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1. Introduction

The theory of coorbit spaces offers a systematic construction of Banach spaces
attached to a square-integrable representation of a locally compact group. Roughly
speaking, to any square-integrable, irreducible, unitary representation 7 of a locally
compact group on a Hilbert space H one can associate a family of Banach spaces
by imposing a norm on the representation coefficients x € G — (f, w(x)g) for fixed
non-zero g € ‘H. For instance, the coorbit space Co,LP(G) for 1 < p < 2 is defined
by the norm

Fllconsr = (Jo l0f. 7)) do) "

Many important families of function spaces in analysis can be represented as coorbit
spaces, among them are the Besov-Triebel-Lizorkin spaces and the modulation
spaces on R? or the Bergman spaces on the unit ball in C?. The main theorem
of coorbit space theory provides atomic decompositions, sampling theorems, and
frames for all these spaces[22, 23, 36].

In this paper we study coorbit spaces for representations of low-dimensional nilpo-
tent Lie groups. Our emphasis is on the concrete realizations of these spaces (rather
than abstraction) and on the proof that these families of spaces are different from
each other.

Our motivation is twofold: (i) We explore generalizations of modulation spaces and
time-frequency analysis. For this purpose we propose coorbit spaces with respect
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to a square-integrable representation of a nilpotent Lie group modulo the center,
as these function spaces come automatically with an underlying configuration space
and a phase space. Phase-space analysis in quantum mechanics and time-frequency
analysis in engineering are both based on the Heisenberg group, and the associated
function spaces are the modulation spaces. These arise naturally as the coorbit
spaces of the Schrodinger representation and are now standard for the treatment
of pseudodifferential operators [39, 53], the Schrodinger equation [7, 55], evolution
equations [15], uncertainty principles [37] etc.

Replacing the Heisenberg group by a nilpotent Lie group, many aspects of time-
frequency analysis carry over. Every square-integrable representation (modulo the
center) of a nilpotent Lie group comes automatically with a phase space and two
sets of variables that play the role of position and momentum. Therefore function
spaces associated to such a representation offer themselves as tools for a generalized
phase-space analysis.

Yet, contributions to coorbit theory with respect to nilpotent groups are rare. Most
notable is the sequence of papers by I. Beltita and D. Beltita [4, 5, 6]. They define
generalized modulation spaces over the coadjoint orbit of a given irreducible unitary
representation and substantially extend the Pedersen-Weyl calculus [50]. If the
underlying representation is square-integrable modulo the center, then the coadjoint
orbit is flat and serves as a phase space. The associated generalized modulation
spaces then coincide with the coorbit spaces of the representation. In a different
direction Fischer, Rottensteiner, and Ruzhansky [26, 52] formulate a time-frequency
analysis on the Heisenberg group as configuration space. In this case the phase space
is the Dynin-Folland group and the associated function spaces are coorbit spaces. In
addition, there are several abstract attempts to use a nilpotent Lie group G or its
Lie algebra g as a configuration spaces and then construct a suitable phase space,
for instance G' x G or g x g*. The goal is then to associate generalized modulation
spaces to these objects and to develop a pseudodifferential calculus for operators
acting on G. For a sample of this abstract approach see [2, 10, 27, 44, 45].

By contrast, coorbit space theory with respect to other types of groups have received
much more attention and are well investigated. The coorbit theory of certain
semidirect products of R? with dilation groups has been intensely studied [1, 9, 18,
19, 31, 34]. These theories should be considered as contemporary group-theoretic
investigations of wavelet theory and carry a rather different flavor and applications.
Coorbit spaces with respect to several semisimple Lie groups can be identified with
Bergman spaces on certain domains [13, 12] and coorbit space theory yields the most
general atomic decompositions known so far.

(ii) Our second motivation comes from a question in [26]: “precisely how can we
prove the distinctness” [of different families of function spaces|? Likewise, [45] asks
“to invest effort ..in concreteness” and “to compare modulation spaces with other
function spaces”. In this regard we offer a modest contribution and show that the
coorbit spaces with respect to three nilpotent Lie groups of dimensions 5 and 6
indeed lead to different families of function spaces on R?. In addition, we will give
a short, different, self-contained proof for the main result of [26].

Our idea is to use the different invariance properties of coorbit spaces with respect
to non-isomorphic groups. This idea leads to a simple, alternative proof of [26,
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Thm. 7.6]. The main technical tool is the precise understanding of the multiplication
operator f(t) — et (t) on modulation spaces, or equivalently, the Schrodinger
evolution on modulation spaces.

The investigation of invariance properties of function spaces suggests that the coorbit
spaces with respect to two different representations 71 and my on the same Hilbert
space H are equal only when the groups of unitary operators m;(G1) and mo(Gs) are
equal. In this paper, we only treat explicit representations of several low-dimensional
nilpotent Lie groups and defer the abstract question to a subsequent investigation.

The paper is organized as follows. In Section 2 we set up the definition of abstract
coorbit spaces and list their main properties. As a model, we recall how the standard
modulation spaces fit into the scheme of coorbit theory. We then explain where to
find the phase space in every square-integrable irreducible unitary representation of
a nilpotent Lie group. In Section 3 we walk through a list of concrete examples of
coorbit spaces based on representations of nilpotent Lie groups. Our main insight
is the discovery of several low-dimensional nilpotent Lie groups that yield a class of
coorbit spaces that are different from the modulation spaces. In Section 4 we collect
several facts about atomic decompositions of coorbit spaces and coherent frames
and emphasize the case of nilpotent groups.

Throughout we will use the notation f =< g to express an equivalence C~!f(z) <
g(x) < Cf(z), v € X, with some constant C' > 0 independent of the relevant
parameters.

2. Coorbit spaces

Let G be a simply connected nilpotent Lie group with Haar measure dx and with
center Z C G. Let m: G — U(H) be an irreducible, unitary representation of G on
a Hilbert space H that is square-integrable modulo its center, in brief 7 € SI(G/Z).
This means that there exists a constant d,, the formal dimension of 7, such that

/G o) oo di = 4140, 12,2 1)

for all fi, fo,g1,92 € H. Since 7|z = x(2)Ix is a multiple of the identity with
X € Z, the map = € G~ (f1,m(22)g1) (fa, 7(22)go) is independent of z € Z and
the integrand in (1) is indeed a function on G/Z.

