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Abstract. Let g be a basic classical Lie superalgebra over C. In the case of a typical
weight whose every nonnegative integer multiple is also typical, we compute a closed form for
the Hilbert series whose coefficients encode the dimensions of finite-dimensional irreducible typical
g-representations. We give a formula for this Hilbert series in terms of elementary symmetric
polynomials and Eulerian polynomials. Additionally, we show a simple closed form in terms of
differential operators.
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1. Introduction

The purpose of this paper is to produce generating functions applicable to Lie
superalgebras, analogous to those that exist for Lie algebras, along the lines of
[8]. We consider highest weights A of the basic classical Lie superalgebras which
are dominant, integral, and whose every multiple nA, n € N is typical. By the
Hilbert series Hj(q) we mean the formal power series recording the dimensions of
the irreducible finite-dimensional typical representations V' (nA) associated to the
highest weight A as in
Hx(q) = ZdimV(nA) q".
neN

The main results Theorem 3.1 and Corollary 3.2 give two formulas for this Hilbert
series: one as a series in terms of finitely many elementary symmetric polynomials
and Eulerian polynomials and the other as

d 1
o= (i) 15

where h, is a polynomial in one variable evaluated symbolically at the differential
operator given above. The polynomial h, factors as a product of affine-linear forms
over Q. Explicitly, we will show that

ha(£) = 21871 11 (1 B E,Ol,oz) n (A, ) t) 7

OzEAa— p()?a) (IO()?a)
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where all parameters are described in Section 2. Our result is purely combinatorial.
However, geometric interpretations of the formula may also be of interest. In Section
5 we discuss a geometric example which would motivate extending the formulas we
derive to the case of singly atypical representations. Section 2 gives some basic
preliminaries while Section 3 proves our main results. Finally, Section 4 computes
some examples.

2. Preliminaries

2.1. Lie superalgebras

Throughout this paper, the ground field is C. The following preliminaries are taken
from [10, 11]. A superspace over C is a Zs-graded vector space V = V5 @ Vi. Let
p(a) be the degree of a homogeneous element a and call a even or odd if p(a) is 0
or 1 respectively. A Lie superalgebra is a superspace g = gy @ g7, with a bilinear
form [-, -] satisfying the following axioms for all homogeneous elements a, b, c € g

1. [a,b] = —(=1)P@r®)p q];
2. [a,[b,c]] = [[a,b], ] + (_1)p(a)p(b) b, [a, ]].

All simple finite-dimensional Lie superalgebras have been classified by V. Kac in [9].
A basic classical Lie superalgebra is one of

1. the simple Lie algebras, or

2. the Lie superalgebras A(m,n), B(m,n),C(n), D(m,n),D(2,1;a), F(4), and
G(3).

The reader is referred to [9, 10, 16] for the constructions of these Lie superalgebras.

Let g be a basic classical Lie superalgebra and let H be the Cartan subalgebra of
g consisting of diagonal matrices. For o € H* \ {0}, let

go={x€g][hz|=alh)z,Vh e H}.

We call a a root if g, # 0. A root « is called even (respectively odd) if g, Ngg # 0
(respectively g, N g7 # 0). The set of all roots is A = Ay U A; where 4 is
the set of all even roots and A; is the set of all odd roots. We also need the set
Ay = {a € A; | 2a ¢ Ao} and we fix an invariant non-degenerate bilinear form
(+,-) on H*.

Fix a Borel subalgebra B of g. Since the adjoint representation of H in g is
diagonalizable, we have the following decomposition of g.

g=N ©@H&ON" B=H@®NT,

where N~ and N* are subalgebras and [H,N~] C N~,[H,NT] € N*. A root
a is called positive if go N NT # 0. We denote by A*,AJ,AT,ZY the subsets
of positive roots in the sets A, Ay, A1, A; respectively. A positive root a is called
simple if it is indecomposable into a sum of two positive roots. Let {aq, s, ..., a.}
be the set of all simple roots. Finally, we let py (respectively p;) be the half-sum
of all of the even (respectively odd) positive roots and we set p = py — p1.
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From now on, g is one of the basic classical Lie superalgebras
A(m,n), B(m,n),C(n), D(m,n), D(2,1;a), F(4), G(3).

For A € H*, we denote by V(A) an irreducible representation of g (g-module)
with highest weight A. Let B be a distinguished Borel subalgebra of g and let
ei, fiyhi,i=1,2,... r be the generators of g as a contragredient Lie superalgebra.

