T)\7M,V(X1) = <—§)\2 n Mz — 5()\2 + [L’L2)/“'Lu2 + )

A2 + 12 du
o i (25)
i v i u

see [3, Subsection 3.3.2], or after explicit calculations using (3).
Further calculations show that

T (X3) = i + pP)u, T (Xa) =i\, T (Xs) =in. (26)

Due to Proposition 3.5 and (2), the group Fourier transform of a function f € L'(B5)
at ™y, € Bs, is given by

FaD)mse) = Fmn) = ma ) i= [ f@mlayas, (1)
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where x = (x1, 22, T3, 4, 75) € R, is a linear endomorphism on L?(R), where, after
calculations, the adjoint ), ,(x)* of the unitary operator =, ,,(z) is acting on
h € L*(R) via

T (2) " h(u) = exp {z (A:’U\’lf‘;%m’u’zs) (u) }h u— H :
A2+ p
with
PWIRY * 1 v
(Awivf;a,:vs,m,:vs) (u) = §m(ﬂxl - >\$2) — Ay — puxs
+ —6()\2/:— ) (Nx} + 3 \puaimy + 3plmyas — )
ALy + s ATy + e
= iy (u T+ 112 - )\u(x% —a3) (u— BVERFE 72
Lo 2 ATy + o 2
- GO )y = ) (=

We note that, unlike the case of the Engel group By, the group Fourier transform
in this case of the Cartan group Bs, cannot be entirely expressed via a pseudo-
differential form.

4. On the Construction of \IIZTJ

For the description of the classes S;}(S(G) of symbols for any graded Lie group G,
the main obstacle one has to overcome is to find explicit expression for the difference
operators in each particular setting.

In this section, we find the expressions for the difference operators of the form A,,
in the setting of the Engel and Cartan groups. Knowing the form of these operators
we get explicit sufficient conditions under which a function belongs in some class of

symbols ST for reasons explained above in Section 2 Paragraph 2.4.

Let us note that [9, Remark 5.2.18] implies that any left-invariant differential op-
erator belongs to U,,cr¥)’5(G), for any graded Lie group G. However, this in not
the case for every right-invariant operators.

Proposition 4.1.  The right-invariant vector fields on some graded Lie group are
not necessarily in some W™ .

Let us first make a useful observation:

Lemma 4.2. If A € U™ is an operator on G of homogeneous degree v, , then
m must be greater or equal that v4.

Proof.  Recall, see [9, Corolly 5.7.2], that if A € U™ then
VseR 3C>0 VfeSG) |[|Afllz. <Clfllzz- (28)

Assuming a fixed Rockland operator R of homogeneous degree v, we can write
1Fllez = [1Flle2 + IIRY fllz2 s (29)

for all s; see [9, Theorem 4.4.3].
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Now, inequality (28) for s = 0 applied to the function fo D,, r > 0, using (29),
and allowing r — oo, yields v4 < m, and this completes the proof. |

Proof. It is enough to prove our statement in the case of the Engel group. Recall
the canonical base {Xi, X, X3, X4}, with X;’s as in (9), of its Lie algebra. Then,
using (10), we get that X; — Xy = 250,, + 230,,. Now by [10, Corollary 4.13] for
the particular case of B, we have,

Li(By) :={f € L*(By) : X1f, Xof € L*(By)}. (30)

Let ¢,x € C®(R), such that ¢,¢ € L*(R), and x : R — [0,1] be compactly
supported. Then, define f € C*(B,) via

[z, w2, 3, 24) := x(21) X (23) X (T4) D(22) .

Then, it can be easily checked that f, X;f and X,f are square integrable, and
so, using (30), f € L3(B;). However, since we have x90,,f ¢ L*(B,), then also
(X, — X1)f ¢ L*(By), and in particular X;f ¢ L?*(B,). Assume now that X is
in some U™ m > 1. Then, an application of (28) yields that X; maps L3(B,) to
some L?_ (B;), m > 1, and hence to L*(B,), continuously. Thus, the chosen f

shows that the right invariant operator X, is not in UmeR\IfZ?(;(BQ. ]

Finally, we note that in the process of finding the formulas for the difference oper-
ators in what follows, instead of making direct calculations, we adopt other, more
efficient, techniques. In some of those, we make use of the subsequent properties
without mentioning:

o The linearity of the group Fourier transform.

