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Abstract. We prove the dimension conjecture for electrical Lie algebra ep, of type Djy.
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1. Introduction

We denote by Z,Z.,N,C and C* the sets of all integers, non-negative integers,
positive integers, complex numbers, and nonzero complex numbers, respectively.
All vector spaces and algebras in this paper are over C. We denote by U(a) the
universal enveloping algebra of the Lie algebra a over C. Also, we denote by 9; ;
the Kronecker delta.

Electrical Lie algebras were introduced by T.Lam and P.Pylyavskyy to the study
of electrical networks consisting only of nodes and resistors. All of the electrical
properties of an electrical network N are captured by the response matrix L(N),
and L(N) is preserved by a number of combinatorial moves including series and
parallel reductions, and star-triangle (Y — A) relation. The space of circular planar
electrical networks were studied in [6] and [7]. In [7], two operations on electrical
networks were studied: adding a boundary spike and adding a boundary edge to
planar electrical networks. In [12], Lam and Pylyavskyy introduced the electrical
Lie algebra ey,, of type As,, and the nonnegative part of the corresponding Lie
group acts on the electrical networks exactly as the above operations. The star-
triangle transformation translates to electrical Serre relations. They showed that
e4,, is isomorphic to symplectic Lie algebra spy,. In the end of [12], Lam and
Pylyavskyy suggested a generalization of electrical Lie algebras of all finite Dynkin
types. They conjectured that the dimension of electrical Lie algebra of type X is
equal to |®(X)T|, here ®(X)T is the set of positive roots for the Dynkin diagram
of type X.
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Y. Su studied electrical Lie algebras of classical Dynkin type in [16]. He proved the
dimension conjecture for electrical Lie algebra of classical type, and determined the
structure of eg4,,.,,¢s,,¢c,, - Indeed, he proved that

eA2n+1 g 5p2n+17 eBn g e1477. @ eAn—l and eCQn g eAQn X (V)\ @ VO)’

where V) and Vp are irreducible representations with highest weight A=(1, 1,0, ...,0)
and 0 = (0,...,0) respectively. For the exceptional types, Lam and Pylyavskyy
showed that dimeg, = 6 in [12] and we will prove that eg, is isomorphic to direct
sum of the centerless Schrodinger algebra and a 1-dimensional Lie algebra.

As noted in [16], representation theory for electrical Lie algebra plays an important
role in both the structure theory of electrical Lie algebra and the study of circular
planar electrical networks. Representation theory for ey,, is well studied. eg,, ., is
also known as the rank n symplectic oscillator Lie algebra, Jacobi Lie algebra, whose
universal enveloping algebra is an infinitesimal Hecke algebra (see [3, 4, 10, 11]). The
Jacobi groups were used to described the “squeezed coherent states” of quantum
optics [2]. In Number Theory, the Jacobi forms are the automorphic forms on
the Jacobi group, and have close relationship with the modular forms (see [4, 10]).
Recently, Liu and Zhao classify the category of weight modules for ea,, ., in [13].
The representation theory for eq,, known as the Schrédinger algebra, is well studied,
see [1, 5, 9] and references therein.

In this paper, we will determine the structure for electrical Lie algebra of type
D, and classify its irreducible highest weight modules. The paper is organized as
follows. In section 2, we collect some basic definitions and results. The structure
of electrical Lie algebra of type D, is determined in Section 3 (see Theorem 3.5).

Finally, we classify all irreducible highest weight modules for ep, in Section 4 (see
Theorem 4.7).

2. Preliminaries
In this section, we collect some basic definitions and results for our study.

Electrical Lie algebras. Recall that the definition of electrical Lie algebra of finite
Dynkin type is given as follows.

Definition 2.1. Let X be a Dynkin diagram of finite type, and A = (a;;) be
the corresponding Cartan matrix. Define the electrical Lie algebra of type X, ex,
to be the Lie algebra generated by the e;’s where ¢ runs over the vertex indices in
X, modulo the relations

07 lfl#jaa’l#_]w
ad(er)' " (¢5) = :
_262'7 if ¢ 7é j, Q5 = —1.
A spanning set of ex was given in [12].

