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Abstract. Let K(G) be the rational cone generated by pairs (A, 1) where A and p are dominant
integral weights and u is a nontrivial weight space in the representation V) of a semisimple group
G. We produce all extremal rays of C(G) by considering the vertices of corresponding intersection
polytopes IP), the set of points in (G) with first coordinate A. We show that vertices of P,
arise as lifts of vertices coming from cones K(L) associated to simple Levi subgroups possessing
the simple root «;. As corollaries we obtain a complete description of all extremal rays, as well as
polynomial formulas describing the numbers of extremal rays depending on type and rank.
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1. Introduction

Let G be a semisimple, simply-connected linear algebraic group over C. We choose
a maximal torus and Borel subgroup 7" < B < G. Then the irreducible finite-
dimensional representations of G are indexed by the dominant integral weights of
T'. For such a weight A, the associated representation, V), possesses a weight space
decomposition with respect to T: V) = @V, (u), where V) (u) is the subspace upon
which T acts through scalar multiplication by the character .

As is well-known, Vy(p) # (0) if and only if

(a) A — p lies in the root lattice for G and
(b) u is contained inside the Weyl polytope conv(W - ),

where W denotes the Weyl group and W - A its orbit through A\. However, there
is a simpler criterion if p is already known to be a dominant weight (cf. [10]): for
A, o both dominant, V) (p) # (0) if and only if

(a’) A — p is a linear combination of simple roots with nonnegative integral coef-
ficients.

* This paper owes its existence to A. Yong, who posed this question for GL,, and studied it in
[6]. The authors thank A.Yong and P. Belkale for providing useful feedback on an earlier version
of this manuscript and the referee for valuable comments.
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Since dim Vy(p) = dim Vy(wp) for any w € W, restricting our attention to u
dominant does not, in fact, lose any information about the representation V). It
is customary to write A\ > p for the statement V)(n) # (0) and to call > the
dominance order.

There is a rich history of rational cones appearing in the study of representation
theory, for example, Horn’s conjecture and the eigencone, and the generalization of
this problem to the tensor cone (see [8] for a survey). As we explain below, the
solutions to the nonvanishing problem V) (x) # 0 are the lattice points in a rational
cone, producing another example in kind.

In type A, the multiplicity my, = dim V) (x) has classically been called a Kostka
number and has meaning in a variety of contexts, such as symmetric functions and
representations of the symmetric group, cf. [5]. We set

K(G) = {(\, u)|A, p dominant, Vy(u) # (0)}

and call K(G) the Kostka cone for G. In [6], S. Gao, G. Orelowitz, A. Yong, and the
third author completely describe the extremal rays of (GL,) using the language
of partitions and Young tableaux and make further investigations into the Hilbert
basis of the Kostka cone. Inspired by that work, we now seek to extend one of their
results:

Question: What are the extremal rays of K(G)?

Let us ensure that the above question makes sense. If X*(7T') denotes the space
of all weights of T', criterion (a’) tells us that K(G) < (X*(T))? is exactly the
solution space to a system of linear inequalities which we list in Proposition 2.2. In
the ambient vector space (X*(T)®Q)?, the set K(G)q of rational solutions to those
inequalities thus forms a pointed, rational, polyhedral cone, and it makes sense to
ask what its extremal rays are.

Consider the related cone K'(G) = {(A, u)|\ dominant, Vi(u) # (0)} for a moment.
The two cones are related by K'(G) = WK(G), where W acts on the second
factor only: w.(A\,u) = (A, wp). Given a dominant weight A, the affine slice
{(\, 1)} n K'(G)q is simply conv(W - \). Since the vertices of conv(IV - \) depend
linearly on A, a straightforward argument (cf. Propositions 4.1 and 4.2) shows that
the extremal rays of K'(G) consist of the various (w;, ww;) as w; ranges over the
set of fundamental weights and w over W.

