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Abstract. We study the decomposition into irreducibles of the kernel of noncubic Dirac
operators attached to finite-dimensional modules. We compare this decomposition with features of
Kostant’s cubic Dirac operator. In particular, we show that the kernel of noncubic Dirac operators
need not contain full isotypic components. The cases of classical and exceptional complex Lie
algebras are studied in details. As a by-product, we deduce some information on the kernel of
noncubic geometric Dirac operators acting on sections over compact manifolds studied by Slebarski.
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1. Introduction

Dirac operators play an important role in representation theory of Lie groups. For
example, every discrete series representation of a noncompact connected semisimple
real Lie group can be realized as the L?-kernel of a Dirac operator acting on sections
of a bundle over a Riemannian symmetric space G/K [16, 3]. On the other hand,
smooth vectors of principal series representations can be embedded in smooth kernels
of Dirac operators on a reductive homogeneous space G/H [13].

In the late 1990’s, in a series of lectures at MIT, Vogan defined an algebraic Dirac
operator [21]. More precisely, if g is a complex semisimple Lie algebra and £ is a
maximal compact subalgebra of g, to each (g, K)-module (m,V), he associated an
operator Dge(V):V ®S =V ® S given by

Dgp(V) = \@Z m(X;) @ v(X5),

where {X;} is an orthonormal basis of p := €%, S is a spin module for the Clifford
algebra C(p) of p and v stands for the action of C(p) on S. Here the orthogonal
is taken with respect to the Killing form (-,-) of g. The factor /2 occuring in
front of Dy¢(V) will be explained further later in the text. The operator Dy (V')
does not depend on the choice of the basis {X;} and, provided that V' is unitary,
is self-adjoint with respect to a Hermitian form defined on V' ® S. Moreover, its
square differs from the Casimir element by a scalar:

(Dge(V))? = 7(Q) @ 1 — (m @ 7)(Q)a + (Iol” = o)1 @ 1, (1)

ISSN 0949-5932 / $2.50 © Heldermann Verlag




1114 AFENTOULIDIS-ALMPANIS

where € (respectively €)¢) denotes the Casimir element in the enveloping algebra
U(g) (respectively U(t)) of g (respectively £), p (respectively pg) is half the sum
of the positive roots in a positive system A™ (respectively A C A™) for roots in g
(respectively €), ||-|| is the norm induced by the Killing form of g, and (-)a is the
diagonal embedding

()a:t— Ulg) & C(p)

of £ into U(g) ® C(p), given by the embedding ¢ C g in U(g) and the embedding
of £ in C(p). Equipped with this action, V' ® S is a Lie algebra representation of ¢
and the operator Dy (V') turns out to be K -equivariant, where K denotes the spin
double cover of K. Consequently, the kernel ker Dy¢(V) and the image im Dy (V)
of Dye(V) are K -modules. Vogan defined the Dirac cohomology of a (g, K )-module
V to be the K -module

HE (V) = ker Dgp(V)/ (im Dy e(V) Nker Dy (V). (2)

Assuming that V' is irreducible, he conjectured that if H %E(V) contains a K -module
with highest weight § then V' has infinitesimal character 8 + pe. In other words,
the infinitesimal character of a module can be recovered from its Dirac cohomology.
Vogan’s conjecture was first proved by Huang and Pandzi¢ for equal rank pairs (g, £)
in [9].

In 1999, Goette [6] and independently Kostant [11] generalized the above construc-
tion in the case of equal rank pairs (g,h) where g is as above and b is a reductive
Lie subalgebra of g such that the restriction of the Killing form of g to hx h remains
nondegenerate. More precisely, if q := bt with respect to (-,-) and (7, V) is, as
before, a (g, K)-module, Goette and Kostant defined an operator

Depy(V): VRS =V®S (3)
given by Dgy(V) = V2{D)  7(X;) @ 4(X;) = 1@(c)},
J
where {X;} is an orthonormal basis of q and v(c) is given by
1
V() = 5 > (X, (X, X))y (Xa)v(X)v(Xe). (4)
gk

We note that in the case where h is a symmetric Lie algebra, v(c¢) = 0. The
operator Dyy(V'), known as Kostant’s cubic Dirac operator, has the same properties
as Dge(V). Namely, Dyy(V) does not depend on the choice of the basis {X;}, is
h-equivariant with respect to the action of h on V ® S and, provided that V is
unitary, is self-adjoint with respect to a Hermitian form defined on V ® S'. Goette
and Kostant considered the extra cubic term 1 ® ~y(c) in the definition of the above
operator in order to have a convenient formula for the square Dy (V)2 of Dyy(V):

Dyy(V)* =7m(Qg) ® 1 = (7 @ 7)) + (lol* = loy)1 @ 1, (5)

where py is the half-sum of the positive roots of some positive system A; C Ay for
Ay = A(b, t).

