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Abstract. We investigate the structure of the centralizer and the normalizer of a local analytic
or formal differential system at a nondegenerate stationary point, using the theory of Poincaré-
Dulac normal forms. Our main results are concerned with the formal case. We obtain a description
of the relation between centralizer and normalizer, sharp dimension estimates when the centralizer
of the linearization has finite dimension, and lower estimates for the dimension of the centralizer in
general. For a distinguished class of linear vector fields (which is sufficiently large to be of interest)
we obtain a precise characterization of the centralizer for corresponding normal forms in the generic
case. Moreover, in view of their relation to normalizers, we discuss inverse Jacobi multipliers and
obtain existence criteria and nonexistence results for several classes of vector fields.
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1. Introduction

Background and motivation. Symmetries of differential equations were first
systematically introduced and investigated by Sophus Lie; see [16] and subsequent
works; for contemporary accounts we refer to Olver [18], Stephani [20], among
many others. The existence of nontrivial symmetries for an ordinary differential
equation allows reduction and thus facilitates the analysis. Moreover the existence of
symmetries is relevant for the dynamics of the system and for integrability questions;
see e. g. the monograph [29], and the research papers Aziz et al. [1], Colak et al.
6], Freire et al. [9], Garcia et al. [10], Giné et al [11], Llibre and Valls [17]. Thus it
is of considerable interest to explore symmetries of differential equations and their
structure.

In the present paper we focus on local one-parameter groups of symmetries, or of
orbital symmetries, for autonomous ordinary differential equations of first order. In
contrast to studies of vector fields with a priori given symmetries (see e.g. Field [§],
Golubitsky et al. [12]), we consider the direct problem to find symmetries of a given
equation. Unlike the situation for higher order equations (with symmetries subject
to certain geometric restrictions) there exist no algorithms to determine symmetries
of first order ordinary differential equations. In fact, by the straightening theorem an
abundance of local symmetries exists near any non-stationary point, and in turn it
may be said that this abundance precludes an algorithmic approach. But there exist
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local restrictions for symmmetries near stationary points, and these local restrictions
have global implications. The present paper thus is devoted to investigating the
structure of symmetries of a given analytic ordinary differential equation near a
stationary point.

Following Lie’s fundamental approach, we are interested in local one-parameter
groups of symmetries or orbital symmetries of a real or complex ordinary differential

equation )
&= f(z).

As is well known (see e.g. [24]), the infinitesimal generator g of such a one-parameter
group commutes with f (thus [g, f] = 0), respectively normalizes f (thus [g, f] =
Af with some scalar-valued function A). Given an analytic vector field f, the task
is to characterize its centralizer and its normalizer.

A general study and classification of analytic vector fields in dimension two is
presented by Ilyashenko and Yakovenko [14]; this and recent paper by Cerveau
and Lins Neto [5] clarify the structures of centralizer and normalizer in the planar
analytic case. In the present paper we will consider complex local vector fields in
arbitrary dimension (the transfer to the real case being unproblematic). Local results
have obvious implications for the structure of the global centralizer or normalizer of
a vector field on an open and connected set, since restriction from the global to the
local setting induces an injective morphism of the corresponding structures.

As noted, local obstructions to the existence of nontrivial commuting or normalizing
vector fields appear at stationary points, and only at stationary points. We will
discuss the centralizer resp. the normalizer at nondegenerate stationary points, which
admit a non-nilpotent linearization. To investigate this class, properties of Poincaré-
Dulac normal forms are available and can be put to good use, at the possible expense
of having to pass to formal power series and vector fields. In the course of some proofs
we will discuss certain degenerate stationary points with only trivial symmetries,
employing results from [22].

Overview and main results. In Section 2 we recall some notions and facts; in
particular we note that the structures of the local centralizer and normalizer are
well understood near nonstationary points (Proposition 2.3). For stationary points
we employ normal form theory, and we characterize in detail the relation between
centralizer and normalizer for formal vector fields in PDNF in Theorem 2.6.

In Section 3 we discuss the case when f is in PDNF and the semisimple part of
Df(0) has finite dimensional centralizer (which includes the case that any PDNF
is necessarily linear). Here we completely clarify the relation between centralizer
and normalizer (Proposition 3.1) and obtain sharp lower and upper estimates for
the dimension of the centralizer in Theorems 3.7 and 3.12, illustrated by a number
of examples. In particular we show that the dimension of the formal centralizer is
always greater or equal to the space dimension n, but for n > 3 there exists no
upper bound on the centralizer dimension which depends only on n. Given suitable
eigenvalue conditions these results partially carry over to the local analytic case;
when the eigenvalues of the linearization lie in a Poincaré domain then formal and
analytic centralizer (and formal and analytic normalizer) coincide.

In Section 4 we discuss vector fields in PDNF with infinite dimensional centralizer
of the linearization Df(0). We first recall some tools, in particular a symmetry
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reduction, from normal form theory and apply these to investigate the centralizer,
obtaining a lower estimate for its dimension in Theorem 4.11. Since some under-
lying algebraic structures (the algebra of polynomial first integrals and the module
of polynomial vector fields commuting with a given semisimple linear map) may be
rather complicated, a complete investigation seems currently out of reach. But for
a distinguished class of linear maps these structures are elementary, and we obtain
in Theorems 4.14 and 4.15 a detailed description of the centralizer for generic vec-
tor fields, including a precise characterization of genericity properties. We exhibit
several examples for this distinguished class, among them certain coupled oscilla-
tors, and we give a complete description of all these distinguished vector fields in
dimension three.

We begin Section 5 by recalling the relation between normalizer elements and
Jacobi last multipliers, and we prove in Proposition 5.3 some special properties
of formal inverse Jacobi multipliers for PDNF. We proceed to investigate formal
Jacobi last multipliers for several examples, including a subset of the distinguished
class from Section 4, which includes all three dimensional vector fields therein. For
those three-dimensional vector fields (including some results originating from the
doctoral dissertation [15]) we establish conditions and apply these to show generic
nonexistence of formal inverse Jacobi multipliers.

2. Basic notions and results

Definitions and known facts. We let () £ U* C U C C", both subsets open and
connected. Given an ordinary differential equation

t=f(z) onU (1)
with analytic right hand side, we consider the centralizer

Cu-(f) == {g; g analytic on U", [g, f] = 0}, (2)
where the Lie bracket is defined by

l9, B] (z) := Dh(x)g(z) — Dg(z)h(z),

as usual, with Dh(z) denoting the Jacobian matrix of the vector field h(x). Fur-
thermore we consider the normalizer

Nu«(f) :={g; g analytic on U*, [g, f] = pf for some analytic u} . (3)

As is well known from the work of Lie [16] (see also more contemporary accounts
in Olver [18], Stephani [20], and in [24]), the local flow of g € Cy-(f) yields a local
one-parameter symmetry group for system (1), while the local flow of g € Ny«(f)
yields a local one parameter group of orbital symmetries of (1), thus preserving
solution trajectories but not necessarily their parameterization.

We recall some further notions. For analytic ¢ : U* — C and g : U* — C" we
define the Lie derivative X,(¢) by

Xg(0)(x) := Do(x)g(x); (4)

and ¢ is by definition a first integral of ¢ if X,(¢) = 0. (Note that we include
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constant functions as first integrals; this is more appropriate from an algebraic
perspective.) Moreover we have the identities

XgXn — XnXy = Xig.n), (5)
as well as g, ¢ -hl=X,() -h+1-g, hl (6)

for analytic functions ¢ and analytic vector fields g, h.

An element of the centralizer Cy«(f) may be seen as belonging two vector spaces,
which give rise to two notions of dimension. (For background and more facts see
e.g. Bianchi [3] and Hermann [13].) On the one hand, g € Cy-(f) may be seen
as an element of the vector space L, where I denotes the field of meromorphic
functions on U™, i.e., functions that can locally be expresssed as quotients of analytic
functions. Linear dependence over this field means linear dependence in C™ of the
function values at every point, as the next result shows.

Lemma 2.1.  Let hy,...,h, be analytic vector fields on U*. Then hy, ..., h, are
linearly dependent over L if and only if hy(y), ..., h.(y) € C" are linearly dependent
over C, for every y € U*.

Proof. Let H € L™*" denote the matrix with columns hy, ..., h,, and let A € L
denote any of its r X r minors. Then A is not the zero function if and only if
A(y) # 0 for some y € U*. [

On the other hand we may consider Cy-(f) as a vector space (and a Lie algebra)
of functions over C. We will denote by dim Cy-(f) the dimension of this C-vector
space, which we are mainly interested in. We include a proof of the following fact
for the reader’s convenience.

Proposition 2.2.  Let hy,...,h, € Cy«(f) be linearly independent over C but
linearly dependent over .. Then the differential equation (1) admits a nonconstant
meromorphic first integral on U*. In particular f admits a meromorphic first
integral whenever dim Cy+(f) > n.

Proof.  With no loss of generality we may assume that, for some s < r, the vector
fields hq,...,hs are linearly independent but hq,...,hsy; are linearly dependent
over L, hence

herl = ,ulhl + -+ ,ushs
with suitable p; € L. Using (6) we find

0=[f, hes1] = Zm Lf, hi] + ZXf(,ui)hi = ZXf(:ui)hi
=1 =1 =1

and therefore X(p1) = --- = Xy(us) = 0, whence every p; is a meromorphic first
integral (possibly constant). Due to the linear independence of the h; over C, not
all p; are constant.

The last assertion follows since there cannot be more than n linearly independent
elements in L. |
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Given any y € U* C U, we may pass from Cy-(f) to the local analytic centralizer

Cy(f) :=={g; g analytic at y, [g, f] =0}, (7)

and similarly to the local analytic normalizer N,(f). We call F the field of local
meromorphic functions in y, and note that Proposition 2.2 carries over to the
local setting. The structure of the local centralizer and of the local normalizer
is well understood near any nonstationary point; we recall the pertinent result for
convenient reference.

Proposition 2.3.  Let n > 1 and y € U nonstationary for system (1). Then:
(a) There ezist g1, ..,qn € Cy(f) that are linearly independent over F such that

Cy(f) = {Z pigi; Xp(p) = - = Xy(pn) = O} :

In particular C,(f) has infinite dimension over C.

(b) The normalizer has the following structure:

Ny(f) = Cy(f) +{Bf: B analytic in y} .

(c) Given g € Ny(f) and g(y) # 0, there exists a local analytic o with o(y) = 1
such that [g, of] =0; thus g lies in the centralizer of some vector field with
the same local solution trajectories as f.

Proof. By the straightening theorem one may assume that f is a constant vector
field, say f = e;, where e is the first element of the standard basis of C". (Recall
that Lie brackets are compatible with coordinate transformations.) Then [g, f] =0
is equivalent to dg/dz; = 0, thus the entries of g depend locally only on s, ..., x,.
Therefore we may take g; = e; as constants, and the coefficient functions are first
integrals of f. To prove part (b), assume [g, f] = A\f. Then

lg—of, fl= (A= X¢(a)) f

for any «, and the (linear first order partial differential) equation A\ = Xy¢(«a) =
OJa/0zy has a local solution 3, hence g — ff € Cy(f). Finally, for part (c) note
that [g, f] = A\f implies [g, o f] = (X,(0) + Ao) f. Straightening ¢ (or invoking
familiar facts about linear partial differential equations), one sees that the equation
Xy(0) + Ao =0 has a solution with o(y) = 1. n

The proposition and its proof show that the structures of the local centralizer or
the local normalizer reflect characteristic properties of a vector field, and thus is of
interest, only near stationary points. These structures are therefore in the focus of
the present paper.

Local centralizers and normalizers near stationary points. We consider the
centralizer of the analytic vector field f near a stationary point, which we take to
be 0. Thus f admits a Taylor expansion

fl) = Az + 3 (@) 0

j>2
with A € C"*", and each f; a homogeneous vector polynomial of degree j. In order
to enable working with Poincaré-Dulac normal forms, we extend the discussion from
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power series with a nonempty domain of convergence to formal power series. We
denote by C[[z1,...,x,]] the algebra of formal power series, and by C((z1,...,x,))
its quotient field, noting that the definitions and identities such as (2), (4), (5) and
(6) carry over. Moreover we consider

CE(f) :={g € Cllw,...,x)]"s g, f] =0},

and analogously N{'(f), whose elements satisfy [g, f] = Af with some \ €
Cllz1, - .-, x4]]-

Poincaré-Dulac normal forms (PDNF) and their special properties make many ar-
guments more transparent. We recall the coordinate-invariant definition (see e.g.
[23]): Given the Jordan-Chevalley decomposition A = A;+ A,, with A, semisimple,
A,, nilpotent and [As, A,] =0, f as given in (8) is in PDNF if [A,, f] = 0; equi-
valently each [A, f;] = 0. Asis well known (see e.g. [4]), any local analytic vector
field admits a formal power series transformation to PDNF, but in general no con-
vergent transformation exists. Obviously when f is analytic then Co(f) C CL*(f)
and No(f) C NET(f); this allows to transfer some results from the formal to the
analytic case.

