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Abstract. Let KpGq be the rational cone generated by pairs pλ, µq where λ and µ are dominant
integral weights and µ is a nontrivial weight space in the representation Vλ of a semisimple group
G . We produce all extremal rays of KpGq by considering the vertices of corresponding intersection
polytopes IPλ , the set of points in KpGq with first coordinate λ . We show that vertices of IPϖi

arise as lifts of vertices coming from cones KpLq associated to simple Levi subgroups possessing
the simple root αi . As corollaries we obtain a complete description of all extremal rays, as well as
polynomial formulas describing the numbers of extremal rays depending on type and rank.
Mathematics Subject Classification: 22E46, 05E10, 52A40.
Key Words: Representation theory, convex geometry, Lie combinatorics, Kostka numbers, weight
polytopes.

1. Introduction

Let G be a semisimple, simply-connected linear algebraic group over C . We choose
a maximal torus and Borel subgroup T Ă B Ă G . Then the irreducible finite-
dimensional representations of G are indexed by the dominant integral weights of
T . For such a weight λ , the associated representation, Vλ , possesses a weight space
decomposition with respect to T : Vλ “ ‘Vλpµq , where Vλpµq is the subspace upon
which T acts through scalar multiplication by the character µ .
As is well-known, Vλpµq ‰ p0q if and only if

(a) λ ´ µ lies in the root lattice for G and

(b) µ is contained inside the Weyl polytope convpW ¨ λq ,

where W denotes the Weyl group and W ¨ λ its orbit through λ . However, there
is a simpler criterion if µ is already known to be a dominant weight (cf. [10]): for
λ, µ both dominant, Vλpµq ‰ p0q if and only if

(a 1 ) λ ´ µ is a linear combination of simple roots with nonnegative integral coef-
ficients.

∗ This paper owes its existence to A. Yong, who posed this question for GLn and studied it in
[6]. The authors thank A. Yong and P. Belkale for providing useful feedback on an earlier version
of this manuscript and the referee for valuable comments.
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Since dimVλpµq “ dimVλpwµq for any w P W , restricting our attention to µ
dominant does not, in fact, lose any information about the representation Vλ . It
is customary to write λ ľ µ for the statement Vλpµq ‰ p0q and to call ľ the
dominance order.
There is a rich history of rational cones appearing in the study of representation
theory, for example, Horn’s conjecture and the eigencone, and the generalization of
this problem to the tensor cone (see [8] for a survey). As we explain below, the
solutions to the nonvanishing problem Vλpµq ‰ 0 are the lattice points in a rational
cone, producing another example in kind.
In type A , the multiplicity mλ,µ “ dimVλpµq has classically been called a Kostka
number and has meaning in a variety of contexts, such as symmetric functions and
representations of the symmetric group, cf. [5]. We set

KpGq “ tpλ, µq|λ, µ dominant, Vλpµq ‰ p0qu

and call KpGq the Kostka cone for G . In [6], S. Gao, G. Orelowitz, A. Yong, and the
third author completely describe the extremal rays of KpGLnq using the language
of partitions and Young tableaux and make further investigations into the Hilbert
basis of the Kostka cone. Inspired by that work, we now seek to extend one of their
results:

Question: What are the extremal rays of KpGq?

Let us ensure that the above question makes sense. If X˚pT q denotes the space
of all weights of T , criterion (a 1 ) tells us that KpGq Ă pX˚pT qq2 is exactly the
solution space to a system of linear inequalities which we list in Proposition 2.2. In
the ambient vector space pX˚pT qbQq2 , the set KpGqQ of rational solutions to those
inequalities thus forms a pointed, rational, polyhedral cone, and it makes sense to
ask what its extremal rays are.
Consider the related cone K1pGq “ tpλ, µq|λ dominant, Vλpµq ‰ p0qu for a moment.
The two cones are related by K1pGq “ WKpGq , where W acts on the second
factor only: w.pλ, µq “ pλ,wµq . Given a dominant weight λ , the affine slice
tpλ, ¨qu X K1pGqQ is simply convpW ¨ λq . Since the vertices of convpW ¨ λq depend
linearly on λ , a straightforward argument (cf. Propositions 4.1 and 4.2) shows that
the extremal rays of K1pGq consist of the various pϖi, wϖiq as ϖi ranges over the
set of fundamental weights and w over W .
The extremal rays of KpGq cannot simply be determined from those of K1pGq , even
though the former is naturally a quotient of the latter by W (the problem is that this
quotient is not operation-preserving at the level of semigroups.) Nonetheless, the
technique for K1pGq can be used for KpGq . Given λ , the affine slice tpλ, ¨quXKpGqQ
is some convex polytope IPλ ; it can be viewed as the intersection of convpW ¨ λq

with the dominant chamber of X˚pT qQ . Examining these polytopes, we find an
averaging formula for the vertices of IPλ (Proposition 3.9), thus establishing that
they depend linearly on λ , which allows us to conclude:

Theorem 1.1. Let G be a simple simply-connected linear algebraic group. The
extremal rays of KpGqQ are all of the form pλ, µq where λ “ ϖj is a fundamental
weight and µ is a vertex of IPϖj

. Conversely, every such pair pλ, µq produces an
extremal ray of KpGqQ .
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The restriction in Theorem 1.1 to simple groups is justified by Lemma 6.5; one can
easily deduce the extremal rays of KpGqQ for G semisimple from the rays of the
simple components. Thus in order to completely describe the set of extremal rays
of KpGqQ , for G simple, it is sufficient for us to enumerate the vertices of all of the
intersection polytopes IPϖj

for all fundamental weights ϖj of T . We complete this
work in Sections 4 and 5, with the following result.