Lemma 2.2. ¢x has a spanning set indexed by positive roots of the type X root
system.
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Indeed, if {é, = [, [, [ - ,[€i_1, €4 ]]]] | € ®(X)T} is a basis for the positive
nilpotent Lie subalgebra of the simple Lie algebra of type X, then

{ea = lea leins [+ sleass el }

spans ex. Lam and Pylyavskyy also conjectured that this spanning set is a basis
for ex. And the conjecture is true for type A, B,,C, and Gs, see [12, 16].
The following lemma gives a description of e, .

Lemma 2.3.  We have ¢q, = sch @& Cz, where sch is the centerless Schriodinger
algebra with basis {h,e, f,p,q} and nontrivial brackets

[h?e] :267 [haf} = _2f7 [e,f} = h>
h,pl =p, [hq=—q led=nlfp=q

Proof. The Cartan matrix of type G5 is <_23 _21) . Hence, from the definition,

¢q, is generated by eq, e, with relations

le1, [e1, ea]] = —2e1, [ea, [ea, [ea, [e2, e1]]]] = 0.

From [12], a basis for ¢a, is {Xl = €1, X2 = €2, X3 = [62,61], X4 = [62, [62,61“,
X5 = [ea, ez, [ea, e1]]], X6 = [ex, [ea, [e2, [e2, e1]]]]}-
From direct computations, we get the brackets between basis elements in eq, .

X, X X3 X4 X5 Xe
X 0 —X3 2X4 2X3 X6 0
Xy | X3 0 Xy X5 0 X5
X3 | —2X; | X4 0 —Xe+2X, | X5 | —Xg
Xa| 2X5 | —X5 | Xg—2X4u 0 0 | —2X5
X5 | —Xg 0 —X5 0 0 0
Xo| 0 |-X5| X 2X; 0] o

Now it is easy to check that the linear map from sch @& Cz to eg, defined by

1 1
h'—)Xg, 6)—)§X6—X4, f|—>§X1, p)—>2X5, qi—>X6, 22X+ Xy — X

is an isomorphism of Lie algebras. u

Derivations and semidirect product of Lie algebras. To determine the struc-
ture of ep,, we need some results on derivations and semidirect product for Lie
algebras.

Definition 2.4. A linear map o is called a derivation on a Lie algebra g if

o([a,b]) = [o(a),b] + [a,o(b)], Va,b € g.

It is well known that the set of all derivations Derg on a Lie algebra g forms a Lie
algebra under [o7, 09] = 0109 — 0901. We have the following proposition which can
be checked directly.
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Proposition 2.5. Let g1 be a Lie algebra and gy is a Lie subalgebra of Dergy,
then the vector space g1 @ g is a Lie algebra, denoted by go X g1, under the following

brackets iz, y]g“ foyegni=12
['Tvy]x = .
z(y), if v € g2,y € g1

Nilpotent Lie algebras and colored diagrams. We also need some results
for nilpotent Lie algebras and colored diagrams. Studying nilpotent Lie algebras
with simple graphs was started by S. G. Dani and M. G. Mainkar in 2004 [8]. They
presented a method for constructing two-step nilpotent Lie algebras. Later on, many
mathematicians generalized their work (see [14, 15] and references therein).

For a Lie algebra g and n > 0, let g° = g,g"™ = [g",g]. A Lie algebra is called

n-step nilpotent if g" = 0. Recall a 2-step nilpotent Lie algebra constructed form
a colored diagram is as follows.

Definition 2.6. Let ' = (V| E) be a simple graph with edge coloring ¢ : £ — §.
Let V = {u}l, and S = {z.}}_,, and v and j be the vector spaces of C-linear
combinations of V' and S, respectively. We define

p
[vi, v;] = Zaszk, (25, 2] = [z, 0] = 0,
k=1

1, &5 =(v,vj) € Eand c(e;;) = 2,
Where o — —17 eji e (Uj7vi) (= E and C(eji) - Zk,
0, otherwise.

