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1. Introduction

Let (M, (-,-)) be a pseudo-Riemannian manifold. A conformal vector field X on M
is a vector field satisfying

Lx () =2p(),
where £x(-,-) is the Lie derivative and p is a smooth function. It connects with
the topological structure of the pseudo-Riemannian manifold [8, 13]. An important
class of conformal vector fields are Killing vector fields, i.e., vector fields such that
Lx(-,+) = 0. Killing vector fields provide a close link between the geometry of a
manifold M and the Lie algebra of I(M), which is the set of all isometries in M
(see [14]).
There are many studies on homogeneous pseudo-Riemannian manifolds of dimen-
sions 3 and 4. In dimension 3, similar to the result for the Riemannian case
in [15], Calvaruso proved that any non-symmetric three-dimensional homogeneous
Lorentzian manifold is isometric to a Lorentzian Lie group [3]. The above result also
holds for four dimensional Riemannian Lie groups [2]. In [6], Calvaruso and Zaeim
proved that for most of the Segre types of the Ricci operator, a four-dimensional
locally homogeneous Lorentzian manifold is either Ricci-parallel, or locally isometric
to a four-dimensional Lorentzian Lie group. Moreover, they classified four dimen-
sional Einstein Lorentzian Lie groups and described four dimensional Lorentzian Lie
groups (see [5]). Four-dimensional homogeneous non-reductive pseudo-Riemannian
manifolds, both Lorentzian and of neutral signature, were classified in [10], and an
explicit description of their invariant homogeneous metrics was obtained in [4]. Be-
sides, Einstein-like metrics and Ricci solitons were investigated on four-dimensional
Pseudo-Riemannian Lie groups of signature (2,2) (see [11, 12]).
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It is well-known that any left-invariant conformal vector field on a Riemannian Lie
group is Killing. And, it is proved in [1] that any left-invariant conformal vector field
on a unimodular pseudo-Riemannian Lie group is a Killing vector field. Also in [1],
there is a non-Killing left-invariant conformal vector field on a Lorentzian Lie group
of dimension 4. Recently, Z. Chen and the authors have classified all Lorentzian Lie
groups of dimension 4 admitting left-invariant non-Killing conformal vector fields [9].
It is then natural to consider the case of Lie groups of dimension 4 with signature
of (2,2).

In this paper, we classify Lie groups of dimension 4 with signature of (2,2) admitting
left-invariant non-Killing conformal vector fields.

Theorem 1.1.  Let G be a four dimensional Lie group with signature of (2,2)
with the Lie algebra g. If g admits a non-Killing left-invariant conformal vector
field, and dim[g, g] = 2, then there is a basis {e1,es,e3,e4} of g such that the basis
of [g,8] is {e1,e2}, the metric associated with the basis {e1, ez, e3,e4} is defined by

0
(1)

o= O O
_— o O O
oSO O =
o O =

and the non-zero brackets are one of the following cases:

Case 1: [ey,e3] = aeq + bey, [e1,e4] = (ad1 + Aa)er + bAjes, [es, e3] = mey + nea,
lea, e4] = mAie; + (Ay + nAy)ey, where a,b,m,n, Ay € R, \y # 0. For this case, the
non-Killing conformal vector field is the constant multiple of —A1e3 + ey.

Case 2: [e1,e3] = e, [ea, €3] = Aiea, [e1,eq] = Aae1+Azea, [ea, e4] = Age1+ Asea,
where \; € R,1 < j <5, A\ # 0. For this case, the non-Killing conformal vector
field is the constant multiple of e3.

Case 3: [e3,e1] = aey +bey, [eq, e1] = (—Aa +ad1)e; +bAies, [e3,ea] = mey + nes,
leq, 2] = mArer + (nA1 — A2)ea, [eq, e3] = Az(a+mAy)er + A3(b+nA iy — A2)es, where
a,b,m,n,\; € R1 < 5 <3, A3 # 0. For this case, the non-Killing conformal
vector field is the constant multiple of Azeq + A3Aiea — Ajes + ey.

Case 4: [eg,e1] = \eq, [eq, e1] = Aze1+Agea, [e3,e2] = Aea, [eq, ea] = Ase1+ Agea,
leq, e3] = —Xa(A1 + As)er — Aadgea, where A; € R,1 < 5 < 6, A\ Ay # 0. For this
case, the non-Killing conformal vector field is the constant multiple of \seq + e3.