Theorem 1.2. The vertices of IPϖj
are of the form

ϖj ´
ÿ

I

ciαi,

where I is the empty set or stands for a connected subdiagram of the Dynkin diagram
for G containing node j , and the coefficients ci are the entries of the jth column of
the inverse transpose of the Cartan matrix associated to I .

Remark 1.3. If I “ H , then the vertex so obtained is ϖj itself.

Example 1.4. Let G “ SL2 . For nonnegative integers ℓ,m , the weight space
Vℓpmq ‰ p0q if and only if ℓ ě m and ℓ ´ m is even. So the cone KpSL2q looks like
this:

ℓ

m

1

Notice that, intersecting the cone with the dashed line through ℓ “ 1 , we obtain the
polytope isomorphic to the interval r0, 1s , whose two vertices give extremal rays as
depicted.

Example 1.5. Now take G “ Sp4 (type C2 ). The intersection polytope IPλ for
λ “ ϖ1 ` ϖ2 has 4 “ 22 vertices as predicted by Remark 3.11.

α1

α2

λ “ ϖ1 ` ϖ2

α1

α2

λ “ ϖ1

In contrast, the polytope IPϖ1 has the three vertices ϖ1 , 1
2
ϖ2 “ ϖ1 ´ 1

2
α1 , and

0 “ ϖ1 ´ 1
2
p2α1 ` α2q ; note that 1

2
p1q and 1

2

´

2
1

¯

are indeed the corresponding
columns of the inverse transposes of the Levi Cartan matrices.

To each vertex v of an intersection polytope IPλ , we assign a Levi subgroup L Ď G
and show that v can be lifted from a corresponding vertex in an intersection polytope
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for L . This lifting procedure induces a map Ind : KpLq Ñ KpGq that takes extremal
rays to extremal rays. We describe this procedure in Section 6. It is tempting to
compare this to the induction of extremal rays for the eigencone from Levi subgroups
described in [1, 2].
We also count the number of extremal rays of KpGq and produce, for each Lie type,
a polynomial formula as a function of the rank. As a consequence of Theorem 1.2,
these formulas do not depend on the lacing of the associated Dynkin diagrams, so
there are only three cases to consider: types Ar , Dr , and Er . We also point out that
these counting polynomials each begin with leading term r3{6 . See Remark 8.1.

2. Notation and background
We fix G a simple, simply-connected linear algebraic group over C . We choose a
maximal torus and Borel subgroup T Ă B Ă G . We denote by X˚pT q the lattice
of weights of T , and by X˚pT q the lattice of coweights. Their natural pairing
is denoted by x , y . We let Φ denote the set of roots of G with respect to T ,
and denote by Φ` the set of positive roots of G with respect to B . We let Φ_

denote the set of coroots, so pΦ, X˚pT q,Φ_, X˚pT qq is a root datum for G . For a
subset I of t1, . . . , ru , denote by LI the semisimple part of the corresponding Levi
subgroup, where αi P ΦpLIq for all i P I . We write Λ` for the set of dominant
weights. We denote by W the Weyl group of G . We denote by ∆ “ tα1, . . . αru

(resp., tα_
1 , . . . α

_
r u) the set of simple roots in Φ (resp., simple coroots in Φ_ ). The

fundamental coweights xi P X˚pT q b Q satisfy xαi, xjy “ δij .
If λ P Λ` , we write Vλ for the irreducible representation of G of highest weight λ .
If µ P X˚pT q we write Vλpµq for the subspace of weight µ . Given a dominant weight
λ P h˚

Q , we can associate to it the Weyl polytope convpW ¨ λq , which we denote by
Wλ . For an n´dimensional polytope P , we call a face of dimension n ´ 1 a facet.

Definition 2.1. Denote by KpGq the set of pairs pλ, µq P Λ` ˆ Λ` such that
Vλpµq ‰ 0 . Let KpGqQ` “ KpGq bZě0 Qě0 . Since we work over Q for this whole
paper, we will abuse notation and write KpGq for KpGqQ` .

The following proposition is well-known (see [10]):

Proposition 2.2. KpGq is a rational cone. Moreover, pλ, µq P KpGq if and only
if the inequalities

xλ ´ µ, xiy ě 0, xλ, α_
i y ě 0, xµ, α_

i y ě 0

for each i P t1, . . . ru are satisfied.