For fixed non-zero g € ‘H the representation coefficient

Vif@)=({fr(z)g) weC (2)

is a transform that maps elements f € H to functions on G. Depending on the group
and the application, this mapping occurs under various names, such as coherent state
transform, generalized wavelet transform, or short-time Fourier transform.

To extend the domain of the map V7, we restrict g to a space of test functions.
For simplicity, we choose the space H>° of C'*°-vectors of 7, where g € H2° means
that © € G = 7(z)g is C*. For g € H° the representation coefficient V™ f is
well-defined for “distributions” in (H2°)*. Other choices of test function spaces are
discussed in [22, 23].
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2.1. Coorbit spaces

We first discuss the class of function and distribution spaces associated to a repre-
sentation in SI(G/Z). Fix a non-zero vector g € H>. Let m : G/Z — (0,00)
be a weight functions of polynomial growth on G/Z, and let 1 < p < co. In the
following we always assume that m satisfies the condition

v(x) ;= sup {m(:cy)7 m(yx)} < 00 forallz € G/Z, (3)
m(y) " m(y)

and that v grows polynomially on G/Z. We say that m is moderate with respect
to v or v-moderate on GG/Z. Note that (3) implies that m(zy) < v(z)m(y) and
v(zy) < v(z)o(y).

For p < oo the coorbit space Co,LP (G/Z) is the completion of the subspace of the
space H2® of C*°-vectors with respect to the norm

1/p

levss, = ([ Hem@olm@rds)” =V flunem. @)
G/Z

For p = oo one takes a weak closure as suggested in [29, 3]. A more general

definition starts with a solid function space Y on G/Z satisfying certain natural

conditions, and then one defines a norm on functions via pull-back, i.e., Co,Y is

the completion of C'**°-vectors in H with respect to the norm

[fllooy = IV flly - (5)

We refer to [23] for the precise conditions and details. In this paper we will use
only weighted LP-spaces.

For nilpotent groups the Hilbert space of 7 can always be realized as L?(R?), where
R? is to be interpreted as a homogeneous space G/M for a polarization M. Then
g can be taken from the Schwartz class S(RY) by [17, 4.1.2]. In this realization,
Co.LP (G/Z) is the subspace of tempered distributions f € S'(R?) such that the
representation coefficient & — (f, w(&)g) belongs to LP (G/Z).

We summarize the main properties of a coorbit space from|[23].

Proposition 2.1.  Assume that 1 < p < oo and that m is v-moderate.

(i) Invariance properties: The coorbit space CoLP (G/Z), 1 < p < oo is a Banach
space with the norm (4). It is invariant with respect to the representation 7,
precisely, if f € CoL2 (G/Z) and y € G, then n(y)f € Co.LY(G/Z) and
7 (W) fllcosrr, < v fllcozr, - In particular, w(y) is an isometry on the
unweighted coorbit space Co,LP(G/Z).

(ii) If h € CorLy, then ||Vi¥ fll e, is an equivalent norm on Co,LE,(G/Z).
(iii) Duality: The dual space of CorLP(G/Z) for 1 < p < oo is Co,L¥, (G/Z)

1/m

with respect to the duality (f, h) = fG/Z VI f(@)VrEh(t) di .
(iv) As a Banach space, Co. Lt (G/Z) is isomorphic to (.

(v) For p=2 we have Co,L*(G/Z)=H. If m>1 on G/Z and 1 < p <2, then
Co.LP (G/Z) CH.
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The results in [23] are formulated for a square-integrable representation of a locally
compact group G. For a simply connected nilpotent Lie group we have to consider
square-integrability modulo the center and thus subsequently we work with G/Z
instead of G. Alternatively, one could work with projective representations of G/Z
as mentioned in [11, 22]. This is a matter of convenience and taste, and we prefer
to work with representation of a given group G'.

2.2. Modulation spaces

Most classical function spaces, such as Sobolev spaces and Besov spaces on RY
can be interpreted as coorbit spaces with respect to a solvable group of affine
transformations. The most important coorbit spaces attached to a nilpotent group
are the modulation spaces originally introduced by Feichtinger [20]. We briefly recall
their definition. In the following we write

T.f(t) = f(t—x) and Mef(t) = ™t z, 6t e RY, (6)

for the operators of translation and modulation. The short-time Fourier transform
of a function f with respect to a fixed non-zero window g € S(R?) is given by

,f(@.6) = (. MeTog) = [ e)giE=o)e " . M

In signal processing the variable = is interpreted as “time” and £ as “frequency”,
and the pair (z,€) is a point in time-frequency space R??. In the language of
physics, in particular in quantum mechanics, = corresponds to the position and &
to the momentum, and (z,£) is a point in phase space R??. The short-time Fourier
transform is an important tool to study the simultaneous time-frequency distribution
(or phase-space distribution) of a signal f.

The modulation spaces are defined by imposing a norm on the short-time Fourier
transform S, f. Every solid norm |- ||y for functions on phase space R*® induces a
norm on functions or distributions on R by the rule

[ llarery = IS flly -

The resulting space M(Y') is the modulation space corresponding to Y. The
standard choice for Y is a weighted LP-space. Let m > 0 be a weight function
on R?? then the modulation space MP (R?) is defined by the norm

iz = ([ 1800w ©)Pmia. € dad) ™ ©)

The needs of time-frequency analysis often require mixed LP-spaces, so one often
looks at the modulation space MP:4(R?) defined by the norm

I£ize = (( [ 1800 €0 Pmiz. 7 de)""ag) ™"

Thus the MP and MP2?-norms quantify the phase-space content of f.

The theory of modulation spaces forms a branch of time-frequency analysis and
hardly needs any further advertisement in this context. Modulation spaces have
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become indispensible for time-frequency analysis and phase-space analysis and for
the study of pseudodifferential operators. The original paper is Feichtinger’s [20],
for the history see [21], a detailed exposition is contained in [38] and the forthcoming
books [8, 16].

In our context modulation spaces serve as the prototype of function spaces associated
to a representation of a nilpotent Lie group.

2.3. Chirps
Our main tool for distinguishing various coorbit spaces is the behavior of a certain
multiplication operator on these spaces. Let C' = CT be a real-valued symmetric

d X d-matrix and ,
Nof(t) = e ™ f(t) (9)

be the corresponding multiplication operator. In engineering terminology the mul-
tiplier e~ ig called a “chirp”, in quantum mechanics and PDE AN is an ingre-
dient in the solution formula for the free Schrodinger equation. Given C', we define

D = (41 + C?)~! and the 2d x 2d-matrix A = <721£)o I:gg) acting on z € R%,
We will need and use a precise estimate for action of N on modulation spaces.