« For k € D(G) and for X € g, viewed as a left invariant vector field we have
7(Xk) = m(X)m(k),
while viewing X as a right invariant vector field X we have
m(Xk) =m(r)m(X),

see e.g. [9, Proposition 1.7.6(iv)].

4.1. The case of the Engel group. The difference operators on a graded Lie
group, have been defined as acting on the space of tempered distributions K, ;, see
Definition 2.10. Thus, it makes sense to clarify this notion in the particular setting

of 842

Let x be in some /C,;(By), and let m) , € 34, where B, is as in Proposition 3.1.
Then, the group Fourier transform of x is by Definition 2, and by Remark 3.2, the
field of operators R

{mapu(k) : S(R) = Hfrm T € Bat,

in Lgf’b(1§4), where 7, ,(k) acts on S(R) as in (15).
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Proposition 4.3.  Let v € KCup(Bs) be a tempered distribution, such that xik
is in some Ky (Bs), or xak is in some Ky y(Ba), so that the difference operator
Ay, or A,,, respectively, make sense. Then the formulas for the above difference

operators, acting on the space S(R), are given by:
. 1
Aa il(mau) = v (Tau(Xa) (k) = Ta (k) (X))

where m ,(X3) = —idu, and Ay, R(my,) = 2@—.)‘8M7T>\,#(Ii) .

Proof.  Observe that by (9) and (10) we get
0 0

Xo— Xo=0qj— = —1x. 31
3 3 =21 Ore 04 21 (31)
Observe also that for any suitable x, using (14) we have
0 :
P () = Tapl ) = T () = V) (32

since Xy = (,%. Then, by the above,
Ty

1 1 5
Tu(T1K) = aﬂ,y(lefi) = EWA,M((XZ% — X3)r)
1 -
= a(’ﬂ'/\,#(Xgli) - WA,M(X?)H))

= %(7‘(‘)\7“(11)71')\#()(3) — 7TA,,4(X3)7T>\,M(H))

- %(WA,M(X:%)?TAMR) = Tau(8)Tau(X3)) -

Now, for the difference operator corresponding to x5, we differentiate the group
Fourier transform of k given in (15), at h € S(R) with respect to p and get

Ou{mapu(k)h(u)} = au{ /R4 K(z) exp (z (%12 — )\x4)>

- exp (@ ()\xg(u — 1) — %:Eg(u - m?)) h(u — xl)dx}
_ /R w()esp (i (L~ 2as))

exp (z <)\a:3(u C ) - g:@(u - m?)) hu— 1) <%x2> dz

or in terms of difference operators,

?

1
DT u(K) = Tap (ﬁxﬂi) = 2)\Ax27r/\,u(“)-

The proof is complete. u

Remark 4.4.  As we mention earlier in the discussion that follows after Definition
2.10 the difference operators are not necessarily local, in the sense that, as the
last proposition shows, they might for example be expressed by using derivatives in
p€eR, and therefore they should act on the field of operators {my ,(k), A # 0, u € R}.
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This is also the case for the difference operators Amﬂw and Amlm,u in the setting
of By, see Propositions 4.5 and 4.6, whereas in the setting of Bs any difference
operator of the form Ay, ,2=1,---,4 is not local, see Propositions 4.7, 4.8, 4.9
and 4.10.

Proposition 4.5.  Let k € Kyp(By) be such that x3k is also in some Ky (Bs).
Then the difference operator that corresponds to x3 is given by

R 1
Axs"’f(m\,u) = N (A:cz”/\,u(”i)ﬂx\,u(XS) + WA,;L(”@)W/\,#(Xl) - 7T>\,M<X1)7r>\,u(“)) )

where Ag,ix, , s given in Proposition 4.3, and my ,(X1), ™. (X3), are as in (13)
and (14).