Then v @ 3 is a 2-step nilpotent Lie algebra, denoted by g(I', c).

Based on this construction, we can construct a class of 3-step nilpotent Lie algebras.
Let I' and ¢ be as above and g = g(T', ¢) be the vector space g(T',c) & Cot & Co~.
Define [v*,g] = [v,g] =0 and

+

v™, if there is only one edge e colored with z;, and s(e) = v;,
[vi,25] = § v~, 1if there is only one edge e colored with z;, and t(e) = v,
0, otherwise,

where s(e) and t(e) means the source point and target point of e respectively. Then
we have

Proposition 2.7.  g(T',¢) is a 3-step nilpotent Lie algebra.

Proof. The proposition follows from direct computations. [ |

3. Electrical Lie algebra of type D,

In this section, we will determine the structure of electrical Lie algebra of type Djy.

The Lie algebras g(Ks2,c¢) and sly X g(Kz,c). First, we consider the 3-step
nilpotent Lie algebra constructed from the colored complete bipartite graph Kj,
with coloring map ¢ as follows:
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12153

hd

254 .

Set v = v1,v_1 = V3, W1 = Vg, w_; = wy, then g(Ks9,c¢) is a 9-dimensional 3-step
nilpotent Lie algebra with basis {vy,v_1, wy, w_1, 21, 22, 2z, v, v~ }, the brackets are
listed in Table 1.

Table 1: brackets in g(Kz2,c)

[z,y] | ©n w; |vT | v_g | woy v | 2| 2 | 2
v 0 0 0 2 z 0O |v" ] 010
Wy 0 0 0 z 29 0|0 |v"]0
vt 0 0 0 0 0 0 0 010
v_1 | =1 | —z 0 0 0 0 v 010
w_1 —z | =2z | 0O 0 0 0 0O (v |0
v 0 0 0 0 0 0 0 010
2 | —vT 0 0 | —v~ 0 0101|010
29 0 | —v"] 0 0 | —v 0|0/ 01O
z 0 0 0 0 0 0107010
Proposition 3.1 determines the derivations for g(Ky 2, c).
Proposition 3.1. Set x1 =v1, To =Wy, T3 =V_1, Ty = W_1, T5 = 21, Tg = 22,

T =1z, 13 = v, 19 = v, then with respect to this basis, the derivation Lie algebra
of 9(Kapz,c) is

a1 0 a1z O 0 0 0 0 0
0 ai1 0 ais 0 0 0 0 0
az; 0 aszz3 O 0 0 0 0 0
e 0 a3z1 0 ass 0 0 0 0 0
Der g(KQ 2, C)) = as1 a6l as3 ae3 ai1tass 0 0 0 0
’ ag1 a2 463 64 0 ai1+as3 0 0 0
ar1 arz ar3 a4 0 0 a11+ass 0 0
ag1 ag2 ag3 ag4 453 aga a3  2a11+a33  a13
a9l ag2 ag3 ag4 —asi —ag2 —ag1 as1 a11+2a3s

In particular, sly C Derg(Kapz,c).

Proof. It is easy to check that any linear transformation defined by a matrix on
the right hand side is a derivation on g(Ks2,c) and

{En + By — E33 — By + Egs — Eog, Ei3+ Eoy + Egg, E31 + Ey + Eog}
span a subalgebra isomorphic to sly, where F;; represents the matrix with 0 eve-
rywhere except a 1 on position (4, ). For any o € Derg(Kss,c), denote by o the

matrix with respect to the fixed basis. Since o(g(Kaz2,c)’) C g(Ka2,c)" and

E(K2,27 C)l = span{zl, 22, %, U+7 U_}7 E(Kl% 0)2 = span{v+, U_}a a(KQ,% C)3 = 07
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we may assume that

ajp a2 aiz a4
Q21 Q22 dAg23 A4
az1 (32 Aa33 A34
A41 Q42 A43 Q44
0= | G551 G532 53 Qas4 G55 0G56 As7
ag1 G2 Q3 Ae4 Aes  Ges  AeT
arn Qr2 Gr3 Arg Qrs Qre Aty 0
ag1 (g2 (g3 dAg4 Ags; Ags Gg7 dAgg Agy
g1 Qg2 Q93 Ag9q Qg5 A9s 97 Agg A9y

o O OO

o O O O

o O oo
SO OO O oo
OO OO OO

Denote by X; the matrix of ad,,, then from o([z,y]) = [o(x),y]+ [z, c(y)], we have