For dim|g, g] = 3, we have the following theorem.

Theorem 1.2. Let G be a four dimensional Lie group with signature of (2,2) with
the Lie algebra g. If g admits a non-Killing left-invariant conformal vector field,
and dim[g,g] = 3, then there is a basis {e1,es,e3,e4} of g such that the basis of
g, 9] is {e1,e2,e3}, the metric associated with the basis {ey,es, es,e4} is defined by

1 0 0 0
0 -1 0 0

B=1l0 0 o -1 | (2)
0 0 -1 0

and the non-zero brackets are one of the following cases:
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Case 1: [e1, 2] = Aeg, [er,eq] = [ea,e4] = Aier + Aiea + Aaes, [es,e4] = 2 e3,
where A\ Ay # 0. For this case, the non-Killing conformal vector field is the constant
multiple of Ageqr — Aoeg + 4.

Case 2: [e, €3] = Nes, [e1,e4] = Aie1—A1ea—Aaes, [e2, e4] = —Aje1+Aea+Ages,
les, e4] = 2M\1e3, where A\ Ay # 0. For this case, the non-Killing conformal vector
field is the constant multiple of Aaeq + Ageg + e4.

Case 3: [e1,e2] = Aes, [e1,eq] = Mer — Aaea, [e2,e4] = —Xoer + A€o, [e3,e4] =
2M\1e3, where A1y # 0. For this case, the non-Killing conformal vector field is the
constant multiple of ey.

Case 4: [e1,e9] = —i—ieg — Aeg + Aier, ler,es] = [ea,e3] = Aes + Agea — ey,
e e1] = —[ea 2] = (=M + Mdser + (A — Adg)ez — Les, [ea, €3] = 2hadger —
2)\2)\362 — (2)\4 —+ 2)\1)\3)63, where /\j c R,l < j < 4, A3 Ay # 0. For this case, the
non-Killing conformal vector field is the constant multiple of Asz(e; + es) + e4.
Case 5: [e,e0] = —;—363 — Aiez — Mier, [er,e3] = —[ez, €] = Aiez + Aaea + Aoey,

2).

[64, 61] = [64, 62] = (—>\4 -+ )\1)\3)61 + (—)\4 + )\1)\3)62 + A;\—;\seg, [64, 63] = —2)\2)\361 —
2XA3e2 — (2A4 + 2X\1A3)es, where A; € R)1 < 5 <4, XAy # 0. For this case, the

non-Killing conformal vector field is the constant multiple of A3(e; — e3) + ey4.

Case 6: [e1,e0] = Aes, [e1,eq] = Aer, [ea,eq] = Aeg,[es,eq] = 2Mi1e3, where
A1 # 0. For this case, the non-Killing conformal vector field is the constant
multiple of ey.

Case T7: [e1,e9] = Aes, [er,e4] = Mer — Agen + (_/}\21/\3 — A)es, [ez,eq] = —Aoeq +

Aea + Ases, [es,eq] = 2\je3. For this case, the non-Killing conformal vector field
is the constant multiple of e; + :\\—362 + ;‘T‘leg + %364.

Case 8: [e1, e2] = Aes, [er, eq] = Aer— e, [eg,e4] = A,\—/\12€3+)\1€2; e, e4] = 2X1e3.
For this case, the non-Killing conformal vector field is the constant multiple of
Aoe e

ey e e

Case 9: [e1,e4] = aey + Pes + yes, [ea,e4] = Per + aes + nes, ez, ey = 2aes,
where a # 0, 8,~v,n € R. For this case, the non-Killing conformal vector field is the
constant multiple of —2(ya +nB)e; + 2(an + vB)es + (V2 — n?)es + 2(a? — %)ey .

Case 10: [e1,e4] = ey + aeq, [ea,e4] = aey + aes, [e3,e4] = 2aes, where o # 0.
For this case, the non-Killing conformal vector field is the constant multiple of
>\61 —/\€2+€4,/\ S R.

Case 11: [e1,e4] = aeg + aes + ves, [e2,e4] = aey + aes — ves, [es,eq] = 2aes,
where ay # 0. For this case, the non-Killing conformal vector field is the constant
multiple of (202X + v?)e; + (=202 X + 7?)es — 2a7Xes — 2ayeq, A € R.