3. Vertices of the Intersection Polytope
In order to study the extremal rays of the Kostka cone associated to G , we study
the following associated polytope.

Definition 3.1. We define the intersection polytope
IPλ :“ Λ`

Q X Wλ “ KpGq X tpλ, µq | µ P Λ`u .



Besson, Jeralds, Kiers 1059

This is clearly a convex polytope, as it is the intersection of the convex polytope
Wλ with a finite collection of half-spaces. The facets of IPλ fall into two classes.
The first consists of sub-polytopes of the hyperplanes defining Λ`

Q . These facets F λ
i ,

associated to simple coroots, are defined as the intersection

F λ
i “ IPλ X tµ P h˚

Q|xµ, α_
i y “ 0u. (1)

Similarly, we have a second class of faces Eλ
j , associated to fundamental coweights,

which are sub-polytopes of some of the faces of Wλ , defined by

Eλ
j “ IPλ X tµ P h˚

Q|xλ ´ µ, xjy “ 0u. (2)

Remark 3.2. Unlike the F λ
i , the Eλ

j will not all be facets of IPλ if λ is not
regular. Nonetheless the collection of facets of IPλ is always a subset of tF λ

i uYtEλ
j u .

We do not need any knowledge of their dimensions for our purposes.

The candidates for vertices of IPλ are suitable intersections p
Ş

F λ
i qXp

Ş

Eλ
j q . First

we explore why it is at all reasonable to expect these intersections to be well-behaved.

Proposition 3.3. Suppose I \ J “ t1, . . . , ru (disjoint union).
Then the collection tα_

i uiPI Y txjujPJ form a basis of h.

Proof. If we can show they are linearly independent, that will be sufficient.
Assume there is a relation

ÿ

aiα
_
i `

ÿ

bjxj “ 0.

Then for every i0 P I ,
αi0

´

ÿ

aiα
_
i

¯

“ 0.

Let LI be the Levi associated to I . Then the element
ř

aiα
_
i P hLI

must be
identically 0 (since the αi, i P I form a basis of h˚

LI
). So each ai “ 0 in our relation.

But
ÿ

bjxj “ 0

forces every bj “ 0 since the xj are linearly independent.

We use the following lemma from [9]:

Lemma 3.4. Let G be semisimple. Let λ be a dominant weight. Then for any
j , xλ, xjy ě 0. Furthermore, if G is simple, this is strict.

Definition 3.5. Suppose I, J Ď t1, . . . , ru , and take x P h˚
Q and λ to be a

dominant weight. If the system of equations

xx, α_
i y “ 0, i P I

xλ ´ x, xjy “ 0, j P J

has a unique solution, we will denote it by vI,J .

Lemma 3.6. The solutions vI,J where I \ J “ t1, . . . , ru are vertices of IPλ .
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Proof. By Proposition 3.3, there exists a unique solution in h˚
Q to the system of

equations
xx, α_

i y “ 0 for i P I, xλ ´ x, xjy “ 0 for j P J.

To ensure that vI,J is indeed inside IPλ , it must satisfy the following two additional
systems of inequalities:
(a) i R I ùñ xvI,J , α

_
i y ě 0 and

(b) j R J ùñ xλ ´ vI,J , xjy ě 0 .
The J equations tell us that λ´ vI,J “

ř

iPI aiαi for suitable rational numbers ai .
To establish (b), we must show that each ai ě 0 . Indeed, restricted as weights for
L “ LI , we have agreement

λ
ˇ

ˇ

hL
“

ÿ

iPI

aiαi

ˇ

ˇ

hL
.

Furthermore, the αi

ˇ

ˇ

hL
are the simple roots of the L root system and λ

ˇ

ˇ

hL
is still

dominant. Therefore, by Lemma 3.4 applied to L , each ai ě 0 . Given that (b)
holds, we can now verify (a): if i R I then

xvI,J , α
_
i y “ xλ, α_

i y `
ÿ

i1PI

ai1x´αi1 , α_
i y ě 0

since xαi1 , α_
i y ď 0 when i1 ‰ i .

Next we will prove that any vertex of IPλ is of the form vI,J for suitable I, J
satisfying I Y J “ t1, . . . ru and I X J “ ∅ , establishing Theorem 3.8 stated below.
Certainly any vertex of IPλ is the intersection of the facets on which it lies, so every
vertex is the unique solution to a system of the following form:

x P IPλ, x P F λ
i @i P I, x P Eλ

j @j P J (3)

for some I, J Ď t1, . . . , ru , not necessarily disjoint. Note that a vertex v satisfying
the above system may satisfy yet more equalities of the form xλ ´ v, xly “ 0 for
l R J . For any such further equality satisfied by v , we add l to J until J is maximal,
so that J “ tj|x P Eλ

j u . This will allow us to shrink I until I, J are disjoint and
I \ J “ t1, . . . , ru . We begin with the following lemma.