The extremal rays of K(G) cannot simply be determined from those of K'(G), even
though the former is naturally a quotient of the latter by W (the problem is that this
quotient is not operation-preserving at the level of semigroups.) Nonetheless, the
technique for K'(G) can be used for K(G). Given A, the affine slice {(A, )} nK(G)g
is some convex polytope IPj; it can be viewed as the intersection of conv(W - \)
with the dominant chamber of X*(7T")g. Examining these polytopes, we find an
averaging formula for the vertices of Py (Proposition 3.9), thus establishing that
they depend linearly on A\, which allows us to conclude:

Theorem 1.1.  Let G be a simple simply-connected linear algebraic group. The
extremal rays of K(GQ)g are all of the form (A, u) where X = w; is a fundamental
weight and p is a vertex of IP5,. Conversely, every such pair (X, ) produces an
extremal ray of K(G)g.



BESSON, JERALDS, KIERS 1057

The restriction in Theorem 1.1 to simple groups is justified by Lemma 6.5; one can
casily deduce the extremal rays of K(G)g for G semisimple from the rays of the
simple components. Thus in order to completely describe the set of extremal rays
of K(G)g, for G simple, it is sufficient for us to enumerate the vertices of all of the
intersection polytopes I Py, for all fundamental weights w; of T'. We complete this
work in Sections 4 and 5, with the following result.

Theorem 1.2.  The vertices of 1Py, are of the form
w; — Z C; (5,
I

where I is the empty set or stands for a connected subdiagram of the Dynkin diagram
for G containing node j, and the coefficients c; are the entries of the j* column of
the inverse transpose of the Cartan matriz associated to I .

Remark 1.3. If ] = ¢J, then the vertex so obtained is w; itself.

Example 1.4. Let G = SLy. For nonnegative integers ¢, m, the weight space
Vi(m) # (0) if and only if £ = m and ¢ —m is even. So the cone K(SLy) looks like

this:
m

14

Notice that, intersecting the cone with the dashed line through ¢ = 1, we obtain the
polytope isomorphic to the interval [0, 1], whose two vertices give extremal rays as
depicted. [ ]

Example 1.5. Now take G = Spy (type Cy). The intersection polytope IP) for
\ = @, + @y has 4 = 22 vertices as predicted by Remark 3.11.

A = 1wy + ws A=y

%) &%)

(651 a

In contrast, the polytope IP,, has the three vertices w, %WQ = w; — %ozl, and

2
columns of the inverse transposes of the Levi Cartan matrices. [ |

0 = @ — (201 + az); note that (1) and %(%) are indeed the corresponding

To each vertex v of an intersection polytope I Py, we assign a Levi subgroup L € GG
and show that v can be lifted from a corresponding vertex in an intersection polytope
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for L. This lifting procedure induces a map Ind : (L) — IC(G) that takes extremal
rays to extremal rays. We describe this procedure in Section 6. It is tempting to
compare this to the induction of extremal rays for the eigencone from Levi subgroups
described in [1, 2].

We also count the number of extremal rays of C(G) and produce, for each Lie type,
a polynomial formula as a function of the rank. As a consequence of Theorem 1.2,
these formulas do not depend on the lacing of the associated Dynkin diagrams, so
there are only three cases to consider: types A,, D, , and E,. We also point out that
these counting polynomials each begin with leading term r3/6. See Remark 8.1.

2. Notation and background

We fix G a simple, simply-connected linear algebraic group over C. We choose a
maximal torus and Borel subgroup T'c B < G. We denote by X*(T') the lattice
of weights of T, and by X.(T) the lattice of coweights. Their natural pairing
is denoted by {(,). We let ® denote the set of roots of G with respect to T,
and denote by ®* the set of positive roots of G with respect to B. We let &V
denote the set of coroots, so (¢, X*(T'), ", X.(T)) is a root datum for G. For a
subset I of {1,...,r}, denote by L; the semisimple part of the corresponding Levi
subgroup, where «; € ®(L;) for all i € I. We write AT for the set of dominant
weights. We denote by W the Weyl group of G. We denote by A = {«q,...a,}
(resp., {y, ..., }) the set of simple roots in ® (resp., simple coroots in ®¥). The
fundamental coweights z; € X, (T) ® Q satisty (v, x;) = d;;.

If \e AT, we write V) for the irreducible representation of G of highest weight \.
If pe X*(T) we write Vy(u) for the subspace of weight 1. Given a dominant weight
A € b, we can associate to it the Weyl polytope conv(W - A), which we denote by
Wy . For an n—dimensional polytope P, we call a face of dimension n — 1 a facet.