We will frequently use the following facts (see e.g. [23], Propositions 1.3 and 1.4):

Lemma 2.4. Given the Jordan-Chevalley decomposition A = Ag + A, into

semisimple and nilpotent part, the following hold:

(a) The Lie derivative X4 sends every space Sy of homogeneous polynomials of
degree k to itself, and X4 = X4, + X4, s the corresponding Jordan-Chevalley
decomposition.

(a) The adjoint action ad A sends every space Py, of homogeneous polynomial vector
fields of degree k to itself, and ad A = ad As+ad A,, is the corresponding Jordan-
Chevalley decomposition.

A starting point for the investigation of the formal centralizer is the following well-
known result, which is a consequence of Proposition 1.5 in [23]. We include a direct
proof here, for the reader’s convenience.

Proposition 2.5.  Let system (1) be in Poincaré-Dulac normal form, and assume

g € CP*(f). Then also g € C*(A,).
Proof. Let g=g,+ -, with g, # 0. Then [g, f] = 0 is equivalent to

[Aa ngrj] + [f27gr+jfl} Tt [fjJrlagr] = 07 all ] > 0. (9)

We show by induction that [Ag, g.1;] = 0 for all j > 0. For j = 0 the assertion
follows from [A, g.] = 0 and ker(ad A) C ker(ad A;) on P,. For the induction step
apply ad A to (9) and recall that A and f; commute for all j. Therefore

[A7 [Asagr+j]:| + [f27 [A879T+j*1H +-+ [fj+17 [A379TH =0.

By induction hypothesis all terms after the first one vanish, hence one sees that
gr+j € ker(ad Ag)? = ker ad A;. n

We next turn to the formal normalizer. The connection to the centralizer is not as
straightforward as for nonstationary points in Proposition 2.3, but some properties
persist.
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Theorem 2.6.  Let system (1) be in Poincaré-Dulac normal form, with As # 0,
and g € NPT (f) with g(0) = 0.

(a) There ezists a power series [5 such that

[g_ﬂhﬁf}:@f? XAs<a):0
with some o = ag + ay + -+ - € Cl[z1,...,2,]], and oy = 0.

In particular ~ N (f) = CL*(f) + {B8f; B € Cllzy,...,z,]]}  whenever A,
admits only constant formal first integrals.

(b) The vector field h := g — Bf satisfies [As,h] = 0.
(c) There exists an invertible series 0 = 1+01+--- and a* € Cl[zy,...,x,]] such
that Xa,(c) =0 and
[h,ofl=a"of, Xa(a)" =Xc(a")=0.
Proof. Let [g, f]=Af, with g =g, +---, ¢, # 0, and therefore A = \,_; + -+ .

Step (i): We first prove that A; # 0 implies A\g = 0. This is trivial when
r > 1. In case r = 1, hence g; = C linear, one has [C, A] = \gA, which implies
[[C, A], As] = 0 and therefore [C, As] = 0 by semisimplicity of ad Ag|p,. We may
assume that

Ay = diag (011, ...,0,1,,)

is in block diagonal form, with pairwise different 6;, and I,,, denoting the n; x n;
identity matrix. Then by Lemma 6.1 in the Appendix one has

A, = diag(Ny,...,N,), C =diag(Cy,...,C,)

with nilpotent matrices N; and matrices C; of size n; X n;. Now the relation
[C, A] = M\ A implies

NjCj — Cij = )\O<9j[nj + Nj), 1 < j <r.

The left hand side has trace zero, therefore \of; = 0 for all j. From A, # 0 one
now finds A\g = 0. Application to g — Bf for any series 3 shows that ay = 0 in part

(a).
Step (ii): We turn to prove part (a). In case r = 1 we have already seen that
[g1, A] = 0. For r > 1 we first show that there exists (,_1 € S,_; such that

(90 — Br1 A, Al = a1 A
with some «a,_; in the kernel of X4, . At degree r the normalizer condition yields
[9:, Al = Ao A,
and thus for every homogeneous (,_; of degree r — 1 one gets
90 = Br1 A, Al = (A1 + Xu(Br-1)) A

Since Sy is the sum of the image of X4 and the kernel of X 4, (as a consequence of
Lemma 2.4), one can choose f,_1 such that a,_1 := A1 + Xa(B,—1) € ker(X4,).
We proceed by induction on j to show: If g, f] = Af, and

XAS()‘T—I) == XAS (/\T—2+j) =0
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then there exists a homogeneous polynomial 3,_;4; such that

(9= Broayif, fl=af and X (p1) =+ = Xa (@ 115) = 0.

Clearly one has a; = \; for r — 1 < ¢ < r — 2+ j. Evaluating the normalizer
condition at degree r + 7, one finds

(Gr45s Al + [Grgjm1, fo] + -+ gy [i1]
= ()\rflJrj + XAS (6r71+j))‘4 + 047“72+jf2 + -+ Oérflfja

and as before one may choose f,_14; so that A\,_14;+Xa(B,-14;) € ker(Xa4,). Now
let m:= (z1,...,z,) be the maximal ideal of C[[z1,...,z,]]. Since any sequence

k
g — Z 5r—1+jf
=0

with homogeneous (; of degree i converges to some formal power series in the m-
adic topology, part (a) is proven.

Step (iii): We turn to part (b). From [h, f] = af and X, () = 0 one obtains

0= [As> Oéf] = {A& [hv f“ = _[f7 [Aéh h] - [hv [fu As“ = [[Asa h]v f]

with the Jacobi identity and [As, f] = 0. Now we have [Ay, [As, h]] = 0 from
Proposition 2.5, which implies [As, h] = 0 with Lemma 2.4.

Step (iv): For the proof of part (¢), we let h = C' + hg + - -+, make the ansatz
o=1+3 40, with all X, (0;) =0, and evaluate

[, 0f] = (Xn(o) + o) f
degree by degree. Recall that C' and A, commute by part (i), hence X maps each
Si = ker Xy |, to itself, and S} = ker X¢,|s: @ im Xc¢|sx for every k.

At degree one we have Xc(o1) + ay = o with oy € S}, thus one may choose
o1 € S; such that aj € ker X¢,|s:. At degree j > 1 we have

Xo(0j) + Xny(0j-1) + -+ + X (01) + arojr + -+ + @100
=ajoj 1+ -+ a0+ a;j,
and all terms but the first on the left hand side and the last on the right hand side

are automatically contained in S7. As above, one may choose o; € S} such that
aj € ker X¢,

Sy - u

Remark 2.7. (a) The condition g(0) = 0 does not exclude any interesting
cases: When ¢(0) # 0 then we may assume that ¢ is constant by the straightening
theorem, and there remains 0f/0x; = A\f. With X\ # 0 and f(0) = 0 this implies
f=0.

(b) To motivate the consideration of of instead of f in part (c), note that f
and of have the same local solution trajectories in the analytic setting; compare
Proposition 2.3(c). n
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The following example shows that one cannot sharpen the statement (b) of Theorem
2.6 in general.

Example 2.8. Let A = A, # 0 such that there exists a nonconstant homoge-
neous polynomial ¢ with X4(¢) = 0, v a nonconstant series in one variable with
7(0) =1 and f = ~v(¢) - A. Moreover let h(z) = Cx be linear such that C' and A
commute but X (¢) # 0. Then

[h, f] = Xe()y™ - f,

hence h lies in the normalizer of f and satisfies the conclusion of part (b), but h
does not lie in the centralizer of f.

For a particular example in dimension two set A = diag (1, —1), ¢ = z122 and

C:IQ.

PDNF in coordinate version. So far we worked with the coordinate-inde-
pendent characterization of Poincaré-Dulac normal forms. In order to discuss the
detailed structure of CI"(A,) and to distinguish various cases, we now employ
eigencoordinates. Thus, from now on we assume that

A, = diag (A, ..., \p) With Ap,..., A\, € C, (10)

with no loss of generality. We recall the coordinate-dependent characterization of
PDNEF":

Lemma 2.9. Let A, be given as in (10). Then a power series lies in C*(A,)
if and only if it can be written as a series in vector monomials xi"" -- - z'"e; which
satisfy the resonance condition

(m,\) —\; =0. (11)

Here we employ the familiar abbreviations (m, A\) = > m;\;, and we will also later
on use |m| =>_m;, for any row (mq,..., m,) with nonnegative integer entries.

For the remainder of the paper we make the following
Blanket assumptions:

« We always let Ag be as in (10).

o For f=A;+--- in PDNF we stipulate that A, is strictly upper triangular.

Remark 2.10.  The second blanket condition poses no restriction (since it may
always be achieved by a linear transformation) but it ensures that all the f =
A, + > fj such that f = A, + f is in PDNF form a vector space. (This would not
be the case otherwise). Given a positive integer m, the finite dimensional vector
space of all such polynomial vector fields f = A, + >, f; of degree < m is
sometimes identified with the space of its coefficients. [ |

For further analysis we introduce a distinction regarding the dimension of the
centralizer of As. We recall from [23], specifically Corollary 1.7:
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Lemma 2.11.  Let A, be as in (10). The dimension of C*°"(A,) (as well as that
of C(Ay)) is infinite if and only if:

There are integers dy, ..., d, > 0 such that (d, \) =0 and |d| >0.  (12)

Equivalently, there exist nonnegative integers d; such that |d| > 0 and the monomial
¢ = $c111 co-xdn gs a first integral of @ = Asx. In turn, this property is equivalent
to the existence of some nonconstant formal first integral of © = Azx. Finally this
property is equivalent to the existence of some nonconstant formal first integral of

T = Ax.

Below we will prove some “generic” results for vector fields in Poincaré-Dulac normal
form, given A, such that nontrivial vector fields in PDNF exist. We need to define
specific notions of genericity.

Definition 2.12. We say that a condition for PDNF with given A, as above
holds Z-generically if there exists a positive integer m such that the condition holds
for a Zariski open and dense subset of all polynomial vector fields f = A, +> ", f;
with f = A, + f in PDNF.

For further investigations it seems appropriate to classify normal forms according
to properties of the eigenvalues of As. The following is known from [23]:

Proposition 2.13.  There exists a direct sum decomposition C* = U & W with
A -invariant (possibly trivial) subspaces U and W . The subspace W is by definition
the largest As-invariant subspace on which every polynomial first integral of © = Agx
is constant, and one obtains for x =u+w € U ® W a decomposition

uw=g(u), w=h(u,w). (13)

Moreover, by Lemma 2.11 the dimension of C**(A,) is finite if and only if C* = W.
This is the first case we will discuss. Later on we will consider the case W = {0}.

3. Finite dimensional centralizer of A,

We will obtain a rather clear and complete picture in the case when C®'(A,) has
finite dimension, thus C**(f) necessarily has finite dimension by Proposition 2.5.
We mostly consider the formal setting but will discuss convergence in some instances.
We first note an immediate consequence of Theorem 2.6 and Lemma 2.11.

Proposition 3.1.  Whenever dim C*"(A,) < oo then

NEH(f) = CO(f) +{B]; B € Cllxr, ..., ]}
forany f=A+--- in PDNF.

There remains to investigate the centralizer. For the sake of a transparent exposition,
we take a step-by-step approach to the characterization of centralizers. We dispose
in advance of the simplest case, which is characterized by the property that every
PDNF is necessarily trivial.
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Proposition 3.2.  For f in PDNF, with As as in (10), assume that A\i,..., A,
are pairwise different and there exists no resonance condition (11) with |m| > 1.
Then:

(a) One has f = A, and CL*(f) is an abelian Lie algebra of dimension n.
(b) The centralizer elements are precisely the linear vector fields given by diagonal

matrices.

Proof. By Lemma 2.9 the PDNF is just A = A, and the only vector monomials
commuting with A, are the zje;. [ |

In the setting of Proposition 3.2 we will also discuss convergence (which is not
automatic even in this case). Before stating the result we remind the reader of a
condition for the existence of a convergent normal form transformation.