The numerical marks for A are:

2(A, ;)
(Qi,0i)
marks, we have the conditions for V' (A) being finite-dimensional stated in Proposi-
tion 2.3 of [11].

for all ¢« = 1,2,...,r. In fact, a; = if «; is even. Using these numerical

2.2. N-typical weights

Let A be the highest weight of a finite-dimensional irreducible representation V' (A)
of g. We call the weight A and the representation V(A) typical if

(A+p,a)#0

for all a € Zi—. In this paper, we consider a specific weight A for which kA is
typical and V(kA) is finite-dimensional for all k¥ € N and we call such a weight
N-typical. Note that

1. if V(A) is finite dimensional, then so is V(kA) for all k£ € N,
2. if A is N-typical, then so is kA for all k¥ € N.

The complete list of all finite-dimensional irreducible typical g-representations V' (A)
is given in [11]. This leads us to the following complete criteria for A being N-typical
directly since the form (-, -) is bilinear. For convenience here, we assume that V (kA)
is finite-dimensional for all & € N. This section quotes from [11], but modifies the
results there for the case of N-typical representations.

1. g=A(m,n). A weight A is N-typical if and only if

J m . .
2m 2 1 g
U1 # Y @G — > @ — = — 7o+
t=m+2 t=i k ko ko k

forall 1<i:<m+1<j3<m+n+1and k € N.

2. g=C(n). A weight A is N-typical if and only if
: i1
al%tZ;GtﬂLE—E
al%i“t+22ﬂ:at+2—n—i—l,
— k- k k

t=i+1

forall 1<i<n-—1and k£ € N.
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3. g=B(m,n), m#0. A weight A is N-typical if and only if

n 7 . .

2n 1
E ag — E a+————>#0 and
— kK k k

t=n+1
- ! e i j 2m 1
Zat_ Z a — 2 Z at_am-l-n_E"f_E_T'}_E?éoa
t=i t=n+1 t=j+1

forall 1<i<n<j<m+n-—1and k €N.
4. g= B(0,n). Any weight A is N-typical.
5. g=D(m,n). A weight A is N-typical if and only if all of the following hold
" d 2 i
() ;at— doat A0

t=n+1
forall 1<i<n<j<m+n—1and k € N;j

n m+4n—2 .
nom 1 1
forall 1 <i<n and k € N;
n J m-+n—2 ; ] 9
(C) Zat_zat_2zat_am+nfl_am+n—E+E—T7§0
t=i t=n+1 t=j+1

forall 1<i<n<j<m+n—2and k €N.

6. g=D(2,1;). A weight A is N-typical if and only if

1 1 1 1
a; # 0, al#@g‘i‘%, al#a(ag—i—g) and al#a2+a(a3+z)+z
for all £k € N.

7. g =G(3). A weight A is N-typical if and only if

1 4 6
a; #0, ay # ay+ —, a1 # as + 3az + —, a1 # 3az + 3asz + —,

k k k
9 10
a17é3a2+6a3+z, (117&4@2—1—6@3—1—?

for all £ € N.

8. g=F(4). A weight A is N-typical if and only if
1 3 4
al#O, al#&g—i‘z, CL1#CL2+26L3+E, a17ﬁ2a2—|—2a3+E,

5 6
al%a2+2a3+2a4+g, a17é2a2+2a3+2a4+g,

8 9
a17é2a2—|—4a3+2a4+E, a17é3a2+4a3+2a4+%

for all £ € N.
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Remark 2.1.  We use the notation that Z a;=01if s <r.

t=r

Example 2.2. Let g =sl(2,1) and let A be a weight such that a; = A(h;) =1
and as = A(hy) = —1. Then V(A) is a finite dimensional typical g-module and A
is N-typical.

Example 2.3. Let g =sl(2,1) and let A be a weight such that a; = A(hy) =0
and ay = A(hy) = —3. Then V(A) is a finite dimensional typical g-module, but
V(2A) is not typical. Therefore A is not an N-typical weight.