Definition 2.1.  Denote by K(G) the set of pairs (A, u) € AT x AT such that
Vi(p) # 0. Let K(G)g+ = K(G) ®z=0 Q=°. Since we work over Q for this whole
paper, we will abuse notation and write IC(G) for K(G)g+.

The following proposition is well-known (see [10]):

Proposition 2.2.  K(G) is a rational cone. Moreover, (A, ) € K(G) if and only
if the inequalities

<)\—,U/,;UZ>>O, <)‘7azv>>o7 <:u7azv>>0

for each i € {1,...r} are satisfied.

3. Vertices of the Intersection Polytope

In order to study the extremal rays of the Kostka cone associated to G, we study
the following associated polytope.

Definition 3.1.  We define the intersection polytope
IP) := Aé NWy=K(G)n{(A\pn) | peAt}.
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This is clearly a convex polytope, as it is the intersection of the convex polytope
W, with a finite collection of half-spaces. The facets of I P, fall into two classes.
The first consists of sub-polytopes of the hyperplanes defining Aé. These facets F},
associated to simple coroots, are defined as the intersection

F) = 1P, {ju e bl o)) = O}, (1)

Similarly, we have a second class of faces Ejf\, associated to fundamental coweights,
which are sub-polytopes of some of the faces of W)y, defined by

E} = IPy n {pe b\ — p, ) = 0}, (2)

Remark 3.2.  Unlike the [}, the E} will not all be facets of TPy if X is not
regular. Nonetheless the collection of facets of 1Py is always a subset of {F}'} U{E}}.
We do not need any knowledge of their dimensions for our purposes.

The candidates for vertices of 1Py are suitable intersections ([ F*) n ([ E}). First
we explore why it is at all reasonable to expect these intersections to be well-behaved.

Proposition 3.3.  Suppose I 1 J ={1,...,r} (disjoint union).

Then the collection {a; }ier v {z;}jes form a basis of b.

Proof. If we can show they are linearly independent, that will be sufficient.

Assume there is a relation
Z a,-az-v + Z bjl'j = 0.

Qi <Z a,-aiv> = 0.

Let L; be the Levi associated to I. Then the element ) a;o’ € by, must be
identically 0 (since the o, i € I form a basis of b} ). So each a; = 0 in our relation.

But
Z ijL‘j = O

forces every b; = 0 since the z; are linearly independent. [ |

Then for every iy € I,

We use the following lemma from [9]:

Lemma 3.4. Let G be semisimple. Let A\ be a dominant weight. Then for any
J, {\xj) = 0. Furthermore, if G is simple, this is strict.

Definition 3.5. Suppose I,J < {1,...,r}, and take x € b, and A to be a
dominant weight. If the system of equations

(w,a))=0, i€l
AN—z,2;)=0, jeJ

has a unique solution, we will denote it by vy ;.

Lemma 3.6. The solutions vr; where I u.J = {1,...,r} are vertices of IP).
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Proof. By Proposition 3.3, there exists a unique solution in b to the system of

equations
4 (r,a;)=0 for iel, (A\—z,x;)=0 for jeJ

To ensure that vy ; is indeed inside 1Py, it must satisfy the following two additional
systems of inequalities:

(a) i¢ I = (vry,a) >0 and

(b) j¢J — A—wvr,x5)=0.

The J equations tell us that A\ —wv; ;= >

To establish (b), we must show that each a; = 0. Indeed, restricted as weights for
L = Ly, we have agreement
)\‘hL - Zaiai’hL'

iel

.7 @ic; for suitable rational numbers a;.

Furthermore, the «;| —are the simple roots of the L root system and )"bL is still

’hL
dominant. Therefore, by Lemma 3.4 applied to L, each a; = 0. Given that (b)

holds, we can now verify (a): if i ¢ I then

(g, 0 ) =\ o)) + Z ap{—ay, )y =0

i'el
since {ay, ;') <0 when i’ # 1. ]

Next we will prove that any vertex of IP, is of the form v;; for suitable I,.J
satisfying Tu J = {1,...r} and I nJ = &, establishing Theorem 3.8 stated below.
Certainly any vertex of 1Py is the intersection of the facets on which it lies, so every
vertex is the unique solution to a system of the following form:

zelP,, veF\Viel, zeE}VjeJ (3)

for some I,J < {1,...,r}, not necessarily disjoint. Note that a vertex v satisfying
the above system may satisfy yet more equalities of the form (A — v, z;) = 0 for
l ¢ J. For any such further equality satisfied by v, we add [ to J until J is maximal,
so that J = {j|lz € E}'}. This will allow us to shrink I until I, J are disjoint and
ITuJ={1,...,r}. We begin with the following lemma.