Proof. Formulas (9) and (10) yield

X — )~(1 — ngg = xgaim = aimxg.
Let k be a suitable distribution. Then, using (32), and as 3%4 = X4, we have
T u(Tsk) = %W,\,M(X4x3/i) = %ﬂ,\,u ((X1 e :L‘ng)li)
= 2 (maulX0m) = ma(Ku) = mo (2 Kom))
= - (P X)) = M) r (X2) = T2 Xs)
= 5 Eru X0 (8) = T (T (K1) = Besa (9 (X))
= § B )mau(X) + ma (R (X) = (X))
completing the proof. [ |

Proposition 4.6.  Let k € Kyp(Ba) be such that x4k is also in some Ky (Bs).
Then, for all h € S(R) we have

U2

(o 6D(0) = i0s (10}~ ( oz + 5 ) {Braman(dn

+ U{Axgﬁ)w(/i)h(u)} . {Angxm,#(n)h(u)}
+ u{AmAmﬁAM(/{)h(u)} - %{A:CQAilﬂ,\,u(m)h(u)} ,

where the difference operators Ag,ix, ,, @ =1,2,3, are given in Propositions 4.3 and
4.5.

Proof. For k as in the statement and for h € S(R), we differentiate with respect
to A the group Fourier transform of x, given in (15), at h.
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This yields,

Or{ma (W)} = 01 /R (resp (i (Bas - An) )
. exp (z ()\xg(u ) — %@(u - m?)) h(u — 1) dx}

_ /R4 () exp (Z (%m — Azy + Azz(u — 21) — %:m(u - x1)2)>

h(u — xl){z (—2L)\2$2 — x4+ x3(u — x1) — %(u — x1)2> }dm.

Rewriting the above formula in terms of difference operators we obtain

2

Or{ma ()} = i| - (% ¥ %) { A (0)h(w) } = { A (0)h(w) |

+ u{Awsﬁ)\’H(/{)h}(u) - {A$3Azlwk7u(m)h(u)}

ruf A (0h(n) ) 28,87 (k) }]

completing the proof. [ |

4.2. The case of the Cartan group. Let x be in some /C,,(Bs5), and let

Tauy € 3\5, where 1/3\5 is as in Proposition 3.5. Then, the group Fourier transform
of k is by Definition 2, and by Remark 3.2, the field of operators

{Taw(8) : SR) = HE 7w € Bs},
in Lgfb(ﬁ:,), where 7, ,, (k) acts on S(R) as in (27).
Proposition 4.7.  Let v € ICup(Bs) be a tempered distribution, such that x1k
is in some Ky (Bs), or xak is in some K, y(Bs), so that the difference operator

A, or A,,, respectively, make sense. Then, the above difference operators act on
h e S(R) via

(D)) = ~20p 2 (20 ()10}

LA
(

O ) oo (K)o () = T ()T (X)) )

and

(B R)() = 20 (20 ()10}
8 r s ) () — T ()T (X)) ),

where 7y ,,.,(X3) is given by (26).
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Proof. We proceed by finding the explicit formulas for the above operators
simultaneously, by solving a system of equations. In particular, for x as in the
statement, and h € S(R), we start by differentiating with respect to v the group
Fourier transform of x given in (27). Then,

B 0 iA* B Axy + HT2
3,,{7?,\,u,u(/f)h(u)} = s ”(@ay [6 h (u A2+ p? )] de

e O(iAY) ATy + s
_ 1A
Aﬁ@fe' o ”(”“Tﬁﬁr d
L ATy + [Ty
:ZFEEAfM@%@_Tﬁﬁod”

i / () h ATy + (To d
———— | xk(z)-h|lu— ") dz
202+ 1) oo e

— —2()\27'/1 qu_) T uv(T16)h(u) — 2()\22—?{%2)%,\7“71,(372/{)}1(11) . (33)

Now, observe that by (22) and (24), we have that

Xg - X3 = I1X4 + 1‘2X5 = X4J,'1 + X5ZL’2 .