In the case where V' is finite-dimensional of highest weight A, Dy ,(V) is self-adjoint
so that im Dy (V') Nker Dy (V') is trivial [1, Proposition 3.2.9 and Corollary 3.2.10].
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Hence the Dirac cohomology H"(V) of V coincides with the kernel ker Dy (V) for
which Kostant gave a complete decomposition into irreducibles [11]:

ker Dy (V) = @ Fu(xtp)-py» (6)
wew?!
where Whi={weW|Af CwA*},

W is the Weyl group of A, and Fy(n4p)—p, is the finite-dimensional irreducible
representation of h with highest weight w(A+ p) — py. A similar formula was proved
in the unequal rank situation in [8] for the pair (g,) and in [15] for pairs (g,b).
In particular, in the unequal rank case, the decomposition of H %E(V) (respectively
H%"(V)) into irreducibles is no longer multiplicity free.

In this paper, we consider equal rank pairs (g,h) as above with h nonsymmetric.
Then, v(c) # 0 and we define a family {D} ((V')}:cjo,2 of Dirac-type operators

DL(V):VeS—Ves

given by Dy (V) := Dygp(V) + (1 — V2 @ v(c).

These operators, which we shall call t-noncubic Dirac operators in the case when
t # 1, all are h-equivariant so that their kernels are representations of the Lie
algebra h. For t = 1, one obtains the Kostant’s cubic Dirac operator Dy (V) while
for t = 0, one obtains the operator ﬁgh(V) = D) (V) that we call the noncubic
Dirac operator. These operators are a representation-theoretic analogue of a family
of invariant differential Dirac operators acting on sections over manifolds studied by
Slebarski [17, 18, 19] and Agricola [2] from a differential geometry viewpoint.

We are interested in studying the kernel of D! ((V'), t € [0,2], in the case when V' is
finite-dimensional. The basic difficulty one has to address is the fact that, as we will
see, for ¢ # 1, the square of D{ (V) has not the "good” form (1) which is crucial
for proving (6). As a result, ker D (V) may be very different from ker Dy (V).

Let us illustrate the situation with the following example.

Example 1.1.  Let g = sl(4,C), i.e. the Lie algebra of 4—by —4 traceless complex
matrices, and t a Cartan subalgebra of g. The root system of g is

and A+:{€Z—€]|1§l<]§4}

is a positive system for A. For every a € AT, choose nonzero root vectors
Fi, € g+, and set
[Eu, B0

H,:=—.
(Eay E_a)

The following table relates the kernels of the cubic and the noncubic Dirac operators
in the case where h is the indicated Lie subalgebra of g and V is the standard
representation of g.



1116 AFENTOULIDIS-ALMPANIS

Ranks §) ker Dy (V') vs. ker ﬁg,b(V)

rke(g) = rke(h) t ker Dy (V) G ker Dy (V)

rke(g) > rke(h) | C{H, i} © 9ey—c; D 9cites | ker Dg,h(v) C ker ﬁg,h(v)

rke(g) > rke(h) C{5H.,_., + 4H., .,} ker Dy (V) € ker Dy (V)
rke(g) = rke(h) te @ g ker Dy (V) = ker Dy (V)
1<4,5<3

Table 1: Relation of kernels of cubic and noncubic Dirac operators
for the standard representation

This paper aims to study the decomposition into irreducibles h-representations of
the kernel of ¢-noncubic Dirac operators Dy (V) when V' is finite-dimensional. In
the case of equal rank g and b and for ¢ different from 0 and 2, we show that
the kernel ker D] (V) of the t-noncubic Dirac operator D} (V') coincides with the
kernel ker Dy (V') of the cubic one (Theorem 6.1). For the extreme values 0 and 2,
we give a decomposition in the case when § is a Cartan subalgebra t of g (Theorem
7.4) while for general equal rank h we show that the kernel of the cubic Dirac
operator is actually contained in the kernel of the noncubic one (Proposition 3.3)
and differs from the other cases in the sense that full isotypic components need not
lie in ker Dy (V) (Example 9.1).