Case 12: [e], e4] = ae; — ey, [ea,e4] = —aer + ey, [e3, e4] = 2aes, where o # 0.
For this case, the non-Killing conformal wvector field is the constant multiple of
)\61 +/\62+€4,/\ e R.

Case 13: [e1,e4] = ae; — aeg + yes, [ea, €4] = —ae; + aes + yes, [es, eq] = 2aes,
where ay # 0. For this case, the non-Killing conformal vector field is the constant
multiple of (—2a?X —7?)er + (—2a2X + 7?)ey + 2ayXes + 2aryeq, A € R.
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2. Preliminaries

Let G be a Lie group with the Lie algebra g and let (-,-) be a left-invariant pseudo-
Riemannian metric on G. Assume that V is the Levi-Civita connection associated
with (-,-). Then,

(X, Y] =VxY — VyX. (3)

For a left-invariant metric (-,-) on G, we have
(VzX,Y)+(X,VzY) =0, (4)
for any X,Y,Z € g. By (3) and (4),
(VY. 2) = S((X.Y].2) = (¥, 20, X) + {[Z,X), V),
where XY, 7 € g. Assume that X € g is a conformal vector field, i.e.
Lx () = 2p(). (5)

It follows that, 0= £x(X,X) = 2p|X|?.

If (-,-) is a left-invariant Riemannian metric, then p = 0 or X = 0. That is,
X is Killing or X is trivial. For this reason, we focus on a left-invariant pseudo-
Riemannian metric (-, ).

Lemma 2.1 ([1]).  Let notations be as above. If X € g is a non-Killing conformal
vector field, then X is a lightlike vector field, i.e., (X, X) =0.

Lemma 2.2 ([1]). Let G be an unimodular pseudo-Riemannian Lie group. Then
any left-invariant conformal vector field on G is a Killing vector field.

For non-unimodular pseudo-Riemannian Lie groups, we have the following result.

Lemma 2.3 ([1]).  Let G be a non-unimodular pseudo-Riemannian Lie group. If
G admits a non-Killing left-invariant conformal vector field, then

dim C(g) < min(p, ¢), dim[g, g] > dim g — min(p, ¢).

Here g is the Lie algebra of G and (p,q) is the signature of the pseudo-Riemannian
metric.

Also, there are non-Killing left-invariant conformal vector fields on non-unimodular
Lorentzian Lie groups [1, 7]. Let G be a non-unimodular Lie group of dimension 4
with the Lie algebra g and let <,> be a left-invariant metric of signature (2,2) on
G. Assume that g admits a non-Killing conformal vector field X .

Lemma 2.4.  Let notations be as above. Then the restriction of <,> on |g,g| is
degenerate.

Proof. From Lemma 2.3, dim|[g, g] > dim g — min(p, ¢), since the dimension of g
is 4, and signature is (2,2), then dim[g, g] > 2. When dim[g, g]=4, g is unimodular,
by Lemma 2.2, there does not exist any non-Killing conformal vector field. Thus,
dimlg, g]=2 or 3. To see the restriction of <,> on [g,g] is degenerate, we use
method of proof by contradiction.
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Assume that the restriction of <,> on [g,g] is non-degenerate, first, we claim
that the restriction of <,> on orthogonal complement [g,g]" of [g,g] is also non-
degenerate.

To see this, if w € [g,g] N [g, 0], then < w,w >= 0, and we get w = 0. So
g=[o.g]®lg.0]" . fzelggl", <zy>=0,forany y € [g,g]", then < z, 2 >=0,
for any z € g. Since the metric <,> is non-degenerate on the Lie algebra g, we
have x = 0. Thus, the restriction of <,> on the orthogonal complement [g, g]l of
g, 9] is also non-degenerate. Notice dim[g, g]=2 or 3, so dim[g, g]" = 2 or 1. Then
we can find one vector e; which satisfies < e, e; > # 0, here e; € [g, g

On the other hand, by definition of conformal vector field X, we have

Lx <epeg >=— < [X,er],e1 > —<eyp, [X,e1] >=2p <eg,eq >
Notice e; is from the space [g,g]", we have p < ey, e; >= 0. However, p #0,
(otherwise, X is Killing vector field), so we get < e1,e; > = 0. It is a contradiction.

Thus, the restriction of <, > on [g, g] is degenerate. n

Lemma 2.5.  Any 4-dimensional Lie group G with signature of (2,2) admitting
a non-Killing left invariant conformal vector field is solvable.