Lemma 3.7. Suppose I, J Ď t1, . . . , ru and that v is the unique solution to (3),
with J maximal. If k P I X J , then xλ, α_

k y “ 0. Furthermore, v is the unique
solution to the weaker system

x P IPλ, x P F λ
i @i P I ´ tku, x P Eλ

j @j P J. (4)

Proof. Take k P I X J . By v P IPλ and v P Eλ
j for all j P J , we may write

v “ λ ´
ÿ

ℓRJ

kℓαℓ

for some rational numbers kℓ ě 0 . Furthermore, since J is assumed to be maximal,
we know each kℓ ą 0 . Because k P J , xαℓ, α

_
k y ď 0 for all ℓ R J . Therefore, given

that xv, α_
k y “ 0 ,

0 ď xλ, α_
k y “ xv, α_

k y `
ÿ

ℓRJ

kℓxαℓ, α
_
k y ď 0,
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so all expressions appearing are 0 . In particular, xλ, α_
k y “ 0 . Furthermore, each

xαℓ, α
_
k y “ 0 since each kℓ ą 0 .

Now take any v1 satisfying (4). Again we can write v1 “ λ ´
ř

ℓRJ bℓαℓ . Note
immediately that by the above conditions on λ and αℓ for ℓ R J , xv1, α_

k y “ 0 .
Thus v1 satisfies (3), and so v1 “ v .

Now let v be an arbitrary vertex of IPλ . Then for some I, J Ď t1, . . . , ru , v is
defined by the following properties:

v P

˜

č

jPJ

Eλ
j

¸

X

˜

č

iPI

F λ
i

¸

, xv, α_
i y ě 0 for i R I, xλ ´ v, xjy ě 0 for j R J (5)

By Lemma 3.7, we assume I XJ “ H and J is maximal. If I YJ “ t1, . . . , ru , then
we are done. Otherwise, set K “ t1, . . . , ru ´ pI Y Jq . From Lemma 3.6, the point
vIYK,J is a vertex of IPλ ; furthermore vIYK,J satisfies the system (5), so v “ vIYK,J .
This completes the proof of the following

Theorem 3.8. Let λ P Λ` . The vertices of IPλ are exactly the points vI,J for
I, J satisfying I \ J “ t1, . . . , ru.

Finally, we make use of the inequalities of Theorem 3.8, which completely classify
the vertices of IPλ , to give a concise formula for a given vI,Jpλq in the following

Proposition 3.9. Suppose I, J are disjoint and I \ J “ t1, . . . , ru. Let WI be
the Weyl subgroup of W generated by the simple reflections si, i P I . Then we have

vI,Jpλq “
1

|WI |

ÿ

wPWI

wλ.

Proof. Set v “ 1
|WI |

ř

wPWI
wλ . First, for each w P WI , note that wλ has an

expression λ´
ř

iPI kiαi for some suitable nonnegative integers ki ; averaging across
WI , we therefore see that λ´v is a nonnegative rational combination of simple roots
αi for i P I . Therefore v satisfies the equations xλ´v, xjy “ 0 for j P J . Second, for
any i P I , note that sipvq “ v ; therefore since the pairing is W -invariant, we have
xv, α_

i y “ xv,´α_
i y “ 0 . So v satisfies the system of equations defining vI,J .

Remark 3.10. In type A , the vertices of the polytopes IPλ were enumerated
by Hoffman [7] while reproducing a theorem of Hardy, Littlewood, and Pólya which
characterizes dominance order using doubly-stochastic matrices.

Remark 3.11. For G of any type, note that if λ is regular dominant, the vI,J
are all distinct for different pairs pI, Jq satisfying I \ J “ t1, . . . , ru ; in particular
there are 2r vertices. This follows from Lemma 3.7. If λ is not regular, there are
fewer vertices; see Section 5.
For the case λ “ 2ρ , this is also recorded in [3], Proposition 13 and following
remarks, and attributed to Kostant. Further, in loc. cit. the vertices of IP2ρ are
given by vI,J “ ρ ` wIρ , where wI P WI is the longest word. It is straightforward
to check that this agrees with Proposition 3.9 for λ “ 2ρ . While the remarks in
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loc. cit. say that the number of vertices can be extended to any regular dominant
weight λ in place of 2ρ , they do not give a similar formula for the vertices of IPλ .
Thus the content of Proposition 3.9 might be known to experts; however, we have
not seen it in the literature.

As a consequence of Proposition 3.9, we immediately obtain the following corollary,
which allows us to relate vertices of distinct polytopes, and establishes that IPλ`µ

is the Minkowski sum of IPλ and IPµ .

Corollary 3.12. The vertices vI,Jpλq of IPλ depend linearly on λ.

4. First description of the extremal rays
We begin by naming some extremal rays of KpGq .

Proposition 4.1. Suppose I \ J “ t1, . . . , ru. Then pϖi, vI,Jpϖiqq gives an
extremal ray of KpGq.