Then, for any suitable s as in the statement, as X; = ;2 and X; = aimsv since
T (Xa) = 9X and 7y, (X5) = iy, one gets

0 .
71')\““71, (8_‘%4%) = 7T)\7#7V(X4li) = 7T/\“LL,I,(X4)7T)\’“’V(H) = Z/\ﬂ')\“u,y(li) i

0 .
and T (_895 “) = M (Xs8) = T (Xs)Ta o (K) = ipm (k) -
5

Assume first that p # 0. The above observations yield

1
T (T2k)h(u) = am\%y (Xszok) h(u)

=~ (%o = Xa—0iX) #)

1

= (7r,\%l, (Xam1R) + T (X3K) — T 0w (XSFJ)) h(u).

Thus, since 7y ,,,(X4) =i\, we finally get

T (T2k)h(u) = [(—3) T (T1K) + %(W)\7M7,,(X3H) — 7T)\7M7,,(X3/€))} h(u). (34)

Plugging (34) into (33) yields

0 i
g{ﬂ,u,u(/”v)h(u)} = mﬂu,u(l’lﬁ)h(u)

_ 2(}\22—?%2) [(—2) T (T15) + ﬁ (WA,/L,V(XSH) - WA,M,V(X?)“)H h(u)
A

7
= —mup(@1K)h(u) +

241 [W/\,u,v<X3"f) - 7T>\,,LL,Z/(X3/€)i| h(u) .

20N+ 127)
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Hence, the difference operator A, ., is acting on S(R) by

Pr il eam)h () = 2 (s () b))

A
+ SR (T par (X3) T (K) = T ()T (X3)) h(w) . (35)
Lastly, if we plug (35) into (34), we see that the difference operator A, ., is
acting on S(R) via
0
T (T2R)h(u) = 22)\5{7?,\,#,,,(/@)h(u)}
+ 37 (M) (8) = T (97000 (X)) ) (36)
Now consider the case where p = 0. Then A # 0, and by (33) we get
L0
T (T28)h(w) = 2A oA (K) ()} (37)
and by the above observations
1
T (T18)h(u) = A (Xy21K) h(u)

— _%W/\,W ((f(g — X3 — X5x2) KJ) h(u)
— % <7T>\,u,v (X5xok) + mx 0 (X5K) — T (X:sff)) h(u),

while since 7y ,,,(X5) = in = 0 and by using (37) we finally get

Trgar (BLR)B() = < (a0 (Xs) T (6) = () a0 (X)) B(w) - (38)

A
and this concludes the proof if one observes that (37) and (38) are particular cases
of (36) and (35), respectively. ]

Proposition 4.8.  Let k € K,4(Bs) be a tempered distribution, such that x3k is
in some Ky (Bs). Then, the formula for the difference operator A,, acting on the
space S(R) is the following:

7
= Y (Azy T (K)o (X3) = T (X1) 7w (K))
)
e ()0 (X0) +

A
where the difference operator Ag,r, ., i as in Proposition 4.7, and the operators

Taun(Xi), 1 =1,3,5, are given in (25) and (26).

Apy T (K)

Aiz”&lb'/('%) y

Proof. Since X, = -2 then

Oxg

0 0 0 0 0 0 x2 0 x2 0
X = X = = J— 2 2
43 = T34 =0 0xy 3 0xy * oxry Ox R 0x;

~ g}Z ~
:X1—$2X3+§2X5—X17

where for the last equality we have used (22),(24), and (23).
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Now, by (26) we get

1 1 . 2 .
T (T3K) = aﬂ')\’“’y(lel‘glﬁ) = am\,w, (<X1 — 29X3 + §X5 — Xl) /1)