Proof.  Otherwise, the complex Lie algebra g© of g is s x r. Here s is the 3-
dimensional simple Lie subalgebra and r is the 1-dimensional radical of g. Then
g% is unimodular. That is, g is unimodular. Then the lemma follows from Lemma
2.2. |

3. Proof of Theorem 1.1

Let G be a non-unimodular Lie group of dimension 4 with the Lie algebra g and
let <,> be a left-invariant metric of signature (2,2) on GG. Assume that g admits
a non-Killing conformal vector field X . By Lemma 2.3, dim|[g,g] > dim g — 2. If
dimlg, g] = dim g, it implies g is unimodular. By Lemma 2.2, dim|[g, g] = 2 or 3.

Lemma 3.1.  Let the notations as above, if dim|g,g| = 2, then there is a basis
{e1,e9,€3,e4} of g such that the basis of [g,g] is {e1,ea} and the metric associated
with the basis {ey, ea, e3,e4} is defined by A (see equation (1)).

Proof. If dim[g, g] = 2, by Lemma 2.4, the restriction of the metric <,> on the
derived algebra [g, g] is degenerate, then the restriction of metric <,> on the basis

{e1,e5} of [g,g] is ((1) 8) or <8 8)

Since the signature of the left invariant metric <,> on the four dimensional Lie
group G is (2,2), the Lie algebra g can be viewed as a direct sum of two Lorentzian
subspaces. Thus, it is easy to see that there exists a basis ey, es, €3, e4 of g such that
the basis of [g,g] is {e1,e2} and the metric associated with the basis {e1, es, €3, €4}
is defined by

100 0 0010
001 0 000 1

=010 o o A=11990 0 (6)
000 —1 0100

(In fact, when the metric is C, {ej,es} and {es, e3} are two Lorentzian subspaces.
When the metric is A, {e1,e3} and {es, e4} are two Lorentzian subspaces.)
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Assume that the metric is C and suppose that with respect to the basis {ey, es, e3, €4},

the matric of adX is
@11 A2 13 Adiq

_ Q21 G292 A23 (24
=10 0o o o | (7)
O 0 0 o0
since
Lx <eej>=—<[X,el,e; >—<e, [ X, e >=2p <e; e >. (8)
By some calculations, we obtain: a;; = 0, a2 =0, aiy =0, as; = —aq3, a =0,

ass = 0, agy = 0, p=0. So it is a contradiction to the assumption that g admits
a non-killing conformal vector field. Thus, if dimlg, g]=2, there exists a basis
e1,e9,e3,e4 of g such that [g,g] = span{e;,es} and associated with this basis,
the metric is defined by A. [ |
Now we can give the proof of the first main result of this paper.

Proof of Theorem 1.1. If dim[g,g]=2, by Lemma 3.1, there is a basis {ej, ea, e3, €4}
of g such that the basis of [g, g| is {e1, e2} and the metric associated with the basis
{e1, ea,€3,e4} is defined by A, while the matrix of adX is D.

By Lemma 3.1, we can obtain: a;s = 0, a;3 =0, as; = 0, ag = a1, a3 = —a14,
azs =0, p=—2. If we denote a;; by A, a4 by 7, then the matrix of adX with
respect to the basis {eq, e, e3,e4} is:

A0 0 n
0O XN —m O
00 0 O
00 0 O

Since the nilpotent Lie group of dimension 2 is abelian, by Lemma 2.5, it is easy to
see [e1,e2] = 0. Set X = z1e; + z9e9 + 363 + 2464, We have

(X, e1] = xsles, e1] + x4leq, e1] = Ney, (9)
(X, 9] = w3[es, ea] 4 wafes, e2] = Aea, (10)
(X, e3] = x1eq, e3] + waleq, €3] + x4leq, 3] = —nea, (11)
[X, e4] = x1[e1, eq] + xalea, e4] + x3les, e4] = ne;. (12)
The eigenvalue of adX on [g,g] is A, and by the Jacobi identity, we obtain
adX ([e1, e3]) = Mer,es], adX([e1,eq]) = Aleq, eq], (13)
adX ([es, e3]) = AMea, e3], adX([ea, eq]) = Mea, eq], (14)
adX ([es, e4]) = nleq, 2] + nles, e1] = Aes, eq]. (15)

From the definition of conformal vector field, we have
—<[X,el, X >=2p<e, X > 1=1,234. (16)
Notice < X, X >= 0, we obtain:

nxTy = 2pr1, —Nr3=2pTa, x1x3+ Taxy = 0.
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Case A: If n =0, it is easy to see: 3 =x9 =0, [e3,eq] = 0. Set

[617 63] = aer + b€27 [617 64] =cep + d€27

[ea, €3] = mey + nea,  [eq, €4] = wey + vea,
here a,b,c,d, m,n,w,v € R. From

w3les, e1] + xyles, 1] = Ney, and  w3les, es] + wyleq, ea] = Nea,

—arz —cry = A,

. —bl’g - de4 0

we obtain: ’
—MT3 — WLy 0,

—NT3 —VLs = .