Xy Xy X1
o+ (07 @ Iy)

(Iy®o) | : : :
Xy Xy X

Here Iy is the 9 x 9 identity matrix and ® is the Kronecker product of matrices.
Solving this matrix equation, we get the required results. ]

Following from this proposition, we know sl x g( K39, ¢) is a well defined Lie algebra
with basis {e, h, f,v1,v_1,wy,w_1, 21, 29, 2, v, v~} and brackets

Table 2: brackets in sly X g(Ks2, )

[z,y] | h e f vy wy | vt | vy w_g - N I
h 0 2e —2f U1 wy vt | v | —w_y | —=v= | 0| 0|0
e —2e| 0 h 0 0 0 vy w vt 0| 0|0
Fl2r T =n] 0o [o,lws o] 0 0 0 |o]o]o
v - 0 —v_4 0 0 0 2 z 0O |v"] 010
w; | —w 0 —w_q 0 0 0 z 29 0 0 v |0
vt | —vT 0 —v~ 0 0 0 0 0 0 0 010

V_q v_1 | —11 0 -2 | —% 0 0 0 0 v 010

w_1 | w_y | —wy 0 —z | =z | 0 0 0 0 O [v=]0
v —v~ | =t 0 0 0 0 0 0 0 0 010
21 0 0 0 —t 0 0 | —v™ 0 0 0 010
29 0 0 0 0 —vt | 0 0 —v~ 0 0 010
z 0 0 0 0 0 0 0 0 0 0 010

Electrical Lie algebra of type D,. Now let us determine the electrical Lie algebra
of type D,. The Cartan matrix of type D, is

2 =1 0 0
-1 2 -1 -1
A= 0O -1 2 0|’

0O -1 0 2



GAoO, CAI AND JIANG 1037

hence ep, is generated by ey, ey, e3,e4 modulo

[61763] = [61764] = [63764] = 07

[627 [62a ez]] = _2627 [ei7 [ei762]] - _2€7§7 1= 173a4‘
Following [12], ep, is spanned by x1 = ey, xs = ey, T3 = €3, T4 = €4, T5 = |2, 1],
T = [62763], Ty = [62764]7 rg = [63,[62761]], Tg = [64,[62,61]], Tio = [64,[62,63]]’

111 = [ey, [e3, [e2, e1]]], T12 = [e2, [es, [es, [e2, €1]]]], the brackets are

Table 3: brackets in ep, I

[LUZ', Ij] T To T3 Ty Ts Tg
T 0 —Ts5 0 0 2[L’1 xS
T2 Ts 0 Te Tr —2.T2 —23:2
XT3 0 —Tg 0 0 s 21’3
Ty 0 — Ty 0 0 Tg T10
Ts —2x 229 —Trs | —x9 0 —T5 + Xg
T —Tg 21’2 —21['3 —XI10 T5 — Tg 0
Wit —X9 2332 —X10 —21’4 Ty — T7 Tg — X7
xIs 0 —T5 — Tg 0 —T11 2ZE1 + Tg 2(133 + g
Tg 0 —T5 —T7 | —T11 0 2x1 + xg T8 + T1g — T12
10 —X11 | —Tg — Ty 0 0 Ty + Tg — T2 21‘3 + x19
T11 0 —Z12 0 0 T11 Z11
Z12 —T11 0 —T11 | —T11 —ZT12 -T2