An essential ingredient of our study are the Weyl’s inequalities which we recall in
Section 4. Our decomposition for ker Dy (V') is made more explicit for complex
classical and exceptional Lie algebras (Section 10 and 11 respectively). Finally as a
by-product, we apply our results to geometric Dirac operators on compact manifolds
via a duality principle between algebraic and geometric Dirac operators (Theorems
12.2 and 12.3).

The paper is organized as follows. In Section 2, we recall the necessary theory of
Clifford algebras and spin modules while in Sections 3-9 we state and prove our
main results concerning the kernel of ¢-noncubic Dirac operators. In Sections 10
and 11, we adapt these results in the case of classical and exceptional, respectively,
Lie algebras. Finally, in Section 12, we discuss applications to Slebarski’s Dirac
operators.

This work is part of my Ph.D. thesis at Université de Lorraine. I express my
deep gratitude to my thesis advisor Professor Salah Mehdi for his guidance and
encouragement.

2. Spin representation

Let g be a complex semisimple Lie algebra, (-,-) its Killing form and b a Lie
subalgebra of g such that:

b is reductive and rke(g) = rke(h). (7)

Then, the restriction (-,-)jyxp of (-,-) on b is nondegenerate and there is therefore
a decomposition:
g=boq,
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where q is the orthogonal complement of h in g with respect to (-,-). Consider the
Clifford algebra C(q) of q, i.e. the quotient of the tensor algebra T'(q) of q by the
ideal generated by elements

XY +YeX—(X,)Y)for XY €q.

Let v : ¢ — C(q) be the composition of the injection of q into T'(q) and the
projection onto C(q). The algebra C(q), up to equivalence, has a unique irreducible
module S, called space of spinors for C(q) [7]. Moreover, there is a Hermitian form
(-,-)s on S such that the operator v(X) is self-adjoint for every X € q [1].

Let t be a Cartan subalgebra of g contained in . The root system A := A(g,t)
splits as A = Ay LU A, so that

h:t@@gaandq: @gﬁ.
aEAy BEN,

Choose a positive system AT C A for A and set A := AT N Ay to be a positive
system for the root system Ay, and A; = AT NA,. In particular, g = q" & q~

where qt = @ gs and q = @ 95
pgeAaf pgeaf

are dual maximal isotropic subspaces of q. Now S can be chosen to be

S::/\q_

with the C(q)-action being given by the Clifford multiplication. Moreover, there is
a Lie algebra monomorphism ¢ : so(q) — C(q) so that S becomes a Lie algebra
representation of b, known as the spin representation, via the composition map

h 2% s0(q) -2 C(q) - End(S). (8)

As an h-representation, S can be decomposed into a direct sum of its weight
subspaces. More precisely, let fi,...,0;, be the positive weights of q, repeated
according to their multiplicities, and e4q, ..., e4; the corresponding weight vectors
of weights 401, ..., 05, respectively, such that

1 ifi+75=0
<€i’ ej) - .
0 otherwise.

If I =(iy,...,is) with 1 <s <k, the element
Uy 226711/\.../\671865 (9)
is a weight vector of S of weight
1
p_ph_25i:§{25i_26i}a (10)
i€l iT iel

where p (respectively py) is the half-sum of the positive roots of A™ (respectively
Af). Here, by abuse of notation, we write 7 € I if 7 € {iy,..., 7}
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3. t-noncubic Dirac operators

We keep the previous notation. Namely, g is a complex semisimple Lie algebra,
h a Lie subalgebra of g satisfying condition (7) with t being a common Cartan
subalgebra of g and b, while q is the orthogonal complement of h with respect to
the Killing form (-,-) of g. To every finite-dimensional representation (m, V') of g,
we attach a family of operators

D;,h(V):V®S—>V®S, t€0,2]

defined by D!, (V \/_{Z & &)m(er) @ (e;) —t(1®7(0)) },

where {é;} and {e;} are dual bases of q with respect to the Killing form (-,-) and
v(c) is the cubic term