Condition Omega (see Bruno [4]): For every positive integer k let

wi = min {| (m, A) = \l; | (m, A) = A #£0, 1 <5 <, [m| <2¥}.
We say that Condition Omega is satisfied if and only if > 27*logw;, converges.

Remark 3.3.  (a) In the setting of Proposition 3.2 Condition Omega is sufficient
for the existence of a convergent normalizing transformation.

(b) Condition Omega holds in particular when the eigenvalues of A are in a Poincaré
domain, thus all \; are one side of a suitable line through 0 in the complex plane.
In that case the centralizer of A, is necessarily finite dimensional, and there exists
a convergent normalizing transformation even if there are relations (m, A) = 0 with
Im| > 1. |

Proposition 3.4. Let f=A+--- be a local analytic vector field.
(@) If A\i,..., A\, are pairwise different and admit no resonance condition (11) with
|m| > 1, then dim Co(f) < n.

(b) If in addition the eigenvalues of A satisfy Condition Omega then
No(f) = Co(f) +{B- f; B analytic in 0} .
(c) If Co(f) contains an element of the form

g(x):diag (,U1,...,Iun)gj_|_...

such that the ;s are pairwise different, admit no resonance (11) with |m| > 2,
and satisfy Bruno’s Condition w, then dim Co(f) =n.

Proof. Part (a) is a direct consequence of Proposition 3.2. We prove part (b).
With Condition Omega there exists a convergent transformation of f to normal
form, hence we may assume that f = A = A;. Given ¢ such that [g, f] = Af for
some analytic A. Then

lg — BA, Al = (A= Xa(p)) A

and the assertion follows if there exists a convergent power series ( such that
Xa(B) = A. Writing A = > | Ai, the ansatz 8 = ) ; yields the necessary

and sufficient conditions ‘
XA(ﬂj) = )‘jv J > 1.
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Now the eigenvalues of X,l|s; are just the (m, A\) with |m| = j, and Condition
Omega bounds the growth of the (m, )\)_1, hence the growth of the operator norm
of (Xals,)™", with j. Therefore 3 has a nonempty domain of convergence if X has.

Part (c) follows from [26], Addendum to Theorem 1. ]

We note an implication for the global centralizer of an analytic vector field.

Corollary 3.5.  Let f be analytic on an open and connected U C C", and assume
that f admits a stationary point y such that the eigenvalues of Df(y) satisfy the
hypothesis of Proposition 3.2. Then Cy(f) is abelian of dimension < n.

As a first step beyond the setting of Proposition 3.2 we characterize the linear ele-
ments in the centralizer of A. Ordering possible multiple eigenvalues consecutively,
we may assume that

:ullnl 0 0 0
0 l, 0 0
A, = Hafne , (14)
o 0 . o0
0 0 0 e,

where (generally) I, denotes the unit matrix of order r, and the p;’s are pairwise
different. By the blanket assumption we have

pinLn, + Ny 0 0 0
0 L, + Ny O 0

A= fadns 502 (15)
0 0 - 0
0 0 0 ,UnIn,i + Ny

with strict upper triangular matrices /N;. Any matrix commuting with A is of block
diagonal form with blocks C; of size n; x n; respectively, and C; commuting with
N;. From Lemma 6.1 in the Appendix we obtain:

Lemma 3.6. Let d be the dimension of the space of all linear vector fields
commuting with (15). Then n <d <n}+-- +n2.

If all the N; have mazimal rank then d = n; if all N; =0 then d =n} +---+n>.

We now determine bounds for the dimension of the centralizer C**(f) with f in
PDNF. Define

R::URja Rj = {m€Z+; <m7)‘>:)‘j7 ’m‘ 22}7
j=1
and let v be the number of elements in R.

Theorem 3.7.  Let A, be as in (14), d as in Lemma 3.6, and dim C*(A,) < oo,
hence v < oo. Then for any vector field f(x) = Az + p(x) in PDNF one has
d < dim C**(f) < d+r. In particular dim C**(f) > n.

Proof. Proposition 3.2 takes care of the case v = 0, therefore we may assume
that v > 0. Moreover we may assume that A is in Jordan canonical form.
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Since the vector field is in PDNF, by the definition of R; we have

n

plx) = Z Z P, ™ | € (16)

7j=1 ijT\’,j

with m; = (mj1,..., mjn), pm, € C (possibly zero) and e; denoting the jth unit
vector. Let g € C**(f), and write g(x) = Bx+q(x), with B linear and ¢ collecting
the higher order terms. By Proposition 2.5 we have [B, A;] = 0, and

n

g@) =Y Y a2 | e (17)

j=1 \{;€R,
is a linear combination of resonant monomials. Now [g, f] = 0 is equivalent to
(B, An] + [B,p] + [, An] + [g, 0] = 0,
and by separating linear from higher order terms this is equivalent to
[B,An] =0 and [B,p] + g, An] + [q,p] = 0

In particular we have [B, A] = 0, and with linearly independent Ci,...,Cy that
span the space of linear vector fields commuting with A we get B = > b;C; with
suitable scalars b;. There remains

[B,p] + [q, An] + [q,p] = 0.

Proceeding, we let p; C {1,...,n} denote the set of indices for which the corre-
sponding rows of C; do not vanish, 2 =1,...,d. Then we have

n

[B7p] == Z bz[Cup] = Z Z Z Pms0jms (bl, . ,bn)xms €;j
=1

Jj=1 \s€(pi>j) ms€Rs

by evaluation of the brackets, with linear homogeneous forms o, (possibly zero)
whose coefficients depend only on the entries of the C; and the exponents ¢; of x%
appearing in p(z). (Here the notation s € (p; 3 j) means that s runs over all p;
that contain j.)

n
= mj+L;—e;
Moreover we have [q,p] = g g (D, @, — Gmype,) mji™ ey
J=1 m;eR;

Finally, by an argument similar to the one used for [B, p|] we find

n

g, An] = Z Z 35.kT4, my, ((QM[)mgeR)wmk €5

7=1 mkER]‘

with a;, € {0,1} and linear homogeneous forms 7;,, whose coefficients depend
only on the exponents ¢; of % that may appear in ¢, which are known. (Recall
that the nilpotent part A, of A is in Jordan canonical form.)
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To summarize, we have a system of homogeneous linear equations for the b;’s and
the g,;’s. Since the number r of the resonant monomials appearing with nonzero
coefficient in [B, p] + [q, A,] + [q, p] is at most equal to t, it follows that [g, f] = 0 if
and only if the coefficients b;’s and ¢,,, ’s of g satisfy r linear homogeneous equations.
The coefficient matrix of this linear homogeneous equation system has size r x (d+t)
and if its rank equals r* < r, then the system has exactly d+t—7r*>d4+v—r > d
linearly independent solutions. These linearly independent solutions correspond to
a basis of C*(f). Consequently d + v > dimC*(f) =d + v —r* > d. ]

Note that the upper bound for the dimension can be attained only in the case that
all py,, =0, ie. p(x) =0. The result for the PDNF implies properties of general
vector fields.

Corollary 3.8.  Let h(x) = Bx+3_;5, hj(z) € Cl[z1,...,2,]]" be a formal vector
field such that C**(By) is finite dimensional, and B conjugate to A as in (15). Then

dim C**(h) > d > n,
with d as in Lemma 3.6.

Remark 3.9. Since there exist nontrivial lower bounds for dim C®'(f) which
depend only on the space dimension 7, it is natural to ask about upper bounds.
The following example shows that there cannot exist an upper bound depending
only on n whenever n > 2.

Example 3.10. (a) We first consider an example in dimension three. Let g be
a positive integer and set

A=A, =diag (12¢, 3, 2).

Evaluating the resonance conditions (11) one has 12¢gm; + 3msg + 2mg = 2 for the
third entry, with the only solution (0,0, 1), and similarly 12gm; +3my+2ms3 = 3 for
the second entry, with the only solution (0,1,0). Nontrivial solutions appear only
in the resonance condition for the first entry, which is 12¢gm; + 3mq + 2ms = 12q¢,
and they are of the form

(0, 4g — 2k, 3k), 0<k<2q.

Therefore every PDNF has the form

2(1 x4q72kx3k}
2 3
f=As+ Z agpr, with py(z) = 0 : (18)
k=0 0

The p;’s commute with A, by construction, and they commute pairwise since the
first column of the Jacobian of any p; is zero, hence Dp;(z)p;(z) = 0 for all ¢
and j. Obviously A, and the p; form a linearly independent system, and they
are all contained in the formal centralizer of the vector field (18). This shows
dim C**(f) > 2q + 2.

Note that f admits the meromorphic first integral p := z3/z3. n
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(b) In dimension n > 3 let py,..., p,—3 be such that 1, us,..., u,—3 are linearly
independent over the rationals Q, and set

A=A, =diag (12q, 3, 2, i1, -+, fn—3) -

Then, slightly modifying the arguments above, one obtains the same estimate
dim C®*(f) > 2¢ + 2, since no further nontrivial resonance conditions appear. |

The next example illustrates that every centralizer dimension between the lower and
upper estimate in Theorem 3.7 may be attained.

Example 3.11.  We specialize Example 3.10(a) by setting
A, = diag (12, 6, 3).
Then every PDNF has the form

[=Agx+p(x), p(r)=aip+ aps+ azps + aupa, (19)
with pi(z) = a3e1, pa(v) = zox3er, p3(v) = 2301, pa(@) = T3e0.
This system has always the elementary first integral H = zyz5% — % log x3.

For g = B + q(z) € C**(f), then B = diag(by1, by, b33) and

q(x) = Bixjer + Pomaxier + Pawszer + Buaies.

We now need to determine the seven coefficients ¢ = (by1, bag, b33, 1, B2, B3, B4) such
that [g, f] = 0, which is equivalent to [B,p| + [¢,p] = 0. Since

(2bg2 — 511)0411’% + (baa + 2b33 — bll)a2x2x§ + (4bg3 — 511)0631’?,L

[B,p] = (2033 — bao) g3 ,
0
2(a1 By — auBr)xows + (a2fs — aufa)rs
lq,p] = 0 :
0

—a; 207 O 0 0O 0 O

—qg g 209 —204 0 0 20 -

—Q3 0 40(3 0 —Qy 0 (6%) ¢
0 —az 204 0 0O 0 O

one gets = 0. (20)

The coefficient matrix of equation (20) has rank 4 generically, and also rank 3 or
2 or 1 or O for suitable choice of the entries in this matrix. In fact, by solving
equations (20) in the b;’s and ;s we can reach the next conclusions:

1
o If ay, ay # 0, then byy = 2bgy, byz = 55227 B = —a1547 B2 = —a2ﬁ4> and
g Qg

consequently dim C**(f) = 3.
o If ay =0, ay # 0, then by = 2b33, 51 = ;—2(4533 —bu),
Qly

B2 = %(4533 —bn) + 225, and consequently dim C**(f) = 4.
Oy Oy



766 KRUFF, WALCHER, ZHANG

o If ay #0, oy =0, then by; = 2byy. Furthermore
— if 20y — a3 # 0, then by = %bm and 8, = 0, and consequently
dim C**(f) = 4;
—if 2003 — a2 = 0, then B, = —%(ngg — bys), and consequently

dim C**(f) = 5.

e For a; =0, ay =0,
—if ap # 0, then by = by + 2033 and By = —%(2@,3 ~ by), and
consequently dim C**(f) = 5; i
— if ap = 0 and a3 # 0 then by; = 4bs3, and consequently dim C*(f) = 6;
7

— if ap = a3 = 0, the dimension is the maximum one, i.e. dimCP*(f) =

Next we give an improved estimate for the case when A = A, as given by (14) has
multiple eigenvalues. Before stating the result, we introduce the notation

p =R, when pp = Aj, v = #R;, 1<k<k.

Recall that all v} are finite since C**(A,) is finite dimensional.

Theorem 3.12.  Let A = A, be given by (14), and f = As+--- in PDNF. Then
n? 4. 4 n? <dimC(f) <np(ng + ) 4. Fng(ne o).

Proof. The arguments are similar to those in the proof of Theorem 3.7; here
we indicate only the differing parts. Under our assumption the total number of
nonlinear resonant monomials equals &, := n;tj + ... + n.t;. We also define
L.o=ni+... +ni.