1

~ 12 ~
= (WA’H’V(XNQ) — T (X3T2K) 4+ Ty 0 (X5721€) — WA’H’V(X1K)>
1

= ix (WA,H,V(Xl)WA,u,V(’i) - szﬂk,u,V(ﬁ)Wk,u,V(X3>)

1 /1
# 25 (FPs XA 10,000 = T ) (X))
where 7)., (X5) = ip, which shows the desired result. ]

Proposition 4.9.  Let k € Koy(Bs), such that xuk is in some Ky (Bs). Then,
we have for all h € S(R) that

21
(A2 + p2)2

(Bear o (R))hl) = (8% {Paa(R)h(w)} —

Busmrnlo) { 0 0

Buanal) {50} <u>)

p— N
CRERTOE
+ (b1 + 01u®) {Agy T ()R (u)} + (by + 03u”) {Agy T (k)R (u) }
+ uby 2 {As Ay (K)(W)} + b1 12 {A AN SV V(m)h(u)}

+ b122 {Au A2 T w (K)R(w) } braa { A3 T (K)R(u) }
+ b222 {Ai27r>\7u7u(/<)h(u)} )

where the difference operators Agx, ., © = 1,2,3, are as in Propositions 4.7 and
4.8, and

230 A2 — v
1 ()\2+M2)2 ) 1 K 2 2(>\2+,U2)2’
p2 N6 4 38 + 152t 4 210* 2 b % b1 3N+ 9pt
2 6(\2 + p2)? v 012 » 0112 —6()\2 TR
b B —2 8 B A3 b B 202N\ — 2t
1,2,2 - ()\2 + //L2)2 Y 171,1 - 3()\2 + M2)2 ) 2,2,2 - 3()\2 —I— M2)2

Proof. Let k be as in the statement. We start by differentiating with respect to
A the group Fourier transform of x, given in (27), at h € S(R). This yields,

5{%,;“/ u)} = / BN { “h (“ T e dz

e [22Ary + pn) — 2 (A2 + )] d A1 + (s
1A
-I—/R5 k(x)-e [ 02 1 22 _duh U— —5—> | dv

=I1+1I.
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Dealing with integral I, we see that
1 00 g G o )
= ()\223—1/12)2 /85 zok(z) - e %h (u — Ai%’:?) dx (39)
b s [ty (= 2 Y o

2\ d
= ( H Axgﬂ-)\,u,l/("i) {@h} -+

(A2 + 1i2)?
For the integral I, we see that since
0(iA*)
O\

_N2+)‘2 A
(>\2 +,U2)2

= z{ — x4 + (b1 + bJu?)xy + (by + bou®)wy + uby 21179 + by 1 27Ty
+ 61,272x1x§} + i{bl,mxi’ + bg,mx%} : (40)
then, reasoning as in the case of the integral I, we get
1= i {=Buimrua () + (0} + B0 A0, g () + (B + 030%) Ao (1) } hl(w)|
i {12800, A () + b1, 22, Ao () + B1,2580, A2, () } h(w)|
+1 [ {bl,l,lAfch/\,u,u(’f) + b27272Ai27r,\7H’1,(/i)} h(u)] :

where the b’s are as in the statement, and the proof is complete. [ ]

Proposition 4.10.  Let k € Kq4(Bs), such that x5k is in some K (Bs). Then,
we have for all h € S(R) that

0

(AgsTrpw (k) h(u) = Z<3_u {mrpuw(r)h(u)} — 2 p

d
021,27 Ay T (K) {@h} (u)
A2 — 2 J

RSEDE Ay T (K) @h} (U)>

+ (b1 + byu?) {Ag, s, u(%)h(U)} + (by + b3u”) {Ag, i (£)h(u) }

+b112{A AIQT‘-)\MV }++b122{AI1Az27T)\MV( )h(U)}
+b111{AJ;17T)\MI/ }+b222{Ax27T/\MV(I{)h(u)} )
where the difference operators Agr, ., © = 1,2,3, are as in Propositions 4.7 and
4.8, and
bl vA? — v 2 _ _3)\6 +9u8 + 15012 + 2102t Bl 2y
1 2()\2 +M2)2’ 1 6()\2 +M2)2 ’ 2 ()\2 +M2)2’
2231 pt + 32\
b2 =\ b =—-5, b =
2 ' 1,1,2 ()\2 +/J/2)2 ) 1,2,2 ()\2 +/’62)2 ’
b B 2Nt — 2222 B —4N3u
PR )2 PR (N )
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Proof. For k as in the statement, and for h € S(R), we differentiate with respect