When z4 # 0, the solution is  =* and v = _)‘fm

And we have

—azr; — A —bx
[617 62] =0, [6’17 63] = ae; + bey, [61, 84] = : e+ 362,
T4 T4
—mx —NT3 — A
les,eq] =0, [ez,e3] = mey +nea, [eg,eq] = 361 + E €.
Ly Xy

Replacing —i—j and —x—’\4 by A1 and Ay, we have Case 1 of Theorem 1.1.

When z4 = 0, the solution is a =n = —% and b =m = 0. And we have
A
le1,e2] =0, [e1,e3] = e le1, eq] = ceq + des,
3
A
[63764] =0, [62763] = _x_62’ [62764] = wey + veg.
3

Replacing —w—z, c,d,w,v by A1, X2, A3, Ay, A5, we have the Case 2 of Theorem 1.1.

2px2 A _2px1 A
— P22 — Ay gy = L = 2, Set
n n 29 4 n 1

Case B: If n # 0, it is easy to see: x3 = ;

[63761] =d, [64761] = 57 [63762] =, [64762] = CZ [64763] = (.

—

Here a, b, c, CZ ¢ belong to the subspace which is spanned by e; and es.
From (9), (10), (11), (12) and (15), we have

C_L)]?3 + gZE4 = )\61,
cxs + Ja:4 = Jeg,
dv) —Cry = —nes,
are — gxl = ne;.

Further, we set
les, 1] = aer+bea, [es, 1] = cer+des, [es, €3] = mei+nes, [eq, ea] = ger+hey,

where a,b,c,d,m,n,g,h € R.
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We obtain:
ars +cry = )\,
bfL’g + dlE4 = 0,
mxs +gxry = 0,
nrs + h$4 = )\,
gr1 —mxy = 0,
hxy —nxy = —n,
ary —cr;y = 1),
L b.l’g - del = 0.
Note that x; = =5, x5 = 2 when x4 # 0. The solution of the above equations is
. )\—owsg7 d:—bﬁ, g:—%, - )\—nxg‘
Ty T4 T4 Ty

Replacing —22, —ﬁ, —4 by A1, A2, Az, we have

[61, 62] =0, [63, 61] = ae; + bey, [64, 61] = (—)\2 + a)\l)e1 + bA1es,
les, e2] = mey + neq, [eq, €2] = mAier + (A1 — Ag)ea,
[64, 63] = /\3(CL + m)\l)el -+ /\3(b + 7’L>\1 — )\2)62.

So we have the Case 3 of Theorem 1.1.

When x4 = 0, the solution of the above equations is

A
b=e=0, a=f=—.
€3
We denote %, 1,¢,d,g,h by A1, A2, Az, Ay, As, A, we have

le1,ea] =0,  [es,er] = Mer,  [eq, e1] = Azeq + A\gea,
les, e2] = Aiea,  [eq, ea] = Aseq + Agea,

[647 63] = —)\2()\1 + /\5)61 — )\2)\662.
So we have the Case 4 of Theorem 1.1. This completes the proof. |

4. Proof of Theorem 1.2

If dim[g,g] = 3, from Lemma 2.4, the restriction of the metric on the derived
algebra [g, g] is degenerate. And it is easy to see that there is a basis {e1, es, €3,e4}
of g such that the basis of [g,g| is {ei, ez, e3} and metric associated with the basis
{e1, eq,€3,e4} is defined by

10 0 0
0 -1 0 O

B = 0 0 0 -1 (17)
0 0 -1 0

Suppose that the matrix of adX with respect to the basis {ej, es, €3,€4} is

ai; Q12 Qi3 Qaiq

a a a a . ;
2o e T g, R 1<i<3, 1<) <4
ag1 asz az3 as4

o 0 0 O
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By (8), it is easy to see that the matrix of adX is

—p Qi 0 a

a2z —p 0 ag

ayy —azy —2p 0
0 0 0 0

By a suitable change of bases, we can get a new basis {€1, €, €3, €4} of g such that
lg, 9] = span{éy, é3, €3}, the matrix of the metric is unchanged associated with the
new basis, while the matrix of adX is

—p a2 0  au

We still denote {€1, €3, €3, €4} by {e1,eq,e3,e4}.