For g(z) = Bz + q(z) € C*(f) with ¢(z) a linear combination of nonlinear
resonant monomials, Lemma 6.1 shows that B = diag(By,...,B,) with B; being
an arbitrary n; x n; matrix, j = 1,...,x. Furthermore, [g, f] = 0 if and only
if [B,p] + [¢,p] = 0. The latter is equivalent to a system of at most &, linear
homogeneous equations for &, + £, unknowns, which are the entries of the B;’s and
the coefficients of the monomials appearing in ¢(x). By construction, the coefficients
of this system of linear homogeneous equations are linear homogeneous functions
in the coefficients of p(z). So if p(z) = 0 then dimC™(f) attains the maximal
possible value €, 4 £.. The lower estimate was already shown in Theorem 3.7. This
completes the proof of the theorem. [ |

We present an application of Theorem 3.12.

Example 3.13. Let A, = diag(12,12,6,6,6,3). The nonlinear term of a vector
field f = Asxz + p(z) in PDNF is of the form

p(z) = (pi(z), p2(x), pazg, puzy, Ps1z, O)T with

p;i(@) = Pj1xs + Py 4 PjsTs + PjasTs + PjsTaTs + PjeTals

+ Djrsry + PisTary + pjotsty + Py, Jj = 1,2.
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Thus we have 23 resonant monomials. For g(z) = Bx + q(z) € C**(f), with

b b bsz bz bss
e > , Bo=| baz b bss |,
ba1 Do

B = dlag (Bl, Bg, b66); B1 = (
b53 b54 b55

and ¢(z) = (qu(z), q(z), ¢12§, qug, gs1xg, 0)" with ¢; being a linear combina-
tion of the same monomials as p with coefficients ¢;;, instead of p;,, 7 =1, 2.

Now 0 = [g, f] = [B + ¢, p] is equivalent to the vanishing of all coefficients of the
23 resonant monomials in [B + ¢,p]. This yields a system of 23 linear homoge-
neous equations (whose expressions are quite bulky and are omitted here) for 37
unknowns. By Theorem 3.12, in this case 14 < dim C**(f) < 37. [

Combining the arguments in the proofs of the last two theorems, we arrive at the
following improvement of Theorem 3.7. We do not carry out the details of the proof.

Corollary 3.14.  Let A be given by (15), A not diagonal, such that all N; have
maximal rank. Then

d < dimC*(f) <n+nyvp + ...+ ngts.

Remark 3.15.  Note that [¢, A] = [¢, A,] is in general not zero for nonlinear ¢ in
the centralizer of As. Therefore, even when p(z) = 0, the space of the elements in
the centralizer with order greater than one has dimension less than nit;+...+n.t.,
since [¢, A,] = 0 appears as an additional condition. In the next example, we
illustrate that the lower bound in Theorem 3.7 can be reached, [¢, A,] # 0, and the
optimal upper bound is less than that given in Corollary 3.14.

Example 3.16.  Consider f = A+ p in PDNF with

O OO OO W
O O OO W
O OO WO
O OO OO
O = O OO
_ o O O OO

then p(z) is in general of the form

a1 T4%6 + asT5T6 + azry
a4TaTe + A5T5T6 + ATy
arTaTe + AT5Te + a9y
(1101‘%
anx%

0
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For g = B+ q € C*(f), then one has

a; ay as 0 0
0 ap ag 0 O
0 0 ar O O
0 0 0 a4 Qg
0 0 0 0 a4 O
0 0 0 0 0 o«

o O O O

B =

and ¢(x) in general has the same form as p(z) replacing a;’s by b;’s.

Direct calculations show that

byzsze — (b — bs)rs06 + beTl

brzywe — (by — bg)T5w6 + boT

—brrsTe

[Qa An] = blll‘%
0
0

which consists of resonant monomials, but does not vanish in general. Solving

0=[g, fl=[B,pl + g, Al + g, p] = [B,p] + [, Au] + g, D] (21)

for generic a;’s yields

364/2 Co C3 0 0 0
0 3c/2 ¢ 0 0 0
B 0 0 3cs/2 0 O 0
0 0 0 cs ¢ O ’
0 0 0 0 cs O
0 0 0 0 0 c2

bix4xe + boxss + by
(asce + azcs)xawe + (by — a1ca + asco + agcs)r5r6
+(agc2 + aio(by — aica) + ages + arn(by — azes — ases)) g
a7CoT4%6 + (agca + a7C3)T5T6
+(ages + arparcs + an (b — arca — ages + a803))$%

(a10ce + a1103)$§

anch?)-

0
In this case dim C®"(f) = 6, the minimum estimate given in Corollary 3.14.
Solving (21) with a; = 0 for all 7 yields

bix4xe + boxss + by
bixsxe
0
bioTs
0
0




KRUFF, WALCHER, ZHANG 769

and B as it is in the general form. This illustrates that the maximum dimension of
centralizers C"(f) of the PDNF systems f with the given A is 6 + 4 = 10, which
is much smaller than the upper estimate 6 + (3 x 3+ 2 x 1) = 17 from Corollary
3.14. [ ]

To finish this section we return to the local analytic case.

Proposition 3.17.  Let the eigenvalues of A be in a Poincaré domain. Then
Clor(f) is finite dimensional, and agrees with the analytic centralizer Co(f). Moreover

No(f) = Co(f) +{B f; B analytic in 0} .

Proof. Since the eigenvalues lie in a Poincaré domain, there exists a convergent
transformation to normal form. The formal centralizer of the normal form consists
of polynomials, hence only of analytic vector fields. Therefore the analytic and the
formal centralizer of f are equal. Now Theorem 2.6 (a) and the proof of Proposition
3.4 (b) show the assertion about the normalizer. n

4. Infinite dimensional centralizer of A,

For the case of an infinite dimensional centralizer of A, it seems considerably
harder to characterize the centralizer of f = A+ --- in PDNF. We obtain partial
results in the general case and obtain a rather precise description in an algebraically
distinguished setting (see section 4). A further discussion will appear in future work.

General structure. By Lemma 2.11 there exists a nonconstant first integral
xclll ooz for & = Ayz, and we will make use of this property in the following.
On some occasions we replace (12) by a stronger assumption, viz.

There exist integers d; > 0,...,d, > 0 such that Z d;\; = 0. (22)

Using the terminology of Proposition 2.13, this assumption is equivalent to W ={0}.

First we record an immediate consequence of Example 2.8.

Remark 4.1. When the centralizer of A, has infinite dimension then there exist
vector fields f = A; +--- in PDNF such that

C(f) +481; B € Cllan,...., zl]} G N ().

In the following we will focus on the centralizer. Nontrivial first integrals of A,
enable reduction by invariants, and we recall some known facts here for the reader’s
convenience. We first rephrase [23], Proposition 1.6:

Lemma 4.2. Let B € C**" be semisimple. Then the following hold.
(a) The algebra I1(B) :={¢ € Clzy,...,x,]; Xp(¢) =0} is finitely generated.
(b) For every a € C the I(B)-module

I.(B) :={¢Y € Clxy,...,x,]; Xp¥) = arp}

is finitely generated.
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(¢) The I(B)-module

C*Y(B) :={g € Clay,...,z,|"; [B, g] = 0}

is finitely generated.

Remark 4.3. We recall a few more facts about these structures, assuming that
the semisimple linear map B is in diagonal form with eigenvalues i1, ..., .

(a) I(B) is spanned over C by all monomials ™ with (m,u) =0, m € Z7,
|m| > 1, where p is the n—tuple of eigenvalues of B. There exists a system of
algebra generators of I(B) that consists of monomials, but in general there will
exist no algebraically independent system (equivalently, functionally independent
system, as can be seen from Shafarevich [19]) of algebra generators for I(B).

To determine a minimal generator set, one may (and in general has to) resort to
methods from algorithmic algebra; in particular Dickson’s lemma and Groebner
bases are useful here (see Cox et al. [7]).

(b) As a vector space over C, I,(B) is spanned by all monomials z* with k € Z1
and (k, u) = a.

(¢) The module C*°'(B) spanned as a C-vector space by all ze; with z* € I,,(B),
and in particular contains every @; with Q;(z) :=z;e;, 1 <j <n. ]

The structure of the module C*°!(B) may be quite complicated, and even minimal
sets of generators may be very large. But the structure is particularly simple given
the conditions described next.

Lemma 4.4. Let B = diag(p, ..., pn), with all p; # 0, and assume that
(m,p) —p; =0 formeZ, =m; >0, 1<j<n. (23)

Then CP°N(B) is a free 1(B)-module of rank n, generated by the Q;(x) = xz;e;,
1<j<n.

Proof.  Given a vector monomial p(z) = 21" - - - 2'e; € Cpo1(B) we have m; > 0,
hence

p(x) = ¢(x) Qj(x), ¢(x) =" -- -x;njfl —exmn e I[(B),

which shows that the @); generate the module. Obviously the @); form a free system
(even over Clzy,...,z,)). ]

Remark 4.5.  In general the rank of the I(B)-module C*°'(B) may be larger than
the space dimension n. Section 3 contains many examples for the case I(B) = C,
and a simple example with nontrivial I(B) is given by B = diag (1, —1,v/2, 2v/2).
From [23], Proposition 3.4 and Theorem 3.6, we recall symmetry reduction by
Invariants:
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Proposition 4.6. Let f = A+ --- be in PDNF, and denote by ¢1,...,¢, a
generator system for 1(Ay). Let g € C*"(Ay) and

P1
o = :
o8
Then there exists a formal vector field g in r variables such that the identity

Do(x)g(x) = g (®(x))

holds, hence ® is (formally) solution-preserving from & = g(x) to y = g(y).

Whenever As # 0 then the dimension of the Zariski closure ®(C") is smaller than

n. Moreover g =0 on ®(C") if and only if every first integral of As is also a first
integral of g.

Corollary 4.7.  Let f and ® be as in Proposition 4.6. Given g € C*(A,) with

lg, fl = af and X4 (o) =0, there exist formal vector fields f and g in r variables
and a formal series a in r variables such that « = @ o ® and

D®(z)f(x) = f (®(z)), D®(z)g(z) =G (P(x))
and g, f] = &f on the Zariski closure of ®(C").

Proof. The existence of f and g follows immediately from Proposition 4.6, and
the commutator property is a consequence of the general rule

Dd(x)[f, g) () = [f, G(®(x));
moreover use o = a o P. (]

Note that the additional condition on « in the statement of the Corollary can always
be realized due to Theorem 2.6.

Remark 4.8. The reduction is particularly useful in applications when f has
the property R R
[f,9]=0=9g€Cf. (24)

By Proposition 4.6 this reduces the discussion of C*(f) to commuting formal vector
fields which admit ¢y, ..., ¢, as first integrals.

The series expansion of f has vanishing semisimple linear part, and we conjecture
that for (in some sense) “generic” f with given A, property (24) will always hold,
but a general proof seems very hard. Below we will discuss a distinguished class of
vector fields for which the property does hold.

We record some consequences of conditions (12) and (22).

Lemma 4.9. Let A, satisfy (12), and moreover set

dimg (QA + -+ + Q\,) =: ¢.
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(a) There exists a Q-basis vi,...,v, of QA1 + -+ + QA, such that
AS:V101—|—"‘+Vqu

with matrices C; = diag (¢j1,...,¢jn) that have integer entries. Moreover
the C;’s are linearly independent over C as well as over the field F of formal
meromorphic functions.

(b) Given mnonzero m with nonnegative integer entries, a resonance condition

(m, A\) — X\, =0 holds if and only if
(m, (¢j1,-..,¢n)) —Cjp=0, 1<j<gq.
Likewise, one has (m, \) =0 if and only if
(m, (¢j1,--.,¢n)) =0, 1<j<q.

(¢) If condition (22) holds then there exist (i1, ..., 0lw), 1 < i < n—q, with positive
integer entries that are linearly independent over Q, with (¢, ..., lin), A) =0
for all i; equivalently

((Ciry - lin), (Cj1y -y Cjn)) = 0 for all i, j.
(d) Assuming that (22) holds, let
Uy :zx{“---xﬁ"", 1<1<n—q.

