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Abstract.  The Schur duality may be viewed as the study of the commuting actions of the
symmetric group S; and the general linear group GL(n,C) on E®? where E = C". Here we extend
this duality to the context of the affine Weyl (or symmetric) group Z? x Sy and the affine Lie (or
Kac-Moody) algebra g = Lg @ Cc, g = sl,(C). Thus we construct a functor F : M — M ®g, E®?
from the category of finite dimensional C[Z? x Sy]-modules M to that of finite dimensional
g-modules W of level 0 (the center Cc of g acts as zero, thus these are representations of the
loop group Lg = L ®c g, where £ = C[t,t71], g = sl,(C)), the irreducible constituents of whose
restriction to g are subrepresentations of E®¢. When d < n it is an equivalence of categories, but
not for d = n, in contrast to the classical case. As an application we conclude that all irreducible
finite dimensional representations of Lg, the irreducible constituents of whose restriction to g are
subquotients of E®? are tensor products of evaluation representations at distinct points of C*.
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1. Introduction, and statement of result

An initial form of the Schur duality — promoted by Weyl in his book [30] — is the
study of the commuting actions of the symmetric group S; and the general linear
group GL(n,C) on E®? where E = C" is the standard, or defining, representation
of GL(n,C). Here we prove a natural extension of this duality from the context of
the finite Sy and finite dimensional GL(n,C) to the context of the infinite, affine
Weyl (or symmetric) group Z?¢ x S; and the infinite dimensional, affine Lie (or
Kac-Moody) algebra g = Lg @ Ce, g = s1,(C). Thus we construct a functor
F:M— M ®s, E®? from the category of finite dimensional C[Z? x S4]-modules
M to that of finite dimensional E®?-compatible g-modules of level 0 (the center Cc
of g acts as zero, thus these are representations of the loop group Lg = £ ®c g,
where £ = C[t,t7'], g = sl,(C)). A finite dimensional Lg- or g-module is called
E®?_compatible if the irreducible subquotients of its restriction to g are isomorphic
to subrepresentations of E®?. When d < n it is an equivalence of categories,
but not when d = n. As an application we conclude that all irreducible finite
dimensional E®¢-compatible representations of L£g are tensor products of evaluation
representations at distinct points of C*.
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Science grant. This work was carried out at MPIM, Bonn; YMSC, Tsinghua University, Beijing;
and the Hebrew University, Jerusalem.
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A quantum extension of the Schur duality had been given by Drinfeld [7] and Jimbo
[16] in 1985, to the context of the finite Iwahori-Hecke algebra Hy(¢?) and quantum
algebras ,(gl(n)), on using universal R-matrices, which solve the Yang-Baxter
equation. This was extended by Chari and Pressley to the affine quantum case [6].
The Schur duality was extended in the super direction by Sergeev [26] and later by
Berele and Regev [2], and by Moon [22] and later by Mitsuhashi [23] — apparently
unaware of [26] and of each other — to the quantum super case. This chain of
works culminated in the recent [11] where we complete the cube, dealing with the
general affine super quantum case. Here we relate the commuting actions of the
affine Twahori-Hecke algebra H$(¢?), and of the affine quantum Lie superalgebra
U7 ,(sl(m|n)) using its presentation by Yamane [31] in terms of generators and

relations, both acting on the dth tensor power of the superspace E = C™I". Thus we
construct there a functor and show it is an equivalence of categories of H%(¢?) and
U7, (sl(m|n))-modules when d < n’ = m +n. However, the non-, or pre-quantum
affine case has not yet been proven, nor correctly stated. The aim of this work
is to fill in this lacuna, as perhaps this initial affine case is the most important,
and needed for extensions and applications. The quantum works mentioned above
are deformations: the works of Drinfeld and Jimbo are deformations of the original
Schur duality, the work of Chari-Pressley is a quantum deformation of the work
here.

In more detail, the diagonal action of GL(n,C) on the C-vector space E®?, where
E = C" is the standard GL(n,C)-module and n, d are positive integers, commutes
with the action of the symmetric group Sy on d letters by permutation of the factors.
The Schur duality (Schur [24], [25], Weyl [30]; Fulton-Harris [13, §6.1, §15.3, §15.5],
Green [14, (2.6¢)], Etingof [8, 5.19]) decomposes the S; x GL(n,C)-module E®?
as a direct sum over all partitions A - d of d of length ¢(\) at most n, of the
tensor products S* ® V*. Here S* is the irreducible “Specht” representation of
Sq associated with the partition A (James [15], [13]); to be precise, it is C[S4]cy
of [13, Theorem 4.3], where it is denoted by V), but perhaps S* is preferable,
alluding to S; and Specht. Also E is used here for C" as V' has many other uses.
Further, V* is the irreducible GL(n,C)-module of highest weight \, the image of
the Young symmetrizer ¢y € C[Sy] on E®? thus the image of E under the Schur
functor SHE = Im(cy|E®?) ([13, p. 76, section 6.1]). A reference to the decomposition
formula E®? = @514 ¢0)<n} S @ V* is [13, Ex. 6.30, p. 87].

A partition X of d (notation: A F d) is a weakly decreasing sequence (Aq,...,A\,)
of non-negative integers: Ay > Xy > --- > A\, > 0, called parts, whose sum » .., \;
is d; its length ¢()\) is the number of nonzero parts. The center Z(C) ~ C* of
GL(n,C) acts on E by multiplication by z € Z(C), and z € Z(C) acts on E®?
by multiplication by z?. Also on V*, X\ d, z acts by multiplication by z2:*
(1<i<n), =27

The Schur decomposition of E®? establishes a bijection between two sets of repre-
sentations. The V* are precisely all the irreducible representations of Aut(E) =
GL(n,C) with highest weight A with A - d and ¢(\) < n = n(E). These are the
irreducible polynomial representations p of GL(n,C) that are homogeneous of
degree d, meaning that the coefficients of p(g) are homogeneous polynomials of
degree d in the matrix coefficients of g.
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More precisely, let F' be an infinite field. Denote by X, ; : GL(n, F') — F' the coor-
dinate function that sends a matrix g = (gy ) to its coefficient g¢;; (1 <14, j < n).
The algebra F[X;;] = F[X;;;1 < 4,5 < n] is canonically isomorphic to the
polynomial ring in n? variables, as F' is infinite.

A finite dimensional F'-representation (p, W) of GL(n, F) is called polynomial if
there is a basis wy,...,w, of W such that the functions f,s : GL(n,F) — F
defined by p(g)ws = >, frs(9)w, (¢ € GL(n,F), 1 < r, s < m) lie in the
polynomial algebra F'[X;;]. If W is polynomial in one basis, it is polynomial in
all bases. Alternatively, a finite dimensional F'-representation (p, W) of GL(n, F')
is called polynomial if it extends to a representation (M, (F'),:) — (End W,-) of the
algebraic monoid M,, of n x n matrices. It is called homogeneous of degree d if the
frs are such. Thus a representation W of GL(n, F') is polynomial means that the
action of each g € GL(n, F') on W is given by a fixed family of polynomials in the
coefficients of g¢.

Denote by cf(W) C F[X;,] the linear span of the coefficient functions f,.s of W.
Note that if W’ is a subquotient of W then cf(W’) C cf(W), and that cf(E®?)
is the space of homogeneous f € F[X;;] of degree d, where E = F" is the
standard GL(n, F)-module. Thus the representation E®? of GL(n,F), and each
of its constituents, is homogeneous of degree d, and each irreducible polynomial
representation of GL(n, F) homogeneous of degree d is a constituent of E®¢. For
completeness, in section 14 we recall a geometric definition of polynomial represen-
tations.

Note that the highest weight of V* ® det™ is A +ml, = (\; +m,..., \, + m).
When A, +m < 0 then V*®det™ is not polynomial (in the matrix elements). Thus
every irreducible polynomial representation of GL(n,C) that has highest weight A
that is a partition, say of d, with ¢(\) < n, occurs in E®? and corresponds to the
irreducible representation S* of S, associated with the partition A\ = d of d; but
not all S* are obtained: only those with length ¢(\) < n occur.

If d < n then A\ F d implies ¢/(A) < n, and all irreducible representations of
Sy occur in E®4. In this case the Schur (S-)duality asserts then: the functor
S from the category RepC[Sy] of finite dimensional C[S;]-modules, to the cate-
gory Rep(GL(n,C),d) of finite dimensional polynomial homogeneous of degree d
representations of GL(n,C), defined by S(M) = M ®cs,) E®? on objects and
S(f) = f ® idgea on morphisms, is an equivalence of categories. In particular
S takes S* to S* ®c[S,] E®? = V* since for any G-modules V, W we have
V'®@eW = Homg(V, W), and S* is self-dual in characteristic 0 (only!; [15, Theorems
4.12, 6.7, 8.15, pages 16, 25, 33]), thus S* ®¢s, S* ~ C.

Dualities have the attraction of connecting seemingly unrelated areas, to the benefit
of both. Since Young showed that the category of finite dimensional C[Sy]-modules
was semisimple, Schur deduced the same for the category of finite dimensional
polynomial homogeneous of degree d representations of GL(n,C).

Now the restriction of V* to SL(n,C) remains irreducible, and V* is equivalent
to V# as an SL(n,C)-module if A — p is a Z-multiple of I,,. A highest weight
A= (A1,...,A\,) is called here > 0 if it is a partition, thus Ay > --- > X\, > 0,
and minimal if it is > 0 and ) ;... A; is minimal > 0. Given an irreducible
SL(n, C)-module that occurs in, thus is a subquotient of, E®?, it is of the form V?*,
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¢(\) < n, and when we choose A minimal > 0, then A - d. We extend this V*
to a GL(n,C)-module by letting z € Z(C) act by multiplication by z?. Thus the
equivalence can be stated to relate the category of finite dimensional C[Sy]-modules,
to the category of finite dimensional E®?-compatible representations of SL(n,C).

An equivalent form of the S-duality is in terms of the Lie algebra g = gl, = gl,,(C)
of GL(n,C). If we write ¢ = I + X where we take X € g, then the action
G:Vv=uU R - Qug— gu; X --- X gug becomes

é(([+5X)u1®---®([+5X)ud—u1®---®ud) = A(X)v+ O(e),

where AX)=Ag(X) = > 190D g X @120,

1<j<d

As ¢ — 0 we get that E®? is a C[S,] x g-module. Note that A(2X) = 2A(X),
zeC.

In fact the S-duality is sometimes proven in this Lie algebra form, and the group
form is deduced from that; see section 10. In this case the Schur duality asserts
then: when d < n the functor S from the category Rep C[Sy] of finite dimensional
C[S4]-modules, to the category Rep(gl,,d) of finite dimensional representations of
the Lie algebra gl,, whose irreducible subquotients have highest weight a partition
A of d with at most n parts, defined by S(M) = M ®5, E¥®, where X € gl, acts
via A, is an equivalence of categories.

Note also that gl,(C) is a reductive Lie algebra. Thus its radical (largest solvable
ideal) equals its center. So it is isomorphic to the direct sum sl,(C) & C of its
semisimple ideal sl,(C) (its derived Lie algebra [gl,(C),gl,,(C)], which is even
simple), and its center C. An element z in the center C of gl (C) acts on E®?
by multiplication by z. As the categories of finite dimensional representations over
C of sl,(C) and of SL(n,C) are equivalent, the duality can be stated to assert:
when d < n the functor S from the category Rep C[S,] of finite dimensional C[S,]-
modules, to the category Rep(sl,,d) of finite dimensional representations of the Lie
algebra sl, whose constituents have highest weight a partition A (mod I,,) of d
with at most n parts, is an equivalence of categories. Namely in the class mod I,
of partitions with at most n parts there is a representative A - d.

Our aim here is to extend this duality to the affine case. The symmetric group Sy
is the Weyl group of the group GL(d); it will be extended to the affine Weyl group
Saft - which is the semidirect product Z? x Sy, where Sy acts on the lattice Z¢ by
permutation. Denote the d generators (0,...,0,1,0,...,0) of Z¢ by y1, ..., ya, SO
that C[Z9] ~ Cly™",...,y7"]. The Lie algebra g will be taken to be the semisimple
s1,(C); it will be extended to the affine Lie (or Kac-Moody) algebra g = Lg @ Cc,
a central extension by Cc of the loop algebra Lg = £ ®c g, where £ = C[t,t!]
is the algebra of Laurent polynomials in ¢. This g has a presentation in terms of
generators F;, F;, H; (0 <i < n) and relations, where deleting Ey, Fy, Hy would
give a presentation of the Lie algebra g =sl,(C) by e;, f; (1 <i<n), E;=1®e;,
F; = 1® f;. This is the reason why we work with the semisimple sl, rather than
with gl. We shall first state our (affine) extension of the S duality to the affine
case, then explain in more detail what is the affine Lie (or Kac-Moody) algebra g
(we shall not need g = g ® Cd). By Schur’s Lemma, the central element ¢ acts on
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an irreducible representation as multiplication by a scalar k € C, that is as kI. In
this case the representation is said to be of level k. We denote the action of g on
E=C" by p,andon E®? by p;=p®--- R p.

Denote by Rep C[Z? x S4] the category of finite dimensional C[Z¢ x S4]-modules.
Denote by Rep(Lg;d) the category of finite dimensional L£g-modules, namely g-
modules of level zero (the central element ¢ acts as 0) whose constituents as g-
modules have highest weight A F d with ¢(\) < n mod I, (that is, each of its
irreducible subquotients as a g-module is a constituent of E®?).

Theorem 1.1.  There exists a functor F from the category Rep C[Z% x S,] to the
category Rep(Lg;d), g = sl,(C), defined as follows. If M is a C[Z x Sy]-module,
then F(M) as a g-module is S(M) = M ®¢(s,) E®? by the S-correspondence, with
T € g acting via

pa(r) -m@v=m®pyAlx))v =me Y (1% & p(r) @ 19 )y,

1<j<d
The action of the remaining generators of g,

Ey =1 ® ey, F=t"'® fo, Hy = [Ey, Fy] = [eo, fo] — (Eo, Fy)c

s given by
pa(Eo)-m@v="> my;® (1% @ p(e) @ 1),
1<j<d
pa(Fo) -m@v= > my;' @ (1207 @ p(fy) @ 1% ).
1<j<d

When 0 < d < n the functor F is an equivalence of categories, but not when d =n.