The main result pertaining to Hilbert series in the next section involves two types
of well-known polynomials, the elementary symmetric polynomials and the Eule-
rian polynomials. Here we recall the latter polynomials [18]. The jth FEulerian
polynomial is

An(t) ==Y A(n, k)tF,  Ag(t) =1,

where A(n, k) is the number of permutations of the numbers 1 to n in which exactly
k elements are greater than the previous element. These numbers are called Fulerian
numbers and they can be computed from an explicit formula

Aln, k) = Zk:(—w (” i 1) (k+1—r)"

r=0 r

Note that these numbers can be arranged into a triangle, called Fuler’s triangle.

n=1 1

n=2 1 1

n= 1 4 1
n=4 1 11 11 1

n=>5 1 26 66 26 1

3. Hilbert series of N-typical representations

In this section, we present a closed form for the Hilbert series of N-typical represen-
tations for g defined by
Hx(q) = Z dim(V(nA))q",

n>0
where V' (nA) is a finite dimensional typical g-module, i.e. A is an N-typical weight.

Theorem 3.1.  Let A be an N-typical weight. Then
do

do
(o) =2 [T - o 2o T )Y

where dy = |A§],dy = |AT], c1(a) = %,CA(O(> = ((g’z)) , € is the jth elementary

symmetric polynomial in dy variables, Ay = {B1,...,Ba}, and A; is the jth
FEulerian polynomzial.
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Proof.  Note that, by Proposition 2.10 in [11], we have
(kA +p, )
(p07 a)

kA + Po — P1 Oé)
:2d1 ( )
H (PO, &)

dim V(kA) =2 ]

aGASr

ozerJr

=2h H (1 — c1(a) + kea(a)) because (-, -) is bilinear. (1)

Thus, Halg) =Y (2d1 ] -e)+ k’cA(oz))>qk. 2)

B20  aenf

Ignoring 2% | the product in (1) is a polynomial in k. Then

H (1 —ci(a) + kep(a)) = H(l —c1(Bs)) H (1 + —kCA(ﬁj)_Q

acAF i=1 j=1

- do do CA(ﬁl) CA(ﬁdo) J
~T[a —cl(Bi))Zej(m""’T(ﬁciO))k ’

where e; is the jth elementary symmetric polynomial in dy variables. The series
(2) becomes

i=1 §=0

d d
_ ody | _ - CA(ﬂl) CA 5d0 k‘j k.
i) =2 [0 -t 3w (TG Toat )Z (3)
We must understand the sum Z K’ qk,

k>0

which has a nice story on its own. For example, it is connected to Fulerian
polynomials (see [18, page 22]). A closed form for this interesting series can be
derived as in [8]. We recall the details. Define

q) = Z k’¢" and note that  fy(q Z q

k>0 k>0

Applying the differential operator qdiq to fi—1(q) gives us f;j(¢). Applying the

operators successively to fy(¢), we have f;(q) = (qd%)j flq. The expression of

(¢ i )Lq is well-known. In fact,

d\’ 1 q
(qd_Q) 1—q A(4) (1 —gq)itt’

where A; is the jth Eulerian polynomial as discussed in Section 2. Therefore, we
have shown

do do
Hy(q) =2 TJ(1 = e1(8y)) Z€j<1 fAf;;l) ] iAilﬁ(d%io)>Aj(Q) (1 —qq)j+1

as desired. ]

i=1 §=0
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Corollary 3.2.  Let A be an N-typical weight. Then

d 1
o= (i) 15

where hy(t) is a polynomial in one variable which factors as a product of affine
linear forms over Q as in

- (-5 )

EA+ (p07 a)

Proof. It follows from the expression

Hy(q) = 2" H(l — () Zej<1 iAiilgl), 1 iAilﬁ(d;‘)i )

do

)
:2d1H(1—C1(5i))§):€j< ca(Br) o ca(Ba) >
)

k>0

i=1 =0 1- 01(51) I—a (ﬁdo)

do do
— ot Ha - Cl(ﬁi)); ( i (gl) 1 —Aglﬁ(d;io)

The last expression differs from (3) by the substitution &/ — (q%)j . This proves
the corollary. [ |

d
Remark 3.3.  The dimension dim(V(A)) can be recovered by taking T to the
q

right hand side of the series in the above theorem or corollary and setting ¢ = 0.

4. Examples

In this section, we compute several examples explicitly. In all cases the dimensions
predicted by our Hilbert series match those from the dimension formula given by Kac
in [11, page 619], as they should. Recall that by choosing a basis so that the Cartan
H corresponds to diagonal matrices, the root systems of g can be described using
the linear functionals which extract the entries along the diagonal. In this section we
denote these linear functionals by e; and d; with (e;,e;) = d;; and (d;,d;) = —0;;
and (e;,dx) = 0. Previously e; meant an elementary symmetric polynomial, but
the notation should be clear from context. Then we can write a highest weight
A =) Nie; + > pjd; so that the \; and p; are coefficients of A in the e;, d; basis
of H*.