If D is a diagonal matriz such that Xp(¢;) = 0 for all i then D is a linear

combination of Cy,...,Cy over C.
Proof. Part (a) is most easily seen by assuming w.l.o.g. that A\,...,\, are
linearly independent over Q and choosing v1 € QAq,...,v, € Q),. The matrix

C; then has the form
Cj = dlag (5j1aj, e ,5]'(1&]', X, *)

with integers a; # 0 and the Kronecker symbol d;;, and the asterisks * denoting
integers. Part (b) is clear. As for part (c¢), complete the nonzero vector (dy,...,d,)
to a basis of the solution space of »_ z;\; = 0 over Q, w.l.o.g. with integer entries.
If such an additional basis element has a non-positive entry then add a suitable
integer multiple of (di,...,d,). For the final assertion let D = diag(6y,...,0,).
Then Xp(1;) =0 if and only if > ¢;;6; = 0. Now the assertion follows from rank
considerations: The matrix (¢;;) has rank n — ¢, hence its kernel has dimension ¢
and contains the linearly independent columns (0;1,...,0;,)", 1 <j <gq. [ ]

Example 4.10.  Given g € {1,...,n— 1}, for different choices of A, the minimal
numbers of generators of I(A,) and C/"(A,) may vary strongly. We illustrate the
cases with n = 4 and ¢ = 2 via the notations in Lemma 4.9. Let w be any irrational
number.
o If A, = diag(w, —2w, 3,—1), then I(A,) is generated by ¢; = z3zo and
@9 = w313, and C/"(A,) consists of the elements

9(90) = ($191(<P17902), 16292(901,%02)7 55393(9017902), 33494(301#2))77

with the g;’s any formal series in two variables.
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o If A = diag(w, 1, w+2,—2w—3), then I(Ay) is generated by ¢ = z1222324,
¢y = ryzix? and ¢3 = wxdz,, any two of which are functionally independent
and the three are functionally dependent. This generator system is minimal,
and there exists no algebraically independent generator system.

Now the elements in C/°"(A,) are in general of the form g(x) = g(x)+g(x) with
G = (1191, T2g2, 7393, T494)" and the g;’s any formal series in the variables
¢1, G2, P53, and () a series in resonant monomials whose jth component does
not have a factor z;.

The linear vector fields in the centralizer of a PDNF provide a lower bound for the
centralizer dimension, as the next result shows.

Theorem 4.11.  Let the notation be as in Lemma 4.9, and let condition (22) be
satisfied. Then, for given f = As+--- in PDNF the subspace of linear vector fields
in C°'(f) has dimension > q, and dim C™**(f) > q+ 1. Moreover, Z-generically the
subspace of linear vector fields in the centralizer has dimension q.

Proof. With Lemma 4.9(c) one sees that all C; € C*"(f) for any f in PDNF.
This shows the first assertion. The second assertion follows directly whenever f # A,
by augmenting the linear centralizer elements with f, while in case f = A, the
centralizer dimension is infinite by Lemma 2.11.

We turn to the proof of the third assertion. Thus let D € C®*(f) be linear. We first
show that D is necessarily diagonal in a Z-generic setting. If the eigenvalues of A,
are pairwise different then this is obvious from Lemma 6.1. Otherwise we impose
the Z-generic condition that the rank of A, is maximal. With D = D, + D,, we
have that D,, commutes with A; and A, , hence (assuming that equal eigenvalues
of A, are listed consecutively as in (14)) D is block diagonal with strictly upper
triangular blocks by Lemma 6.1 in the Appendix. We now assume D, # 0, and
moreover we may assume that its upper left block is nontrivial. Thus there is some
r > 1 such that \y = --- = \,, and from (22) we find that for any j € {1,...,r}

the monomial

. ditetde drga d
¢'_ xj T.iq Ty

satisfies X4,(¢) = 0, hence [A;, ¢ - As] = 0. Now one can choose j such that

XDn<xj) = 0j+1Tj+1 +---t o2 75 O,
which implies

Xp, (gb) _ (d1 I dr>x?1+---+dT—1XDn(Ij) ) xfiﬁl . 'xin + x;?1+...+dr . ( . )

is nonzero: This is obvious if the second term is zero. Otherwise it has higher degree
in x; than the first, hence cancellation is impossible. Therefore

Dy, ¢ - As] = Xp,(¢) - As # 0.

So, given the Z-generic condition (for vector fields of degree < dy + --- + d,,) that
¢ - As appears in the PDNF with nonzero coefficient, one sees that the upper left
block of D, must be trivial, and repeating the argument shows that D = D, is
diagonal. Furthermore, letting v; as in Lemma 4.9 and assuming the Z-generic
conditions that all ¢; - Ay appear in the PDNF with nonzero coefficient, we see that
all Xp(¢;) =0, whence D is a C-linear combination of the C;. This completes the
proof. [ |
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Corollary 4.12.  Let h(z) = Bx+)_;., hj(z) be a nonlinear formal vector field on
C™ such that the eigenvalues of B satisfy condition (22), and let q be the dimension
of the Q-vector space spanned by the eigenvalues of B. Then dim C*'(h) > ¢+ 1.

An algebraically distinguished class. As noted above, the structures of I(A;)
and of CP°'(A,) may be quite complicated; in particular the minimal number of
generators may become very large. In the present subsection we will focus on
normal forms f = A + --- for which these structures are as simple as possible,
from an algebraic perspective.

Lemma 4.13. Let f = A+ --- be in PDNF with the property that A has no
eigenvalue zero and the eigenvalues satisfy condition (23), hence CP°'(A,) is a free
module over I(Ay). Moreover assume that 1(Ag) admits an algebraically independent
set Y, ..., of generators. Then:

(a) A = Ay is semisimple with pairwise different eigenvalues, and the ; may be
taken as monomials in the eigencoordinates of As.

(b) There ezist formal power series o; in r variables such that
Xf(l/Jl) :¢z’0i(1/)17---7¢r>, 0-7,(0) :Oa ]- S Z S r.

(c) One has the expansions

g; = Zy’ijwj + h.O.t, Vij S (C,

j=1
and for every matrix (V;;) € C™" there exists an f = A+ --- in normal form
such that g; = Z;:l V:(jqu + ...,

Proof. We may assume that A, is diagonal. Then part (a) follows from (23)
and the proof of Lemma 4.4. To prove part (b) we note that

f=A+>" (Z prjb; -+ t.h.o.) Qr
k=1 \j=1
with Qx(z) = zrer and constants py;, thus the assertion follows from

mn
n

XQ]'(a:{nl .. .IZI") — ’]’)’L‘7 . x;nl cee
and X4(¢;) = 0. To prove part (c), we write

Y1 (z)
V(r)=|
1/’7“(%)

and note that the Jacobian DW(z) generically has rank r, due to algebraic inde-
pendence. Now there exist nonegative integers m;, such that

XQk (¢z) = M,



KRUFF, WALCHER, ZHANG 775

and with the matrix M = (m;;) € Z™" we can rewrite these relations as

DV (x)diag(xy, ..., z,) = diag(v(z), ..., ¢¥.(z)) M

Since the generic rank of DW(x) equals r and both diagonal matrices are generically
invertible, we find that rank M = r. Now the expansion of f above yields

Xf(wz) = wl (Z Vijz/}j + JEhO ) 5 Wlth Vij = Zmzkpk]
k

Since the matrix M defines a surjective linear map, and the pg; can be chosen

arbitrarily, any matrix (VZ*J) € C™" can be obtained in this way. ]

In view of Lemma 4.13, Proposition 4.6 and Remark 4.8 we now consider formal
vector fields

ka E(C yl?"'ayT“T7 (25)
fe>2
1 (Z; Vljyj)
with quadratic part fg(y) = : : (26)

Yr <Z] Vrjyj>
For these vector fields, generically the centralizer of f is trivial, i.e. equal to (Cf.

Theorem 4.14.  Let the vector field f be given by (25) with (26), and define
R C Cr by the property that (v;;) € R if and only if the formal centralizer of
f2 + h.o.t. is trivial for any choice of higher order terms. Then:

(a) R has full measure, i.e., its complement in C"™*" has measure zero.

(b) R contains a nonempty open subset of C™*".

Proof. Step (i): We invoke Lemma 6.3 from the Appendix: Assume there
exists ¢ such that fg(c) = ¢ # 0, with eigenvalues p1, ..., . of ng(c). If ¢q#0
is homogeneous of degree s > 1 such that []‘";,q] = 0 then there exist nonnegative
integeres ¢, (q,..., ¢, and some k € {1,...,r} such that

Z&—l—ﬁzsand Z&/Lz—i_g:uk

This observation may yield degree bounds for homogeneous vector fields commuting
with fo. Specifically, if uq,...,u, are linearly independent over the rationals Q
then necessarily s = 2, since the second relation in (35) for £ > 1 would imply
lp =1, all other ¢; =0, and ¢ = 0 (a contradiction to s > 1), and for k = 1 one
gets Vo =---=/(. =0 and 2(; + ¢ =2, {1 + ¢ = s, which leaves only the possibility
that ¢, = 0 and ¢ = 2. Moreover, the proof of [22], Proposition 10.5 shows that ¢
is a scalar multiple of fz

Step (ii): Generally, if the only homogeneous vector fields commuting with f2 are
the scalar multlples of fg, then the formal centralizer of f is trivial: If we have that
g=gs+ -+ #0 commutes with f then [fg, gs) =0, hence s =2 and g = Bfg for
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some scalar 3. Now g — B]? commutes with f and must be equal to zero since it
cannot have lowest order term of degree > 2. Hence g — 5f = 0.

Step (iii): We may assume that 11, # 0 as one defining condition for R. Then

—1
Viq

satisfies ]/‘“\2(0) = c. With

i (Zj Vlﬂj) +2 (Zj Vlj%‘)
Dfa(y) = = :
Yr (23 Vrj2j> + 2 <ZJ Vrj@/i)

one first notes that e; is an eigenvector with eigenvalue 2, and for 2 < 7 < r one
has N
DfQ(c)ej = 1/1_111/1]'61 + leyl_llej.

Therefore the matrix representing D};(C) is upper triangular, with eigenvalues 2
and vjv;', 2 < j < r. By parts (i) and (i) one sees that Céor(]/”; + h.o.t.)
is trivial whenever vy, ...,1,1 are linearly independent over the rationals Q (and
the remaining vj, are arbitrary). Since this property defines the complement of a
measure zero set, statement (a) is proven.

Step (iv): For statement (b) we first consider the special vector field

yi

29192
Ply)=| ".

291%«

with ¢ := e; satisfying P(c) = ¢ and DP(c) = 21,. For all (¢;;) € C™" with |e]
sufficiently small the vector field

Y1 (Z] 51;‘%)
Py) == P(y) + :
Yr (Z] 5rjyj>

satisfies P(c) = (14¢e11)c, hence P(ac) = ac for some « near 1, and all eigenvalues
pi of DP(ae;) satisfy

1<a<Re(p)<A<3
with suitable real a and A.

Now we assume that there exists a vector field @, homogeneous of degree s > 2,
that commutes with P. By (35) in Lemma 6.3 there exist nonnegative integers ¢;
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and ¢ such that > 0; + ¢ = s and > l;p; +{ = py for some k. We obtain the
estimates

a~s§2€iRepi+€:Repk<A

and therefore s < A/a < 3, which implies s = 2 by part (i) of the proof. So, for an
open set in the coefficient space of all homogeneous quadratic vector fields we have
that commuting homogeneous vector fields must have degree two.

Step (v): The set of all vector fields f, as in (26) admitting a nontrivial homoge-
neous commuting vector field of degree two is Zariski-closed: Evaluating [fz, 9] =0,
with undetermined coefficients for g, one obtains a linear system of equations with
matrix entries depending polynomially on the v;;. This system has only the trivial
solutions (corresponding to g € C - ]/‘\2) for some ng, as was noted in part (i). Hence
the determinant conditions necessary for the existence of nontrivial solutions define
a proper (Zariski) closed set in the space of all homogeneous quadratic vector fields.
To summarize, by part (ii) we have trivial centralizer for all vector fields fg 4+
with the (v;;) in a nonempty and open subset of C™". n

Next we show that generically the centralizer of a vector field f in PDNF is spanned
by f and linear vector fields in the distinguished algebraic setting under considera-
tion.