The condition d < n in the affine case, rather than d < n of the finite dimensional
case, is used in the proof, and it is optimal: F is not an equivalence when n = d.
In contrast to the cases of the finite group S,; and the finite dimensional Lie algebra
g, where the categories of finite dimensional representations are semisimple, in the
infinite dimensional affine cases the categories of finite dimensional representation
that appear in the theorem have nontrivial extensions. This is used in section 15
to show that when d = n, and X is the partition w = (1,...,1) of d, the $(Lg)-
module V¥ = C (on which ¢ acts as a € C*) has no nontrivial self extensions. Yet
the corresponding C[Z? x Sy]-module lifted from S* = sgn has. So the theorem as
stated for d < n does not extend to d = n. But it might extend to g = gl,(C).

When d = 0 the category on the Sy-side is that of finite dimensional complex
vector spaces, and the theorem asserts that there are no nontrivial extensions of
Lg-modules lifted from the trivial g-module C. By a g or Lg-module we mean a
module for their universal enveloping algebras (g) and U(Lg).

When d = 1 an irreducible representation of C[Sy x Z%] = C[Z] = C[t,t7] is a
C-linear homomorphism Y : C[t*!] — C determined by the value x(t) € C* of x at
t,orat 1 € Z. An E-compatible irreducible representation of £Lg = L®5sl,(C) (i.e.,
whose restriction to sl,,(C) is the standard representation p on E = C") is then of
the form y®p, where y : L — C is a C-linear algebra homomorphism determined by



686 FLICKER

the value x(t) € C* (see Corollary 9.3). On irreducibles the correspondence defined
by F is then x — x ® p. Both categories, of finite dimensional £-modules, and
of finite dimensional E-compatible £g-modules, are not semisimple, see Corollary
15.3.

We write yj’l for the inverse of y; € Z¢ C Si to emphasize that myj’1 is not —my;,
but it is the m’ in M such that m'y; = m. A statement of an extension of the S-
duality to the affine Lie (or Kac-Moody) case is attempted at [6, §4.9]. Surprisingly,
our proof that our functor F is an equivalence of the suitable categories, is not really
simpler than that of [6] in the affine-quantum case, that we adapt to our situation.
Also note that there is no “homomorphism 5@2 Sy x Z' — S, that is the identity
on S, and for which éi)g(zj) = q for all j”, contrary to [6, p. 314, 1. 10-12], simply
since a € C* does not lie in Sy. The group algebra should be used.

Put Y = Clyf,...,y7'"] = T(GY,0). Note that
C[S;x 2 ~C[Sy] x Y, and (E®C[t,t'])* ~E* ®Y.

An alternative phrasing of the functor F, and of Theorem 1.1, extended geometri-
cally in section 12, is given by the following clearer statement. It also suggests an
extension to L®gl(n, C), although our proof is carried out here only for L®sl,(C),
and it is via the statement of Theorem 1.1.

Theorem 1.2.  There exists a functor F from the category Rep C[Z4 x1 Sy] to the
category Rep(Lg;d), g =sl,(C), defined by

M — M ®¢isxzq (E®@ C[t,t7)% = M Q¢ ny (B @),

with x @t*, x € g, k €Z, acting on M Rcsuxzd) (E® C[t,t71)®? by

me Q- ®vg) = m® Z V1@ @i @ p(X)vjYf @ Vi @ - @ va.

1<j<d

Here me M, v=v,® - ®uvg € (E® C[t,t"1])%?.
When 0 < d < n the functor F is an equivalence of categories, but not when d =n.

The statement of Theorem 1.2 extends to £ ® gl(n,C), but this is not discussed in
this paper. If proven, using GL(n, L) C Lg, we obtain an action of GL(n, £) on each
finite dimensional £g-module. By restriction, an SL(n, £)-action is obtained. As
GL(n,C) = SL(n,C)Z(C), where Z(C) is the center {zI,; z € C*}, an irreducible
SL(n, C)-module extends to a GL(n, C)-module on choosing the action of the central
Z(C) =~ C*. Over the ring £ = CJ[t,t7!] we have GL(n,L) = SL(n,L) x T,
T ={(2%);a € C* =*}, I' = I,1. An irreducible finite dimensional
SL(n, £)-module can be extended to SL(n, £)Z (L) (where Z(L) ~ L*), a subgroup
of index n in GL(n, £), then induced to GL(n, £). A finite dimensional £®sl,(C)-
module integrates to an SL(n, £)-module, see section 13. In any case, Theorem 1.1
and its proof concern only £ ® sl,,(C), and it is stated in the form in which it is
proven, that is, giving an equivalence of categories.

More generally, for a ring Y over C one may study M — M Qcjs,jxy (E®?®Y) as a
functor from the category of finite dimensional C[Sy] x Y -modules to the category of
finite dimensional g ® Y -modules compatible with E®?, and ask whether it defines
an equivalence of categories, and even state it geometrically.
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An analogue of the Schur duality for current algebras, thus the Y above is replaced
by Clyi,...,vd] = T'(G% 0) (the y; occur only with non-negative exponents), is
deduced in [9] from a current analogue of the Howe duality. The latter is viewed as
a version of a current analogue of the Peter-Weyl theorem for the space M (n x d, C)
of matrices. The Peter-Weyl theorem for current groups G(CI[t]]) (see [20, section
13.2]) is proven there on using global and local Weyl modules, and highest weight
categories. This technique may extend to our case, but our proof is perhaps more
elementary.

From numerous interesting works related to the subject matter we mention here [1],

[4], [9], [19], [21].
We hope to report on applications of the theorem in a subsequent work.

On the affine case, [18] Kac opines: “It is a well kept secret that the theory of Kac-
Moody algebras has been a disaster. ... However, there are two notable exceptions.
The best known one is, of course, the theory of affine Kac-Moody algebras. This
part of the Kac-Moody theory has deeply penetrated many branches of mathematics
and physics. The most important single reason for this success is undoubtedly the
isomorphism of affine algebras and central extensions of loop algebras, ...”

An analogue of the present work for affine super Lie algebras, of which our [11] is
a quantum deformation, is given at [12]. The statement, settings and proof in the
super case are considerably more involved. Uniting the present work in the affine
case — that is the simplest infinite dimensional case — with its “super” extension, will
lead to a work too complicated for a potential user of the present, affine case. This
affine case anyway most likely to have most current applications, and is sufficiently
rich to exhibit most key features.

We briefly review the theory of finite dimensional Lie algebras in section 2, and
that of affine Lie algebras in section 3. The example of g = sl, is detailed in
section 4, except that in the proof we use n for the type (AS)) so n becomes
n + 1 in sections 5-7 where the theorem is proven. One has to show the functor
is well defined, defines a representation of the affine Lie algebra, and defines an
equivalence of categories. Section 8 shows the functor commutes with induction.
Section 9 introduces evaluation representations, and concludes from the description
(by Mackey theory) of the finite dimensional irreducible C[S; x Z4]-modules:

FEach finite dimensional irreducible E®? -compatible representations of the loop alge-
bra Lg is a tensor product of evaluation representations Wy, = evy (S(M;)) at
distinct points pi,...,pr € C*, where M; are irreducible C[Sg,]-modules, and
d:d1++dk

It is a natural question, that was in fact part of our motivation for the present work,
and it might be needed for the applications we have in mind, to state the equivalence
of categories in group theoretic terms, rather than Lie algebra language. In section
10 we recall how to translate the result from the context of Lie algebras to that of
Lie groups, in the classical case of finite dimensional Lie algebras and groups.

In section 11 we find a set of Chevalley-type generators of the loop group SL(n, L),
analogous to that of the loop algebra L£g. These generators are subject to Steinberg-
like relations. Then we explain that the theorem cannot simply be translated
from the context of affine Lie algebras Lg to that of affine Lie groups SL(n, L),
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L = C[t,t7'], on defining an exponential type isomorphism by means of these
generators, the reason being that the image of such a map would not be polynomial,
and not land in SL(n, £). I do not know to define an SL(n, £)-action on M ®¢(s, ] E®?
extending the diagonal SL(n,C)-action on E®? by means of the extra generators.

In section 12, an algebro-geometric definition of the functor suggested to me by
P. Deligne, that is group-theoretic, and purely in terms of finite dimensional schemes,
is described. Taking the hint that the group algebra C[S, x Z9] is C[S,] x C[Z¢] and
C[Z9] is the ring ['(G%, ) of global sections of the torus G¢, = Spec C[Z], one
notes that a finite dimensional C[S,; x Z%-module M can be viewed as the module
of global sections I'(M, O) of an S;-equivariant quasi-coherent sheaf of modules
M = M over G¢ = SpecC|[Z%], pulled-back from a point: 7 : G¢ — {x}.
The role of the affine algebra Lg is replaced by the affine group SL(n, £). Suitably
interpreted, the functor F takes the (modified to be a limit of subsheaves with finite
support) form M =I'(M,O) — I'(M Qg (E¥? @ GL,)), O)¢ysy -

In section 13, following correspondence with Shrawan Kumar, using [4, Lemma 1,
§2.2], that asserts that an ideal I in Lg, in particular the kernel I = Iy of a
finite dimensional representation py : Lg — W, has the form [ = g ® I’, where
I’ is an ideal of the PID C[t,t™!], we show: a finite dimensional representation of
the loop algebra L(sl,) integrates to a representation of the loop group SL(n, L),
L=C[t,t7].

This permits restating Theorem 1.1 as asserting: the functor F is, for d < n,
an equivalence of categories between the category of finite dimensional C[S3%]-
modules, and the category of finite dimensional representations of G(L£) all of whose
subquotients as representations of SL(n,C) (C SL(C[t,t7!]) via C < C[t,t71])
occur in E®?. As E®? is a semisimple SL(n,C)-module, “occur in” means “are
subrepresentations of”, or “are subquotients of”.

Note that for loop groups G(L), the affine Weyl group SaT of GL(d, L) is
N(T)/T(C) ~ N(T)/T(L) x T(L)/T(C) ~ Sy x Z,

where N(T') is the normalizer of T'(£) in GL(d,L). The centralizer of T'(£) in
GL(d, L) is itself, the group of diagonal matrices with diagonal entries in C*¢Z.

The functor in the opposite direction, from GL(n,£)-modules to S3f-modules,
d < n, is simpler. Denote by eq,...,e, the canonical basis of the standard rep-
resentation E = C" of GL(n,C). Embed GL(d,C) in GL(n,C) as the subgroup of
automorphisms of the subspace E; of E spanned by {es, ..., es}, that fix the basis
elements €411, ..., e,. This way we view the affine Weyl group S3f of GL(d, L) as
a subgroup of GL(n,L). Let (p, W) be a finite dimensional GL(n,C)-module. By
a weight we mean o = (aq,...,Qn), ®; € Lo, and the a-weight space of W is
We ={w e W; p(d(a))w = af* ...almw for all d(a) = diag(ay,...,a,) € T(C)},
T(C) denotes the diagonal subgroup of GL(n,C). Then the weight space W* for
w=(1,...,1,0,...,0) € Z™ (1 occurs d times) is an S;-module, by restriction of
p, since Sy fixes w. Schur proved in his thesis ([24], see [14, section 6]) that: when
d < n the functor W — W% defines an equivalence from the category of finite di-
mensional GL(n,C)-modules whose irreducible subquotients are subrepresentations
of E®4, to the category of finite dimensional C[Sg]-modules. Moreover, this func-
tor is an inverse to the functor S : M — M ®c[s,] E®. Now if we start with a
finite dimensional GL(n,L)-module (p, W), the weight space W* is invariant un-
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der the action of the affine Weyl group Sa%, since the diagonal subgroup Ty(£) of
GL(d, L) stabilizes W*. When d < n we embed GL(d) C SL(d+ 1) C SL(n) via
g+ (g,1/det(g)) — (g,1/det(g),1,...,1), in particular we get an action of S3T on
W¢ from the action of SL(n, £) on W. Then we conclude: the functor G : W — W¢
is an equivalence from the category of finite dimensional SL(n, £)-modules whose
restriction to SL(n,C) has the property that its irreducible subquotients are sub-
representations of E®¢, to the category of finite dimensional C[Sy x Z%]-modules,
inverse to the functor F.

From the perspective of p-adic groups (for an introduction to the Bruhat-Tits
theory see [28]), the affine Weyl group W2 of a simply connected and split, or
more generally quasisplit unramified, linear algebraic group G over a local non-
Archimedean field F', can be defined to be: the quotient of the normalizer Np(F)
in G(F) of a maximal split torus 7" over F' in G, by the unique maximal compact
subgroup M of the centralizer T"(F') of T in G(F'). Here T" is the unique maximal
torus over F' in G containing 7. “Unramified” means that T splits over a finite
unramified field extension F’ of F', in which case the quotient of T'(F') by its
maximal compact subgroup is isomorphic to T'(F)/M. Then Wt = Np(F)/M is
an extension of the Weyl group W = Np(F)/T'(F) by the lattice T"(F)/M; see
also [10]. For example, let G = SU(n, F’/F) be the quasisplit special unitary group
over F' that splits over the quadratic field extension F’ of F' and is an outer form
of SL(n), thus G(F') = SL(n, F"). Denote by n’ = [n/2] the largest integer < n/2
and by O the group of units in the ring of integers of F'. Than the quotient of
T(F) by its maximal compact subgroup is (F*/O})", a subgroup of index ¢ in
T'(F)/M ~ (F"*/O})"; here ¢ is 2% when F'/F is ramified (and 1 if F'/F is
unramified). The analogue for loop groups is three paragraphs above.

For example when G = GL(d), T the diagonal subgroup, M the maximal compact
subgroup T'(R) of T'(F') of diagonal elements whose diagonal coefficients are all in
the group of units of the ring of integers R of F', we have: W = S, is the symmetric
group on d letters, and the lattice T(F)/M is Z¢. So W* is the semidirect product
Z% % S;, where Sy acts on the lattice Z? by permutations.

More interesting is the quantum case (see [6], and further the super case [11]),
corresponding to that of the Iwahori-Hecke convolution algebra C.[I\G(F)/I] of
compactly supported I-biinvariant C-valued measures on G(F). Here [ is an
Iwahori subgroup (the pullback pr—!(B(F,)) of a Borel subgroup by the reduction
modulo the maximal ideal M map pr : G(R) — G(F,), where F, = R/M is the
residue field of the local ring R, a finite field of ¢ elements).