Proposition 2.2.  Let ¢(t) = e ™" be the standard Gaussian on R? and 1 <
p < 2. Then the modulus of the short-time Fourier transform is

[S6(Neo) (2, )] = det(41 4 C2)~H1emmalen 6T, (10)

and its p-norm is therefore [N || array = det (41 + C’2)ﬁ_i : (11)

For d =1, C = u, and N, = e ™ we obtain

1S (N} (2, )] = (4 +u2) VA -2 ImErR ) (19)

[ So(Nu)llcoee) = (4 + )54 = Juls%. (13)

For d =2, uC = (u% “62) ,and N,o = e ™C we have (uC)? = “T and therefore
det(41 + u?/41) = (4 + u*/4)* and thus

1SsWNac®lnqeny = (4+u?/4)52 < Juls~". (14)

The proof of Proposition 2.2 consists of the manipulation of Gaussian integrals as
in [28]. In the context of modulation spaces the operator norm of N¢ has been
calculated in [14, Lemma 5.3], among others. For convenience we offer a short proof
in our notation in the appendix.

2.4. Where is phase space?

The construction of coorbit spaces works for arbitrary integrable, irreducible, unitary
representions of a locally compact group. To understand why the representations of a
nilpotent Lie group yield a form of time-frequency analysis or phase-space analysis,
we need to look at the general form of the irreducible unitary representations of
nilpotent Lie groups, e.g., in [17].

By Kirillov’s theory every irreducible representation of a (simply connected, con-
nected) nilpotent Lie group is induced from a character of a particular subgroup M
of G. Fix a functional ¢ € g* and a maximal Lie subalgebra m C g, a so-called
polarization, such that ¢([X,Y]) =0 for all X,Y € m. Then ¢ defines a character
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X on the subgroup M = exp(m) by x(m) = e?®loe™ for m € M. The represen-
tation m = 7, is the representation induced from (x, M) to G. Every irreducible
unitary representation of G can be obtained in this way from some ¢ € g*.

For simplicity we describe the induced representation only under the additional
assumption that the polarization m is an ideal and M is a normal subgroup of
G'. This assumption is satisfied in all our examples. The induced representation
can be realized explicitly on the representation space L*(M\G) with a G-invariant
measure on M\G. Let ¢ : G — M\G denote the projection and let o : M\G — G
be a (continuous) section with image H = o(M\G). Then every element in G can
be written uniquely as g = mh with m = go(q(g))™" € M and h = o(q(g)) € H.
The induced representation is then

(m(9) ) (q(')) = e2midtios (W W@ TO)) £ (ot ) (15)

If 7 is square-integrable modulo the center, then the radical of ¢ coincides with the
center [17] and dimg/3 = 2d is even. Let r = dim3 and dimm = r + d, so that
dim g/m = d. Now choose a (strong) Malcev basis

{Zla"'7ZT7}/17"'7Yd7X17---7Xd}

of g passing through 3 and m, such that m = span{Z;,...,Z,., Y7,...,Y;}. Then
every m € M can be written as m = e*1%1 . e¥Zrei1 | e¥a¥a and a distinguished
section o : M\G — G is o(Mh) = X1 .. elaXa With this choice of coordinates,

the multiplicative term in (15) is (2milbos (mi = Who (W) 1)) _ 2mi( P10 +Q(0) where
P a polynomial in the coordinates y of m and ¢t of K’ € H = ¢(M\G) and @ is
a polynomial in the coordinates = of h and t of i’ € H. Thus n(m),m € M, is
a multiplication operator and can be interpreted as a generalized modulation, with
the polynomial expression e2™F®! replacing the linear expression M, = e*miet,
Similarly, the operator w(h) for h € H consists of the group action MA' +—
MMWh and the multiplication by e*™Q@H and can be considered as a generalized
translation. The representation is therefore of the form

g(t) = m(z,y)g(t) = TN (ta) (16)

where P and () are polynomials in ¢t,x,y and t — tz is a group action. Thus w
splits into a generalized modulation and a generalized translation. In this sense the
induced representation can be viewed as a generalized time-frequency shift on the
configuration space M\G.

Usually one cannot neglect the factor ?milblos (h,h”(h,hrlb depending on M\G.
More precisely, if G splits as a semidirect product G = M x H for a subgroup
H, then h'ho(h'h) = e € M and this factor is absent. We will see that in most of
our concrete examples it disappears.

Omitting the central coordinates, we interpret the variables y = (yi,...,yq4) € R?
parametrizing m € M as “frequency/momentum” and the variables (z1,...,z4) €
R? parametrizing h = e®X1 .. e%Xe € o(M\G) as “time/position”.

In this analogy the associated representation coefficient

Vif(@) = (f,m(i)g)
is a version of the short-time Fourier transform measuring a new kind of phase space
concentration on M\G'.
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3. Concrete examples

We give some concrete examples of coorbit spaces with respect to nilpotent groups,
some already known, some new.

For the low dimensional examples we use the classification of Nielsen [46]. This
source lists all nilpotent Lie groups of dimension < 6 with their Lie algebras, the
explicit group multiplications, descriptions of the coadjoint orbits, and the associated
irreducible representations. For our purpose it is not necessary to know Kirillov’s

theory of nilpotent groups or to rederive all formulas. We will use Nielsen’s list as

a black box and simply write down the groups and their representations!.

3.1. The Heisenberg group and modulation spaces

Let Hy = RxRYxR? with multiplication (z,y, z)-(w,v,u) = (z+w+z-v, y+v, T+u)
defined by the Lie brackets [X;,Yy] = 0,xZ. It possesses the irreducible unitary
representations my, A # 0, acting on L?(RY) by the operators

Tz, y, @) f(t) = e (t — ) (17)

for f € L?(RY). This representation, the Schrodinger representation, is square-
integrable modulo the center R x {0} x {0}.

Omitting the center (or setting z = 0) and comparing to (7), we see that the
representation coefficients of 7, are simply a scaled version of the short-time Fourier
transform:

‘/;]ﬂkf(()?y’ JJ) = <f7 M*/\nyEg> = ng(x7 _)‘y) .