(€)== ) (& [ al)v(er(e;)(en). (11)

Z’?j?k:

Definition 3.1.  (Noncubic Dirac operators) For every t € [0,1) U (1,2], the
operator D;h(\/) is called t-noncubic Dirac operator. In case when t = 0, the

operator lA)g’;,(V) := Dy (V) is simply called noncubic Dirac operator. n

Remark 3.2.  Note that for ¢ = 1, one obtains the cubic Dirac operator Dy (V)
of (3). Moreover, in the case where § is symmetric, i.e. b is the set of fixed elements

by an involution o of g, the cubic term 7(c) vanishes so that every operator D} (V)
coincides with Dy (V). ]

As for Dg(V), one can check that Df (V') is independent of the choice of the bases,
h-equivariant and self-adjoint with respect to a Hermitian form defined on V' ® S
[1]. In particular, the kernel ker D (V') of D} (V) is a representation of h. We
are interested in describing this kernel. Nevertheless, the main difficulty is that,
unlike Dg(V), provided that b is not symmetric, D} (V))* has not the good form
(5) of Dyy(V)?, which is crucial for the description (6) of the kernel ker Dy (V') of
Dy (V).

A first result in this direction is the following.
Proposition 3.3.  For every t € [0,2], we have the inclusion
ker Dy (V') € ker Dj (V).

Proof. It suffices to show that ker Dy (V') C ker 1597;,(‘/). Indeed, provided this
is true, if = € ker Dg(V'), then

Dyy(V)(x) = (Dgy(V) + (1 = )V2 ® 7(0)) ()
1Dy (V)() + (1 — ) Dyy(V)(a) — 0

and so ker Dy (V') C ker D} (V).

Let V' be of highest weight A and v, be the highest weight vector of V. More-
over, for every algebraically integral A;“—dominant element p € t*, let F, be the
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corresponding finite-dimensional irreducible h-representation of highest weight .
According to Kostant’s formula (6), we will be finished once we show that, for ev-
ery w in W' = {w € W | Ay € wA™} the representation Fy(xi,)-p, belongs to
ker lA?g,h(V).

First, we consider F\,,_, . By definition, 1 € S is a maximal weight vector of
S. Let {e,} and {e_,} be root vector bases of q* and q~ respectively such that
(€q,e_o) = 1. Then the noncubic Dirac operator is given by

Dyy(V) =2 Z ea @Y(e_a) + V2 Z e_q @ Y(eq).

acAT acAT
Set 151 =2 Z ea ®y(e_,) and lA?Q =2 Z e_a ®y(eq).
aGAS‘ aEAq"'

Then D, (respectively EQ) acts trivially on the first factor (respectively second) of
vy ® 1 and thus ﬁgyh(V) acts trivially on vy ® 1. Using the facts that F\i,_, is
irreducible and lA)g,h(V) is h-equivariant, one deduces that the whole representation
Fyip—p,» generated by vy ® 1 as a U(h)-module, belongs to ker ﬁm(V).

To treat the general case of a subrepresentation Fyxi)—p, of ker Dgy(V), for
w € W, we choose wA™ to be the positive system of A. Note that by the definition
of W1, A;’ C wA™. Therefore w\ is the highest weight of V' with respect to this
choice while w(p—py) = wp— py is a maximal weight of S with respect to A;r. The
last statement can be seen by using wA™ instead of AT in the choice of the space
of spinors for C(q). More precisely, we define S using again the negative roots of
g but now with respect to wA™*. Note that, due to [7, Theorem 6.1.3], the space of
spinors S does not depend on the choice of the positive system for A. According
to the formula (10), wp — py is a highest weight of S. Therefore, if v,,, and Unsp—py
are the corresponding highest weight vectors of V' and S respectively, one has for
every o € wA[:
T(€a)Vwr =0, and y(eq)Uwp—p, = 0.

Arguing as above, one deduces that F\y)—p, is contained in ker ﬁg,h(V). Since
w € W' was arbitrary, we conclude that ker Dy (V') C ker lA)g,h(V). ]

4. Weyl’s inequalities

The following inequalities, known as Weyl’s inequalities, turn out to be essential for
the study of ker Df ( (V).