2. Finite dimensional semisimple Lie algebras

We begin with a brief introduction to the terminology of affine Lie (or Kac-Moody,
KM) algebras g and @, to fix notation and explain what is the theorem about;
we use only the case of sl, but a more general introduction would put this case in
perspective. We follow [17], and work over the base field C. The affine case is an
extension of the finite dimensional case of semisimple Lie algebras, that we review
first.

A Lie algebra (LA) g is a vector space with a bilinear map [.,.] : g X g — g, called
bracket, satisfying for x, y, z € g, antisymmetry: [y, z] = —[z,y], and the

Jacobi identity: [z, [y, 2]] + [y, [z, ]] + [z, [z, y]] = 0.
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For example, an algebra A with the bracket [a,b] = ab — ba is a Lie algebra. Write
LA for “Lie algebra”.

A LA g is called semisimple if {0} is the unique solvable ideal of g. The example
of interest to us is the semisimple LA sl, = {X € gl,; tr(X) = 0}. It is a Lie
subalgebra of gl, = M,(C), the LA of n x n-matrices over C with [A, B] =
AB — BA, but sl, is not a subalgebra of the matrix algebra M, (C), and gl, is
not semisimple.

A g-submodule of a g-module V' is a g-invariant subspace V' of V' (thus z-v" € V’
forall z € g, v" € V'). The submodules {0}, V are called trivial. Then V is called
simple if V' has no nontrivial submodules; V' is semisimple if it is a direct sum
of simple modules. The complete reducibility result asserts: A finite dimensional
representation of a finite dimensional semisimple LA is semisimple.

A semisimple Lie algebra has a presentation in terms of Chevalley generators
{ei, fi, hi; 1 < i < n}. To state the relations they satisfy, define a Cartan

matriz to be an n x n matrix C = (C;;; 1 < 4, j < n) whose coefficients C; ;
are in 7Z, its diagonal entries Cj; are 2, the off diagonal entries C;;, ¢ # j, are
nonpositive, and satisfy C;; = 0 if and only if C;; = 0, and all its principal minors
are strictly positive: det(C;;; 1 <4, j <r) >0 forall » (1 <r <n). The relations

are:
[his hil = 05 eq, f3] = dijhs;  [hiye5] = Cijeg,  [hi, 5] = =Cij fj;
(1= 0iy)(Ade,)' ™% (e5) = 0= (1= 6;;)(Ad )= (fy).

The relations in the last line are called the Serre relations. For example e = (J§),
F=0%), h=({2%) span sly = Ce ® Cf @ Ch, and satisfy [e, f] = h, [h,e] = 2e,
[h, f] = —=2f. The Cartan matrix is C' = (2). As usual, ¢;; is 1 if ¢ = j and 0 if
14 7.

To consider the finite dimensional representations of the LA g, note that the direct

sum h = ®1<;<,Ch; is a Lie subalgebra of g. It is commutative ([h,h'] = 0 for all
h, ' € b), and called a Cartan subalgebra of g. The lattice of weights is

P={webh" s wh)€Z, 1<Vi<n},
and the set of non-negative weights is
Pt ={web"; w(h) >0, 1<Vi<n}.

For each A\ € h* there exists a unique simple representation L(\) of the LA g such
that there exists v # 0 in L(\) satisfying h; - v = A(h;)v and e; - v = 0 for all i,
1 <i<n. Call A the highest weight of L(\). This L(\) is finite dimensional if and
only if A € P™. Each simple finite dimensional representation of g is of the form
L(\) for some A € PT.

The LA g has a root space decomposition
g=bho <@a€AgOé)7
where for each o € h* the eigenspace of the action of h:
9o = {z € g; [h, 2] = a(h)z, Vh € b},

is called the root space, and the set of rootsis A = {a € b* — {0}; go # {0}}. Tt is
also called the root system. We have e; € gq,, fi € 9—a,, where o;(h;) = C; ;.
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Define o € h by (o, a5) = C;; (1 <4, 5 <n). Theset Il = {ay,...,a,} C bh*
of simple roots, and the set 11V = {a,...,a’} C b of simple coroots are linearly
independent, and h; = . Also write Q = > Za, « € 11, for the root lattice, and
QY =>7Za", a¥ €11V, for the coroot lattice.

It is known that dim(g,) = 1 for @ € A, and there is a unique § € A such that
0+ a; ¢ AU{0} forall i (1 <i<mn). This 0 is called the highest root of g.

3. Affine Lie (Kac-Moody) algebras

We are interested in infinite dimensional Lie (or Kac-Moody, KM) algebras as-
sociated to Cartan matrices whose principal minors are not all strictly positive.
The simplest case is the affine case, where det(C; ;1 < 4,5 < r) > 0 for all r
(1 <r<n),but det(C') = 0. They have a simple geometric construction as central
extensions of loop algebras of semisimple LAs, that we review next, following [17,
§7]. Theorem 1.1 deals only with the loop algebra Lg, but the natural object is the
affine Lie algebra g, of which Lg is a quotient; it has a presentation that we use in
the proof.

Let £ denote the algebra C[t,t7!] of Laurent polynomials in ¢. Let g be a finite
dimensional semisimple Lie algebra. The loop algebra of g is the algebra Lg = L&¢g.
It is an infinite dimensional complex Lie algebra with the bracket [.,.]o defined by

[P@z,Q®ylo=PQ® [z,y], P,QeLl; z,yeg.

It can be viewed as the Lie algebra of regular rational maps C* — g, the element
> (' ® x;) defines the map z — >, 2'x;.

Fix a nondegenerate (on b, thus for h € b, (h,h) = 0 if and only if h = 0)
invariant (([z,y], z) = (x, [y, 2])) symmetric ((z,y) = (y,x)) bilinear C-valued form
(.,.) :gxg— C on g. Such a form exists ([17, Theorem 2.2]). It is unique up to
a scalar multiple when g is simple, as we now assume. When C is symmetric we
may and we do choose the scalar so that the form (.,.) satisfies (o, o) = Cj;, and
(€, fj) = 6;; (1 <4, 7 <mn). Extend it by linearity to an L-valued bilinear form
(.,.): on Lg by

(,)e:Lgx Lg— L, (PRz,Q®y) = PQ(x,y).

Define linear maps % : Lg — Lg and Res : L — C by %(P Q) = %D ® x and
Res(t") = 6,1, for P € L, v € g, r € Z. Res is the unique functional on £
satisfying Rest™! = 1 and Res % =0 for all P € £. A more natural presentation
of the residue would be to view f € Lg as a morphism f : C* — g, where C* is
the multiplicative group C — {0} of C. The differential df of f is a 1-form with
values in g. Then (df,g); is a 1-form on C*, whose residue at 0 is denoted by

Reso((df,g9):) (= Res((%,g)t)). In particular Resg(dP) =0 for all P € L.

Lemma 3.1. Define a bilinear map ¢ :Lg x Lg — C by ¥(f, g) = Reso((df, g):)-
Then 1 is a 2-cocycle on Lg, namely it satisfies for all f, g, h € Lg:

v(f,9) =¥, f),  o(f gl,h) + (g, Rl f) + (R, fl,9) = 0.
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Proof. It suffices to check these two claims for f = PRz, g=Q®y, h=R® z.
Then we have

Y(PRx, QRy)+1v(QRy, PRx) = Reso(dP-Q+PdQ)(x,y) = Reso(d(PQ))(x,y) = 0,
and in view of the invariance of (.,.): ([z,vy], 2) = («, [y, 2]), and its being symmetric,

YI(PR2,QRy,R22)+¢¥([QRy,R®z,PRz)+¥(R® 2z P®1],Q®y)
= Reso(d(PQ)R)([z, y], z) + Reso(d(QR)P)([y, 2], x) + Reso(d(RP)Q)([z, x], y)
= (Reso(d(PQ)R) + Reso(d(QR)P) + Reso(d(RP)Q))([z, y], 2)
= Resy(d(PQR))([z,y], z) = 0. u

Denote by g = Zg the extension of the loop Lie algebra Lg by a 1-dimensional
center, associated to the cocycle ¢. Thus it is g = Lg & Cc, where ¢ is a formal
central element ([c, f| = 0 for all f € Lg), with Lie algebra structure defined by
the bracket [f,g] = [f,glo +¢(f,9)c, [, g € Lg. The skew symmetry for [.,.] on g
follows from the first property in the Lemma, the Jacobi identity follows from the
Jacobi identity for L£g and the last claim in the Lemma.

The affine Lie (or Kac-Moody, KM) algebra g = Lg is obtained on adding to g the
derivation d that acts on Lg as t% P®xw— t% ® x, and maps ¢ to 0. Thus
g = Lg ® Cc @ Cd, with bracket extended by [d, P(t) ® z| = t‘ﬂ;—f) ®x, |d,c] =0.
The affine Lie algebra g has a presentation in terms of generators and relations,
associated to a generalized Cartan matriz. The latter is an (n + 1) x (n + 1)
matrix C' = (C;;;0 < 4, j < n) whose coefficients C;; are in Z, its diagonal
entries C;; are 2, the off diagonal entries C;;, ¢ # j, are nonpositive, and satisfy
C;; = 0 if and only if C}; = 0, all its proper principal minors are strictly positive:
det(Ci ;31 < 4,5 <r)>0foral r (1 <r <n), but det(C) = 0. Then g is
generated by (E;, F;, H;; 0 <i <n), subject to the relations

[Hi, Hj] = 0;  [E;, Fy] = 0i;Hy;  [Hi, Bj] = CijEy,  [Hy, Fjl = —Cy ;Fy;

(1= 0:5)(Adp,)" "9 (E;) = 0= (1 — 65)(Adp,) =% (Fy).

The relations in the last line are called the Serre relations. Moreover, the labeling
{0,...,n} can and will be chosen so that the subalgebra generated by the E;, F;,
H; (1 <i<mn) isisomorphic to g, namely (C;;; 1 <1i,j <n) is the Cartan matric
of g. The affine Lie algebra g is obtained on adding a generator d to the Cartan
algebra b, but it does not appear in the theorem.

The Chevalley involution w is the involution of g defined by w(e;) = —f;, w(fi) =

—e;, w(h;) = —h;. Recall that 0 is defined at the end of last section. Choose
fo € go with (fo,w(fo)) = —2/(0,0). Define ¢y = —w(fy) € g_p. Then we have
leo, fo] = —6Y. The e; (0 < i < n) generate the Lie algebra g, as in the adjoint

representation g = (4U(g))(eo) = (U(ny))(eop) since g is simple (U for the universal
enveloping algebra, n, the sub LA generated by the e; (1 <i < n)).

The (infinite dimensional) Lie algebra g = Lg can now be described. Its center
is Cc. The centralizer of d in g is Cc® Cd @ (1 ® g). In particular 1 ® g ia a
subalgebra of g, that we identify with g by 2 +— 1®z. Then h = h B Ccd Cd is an



FLICKER 693

(n + 2)-dimensional commutative subalgebra in g. Extend any A € h* to a linear
function on b by (A,¢) = 0= (A,d), so that h* is identified with a subspace of b*.
Denote by & € h* the linear form on f that is zero on h @ Cc and with (0,d) = 1.
Now introduce

Ey=t®e, Fo=t"'®fy, E=1®¢, F=1®fi (1<i<n).

From [eq, fo] = —0" we deduce that [Ey, Fy] = ﬁc —6v.

The root system and the root space decomposition of g with respect to h are as
follows. )
A={jo+j€L veAtU{js jeZ—{0}}.
6=0®@,calla, Ljsiy =1 @0y, Lgp=1 b
Put Ilp = {ap:=90 — 0, a1,...,a,} and

2
Iy =A{ag = (o, 0)6—1®9V of =1®@hy,...,0p =1 hy}.

Then C = ({(o,)); 0 < i, j < n), and (b,TI,,ITY) is a realization of the affine
matrix C' in the termlnology of [17, §1.1].

4. Case of sl 11

The classical Schur duality concerns the case of (diagram of) a Cartan matrix C' of
type (A, ). We extend it to that of a generalized Cartan matrix — denoted here by
Cp — of type (A( )) The matrix C is obtained from Cj on erasing its first row and
column. The generalized Cartan matrix Cy is symmetric, of size (n+ 1) x (n+1).

We label its rows and columns from 0 to n (this explains the subscript 0), and those
of C' from 1 to n. When n =1, Cj is (_22 _22). When n > 2, Cj is the matrix
with diagonal entries C;; = 2 (0 < i < n), the entries above and below diagonal
are Cj;41 = —1 = Ci41,; (0 < i < n), and so are the entries at the top right and
bottom left positions (0,7) and (n,0), all other entries are 0:

2 -1 0 0 0 -1 5 1 0o 0 0

-1 2 =1 0 0 0 I 0 0

0 -1 2 -1 ... 0 0

Co=1: I C= R

o 0 ... -1 2 =1 0 0 -2 -10
0 0 -1 2 -1

0 0 0 -1 2 -1 0 0 0 1 o

-1 0 o0 0 -1 2

The Lie algebra g is sl, 11, the space of (n+1) x (n+ 1) matrices with entries in C
and trace zero, with the bracket [z,y] = xy —yz. Denote by E;; (1 <4, j <n+1)
the matrix whose only nonzero entry is 1 on row ¢ and column j. These give the
standard basis for the space of (n+ 1) x (n+ 1)-matrices. Let b be the subspace of
diagonal matrices in g. Then h; = ) = E;; — Ei11,41 (1 <i < n) makes a basis
of h. Define ¢; € h* (1 <i<n+1) by

ei(diag(ar, ..., ant1)) = a;.
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(This is perhaps what is meant by [6, p. 299, l. -11 to -8]). Then «o; = &; — ;41
(1 <i < n) makes a basis of h*, and Il = {ay,...,a,} is the set of roots (in h*),
IV ={af,...,a } the set of coroots (in b).