Proof. Suppose pϖi, vI,Jpϖiqq “ pλ1, µ1q ` pλ2, µ2q where each pλj, µjq P KpGq .
We wish to show the pλj, µjq are parallel. Since the λj are both dominant and sum
to ϖi , we must have λ1 “ a1ϖi and λ2 “ a2ϖi where a1, a2 ě 0 and a1 ` a2 “ 1 .
It follows that µ1 is inside the polytope IPa1ϖi

and µ2 inside IPa2ϖi
. Since a1 “ 0

makes pλ1, µ1q “ p0, 0q , in which case the pair pλj, µjq are trivially parallel, we may
assume a1 ą 0 . Likewise, we assume a2 ą 0 . By scaling, 1

aj
µj for j “ 1, 2 belongs

to the polytope IPϖi
. Furthermore, the vertex vI,Jpϖiq is equal to the convex sum

a1

ˆ

1

a1
µ1

˙

` a2

ˆ

1

a2
µ2

˙

of elements in IPϖi
. By virtue of being a vertex, this forces 1

aj
µj “ vI,Jpϖiq for

each j “ 1, 2 .

To complete the initial enumeration of all extremal rays of KpGq , we now demon-
strate that every extremal ray has the special form above.

Proposition 4.2. If pλ, µq is an extremal ray of KpGq, then, up to scaling,
λ “ ϖi for some i and µ “ vI,Jpϖiq for some I, J as above.

Proof. Let pλ, µq P KpGq . Since µ P IPλ , we can write µ “
ř

aI,JvI,Jpλq where
ř

aI,J “ 1 . Note that λ “
ř

aI,Jλ . Thus we can rewrite pλ, µq “
ř

aI,Jpλ, vI,Jpλqq.

Now we write λ “
ř

bkϖk , and using that the vI,Jpλq are linear in λ (Corollary
3.12) we have

pλ, µq “
ÿ

aI,Jpλ, vI,Jpλqq

“
ÿ

aI,Jp
ÿ

bkϖk, vI,Jp
ÿ

bkϖkqq

“
ÿ

aI,Jp
ÿ

bkϖk,
ÿ

bkvI,Jpϖkqq

“
ÿ

aI,J
ÿ

bkpϖk, vI,Jpϖkqq.



Besson, Jeralds, Kiers 1063

Since pλ, µq is extremal, it is parallel to every pϖk, vI,Jpϖkqq such that aI,Jbk ‰ 0 .
Hence there is only one nonzero bk and the collection of pairs I, J such that aI,J ‰ 0
all produce the same vertex vI,Jpϖkq .

5. Enumeration of the extremal rays

Thus the generators of extremal rays of KpGq coincide with the collection of
pϖi, vI,Jpϖiqq. There could be redundancy among the vI,Jpϖiqs (indeed there is), so
we now work toward enumerating these extremal rays without repetition. For the
remainder of this section, fix an index i .
We first take note of the redundancy of vertices vI,Jpϖiq for which i R I .

Lemma 5.1. If i R I , then vI,Jpϖiq “ ϖi .

Proof. This follows immediately from the observation that WI fixes ϖi , and
Proposition 3.9.

So from now on, assume that i P I . If the Levi subdiagram corresponding to I is
not simple, we will show that the vertex vI,Jpϖiq is the same as that determined by
the simple subLevi containing node i .

Lemma 5.2. Suppose that the Levi subdiagram corresponding to I breaks up into
simple (i.e., connected) parts corresponding to I1, . . . , Im , ordered so that i P I1 .
Then

vI,Jpϖiq “ vI1,Ic1pϖiq.

Proof. Let I 1 “
Ům

k“2 Ik , so I “ I1 \ I 1 and WI is the direct product of WI1

and WI 1 . Therefore

1

|WI |

ÿ

wPWI

wϖi “
1

|WI1 ||WI 1 |

ÿ

uPWI1

ÿ

vPWI1

uvϖi

“
1

|WI1 ||WI 1 |

ÿ

uPWI1

ÿ

vPWI1

uϖi

“
1

|WI1 |

ÿ

uPWI1

uϖi.

Thus when parameterizing the vertices vI,Icpϖiq , we need only consider the following
cases: in the first case, i R I , which from Lemma 5.1 is just as good as I “ H ; in
the second case, i P I , and Lemma 5.2 lets us reduce this to i P I such that the
subdiagram for I is connected.

Lemma 5.3. Suppose I Ď t1, . . . , ru and that the subdiagram for I is connected.
Express

ϖi ´ vI,Icpϖiq “
ÿ

mPI

cmαm.

Then each cm ą 0.
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Proof. Note that ϖi´vI,Icpϖiq is the average of the terms ϖi´wϖi , for w P WI .
Each such term is a nonnegative combination of simple roots. So it suffices to find
a single w such that ϖi ´wϖi is a positive combination of the simple roots αm for
m P I .
Let θI denote the highest root of the sub-root system given by I . Since ϖipθ

_
I q ą 0 ,

ϖi´sθIϖi “ ϖipθ
_
I qθI is positively supported on every simple root αm , for m P I .