to u the expression (27) at h. In particular,

@{7’(’)\7%”(/{)]1(“)} = /. m(m)au {e h (u BvEerR e )} dx

4 O(1AY) Ay + ,ux2>
— et AT chilu— 22272 g
[ ster-e 2 (e

o [ ) )
Rs

(A2 + p?)? du A+
=1+1I.

Dealing with integral 11, we see that

22
=\ }ih(u—)\xl+um2)d9§

"= /R e {xl T R N
- ()\22:—‘;2)2 /35 vik(x) - e dcih (u Ai; i Zx2> T (41)
N R T LA
(2] ot { s} + [ ] st i} Yo

For the integral I, we see that since

O(1A*
(l ) =1 {—Igg + (bi + b%u2)a:1 + (b% + b§u2)$2 + 61,17256%372}

a#
+ 7 {bLQ’gl’lx% + b1’1,1$? + b272,2$g} N (42)

then, arguing as in the case of the integral II in terms of difference operators, we
get

=i [{=Auymrpw (k) + (0] + b2u?) Ay, T (k) + (b3 + b2u*) Ay, (k) } 2] (u

i [{0112A2 Ay mapun(K) 4 b1220 A2 7y (k) ] (w)

+ 0 ({1 A T (8) + b2 20, Tx (k) } B ().

where the b’s are as in the statement, and the proof is complete.

A. Canonical right-invariant vector fields
on the Engel and Cartan groups

In the case of the Engel group B, we have: For f € C*°(By), the identification (11)
allows us to calculate the canonical right-invariant vector fields as follows
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s d 5
Xi@)f @) = 2| (- ews %) x2)
d
:% 7f((t,07070)X($17I27$3,l’4))
—i flt+a, 20,03 —tas,x +lt2x —tx
_dt 0 1,42,43 2,44 2 2 3

0 0 0

Analogously one has,

Xo(2)f(z) = % i ((t : exp&fg) x x)
= % t:(]f ((0,1,0,0) x (x1, z9, x3,24))
= % t:(]f (x1, 20+ t, 23, 24)
- (52 160
whereas, X3(x) = 8ix3’ Xy(x) = 3%64‘

For the case of the Cartan group Bs the right-invariant vector fields act on the space

C>=(Bs) by

~ d ~
%@ f(e) = dt t:Of ((t ' eXpB5X1> X x)
d
T dt tfof ((£,0,0,0,0) X (21, 22, 23, 24, 75))
! L, 1 5
- % t:of(t + 1,2, T3 — 12, T4 + §t To — tx3, T5 + 5@32)

(000 B
-\ on >0xs S0r, 2 Oxs ’

= — B f((O,t,0,0,0) X ($1,ZE27173,1'4,ZE5))

T t*Of(l?l’ Ty +t, 3, T4, T — 123)

0 0
= (8_1‘2 —9338—1_5> f(z),

whereas similarly one gets,

B P 5 P 5
X3<l') = a—x3, X4(SU) = 8_1’4’ and X5(£C) = .
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B. Plancherel measure on the dual of the Engel group

The first part of the abstract Plancherel theorem on unimodular, type I Lie groups,
obtained by Dixmier in ([6, Section 18.8]), is the Plancherel formula, which ensures
the existence of a unique positive o-finite measure m = m(n), m € @, on @, called
the Plancherel measure, such that for any f € C.(G) we have

/G (@) Pz = / £ ) s ()

where f () is an endomorphism on H,. The above formula shows that the group
Fourier transform is a Hilbert-Schmidt operator, and in particular that it is an
isometry from the space of smooth functions with compact support C.(G) endowed
with the L?(G) norm, to the Hilbert space

&

L*(G) ::/ HS(H,)dm(r),
a

introduced by Dixmier in [6, Part II, Ch.I], of fields of Hilbert-Schmidt operators

that are square integrable in the above sense.