Since by definition the coorbit space norm on Co,LP is

||f||zéoﬁl/fn - /R2d |V;]7r)\f<y7$)|pm(x’ y>p dl’dy
= /RQd |ng(x, —)\y)|pm($a y)p dxdy = \7° HfH};w};LA

with the weight my(x,y) = m(z,—A"'y). The class of coorbit spaces of the
Heisenberg group is therefore identical to the class of the modulation spaces. This
group-theoretic point of view on modulation spaces is explained in detail in [25].

3.2. The group G 16
This group is the six-dimensional group Gg 15 ~ R® defined by the Lie brackets

[X67X5} :X27 [X67X4] :X17 [X57X3] :Xl
with group multiplication
xoy=(x1,...,26) - (Y1,---,Ys)
= (¥1 + Y1 + T5Y3 + T6Ya, Ta + Yo + T6Ys, T3 + Y3, Ta + Ya, Ts + Ys, Te + Yo) -
The group possesses the two-parameter family of representations modulo the center

R? x {(0,0,0,0)} acting on L*(R?) by the operators

(1, ... 26)g(s,t) = exp 2mi <)\(:B1—1:33—93475)+u(932—x5x6+x6$))g(s—xg,, t—xg) .

I Nielsen uses coordinates of the second kind and induced representations with left shifts rather
than right shifts.
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For A # 0, € R the representation ,, is square-integrable modulo the center.
When using the absolute values |V, " f|, the phase factor e2mieitu(z2—w516)) igap-
pears, and we will therefore omit it in the definition of the transform V7. In addition,
we identify the quotient Gg16/Z with a convenient section Gg16/Z — Gg16 and will
write © = (0,0,23,...,26) € Gg16/Z. Then we can write the representation with
the help of time-frequency shifts as follows:

7T)\7M(J'J) = M(—)\aca—i-uﬂ%,—)\u)T(ﬂ%,ﬂcG) . (18)

So the cleaned-up representation coefficient is just a scaled version of the short-time
Fourier transform

Vi £ (&) = Syf (5, 6), (—Aas + pe, —Azs)).

The resulting coorbit space norm Co,LP is then

s, = [V P ma) di

Using the linear coordinate transform Tt = y, y3 = —Ax3 + pxg, ya = —Axy4,
Ys = Ty, Y = Tg, we find that

s = [ ISefTpmydi = [ 15, f)Pm(rn)dy.

Therefore Cor, LP(Ggi6/2) = M) - 1 (R?) is just a modulation space with a
modified weight that depends on the parameters A, of the representation 7y ,,.
Thus the coorbit spaces associated to a representation ), of the group G 6 all
belong to the class of modulation spaces, and no new spaces arise from this group.
For the special case of a polynomial weight m(z) = (1 + |2])%,s € R, we have
mo T~ =< m, and we see that (18) is just an equivalent norm for the modulation

space MPE (R?) independent of the parameters of the representation m ,.

In conclusion, the group Gg 16 does not yield any new coorbit spaces, nor a new ver-
sion of time-frequency analysis. This seems intuitive, because the quotient Gg16/2
is the abelian group R?, as is the quotient Hy/Z. Likewise the groups studied
in [2, 10] for the construction of general coherent states lead to the standard mod-
ulation spaces (because GG/Z ~ R?*? and G is 2-step nilpotent).

In the following we consider some k-step nilpotent groups with £ > 3 and will see
that they lead to function spaces different from the modulation spaces.

3.3. The group G;3

This is the (simply connected) nilpotent Lie group generated by the Lie algebra with
the Lie brackets

(X5, Xy = Xo, [ X5, Xo] = X1, [Xy, X5] =X (19)

For x = (x1,29,...,25),y = (y1,...,y5) € R® the group multiplication of G5z is
given by

Ty = (214 Y1+ Tays + Tsyz + ST2Ya, To + Yo + T5Ya, T3 + Y3, Ta+ Ya, 5+ y5) . (20)
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The center of Gs3 is R x {(0,0,0,0)}. The analysis of all irreducible unitary
representations yields a one-parameter family of representations square-integrable
modulo the center 7y € SI(G/Z),\ # 0. For x € G53 and (s,t) € R?, 7, acts on
g € L*(R?) as follows:

m(x)g(s,t) = exp (27Ti/\(x1 — 1324 + 148 — xot + %x4t2)> g(s —xg,t —x5). (21)

Let us briefly analyze this representation from the perspective of time-frequency
analysis. The operators m(z) act on g by the translations T{g, ;) and the modula-
tions My, —xz0)- The additional factor that makes this representation interesting
and different from the Schrodinger representation (17) is the multiplication by the
chirp e™*4#*  We see that my is indeed of the form e2™P@sHT, as motivated in
(16) for some polynomial P and some translation by u = (z3,5).

The polarization used for 7, is m = R — span{Xj, X5, X4}. As explained in
Section 2.4, the underlying phase space consists of the “frequency” variables xs, x4
and the “time” variables x3, x5, and the pairs (z3,x5) and (r3,x4) are conjugate
variables, since [X5, Xs], [X3, X4] € 3\ {0}.

Omitting the phase factor e #1-#374) which disappears in absolute values of
V> [, and choosing the section & = (0, x9, x3, x4, x5), the associated representation
coefficient with respect to a fixed g € L*(R?) is given by

VA f(d) = . f(s,t) g(s — w3, t — x5) exp ( — 2miA(xys — wot + %x4t2)> dsdt. (22)

This formula certainly justifies the interpretation of V™ g(x9, 3,14, 5) as a gener-
alized short-time Fourier transform.

Let m be a moderate, polynomially growing weight on R*, 1 < p < oo, and fix
g € S(R?), g # 0. The family of coorbit spaces with respect to 7y is given by

Conr L2 (Gs3/Z) = {f € S'(R?) : Virfe Lt (Gss/Z)} (23)

with norm

||f||20,,ALgn = /11&4 |V f (2, 23, 04, 75) [P (20, 3, 74, 75)F dvodrsdradrs . (24)

In analogy to the mixed modulation spaces MP:4(RY) one might also consider the
spaces with norm

a/p
HfH‘gOW P = (Vo f (g, w3, 04, 05) [P M2, 3, T4, T5) dwzds dradzy .
ATm R2 R2

Thus the associated coorbit spaces bear some resemblance to the modulation spaces
and can be rightly considered generalized modulation spaces. This class of function
spaces should be well suited for all questions concerning the operators ).