Theorem 4.15.  Let f(z) = Az + )5, fj(x) be in PDNF, and assume that
the hypotheses of Lemma 4.13 are satisfied. Let L := max{deg;, 1 <i <r} and
let W be the space of coefficients of fo+---+ fr. Define R C W by the property
that the coefficients of fo+---+ fr lie in R if and only if the formal centralizer of
f=A+ fo+--- fr+ho.t. contains only linear combinations of f and linear vector
fields, for any choice of higher order terms. Then:

(a) R has full measure in W
(b) R contains a nonempty open subset of W'

Proof. Step (i): With the module generators @; we write

flx) = Az + Y m(@)Qi(x);  ni(w) = M(¥n(a),... % (x))

1<i<n

with uniquely determined 7; € Cl[yy, ..., ,]]. Expand

ni(y) = Z%‘yj + t.ho.,

then the reduced vector field of f has the form (25) with quadratic part (26), and by
definition of L the reduced vector field of A+ fo + ---+ fr has the same quadratic
part. Now define R* C W by the property that an element of W lies in R* if and
only if the corresponding coefficients of f lie in R € C™" as defined in Theorem
4.14. Since the mapping from coefficients of fo+-- -+ f1, to coefficients of f is linear
and surjective, we see that the complement of R* has measure zero, and R* contains
a nonempty open set. We will now show that R* C R, which implies the assertion
of the theorem. For the following assume that the coefficients of fo 4 --- 4+ fr lie in
R*.
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Step (ii): From Theorem 4.14 and the definition of R* we see that the centralizer
of f is trivial. Thus, if ¢ commutes with f then we may assume g = 0, hence

= 3 0@)Qilx), Ou(x) = Ou(vhr(@), ..., ¥ ()

1<t<n
with uniquely determined 8, € Clly1,---,y:]], and furthermore
Xy(;)) =0for 1 <i<r.

Step (iii): We next evaluate the commutator relation [f, g] = 0. For all numbers
i, j €{1,...,n} one has (by standard properties of the Lie bracket)

[m:iQi, 0;Q;] = miXq,(0;)Q; — 0;Xq,(m:)Q: + mib;[Qi, Q]

Since the last term always vanishes and [A, g] = 0, summation yields
0=1[f, g = ZﬁzXQz Q= _0;Xq,(m)Q
2

The second term yields

ZZQXQ] nz i ZX T/z Z_Oa

i=1 j=1
since 1; = 0;(¢1, ... ,1,) and every 1; is a first integral of g. There remains
0="> " mXe.(0,)Q; = > Xs(6;)Q
j=1 i=1 j=1

Since the );’s form a free system, this is equivalent to
Xp(0;) =0, 1<j<m

in other words, each 0; is a first integral of f.

Step (iv): Passing to the reduced vector field, we have that each @\] is a first

integral of f By our assumption, the coefficients of ]?2 lie in ﬁ, and we will show
that the only first integrals of f5 are the constants. Therefore g is necessarily linear,
and the theorem is proven.

Thus assume that 0=0,+- - € Cl[y1, - -, ;)] is a nonconstant first integral of f
with s > 0 and 9 # 0. Then 9 is a homogeneous polynomial first integral of f2

As in the proof of Lemma 4.14 we consider
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with ]/C;(C) =c¢ # 0, and let uy = 2,pus,...,u,. be the eigenvalues of Dng(c).
According to Lemma 6.2 from the Appendix (in the special case A = 0) there
exist nonnegative integers k < s, ki,..., k. such that

> kitk=s Y kpi+k=0

But such a relation cannot hold when the p;’s are linearly independent over Q, and
neither can it hold when all pu;’s have positive real parts. By the definition of R
the proof is finished. [ ]

Passing to normal forms and back we obtain the following result. For the proof note
only that the map sending the coefficients of a Taylor polynomial to the coefficients
of the Taylor polynomial of its PDNF (made unique in a suitable manner) is rational
and surjective.

Corollary 4.16.  Let h(x) = Bx + ), hj(z) be a nonlinear formal vector field
on C" such that B = By satisfies the hypotheses of Lemma 4.13. Then there exists
an L >0 such that the coefficient space W of ho + - -+ hr contains a full measure
subset R with the property: For coefficients in R the formal centralizer of h is
uniquely determined by the formal centralizer of B + ho + -+ + hp, and has finite
dimension.

Some classes of examples. While the distinguished algebraic setting discussed
above poses strong restrictions on the linear parts, we now exhibit some examples to
show that this class is reasonably large. We start with the case when the invariant
algebra of A, has a single generator; for this a complete analysis is possible. The
result in part (b) of the following Proposition is known from [26], Example 2, where
a different proof was given.

Proposition 4.17.  In the setting of Lemma 4.9, let ¢ = n — 1, and assume that
(22) is satisfied, w.l.o.g. with the d; relatively prime. Set 9 := x* - - -z

(a) Then the \; are pairwise different, hence A, = 0, and every PDNF is of the
form

f(z) = A+ Z V() Uz

Jj=1

with diagonal matrices U; .

(b) Whenever some Xy, () # 0 then C*'(f) is spanned by f and the linear vector
fields Cy,...,Cn_1 from Lemma 4.9, thus dimC**(f) =n.

(c) If all Xy,(¢) =0 then, with Cy,...,Ch_1 as in Lemma 4.9 we have
flz) =01 (Y(x))Crx + - + 0p 1 (P(2))Crorz

with series o; in one variable. If all o;’s are constants then f = A. If some o;
s mot constant then

C(f) = {p(@(2))Cr + -+ + pu1 (V(2)) Crra; pi € Cl[11]]}
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Proof.  For part (a) see Lemma 4.13. We turn to statements (b) and (c).
Step (i): Assume that some Xy, (¢) # 0, and let g € C**(f) C C*"(A,) and

therefore
= Z U(z)* By

k>0

with diagonal matrices By. By Corollary 4.7 we obtain a symmetry reduction for f
to dimension one, in the form

Xp(4) = F(9) =Y ()16, #0,
with constants #; such that XUj(w) = 0;7, and likewise we get

Z¢ J+1

=g
with constants ¢; such that Xp (¢) = 0;1. The argument in the proof of Theorem
4.15 shows that we may take X, g(¥) =0, thus all Xp (¥)=0.

Xy(

Step (ii): Now with C,...,C,_1 as in Lemma 4.9 we may write
9(x) = n(Y(x))Crz + -+ + 701 (Y(2)) Crr®
where the 7; are series in one variable, and obtain

9] = Z Xy (7)C;

since all [f, C;] = 0. Finally this implies that all X;(7;) = 0 by Lemma 4.9(a),
hence all 7; are constants, and part (b) is proven.

Step (iii): The representation of f follows with Lemma 4.9. Moreover, for
g € C*(f) we have a representation

g9() = (¥ (@))Crz + - + 701 (V(@)) O + 7 (Y(2)) L2
with the identity matrix 7. Then
l9(@), f(@)] = [m(v(@)) ]z, f(2)] = —7u((@)) Y Xi(o;(4())Cjz
and 7,, # 0 implies that all o; are constant, as asserted in part (c). n

We present two further classes of linear vector fields B that satisfy condition (23)
and have [(B) admitting an algebraically independent generator system.

Proposition 4.18. Let r > 1 and 0=mg<m; < -+ < my_1 < m, = n,
moreover let dy,...,d, be positive integers, and set

m;
D; = Z drer, 1<1<r.

k=m;_1+1
Assume furthermore that dp,, 41, .., dy, are relatively prime for each i € {1,...,r}.
Now let py, ..., pn € C, = (p1,...,1n) such that

Then the following hold for B := diag (u1,. .., tn):
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(a) I(B) is generated by the algebraically independent monomials ¢;(x) := x|
1< <r.

(b) The module C*°'(B) is generated by the Q;(z) = zje;, 1 < j <n, and free.

Proof. As a vector space over C, I(B) is spanned by all monomials x¢ with
(¢, 1) = 0. By construction of B, every such ¢ is a Q-linear combination of the D;.
By positivity the coefficients in this linear combination must be nonnegative, and
by relative primeness of the d,,,,...,d,, , the coefficients must be integers. This
proves part (a).

For the proof of part (b), note first that the yu;’s are nonzero and pairwise different
due to the dimension requirement, hence every linear vector field commuting with
B is a linear combination of the ();. Furthermore recall that a vector monomial
Vel [N| > 2 commutes with B if and only if

<N - GZa ILL> = 0.
If 4 is such that m; < k < m;,; then the coefficient of D; in the linear combination
must be positive, thus xVe] = 1 - zpe] with some ¢ € I(B). [

Example 4.19. The class characterized in the above proposition includes the
nonresonant coupled oscillators, with

B = diag (iwy, —iwy, . . . , Wy, —iWy,)

and wy,...,w, € Ry linearly independent over the rationals. |
For a further class we explicitly construct B with integer eigenvalues.

Proposition 4.20.  Let (4,...,{, be pairwise relatively prime integers, all {; > 1,
and L := {1 ---L,. Moreover let eq,...,e, € {1, =1}, and set

B :=diag (e1L/ly,...,e, L)L) .
Then the following hold.
(a) The I(B)-module C*°(B) is free, and generated by the Q;(z) = zje;, 1 < j <n.

(b) If (w.l.o.g.) €, = —1 and all other ¢; = 1 then I(B) admits an algebraically
independent generator set, viz.

¢1(x) = xl{lxg", cey () = xfl"_’f :Bf;".

n
Proof.  To prove part (a), assume (for instance) that there are nonnegative inte-
gers Mma, ..., m, such that

eomoL/ly + -+ e,m,L/C, = L/{;.
Rewriting and setting L* := {5 --- /¢, one gets
61 (82m2L*/€2 + -+ 5nan*/€n) = L*7

hence ¢; divides L*; a contradiction.
To prove part (b), let di,...,d, be nonnegative integers, not all zero, such that

d L/l + -+ dy L)y — dyL)l, = 0.
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Then necessarily d; = ¢;d; for all 7, and there remains
di+---+d,_,—d =0.

From this equation one sees that (df,...,d}) is a nonnegative integer combination
of el +e€],...,e]_; + €], and the assertion follows. |

Remark 4.21.  Assume the setting of Proposition 4.20 with dimension n > 3.
Then the algebra I(B) does not admit an algebraically independent generator set
whenever two of the ¢; are positive and two negative. This follows from considering
the last step in the proof above: For instance when n = 4 and

l=¢e1 =gy =—e3=—¢y,

one arrives at dj + d5 — d; — d; = 0, and to obtain all nonnegative solutions one
needs the four generators e] + ei, e] + e}, €5 + €5, e} + €. [

Finally we characterize the three dimensional linear vector fields with no eigenvalue
zero for which the algebraically distinguished setting holds. If the eigenvalues span a
two dimensional vector space over the rationals then Proposition 4.17 applies. There
remains the case when the eigenvalues span a one dimensional vector space over the
rationals. The following result covers all cases, up to a time scaling.

Proposition 4.22.  Let dy, dy, d3 be positive integers such that their greatest
common divisor satisfies ged (di,dg,ds) = 1, and let B = diag (dy,dy, —d3). Then
the following are equivalent:

(a) The module C®(B) is generated by Q1,Qo, Q3 and I(B) admits an alge-
braically independent generator system.

(b) There exist relatively prime €1 > 1 and ¢5 > 1 such that
Uy divides dy, 1 divides dy and ds = (145.

Proof.  The work-intensive part is the implication from (a) to (b). This will be
done first, in parts (i) through (iv).

Step (i): We first discuss the conditions on the module generators. The first
condition states that the equation

d2m2 — dgmg = dl (27)

has no solution in nonnegative integers ms, ms. But if dy and d3 are relatively
prime then such a solution exists: One has a relation dsss + d3s3 = d; with integers
So, 83, and more generally dy(sy + k - d3) + ds(s3 — k - de) = dy, with any integer
k. Now a suitable choice of k shows the existence of positive my and ms3 such
that (27) holds, a contradiction. Conclusion: There is an integer ¢; > 1 such that
dy = 01d} and d3 = €1d3, with ged (dQ,dg) = 1. Conversely, if this holds then (27)
has no solution in nonnegative integers, due to ged (dy, ds, d3) = 1.

By analogous arguments, the condition that

diymy — dgmg = dy
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has no solution in nonnegative integers m;, ms implies the existence of an integer
¢y > 1 such that d; = led} and d3 = Egdg, with ged (df, d3) = 1. Conversely, if this
holds then (27) has no solution in nonnegative integers. From ged (dy,ds, d3) = 1
one has ged (¢1,03) = 1, hence

dy = 0,0,

The third condition that dym+dsms = —ds has no solution in nonnegative integers
is trivially satisfied. We thus have obtained necessary and sufficient conditions for
the module generator property.

Step (ii): It is sufficient to consider monomials in I(B), thus nonnegative integer
solutions of

0= n1d1 + n2d2 - n3d3 = nlégd“{ + ngéld; — ngélggdg.