Lemma 3.7.  Suppose I,J < {1,...,r} and that v is the unique solution to (3),
with J maximal. If k€ I nJ, then N\« ) = 0. Furthermore, v is the unique
solution to the weaker system

zelP,, zeF})Viel—{k}, veE}Vjel (4)

Proof. Take keI n.J. By veIP, and ve E} forall je J, we may write
V= \— 2 k}gOég
tgJ

for some rational numbers k, > 0. Furthermore, since J is assumed to be maximal,
we know each k, > 0. Because k € J, {ay,ap) < 0 for all £ ¢ J. Therefore, given
that (v,a)) =0,

0< N o)) = <v,a,§>+2k5<a4,a,¥> <0,
t¢J
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so all expressions appearing are 0. In particular, (A, /) = 0. Furthermore, each
{ay, ) = 0 since each ky > 0.

Now take any v’ satisfying (4). Again we can write v' = A — >, becy. Note
immediately that by the above conditions on A and «, for ¢ ¢ J, (', a)) = 0.
Thus v’ satisfies (3), and so v' = v. ]

Now let v be an arbitrary vertex of IP,. Then for some I,J < {1,...,r}, v is
defined by the following properties:

vE (ﬂE;‘) N (ﬂFf‘), v, y=0fori¢g I, (A\—wv,z;)=0forj¢J (5)

jed el

By Lemma 3.7, we assume I nJ = ¢J and J is maximal. If TuJ = {1,...,r}, then
we are done. Otherwise, set K = {1,...,r} — (I u J). From Lemma 3.6, the point
Urok,s 1s a vertex of I Py; furthermore vk s satisfies the system (5), so v = v k.
This completes the proof of the following

Theorem 3.8.  Let A\ € AT. The vertices of 1P\ are exactly the points vry for
I,J satisfying T uJ={1,...,r}.

Finally, we make use of the inequalities of Theorem 3.8, which completely classify
the vertices of 1Py, to give a concise formula for a given vy ;(A) in the following

Proposition 3.9.  Suppose I,J are disjoint and I v J = {1,...,r}. Let W be
the Weyl subgroup of W generated by the simple reflections s;,i € I. Then we have

1
ULJ()\) = W Z wWA.

wEW[

Proof. Set v = Wll‘Z%WI wA. First, for each w € Wy, note that wA has an
expression A — > ._; k;cy; for some suitable nonnegative integers k;; averaging across
Wi, we therefore see that A—v is a nonnegative rational combination of simple roots
«a; for i € I. Therefore v satisfies the equations (A—wv,z;) = 0 for j € J. Second, for
any i € I, note that s;(v) = v; therefore since the pairing is W-invariant, we have
v,y = (v,—a; ) = 0. So v satisfies the system of equations defining vy ;. ]

Remark 3.10. In type A, the vertices of the polytopes [P, were enumerated
by Hoffman [7] while reproducing a theorem of Hardy, Littlewood, and Pélya which
characterizes dominance order using doubly-stochastic matrices.

Remark 3.11. For G of any type, note that if A is regular dominant, the vy ;
are all distinct for different pairs (1, .J) satisfying I u J = {1,...,r}; in particular
there are 2" vertices. This follows from Lemma 3.7. If A is not regular, there are
fewer vertices; see Section 5.