Note that (VI f(2a, 3, 24, 35)| = [V f(A22, 23, A2y, 5)]

so that V™ f € LP (Gs3/Z7) if and only if V' f € LP (Gs3/Z) with the scaled
weight my (12, 23, 24, 75) = m(A @y, 23, A" twy, x5). Thus different parameters A
yield the same family of spaces, possibly with a change of the weight. We may
therefore assume without loss of generality that A = 1 and write # = 7 in the
following.
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Our main insight is that the coorbit spaces Co,LP (G53/Z) form a new class of
function spaces on R? and differ from the standard modulation spaces.

Proposition 3.1. Let p,q € [1,00], (p,q) # (2,2). Then Co,LP(Gs53) # M?(R?).

First proof. Because of the structure of the representation we use tensor products
f(s,t) = fi(s)fa(t) = (f1 ® f2)(s,t). To measure the norm, we choose a Gaussian
window g(s,t) = e ™ e ™ = ¢ ®¢(s,t) with the Gaussian gb( ) =e ™ for s € R.

Let N f(t) = e ™ f(t)

be the multiplication operator with the “chirp” e~ acting on L*(R), and T, M
be the time-frequency shifts on L?(R). Then the representation coefficients of a
tensor product can be written as

T (f1 @ fa)(w2, 73, 74, 5)
/fl S _ 1,3) — 2748 dS/ e—iﬂx4t2 fg(t)¢(t - x5)e2m’x2t dt
R
= Spf1(x3,24) Sp(Noy f2) (25, —2) dt .

Taking the p-norm first with respect to xo, x5, we obtain
V7 (5 ey = | ISoNoaad e Sofa(aa. ) doad

= [ IRl |Sofioa 20 dnada. (25)

1

We now set v(z3,z4) = (1+ \x4|)%_Z and choose fo = ¢ and f; € MP(R) arbitrary.

Since S¢®¢>(f1 ® fo)(w1,22,61,82) = S¢fl($1,51)5¢f2($2,52) ) (26)

we see that f; ® ¢ € MP(R?*). On the other hand, using Proposition 2.2 the
modulation space norm of N, ¢ is

D=

1 1
1Nz Bllare ) =< 1186 (Nay®)lloe) < (4 +25)% 73 < Jay?
Continuing (25), we find that

(27)

11 ® 8lE0, v = /2(1 +a) 28 fi(ws, wa) [P dasdas < || fille 19170 -
R

Thus fi ® ¢ € CoLP(G53/Z), if and only if f; € MP(R). If 1 < p < 2, then
M? is a proper subspace of MP, e.g., by [38, Cor. 12.3.5]. Therefore there exists
fi € MP\ MP and consequently, we have constructed an element f; ® ¢ € MP(R?),
but fi® ¢ & Co,LP.

So far, we have proved that Co,LP # MP for 1 < p < 2. Fo p > 2 and thus
P =p/(p—1) < 2, we use the duality. By Proposition 2.1(iii), Co,LP ~ (Co,LP")* #
(MP')* ~ MP.

Finally, we argue that Co,LP # MY for ¢ # p. By [24, Prop. 9.3] Co,L* is
isomorphic to 7, whereas M? is isomorphic to ¢?, whence these spaces must be
different. [ |
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The above argument does not work for the case p = 2. This is clear, because we
always have Co,L*(G/Z) = H = L*(R?) by Proposition 2.1(v).
Next we recast the proof in a different form that is more suitable for generalization.

Second proof. By Proposition 2.1 the representation 7 is an isometry on the space
Co,LP(G53/Z), Therefore we have

17(0, 0,24, 0) fllcorrr = I fllcorre - (28)

By contrast, since by (21) 7(0,0, x4,0)(f1®f2) = My, /1N, f> and the modulation
is an isometry on MP, we have, for x, large enough,

|7(0,0, 24, 0)(f1 @ &)l arowzy = [ fill o) Nas @l aror)
1 1 1_1
(4 +23) % 1| fill e |0l are < Claal? 2| f1 @ 6| v -

Thus the one-parameter group of (unitary) operators (0,0, 0, z4,0) does not act by
isometries on MP(R?) for 1 < p < 2, but is unbounded on M?(R?). We conclude
that Co,LP(G53/Z) # MP(R?). If p > 2, we use duality to achieve the same
conclusion.

In fact, using a standard argument we construct an element h € Co,LP(G53/2)
that is not in MP(R?). Simply choose an increasing sequence u,, > 0, such that

1 1_1 11 n-l 11
—u? = o0 and cu”2>2C’n2§ —u, ? Vn .
n? P 2
=1

Fix f = fi ® ¢. Then by absolute convergence and (28)

h = Z 7(0,0,u;,0)f € CorLP(Gs3/Z) C L*(R?),

but the sequence of partial sums of h is unbounded in MP(R?):

n—1
1 1
| Z (0, 0,45, 0) fllare = —511w(0, 0, 15, 0) fllare — Zj—QHW(O,O,Uj,O)fHMP
j=1
11 n—1 1 1_1 1 11
>c —un; 2_(C w? > —ut ? > o0o.
P ]le 2
Thus h & MP(R). n

The above argument does not exclude the possibility that Co,LP(Gs53/Z) = MF (R?)
for some moderate weight m. An extension of Proposition 3.1 yields the general
result.

Theorem 3.2. Let 1 < p < oo,p # 2, and m be an arbitrary moderate weight
function on R*. Then Co,LP(Gs3/7Z) # MP (R?).

Proof. Again, we only treat 1 < p < 2 and use duality for p > 2. Since
Co,LP(G/Z) C L*(R?) by Proposition 2.1(v), we only need to compare to those
modulation spaces MP (R?) that are embedded in L?*(R?). Indeed, if MP(R?) ¢
L?*(R?), then there exists h € MP (R?)\ L*(R?) and this function i cannot be in
Co.LP(Gs3/7) C L*(R?).
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For p < 2 the embedding M? (R?) C L*(R?) = M?*(R?) implies that m is bounded
below, m(i) > Cy > 0 for all & € R* (check for instance [38, Thm. 12.2.2] and [24,
Thm. 4]). In particular, we also have the embedding MP (R?) C MP(R?). We now
use the second proof and compute the norm of M, f; ® N,¢ in MP (R?). Since the
short-time Fourier transform factors as

Sewe(Myf1 @ Nud) (1, 12,1, &) = Se(Muf1) (w1, &) Sp(Nud) (72, €2)

= S¢f1($1,§1 - U) S¢(Nu¢)($27§2) )
the norm of M, f; ® N,¢ is

IMufs © Nl = [ 1Safalon, 61 = W 1oz, E0)Pm{on, 2,61, 62 da
> [ | 18afi(or. 6 = 0l 1o a2, )P dordradésd
= [ 1Sahar 0P NIy, dorde
< [ 1Soar )P (14 )t doade

P 1_
Al = L+ a?)2 5 L@ 6l -

Again, we have used Proposition 2.2 and (13). We conclude that the orbit v —
M, fi @ Ny¢ is bounded in Co,LP(G53/Z), but unbounded in MP,(R?). Therefore

the two spaces cannot be equal. [ |

p
4

= (1 + uQ)%f

The above arguments are typical and can be applied to several other groups in
Nielsen’s list. In the following we only deal with unweighted versions of Co,L”.