By relative primeness, we see that ny = ¢1my, ny = lamy with integers my, ms.
Setting ms := ng3, the above relation is equivalent to

Step (iii): The invarant algebra I(B) admits an algebraically independent gener-
ator system if and only if there are two row vectors Mj, M, in Z3 such that every
solution of (28) is a nonnegative integer linear combination of these two. Now there
are two distinguished elements of I(B) which correspond to

(d5. 0, d;) and (0, d5, ds).

By relative primeness, every solution of (28) with a zero entry is an integer multiple
of one of these. Moreover, each is a nonnegative integer linear combination of M,
and Ms, which shows that neither M; can have all entries positive. Conclusion: Up
to relabeling, M; = (d3,0,d;) and My = (0,d5, d3).

Step (iv): Every nonnegative integer solution of (28) can uniquely be written as
r T
;1M1 + 5M27 (29)

with ged (71,72, s) = 1 and s necessarily dividing dj. We show that d% > 1 implies
the existence of a solution with s > 1. Note that in such cases M; and M, cannot
correspond to an algebraically independent generator system for I(B).

Assuming dj > 1, take s > 1 as a divisor of dj. Then the third entry of the linear
combination (29) is an integer if and only if

ridy + rody € SZ.
We show the existence of 71, ro satisfying this and ged (ry,72,s) = 1. First, by
relative primeness of dj, dj there exist positive integers a, b such that as —bd; =1

(compare the argument in part (7)). Multiply by dj and rearrange to obtain

(bds) -di +1-d5 = (ad) - s
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Conclusion: In order to admit an algebraically independent generator system for
I(B), one needs d = 1. The proof of (a) = (b) is completed.

Step (v): The proof of the reverse implication is straightforward: Assume that the
conditions in (b) hold, thus d; = lsd}, dy = ¢1d5. Then ¢; and dj are relatively
prime due to ged (dy,ds,ds) = 1, and likewise ¢y and d} are relatively prime.

A relation of the form

ngdg — n3d3 = d1 <~ ngfld; — n3€1€2 = Egdi

with nonnegative integers ns, n3 cannot hold, since ¢; does not divide the right-hand
side. By this and analogous arguments one finds that the (); generate the module.
Moreover, the exponents of a monomial first integral of B satisfy a relation

n1€2d*{ + n2€1d§ — n3€1€2 =0« mldf + mgd; —ms3 =0
with ny = £1mq, ny = moly and n3 = ms. But this implies

(mh ma, m3) =my- (17 07 dT) +my - (07 17 d;)a
therefore I(B) is generated by 229" and Pz n
Outlook. We close this section with a few remarks on related work and open
problems.

e As noted in the Introduction, Cerveau and Lins Neto [5] obtained a rather
complete description of the centralizer for local analytic vector fields in di-
mension two. (In dimension two, blow-ups can be employed to reduce the
problem to non-degenerate stationary points.) In particular their results im-
ply that the analytic centralizer is generically trivial for stationary points with
nilpotent linearization.

o We discussed the analytic setting (involving convergence questions for PDNF)
only in some special cases. The relevance of commuting vector fields and first
integrals in convergence questions is well understood; see e.g. Stolovitch [21]
and Zung [30].

e In the formal (in dimension > 2 also in the analytic) case the principal open
question is concerned with triviality of the centralizer of a generic vector field
with nilpotent linear part. The tools provided by Lemma 6.3 and related
results in [22] depend on the special form of quadratic (more generally, of
homogeneous polynomial) vector fields, and there seems to be no obvious
generalization.

o Whenever smallest generator systems of the algebra I(As) become “large”,
a direct application of the reduction property (see Proposition 4.6) is no
longer feasible. The cardinality of such smallest generator systems may be
arbitrarily large even in dimension three, as shown by the example A, =
diag (—12¢, 3, 1), with ¢ > 1: Any generator system must contain the 4q + 1
monomials corresponding to the integer rows

(1,0,12¢), (1,1,12¢ — 3), (1,2,12¢ — 6), ..., (1,4¢ — 1,3), (1,4¢,0).

e In the setting of Section 4 the structure of the normalizer is not completely
understood.
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5. Jacobi multipliers

In view of their connection to normalizers, it is natural to include a discussion of
Jacobi multipliers in the present paper. We first recall the definitions and some
facts, and then show some general properties for PDNF. After discussing some
particular examples, we focus on a distinguished setting for which it is shown that
generically there exist no formal inverse Jacobi multipliers in dimension 3 and higher.
In particular we obtain a complete picture for three dimensional vector fields that
satisfy the conditions posed in Section 4.

General properties. We recall:

Definition 5.1.  An analytic function ¥ # 0 on an open connected subset U* C U
is called an inverse Jacobi multiplier (or inverse Jacobi last multiplier) of (1) if

Xp(¢)=divf-¢ (30)

holds on U*, with div f = tr Df. Mutatis mutandis, the definition carries over to
local analytic and formal vector fields.

In the situation of this definition, ¢~' is then called a Jacobi (last) multiplier. In
the planar case Jacobi multipliers are usually called integrating factors. For more
information on Jacobi multipliers, see [28] and the paper by Berrone and Giacomini
[2] which includes a survey of known facts, some of which we list here (noting that
they carry over to the local and formal settings):

Remark 5.2.  (a) The zero set of an inverse Jacobi multiplier is an invariant set
of (1).
(b) The quotient of two Jacobi multipliers is a first integral of (1).

(c) If system (1) admits n — 2 independent first integrals 61, ...,6, o and a Jacobi
multiplier ¢ on U* C U then a further first integral may be constructed from these
by quadrature; thus f is completely integrable.

(d) Jacobi multipliers from normalizing vector fields: Let gq,...,g,-1 be analytic
vector fields on U* C U such that

9o fl=Xi-f, 1<i<n-—1
with analytic functions A;. Then

b(x) = det(f(x), 91(2), .., gn1(2)),

assuming that 1 # 0, is an inverse Jacobi multiplier of system (1). [

The following result on PDNF, although quite straightforward, does not seem to be
available in the literature.

Proposition 5.3.  Let f = As+--- be in PDNF. Then:
(a) The divergence div f is a first integral of As.
(b) If ¥ is an inverse Jacobi multiplier of f, then X4, (1) = div Ag - 1.
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Proof. To prove part (a), we first assume that A, is in diagonal form (10).
Then it is sufficient to prove part (a) for every vector monomial 7" - - -z e; that
commutes with A, thus satisfies the resonance condition (11). The divergence of
this vector field is equal to

a mj—l'

J n -
In case m; = 0 the asssertion is obvious. In case m; > 0 the resonance condition
may be rewritten as

ml/\1+"'+<mj_1))\j+"'+mn)‘n:07

mj—1 Mn
j .. .xn

In general, a vector field in PDNF will have the form f*(z) = T~!f(Tz) with an
invertible matrix 7'. This implies the identities

equivalently zi™ .- x is a first integral of A;.

Df*(z) =T 'Df(Tz)T and tr Df*(x) = tr Df(Tx)

by conjugacy of the the Jacobian matrices. Now the semisimple part of T-'AT is
equal to T-'A,T, and one finds with 6(z) := div f(z)

Xp-1a4,70(0)(Tx) = DO(T2)TT ' ATz = Xa,(0)(Tz) =0,

hence the divergence of f* is a first integral for T-1A,T, as asserted.
Part (b) follows with the second part in the proof of [25], Lemma 2.2. ]

Remark 5.4. Part (b) of the Proposition states that 1 is an element of the
I(Ag)-module Iy, 4,(As), which is finitely generated by Lemma 4.2. In particular,
whenever div A; = 0 then an inverse Jacobi multiplier corresponds to a semi-
invariant of the system reduced by invariants of A,.

Examples. We first record the simplest cases, for the sake of completeness. For
the proof of uniqueness, note part (b) of Remark 5.2.

Proposition 5.5.  Let A = diag(\y, ..., \,) with the \; linearly independent over
Q. Then (up to scalar multiples) the only inverse Jacobi multiplier of & = Ax (the
general PDNF with linear part A) is 0 = x1 -+ x,.

Turning to a more interesting setting, from Remark 5.2 and Lemma 4.9(a) we get
immediately:

Proposition 5.6.  Given the setting in Proposition 4.17 with k minimal such that
Xu(,, (W) #0, the vector field f admits an inverse Jacobi multiplier of the form

det(f(z),Ciz,...,Cp1z) = 21 --- 2, ¥(2)* - (c + hoot.).

with a nonzero constant c.

In particular this result takes care of three dimensional vector fields f(z) = Az +---
when the eigenvalues of A span a two dimensional vector space over Q.
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We next discuss in some detail the three dimensional vector field

1 0 0 17173
f@)=10 =1 0 -z+ Qo To s +o=Ar+ ) fix) (31)
0 0 0 Q35 + 0T T

in Poincaré-Dulac normal form. Note that the homogeneous term of degree two is
of the most general form, with

div f(z) = (a1 + ag + 2a3) w3 + - - -

This represents a case in dimension three with the eigenvalues spanning a one
dimensional vector space over Q. We will see by this example that Jacobi multipliers
may exist even if they cannot be constructed with centralizer elements according to
Remark 5.2(c). Moreover we show that generically this vector field does not admit
a formal inverse Jacobi multiplier.

Proposition 5.7.  Let f be given by (31), and assume that aq, as, ag, oy are
linearly independent over the rational number field Q, and az = 1 with no loss of
generality (by scaling x v+ p-x ). Then:

(a) The dimension of C*(f) is equal to 2.

(b) The quadratic system f = A+ fy admits a unique inverse Jacobi multiplier (up
to scalar multiples)

2c
2 * .2 2 . * 4
— th 3 = ————
@ZJ(ZE) = X127 -+ 3 T1To, w1t 9 ) ,

(¢) For a Zariski open and dense subset in the coefficient space for fs, the vector
field f does not admit an inverse Jacobi multiplier.

Remark 5.8. The assumption on the linear independence of the «a; over Q is
satisfied for all & = (y,...,a4)” in the complement of a measure zero subset of C*.
In this sense the assumption on the «; in the Proposition is generic.

Proof of Proposition 5.7.  Part (a) follows from [26], Example 4. The proof
of part (b) requires several steps.

Step (i): We assume the existence of an inverse Jacobi multiplier

¢=¢p+ -, ¢r7é0

Evaluating the condition X((¢) = div f - ¢ for the lowest degrees, with divA =0
one gets

(¢r> = Oa
Xp () + Xa(dri1) = (o1 + a2 + 2) 230,
Xf3(¢7“) + Xf2 (¢r+1) + XA(¢T+2) (011 + (8% + 2)3:3 ¢r+1 + le f3 ¢r~

From Proposition 5.3 we know that all X 4(¢,+;) = 0, and there remains

Xp(¢r) = (a1 + a2 + 2) 330, (32)
X5 (Or) + X5y (Or41) = (o1 + g + 2) 33 Pppr + div f3 ;. (33)
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Step (ii): We evaluate equation (32). For ¢ := e3 we have fy(¢) = ¢ and
Dfsy(c) = diag (a1, a9,2), thus Lemma 6.2 from the Appendix is applicable, and
yields

k1a1+k2a2+2k3+k:a1+a2+2;
k1+k2+k3+k27”.

Since the «; are linearly independent over the rationals, we get k; = ko = 1 and
k + 2ks = 2. This leaves only two possibilities:

r=3and k=0, orr=4and k = 2.

Step (iii): The algebra of polynomial first integrals of & = Ax is generated by
Y1 = w119 and Yy = 3 (see Lemma 2.11 and the subsequent Remark), so ¢, is a
polynomial in v¢; and .

o Assume that » =3 and k = 0, then we have

O3 = G125 + Box1 2213

with constants f3;, and D¢s(z)c = 0 due to k& = 0. But this implies that
38122 + Bawize = 0, hence B; = By = 0 and the contradiction ¢3 = 0. We
conclude that this case cannot occur.

e In case r =4 we have

Gy = P15 + o1 1075 + Baias

with constants ;. From k = 2 we obtain?
0 = D?¢y(x)(c, ¢, c) = 243123,

hence B; = 0, and then 0 # D?*¢(x)(c,c) = 2(2x179 shows that necessarily
B2 # 0.

Step (iv): Thus, up to a nonzero scalar factor, ¢4 = 17922 + 2222, Evaluating
the condition Xy, (¢s4) = (a1 + ag + 2) x3¢4 for degree two by straightforward
computations, one finds that it is satisfied if and only if 5 = £*. The proof of part
(b) is complete.