Proof of Theorem 1.2. If dim[g,g] = 3, by Lemma 2.5, we know that g is
solvable. Therefore, [g,g] is a 3-dimensional nilpotent Lie algebra. Firstly, we
consider the case when [g,g] is not abelian. That is, [g,g] is a 3-dimensional
Heisenberg Lie algebra. Let z,y,z be a basis of [g,g] satisfying [z,y] = z. Then
we have adX(z) = adX|z,y] = kz. That is, the center z of [g, g] is an eigenvector
of adX .

Case 1: a4y =0,a12 #0.
In this case, the matrix of adX with respect to the basis {ej, es, €3, €4} is

—p a12 0 0
ap —p 0 0
0 0 -2 0 |-
0 0 0 O

the eigenvalues of adX on [g, g] are —aj;3—p and a12—p, —2p, and the corresponding
eigenvectors are —e; + €9, €1 + €9, e3. We have

adX ([e1, e2]) = [[X, e1], e2] + [e1, [X, ea]] = [—per, ea] + [e1, —pea] = —2pler, €3],
and
adX ([e1, e3]) = —3pler, e3] + arz(ea, €3], adX ([eq, e3]) = —3plea, e3] + aialer, e3).

Set [e1,es] = Az, [e1,e3] = uz, les,e3] = 72. Here A\, u,7 € R, and z is the center
of [g,g]. Then

adX (\z) = —2pAz, adX (puz) = (—3pp + a127)z, adX(72) = (—3pT + aop)z.

Case la: If ur =0, since aj;p # 0, we can get u = 0,7 = 0. Then, ez is the
center of [g,g]. And we assume [e;,e;] = Aes, where A # 0,7, = 1,2,3. Set
X = ey + Beg + ez + Oey,

(X, e1] = —ABes + Oleq, e1] = —per + arze2,
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pe1 — ayzes — AfBes

0
—a12€] + PE2 + Oé)\eg 2p63
0 0

By (8) and definition of conformal vector field, substitute e; with X, we have

it is easy to see 0 # 0, s0 [e1,eq] =

Similarly, we have [eq, 4] = and [e3, eq] =

< [X,e], X >=2p<e, X >, i=1,234. (19)

Thus, we have 0 #£ 0, v =0, a128 = ap, Bp = a;sa. Hence, if p # +a15, we have
a=0,0=0,vy=0,0#£0. If p==+as, we have y=0, 0 #£0, § = +ta.

Hence, we conclude: ayp = —p, = —a,o0or apa=p, f=a,or a==0.
For a1 = —p, B = —a, we have
2pe e1 + pes + Aae
exyea] = Aes, [es,ea] = T2 fen,en] = [eg, 4] = PAL2TE0S,
Set § = /\1,% = Ao, and we have Case 1 of Theorem 1.2.
For ays = p, B = a, we have
2pe e ey — Aae
er el = Aes, [enyer] = B2 fen,ea] = —feg,eq) = LD 0,
Set &= A1, § = A2, and we have Case 2 of Theorem 1.2.
For a = g =0, we have
20 _ _
[e1, 2] = Aes, [es,eq] = p_’ e1,e4] = w, e, €4] = w,
0 0 0
Set & = A1, %2 = )y, we have the Case 3 of Theorem 1.2.

Case 1b: If ur # 0, we have adX(z) = (=3p + “27)z, adX(z) = (=3p + “2p)z,
then pu = =+7.

When p = 7, then adX(z) = (=3p + a12)z, since the eigenvalues of adX on [g, g]
are —aips — p,a12 — P, —2p, then it is easy to see that a;5 = p, and z lies in the
subspace Span{—e; + ey, e3}. Set z = kieg + koey — kaeq, ko # 0, we have

le1, e2] = A(k1es + koea — kaer),  [e1,e3] = [e2, e3] = p(kies + kaeg — koeq).