Table 4: brackets in ep, II

[3%', ﬂﬁj] Ty €8 T9 Z10 T11 12
T ZT9 0 0 T11 0 I11
T9 —2x9 Trs + g Trs + 7 Te + X7 T12 0
x3 10 0 11 0 0 Z11
T4 21‘4 11 0 0 0 11
x5 —T5 + T7 —2x1 — w38 —211 — T9 —Tg—T9+T12 | —T11 | T12
Z6 —I¢ + X7 —2x3 — T8 —rg—r10tT12 | —2T3 — X190 | —T11 | T12
X7 0 —T9—T10+T12 —2x4 — T9 —2wy — w10 | —T11 | T12
&g T9+T10— 12 0 0 0 0 2211
X9 2x4 + x9 0 0 0 0 2211
10 2x4 + T10 0 0 0 0 211
T11 T11 0 0 0 0 0
12 —T12 —2r11 —2r11 —2r11 0 0

Indeed, we claim that this is a basis for ep,, that is the dimension conjecture is true
for ep,. To prove this, we first have
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Lemma 3.2.  The subalgebra b generated by x5 and %(331 +x3+1x4) is isomorphic
to eq,. In particular, 2x1+ 2x3+ 2x4 — 18 — T9 — 10 + T12 7# 0.

Proof. From

1 1

T, 5(371 -+ T3 + 274):| = §($5 + Tg -+ $7),

: 1

Za, |}L'2, g(l’l + XT3 -+ 1'4):|:| = —2372,

1 1 2

§($1+Jf3+l’4), §($1+SL’3+$4),$2 :—§(x1+x3+x4+x8+m9+x10),
1 1 1 2
§($1+I3+$4), §($1+$3+ZL’4), §($1+I3+ZE4),$2 :—51‘11,

1 1 1 1
—(w1+x3+T4), |z (01425 + 24), | S (T14+73 + 24), | 5 (T1+T3+74), T2 =0,
13 3 3 3

we know that x5 and %(:Bl + x3 + x4) satisfy the electrical Serre relations of type
G5. It is easy to check that

110 1 0000
1(++)H0110xH0000
g\ s T 0010/ ™ 0000

000 1 1000

gives a faithful representation for b. Hence, dimb = 6 and g = ¢g, via the map
To — X1, %(xl + x3 + x4) — Xy. Following from Lemma 2.3, 2X, + X, — Xg is a
nonzero central element in eq,, so that

(]

2 2
—(131 -+ T3 —+ 134) — §<LE1 -+ T3 + Ty -+ T + T9 + $10> -+ §ZE12

2
= (221 + 225 + 234 — 25 — 9 — T10 + 212) # 0. "

w

Now we can prove the dimension conjecture for ep, .

Theorem 3.3. dimep, = 12.

Proof. Tt suffices to show that {z;}}2, is linearly independent.

12 12
Suppose > kix; = 0. From 0= [z, [z1, Y kixi]] = —2koz1, we have ky = 0.
i=1 i=1

12
Therefore, 0= [1'3, [$1, Z k’lﬁl]] = ]{371‘11,

i=1
which implies that k7 = 0. Similarly,

12

0= [51347 [$17 Z k?z%]] = ker11

=1
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implies that kg = 0. From

12

0= [z, Z kix;) = 2ksxy + (k1o + ki2)T11,

=1

12
0 = [z5, [x1, Z kiz;)] = (x5, 2ksx1 + (k1o + ki2)x11] = —4kszy — (k1o + ki2)x11,
i1

we obtain ks = 0 and kg + k12 = 0. Thus,
k11 + ksxs + kyzy + kss + koxg + k1010 + k1111 — k1012 = 0.
And hence

0 = [z3, k121 + ksxs + kyxy + kgxs + koxg + kioT10 + k1iz — kio21]
= (kg — k10)711,

0 = [z4, k121 + ksxs + kyxy + kgxs + koxg + kioT10 + k1w — kio21]
= (ks - /ﬁo)Iu,

SO, k’g = kg = kﬁlo, that is
kixy + ksxs + kyxy + ks(2s + 29 + 210 — 212) + ke = 0.
From