The root space decomposition with respect to h is g = b & (®,4,CE; ;). The
Chevalley generators of g are e; = E; 41, fi = Eij11 (1 <4 < n). The set of
roots is {e; —€;; ¢ # j}, the set of positive roots (nonzero linear combinations of
the o, with integral non-negative coefficients) is {e; —¢;; ¢ < j}, and the Chevalley
involution is « — —'z. Further we have that fo = Fi,41 and ey = E,411, and
0\/ = E1’1 — En—i—l,n—l—l =ay+ -+ oy

The weights \; = ), <j<i€i» 1 <1<, are called fundamental, and the correspond-
ing representations V' (\;) of U(g) are the fundamental representations. The natural
representation of {(g) is E = V(A1). In its standard basis {uq,...,u,41}, the ac-
tion p of g on E = C" is given by: p(e;)u, = dpiv1tr—1, p(fi)tr = 0pittry1, p(hi)u,
is w; if r =4, —uyq if r =i+ 1, and 0 otherwise. Further, p(ep)u, = 6,111,
p(fo)ur = 8y pni1ur. However, we can make E into a £g-module, that is a g-module
of level 0 (¢ act as 0) E, for each a € C*, by letting £; = 1 ® ¢; act as ¢; and
Fi=1®fi as fifor 1<i<n,and Ey =t®eg as aey and Fy =t ® fy as a1 fp.
In other words, [E, is the pullback via the evaluation at a« € C* map ev, : Lg — g,
t — a, of the g-module E. (This is perhaps what is meant by [6, last sentence in
subsection 2.4]).

This completes our review of the affine Lie algebra §1n+1. It is of (untwisted)

type (A,(Tl)). We shall use its presentation in terms of generators F;, F;, H;

(0 <7 < n) and relations. The first step will be to show that the representation

defined in Theorem 1.1 satisfies the relations. Then we shall need to verify it gives

an equivalence of categories. Note that the(t)heorem concerns sl,, that is of type
. 2

(Asll_)l). It is more convenient to discuss (Ayn’), so we are led to sl,+1. To get the

theorem we simply change n to n — 1 at the end.

5. The functor of the theorem is well defined

We can now return to the theorem in an attempt to verify it. Recall that the affine
Lie algebra g is generated by two generators: Ey =t ®eg and Fy = t7 1 ® fy, in
addition to the generators F; = 1®e; and F; = 1® f; (1 <i <n) that come from
the generators e; and f; (1 < i < n) of g = sl,.1, and our proposed functor F
maps the S = Z x Sy-module M to the g-module S(M) = M ®s, E®?, on which
T € g acts as

pa(@) Mm@V =m®pu Ao =m® I V().

1<5<d
Yj(2) = Yj(p(x)) = 19079 @ p(a) © 1909,

The new generators act using the additional structure of M as an S&T-module, not
only an Sg-module, thus the right action of the generators y; = (0,...,0,1,0,...,0)
(1 <i <d) of the translation group 7% of Sgﬁ = 7% % Sy. We write this subgroup
multiplicatively: y;y, and yj’l , rather than additively, to prevent possible confusion.
The theorem defines the action of the new generators by

pa(Eo)-m@v=> my;@Yj(ev,  paFo)-m@v= Y my " @Y;(fo)v.

1<j<d 1<j<d
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Our first task is to show that these last formulae that define the action of Ey and
Fy on M ®g, E®? are well defined. Consider the case of ps(Fyp), that of pg(Fp) is
similar. As m ® v lies in M ®g, E®?, we need to verify that (ps(Ep))(mo @ v) =
(pa(Ep))(m @ ov) for all generators o0 = 0; = (i,i+ 1), 1 <1i < d, of the symmetric
group Sy. Namely we have to show that as operators on M ®g, E®? we have

Z oiy; ® Yj(eo) = Z yj ® Yj(eo)oi.

1<j<d 1<j<d

If j #4, i+ 1, then the jth terms on the left and the right sides are equal, since
in this case o;y; = y,0:, and Yj(eg)o; = 0;Yj(ep). So it remains to show that the
sum of the remaining ith and (i + 1)th terms on the left is equal to that sum on
the right:

oy @ Yi(eo) + 0iyiz1 ® Yipi(eo) = yi ® Yi(eo)oi + yiy1 ®@ Yivi(eo)o.

But o3y; = Yit104, 0Yiy1 = Yi0, Uz'Yi(eo) = Y;'+1(€0)0i7 Uz'YiJrl(eo) = 3/;'(60)01', SO
in fact oyy; ® Yi(eo) = yiy1 ® Yigi(eo)ow and o3y ® Yigi(eo) = y: ® Yi(eo)os, as
required.

6. The representation extends to the affine algebra

In order to show that the formulae defining the action of pa(Eo) and pa(Fy) define a
representation of the affine Lie algebra g of level 0, thus the center ¢ acts as zero, we
need to check they satisfy the relations that the generators (F;, F;, H;; 0 <i <n)
of g satisfy. Only the relations involving Fy, F, are new and need to be checked.
These are all simple, except for the Serre relations. Suppose n > 2. The Serre
relations involving FE, are

[Eo, [Eo, E©]] = 0 = [Ey, [Ey, E,]] and [E1, [Eg, Eo]] = 0 = [E,, [Eo, Eoll,

those involving Fj are analogous, obtained on replacing E by F' in the Serre
relations for E just spelt out. This is because the coefficients in the Cartan matrix
of relevance are Cy; = —1 = Ci o, Cp,, = =1 = C, . When n =1 the relations are
[Eo, [E(), [EQ, El]“ =0= [El, [El, [El, E()]H as 0071 =-2= 01707 and they are dealt
with in the same way.

As a representative case, consider n > 2, [Ey, [Eo, E1]]. First of all, [p4(Eo), pa(E1)]
maps m ® v to the sum of my; ® Y;([p(eo), p(e1)])v, as all other terms vanish.
Applying then Ad p(Ey) would give a sum over j < k of terms

my;yr ® (1°U7Y @ [p(eo), pler)] @ 190970 @ pleg) ® 194 H)o

—myey; @ (1°07Y @ [p(eo). pler)] © 190770 @ pleg) © 19 Mo,

that is 0 since y;, yx € Z% C Z% x S; commute; plus the analogous sum for k < j,
that is equally 0; plus

my;y; @ (197 @ [p(eq), [peo), pler)] © 19 )o,

that equals 0 since [p(ep), [p(eo), p(e1)]] = 0. This, and the analogous formulae for
the remaining Serre relations that are proven analogously, shows that the formulae
for pa(Fy) and pg(Fy) indeed define a g-module structure on S(M) = M ®g, E®?.
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To show that F is a functor we need to deal also with morphisms. Thus if
f: M — M’ is a homomorphism of S = 7Z¢ x S;-modules, define the map
Ff:FM — FM by (Ff)im®wv) = f(m) ® v. To check that Ff is a well-
defined homomorphism of S3f-modules we note for example that

pa(Eo)(Ff)m@w)) = Y f(m)y; ® Yi(eo)

1<5<d

= 37 Flmy;) @ Yi(eo)v = (FF)((pal o)) (m @ v).

1<j<d

Hence F is a functor from the category of C[S&]-modules to the category of finite
dimensional 4(g)-modules of level 0 as specified in the theorem.

7. The functor is an equivalence of categories

Assume in this section that d < n + 1. This condition is used in the proof, and it
is optimal: the theorem does not hold for d = n + 1, see section 15. To show that
the functor F — that we have seen is a well-defined functor between the categories
specified in the theorem — is an equivalence, one has to show:

(a) Every finite dimensional £g-module W, thus g-module W of level 0 (the one
dimensional center spanned by ¢ acts as 0), each of whose irreducible subquotients
when restricted to g is a constituent of E®?, is isomorphic to F(M) = M ®c[Sy] E®4
for some C[Z¢ x Sy]-module M .

(b) F is bijective on sets of morphisms.

To prove (a), by the Schur duality we assume that the restriction Resﬁg W is of
the form M ®g, E®? for some C[Sy]-module M. We shall construct the action of
the generators y;' of Z4 C 53" = Z4 % S5 on M from the given action of pa(Ej),
pa(Fo), pa(g) on W, so that M becomes a C[S3T]-module.

Proposition 7.1.  (a) Let M be a finite dimensional C[Sy]-module. Fiz v € E®?
such that B®? = py(8(g)) - v. Then the map M — S(M), m — m Qcs, v, is
njective.

(b)  Recall that {ui,...,u,11} denotes the standard basis of E. Suppose now
v=u @ Q@uy, € E® where iy,...,iq € {1,...,n + 1} are distinct. Then
E®? = py(iU(g)) - v. In particular v satisfies the condition stated in (a).

Proof. Choose an isomorphism E®? = @, S* ® V*, where ) - d ranges over the
set of partitions of d, and the length £(\) of \ is < n since d < n. Here S* is the
A-Specht representation of S; and V* = L()\) the sl,;;(C)-module parametrized
by X. The vector v =, z\ spans E®? under the action of ps(84(g)), in particular
pa((g)) - zx = S* ® L(\) = Homg(L(N)Y, S*), so we may assume zy : L(\)¥ — S
is onto, for each . Note that dim S* < dim L()\) by [13, Ex. 6.4%, p. 78].

Since C[S,] is semisimple, by Maschke theorem the finite dimensional C[S,]-module
M is completely reducible. Thus M = @©,4M,, where M, are the p-isotypical
components of M. Hence M, ~ S*® A,, where A, = Homg(g,(S*, M) is a vector
space. Since S* ~ (S*)" is self dual, M, ~ Hom¢(S*, A,).

Next we use the fact that S* is self dual, and Schur’s lemma: V' ®@¢ W =~
Homg(V, W) is C if the irreducible G-modules V', W are isomorphic, and 0 if
not; G = Sy. Consider the map
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M x E® — M ®c[s,) E¥ = (&, Home (5", A,,)) ®cjs,] (15 @ L(N))
—@)\A)\®L( ) @)\HOIH((:( ()\) ,AA),
((fr: 8" = A)), (xzy € S* @ L(N)) — (fa(zy) € Ay @ L(N\) = Home (L(N)Y, Ay)),
where f)\(.l‘)\) is f)\ oIy : L()\) — S/\ — A)\.
Injectivity of the map M +— M ®c(s, E®? m + m ® v, means that fyoxy = 0
implies fy = 0, for all A. This holds when zy : L(\)Y — S* is surjective, as
assumed; (a) follows.
It does not suffice to assume that =) # 0 for all A as assumed in [6, Lemma 4.3(a)]:
if for example 7y = a® b, a € S*, b € L(\), dim S* > 2 and Ay # 0, there are
nonzero fy : S* — Ay that send a to 0. For this reason we write up a proof of the
proposition.
Claim (b) is elementary. We need to show that under the action of the universal
enveloping algebra py(£4(g)), each basis vector u;, @ - -®@u;, of E®¢ can be obtained
from u;, ®- - -@u;, with distinct iy,...,iq € {1,...,n+1}. To simplify the notation
it suffices to show this for d = 2. Then n+1 > 2 by our standing assumption d < n.
Thus it suffices to show that py(L(g)) takes u; @us to ug®u,y,, for any k, m between
1 and n+ 1. Recall that ps(g) acts as Aa(g) = > <y 12071 @ g @ I1®@=9) | Write
g = (a,b,c) for the (n+1) x (n+ 1)-matrix with 1st column a, 2nd column b, kth
column ¢, k > 2; the other columns are not written, to save on notation; it suffices
to take n+1 =3 and k = 3. Then Ay(ug,0,*) takes u; ® uy to ur ® uy, where
« means any column; Agj(x, ,, 0) takes uy ® us to up ® uy, (k # 2); Ag(0, %, us)
takes ur ® uy to us @ uy; Ag(un, 0, %) takes us ® uy to us @ U, ; Ag(0, ug, *) takes
U1 @ Uy 1o up Q ug. [ |

Proposition 7.2.  For j (1<j<n) puta(j)=u® - @ uy,
b() =1 ® - @ug, v =a(j) ®unsr ®0(5), w = a(j) @ m @ b(j).
Then there ezists ajp € Endc(M) with
(pa(Fo))(m @ vV) = ajr(m) @ p*!(Y(fo))u")
and o, € Ende(M) with (pa(Ep))(m @ wW) = a;p(m) @ p®4(Yj(ep))w™.
We have p(¥;(fo))o = w0, and p(;(eo))w) = o).
Proof. For 7 in the symmetric group Sy on d letters, put
W) = () ® <+ B Ur(s)) @ tr(t) ® (tr(n) @+ D Ur(a)-
The set {ng); 7 € Sy} spans the subspace of E®¢ of Weight N =¢1+eg+---+e,.
Indeed, (pa(H))u; = (g;, H)u;, so (pa(H))ws ) = =(He +-+ ed)ng). Note that

pa(H)pa(Fo) = (H,a0)pa(Fo)pa(H), hence Pd(Fo) adds &1 — €41 to the weight,
hence it takes €,11 to €;. Hence for every m € M we have

(pa(Fo))(m @ W) = ZmT@)wj
TSy
for some m, € M. Now w¥ is h-w® for some h € C[Sy], h = h(r). Hence
(pa(Fp))(m @ v9)) equals m’ @ w9 for some m’ € M. Proposition 7.1 implies
that m’ can be reconstructed from m’ ® w(). Then there exists a;r € Endc(M)
with m’ = ajp(m) for all m € M. The existence a;p € Endc(M) is proven
analogously. [ |
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Proposition 7.3.  For all m € M and v € E®? we have

(pa(Eo))(m@v) = Y aje(m) @ p®(Yj(eo))o,

1<j<d

(pa(Fo))(m @ v) = Y ae(m) © p*'(Y;(fo) -

1<j<d

Proof. Recall that we have HFy = —(H, ag)FoH, where ag = ¢,,.1 — &1, and
p(H)u; = (g;, H)u;. In consequence pg(H)pa(Fp)(m®@wv), where v = u;, @ - -+ Quy,,
is (H,—ag+€i, + -+ + €iy)pa(Fo)(m ® v), and this will be 0 if no i; is n+ 1, as
then —&,11 + &1 +&;, + - + &, cannot be a weight of E¥?. So we may assume
some component of v IS Uy .

Let r >0, s >1,7+s<d,1<j1<joa<---<jr<d, 1 <jp<jsy<---<j. <d.

Assume {jlv s ajr} n {]17 s 7];} = (Z) Write ] = (jh s ajr)a j, = (.717 s a]fq)
Let V") be the subspace of E®? spanned by the vectors that have u; in positions
J1y- -+, Jr; Uy in positions ji,...,Jj.; and vectors from {us, ..., u,} in the remaining
positions. We prove the proposition when v is in VU7 for all j, j/ in two steps.

(i) For s =1, by induction on r.
(ii) For all r, by induction on s.

By Proposition 7.1, applied to the subalgebra of g generated by the E;, F;, H; for
i €{2,...,n — 1}, to prove our proposition for all v € VU7 it suffices to prove it
for one 0 # v € VU7 whose components have no vector from {us, ..., u,} twice.
Such vectors exist since 1 <d+1—r—s<d<n.