Corollary 5.4. Let I1 and I2 be distinct subsets of t1, . . . , ru, each containing i
and each with connected Dynkin subdiagram. Then vI1,Ic1pϖiq ‰ vI2,Ic2pϖiq.

Proof. Expressed in the basis of simple roots, ϖi ´ vI1,Ic1pϖiq and ϖi ´ vI2,Ic2pϖiq

have different coefficients.

Therefore we have just proved the following parametrization of the extremal rays of
KpGq .

Theorem 5.5. The extremal rays of KpGq with first coordinate ϖi coincide
precisely with the set tpϖi, vI,Jpϖiqqu, where either

(a) the Dynkin subdiagram for I is connected and i P I (note I “ t1, . . . , ru is one
such choice),

(b) I “ H, which corresponds to the extremal ray pϖi, ϖiq.

Proposition 4.2 and Theorem 5.5 taken together give a complete description of the
extremal rays of KpGq .

6. Lifting extremal rays from Levi subgroups

In this section, we present a new framework in which to view the vertices vI,Jpλq

or the extremal rays pϖi, vI,Jpϖiqq . Specifically, for each I , we describe maps of
polytopes and of Kostka cones for the two groups L Ă G , where L “ rM,M s is the
derived subgroup of the Levi subgroup M associated with I . Abusing terminology,
we will refer to L as the semisimple Levi subgroup associated with I . It would be
interesting to understand the extent to which this “Levi induction” is related to the
Levi induction developed in [1, 2]. The framework of considering cones associated
to all standard Levi subgroups (or their derived subgroups) and maps between the
associated cones is reminiscent of the general phenomenon of parabolic induction.
Let L be a choice of semisimple Levi subgroup of G , and let I “ ∆pLq be the
corresponding collection of simple root indices. For such an L we can identify the
simple roots in ΦpLq with a subset of the simple roots in ΦpGq . We write xi for
the fundamental coweights of L . Thus for i, j P ∆pLq , xαj, xiyG “ xαj, xiyL “ δi,j .

Definition 6.1. Given a Levi subgroup L ãÑ G and a dominant integral weight
λL P Λ`

L , we associate to λL a dominant integral weight λ P Λ`
G , as follows: if

i P ∆pLq then xλ, α_
i y “ xλL, α

_
i y and if j R ∆pLq then xλ, α_

j y “ 0 . We call this
new weight λ the extension by 0 of λL .
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Let pλL, µLq be an element of KpLq , and write

λL ´ µL “
ÿ

kP∆pLq

ckαk.

Then define the weight λ for G , extending λL by zero on each α_
k , kR∆pLq , and set

µ :“ λ ´
ÿ

kP∆pLq

ckαk, (6)

as a weight for G .

Definition 6.2. Given a point pλL, µLq P pΛ`
Lq2 for λL “

ř

L aiϖi and given
µL “ λL ´

ř

L ciαi|L , we write IndG
LpλL, µLq “ pλ, µq P pΛ`

Gq2 where λ “
ř

aiϖi is
the extension of λL by 0 and µ “ λ ´

ř

ciαi .

We now record, without proof, several straightforward properties of IndG
L .

Proposition 6.3.
(a) The map IndG

L : pΛ`
Lq2 Ñ pΛ`

Gq2 restricts to IndG
L : KpLq Ñ KpGq.

(b) For any two Levi subgroups L1 Ă L Ă G, we have IndG
L ˝ IndL

L1 “ IndG
L1 .

(c) Given a vertex µL “ vI 1,J 1pλLq of IPλL
for a Levi L, we have

IndG
LpλL, vI 1,J 1pλLqq “ pλ, vI,Jpλqq,

where λ is the extension of λL by 0 and I “ I 1 , J “ Ic Ď t1, . . . , ru.

Thus we observe that, if λ is the extension by 0 associated to λL for some simple
Levi L ãÑ G , then whenever I is contained in the Dynkin subdiagram defining L ,
the vertex vI,Jpλq of IPλ is in fact induced from a vertex of IPλL

for L .
Furthermore, whenever we lift a vertex vIL,JLpλLq from a Levi subgroup it always
lifts to vIL,IcLpλq , so by the compatibility in Proposition 6.3(b), we can make the
following notational simplification.

Notation. We write v∆pLqpλq for a vertex of IPλ lifted from Levi L , where L is the
smallest possible such Levi. Observe that such an L is simple due to Theorem 5.5.
Before examining the situation with non-simple Levi subgroups, we review the notion
of a direct sum of cones.

Definition 6.4. If C1, C2 are rational semigroups inside ambient vector spaces
W1,W2 , we may form the direct sum

C1 ‘ C2 “ tpc1, c2q|c1 P C1, c2 P C2u Ď W1 ‘ W2 ,
which is again a semigroup under pc1, c2q ` pd1, d2q “ pc1 ` d1, c2 ` d2q and admits
scalar multiplication by nonnegative rational numbers q ¨ pc1, c2q “ pqc1, qc2q . Fur-
thermore, if C1 and C2 are convex rational cones (i.e., defined by a finite system of
rational linear inequalities), so is C1 ‘ C2 (defined by the union of the inequalities
for C1 and C2 ).
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Lemma 6.5. Let L be a non-simple Lie group, L “
ź

Li where each Li is
simple. Then KpLq “

À

KpLiq.