(4, [1, [X2, k121 + k3xs + kyxy + k(s + 29 + 10 — T12) + k11211]]]
=[xy, [x1, (k1 + 2ks)ws + (k3 + 2ks)xe + (kg + 2kg)x7 + k11212]]

= x4, —2(k1 + 2ks)z1 + (k3 + 2ks)xs + (kg + 2kg)xg + k11211

= (ks + 2kg)z11,

we get: k3 = —2kg. Similarly, ky = ky = —2kg. Therefore,
—kg(2x1 + 223 + 214 — 18 — T9 — T10 + T12) + k11211 = 0.
And
0 = |22, —ks(271 + 23 + 224 — 28 — X9 — T10 + T12) + knrn] = knzi,

implies k13 = 0. With Lemma 3.2, we deduce that ks = 0. So, k; =0,i =1,...,12,
that is {x;}2, is linearly independent. [

Remark 3.4. When revising the paper, suggested by the referee, we learned
about the unpublished preprint [17] by Y. Su, where the dimension of ¢p, was given.

Moreover, we can show that ep, is isomorphic to the Lie algebra sly x g(Kz2,c)
constructed above.

Theorem 3.5.  ¢p, = sly X (Ko, 0).
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Proof. Direct computation shows that p: sly X g(Ks2,¢) — ep, defined by:

h X1

€ i)

f o oo o ¥ %+ L 0o 0o 0 00 T3

1

o I S A A A B

w 3 03 3 0 0 0 35 35 35 0-5 x

1 2 5
0 00 0 —w?—-1-w 0 0 0 0 0

v_1 | 0 00 0 -w-1-w? 0 0 0 0 0 Tg

P w = | -20w20-2-2w 0 0 0 w 1 w2 0 O T )

-1 2w 0-2-22 0 0 0 w2 1 w 0 0 7

21 —6w 0 -6 —6w2 0 0 0 —6w?—6 —6w 0 O s
—6w2 0 -6 6w 0 0 0 —6w —6—6w2 0 0

22 -6 0-6 —6 0 0 O 3 3 3 0 -3 Ty
0 00 O 0 0 O 0 0 0 0 18

z 0 00 O 0 0 O 0 0 0 54 0 Z10

U+ T11

v T2

with w = e%, is a Lie algebra homomorphism. It is a bijective map since

0 00 O i 41 0 0 0 0 0
0 20 0 0 0 0O 0O O 0 00O
1 1 1 1 1 1 1
3 03 35 0 0 0 3 3 3 0-35
0 00 0 —-w-1-w 0 0 0 0 O
det 0 00 0 —w-1-w?> 0 0 0 0 0
€ 2020 -2 -2 0 0 0 w 1 w2 0 0
2w 0 -2-2w?2 0 0 0 w? 1 w 0 0
—6w 0 -6 —6w?2 0 0 0 —6w?2—6 —6w 0 O
—6w2 0 -6 6w 0 0 0 —6w —6—6w2 0 0
-6 0-6 -6 0 0 O 3 3 3 0 -3
0 00 0 0 0 0 0 0 0 0 18
0 00 O 0 0 0 0 0 0 54 0
0 35 0 0 0 0 0
1 0 1 1 1 1 1
3 ) 3 3 3 3 32 . L .
—2w 0 -2 —2w w 1 w 3 3 3 O 18
=|—-2w 0 =2 2w? wW? 1 w —w? -1 54 0‘
—6w 0 —6 —6w? —6w? —6 —b6wl||—-w —1 —w?
—6w?> 0 —6 —6w —6w —6 —6w?
-6 0 -6 -6 3 3 3
= 54w —wh) £0 n

4. Highest weight modules for ep,

In this section, we will classify all simple highest weight modules for ep,. First,
¢ = ¢p, has a triangular decomposition as follows:

ep, =¢ DHDe,
where ¢t = span{e, vy, wy,v"}, H = span{h, 21, 22, 2}, ¢~ = span{f,v_1,w_1,v"}.
Consider the quotient Lie algebra ¢ = ¢p,/span{v™, v~} with triangular decompo-
sition e =¢" & H D¢, where

¢ = span{e, vy, w1}, H= span{h, z1, z9, 2}, ¢ =span{f,v_j, w_1}.