By [e;, 2] =0,i =1,2,3, we get: A = —=£. Since X = ae; + fes + yes + ey, by
(19), we have v = O, 7 7é 0,8 = «. Since adX(el) = —pey + ajgey, we have

k2ua
ka

[(—p + akip)er + (p — akip)es — es).

|~

e, 1] =

Similarly, we obtain:

2

1
lea,e0) = —[(p — akip)er — (p — akypi)es + es),
0

2

leq, €3] = = [2apkser — 2apkaes — (2p + 2k j1)es).

|~
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Replacing kip, kapi, 5,5 by A1, Ao, Az, g, we have
2

le1, o] = —“les — Aex + e,
A2
le1, e3] = [e2, €3] = A1es + Aaea — Aaey,
A3
leg, e1] = —[eq, ea] = (=M + AAz)er + (Mg — A A3)es — Y €s,
2

[64, 63] = 2)\2)\361 — 2)\2)\362 — (2)\4 + 2)\1)\3)63.

So we have Case 4 of Theorem 1.2.

When p = —7, then adX(z) = (—3p — a12), since the eigenvalues of adX on [g, g]
are —ajp — p, a2 — p, —2p, then it is easy to see that a;o = —p, and z lies in the
subspace Span{e; + ey, e3}. Set z = kieg + koea + koeq, ko # 0, we have

[61, 62] = /\(k163 + k2€2 + k261), [61, 63] = —[62, 63] = /L(k?leg + k?262 -+ k?gel).

By [ei, 2] = 0,1 =1,2,3, we get: A\ = —%. Since X = ey + Bes + yesz + Oey. By
(19), we have v = 0,0 # 0,5 = —«. Notice adX(e1) = —pe; + ajzea, we have

1 k2 o
leq, e1] = 7 {(—p + akip)er + (—p + akip)es + 1; 63:| ,
2
Similarly, we obtain:
1 k2 ua
leq, e2] = 9 (—p+akip)er + (—p + akyp)es + 2 es| ,
2

2
e, e5] = — = [apkaer + apkaes + (p + akip)es].
0

Replacing kip, kapi, §, 5 by Ai, A2, Az, Ay, we have

AT
[61, 62] = —)\—63 — Aex — Ajey,
2
le1, e3] = —[e, €3] = Ajes + Aaes + Ageq,

A2)g
A2

[64, 61] = [64, 62] = (—)\4 -+ )\1)\3)61 —+ (—)\4 + )\1)\3)62 + €3,

[64, 63] = —2/\2)\361 — 2A2>\362 - (2/\4 + 2)\1/\3)63.

So we have Case 5 of Theorem 1.2.

Case 2: a3 =0, a4 =0.

For this case, we set X = aej + feg + yes + ey, by (19), we have a = f =~ = 0.
Now we assert that ez is the center of [g, g]. To see this, we suppose that z is the
center of [g,g]. Set [e1,e3] = Az, A € R, by the Jacobi identity. Then we have

[X, ler, e3]] = [[X, ex], e3] + [en, [X, es]] = —pler, es] — 2pler, 5] = —3pAz.

Since z is the eigenvector of adX, and the eigenvalues of the operator adX are
-p, -2p. Thus, [X,[e,es]] = [X,\z] = kAz, where k = —p, or k = —2p. Thus,
le1,e3) = 0. And we can also obtain [es, e3] = 0. So e3 is the center of [g, g].
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In this case, the non-zero brackets are the following:

e e 2pe
_17 [62764] = Qa [63764] = ﬁa [61762] = )\63,)\ 7é 07

0 0 0

and the non-Killing conformal vector field X = fes. Replacing & by A;, we have
the Case 6 of Theorem 1.2.

Case 3: a19 7é 0, 14 7é 0.
It is easy to see that the eigenvectors of adX on [g, g] are

[617 64] =

(a12 +pler + (a2 + ples + ayges and (—aiz + p)er + (a12 — p)es + ases, es,
and the corresponding eigenvalues are ajo — p, —a12 — p, —2p. Notice that

adX (le1,ea]) = [[X,e1],e] + [e1, [X, es]]
= [—pe1 + auses, es] + [e1, —pes]

—2pley, e2] + araes, e,
and
adX ([e1, e3]) = —3pler, e3] + aizlea, €3],  adX([ea, e3]) = —3plez, e3] + arzfer, es].