Example 4.1. We consider an example of the Hilbert series Hy(q) where A is an
N-typical weight of g = s[(2,1). With the above notation, the simple root system is

{&1 = €1 — €9, (0%} :Gg—dl}.

Moreover, Aj = {a;} and Af = {e; — dy,as}. Let V(A) be a g-module with the
highest weight A where A is an N-typical weight, i.e., a; is a non-negative integer,
as # —a; — % for all k € N and as # 0 (cf. Section 2.2).
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2 —c c dy_L
o =2 T (1) +enten ) 1

Note that ¢;(a1) =0 and cp(aq) = ay. Therefore,
1 1 —q+aq
—4 1 L 4(—>.
11 ( g >1—q (1—g)?

ac{a1}
Below we compute several examples of dominant integral weights A which are also

N-typical, and compute their Hilbert series according to Theorem 3.1 and Corollary
3.2.

Then

A, (ai,as)  Hilbert Series

?6:)62 T 44+4q+4¢2 + 4¢3 +4¢* + -
?16,15 ¢ 4+ 8¢+ 12¢° + 16¢* + 20¢* + - --
o 4129 + 200 + 28¢° + 36" + -+
?3%11; = 4+ 16q + 28¢% + 40¢° + 524" + - -
?46,11)+ = 4+20q + 36¢° +52¢° +68¢" + -
?56,11)+ h S 44 24g + 4447 + 64¢° + 84q" + -

Example 4.2.  Consider g = sl(3,2). We display below all the N-typical weights
with numerical marks (aq, as, as, ay) for a; € {0,1,2} but fixing the single odd mark
as = 1.

A, (a1,a2,1,a4) Hilbert Series

—d2—|—261+262+63
(0,1,1,1)
—dy+3e1+3ex+e3
(0,2,1,1)
—2dy+3e1+3ex+es
(0,2,1,2)
72d2+2€1+62+63
(1,0,1,2)
—do+3e1+2e2+e3
(1,1,1,1)

—dy +4e1+3eg +e3
(1,2,1,1)
—2d2+461+362+€3
(1,2,1,2)
—2dy+3e1+eg+e3
(2,0,1,2)

—d2 —|—461+262+63
(2,1,1,1)
—d2+561+362+63
(2,2,1,1)

) ) b

—2dy+5e1+3ex+es
(2,2,1,2)

) 3 )

64 (2g+1)
—(1-9)*
64 (3q°+8q+1)
(1-9)*
64 (9¢°+14q+1)
(1-q)*
64 (5¢+1)
(1-9)*
64 (q>+10 g+1)(g+1)
(1—q)°
64 (6 ¢°+40 ¢*+25 ¢+1)
(1-q)°
64 (9¢°+384+1)(2¢+1)
(1-q)°
64 (9¢°+14q+1)
(1—-g)*
64 (6 ¢°+40 ¢°+25 g+1)
(1-9)°
64 (27¢°+115¢°+49 g+1)
(1-q)°
64 (¢*+76 ¢°+230 >+ 76 ¢+1)

(1—q)®

64 + 384q + 1152¢% + 2560¢> + - - -

64 + 768q + 2880¢> + 7168¢> + - - -

64 + 1152q + 4800¢° + 12544¢> + - - -
64 4 576q + 1920¢> + 4480¢° + - - -

64 + 1024q + 5184¢> + 16384¢> + - - -
64 4 1920q + 11520¢> + 39424¢° + - - -
64 4 2880q + 19200¢> + 68992¢> + - - -
64 + 1152q + 4800¢> + 12544¢3 + - - -
64 + 1920q + 11520¢2 + 39424¢> + - - -
64 + 3456q + 24000¢> + 87808¢> + - - -

64 + 5184q + 40000¢> + 153664¢> + - - -
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Example 4.3.  We consider an example of the Hilbert series Hy(q) where A is
an N-typical weight of g = sl(4,1). In the notation above, the simple root system
is given by

{a1=¢€1—€2, av=e2—e€3, ag=e3—e€y, q=cey—di}.