Let g be ¢ or e. A g-module M is called a weight module if h acts diagonally. It
is called a highest weight module if there is a vector 1, such that M = U(g)1, and
g1, =0,hl, = A1,. Clearly, as vector spaces, M = U(g=")1,.
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Let M be a simple highest weight e-module with highest weight vector 1), then
v~ 1, =0, for otherwise U(e)v~1, is a nonzero proper submodule of M. Therefore,

vt Z aiji (21, 22, 2)vw? | fF 1 = — Z kaii(z1, 22, 2)v" w0’ | fF o1, =0,

where a;ji(21, 22, 2) € Clz1, 29,2]. So, v, v~ act trivially on simple highest weight
e-modules. Thus, we have

Theorem 4.1.  The category of simple highest weight e¢-modules is equivalent to
the category of simple highest weight €-modules.

So, we only need to consider simple highest weight e-modules. For later discussion,
we need the following relations in Uf(e).

Lemma 4.2.  For k € Z,, we have

[Ul, ”Uﬁl] = kvf}lzl, [Ul, fk] = —k’/l},lfk_l, [wl,wlil] = kwElZm
k k—1 k k k k(k—=1) 4 o k—1
[whf ] = _kw—lf ) [hav—l] = _kv—lv [6,1)_1] = T'U—l z1 + kv—l U1,
k(k—1
[ha wlil] - _k;wIiD [6, wﬁl] = % ’UIiI2ZQ + kwﬁzlwl‘
Proof. The lemma follows from direct computations. [ ]

For A € C, ¢ = (c1,¢9,¢) € C3, define the Verma module over ¢ as follows: Let
C,. = C1, be the 1-dimensional ¢" & $H-module defined by

E+]l,\ = 0, h]l)\ = )\ﬂ)\, Zl]l,\ = Clﬂ,\, 221)\ = Cg]l,\, Z]l)\ = Cﬂ)\.

The Verma module M (A, ¢) is the induced module Indé@g(:)\’@. Since zi, z9, 2z are
central elements in ¢, we know by Schur’s Lemma that they act on a simple e-module
by scalars ¢y, ca, ¢, we call such a module at level ¢ = (¢p,¢o,¢). Also, the Verma
module M (A, ¢) has the following universal property: any simple highest weight
module with highest weight A at level ¢ is a simple quotient of M (A, ¢). Thus, to
classify simple highest weight modules for ¢, it suffices to classify all simple quotients

for M (A, c).

If M is a simple highest weight module with ¢ # 0, consider the automorphisms of
¢ as follows, we denote them by 6, 0|y, = Id,

v1 + wq, if c; =cy =0, (v_l—i-w_l, if c; =y =0,
O(v1) = S couy — cwy, if ¢y # 0, O(v_1) =< cov_1 —cw_q, ifcy #0,

cuwy — cvy, if ¢ # 0, (ciw_y —cv_y, ife #0,

vy —wy, ifep=c =0, (v,l—w,l, if c; =c =0,
O(wy) = < wy, if co #£ 0, O(w_q1) = w_q, if co #£ 0,

vy, if ¢; # 0, (v-1, if ¢; # 0,

(21 4+ 2204+ 22, 20+ 22 — 22,21 — 20), ifcp =2 =0,
(0(21),0(22),0(2)) = (321 + P2y — 209¢2, 29, 022 — C23), if ¢y #0,
(B2y + 221 — 212, 21,012 — ¢z1),  if ¢ #0.
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Define the module MY = M (as vector spaces) by - v := 0(z)v, then on MY, we
have ¢ = 0. Denote by 6(c) the level of M?. Let L(\ c) be the simple hlghest
weight module over ¢ with highest weight A at level ¢ = (¢q,¢2,0). Then we have
the following theorem.