Proof of step (i): Here s = 1. The case of r = 0 follows from Proposition 7.2: take
v=a(j}) @ @ (7)), w=a(j)) ®ur @b(jy),
(recall: a(j) =ua® - @uj, b(j) =ujp1 ® - @ uq). As we have
Y;(fo) =1°V"V @ p(fo) @ 199 and p(fo) = Ernir,
we have p®* (Y (fo))v = w, and p®*(Y;(fo))v = 0 for all j # ji, hence

(pa(Fp))(m @ v) Z a;r(m) @ p®(Y;(fo))v, where ajp(m)=1.

1<5<d B
Assume step (i) holds for 7 — 1. Put j = (j,...,5,). Define v/ € VU3 to be
a pure tensor with wus in the j; position, and distinct vectors from {us,...,u,}

in the remaining positions. Then v = py(£1)v". Indeed, recall that pg(E;) =
S 186D @ pley) @ 12U-F) that p(ey)u; = §(2,7)us, and that v’ has uy only at
position j; (and u; only at positions ja, ..., J,), so only k = j; survives in the sum
over k that defines py(E;), and (pq(E1))v = v.

Define v” by replacing u,; in position j' = ji in v' by u,, and v"" by replacing
ug in position j; in v by u;. Now r(v') = r —1, so we can apply the induction on
r (in the third equality below, and a Serre relation in the second):

(pa(Fo))(m @v) = pa(Fo)pa(Er)(m @ v') = pa(Er)pa(Fo)(m @ v')
= pa(Er) Y anr(m) @ p™ (Yol fo))V'

1<¢<d

"
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Recall again that Yy(fo) is 192D @ p(fy) ® 1249 and p(fo) = Ein1, and
Up4+1 occurs only at position ji in ©'. Then only ¢ = j survives in the sum,
that becomes v”. Since us occurs in v only in position ji, in the sum defining
pa(E1) only the summand indexed by k = j; survives when acting on v”, and it is
19601 @ pley) @ 191737 . So pg(Er) maps v to v"”/. We obtain oy, p(m) times
V" = p®4Yj (fo))v. For other j we have 0 = p®*(Y;(fo))v. So we end up with
>, agr(m) @ p®U(Yi(fo))v, completing step (i).

Proof of step (ii): Assume the proposition holds for all v € VU4 with less than s
components u,1. As in step (i), it suffices to prove the claim for one element v # 0
in V04" that has distinct entries from {us,...,u,_1} in the remaining positions.
Fix such a v. Let v’ be the tensor obtained from v on replacing u,,1 in positions
ji_y and j. by u,. We claim that

pa(F,)* = 2u.

To see this, recall that p(f,) = Eni1n,

palFn) = Y 195D @ p(f,) @ 1900,

1<k<d

So in pg(F,)%*v’ the sum over k in each py(F,) reduces to k = j._,, j., and all
factors in positions # j._;, j. in each summand, commute. At these two positions
the components of v' are u, ® u, and those of pg(F,)?* are

(p(fn) @1+ 1@ p(fa))(p(fa) @1+ 1® p(fn))
= p(fn) ® p(fn) + p(fa) @ p(fa)
as p(fn)? =0. So pa(F,)*' equals
(120=7Y @ p(f) @ 120190 @ (p(fa) + plfa)) @ 150

Now p(fn)tn = Upns1, so in conclusion v = %pd(Fn)%’, as claimed.

To continue we use the Serre relation py([F,, [Fn, Fo]]) = 0, thus:

pa(Fo)pa(Fn)® = 2pa(Fo) pa(Fo)pa(Fr) — pa(Fr)? pa(Fo)

in the second equality below:

(Pl F))m © 0) = Spa(Foypal FafHm @ ) = A+ B,

A= pal EpulFo)pal E)m © v'), B =~ pu ) pal Fo)m @)

To find B, we write by induction

(pa(Fo))(m@v') = ) oy p(m)@p®! (Y (fo)v', Yi(fo) = 159"V @ p(fo) @157,

1<k<s—2

as up41 occurs only at the s — 2 < s positions ji,...,j. 5 in v'. Recall that
p(fo) = E1n41. Note that py(F),) changes the factors (u, to u,4+1) of v' only at the
positions j._,, j..
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Applying pq(F,,) to (pa(Fo))(m®v’') would send the part u,®u, at the positions j._,;
and 7. t0 u,41 ®u, (from the summand of py(F),) with (5. 4, j.)-parts p(f,) @ 1),
plus u, ® U,y (from the summand of py(F,) with (5.4, j%)-parts 1 ® p(fn)).
Applying p4(F,,) again we obtain

Upt1 @ Upg1 + Upy1 @ Upg1 = 2Upg1 @ Upyr.

Now p®¥(Yj; (fo)) acts on the two factors w1 @up11 of v at the positions (5], j%)
trivially. So in summary,

B=— " ay(m)® o™y (f)).

1<k<s—2

To compute A, let v” (resp. v""”) be obtained from v on replacing the vector w,
at the j._, (resp. j.) position by u,1. Observe that

(Pd(Fn))(m®v) mev +meu”.

(Applying pq(F),) again we recover the result of the start of the proof, namely that
(pa(Fp)?)(m @) =2(m®w).) As s(v") =s—1=s(v") < s, by induction we get

pd(FO)pd( m®v ZOé] F ®,0®d UH_I_Z ijk ®p®d(Y (f()))’l)m.
k#s k#s—1

Now we apply pq(F,). As v” has w, only at the j’-position, we get

Fa) Y agr(m) @ p®(Yy (fo)0" = ) agp(m) @ p™ (Y (fo))v.

k#s k<s—1

Denote this by A;. As ¢v” has w, only at the j’_, position,

F) Y oy p(m) @ p2 (Y (fo)v"" = Az + As,
k#s—1

Ay = ay p(m) @ pU(Y5 (fo))o, = )y r(m) @ p® (Y (fo))v.

k<s—2

ThenA:A1+A2+A3:A3+A2+A1. So B+AIS

(pa(Fo)(m@v) == Y aj r(m)@p® (Y (fo))

1<k<s—2

+ 3 ay p(m) ® %Yy (fo))v + agy p(m) @ p® (Vi (fo))v

k<s—2

+ ) age(m) @ (Y (fo))v=Y ajyr(m)®p™ (Y (fo)). m

1<k<s—1 1<k<s

Recall that S = Z x S;, and y; = (0,...,0,1,0,...,0) denote the generators of
Z% in multiplicative notation.
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Proposition 7.4.  Setting my; = a;jp(m), myj_l = a,p(m), defines a right
C[Sa] -module structure on M , extending its C[S,]-module structure.

Proof. = We have to check the following relations:
) yy; ' =1=y; 'y () ywe=wey;; () y0 = ojy505.
To prove (i) and (ii), we compute both sides of the equality

(Pa([Eo, Fol))(m © v) = pa(=ho)(m ® v).

For (i) we take v with w4y in the jth position and t,41-(a-1; .-, Uns1-1 in the
remaining positions, in any order.

For (ii) take v to be a tensor with u; in the jth place, u,; in the kth position, and
distinct vectors from {us, ..., u,} in the other positions. Note that since the central
element ¢ acts as 0 on the g-module W, we have py([Eo, Fo]) = pa([eo, fo]) = pa(ho),
ho = —0V.

For (iii), take v = u;, ® - - - @ u;, € E®? with i; = 2, i;,, = 1, and the remaining i
are distinct from {3,...,n}. This is possible since d < n. So: v has uy at position
j, uy at position 7+ 1. The vector v’ is obtained from v on replacing u; at position
j+ 1 by u,y1. The vector v" is obtained from v’ on replacing us at position j
by t,41, and u,,1 at position 7+ 1 by uy. The vector v'” is obtained from v on
replacing us at position j by w;, and u; at position j + 1 by wus.

Now looking at o = 0; = (j,j + 1) and only at the factors at these places, we have
P(0)(Unt1 @ u2) = U @ Upy1, and p(oj)(ug ® uy) = ug ® ug. Then p(oj)v = v,
p(O'j)U” =/,

m - p(oj)yip(c;) @ v =m-p(a;)y; @ v" = (pa(Fo))(m - p(oj) @v")
= (pa(Fo))(m & p(o;)v") = (pa(Fp))(m @ V') = my; 1 @ v.

Since v has distinct components, Proposition 7.1 implies m - y;41 = m- p(0;)y;p(0;)
for all m € M. This completes the proof that W ~ F(M) as a Lg-module. n

To show that F is an equivalence we still need to show that it is bijective on
sets of morphisms. Injectivity of F follows from that of the Schur functor S.
For surjectivity, let F : F(M) — F(M') be a homomorphism of Lg-modules.
By Proposition 7.1, F = S(f) for some homomorphism f : M — M’ of C[Sy]-
modules. Since F commutes with the action of Fy we have (pq(Fp)F)(m ® v) =
(Fpa(Fo))(m @), e,

> fm) -y @ o Yi(fo)v =Y flmyy) @ p®(Yi(fo))v

1<j<d 1<y5<d

for all m € M and v € E®?. Choosing v suitably we deduce that f(my;) = f(m)y;
for all j (1 <j <d). This completes the proof of the theorem 1.1. [ |

8. The functor commutes with induction

The functor F commutes with induction, as we proceed to explain. To simplify
the exposition, we deal below with two factors. But this extends at once to the
case of any finite number of factors. First we note that the natural monomorphism
Sa, X Sg, = Sgq, d =dy + ds, extends to affine Weyl groups.
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Proposition 8.1.  There exists a unique homomorphism ¢ = g, 4, : Zl ®j2 S A
of algebras, where

Ai=C[Sy x Z%) (i=1,2), A=C[S;xZ%,

with t(o;®@1) = 0; (1<i<dy), (y;®1) =y; (1<j<dy), where o; = (i,i+1) €Sy,
y; = (0,...,0,1,0,...,0) (1 at the jth place), (1 ® 0;) = 04,4 (1 < i < dy),
(1®yj) =Ya+; (1 <j<dy). Itis a monomorphism, and its restriction ¢ = tq, 4,
is the monomorphism Ay ® Ay — A, A; =CI[Sy,] (i=1,2), A=C[S,].

Note also that there is a natural homomorphism of algebras C[Sy] < C[Sy x Z9,
and the multiplication map Cly;™, ..., y7'|®C[Ss] — C[S4x Z%] is an isomorphism
of vector spaces.

Let M; be a (right) A;-module (i = 1, 2). Let M; ® M, be their (outer) tensor
product; it is an A; ® Ay-module. The induced g-module, denoted My xM,, is
defined by

My XMy =Ind} o (My @ M) = (My @ M) @7, 7, A

An analogous definition applies to A;-modules, denoted by x. The products X,
X are associative up to isomorphism, and can be defined for any finite number of
factors, not only two. Denote by M;|A; the A;-module obtained from the A;-module
M; by restriction.

Proposition 8.2.  Let M; be a finite dimensional A;-module (i = 1,2). Then
there is a canonical isomorphism of A-modules

(M1;</M2)|A ~ M1|A1 X MQIAQ.
Proof.  The canonical map M;|A; x My|Ay — (M;xM,)|A, defined by
(m1 @mso) ®a+— (M @ms) @ a (m; € M;, a€A),

is a well defined surjective homomorphism of A-modules. The rank of A= C[Sqx 7
as an A; @ Ay = C[Sy, x Z%] @ C[Sy, x Z®]-module equals that of A = C[S,] as
an A; ® Ay = C[Sg] ® C[Sg,]-module, by the comment following the previous
proposition. Hence dimg(M;xM,) = dime(M;|A; x My|Ay). ]

The functor F respects the product structure of induction of modules.

Proposition 8.3. Let M; be a finite dimensional A;-module (i = 1, 2). Then there
is a canonical isomorphism of Lg-modules, g = sl,,, F(MyxMy) ~ F(M;)QF (M,).

Proof. Recall the Frobenius induction-restriction reciprocity: if j: B — A is a
homomorphism of unital associative algebras over a field, M is a right B-module,
W aleft A-module, and W|B is W regarded as a left B-module via j, then there
is a canonical isomorphism of vector spaces Indg(M) @ W ~ M @5 W|B. It is
given by (m®a) @w — m®@aw, m € M, a € A, w € W. Take A = C[S],
B=A®Ay, A;=C[Sy], dy +dy =d, j=tagya,, M = Myx My, W =E®. Note
that W ~ V® @ V®42 a5 an A; ® Ay-module, so we get a canonical isomorphism
of vector spaces

F(MXMy) = (My x My) @ 4,04, (V" @ VO®),
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The right side is isomorphic to F(M;) ® F(M) as a vector space. It remains to
check that the resulting isomorphism F(M;xMy) — F(M;) ® F(Ms) of vector
spaces commutes with the action of Lg, from which the proposition follows. [ |

Let a = (ay,...,aq) € C*¢, and define the evaluation map e, : C[Sy x Z%] — C[S,]
by 0; — 0, (1 <i<d), yj— a; (1 <j <d). Let I, be the ideal generated
by y; —a; (1 <j <d)in C[Syx Z%, and M, the quotient of C[Sy x Z%] by I,.
It is a finite dimensional C[S; x Z%]-module. As a C[Sg]-module it is isomorphic
to the right regular representation. Thus M, is the pullback of the right regular
representation C[Sy] via the evaluation map &,.

We also have the evaluation map ev, : Lg — g for a € C*, by t +— a. Via this map
a g-module W can be pulled back to an Lg-module W, = ev}; W. In particular, if
E =C" as a g = sl,,-module, we have the Lg-module E, =ev} E.

Proposition 8.4. Let a = (ay,...,aq) € C*% d,n > 1. There is a canonical
isomorphism of Lg-modules F(M,) ~E, ®---QE,,.

Proof. As a C[S,;]-module, M, is the right regular representation. Hence the
map E®? — S(M,), v+ 1 ®wv, is an isomorphism of g-modules. Now

(palF)(1@v) = > 1-y;@Yileo)o = (D a;Yileo) )o.

1<j<d 1<j<d

Also Ag(Ep) = 1<;<q 1%V D @ p(t @ o) © 19077) acts on By, © -+ @ By, as

Zl@]l@a/]p(eo ®1®d.7 Zajjeo

J

The map E®? — S(M,) also commutes with Fj, thus giving the asserted isomor-
phism. [ |

9. Applications: irreducible representations of Lg

The irreducible representations of S; x Z? can be described by Mackey theory, see
g. [27, Section 8.2], as follows.