Proposition 4.1 (Weyl’s inequalities). Let A and B be two Hermitian operators
acting on a n-dimensional Hilbert space H. Let \(A), 1 < i < n, (respectively
Xi(B) and \(A+ B)) be the (real) eigenvalues of A (respectively B and A + B)
in descending ordering counting multiplicities. Then, one has:

Aiej1(A+ B) < M(A) + X (B). (12)

whenever the indices make sense.

A proof of Weyl’s inequalities is based on min-max principle and can be found in
4, 20].
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5. Related weights

Consider the decomposition

Vas=PVves),

pet*

of V® S into isotypic components. From the h-invariance of DSJ)(V)7 each isotypic
component (V' ® S), is stable under the action of Df (V). Therefore, in order
to calculate ker Dé,h(v)7 it suffices to examine how each isotypic component can
contribute to ker D{ (V).

Fix an isotypic component (V' ® S), and let AE“)(D;,](V)) be the (real) eigenvalues
in descending ordering and counting multiplicities of D} (V') restricted to (V ®5),
and [|[v/2 ® y(c)||™ the operator-norm of v2® v(c) on (V ® S),. Then, taking

A=Dyy(V), B=(1-1)(V2@()) and j=1,
the inequality (12) becomes

A (DL (V) < A (Dgy (V) + 1= ¢ - [V2 @ ()| (13a)

and, exchanging the roles of Dyy(V) and (1 —t)(v2® v(c)):
AN (Dgy (V) = 1= t] - [V2 @ 5(e)|* < X (D (V): (13b)

The operator Dys(V) acts on (V ® S), and is diagonalizable while Dy, (V)? acts
by the scalar
I+ pl* = Il + py .

Hence, the eigenvalues \;(Dgp(V)) of Dyy(V) restricted to (V ® 5), are

/I + plI2 = e+ o2

Let us see what happens with the eigenvalues of v/2 ® v(c) on such an isotypic
component. One checks that the actions of v2® v(¢) and —Dg(Vp) coincide if V

is the trivial representation of g. Consequently, (\/§ ® 7(0))2 acts by the scalar

ol = s + pyl?

on the 4 -isotypic component (Vo ®S),, of Vo ® S and the eigenvalues of v/2®7(c)
in Vp ® S, are exactly

/11612 = i + o]l

Therefore the eigenvalues of v2® v(c) on (V ® S),, are of this form, when y; is a
weight of S such that S, is involved in (V ® S),. In other words, p; is such that
1 — py is a weight of V.

Definition 5.1 (Related weight).  When the weight p; € t* of S is such that
1 — py is a weight of V', we say that py is related to p.
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Theorem 5.2. If p € t* is a weight of V® S and py € t° is related to ., then

X+ plI2 = e+ poll? = Nlol1? = Nl + ool (14)

The equality holds if and only if p—py is an extremal weight of V' and p—w(ui+ py)
is orthogonal to X, with w € W being such that w(p — py) is AT -dominant. In
this case p —w(puy + py) can be written as a sum Y ., «, for some A C A" and
(a, \) =0 for every a in A.

Before we prove this statement, we will first prove the following lemma.

Lemma 5.3. Let B be a subset of AT and w be an element of the Weyl group
W . Then there is a subset A of AT such that

wip=>Y B=p=Y a

BeB acA

Proof of Lemma 5.3.  Let b’ :=t and ¢’ := (§')1. Then ¢’ =n @ n~, where

n=P g, =P v

a€At acAt

Let S” := An~ be a space of spinors for C(q'). Moreover, for w € W, let
A}l = wA*T and n, (respectively n; ) be the direct sum of positive (respectively
negative) root spaces with respect to the positive system Af. Let S! := An, be
the space of spinors of C(q’'). Then wp is the half sum of positive roots of A,
wpy = 0 and the element

wp— > wB=w(p—>Y_B),

BeB BeEB

being of the form (10), is a weight of S!/,. On the other hand, S/ and S’ are iso-
morphic as C(q')-modules [7, Theorem 6.1.3] and thus they have the same weights.
As a consequence, the element

wip—>_B)

BEB

is a weight of S” and so of the form (10). In other words, there is a subset A of AT

such that
wip=>Y B =p=) a .