Moreover, Ad = {a, ag, a3, a1 + g, g + g, a1 + g +az} and Af = {e; —d, },i =
1,2,3,4. Note that pg = %(361 +eg—e3—3ey) and p; = %(61 +ey+e3+eys—4dy).
Thus, ¢;(a) = % =0,Va € A and (pg,a;) =1,i =1,2,3. Let A=¢;+es+d;.
Then V(A) is a finite dimensional g-module with the highest weight A where A is

an N-typical weight and

(A, Oél) = 0, (A, 042) = 1, (A, 043) =0.

Therefore
d\ 1
iy =2 IT (1+ et ) 1=
. q) 1—q
aclg
d 1 d 1 d 1 dY 1
=16(1+q¢g— ) (1+=¢— ) (1+2¢— ) (14+2¢— )| —
( +qu> < +2qu) ( +2qdq> ( +3qu) l—q
~16(1+q)
(1—qp

5. A motivating geometric example

For a semisimple algebraic group G over C, the projective varieties with a transitive
G action correspond to quotients G/P for a parabolic subgroup P. The equivari-
ant projective embeddings of these varieties are in correspondence with dominant
integral weights A. The homogeneous coordinate ring of such a projective embed-
ding has an associated Hilbert series H,(q) recording the dimensions of its graded
components, all but finitely many of whose coefficients are given by evaluation of
the Hilbert polynomial h)(t), from which the degree and dimension of the variety
may also be read. This equivariant embedding arises as the unique closed orbit
of G on a projective space associated to the irreducible representation V). This
representation itself may be realized as the space of global sections on the variety
G/ P. For precise statements of these results see [7].

Much of this story carries over to the case of Lie supergroups and algebraic su-
pergeometry, whose theory has been greatly developed recently [1, 4, 13, 14, 15].
Indeed, every irreducible finite dimensional representation of a simple simply con-
nected complex supergroup G is realized analogously inside the space of global
sections of certain line bundles [17] (super Borel-Weil-Bott theory). If the superal-
gebra O(G/P) of global sections of this line bundle is very ample, i.e. it is generated
in degree one, then G/P admits a projective embedding and O(G/P) is called the
coordinate superalgebra of this embedding. In this case, the dimension of V(nA)
equals the dimension of the nth graded component O(G/P), . For precise state-
ments see [2, Proposition 3.6] and also [5]. For an introduction to supergeometry
see [20].
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In this section we briefly consider atypical representations, motivated by the example
of the Pliicker embedding of the Grassmannian of 2|0 subspaces in C*', denoted
Grajo(4[1). This Grassmannian corresponds to G/P with G = SL(4,1) and P the
block upper triangular subgroup given by

A B
0 D
where A is 2 x 2, B is 2 x 3, and D is 3 x 3. For more details see [3] where the

big cell in this Grassmannian is called chiral super Minkowski space and elements of
its coordinate superalgebra are called chiral superfields.

The Grassmannian supervariety does not admit a projective embedding in general
[13], but in the case of Gryjo(4|1) it does. In [3], the authors determine the coordinate
superalgebra of Gryp(4]|1) with respect to what they call its Pliicker embedding in
P (/\2 C*'), a construction they also give. We refer the reader to [3] for all the
required details and definitions regarding this example, but note that the relevant
Lie superalgebra and highest weight are s[(4,1) and A = e; + 2. Our purpose here
is to mention this example as motivation for future study.

The highest weight A = e; + e is dominant integral and has the numerical
marks (ay, az,as,aq) = (0,1,0,0). However, A is not N-typical since the condition
(A + p,a) # 0 is violated for the root By :=es — d; € A . Since this condition is
only violated for one root, A is called singly atypical. In fact, we found that kA is
singly atypical for £ € N.

In [19, Theorem 5| a formula for the dimensions of representations corresponding to
singly atypical dominant integral weights of sl(m,n) is given. If A = >~ Nie;+> p;d;
is a dominant integral weight where the root [y, = e, — dy is the only root in Af
with (A4 p, Bke) = 0 then A is singly atypical and the formula giving its dimension
is

: _ Ai—Aj+g—i Wi — i +J—1
dimV (A :2mn1 J J
mV(A) 11 j—i 11 j—i
i< <]
i,j#k Ly # L