Theorem 4.3. Let M be a simple highest weight module over e with highest
weight X at level ¢. Then M = L(\,¢) or M? = L()\,0(c)).

Thus, we only need to determine all simple highest weight modules L(\, ¢) over &
with ¢ = (¢, ¢2,0), which are simple quotients of M (A, ¢). Moreover, the category
of simple highest weight modules over € at level (cy,cq,0) is equivalent to the
category of simple highest weight modules over ¢; :=¢/Cz at level (¢p, ). Similar
to the proof of Theorem 4.1, we know that when ¢; = 0 (¢o = 0, respectively),
vy, v_1 (wy,w_q, respectively) act trivially on any simple highest weight € -module.
That is we have

Theorem 4.4. (1) If ¢; = co = 0, then the category of simple highest weight
modules over ¢ at level (0,0,0) is equivalent to the category of simple highest
weight modules over sls .

(2) If 4 =0,c0=pu#0 or c; =pu+#0,c0 =0, then the category of simple highest
weight modules over € at level (c1,c2,0) is equivalent to the category of simple
highest weight modules over the Schrodinger algebra at level .

Remark 4.5. (1) Theorem 4.4 follows from the fact that
El/(Cvl + C’U_l + Czl) = El/(Cwl + (Cw_1 + (CZQ)

is isomorphic to the Schrodinger algebra.
(2) All simple highest weight modules over the Schrodinger algebra were classified
in [9].

It remains to classify all L(\,¢) with ¢ = (¢, ¢2,0) and ¢jce # 0, that is all simple
quotients of M(A,c). Recall that a vector u in a module M is called a singular
vector if e u = 0. Proposition 4.6 determines all singular vectors in M (A, ).

Proposition 4.6. Let ¢ = (¢1,¢2,0),c100 # 0, and X\ € C. Then the set of
singular vectors in M(X\, c) is

Cl, if A& N—2,
C(f + £v?) + 5=w? P21, +CLy,  fAeN-2.

S\ c) =

Proof. Let FF = f+
written as

201 2+ 2i w?,. Then any vector v in M()\,c) can be

Zaf’ij<F)Ui,1wilﬂ.)\ = Zblwilﬂ,\ = Z b;-’l}j;l:ﬂ_)\,
where a;;(F) € C[F], b; € C[F,v_4], b € C[F,w_,] and b,b;, # 0.

m .
If u is a singular vector, then viu = 0, that is ) jbjv’ 1y = 0. Hence, m = 0.
7=0
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Similarly, we have n = 0. So, u = a(F)1, with a(F) = " a,F* € C[F].
k=0

Following from 0 = eu = > kap(\ — k + 2)F* 1), we know that a; = 0 unless
k=0
k= X+ 2. And the proposition follows. [

Let ¢ = (¢1,¢9,0) with ¢ico # 0. Following from this proposition, we see that
M(A, ) is simple if and only if A ¢ N —2. And when A € N— 2, M(\ ¢) has
a unique maximal submodule generated by F**21,. Denote the unique simple
quotient by M;(\, c).

To summarize, we classify all simple highest weight modules for electrical Lie algebra
of type D, as follows.

Theorem 4.7.  Let ¢ = (c1,¢9,¢) € C3, A\ € C and M be a simple highest weight
module over T with highest weight \ at level ¢. Then M (M) when ¢ =0 (c # 0)
is isomorphic to

(1) a simple highest weight sly module, if ¢y = ca =0 (6(c1) = 0(c2) = 0);

(2) a simple highest weight module over the Schrédinger algebra, if cico = 0,
et #0 (0(c1)b(c2) =0, 0(cr) + 6(ca2) # 0);

(3) M\ c) (M(X0(c)), if crea #0, A¢N =2 (6(c1)8(c2) #0, A ¢ N —2);
(4) Mi(M\ ) (Mi(X\,0(c))) if crea #0, A€ N=2 (0(c1)0(c2) #0, A € N—2).
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