BEB acA

Proof of Theorem 5.2. Let p € t* be a weight of V' ® S and puy € t* be a
weight of S related to . Then

A+l = I+ poll? = Nlpll? = Il + ool
© Nl = lpllP > [l + ool = [l122 + ol
& A2+ 200, p) > i — pal|® + 2{p — g, 1 + po)
< (AP =l = mll?) + 200 p) > 20 — i, 1+ py)-
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The weight gy is of the form (10), i.e. there is a subset B of AT (more precisely of
AT\ Ay) such that

pi=p—py—» B, andthus g +py=p—Y B
peB BEB

Let w be an element of W such that w(u — py) is dominant. Using Lemma 5.3,
one can find a subset A of A" such that

w(p +py) =p— Y o

A
Consequently ae

(1= pas g+ py) = (w(p — pn), w(pn + py))
= (w(p—p),p =Y @) = (w(p—pm),p) = Y _(wlp—m),a).

a€cA aEA

Replacing in the above inequality we obtain

(AP = Tl = pall*) +2(\, p) = 2 — pua, i1 + i)

S (NP = Nl = pal1?) + 200 p) = 2wl — m), p) = 2D (w(p — ),
aEA
S (AP =l = mll?) + 200 = w(p — ), p) = =2 (w(p— m),
acA

which is always true. More precisely, since pu— iy is a weight of V' and A is extremal,
we always have |[A||> > ||ju — w||*. In addition, w(p — py) is a weight of V' and
so A — w(pu — p1) can be written as a positive sum of positive roots. The element
p being dominant [10, Proposition 2.67], the left-hand side of the last inequality is
always nonnegative. On the other hand, w(u — ;) is also dominant and so the
right-hand side is always nonpositive.

The equality holds if and only if

(A = e = pal*) + 23 = w(p — ), p) = 0,
which means that A = w(p — pq) and thus g — py is extremal, and
(w(p — p1),a) =0 for every o in A,

which is equivalent to (A, ) = 0 for every a in A. ]

6. Kernel of t-noncubic Dirac operators

We keep the previous notation. Namely, g is a complex semisimple Lie algebra,
h a Lie subalgebra of g satisfying condition (7) with t being a common Cartan
subalgebra of g and b, while q is the orthogonal complement of h with respect to
the Killing form (-,-) of g.

Theorem 6.1.  Let V' be an irreducible finite-dimensional representation of g of
highest weight \ € t*. For every t € (0,2),

ker D¢ (V') = ker Dy (V).
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Proof.  The inclusion ker Dy (V) C ker D (V') for every ¢ € (0,2) is ensured by
Proposition 3.3.

For the other inclusion, we suppose that (V ® S), Nker Dyp(V) # 0, ie. there
is some index ¢ such that )\g“ )(D;b(v)) = 0. Suppose that the corresponding
eigenvalue )\,E“ )(Dg,h(V)) of the cubic Dirac operator Dyp(V') is nonnegative, i.e.

MO (Dyy(V)) = I+ plI2 = [l + poll2

On the other hand, recall that

IVZ@A(@® = \/lIpll2 — Il + ool

where py € t* is a weight of S related to p (see Definition 5.1). Replacing in (13b)
and using (14), one obtains

0= AP(Dy (V) 2 /IA+pl2 = s+ g2 = 11— thy/lIol12 — s + ol

> JIA+ o2 = Nl poll2 = \/loll2 =l + pyll2 > 0.

Hence the equalities in the above inequalities must hold and one obtains

VIA+ 012 = e+ poll2 = (1= eyl = s + 52 =0, (15a)

VIN 012 = e+ pol2 = y/llpll2 =l + o2 = 0. (15b)

Since |1 — t| # 1, subtracting the above equalities gives

VI 212 = i+ pyl12 = \/llpl12 = llm + poll2 = 0 (16)

and so A" (Dg,(V)) = 0.

A similar argument applies in the case when A )(Dg,h(V)) is nonpositive. In other
words, the eigenvalues of Dyy(V) in (V ® §), all are zero and so (V ® S5), C
ker Dgn(V'). Consequently, we deduce that if (V' ® S), Nker D{ (V) # 0, then
(V®8), Cker Dgy(V) and so ker Dp (V') C ker Dy (V). ]

Remark 6.2. Note that in the case when t = 0 or t = 2 the equalities (15)
coincide so that the equality (16) can not be deduced. Nevertheless, one has that
the equality in (14) must hold.