( 1)n k—0—1 m+n—2
(m—k)!(k—1)!(n—0)!(¢ — 1)! Z Crnpnar € Tty s Tty Y155 Y1) |-

In the formula above, e, again denotes the rth elementary symmetric polynomial
in m + n — 2 variables, and it is evaluated at zi,...,%m_1,Y1,.--,Yn_1 Where
x; =M\ —ANi+i—k and y; = p; — o +¢ — j. Finally, the coefficient Cy, 42—, of €,
is given by the generating function ff; where C; is the coefficient of * in its power
series expansion. These coefficients C; are related to the Bernoulli numbers B; (see
https://oeis.org/A027641 for numerators and https://oeis.org/A027642 for

denominators) by the formula

2(2i+1 _ 1)
Ci==""—— "B
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We made these calculations for sl(4,1) with highest weight A = e; + €5 and found
that

dimV(A) =11
dimV (2A) = 46
dimV/ (3A) = 130
dimV/ (4A) = 295
dimV/ (5A) = 581.

We can compare these dimensions to the coefficients in the Hilbert series given by
Theorem 3.2. Since A fails to be N-typical, the coefficients from our formula provide
upper bounds. Indeed, we obtain

16 + 16
ﬁ =16 + 964 + 320¢° + 800¢° + 1680¢" + 3136¢° + - - -
—q
> dimV(kA)g" = 14 11q + 46¢° + 130¢° + 295¢* + 581¢° + - - - . (4)

keN

Thus, the actual dimensions are less than or equal to the dimensions predicted by
our Hilbert series, which is expected for A which fails to be N-typical. One could
attempt in future work to use the formula above in place of

olAT| H (k/(prr Z’)O‘)

aGAg
and obtain a closed formula for the Hilbert series of singly atypical weights A whose
every nonnegative integer multiple is also singly atypical. As a consequence of the
super Borel-Weil-Bott theorem, such a formula would also record the dimensions
of the graded components of the coordinate superalgebra of the corresponding
projective embedding, should it exist. Applied to the Pliicker embedding of the

super Grassmannian Grs)0(4|1) such a formula would record the correct dimensions
given by (4). Thus, there is geometric motivation to develop these ideas further.

We carry out a few calculations to verify that dimV(nA) = dim O(G/P), in
this example, which holds as a consequence of the super Borel-Weil-Bott theorem.
Consider the free algebra

A= C<Q127 G135 G145 G235 G24, G34, 55, A1, A2, A3, )\4>.

Adjoin relations making the even variables qi2, ¢13, q14, @23, @24, ¢34, @55 commute, the
odd variables into Grassmann variables using (MA; + A\ | 4,7 € {1,2,3,4}), and
lastly making the even and odd variables commute. Next, adjoin the super Plicker
relations [3, 6] generated by

Q12934 — ¢13G24 + q14G23 = 0,
Gij A — Qi Aj t A =0, 1<i<j <k <4
Aidj —assq; =0, 1<i1<j<4
MNass =0, 1<i<4.
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The 11 degree one generators match the dimension dim V(A) = 11. There is one
additional relation, namely assass = 0. A careful reading of [6, p.213] shows that
the Pliicker relations are derived from the decomposibility of Q@ = (r+&es)A(s+nes),
with ass defined as &n. But £ and n are odd [6, p.212] hence assass = Enén =
—&n* = 0. Using noncommutative Grobner bases techniques [12] we calculated
normal forms for all monomials of degree two in the generators.

12412 413913 14914 423923  G24924 (34034

@3q12 Qaq13 Qa4 Q24923 Q34G21  —A4A3

Quqi2 @23¢13  @3aqia Q34923 —Aad2 A3G34

@23q12  q2aq13  —AAL —AzAa Aagoy A1q34

Qaq12  @3aq13 A1qua A2G23 A3G24

@aqiz —A3A1 Aaqua A3G23 1G24

XA g3 A3q14 A1G23

A1G12 A2q13 A1q14

A2q12 A3q13

A3q12 A1q13

A1q12
Since dim V' (2A) = 46, there should be 46 linearly independent degree two ele-
ments, which matches what we see above. Thus we obtain dim V' (2A) = 46 =
dim O(G/P),, confirming this consequence of the super Borel-Weil-Bott theorem in
this example. We also checked that there are 130 linearly independent degree three

elements when we include the relation assass = 0. This matches dim V' (3A) = 130,
as it should.

In this section, we simply reported the results of a calculation. In conclusion, this
example gives geometric motivation to extend our formulas for the Hilbert series to
the case of singly atypical representations.
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