For the case A = 2p, this is also recorded in [3], Proposition 13 and following
remarks, and attributed to Kostant. Further, in loc.cit. the vertices of 1P, are
given by vr; = p + wrp, where w; € Wy is the longest word. It is straightforward
to check that this agrees with Proposition 3.9 for A = 2p. While the remarks in
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loc. cit. say that the number of vertices can be extended to any regular dominant
weight A in place of 2p, they do not give a similar formula for the vertices of IP}.
Thus the content of Proposition 3.9 might be known to experts; however, we have
not seen it in the literature. ]

As a consequence of Proposition 3.9, we immediately obtain the following corollary,
which allows us to relate vertices of distinct polytopes, and establishes that 1Py,
is the Minkowski sum of /P, and IP,.

Corollary 3.12.  The vertices vy j(A) of IPy depend linearly on .

4. First description of the extremal rays

We begin by naming some extremal rays of K(G).

Proposition 4.1.  Suppose I uJ = {1,...,r}. Then (w;, v (w;)) gives an
extremal ray of K(G).

Proof.  Suppose (i, vr,s(wi)) = (A, 1) + (A, i2) where cach (s, 1;) € K(G).
We wish to show the (A;, it;) are parallel. Since the ); are both dominant and sum
to w;, we must have \; = a;w; and Ay = asw; where a;,a0, = 0 and a1 +ay, = 1.

It follows that p; is inside the polytope I P, ., and ps inside IFP,,,. Since a; = 0

makes (A1, 1) = (0,0), in which case the pair ();, y;) are trivially parallel, we may

assume a; > 0. Likewise, we assume ay > 0. By scaling, %,uj for 7 = 1,2 belongs
J

to the polytope IP,. Furthermore, the vertex vy ;(w;) is equal to the convex sum

1 1
ap | —p1 ) +as | —pe
aq a9
of elements in IP,,. By virtue of being a vertex, this forces =p; = vy y(w;) for
J

each j =1,2. |

To complete the initial enumeration of all extremal rays of K(G), we now demon-
strate that every extremal ray has the special form above.

Proposition 4.2.  If (\,u) is an extremal ray of K(G), then, up to scaling,
A = w; for some i and p = vy j(w;) for some I,J as above.

Proof. Let (A, u) € K(G). Since p € IPy, we can write pu = > ay jvrs(\) where
> ary = 1. Note that A = > a; sA. Thus we can rewrite (A, i) = > ar (A vrs(N)).

Now we write A = > bywy, and using that the vy ;(\) are linear in A (Corollary
3.12) we have

A\ p) = ZaI,J()HUI,J()‘))
= 2 CLLJ(Z brwo, UI,J(Z brwy))

- Z aLJ(Z by, Z brvr s (@)
= Z (IL]Z bk(wIm UI,J(wk’))'
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Since (A, p) is extremal, it is parallel to every (wy, vy s(wy)) such that ar jby # 0.
Hence there is only one nonzero b;, and the collection of pairs I, J such that a; ; # 0
all produce the same vertex vy j(wy). ]

5. Enumeration of the extremal rays

Thus the generators of extremal rays of IC(G) coincide with the collection of
(w;, v1.5(w;)). There could be redundancy among the v j(w;)s (indeed there is), so
we now work toward enumerating these extremal rays without repetition. For the
remainder of this section, fix an index i.

We first take note of the redundancy of vertices vy j(w;) for which i ¢ I.
Lemma 5.1. Ifi¢ I, then v (w;) = w;.

Proof. This follows immediately from the observation that W; fixes w,;, and
Proposition 3.9. [ ]

So from now on, assume that ¢ € I. If the Levi subdiagram corresponding to [ is
not simple, we will show that the vertex v; j(w;) is the same as that determined by
the simple subLevi containing node .

Lemma 5.2.  Suppose that the Levi subdiagram corresponding to I breaks up into
simple (i.e., connected) parts corresponding to I,..., I, , ordered so that i € I.
Then

UI,J(?ﬂi) = Ull,lf(wi)-

Proof. Let I' = | |, Iy, so I = I, u I and W; is the direct product of Wy,
and Wp . Therefore

|WI| 2, wwi = |W11||Wp 2, ), ww

weW7y ueWrp, veWp

AL !WI/ 2 2, v

UEW[ ’UEWI/

Thus when parameterizing the vertices vy re(w;), we need only consider the following
cases: in the first case, i ¢ I, which from Lemma 5.1 is just as good as [ = J; in
the second case, ¢ € I, and Lemma 5.2 lets us reduce this to ¢ € I such that the
subdiagram for [ is connected.