In the next proposition we obtain a concrete formula for the Plancherel formula in

the setting of the Engel group, and this implies specifying the Plancherel measure

on the dual of the group. The Plancherel measure in this case has been calculated
by Dixmier in [6] using other methods. Here we give a straightforward proof.

Proposition B.1 (Plancherel formula in By).  Let f € S(By). Then for each
A € R\ {0}, € R, the operator f(mr,) acting on L*(R) is the Hilbert-Schmidt
operator with integral kernel K¢y, : R xR — C, given by

A
K g, 0) = (2m) Fis (F) (= 0, 507 = 72 =X, ).

and Hilbert-Schmidt norm

A A
||f(7T>\,u)||HS(L2(R)) = (2#)3 / / | Frs (f)(u — v, 0t — i, —\v, )\)|2 du dv.
. 2" T2\

In addition, we have

|f(z1, 2, 23, 24)|* vy d2o dvs dy = 2_27T_3-/ / ||f(7r,\,u)||%15(Lz(R)) dpdX.
Ba AeR\{0} J peRrR

Furthermore, we have that the Plancherel measure dm(my,) on By is the Lebesgue
measure on R?, namely dm(my,,) = 27273 d\du.

Proof. By the computations as in Proposition 3.3, we can write for h € L*(R)
and u € R,

F(ma,)h(u) = (2n) /R /R O Fa (£)(E, 20 — L o, Nh(v) dé du

2 2)\’
= / K s pu(u,v)h(v) do,
R



CHATZAKOU H41

where K, (u,v) is the integral kernel of f(y,) hence given by

Kau(u,v) =27 / e Fra (£) (&, gvz —Av, \) dE.

R 2\
Using the properties of the Euclidean Fourier transform we may rewrite this as

3 A
lCﬁ/\w(Uv v) = (2m)2 Frs(f)(u — v, §U2 — % —Av, A),

where the Fourier transform above is taken with respect to the second, the third
and the fourth variable of f.

The L*(R x R)-norm of the integral kernel is

//|/Cf)\uu v)|* dudv = (27) //|]-"R3 (u — v, é1}2—%,—)\v,)\)ﬁdudv,

where since f € S(By), the last quantity is finite. Hence the operator f(w,\,u) is
Hilbert-Schmidt and its Hilbert-Schmidt norm is the exactly the above quantity.
This shows the first part of the statement. We now integrate each side of the last
equality against d\, du and obtain

/ ///|/Cf7,\7u(u,v)|2dudvd,ud)\
r\{0} /R JR JR

:(27r)3/ ///|]—"R3( u— v, é1)2—ﬂ — v, A)|Pdu dv dp d
R\{0} JR JR JR ' 2 2)\°

:(27T)3/ ///|.7:R3(f)(a:1,w2,wg,w4)|2det(JF(u,v,)\,u))darldwgdwgdw4
r\{0} /R /R JR

:227T3~// //|.7:R3(f)(x1,w2,w3,w4)|2dw2dw3dw4d:€1,
R JR\{0} JR JR
A2

where det(Jp(u,v,\, 1)) =
transformation F'(u,v, A, p) (r1 = u—v,wy = 50° — 35, w3 = —Av,wy = A).
Now, using the Euclidean Plancherel formula on RS in the variable (wq,ws,wy)
with dual variable (xq,x3,z4), we have

/ // 1K o (w,0) [ dvy dudvo dpndX
R\{0} /R JRxR

= 2273 |f(x1, 29, 23, 24) | dvy d2oy dv3 day
R4

% is the determinant of the Jacobian matrix of the

and this completes the proof of Proposition B.1. |
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