We can set [e1, ea] = Az, [e1,e3] = pz, [es,e3] = 7z, here A, i, 7 € R, z is the center
of [g,g]. Then

adX (\z) = —2pAz — a7z, adX(pz) = (—3pu + a127)z,
adX (1z) = (=3pT + a12p)z.

Now we assert that ez is the center of [g,g]. If pur =0, since a;s # 0, we
can get u = 0,7 = 0. Then, e; is the center of [g,g]. If ur # 0, we have
adX (z) = (=3p+ “27)z, adX(z) = (=3p+ “Ep)z, then p = £7.

When p = 7, then adX(z) = (—3p + a12)z, since the eigenvalues of adX on [g, g]
are —ais — p, a2 — P, —2p, then it is easy to see that a;o = p, and e3 is the center

of [g, g].

When p = —7, then adX(z) = (=3p — a12), since the eigenvalues of adX on [g, g]
are —ajs — p, a12 — P, —2p, then it is easy to see that a2 = —p, and e3 is the center
of [g,g].

So in this case, es is the center of [g, g]. And we have the only non-zero bracket of
le;, €] is [e1,e2] = Aeg, where X # 0,4,7 = 1,2,3. Since p # 0, by computation, it
easy to know ajp # +p. Set X = aey + fey + yesz + Oey, by (19), we have

a(a%Q - Pz) Qa2 Qa4
8 = —— /6 =, — .

aup p 2p
Since X # 0, then a # 0. By by (18), we have

a14(a1262p + (1@1263)\ + a14€30 — 61,02)
a(p? — aiy)
arap(—aize1 + eap + aes)

O‘(PQ - a%z)

[617 64] = - 5
2a14€3p°

0‘(102 - a%2)’

[ea, e4] = , [z ed =
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We get Case 7 of Theorem 1.2 by setting
pai,
(p* — aly)a

Apaiy
(p? — a%2) ’

/)2@14
(p? — G%Q)Oé’

pPa14012

A = —
' (p? — a%2)04

)\2: )\3: )\4:

Case 4: a9 =0,a14 # 0.
Notice that the center of [g, g] is the eigenvector adX . By the same argument as

in Case 2 we know that ez is the center of [g, g]. Then we set [e1,es] = Aes, since
X = aey + Bey + yes + ey, by (19), we have

ay40 a0
a=—" p=0, v 2
In this case, the non-zero brackets are
e1p — ayse a14€3\ € 2e
[61762] = >\€37 [61764] - %7 [62764] = 43 %p’ [63764] = Tgp7

so we have Case 8 of Theorem 1.2.
Finally, we study the case when [g, g] is abelian. Let the non-zero Lie brackets be

le1, 4] = aer + Bes + ves, [e2, e4] = ger + mey + nes, [es, es] = wey + ves + yes.

Suppose X = Z?Zl x;e;. Since Lx < .,.>=2p <,.,>, we have

20y — 2p qry — PBry WTy —QT] — qTy — WT3 — YTy
qry — By 2p — 2may —Vxy Bx1 +mag +vrs —nxs | 0
WTy —Vxy 0 2p — x4y
—qTo — W3 — X100 — TyY MToy +vr3 —NTg + 218 20 — T4y 2nzy + 2x3y + 2217

Notice that g is non-unimodular, we have a4+ m + y # 0, and we obtain:

y=2m=2a#0,q=0, mxys=p, w=v=0. If m # +q,

Ymxy + nqry —MNT, — YqT4 n’ry — v’y
e = — 5 XTg = ——m—.
’ 2(m? — ¢?)

T = ; Ty =

m2_q2 m2_q2

Hence we have Case 9 of Theorem 1.2.
—m(zy +x2) = Y4,

If m = ¢q,we have m(zy + x2) = nay,
2nxre + dmxs + 221y = 0.

from above equations, we have n =0, 1 = —x5, 23 =0, y=0, or n # 0,

B 2m2xs + nzy B —2mPxs + nlxy

X =—"""—, Xo=

2mn 2mn

Hence we have Case 10 and Case 11 of Theorem 1.2.
—mTy +mTy = Yy,
If m = —q, we have —mx1 +mxy = Ny,

2nxe + dmxs + 221y = 0.

from the above equations, we have n =0, 21 = x5, x3 =0, v =0, or n # 0,

—2m2xs — nlxy —2m2xs + nwzy
T = , X9 = .
2mn

2mn

Hence we have Case 12 and Case 13 of Theorem 1.2. This completes the proof.
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