Lemma 5.3.  Suppose I < {1,...,r} and that the subdiagram for I is connected.
Ezpress

wW; — Vr,1¢ wz Z Crm Ol

Then each ¢, > 0.
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Proof.  Note that w;—vy e(w;) is the average of the terms w; —ww;, for w e W.
Each such term is a nonnegative combination of simple roots. So it suffices to find
a single w such that w; — ww; is a positive combination of the simple roots «,, for
mel.

Let 0; denote the highest root of the sub-root system given by I. Since w;(#)) > 0,
w;—sg,w; = w;(0) )0 is positively supported on every simple root a,,, forme I. =

Corollary 5.4.  Let I and Iy be distinct subsets of {1,...,r}, each containing i
and each with connected Dynkin subdiagram. Then vy, e (w;) # (e (w;).

Proof.  Expressed in the basis of simple roots, @; — vy, re(w@;) and @; — vy, 15 (@)
have different coefficients. ]

Therefore we have just proved the following parametrization of the extremal rays of

K(G).

Theorem 5.5.  The extremal rays of K(G) with first coordinate w; coincide
precisely with the set {(w;,vr y(w;))}, where either

(a) the Dynkin subdiagram for I is connected and i € I (note I = {1,...,r} is one
such choice),

(b) I =&, which corresponds to the extremal ray (w;, w;).

Proposition 4.2 and Theorem 5.5 taken together give a complete description of the
extremal rays of K(G).

6. Lifting extremal rays from Levi subgroups

In this section, we present a new framework in which to view the vertices vy j(\)
or the extremal rays (w;, vy s(w;)). Specifically, for each I, we describe maps of
polytopes and of Kostka cones for the two groups L < G, where L = [M, M] is the
derived subgroup of the Levi subgroup M associated with I. Abusing terminology,
we will refer to L as the semisimple Levi subgroup associated with I. It would be
interesting to understand the extent to which this “Levi induction” is related to the
Levi induction developed in [1, 2]. The framework of considering cones associated
to all standard Levi subgroups (or their derived subgroups) and maps between the
associated cones is reminiscent of the general phenomenon of parabolic induction.

Let L be a choice of semisimple Levi subgroup of G, and let I = A(L) be the
corresponding collection of simple root indices. For such an L we can identify the
simple roots in ®(L) with a subset of the simple roots in ®(G). We write 7; for
the fundamental coweights of L. Thus for i, j € A(L), {a;,xi)c = {®;, Tiyr, = 0; .

Definition 6.1.  Given a Levi subgroup L — G and a dominant integral weight
AL € AJ, we associate to A, a dominant integral weight A € A, as follows: if
i€ A(L) then (A, o) = (A, ) and if j ¢ A(L) then (\,a;) = 0. We call this
new weight A the extension by 0 of \p.
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Let (Ar,ur) be an element of (L), and write

AL — pr = Z CrOl.
keA(L)

Then define the weight A for G, extending A, by zero on each «), k¢ A(L), and set

pi=\— Z CrO, (6)

keA(L)

as a weight for G.

Definition 6.2.  Given a point (A, uz) € (Af)? for A\, = >, a;m; and given
pr = A — >, ciciln, we write Tnd¥ (A, pr) = (A ,,u) € (Af)? where A = > a;mw; is
the extension of Ay by 0 and p =\ — > ¢a;.

We now record, without proof, several straightforward properties of Indf.

Proposition 6.3.
(a) The map Ind¥ : (A})? — (A)? restricts to Ind§ : K(L) — K(G).
(b) For any two Levi subgroups L' < L < G, we have Ind§ oInd%, = Ind, .

(c¢) Given a vertex puy = vp y(Ap) of IPy, for a Levi L, we have
IIIdg()\L, U[’7J/(>\L)) = ()\, 'U[}J()\)),

where X\ is the extension of A\p, by 0 and [ =1", J=1°<{1,...,r}.

Thus we observe that, if A is the extension by 0 associated to Aj for some simple
Levi L — G, then whenever [ is contained in the Dynkin subdiagram defining L,
the vertex vy s(A) of IPy is in fact induced from a vertex of IP,, for L.