3.4. The group G 19
This is the six-dimensional group G 19 ~ R® defined by the Lie brackets

[Xﬁa X5} - X47 [X67 X3] - X17 [X57 X4] - X2
with group multiplication
voy=(v1,...,7) (Y1, Y6) =
(z1+y1+26Y3, $2+y2+$5y4+x5966?/5+%9669§7 T3+Y3, Ta+Ys+T6Ys, Ts+Ys, T6+Ys) -

This group possesses a two-parameter family of square-integrable representations
Taus A # 0, modulo the center R* x {(0,0,0,0)} acting on L?(R?) by the operators

(@1, .., 26)9(s,t) =

exp 271 ()\(xl — x3t) + p(r — %x%a% — T4S + TS — %313632))9(5 — 5, t — T¢) .
When using the absolute values |V, ™ f|, the phase factor e2m\#1tu(z2—a3z6/2)) (ig-
appears, and we may omit it in the definition of the transform V7. In addition, we

identify the quotient G 19/Z with a convenient section Gg19/Z — Gg19 and will
write & = (0,0, 23, ...,26) € Go19/Z.
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Then the representation can be written with the help of time-frequency shifts as

7T>\,u<j3) = M (u(—24tasw6),~Az3) NG Twsze) = QWM%M( pa—das) L (xs,26) N(l) (29)

pxe e ?

where qul)g(s,t) — imus® g(s,t) is a multiplication by a chirp in the variable s.
Using the short-time Fourier transform, the cleaned-up representation coefficient is

Ve f(i) = /\/“) f (w5, 26), (—pws, —Ax3)) .

The underlying phase space consists of the “frequency /momentum?” variables x3, x4
and the “time/position” variables w5, xg. The pairs (x4, 25) and (z3,26) are conju-
gate, because [Xy, X5] and [X3, Xg] € 3\ {0}. Given a weight function m on G/Z,
the coorbit space with respect to 7, is defined by the norm

Wy, = [ WP P iy d

/ |SN(1) f x5, ), (— T, —)\ac3)) Pm(z)Pdxs ... drs.

nagd

Again the question arises whether we have defined a new class of function spaces or
not.

Proposition 3.3.  Let \u # 0 and p,q € [1,00], (p,q) # (2,2). Then

(i) Cor, ,LP(Gs10/Z) # M9(R?), and

(ii) Con, ,LP(Ge19/Z) # Cor LY (G53/7).

Proof. (i) As in the case of Gs3 we use tensor products, namely ¢(s,t) =
() — (¢ @ ¢)(s,t) and f = ¢ ® f, for suitable fo. Then

‘/gﬂ)\yuf(i) = <¢a M—H$4T$5NM$6¢> <f2v M—>\$3Tﬂce¢>

= ezﬂi“x4x55¢(1\/ux6¢)(—x5, pxy) Sgfo(xe, —Axs) . (30)
Hence,  [flu,, 0= [ V" F@P dradoudosdes
]R4
= /IR2 [ Nouas @l nory |90 f2(26, —Azs) [P dwsdas - (31)
Since by (27) we have [|Nud|larw) =< (4 + pPz )%7i (1+ :Bﬁ)% o= v(xg, x3),

the Cor,  LP(Gg19/Z)-norm of ¢ @ fy is

H¢ ® fz”%oTrA r =~ /2 |S¢f2($6, —)\$3)|pv(1’6, —)\$3)p dl’6d$3 .
s R

We see that ¢ ® fy is in Cor, , LP(Gg19/7), if and only if fo € MP(R). By choosing
fo € MP(R)\ MP(R), we have constructed a function ¢ ®@ f, € MP(R?), but
¢ ® fo & Cox, ,LP(Ge10/Z).
(ii) We take the one-parameter subgroup 7(0,0,0,u,0) of G535 actingon f = fi® fo
and show that it acts unboundedly on Cor, ,LP(Gg19/Z). Using (21), we write
m(0,0,0,u,0)(f1 ® f2) = Mufi ® Nyuf2¢ and

Tau(0,0,25,. .., 26) (¢ @ ¢) = M_p, T Ny @ M_p, Ty .
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The corresponding representation coefficient is then
Voo (m(0,0,0,u,0)(f1 @ f2))(xs, . . ., x6)
= (Mufr @ Nufo, M_ iz, TNz @ @ M_53, T 0)
= (T o5 Mut ey f1, N ®) (Nufo, M iy T 0)
= T S (N g @) (5, g + 1) Sp(Nofa) (w6, —Azs)
We now choose f; = fo = ¢ and obtain
[7(0.0.0,1,0)(6 @ )[40 =

= [ 186Ny, s 0 1SN s, ~Aaa) s dal
R2

= / [Nl S (Nu@) (6, —Ax3)[" dzdae
RQ
x/ (1+|$§|)%_%|S¢(Nu¢)($6,—/\903)|pd$3d$6-
RQ

In the last expression we substitute (12) for [S,(N,¢)| and continue with
17(0,0,0,u,0)(¢ @ P)lles,, v =

X/ (1_|_ |x§|)%_§(4+u )—p/4€—7rpa:§/26—27rp(—>\m3+umg/2)2/(4+u2) dxgdl’ﬁ
R2

(S

:A—W/(1+|x§|)é—i(4+u) 3 T2 g < (44 u?) TR
R

1

We conclude that ||7(0,0,0,u,0)(¢ ® @HC%A LP(Gero/z) < (14 u ) KR

Since 7(0, 0,0, u,0) is an isometry on COWLP(G&;;/Z) but not on Cor, , LP(Ge19/7),
these two spaces cannot be equal. [ |

To summarize, we have constructed three families of function spaces on R? that are
obtained as coorbit spaces with respect to the nilpotent Lie groups Hy, G535 and
Ge9. After quotienting out their centers, these groups are non-isomorphic. As
these three families of coorbit spaces have different invariance properties, we were
able to show that they are distinct. From the point of view of the theory of function
spaces, we have discovered two brand-new families of function spaces.