Let G = H x A be a group, where A is a normal commutative subgroup and H
a finite subgroup, acting on A. Let y : A — C* be a character (multiplicative
function). Denote the stabilizer of x in G by A, = {g € G; x(gag™") = x(a)
for all @ € A}. This stabilizer is a subgroup of G = H x A, and it contains A,
hence it is of the form A, = H' x A for some subgroup H' of H. Then x extends
to x' : H x A — C* by x'(ha) = x(a). Let p be an irreducible representation
of H'. Define p/ to be the composition of p followed by the natural projection
H' x A — H'. Mackey theory asserts:

Proposition 9.1.  The induced representation Ind(x' @ p's H' x A, G) is irre-
ducible. It determines uniquely the datum (H', x, p). Fach irreducible representation

of G has this form.
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We use this with A = Z¢, H = S;. A character y of Z¢ is a d-tuple a =
(pf, ... ,pik) € C*, where p¥ = (p;,...,p;) € C*% . The stabilizer has the form
H' x Z% with H' = Sy, x -+ x Sy, . So an irreducible representation of C[Sy x Z9]
is determined by (dy,...,dy), d; > 1, dy + -+ + dy = d, distinct a; € C*, and
irreducible representations p; of Sy, 1 <i <k.

Let us express this using evaluation maps. Define the group algebra homomorphism
€aa : C[S3T] — C[S,] that maps each o € Sy to itself, and y; to a forall j, 1 < j <
d. Then g4, = £, with a= (a,...,a) € C*?. If M is an irreducible C[S,]-module,
pulling M back by &4, gives an irreducible C[S3f]-module M, = My, =€}, M.
When a = (p{', ... ,pi’“), pfi = (pi,...,p;) € C*% and M; are C[Sy]-modules, we
write

(My X -+ X My)a = en(My X -+ x My)
=g p MiX ... xeg My = Mg p X ... XMy g, p, -

In summary we deduce from Mackey’s theory:

Proposition 9.2. Every finite dimensional irreducible C[S3]-module is isomorphic
to a product My g, p, X ... XMy g, p. 0f Mg, p,’s, d=dy +---+dj, distinct p;.

The theorem permits translating this result to the context of Lg, as follows.

As above, for each a € C* there is a Lie algebra homomorphism ev, : Lg — g,
defined by ev,(P(t) ® z) = P(a) ® z. If W is an irreducible g-module, its pullback
by ev, is an irreducible Lg-module W, .

Applying the functor F, for a € C* and a C[S,]-module M we obtain
F(Maa)=F (.0 M)= (e, M) @cis, E* =evi (M @cis, EX) =evi(S(M)) =S (M)a.
In general we have

f(Ml,dL:Dl;Z s sz,dkAPk) - "T:((Ml Xoee X Mk)a) = 5:(M1 XX Mk) ®C[Sd] E®d

= ev;(M1®qul]E®d1)®- . -®eV;k(Mk®(c[5dk]E®d’“) = ev; (S(M)))®- - -®ev;k (S(My)).
From Theorem 1.1 we then conclude

Corollary 9.3.  FEvery finite dimensional irreducible representation of the loop
algebra Lg, g = sl,,, the subquotients of whose restriction to g are subrepresentations
of E®4 is a tensor product of evaluation representations W, at distinct points p; .
Here W, = evy, (S(M;)), where M; is an irreducible C[Sy,]-module, d = dy+- - -+d.

It is stated in [6, top of p. 314] that the finite dimensional irreducible representations
of the loop group Lg, g = sl, were classified in [5] (but g = Lg & Cd is studied
there, which forces tensoring with L£; d should be eliminated) and that it is not
difficult to prove that every finite dimensional irreducible representation of Lg
is isomorphic to a tensor product of W,’s. (In fact this can be deduced from
the fact that a finite dimensional representation W of Lg defines a Lie algebra
homomorphism py : Lg — Endc W, with kernel say Iy, and [4, Lemma 1, §2.2],
that asserts that Iy = g ® Ij;,, where I, is an ideal of the PID C[t,¢']. Thus
Iy = ((t—ay)™ ... (t—ax)™), for distinct a; € C* and n; > 1, and W is irreducible
precisely when all n; are 1.) We deduce this claim from the theorem in the corollary
above, and more: the p; € C* are distinct.
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We conclude that every irreducible finite dimensional representation W of Lg as
in the Corollay integrates to a representation of G(£). Indeed, such W is a tensor
product of evaluation representations W, at distinct points p; € C*. Thus we
have a Lie algebra homomorphism py : Lg — Endc W whose kernel has the form
Iy = g® I}, , where I}, is the ideal in £ = C[t,t™!] generated by (t—p1)...(t—pi)
for distinct p; € C*. Namely W is a representation of the finite dimensional Lie
algebra gw = Lg/Iy. Since G = SL(n) is simply connected, W can be lifted to
the finite dimensional group

Gw(C) = G(C[t,t7']/Tyy) = G(Clt,t 7]/ (t — p1)) x -+ x G(C[t, ]/ (t — pw)),

whose Lie algebra is gw ~ g¥. A generalization to the context of any finite

dimensional representation of the loop group of the Lie algebra of a simply connected
simple group is in section 13.

10. From algebras to groups

In this section we briefly recall how to pass from the Lie algebra form of the Schur
duality, of a decomposition of a C[Sy] x gl (C)-module, to the group form: a
decomposition of a C[S,;] x GL(n,C)-module. A more detailed introduction is at
[13, Lectures 6, 15].

Proposition 10.1. Let F be a field of characteristic 0. Let E be a finite
dimensional vector space over F. Denote by End E the algebra of endomorphisms
of E over F'. Let A, B be two subalgebras of End E. Assume A is semisimple,
and B =FEndy E is the centralizer of A in End E. Then (i) A=Endg F; (ii) B
is semisimple; (iii) as an A® B-module, E decomposes as E = @;c1V; @ W, where
Vi run through the set of all irreducible representations of A (up to equivalence),
and W; are irreducible representations of B.

(i) asserts that the centralizer of the centralizer of A is A. (iii) defines a natural
bijection between irreducible representations of A and of B.

Proof. Since A is semisimple, E decomposes as E = @P;c;/V:i ® W;, where
W; = Homyu(V;, E). Then A = @;EndV;. By Schur’s lemma B = Endu E is
naturally isomorphic to @; End(W;). ]

Recall that the tensor algebra TU of a vector space U over F' is TU = @dZOU@’d
with multiplication a - b = a® b (a € U¥, b € U%). A choice of a basis
v1,...,Un of U defines an isomorphism of TU with the free algebra F'(vy,...,v,).
The symmetric algebra Sym U of U is the quotient of TU by the ideal generated
by u®@v—-—v®u, u, v € U. A choice of a basis vy,...,v,, for U defines
an isomorphism of SymU with the polynomial algebra Fluvy,...,v,]. We have
SymU = @50 Sym? U, Sym?! U = U /{u®@v—v®u; u, v € U) is the vector space
of the polynomials homogeneous of degree j in vy, ..., v,,. The space Sym’ U is an
irreducible representation of GL(U).

Lemma 10.2. (i) For any finite dimensional vector space U over F the space
Sym? U is spanned by the u®* =u® ---@u, u € U. (ii) For any algebra A over
F, the algebra Sym® A is spanned by

Ayla) = Z 18079 @ g @ 12069, a€ A

1<j<d
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Proof. (i) The subspace of Sym?U spanned by u®?, u € U, is a nonzero
representation of the irreducible Sym® U, so (i) follows.
(i) Put z = (21,...,24) and Hp(z) = > .42 The fundamental theo-
rem of symmetric functions assert that there exists a polynomial P over Q with
P(Hy(z),...,Hy(z)) = x1...24. For example, when d = 2,
H1($)2 — HQ(.Q?) = (.171 + 332)2 — (a:% + Qfg) = 2$1$2;

when d = 3: H? — 3H,Hy + 2H3 = 6x12973. Now if

r=(a®I?@N 180N gqx®@0 1207 gq),
then H,,(x) = Ay(a™), and so

P(Ag(a), Ag(a?),...,Ag(a)) =a® - - ®a € TIA = A®?,
But by (i) the a®? span Sym® A, so (ii) follows. ]

We apply the double centralizer theorem with £ = E®?! where E is a finite
dimensional vector space over F'. Let A be the image of the group algebra F[S]
in End £. As usual, gl(E) is EndE regarded as a Lie algebra with the bracket
[a,b] = ab — ba. So we determine B.

Proposition 10.3.  The algebra B = Ends E is the image of the universal en-
veloping algebra MU(gl(E)) under its natural action Ay4(b) on E, thus B is generated
by Ag(b), b e gl(E).

Proof.  The image of Y(gl(E)) commutes with A so it lies in B. By definition of
Sym, B = Sym?EndE. Then the proposition follows from (ii) of the lemma. |

The algebra A = Im F[S,] is semisimple by Maschke theorem, so the double cen-
tralizer theorem applies, and one obtains the following Schur duality theorem.

Proposition 10.4. (i) The image A of F[S4] and the image B of U(gl(E)) in
Endp(E®?) are the centralizers of each other. (ii) Both A and B are semisimple.
In particular E®? is a semisimple gl(E)-module. (iii) There is an A ® B-modules
decomposition E®? = ©,5* ® V. The summation ranges over the partitions \ of
d of length < n, the S* are the Specht modules for Sy, and the V> are distinct
irreducible representations of gl(E), or zero.

To rephrase this in terms of the group GL(E), note

Proposition 10.5.  The image of GL(E) in End(E®?) spans B.

Proof. Denote by B’ the span in End(E®?) of ¢®? g € GL(E) = Aut(E).
For any b € End(E), B’ contains b®!. Indeed, t - I + b is invertible for all ¢
except for finitely many values, so p(t) = (t- I + b)®¢ lies in B’. Write p(t) =
po+pit+- -+ paat? 4+ pat?; pg = 1% € End(E®?), and by induction p¥)(0) = jp;
lies in End(E®?). In particular py = b%¢ lies in End(E®?). Now the proposition
follows from (ii) of the lemma. n

Then one concludes the group version of the Schur duality.

Corollary 10.6.  As a representation of F|[Sg] x GL(E), E®? decomposes as
@S @ VA, where V* = HomF[Sd](SA,E‘gd) are distinct irreducible representations
of GL(E), or zero.
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11. Translation to affine Lie groups

We would like to state a variant of the theorem for the affine or loop group G(L),
G = SL(n), rather than for the affine Lie algebra Lg, g = sl,. A tempting and
natural first approach, but one which I do not know to complete, is as follows.

Let us recall that the group SL(n,C) is generated by the Chevalley-type generators
B = {] + ZEi,i+17 I+ ZEi-l—l,i; 1<i<n, z€ (C},

here FEj; is the n X n-matrix with entries 0 except on row 7 and column j where
the entry is 1. Over £ = C[t,¢7!], where in fact C can be taken to be any field, we
have:

Proposition 11.1.  For all n > 1 the group SL(n, L) is generated by
Bi={I+2tE, 1, I +2E;; 1, [+ 2t "By, [+ 2E;, 5 1<i<n, 2€C}h

Proof. It suffices to show that the group SL(n, £) is equal to E(n, L), the group
generated by {I +pE;;; 1 <i# j <n,pe L}, for all n > 1. Note that E(n, L)
contains the Weyl group of SL(n, £), thus the transpositions I —E, ;—FE; ;+E; j—E;;,
and the diagonal matrices with entries in £ = C*¢*. Multiplying A € SL(n, £) on
the left by elementary matrices in F(n, L) is equivalent to performing elementary
row operations on A. Denote the entries of A by a;; € L, i= row, j= column.
Since det A = 1, the ideal (a;1) generated by the entries on the first column of A is
equal £. Each a;; has the form t"ip;, n; € Z, p; € C[t]. The polynomial ring C[¢]
is a Euclidean domain, so performing row operations permits applying the division
algorithm to each pair (p;,,pi,) (note that we use I + yE;; with y € £), until the
first column of A becomes e; = (1,0,...,0) (t= transpose). By induction on n,
we may assume that A with top row and left column removed is [,,_;. Performing
elementary operations on the right, namely on the columns, we get the top row of
A to be e;. ]

A generalization to other algebras L is given by L. Vaserstein [29, Corollary 3.3],
confirming a conjecture of H. Bass on stabilization in algebraic K -theory of GL(n)
over a ring.

Corollary 11.2.  Forn > 2, SL(n, L) is generated by B and diag(t,t~',1,...,1).
For n>1, GL(n, L) is generated by B and diag(t,1,...,1).

It is tempting to expect the map e that sends each of ' = 2E; 11, 2E;11,, 2tE,;
and 2t 'E;, to [ + F, to extend to an isomorphism from the loop Lie algebra Lg
to the loop group G(L£), when n > 1, and use this to translate the theorem to the
group language. However, the image of the exponential map is not polynomial, so
that the image of the map e as above would not be in the loop group G(L). See
e.g. sly and [e, fo] = diag(t,1/t).

Put e; j(z) =1+z2E;;, i # j, z € C. The generators e;;+1(2), €;41.i(2) (1 <i<mn,
z € C) of SL(n,C) generate in particular all e; ;(z), ¢ # j as commutators, and
SL(n,C) has a presentation by the generators e;;(z) (1 < i # j < n, z € C),
subject to the Steinberg relations:

(1) 61'7]‘(/\)61‘,]'([1,) = 61‘7]‘()\ + M), )\, n e (C,
(2) [eis (N, esa(i)] = eon(hpr) when i # ks
(3) [ei,j<)‘)a ek:,s(,u)] =1ifq 7é S, ] 7é k.
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Proposition 11.1 asserts that SL(n, L) can be presented by e; ;(2) (i # j), ei;(2t)
(i >7), eij(zt™) (i < j), subject to relations as in (1), (2), (3). A group analogue
of the Theorem 1.1 would be given on defining the action of e, 1(2t) and ey, (2/t)
on M ®cis,) E®?, compatible with the diagonal SL(n,C)-action on E®¢, so that the
relations (e.g. [en;(At), ejx(pt)] = enr(Aut) (k #n) for all j # k, n) are held. But
I do not know to do this.