Furthermore, whenever we lift a vertex vy, s, (Ar) from a Levi subgroup it always
lifts to vy, s (M), so by the compatibility in Proposition 6.3(b), we can make the
following notational simplification.

Notation. We write va(z)(A) for a vertex of 1P, lifted from Levi L, where L is the
smallest possible such Levi. Observe that such an L is simple due to Theorem 5.5.

Before examining the situation with non-simple Levi subgroups, we review the notion
of a direct sum of cones.

Definition 6.4. If (7, (5 are rational semigroups inside ambient vector spaces
Wy, Wy, we may form the direct sum

C1®Cy = {(c1,c2)|c1 € Cryc0 € Co} € Wy @ Wa,

which is again a semigroup under (ci,c2) + (di,d2) = (¢1 + di, c2 + d2) and admits
scalar multiplication by nonnegative rational numbers ¢ - (c1,c2) = (gcq, qcz). Fur-
thermore, if C; and Cy are convex rational cones (i.e., defined by a finite system of
rational linear inequalities), so is C7 @ Cy (defined by the union of the inequalities

for C7 and C5).
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Lemma 6.5. Let L be a non-simple Lie group, L = HL" where each L; is
simple. Then K(L) = @ K(L;).

Proof. If L is non-simple then the root system ®(L) = | |®(L;). For any finite-
dimensional representation Vy, we have V,, = [X]V}, ; here each simple factor L;
acts only on V), . The statement on Kostka cones follows. n

Remark 6.6. In describing K(G), this allows us to consider only simple G, as
was assumed in the introduction.

Proposition 6.7. Let L = HLk be a direct product of simple Levi subgroups.
For each k, suppose we have a dominant weight \r, and a vertex i, = vy 1e(Ar,) -

Set I =\ JIy. Then

Zlndi(ALmﬂLi) = <Z i, Ur,1¢ <Z >\1>)

where each \; is the extension by 0 of Ap,.

Proof. This follows by an argument very similar to the proof of Lemma 5.2. =

With the notation of Levi induction, the extremal rays of (G take on a particularly
nice form.

Corollary 6.8. Let L be a simple Levi with i € A(L). The extremal ray
(@i, va(r) (@) = Ind§ (wF,0).

Proof.  Simply note that {0,ay ) =0 for all k€ I, so 0 = va,)(@f).

Alternatively, if A is the extension of Ay by zero, (A\,vay(N)) = Ind¥(Ar,0) is
clear from Proposition 3.9 and the observation that, in any root system ®; with

any weight Ap,
Z ’UJ)\L = 0. |

weWL

Suppose one would like to know the difference @w; —va(r)(@;) in terms of simple roots
(for example, this would help one to write down the extremal rays more quickly than
using the averaging of Proposition 3.9). This task is the same as expressing @’ — 0
in terms of simple roots for the Levi root system, by the previous corollary. But
this is encoded by the transpose inverse Cartan matrix associated to L: the desired

coeflicients of the simple roots are the entries of the i*" column of said matrix.

7. Detailed example in Cjy

In this section, we compute the extremal rays of the form (w3, —) in type G = Cj.
We will write down lattice representatives of the extremal rays; they will be of
the form (kws, va()(kws)) for some integer & (and where 3 € A(L)). Taking
k = det(CL), where Cp, is the Cartan matrix for L, will always yield kw; on the
root lattice. Note however that (det(Cr)w?F,0) may not be the first integral point
on the ray (w?r,0), as seen in case 4 below corresponding to Levi A(L) = {2,3,4}.
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In the examples below, A(L) are denoted by solid nodes, and a circle is placed
around node 3. The transpose inverse Cartan matrix of L is given below the
diagrams, with columns aligned with the corresponding simple roots of L.