Proof. If L is non-simple then the root system ΦpLq “
Ů

ΦpLiq . For any finite-
dimensional representation VλL

we have VλL
“

Ò

VλLi
; here each simple factor Li

acts only on VλLi
. The statement on Kostka cones follows.

Remark 6.6. In describing KpGq , this allows us to consider only simple G , as
was assumed in the introduction.

Proposition 6.7. Let L “
ź

Lk be a direct product of simple Levi subgroups.
For each k , suppose we have a dominant weight λLk

and a vertex µLk
“ vIk,IckpλLk

q.
Set I “

Ť

Ik . Then
ÿ

IndG
Li

pλLi
, µLi

q “

´

ÿ

λi, vI,Ic
´

ÿ

λi

¯¯

where each λi is the extension by 0 of λLi
.

Proof. This follows by an argument very similar to the proof of Lemma 5.2.

With the notation of Levi induction, the extremal rays of KpGq take on a particularly
nice form.

Corollary 6.8. Let L be a simple Levi with i P ∆pLq. The extremal ray
pϖi, v∆pLqpϖiqq “ IndG

LpϖL
i , 0q.

Proof. Simply note that x0, α_
k y “ 0 for all k P I , so 0 “ v∆pLqpϖ

L
i q .

Alternatively, if λ is the extension of λL by zero, pλ, v∆pLqpλqq “ IndG
LpλL, 0q is

clear from Proposition 3.9 and the observation that, in any root system ΦL with
any weight λL ,

ÿ

wPWL

wλL “ 0.

Suppose one would like to know the difference ϖi´v∆pLqpϖiq in terms of simple roots
(for example, this would help one to write down the extremal rays more quickly than
using the averaging of Proposition 3.9). This task is the same as expressing ϖL

i ´ 0
in terms of simple roots for the Levi root system, by the previous corollary. But
this is encoded by the transpose inverse Cartan matrix associated to L : the desired
coefficients of the simple roots are the entries of the ith column of said matrix.

7. Detailed example in C4

In this section, we compute the extremal rays of the form pϖ3,´q in type G “ C4 .
We will write down lattice representatives of the extremal rays; they will be of
the form pkϖ3, v∆pLqpkϖ3qq for some integer k (and where 3 P ∆pLq). Taking
k “ detpCLq , where CL is the Cartan matrix for L , will always yield kϖi on the
root lattice. Note however that pdetpCLqϖL

i , 0q may not be the first integral point
on the ray pϖL

i , 0q , as seen in case 4 below corresponding to Levi ∆pLq “ t2, 3, 4u .
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In the examples below, ∆pLq are denoted by solid nodes, and a circle is placed
around node 3 . The transpose inverse Cartan matrix of L is given below the
diagrams, with columns aligned with the corresponding simple roots of L .

1 2 3 4

The trivial Levi teu

pϖ3, ϖ3q

1 2 3 4

1
2

`

1
˘

p2ϖ3, v3,124p2ϖ3qq “ p2ϖ3, 2ϖ2 ´ α3q “ p2ϖ3, ϖ2 ` ϖ4q

1 2 3 4

1
2

ˆ

2 2
1 2

˙

p2ϖ3, v34,12p2ϖ3qq “ p2ϖ3, 2ϖ3 ´ 2α3 ´ α4q “ p2ϖ3, 2ϖ2q

1 2 3 4

1
3

ˆ

2 1
1 2

˙

p3ϖ3, v23,14p3ϖ3qq “ p3ϖ3, 3ϖ3 ´ α2 ´ 2α3q “ p3ϖ3, ϖ1 ` 2ϖ4q

1 2 3 4

1
2

¨

˝

2 2 2
2 4 4
1 2 3

˛

‚

p2ϖ3, v234,1p2ϖ3qq “ p2ϖ3, 2ϖ3 ´ 2α2 ´ 4α4 ´ 2α2q “ p2ϖ3, 2ϖ1q

1 2 3 4

1
4

¨

˝

3 2 1
2 4 2
1 2 3

˛

‚

p4ϖ3, v123,4p4ϖ3qq “ p4ϖ3, 4ϖ3 ´ α1 ´ 2α2 ´ 3α3q “ p4ϖ3, 3ϖ4q
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1 2 3 4

1
2

¨

˚

˚

˝

2 2 2 2
2 4 4 4
2 4 6 6
1 2 3 4

˛

‹

‹

‚

p2ϖ3, v1234,∅p2ϖ3qq “ p2ϖ3, 2ϖ3 ´ 2α1 ´ 4α2 ´ 6α3 ´ 3α4q “ p2ϖ3, 0q

8. Polynomial formulas for the number of extremal rays

We now give formulas for the number of extremal rays in KpGq for each type of
simple Lie group G as polynomials in the rank. In the classical setting of Kostka
numbers (i.e., for G “ Ar ), these are due to Gao, Orelowitz, and Yong, along with
the third author [6]. Our computations are based on the correspondence

#textremal rays of the form pkϖi, vI,Jpkϖiqqu

“ 1 ` #tsimple Levis L containing node iu (7)

as given by Theorem 5.5.