Step (v): We now consider f with the special cubic term

0
fS(I) = 0 )
3
make the ansatz 05 = 91:B§ + 92x1x2$§ + Osx2x228

and evaluate equation (33).

LSee Lemma 6.2 for the notation used in the following.
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Straightforward computation and comparison of coefficients yields

for 23323 : (a1 + ay — 1)05 + 3auby = 38%;

for xlxgxé © bayb + 0, =1,

for z3z323 . 50) = (a1 + ag + 2)6y;

2.2 2. _
for xix525 : aulbs = 0.

The last two equations directly show that #; = #3 = 0 due to the linear indepen-
dence of the «;, and there remains 65 = 1 from the second equation, which leads to
the contradiction ay = #* in the first equation.

Step (vi): We have shown that equation (33) has no solution when the cubic term
has the special form (0,0,z3)". Generally (33) may be viewed as an inhomogeneous
linear system of equations for the coefficients of ¢5, with the coefficients of f3 as
parameters. Since the system has no solution for a special choice of f3, it has no
solution for all f3 with coefficients in a Zariski-open and dense subset of coefficient
space. [

A distinguished class of examples. In this subsection we consider vector fields
f=A+--- in PDNF with the linear part satisfying the following property:

The I(As)-module Igiy 4, (As) is generated by o 1=z - - - . (34)

We note that div A; # 0 in this case, otherwise the module would be generated by
1. Moreover:

Lemma 5.9.  Given condition (34), the module C**(A,) is generated by Q1, ..., Qy,
with Q;(x) = xse;. In particular A = As.

Proof. Assume w.l.o.g. that

)\1 = zn: 7’TLZ)\Z
=2

with nonnegative integers m;. Then

n

div A, = iAj = (mi+ 1)\,
j=1

=2

thus both ¢ and x5"" ... 2™+ are elements of C*"(A,), hence o cannot generate
this module. [

We obtain rather definitive results for vector fields in this class if they satisfy a
further condition on the algebra of first integrals.

Theorem 5.10. Let f = A+ --- in PDNF satisfy condition (34) and assume
moreover that 1(Ag) admits the algebraically independent generator system of mono-
mials ¢, ..., ¢, , satisfying

Xq,(¢i) = mi¢; with nonnegative integers my;, 1<i<r, 1<j<n.
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(a) Then one has

f=A+> nQ;
and the reduced vector field has then the form
R Y1 21
fly) = :
Yr Z mTj')/?\j

(b) If ¢ is an inverse Jacobi multiplier for f, thus ¥ = o - p with
p(z) = p(o1(z),.... ¢n(x)), P eCly, ... 0],

then Y=y Y P
is an inverse Jacobi multiplier for the reduced vector field f

(c) Let the quadratic part of f be given as

Y1 Do V1Y
f2 = : with Vij € C.

Yr Z VrjY;j
Then

o Whenever r > 3 then j?g admits no inverse Jacobi multiplier for (v;;) in
a subset of C™" of full measure. Consequently the reduced vector field
admits no inverse Jacobi multiplier whenever fo is of this form.

o In case r = 2 there exists a subset of C**? of full measure such that f/:g
with coefficients in this subset admits a unique inverse Jacobi multiplier
(up to scalar multiples). Moreover for every (vj;) in this set there is a

subset of full measure in the coefficient space of ]?3 such that ]/”\2 —i—/fg +

does not admit an inverse Jacobi multiplier for the coefficients of fs in this

latter set.

Remark 5.11. Note that the condition that the generators be monomials poses
no restriction.

Proof of Theorem 5.10.  For the statements in part (a) compare Theorem 4.15
and its proof. We now address the statements in parts (b) and (c).

Step (i): The first statement of part (b) is a consequence of condition (34). The
condition for an inverse Jacobi multiplier reads as

Xy(o)p+0Xys(p) = Xy(op) =div f - op,

and we compute X¢(o) = (divA+ Z ni) o,

. . on;
div f = leA+Z <m +xza—xz> .
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Thus the defining condition holds if and only if

0 om;
Zm%a—g = Xs(p) = Z%% P

(2

Now we have

p _~~ 9P 0d;
iﬂzaxl - F(¢1,...7¢r) zaxz —; ]1¢J (¢17"'7¢r)
and Z 7)21’1 Z m]ln2¢] a <¢1, R 7¢r)

Likewise we evaluate the right hand side of the deﬁning condition to obtain
sza_xz Zm]z¢j ¢17"'7¢7‘)'p

Step (ii): Due to the algebraic independence of the ¢;, the defining condition for
an inverse Jacobi multiplier o - p is equivalent to the condition

. 0p o
MY a — = ) MYz P
%: J ]ayj %: J Jayj
in C[lyy,...,y)]. Now a straightforward computation shows that this condition

holds if and only if v is an inverse Jacobi multiplier for the reduced vector field.
Thus part (b) is proven.

Step (iii): In the following we use the fact that the lowest order term of an inverse

Jacobi multiplier of f is an inverse Jacobi multiplier of the lowest order term ]/C;
In particular, if fs admits no inverse Jacobi multiplier then neither does f.

Step (iv): In order to establish degree bounds for inverse Jacobi multipliers of ]?2
in a generic case, we use some notation and take some arguments from the proofs
of Theorem 4.14, part (¢ii) and Theorem 4.15, part (iv). Thus we assume vy # 0,
hence ¢ := vj;'e; satisfies fy(c) = ¢, and Dfs(c) has eigenvalues

2, yﬂyﬂl, . ,Vﬂ]/ﬂl.

Moreover

div fo = Z VijYj + Z vii = div f2(¢) = 2+ vy + -+ + v

Now let the degree of the inverse Jacobi multiplier 1; be equal to s. By Lemma 6.2
in the Appendix there exist nonnegative integers k, ki, ..., k&, such that

k+ki+---+k = s,
k+ 2k, + I/Qlyﬂlkg 4o+ Vrll/ﬂlkT = 24+ l/glyfll 4ot urll/ﬂl.

If vy1,...,v,1 are linearly independent over the rational numbers then the second
identity forces
ko=---=k,=1and k+ 2k, = 2.
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Thus either k =0 and k; =1, or kK =2 and k; = 0. In total we have the alternative

s=r,0ors=r+41.

Step (v): Moreover U =y -y,- P, hence p is constant or linear, and the inverse
Jacobi multiplier condition is equivalent to

Z Vzg a yzy] Z Vupyz

1,7

Since v11 # 0, p cannot be constant, thus must have degree one. Setting
= Z QiYi
i
the inverse Jacobi multiplier condition is equivalent to

E ozwijyiyJIE OG5 Vi5YiY5
,J 4,J

Compare coefficients of the monomials involved: For ¢ = j the coefficients are
automatically equal, for ¢ < j one finds

i O -+ HjiQ; = 0, with Hij = Vij — Vjj.

Whenever r > 3 there is a Zariski open set in U C C"™*" such that this system of
r(r — 1)/2 equations for the «; has only the trivial solution: If the p;; and g,
2 < j < r are all nonzero then «s,...,qa, are uniquely determined as multiples
of a1, and nonzero whenever «; # 0. The further equation pozan + pizeas = 0
now imposes nontrivial conditions on p3s and pe3 whenever «y # 0, which imply
a nontrivial polynomial relation between fi;1, p1j, ft23, pt32. We have thus shown
that all a; must be zero on a nonempty Zariski open set U. Moreover, whenever
V11, ...,V are linearly independent over QQ then there exist v;; with j > 1 such
that the corresponding (y;;) € U. We have thus shown that in case r > 3 no inverse

Jacobi multiplier generically exists for fQ, hence for f

Step (vi): There remains the second assertion in part (¢). The argument above
for the case r = 2 yields one (generically nontrivial) linear equation for ay, as and

thus uniqueness of the inverse Jacobi multiplier for fg The remaining assertion was
proven in [27], Thm. 2.10. n

Corollary 5.12.  Let h(z) = Bx + > _,., hj(x) be a formal vector field on C",
n > 3, such that B = By satisfies condition (34) and furthermore 1(B) admits
an algebraically independent generator system. Then there exists an L > 0 with
the following property: The coefficient space W' of ho + -+ + hy contains a full
measure subset R such that for coefficients in R there exists no formal inverse
Jacobi multiplier of h.

For dimension three the above results contribute to a relatively complete picture:
Example 5.13. Let ¢; > 1, 1 < < 2 be relatively prime, moreover di, d; € Z,

with ged (df, 01) = ged (ds, b3) = 1, and A = diag (odf, (1d5, —l10s). (Accor-

ding to Proposition 4.22 such vector fields are exactly those which correspond to the
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distinguished algebraic setting discussed in section 4.) Then A = A, also satisfies
condition (34), as one sees by this argument: A relation

mlﬁgd’{ + m2€1d§ - m3€1€2 = ggdi + gld; - 6162

with m; € Z, implies that ¢, divides (m; — 1)f2d], hence ¢1|(my — 1) by relative
primeness, and consequently m; > 0. By the same token one finds my > 0, and
finally ms = 0 is impossible since —¢1¢5 < 0. Now Theorem 5.10 shows that a
vector field f = A+ --- generically admits no formal inverse Jacobi multiplier.

6. Appendix
Some linear algebra. For easy reference we collect here some facts that are used

in the main part of the paper.

Lemma 6.1. (a) Let B = diag (u1, ..., ), with the equal ones among the p;
listed consecutively, thus

M1 == Hsys Hsi+1 = 770 = Hsitsgs oo Msidds,+1 = ° 07 = Hn,

and the elements of the blocks pairwise different. Then D commutes with B if
and only if

D, 0 - 0
D— 0 D

: . 0

0 -+ 0 Dy

is in block diagonal form, with blocks of appropriate sizes.

(b) Let N € C™* be a strict upper triangular matriz, of rank ¢ — 1. Then C
commutes with N if and only if C' = Zf;é a;N*, with a; € C. In particular
the space of matrices commuting with N has dimension (.

(c) In the subspace of all strictly upper triangular ¢ X ¢ matrices, the matrices of
rank € — 1 form a Zariski open and dense subset.

Proof. Part (a) is standard knowledge, and can be verified by direct calculations.
For part (b) we use that N is conjugate to a Jordan block

0 1 o --- 0
D=1: .00
: |
0 -«v «ov i 0

by an upper triangular matrix, and for this Jordan block the assertions may be
verified by direct calculations. To prove part (c), note that the determinant of the
(—1)x (£—1) submatrix with the first column and the last row deleted is generically
nonzero. [
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Some results on quadratic vector fields. First we recall and restate [22],
Proposition 4.7; the language used below is more convenient for the purpose of the
present paper. As a matter of notation, we consider higher derivatives as multilinear
maps. Thus, for analytic f : C* — C™ the k' derivative D* f(z) at x is recursively
defined by

D F(@)(yr, - -y k) o= D (D* f(@) (y1s -, Uk)) Y

for y1,...,ypr1 € C*. Note that this multilinear map is also symmetric in the y;,
due to equality of mixed partial derivatives.

Lemma 6.2. Let p be a homogeneous quadratic vector field on C", and v a
(nonzero) homogeneous semi-invariant of degree s > 0 for this vector field, thus
one has an identity

Dry(z)p(x) = Mx)v(x)

with some linear form A, the cofactor of ~v. Moreover assume there exists ¢ € C"
such that p(c) = ¢ # 0. Then the following hold:

(a) If v(c) # 0 then A(c) = s.
(b) In case v(c) =0 let k be such that 0 < k < s and

DFy(z)(c,...,c) #0, D"'~(x)(c,...,c) = 0.

Then x +— D*y(x)(c,...,c) is a semi-invariant of degree s — k for the linear
map B : C" — C", Bx = Dp(c)x, with cofactor \(c) — k. If aq,...,a, are
the eigenvalues of B (each counted according to multiplicity) then there exist
nonnegative integers ki, ..., k, such that

Zki:s—k and/\(c):k—i-Zkiai.

Next we recall and specialize [22], Lemma 10.4.

Lemma 6.3. Let p be a homogeneous quadratic vector field on C", and ¢ # 0 a
homogeneous vector field of degree s > 1 such that [p,q] = 0. Moreover let ¢ be such
that p(c) = ¢ # 0, with eigenvalues py, ..., p. of Dp(c). (Since 2 is an eigenvalue
with eigenvector ¢ by homogeneity, we set puy = 2.) Then there exist nonnegative
integers €, 0y, ... L. and some k € {1,...,r} such that

Z&#—ﬁzs and Z&ui+€:uk. (35)
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