The next section offers an algebro-geometric definition of the functor, in group
theoretic terms, involving only finite dimensional varieties.

12. Geometric definition of the functor

Here is a sketch, explained to me by P. Deligne, of a geometric definition of the func-
tor of Theorem 1.1 purely in group theoretic terms, involving only finite dimensional
varieties.

Let M be a finite dimensional C[S;x Z%]-module. Then C[Syx Z4] ~ C[S,] x C[Z],

where from the perspective of an algebraic-geometer
C[ZY ~ Clty, t; ', ... ta, t)'] = T(GE, 0)

is the affine ring of G%,. So M can be viewed as the module of global sections
['(M,O) of an Sy-equivariant quasi-coherent sheaf of modules M over G¢ =
Spec C[Z%] = Spec C[ti!, ..., t5].

Let us briefly review this construction. If (X,Ox) is a ringed space, a : R —
['(X, Ox) a ring homomorphism from a ring R into the ring of global sections on
X, M an R-module, 7 : (X,Ox) — ({*}, R) the morphism of ringed spaces with
m: X — {*} (= apoint) the unique map and the ring map o : R — I'(X, Ox), then
we define M = 7*M; it is a quasi-coherent sheaf of Oyx-modules. Equivalently,
M is the sheaf associated to the presheaf U — Ox(U) ®g M, where the map
R — Ox(U) is the composition of a and the restriction map Ox(X) — Ox(U).

This construction gives a functor from the category of R-modules M to the category
of quasi-coheret sheaves M on X that commutes with arbitrary colimits. For every
x € X we have M, = Ox, ®r M functorially in M; and for all Ox-modules
G we have Morp, (M, G) = Homg(M,I'(X,G)) where the R-module structure on
I'(X,G) is obtained from the I'(X, Ox)-module structure via o. We say M is the
sheaf associated to the module M and the ring map «, and if R =T'(X,Ox) and
a = idg we simply say that M is the sheaf associated to the module M. Let us
quote also: if (X, Ox) is a ringed space, R =T'(X,0x), M an R-module, M the
quasi-coherent sheaf of Ox-modules associated to M, and ¢ : (Y,0y) — (X, Ox)
a morphism of ringed spaces, then ¢g*M is the sheaf associated to the I'(Y,Oy)-
module F(Y, Oy) ®R M

In our case we have X = G, R = C[Z] ~ C[t{",...,#5']. As a quasi-coherent
module over G%, M has finite support. Indeed, if M is a finite dimensional
C[S4] x Clt1, 1. .. ta,t;']-module, it is in particular a C[t;,t;']-module, i.e. we

have a homomorphism Cl[t;,#;'] — End M, whose kernel is an ideal in C[t;,#;],
of the form ([[,(t;—ai;)™7), a;; € C*. Localizing it, that is, reducing the product to
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one factor, and taking m to be the maximum of the m;;, M defines a homomorphism
C[Sa) X By, = End M, where

By = Cltr, ..., ta/{(ty — a1)™, (ta — a2)™, . .., (ta — ag)™).

The ring B,, is local, with a nilpotent maximal ideal of dimension md—1 as a space
over C.

Suppose that this support is contained in the regular set of a; # a; when i # j.
Then it is a finite union of orbits of Sy, and M is a direct sum indexed by the orbits.
Consider the case when the support is a single orbit. Even in this case, M can be
quite subtle, not just “induced from a product of 1-dimensional representations”,
but rather extensions of such. Let the orbit be that of a = (ai,...,aq), with
distinct a;. Then M 1is obtained as follows. One starts with a finite dimensional
module over the ring B,,, with m large enough. The ring B is the tensor product
of the rings B;,, = C[t]/{(t — a;)"). Then one transplant it to the other points of
the orbit of (ay,...,ay), using the action of Sy on G¢,, and one takes the sum of
these d coherent modules. Only the simple subquotients, as S;-equivariant coherent
modules with finite support on G¢, , are induced from a 1-dimensional representation,
at (ai,...,aq). In general M is an extension of such irreducibles.

Such modules, with support in one regular orbit, should correspond to the
Lg-modules all of whose simple subquotients are isomorphic to £g — [[,<;<45ln
(evaluation at the a;) — ®; EndE (E: defining representation of sl,).

This abelian category of representations is the tensor product (a non-obvious notion)
of the abelian categories of SL(n,C[[t — a;]])-representations, factoring through
SL(n, B; m), with simple subquotients only the defining representation E = C" of
the quotient SL(n,C). This corresponds to the fact that the abelian category of B,,-
modules is the tensor product of the abelian categories of the B, ,,, = C[t]/((t—a;)™)-
modules.

In general, an irreducible Sy-equivariant coherent module over G¢ is obtained as
follows. Start with a point a = (p1,...,p1,P2,.-.,Pk) = (pill,pgb, e ,pzk) of G
whose coordinates are p; € G,,, occurring d; times, the p; being distinct, 1 <1 < k.
Take irreducible representations M; of the Sy, . The tensor product of the M;, put
at a, is equivariant for the action of the product of the Sy, , that is the stabilizer of
a. Now, induce to Sy to get a representation whose support is the S;-orbit of a in
G .

Applying the functor, one gets the tensor product of the representations (evaluation
at p; ), followed by the representation of SL corresponding to the representation M;
of Sdi .

As for LG, let us review its definition. Let
A =T(SL(n),0) = C[X;;]/(det(X;;) = 1)

be the affine ring of SL(n), so SL(n) = Spec A. Let R be a C-algebra, thus we
have a homomorphism i : C — R. Put S = Spec R. Then we have a morphism
of bundles, that is a commutative square with top

SxGxG,, =Spec AQR[t,t!] R G G, = Spec A x Spec C[t, t™!] = Spec At, 17}
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with arrows going down to

S x G,, = Spec R x Spec C[t,t™'] = Spec R[t,t "] 3 Gy, = SpecC[t, t71].

The loop group LG is the functor LG(R) = T'(i(GxG,,), O) = G(R[t,t']), where
again i%(G x G,,) = S X G x G,, = Spec A® R[t,t7].

Evaluation at a € G,,, thus the morphism ev, : LG — G of functors LG(R) =
G(R[t,t7']) — G(R) by t — a, defines from the standard G-module E = A" a
representation E, = ev: E of LG by LG Z% G — AutE, thus a bundle E x G,,, —

G,,. As a morphism of functors it is
(LG)(R) = G(R[t,t™']) &8 G(R) — Autzr(E ® R).

Now using the morphisms G¢ % G,,, a = (ay,...,aq) — a; we define a bundle
E® x GI — G by E2Y = @, pri(E,,) over a € G%, that is Sy-equivariant. A
point g € G(L) actson v; ® -+ @ vy € EL by (eva, (9),...,eva,(g)).

In this notation, the functor is F : M = T'(M, O) = I'((M®ga (E®*xGY,)), O)cs,) -
It maps a C[Sy] x C[Z%-module M to a representation W of LG, LG(R) —
Autgr(W ® R) as a functor. From the scheme theoretic definition of the tangent
space at the origin we get a representation of the loop Lie algebra

g® L = (T.G)(L) = ker[G(L[e]/ (e?)) = G(L)],

thus Lg = ker[£LG(C[e]/(e?)) — LG(C)], that occurs in Theorem 1.1.

It is simpler to deal with finite dimensional schemes. So we note that a finite
dimensional representation W of Lg is a homomorphism Lg — End W, hence
it factors via g ® C[t,t ] /([[,(t — a;)™). Indeed, let Iy be its kernel. By [4,
Lemma 1, §2.2], Iy = g ® I}y, where [}, is an ideal of the PID C[t,t"!]. Thus
Iy = ((t —ay))™...(t — ag)™), for distinct a; € C* and n; > 1. Localizing we
get that there is only one factor in the product, and we take a fixed m, say the
maximum of the m,;. Then Lg acts on the product

R = ®1<i<a(BE @ C[t]/{(t; — a;)™)) = E*? @ By,

By, = Clty, ..., tq]/{(t1 — a1)™, ..., (ta — ag)™) as above, and the functor can be
defined to be

F:M=T(M,0)—T(M®csg, (E*® B,,), O)cisy-

Here all varieties are finite dimensional. To get the unrestricted functor we take the
direct limit over m on both sides.

13. Lifting finite dimensional modules to the group

From representation theoretic perspective, Shrawan Kumar pointed out to me that
any finite dimensional L£g-module can be lifted to the loop group, using a Lemma

of [4].

Proposition 13.1.  Any finite dimensional Lg = g ® L-module, L = C[t,t7!],
integrates to give a representation of LG = G(L), where G = SL(n), g =sl,.
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Proof. Let W be a finite dimensional representation of Lg. Thus we have a Lie
algebra homomorphism
pw : Lg — Ende W.

Let Iy be its kernel. By [4, Lemma 1, §2.2], Iy = g ® Ij;,, where I}, is an ideal
of the PID C[t,t™!]. Thus I{; = ((t —a1)™ ... (t — ax)™*), for distinct a; € C* and
So we can think of W as a representation of a finite dimensional Lie algebra gy =
Lg/Iy. Consider the finite dimensional algebraic group Gy := G(CIt, t7']/I}y).
Its Lie algebra is gy .
According to the first lemma below, Gy is a simply connected group. Using
this, by a general result the representation W of gy integrates to a holomorphic
representation of Gy .
Now the sub Lie algebra v := (gy @t ') ® (g_y @) & C(—6") of gy (where 0 is the
highest root of g, gy is the highest weight space, g_y the lowest weight space, and
the bilinear form is normalized by (0, 0) = 2) generated by Ey = t®eq, €y € g_g and
Fo=t"'® fo, fo € g9 with (e, fo) = 1, and Hy = —0" = [Ey, Fy], is isomorphic to
s1(2,C), by

Eo= X =(84), ForY =(98), Ho=[Eo, Fo]» H=[XY]=(5%).

As g and t generate Lg, the images of g and v in gy generate the Lie algebra gy .
The g and t-actions on W, being locally finite, integrate to algebraic actions on W
of the corresponding groups. See the second lemma below. Then the action of Gy
on W is algebraic, not just holomorphic.

Pulling back the action of Gy on W to LG we get the proposition. |
Remark 13.2. (1) In fact the proposition holds for any simply connected simple

group, essentially by the same proof. (2) When W is irreducible, all exponents n;
in Ij;, are equal 1, as observed at the end of section 9.

Lemma 13.3.  The group Gw of the proposition is simply connected.

Proof. Note that C[t,t™]/I};, =~ C[t,t™1]/((t — ay)™)x---xC[t, 7 /{(t — az)™),
since the (t —a;)™ are coprime. Thus

Gw ~ G(C[t,t7"]/(t — a))™) x --- x G(C[t,t "] /(t — ar)™).
It suffices to prove that G(C[t,t7']/(t —a)™) is simply connected for any a €
C* and m > 1. If m = 1 then G(C[t,t7!]/(t —a)) ~ G(C) = SL(n,C) is
simply connected. We now assume by induction that G(C[t,t~']/(t — a)™) is simply
connected, and prove the same for m+1, m > 1. We have the short exact sequence

0— K, = GC[t,t 1/t —a)™") — G(C[t,t "]/t —a)™) — 0,
where K, = {I + (t —a)™A; A€ M(n,C), tr A= 0}. In particular K, is a vector
space, hence simply connected. By induction and the long exact homotopy sequence,
we get that G(C[t,t7']/(t — a)™!') is simply connected, as required. n
Lemma 13.4.  The action of G(C[t,t7']/(t —a)™) on W is algebraic.
Proof. Consider the split exact sequence
1— K — GC[t,t7')/(t—a)™) — G(C[t,t7']/{t — a)) — 1.
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The kernel K is a unipotent group. Then Lie(K) is a nilpotent Lie algebra and
so pw : Lie(K) — Endc(W) has its image in the Lie algebra of the strictly upper
triangular matrices in some basis of W. On this nilpotent Lie algebra, exp is an
algebraic map. Hence the representation of K on W is algebraic. So is the action
of the Lie group G. Hence so is the action of G(C[t,t]/((t —a)™)) on W . ]

14. Polynomial representations

For completeness and clarification we review here the definition of a polynomial
representation — the subject matter of this work — of GL(n) as an algebraic group.
Thus we view GL(n) as an algebraic group over a field F' (F could be taken to be
a ring, e.g., Z), namely as the spectrum Spec A,, of the ring

A, =F[X;;(1<i,j<n),z]/(x det X =1),
where det X =3 sgn(o) [[,<;<, Xioi is the determinant of the matrix X =(X; ;).

In other words, the coordinate ring, or the ring of global sections I'(GL(n), O), is A,,.
An m-dimensional representation (p, W) of GL(n), thus a group homomorphism
p: GL(n) - AutW = GL(m) is called (algebraic or) rational if p is a morphism
of algebraic groups, namely the pullback map of rings p* : A,, — Mor(GL(n), A!)
defined by (p*(h))(g) = h(p(g9)) (h € Ap, g € GL(n)) has its image in A,

Denote by Y, s the coordinate functions on GL(m). If p is rational, then by definition
p*(Ye.) €A, =F[X;; (1<4,j<n), (det X)™} (1<r s<m).

This p*(Y;,s) is the coefficient function f, ;€ F[X; ;] defined by p(g)ws = >, frs(g)w,
where wy, ..., w,, is a basis of W, as (p*(Y;.5))(9) = Yrs(p(g)). Then polynomial
representations are those rational representations p with

P (FlY,s; 1 <r,s<m|) C F[X;;;1<14,j5<n]=T(M,0O)CA,=T(GL(n),0),

where M, denotes the ring of n X n matrices.

A polynomial representation of GL(n) is then a rational representation of GL(n)
that extends to a representation of the algebraic monoid M,,, (M,,-) — (End W,-).
As an example of the use of this language, we prove

Proposition 14.1.  (a) If p: GL(n) — GL(m) is a rational representation then
there exists v € Z with det p(g) = (det g)" for all g € GL(n). (b) The polynomial
det X € F[X;;] is irreducible. (c) Let A= Fl[xy,...,zx] be a polynomial ring in k
variables. Suppose f € A is irreducible. Then A[f~1]* = F* . fZ.