Remark 8.1. As we are looking at choices of simple Levi subgroups, the only
influential factor is the underlying graph of the Dynkin diagram, and not the lacing
of the diagram. Thus, we have that G “ Ar , Br , and Cr will have the same
number of extremal rays for each r , as will the pairs A2 and G2 , and A4 and F4 .
We therefore reduce to computations for Ar , Dr , and Er . We find it interesting
that each polynomial begins with leading term r3{6 .

We take as convention the numbering scheme of Bourbaki [4] for the simple Dynkin
diagrams.

Proposition 8.2.
(a) For G of type Ar , the number of extremal rays in KpGq is

`

r`1
3

˘

`
`

r`1
2

˘

`
`

r`1
1

˘

´ 1.

(b) For G of type Dr , the number of extremal rays in KpGq is
`

r
3

˘

`3
`

r
2

˘

`2
`

r
1

˘

´3.

(c) For G of type Er , the number of extremal rays in KpGq is
`

r
3

˘

` 4
`

r
2

˘

`
`

r
1

˘

´ 8.

Proof. (a) We proceed by induction on r . Set Ri,r to be the number of extremal
rays of the form pkϖi, vI,Jq for Ar . By the correspondence (7), we have as the
base case that R1,1 “ 2 , which agrees with the formula (with the convention that
`

2
3

˘

“ 0). Now suppose that the formula holds for r . Again using the correspondence
(7), we know that Ri,r`1 ´ Ri,r (1 ď i ď r) is precisely the number of new Levi
subgroups in Ar`1 containing node i , under the usual embedding Ar ãÑ Ar`1 , and
that Rr`1,r`1 “ r ` 2 . As can easily be seen from the Dynkin diagram, we have for
1 ď i ď r

Ri,r`1 ´ Ri,r “ i.
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Therefore, we have

r`1
ÿ

i“1

Ri,r`1 “

˜

r
ÿ

i“1

Ri,r`1

¸

` Rr`1,r`1

“

r
ÿ

i“1

pRi,r ` iq ` r ` 2

“

ˆ

r ` 1

3

˙

`

ˆ

r ` 1

2

˙

`

ˆ

r ` 1

1

˙

´ 1 `
rpr ` 1q

2
` r ` 2

“

ˆ

r ` 2

3

˙

`

ˆ

r ` 2

2

˙

`

ˆ

r ` 2

1

˙

´ 1

as desired.
(b) We again proceed by induction on r . Denote similarly in this case Ri,r . Then
we have as a base case

R1,4 “ R3,4 “ R4,4 “ 6, R2,4 “ 9,

which can be obtained using the correspondence (7), and agrees with the formula.
Now, choose the standard Levi embedding Dr ãÑ Dr`1 , noting that now node i is
labeled i`1 . An investigation of the Dynkin diagram in this case gives R1,r`1 “ r`3
and

Ri,r`1 “

$

’

&

’

%

Ri´1,r ` ppr ` 1 ´ iq ` 2q, 2 ď i ď r ´ 1

Rr´1,r ` 2, i “ r

Rr,r ` 2, i “ r ` 1

Therefore, we have

r`1
ÿ

i“1

Ri,r`1 “ r ` 3 `

˜

r´1
ÿ

i“2

Ri,r`1

¸

` Rr,r`1 ` Rr`1,r`1

“ r ` 3 `

˜

r´1
ÿ

i“2

Ri´1,r ` r ` 3 ´ i

¸

` Rr´1,r ` 2 ` Rr,r ` 2

“ r ` 7 `

r
ÿ

i“1

Ri,r `

r´1
ÿ

i“2

pr ` 3 ´ iq

“ r ` 7 `

ˆ

r

3

˙

` 3

ˆ

r

2

˙

` 2

ˆ

r

1

˙

´ 3 `
1

2
pr2 ` 3r ´ 10q

“
r3

6
`

3r2

2
`

10r

3
´ 1

“

ˆ

r ` 1

3

˙

` 3

ˆ

r ` 1

2

˙

` 2

ˆ

r ` 1

1

˙

´ 3

as desired. Note that this formula is still valid for D3 “ A3 and D2 “ A1 ˆ A1 .
(c) This is done by direct computation. In particular, the number of extremal rays
in types E6 , E7 , and E8 are 78 , 118 , and 168 , respectively, which fits the formula.
It should be noted that this also holds when making the associations E5 “ D5 ,
E4 “ A4 , and E3 “ A2 ˆ A1 .
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