3.5. The Dynin-Folland group
Let g :=R —span{Z, Y1, Y, Y3, X1, X5, X3} with non-trivial Lie brackets
[X37Y1] - [X27)/2] - [Xh}/fi] - Z) [X27)/3] - %}/17 [X37}/3] - _%)/27 [X3)X2] - Xl'

We label the elements of G as (z,y1, Y2, Y3, T1, T2, x3). This group possesses a one-
parameter family of square-integrable representations modulo center 7, € SI(G/Z)
that act on L?*(R®), or more precisely, on L?(H;) of the Heisenberg group H;. As
they are obtained by a dilation from each other, we may restrict to A = 1 and set

(7(2, Y1, Y2, Y3, 1, T2, 3) f) (3, b2, 1) =
= 62mA(erZi:ltjyj_tlt2y3/2)f(t:a + a1+t  ty + X2, 81 + x3) - (32)
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Again, this representation acts on f € L*(R?) by means of generalized modulations
and translations as in (16). In fact, the translations are just the multiplication in the
Heisenberg group H , the modulations are just the standard modulations. The most
interesting item is the multiplication by the chirp f(t3,to,t1) — e ™24 f (3,19, 11).
For background and detailed derivations of the multiplication and the representa-
tions of G we refer to [26, 52].

We now show that the resulting coorbit spaces are different from the modulation
spaces. This was one of the main results of [26], where it was proved in much
greater generality. The proof in [26] requires substantial parts of the theory of
decomposition spaces [35, 54] and is based on the subtle identification of Co,L?
with a decomposition space. It seems therefore worthwhile to have a simple, short,
and self-contained proof. Ours is based on the different invariance properties of the
coorbit spaces.

Proposition 3.4.  For p € [1,00], p # 2 we have Co,L?(G/Z) # MP(R?).

Proof. The argument is similar to the proof of Proposition 3.1. By inspection
of (32) we see that the one-parameter subgroup (0,0,0,u,0,0,0) = e“¥* acts on
f € L*(R) as

W(euyg)f(tg, tQ, tl) = €2ﬁiUt3 eimuhmf(tg, t2, t1> . (33)

We recognize the first exponential as a modulation with respect to the variable t3
and the second exponential as a chirp with respect to the variables t,, ;. To simplify,
we write t = (fo,11) and the quadratic form (¢1,ts) — tito as Ct-¢ with the matrix
C= %(‘f 5) . Again we take f to be a tensor product f(t3,t2,t1) = f3(t3)d(t) with

—mi-t

the two-dimensional Gaussian ¢(t) = e . Then the action of the one-parameter

group generated by Y3 is

() (fs © ¢) = Mufs @ Nucts, (34)

and its short-time Fourier transform is

Sowsa (T(€")(f3 @ 62)) (23,7, 63, €) = So(Muf3) (23, &) Sor(Nuc$2)(7,6) . (35)

Using the general version of Proposition 2.2, specifically (14), the modulation space-
norm on R? is therefore

—

1
u Wi\o—5
1S (m(e*) (fs02)) ar = [ Mufollarw) INuc b2l vr ey < | follarmmy (4+5)P 2.

For 1 < p < 2 the one-parameter group e“¥* acts unboundedly on MP?(R?), and we
conclude that Co,LP # MP(R3) for 1 < p < 2. For p > 2 we use duality. ]

4. Atomic decompositions

The abstract version of atomic decompositions in coorbit spaces was developed
in [23, 24, 36]. They yield series expansions of elements in a coorbit space with
respect to elements in the orbit of the representation. Following a costum in coorbit
theory, we briefly summarize these results and update them with recent results that
are specific for nilpotent groups.
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The first goal is to construct a “window” function g € ‘H and (relatively) discrete
set A C (G, such that there exist constants A, B > 0, such that

Alf15 <D 1N P < BlIfI3,  YfeH. (36)

AEA
A set G(g,A) = {m(N)g: A € A} satisfying (36) is called a (coherent) frame.

If G is nilpotent with center Z and = is irreducible, then, for arbitrary z, € Z, the
set {m(2xN\)g : A € A} is also a frame with the same bounds A, B. We could have
started with a projective representation of G/Z and formulated everything in G/Z.
However, since the construction of irreducible unitary representations of a nilpotent
Lie group is on the level of G, we prefer to work on the group level. To take into
account this ambiguity, we will use discrete sets ACG /Z and an arbitrary section
A—ACG.

We also need the notion of “nice” vectors. We say that g € H is nice, if g = m(k)go =
fG x)go dz for some gy € H and k continuous with compact support (or k in
the amalgam space W (C,(M)(G)).

Theorem 4.1 (Existence of coherent frames). Let (7w, H) be an irreducible unitary
representation of G that is square-integrable modulo center and let g € H be a nice
vector. Then there exists a neighborhood U C G/Z of e with the following property:

Assume that A C G/Z is U-dense and relatively separated, i.e., U/\GA U =G/Z
and maxX,eq/z #(ANzU) < oo, and let A C G be some preimage of A.

Then the set G(g,A) = {m(N)g: A € A} is a frame for H.

The existence of coherent frames was first proved in [32, Thm. 4.1] for arbitrary
square-integrable representations. Note that the original coorbit theory [23] required
somewhat stronger assumptions on ¢ and m, namely the integrability of = and
V,g € W(C,*)(G). For nilpotent Lie groups the square-integrability of 7 modulo
the center automatically implies automatically its integrability [17]. Theorem 4.1
also follows from the recent work [30] on the discretization of arbitrary reproducing
kernel Hilbert spaces.

Theorem 4.1 amounts to a non-uniform sampling theorem for the transform V' f.
For nilpotent Lie groups one can choose the set A to be a lattice or a quasi-lattice.
We use the following terminology: a set A C G is called a quasi-lattice of G with
relatively compact fundamental domain K, if G = (J .y AK = G and AKNNK =)
for A # N. If, in addition, A is a subgroup, then A is called a lattice of G. (Note
subtle differences of terminology in the literature!). Quasi-lattices exist in every
simply connected nilpotent Lie group [32], whereas the existence of a lattice requires
a rational structure of the Lie algebra of G [17].