1 2 3 4
O ©; 0

The trivial Levi {e}

(wi’n w3)

1 2 3 4
O @¢O

> (1)

(2@3, U37124(2’W3)) = (2@3, 2@2 — 043) = (2@3, Two + W4>

1 2 3 4
o @:{:‘
2 2 2
1
1o 4 4
1 2 3

(2?7]37 U234’1(2W3)) = (2@3, 2@3 — 2042 — 4064 — 2062) = (2@37 2@1)

1 2 3 4
T (@——=—0
3 2 1
12 4
1 2 3

(4@3, 1112374(4’@3)) = (4@3, 4@3 — 0 — 20&2 — 3043) = (4@3, 3’@4)
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1 2 3 4
° ° &o———=—»
2 2 2 2
]2 4 4 4
2|2 4 6 6
1 2 3 4

(2@3, 1)12347®(QW3)) = (2@3, 2@3 - 20(1 - 40./2 - 60[3 - 3044) = (2@3, 0)

8. Polynomial formulas for the number of extremal rays

We now give formulas for the number of extremal rays in IC(G) for each type of
simple Lie group G as polynomials in the rank. In the classical setting of Kostka
numbers (i.e., for G = A,), these are due to Gao, Orelowitz, and Yong, along with
the third author [6]. Our computations are based on the correspondence

#{extremal rays of the form (kw;, vy j(kw;))}
= 1+ #{simple Levis L containing node i} (7)

as given by Theorem 5.5.

Remark 8.1. As we are looking at choices of simple Levi subgroups, the only
influential factor is the underlying graph of the Dynkin diagram, and not the lacing
of the diagram. Thus, we have that G = A,, B,, and C, will have the same
number of extremal rays for each r, as will the pairs As and G5, and Ay and Fj.
We therefore reduce to computations for A,, D,, and E,. We find it interesting
that each polynomial begins with leading term r2/6. [ |

We take as convention the numbering scheme of Bourbaki [4] for the simple Dynkin
diagrams.

Proposition 8.2.
(a) For G of type A,, the number of extremal rays in K(G) is
(5) + () + (7)) -1,
(b) For G of type D,., the number of extremal rays in K(G) is (5) +3(3) +2(7) —3.

(c) For G of type E,, the number of extremal rays in K(G) is (3) +4(3) + (}) — 8.

Proof. (a) We proceed by induction on r. Set R;, to be the number of extremal
rays of the form (kw;,v; ;) for A,. By the correspondence (7), we have as the
base case that R;; = 2, which agrees with the formula (with the convention that
(g) = 0). Now suppose that the formula holds for r. Again using the correspondence
(7), we know that R;,.; — R;, (1 < i < r) is precisely the number of new Levi
subgroups in A,,; containing node 7, under the usual embedding A, «— A,,;, and
that R,41,41 = 7+ 2. As can easily be seen from the Dynkin diagram, we have for
1<i<r
Riy1— Riy =i
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Therefore, we have

r+1

Z Ripi1 = (Z zr+1> + Rry1041
i=1 =1
'

(Rip +1i)+7+2

( J?: ) <r+1>+<r41rl)_1+r(r2+1)+r+2
_(T—;—2>+<T—;2>+<r—;2)_1

(b) We again proceed by induction on r. Denote similarly in this case R;,. Then
we have as a base case

I
[

.

=

as desired.

Riy=R34s=Rys=6, Roy=9,

which can be obtained using the correspondence (7), and agrees with the formula.
Now, choose the standard Levi embedding D, — D, ., noting that now node 7 is
labeled 7+1. An investigation of the Dynkin diagram in this case gives Ry ,4+1 = r+3
and
Ry, +((r+1—-4)+2), 2<i<r-—1
Rz’,rJrl = erl,r + 27 1=
R,, +2, t=r+1

Therefore, we have

r+1 r—1
Z Ripi1=1r+3+ (Z Ri,rJrl) + Repi1 + Rrg141

=2

r—1
—r+3+ (ZRil,r+r+3—i> + R, +24 Ry +2
=2
r—1
_r+7+ZRM+Z (r+3—1)

i=1 =2

r r r 1
2 — 3+ =(r —1
T4+ T+ <3)+3<2>+ <1> 3+2(r + 3r —10)

r3 n 3r? n 10r 1
6 2 3

r+1 r+1 r+1

92 _
(55 ) ()
as desired. Note that this formula is still valid for D3 = A3 and Dy = A; x A;.

(c) This is done by direct computation. In particular, the number of extremal rays
in types Eg, F7, and Eg are 78, 118, and 168, respectively, which fits the formula.
It should be noted that this also holds when making the associations F5 = Ds,
E4:A4,and E3=A2><A1. |
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