Proof. (b) Suppose det X = fg where f, g € F[X,;|. For a fixed pair (7,7),
det X has degree 1 as a polynomial in X; ;. Hence X;; occurs in only one of f or
g. Let S be the set of pairs (7,7) such that X;; occurs in f, T" the analogous set
for g. If (¢,4) appearsin S, and (¢,j) in T, then X;,;X;; appears in a monomial
in fg = det X, contrary to the definition of det X recalled above. Hence S or T is
empty, so f or ¢ is a unit, in F*.

(c) If g is invertible in A[f~'], then ¢! =" ,., f"h; for some polynomials h; in
A = Flxy,...,7;]. Take s large enough to have gf* € Flxy,...,x;]. Multiplying
gt =... by gf we get [ = gf*> i, [T 'hi, an equality in the UFD A,
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whose only units are the elements of F*. As f is irreducible, we get that gf* = af!
for some t € Z and a € F, done.

(a) The pullback p*(detY’) is an invertible element of I'(GL(m),O). By (b) and
(c), p*(detY) = a(det X)" for some r € Z and a € F*. Applying both sides to
g € GL(n) we get det p(g) = a(det g)" for all g. Evaluating at g = I we see that
a=1. ]

Example 14.2. Let E be the two dimensional F'-vector space with basis e, es.
The symmetric square Sym* E is a 3-dimensional representation of GL(2, F). In
the basis €2, ejey, €2 of Sym? E, the matrix (¢%) € GL(2, F) acts on Sym* E as

2 b b2

M = <2ac;c ad+tbe 2b2d> . In particular the representation Sym? F is polynomial, with
c cd d

coefficients f11 = Xfl, fie=X11X12, fiz = X1272, etc. The proposition implies in

this case that det M = (ad — bc)?, a joy to compute explicitly.

15. Extensions, and cases of d =0, 1, n

In this section we study extensions in the categories related by the functor F. In the
first subsection we just use the definition, or elementary means. This is motivated by
correspondence from P. Deligne which uses the Hochschild-Serre spectral sequence,
and is described in the second subsection. In particular we show

Proposition 15.1.  The equivalence of Theorem 1.1 extends to the case of d =0,
and does not extend to the case of d =n.

Before doing this, recall that the (main part of the) theorem asserts: when 1 < d <n
there is an equivalence F of categories, from the category Rep C[Sy x Z4] of finite
dimensional representations M of C[S; x Z4] = C[S,] x Clyf, ..., yF", to the
category Rep(Lg, d) of finite dimensional representations W of Lg the constituents
of its restriction to g = sl,,(C) are subquotients of E®¢. Here E = C" is the standard
representation of g. It extends the Schur duality § that maps the finite dimensional
C[Sy)-module M to the g-module W = M ®c[s,] E®?, by introducing an Lg-
structure on W using the action of the yjil on M. The S -duality is an equivalence of
categories from the category of finite dimensional C[Sy|-modules M to the category
of the finite dimensional g-modules W whose constituents are subquotients of E®¢.
Both categories are semisimple here, both M and W decompose as a direct sum
of irreducibles. So it suffices to define & only on irreducibles, mapping the Specht
module S* to the g-module V*, where \ ranges over the set of partitions of d (with
< n parts), using the decomposition E®? = ©,S* @ VA, {\; A d, £(\) < n}. In
the affine case the categories of C[S37] and Lg-modules M and W are no longer
semisimple, there are nontrivial extensions. In this section we give an example of
this, when d = 1, and use this to show that the functor F does not extend to an
equivalence of categories when d = n, although § is an equivalence of categories
when 1 < d < n. To compensate, we show that F does define an equivalence when
d = 0. In particular the theorem holds for all d (0 <d < n).

15.1. By definition. We first recall how extensions are described. Let A be an
algebra over a field F'. We shall later take A = ${(Lg) and C[S3]. Let U, V., W
be finite dimensional representations of A. Suppose 0 -V — U — W — 0 is an
exact sequence of representations of A. Then U =V @& W as vector spaces.
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For each p € A we can write py(p) = (pvo(p) péfz();)), where f : A — Homp(W,V)

is linear. Now (U, py) is a representation if and only if

(g ) (e ge) = (e e

if and only if f(pq) = pv(p)f(q) + f(p)pw(q). The vector space of such f is
the space of cocycles, denoted Z'(W,V). For a linear map X : W — V define

dX : A — Homp(W,V) by dX(p) = pv(p)X — Xpw(p). Clearly dX € Z'(W,V).
Also dX = 0 if and only if X is a homomorphism of representations (an intertwining
operator). The space of these dX is the space of coboundaries BY(W,V). Tt is
~ Homp(W,V)/Homy (W, V).

It f, ffe ZY(W,V) and f'— f =dX € BY(W,V) then

(pvo(p) p{v’ Eﬁ;) _ (pvo(p) fp) +pv;1;)vﬁ<; )— Xpw(p)) _ (é _1X> (pvo(p) ,OJ;E](?;)) (é )If>

so that U ~ U’. Conversely, if ¢ : U — U’ is an isomorphism pyr = ¢ Lpyé
of the form ¢ = (7 I)v(v) then f' — f = dX € BYW,V). Then the space
Ext'(W,V) = Z*(W,V)/BY(W, V) parametrizes extensions of W by V.

Assume V| W are finite dimensional irreducible representations of A. For f €
Ext!(W,V) denote by 0 — V — Uy — W — 0 the corresponding extension. If
f, f' € Ext'(W,V) then U; ~ U as A-modules if and only if there exists an M

with M(p‘/o(p) ,f;ff%) = (’Jvo(p) p{é?&) M for all p € A, if and only if f' = af, as

M = diag(Iy, aly), for some o € F*. Thus we have

Proposition 15.2.  The isomorphism classes of representations on nontrivial
extensions of W by V are parametrized by the projective space P Ext'(W, V). In
particular every extension of W by V is trivial if and only if Ext'(W,V) = 0.

When d =1 < n, Sg = {1} and C[S; x Z¢] = C[Z] = Cly,y~']. An irreducible
representation of C[y*!] is given by the space C, with y acting as multiplication by
a € C*; denote this C[y*']-module by V,. Now Ext'(V,,V;) # {0} and there is a
nontrivial extension 0 — V, - U — V, — 0 of V, by V, when b = a, defined by
pu(y) = (§2). When b # a we have Ext'(V,,V,) = {0}.

Also when d = 1 < n, consider the Lg side. Take A = g ® C[t,t!], g = sl,(C),
V = C" the standard representation of g, and V, the Lg-module V' where ¢ acts
as multiplication by a € C*. We want to compute the extensions

0->V=V-U—-W=V,—0
as Lg-modules. As a g-module this extension splits, so that we may assume
pop) = (77 10)) with fl) = 0. f(p+a) = f() + f(a), and py(g) acts

as g on V for g € g. Also py,(p) = p(b), the value at t = b of p € Lg, and so

f(pa) = p(b)f(q) + f(p)a(a). If p € g then f(pt™) = pf(t™), and by induction
f(th) = (D ipjen 1 0'@) f(t), for some f(t) € Homp(W,V), F =C.

Now B(V,,V;) is the space of dX(p) = p(b)X — Xp(a). If we take the p in
g we see that B! contains all [X|Y], X, Y € g, so it contains g. If we take
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p = tx, we get all dX(p) = baX —aXzx = (b— a)Xz if x and X commute.
So Z'(V,,V}) = B'(V,,V}) = gl, and Ext' = 0 if a # b, but if a = b then
Z\V,, V) = gl, # BY(V,,V,) = sl, and dimExt' = 1, so there is a nontrivial
extension of V, by V,, e.g. when a = 1. This shows that

Corollary 15.3. When d =1 < n the categories related by the theorem are not
semisimple.

Corollary 15.4.  The functor F is an equivalence of categories when d = 0.

Proof. When d = 0, Sy x Z¢ = {1} and C[S; x ZY = C. The category
of finite dimensional C-modules M is the category of finite dimensional vector
spaces over C; it is semisimple by linear algebra. On the side of Lg, E®? is C,
and the Lg-modules we obtain are finite dimensional vector spaces on which g
acts as 0, extended to Lg by letting ¢ act as multiplication by a € C*. From
(070 (87D) = py(p)pu(a) = pulpg) = (§7#?) we see that the category of such
Lg-modules is semisimple, establishing the theorem for d = 0. ]

Corollary 15.5.  The functor F is not an equivalence of categories when d =n.

Proof. When d = n, the S-duality relates the S;-module S* with the g-module
VA, A d (hence £(\) <n =d). We claim it does not extend to the affine case. To
see this, consider the partition A = w, where w = (1,...,1) = (1¢) € Z?. The space
V¢ is A%E, the one dimensional C-space spanned by v; A --- Aw,, where vy,..., v,
is any basis of E = C". Recall that gl, (C) acts by

AX) vr A Avg= Y vt A AXvj Ave Avg,
1<j<d
so A(X) maps v; A -+ Awg to itself times tr(X), namely g = sl,(C) acts as 0 on
V¢ = C. We pull back V¥ to a representation V,* of Lg by letting ¢ act as multi-
plication by a € C*. Then V= is still C with Lg acting as 0. So we now look for
extensions 0 - V =V - U — W = V¥ — 0 of representations of {(Lg). Then

U = C @ C as a vector space, and the action of p € Lg is py(p) = (p‘/o(p) p‘i(é))),

with py(p) and pw(p) acting as 0. So

(8 f(g) ) <8 f(g) ) = pu(p)pu(a) = pu(pq) = (8 f(%Q) ) ,

namely f(pq) =0 for all p, g € A =U(Lg), or f =0, so Exth(ﬁg)(‘/;“’, V) is 0, all
extensions of V¥ by Vi split.

As noted in Corollary 15.4, this can be viewed as the case of d = 0 of the affine
Schur duality.

The corresponding representation S“ is the one dimensional sign representation
with space C on which S, acts via sgn : S; — {£1}. As a C[S; x Z%] =
C[S4) x Clyi™, ..., y7']-module the y; act as multiplication by a € C*. Denote it
by S¥. A nontrivial extension 0 — Sy — U — S¥ — 0 is given by py(y;) = (§4)
for all j (1 <j <n) when a =b. So Ext'(S¥,S¥) # {0} if a = b, and = {0}
if @ # b. We conclude that the functor F of the theorem is not an equivalence of
categories when d = n. [ ]
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The proof shows that there are nontrivial extensions of V< by itself when viewed
as Lg-module, g = gl,(C). In particular the passage from a finite dimensional
Lg-module to a finite dimensional £g-module is more complicated than in the case
of the finite dimensional algebras g = sl,(C) and g = gl,(C).

15.2. By Hochschild-Serre. Let V, W be two representations of g, viewed
as representations renamed V,, W, of Lg by ev, : Lg — g, thus t acts as
multiplication by a € C* on V,, W,. We regard V,, W, as representations of the
universal enveloping algebra (g), with py(p® (t —a)) =0 for p € Lg. If E is an

extension of W, by V, then pg(p) = <pvo(p) J&%) ;50 pp(p@(t—a)) = (§ /Fel=))

and pr(pg® (t —a)?) = pe(p @ (t — a))pr(¢ @ (t — a)) = 0 so the representation £
of {(Lg) factors through Lg — g, where g = g® C[t,¢t7!]/(t — a)?. As a vector
space this last algebra is g @ g~ where g~ = g(t — a) is an abelian Lie subalgebra of
g (as (t—a)* =0 in g") isomorphic (g — g(t —a) by X — X(t —a)) to g. It is
the kernel of the evaluation map ev, : g* — g at ¢ — a. So we have an extension
0 — g — g — g — 0 of Lie algebras, where the quotient g acts on the abelian
subalgebra g~ ~ g by its adjoint representation, and we consider the g*-modules
extensions 0 -V, - £ — W, — 0.

For two g*-modules A and B, one has
Ext;. (A, B) = H'(g", Homp(A, B)),

where Homp(A, B) is Homp(A, B) viewed as a representation of g*.

For an invariant subalgebra (ideal) b of the Lie algebra g*, and a g*-module V,
we have V8 = (V”+)9+/h. Deriving this one gets the Hochschild-Serre spectral
sequence

HY(g" /b, H'(h,V)) = H""(g", V).

Taking h = g~ and noting that Homp(W,,V,) = Homp(W,V), is a representation
of the quotient g, since W, and V, are, we get

HP(g, H(g~, Hom(W, V)a)) = H"*(g*, Homp(Wa, Vo)) = Exty (W, V).

For a trivial representation Y (in our case Hom(W,V),) of a commutative Lie
algebra h one has H1(h,Y) = A1hY @ Y, where " is the adjoint representation of
h. As g is semisimple HP(g,*) # {0} only for p = 0, and H° = invariants, so the
spectral sequence collapses to

Bxt?, (Wo, Vo) = (9" @ Homp (W, Vo)t

The g¥ inside [...] is the adjoint representation of g, the Homp(W,,V,) is a
g-module, and the superscript g means invariants under g. Higher Ext, as
Lg-modules, no longer coincide with higher Ext as g*- modules. So only ¢ = 1 is
relevant. Thus

Extys (Wa, Vo) = H(g, H' (g7, Hom(W,V),)) = Homyg(W @ g, V).

It is one dimensional when V = W = C" is the standard representation of g,
corresponding to the case d = 1, just showing there are nontrivial extensions in this
case.
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However in the case of d = n, taking the partition w = (1,...,1) of d, V¥ is the
trivial representation of g, and for V' =W = V* we obtain trivial ExtéJr(Va“, V).

The corresponding representation S“ of S; is the sign representation sgn:S; —
{1}, extended to C[Sy x Z = C[S4] x Clyi",...,y+"] by letting the y; act as
multiplication by a; denote this extension by V¥, and V* for a general .

Using the exact sequence 0 — Z¢ — Sy x Z¢ — S; — 0, the same argument
based on the Hochschild-Serre spectral sequence shows that the extensions of 52 by
Sk are parametrized by H(Sg, Hom(Z?, Hom(S2, S#))), which is the space of Sy-
invariants on Hom(P ® S}, S*). Here P denotes the permutation representation
of S; on C¢, which is Indgj_l(l). It breaks as the direct sum of the standard
representation S@~11 of S; and the trivial one S@ ([13, top of p. 55]). In the case
of A =yt = w of interest, the Sy-invariants on Hom(P @ S¥,S¥) = Hom(S¥,SY)
will be one dimensional, in particular there are nontrivial extensions of S¢ by itself,
but all extensions of V¥ by itself split. Hence the functor F does not define an

equivalence of categories and the theorem does not extend as stated to the case of
d=n.
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