For nilpotent groups we can add more structure in Theorem 4.1.

Proposition 4.2.  Let (m,H) be an irreducible unitary representation of G that
is square-integrable modulo center and let g € H be a nice vector. Then there exists
a quasi-lattice A C G/Z, such that G(g,A) = {m(\)g: A € A} is a frame for H.

Proof. In view of Theorem 4.1 we only need the existence of sufficiently fine

quasi-lattices. This is essentially proved in [41, Lemma 3.9]. In brief, fix a strong
Malcev basis Xj,...X, of g/3. Given a neighborhood U C G/Z, choose ¢ > 0,
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such that K = {ef'*1 .. . enXn: —¢/2 <t; < ¢/2} is contained in U. Then the set
[ = {ekneXn  eMeXi | € Z} is a quasi-lattice with fundamental domain K. The
proof by induction is identical to [41]. n

This qualitative result can be complemented by a necessary density condition in the
style of Landau [43]. As an appropriate metric on G/Z we choose a word metric:
fix a symmetric neighborhood W = W™! of e in G/Z and let

d(z,y) =min{n € N:y~lz € W"} for z # y.
Denoting the balls with respect to this metric by

B(z,r)={y € G/Z : d(z,y) <r} =xB(e,7),
the lower Beurling density of a set A C G/Z is given by

. ANB
D7 (A) = liminf inf #_—M
r—oco zeG/Z |B(ZE,T)|
As in R? the density D~ (A) is the average number of points per unit volume. For
coherent frames with respect to a square-integrable irreducible representation the
following density result was proved in [33].

Theorem 4.3 (Necessary density condition).  Let G be a nilpotent Lie group and
m € SI(G/Z) be a square-integrable representation of G modulo the center with
formal dimension d.. Let g € H be a nice vector and A C G/Z.

If G(g,A) is a frame for H, then D=(A) > d,

For nilpotent Lie group one can even prove the existence of orthonormal bases in
the orbit of every square-integrable representation modulo the center.

Theorem 4.4. Let G be a nilpotent Lie group with one-dimensional center and
(m,H) be a square-integrable irreducible unitary representation modulo center. Then
there exists a discrete set A C G and a function g € H, such that G(g,\) is an
orthonormal basis for H.

The first examples of Theorem 4.4 were derived in [42] based on Nielsen’s list [46],
with more examples found in [47, 48]. Under the additional assumption of a grada-
tion on G, Theorem 4.4 was proved in [41]. The breakthrough to full generality was
recently achieved by V. Oussa [49].

Theorem 4.1 possesses a version for coorbit spaces in [23] as follows:

Theorem 4.5 (Banach frames). Let g be a nice vector in Co,LL(G), e.g.,
g € S(G/Z). Assume that 1 < p < oo and that m is v-moderate. Then there
exists a neighborhood U in G/Z with the following property: If A C G/Z is U-
dense and relatively separated and A C G is a section of A, then there exists a dual

frame {ex : X € A} in Co,LL(G/Z), such that for all f € Co.L?,(G/Z)

=Y (fenmNg = _(f,x(N)g)ex (37)

AEA AEA
I(CF 7N seallen, < N({F ) sellen, < M llconrn, - (38)

The convergence in (37) is in the norm of Cor L}, for p<oo and in o(Cor L3, Co,L})
for p=o00.
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Remark 4.6. (1) If A is a lattice in G/Z, then there exists a dual window
v € Co, L, such that the dual frame is given by {m(\)y: X € A}. The proof is the
same as for the Schrodinger representation of the Heisenberg group.

(2) More information about the dual {e,} is derived in [40, 51].

Appendix

For quick reference we provide the computation of the short-time Fourier transform
of chirps, as it can be found, for instance in [14]. Let B, C' two real-valued symmetric
d x d-matrices with B positive semi-definite and A = B + iC'. Then AT = A as
well. The associated Gaussian is ¢4(z) = e ™*? where z -y = > y; is the
inner product on R?. The Fourier transform of ¢, is given as

0A(€) = (det A)2e7™A 766 e R (39)

This formula holds for ¢ € R? and real-valued positive-definite A. By analytic
continuation (39) extends to £ € C? and complex-valued matrices with the under-
standing that the branch of the square-root is determined by the requirement that
(det A)~'/2 > 0 for real-valued positive-definite A. See [28].

Now let Nof(t) = e ™t f(t),t € RY, be the operator of multiplication by the
chirp e ™t (with CT = C'). We compute the modulus of the short-time Fourier
transform with respect to the Gaussian ¢ = ¢y.

S¢(NC¢) ('7:75) — / e_ﬂiCt't@_ﬂtPe—ﬂ\t—x\Q 6_27”'5.,5 dt

:eﬂx?/ efrr(21+iC)t-t€f27rit-(£+ix) dt
Rd

= det (20 + iC) /2 e Tlal® o Cl(EHin) (Etin) (40)
The determinant is
| det(21 +iC)| = | det(21 +iC') det(21 — iC)|"/? = det (41 + C*)"/2.

Writing D = (41+ C?)~! and (21+iC)~!' = (41 + C?*)"1 (21 —iC) = 2D —iDC', we
find after some algebraic manipulations that the real part of the exponent in (40) is
given by

Re D2l —iC)({+ix) - (E+ix)+ax -2 =2DE- &+ ([—2D)x -+ 2DCE - x.

This is again a quadratic form, now on R* and for its description we use the
following abbreviations: z = (£, z) € R* and

A_ (2D DC
~\pC 1-2D)"

With this notation the modulus of the short-time Fourier transform is

|So(Neo)(2,€)] = det(4l + C2)~Hiemd2, (41)
and its p-norm is therefore
INcSlatr = [1S6(Ned) ooy = det(AT+ %)V (det pA) 5, (42)

where the last identity is obtained from (39) applied to the Gaussian e ™2%% at

z=0.
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To compute the determinant of A we use the (block) factorization

A o ¢\ _ (DC 0
I -21) \I-2D -I
As the determinant of a matrix with a 0-block is easy to compute, we obtain

det A det C'det(—I) = det(DC') det(—1),
and this implies that det A = det D = det(41 + C?)~*. (43)

This derivation is rigorous for invertible C' and extends to arbitrary C by continuity.
See [28], Appendix. The final result is therefore

1

1S (Ned) || ogeey = (p~ 2 ) det (41 + C2)% 1 . (44)
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