7. Kernel of the noncubic Dirac operator

We address the case of the noncubic Dirac operator ﬁgﬂ,(V). The same arguments
can apply exactly in the same way for the operator D;h(V).

Definition 7.1.  We say that the equality in (14) holds for a weight pu € t* of
V' ®S (or equivalently for the corresponding isotypic component (V' ®S),,), if there
is p1 € t* related to p such that the equality in (14) holds. In this case, we will say
that py is strongly related to .
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The following theorem establishes a necessary condition for the isotypic component
(V®S), to contribute to ker Dy (V).

Theorem 7.2.  Let u € t* be a weight of V & S. If the equality in (14) does not
hold for i, then (V ®S), does not contribute to ker Dy (V). In other words, the

isotypic component (V ®S), has nontrivial intersection with ker ﬁg,h(V) only if the
equality in (14) holds for (V ® 5),.

Proof. If p € t* is a weight of V ® S such that (V ® S), contributes to

ker ﬁg,h(V), i.e. for some index i there is a zero eigenvalue /\E“)(ﬁg,b(‘/)), then,
according to Remark 6.2, the equality in (14) must hold. n

Consequently, in order to study ker 1/597;,(1/) we can focus on the isotypic components
for which the equality (14) holds.

In the rest of this section, we suppose that b is a Cartan subalgebra t of g. Under
this asumption, we give a sufficient condition for a t-isotypic component (V ® ),
of V.® S to contribute to ker ﬁg,t(\/). Combining this condition with Theorem 7.2
we obtain a complete description for ker ﬁgﬂf(‘/) in Theorem 7.4.

If 1 € t* is strongly related to u, then it will also be the case for wp and wpy for
every w in W. Note that wp and wpy turn out to be weights of V' ® S and S
respectively. More precisely, wpu; is a weight of S since it is of the form (10) with
py = 0 and with wA™ being the positive system of A. Then wu = w(p— p1) +wps
is a weight of V' ® S since pu — pq, and thus w(pu — pq), is a weight of V.

Define VeSl:= @ (Ve S

weW/ W,

where W, stands for the stabilizer of y in W. In other words, (V ® S)M is the
direct sum of the isotypic components corresponding to the W-orbit of x. From
the previous discussion, if the equality in (14) holds for p, then it will also hold for
any isotypic component appearing in (V ® ) and so, using the action of W/W,,
we can suppose that p is such that if p; is strongly related to p, then p — py is
dominant. In this case, according to Theorem 5.2, © — up is an extremal weight of
V' and, since it is dominant, it must be equal to A. Then pu; can be written as

#120—204

aEA

for some A C (R{)\})L NAT andso p=A+p— Z a. Consequently, if

a€cA

AN =D +p=D alAC (R{A)TNATY and AN = AN)/W,  (17)

acA

i.e. A()) is the set of equivalence classes of A()\) with respect to W, the equality
in (14) holds exactly for the isotypic components appearing in

P ves)k

HEA(N)
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Note that for distinct elements p and p’ in AV(A) belonging to the same W -orbit,
we have (V ® S)M = (V ® ). In order to avoid having twice the same block in
the above direct sum, we have to consider the quotient A(\) instead of A(\).

Lemma 7.3.  If the equality in (14) holds for ., then there is a weight py of V
and a weight p11 of S (related to po) such that (V ® S), =V, ® S,, where V,,
(respectively S, ) is the corresponding weight subspace of V' (respectively S ). In
other words, there is only one weight p; of S related to .

Proof.  Assume that (V®J5), contains a nontrivial vector of the form v)®e, with
vy being a highest weight vector in V' and e being a weight vector of S. Suppose
that there is a nontrivial weight vector vy of weight A" in V' and a nontrivial weight
vector €’ in S such that vy ®e’ also belongs to (V®JS5),,. Let A and A’ be subspaces
of AT such that the weights of S corresponding to e and e’ are respectively

p—Zoz and p— Z o,

acA a’eA!

We observe that, according to Theorem 5.2, {(a, A\) = 0 for every « in A. Therefore

)\—i-p—Za:X—i—p— Z o = )\—/\’:Za— Z o
a€A a'eA’ acA a’eA’
= A=XN == (o' \.
a'eA!
The left side of the above equality is nonnegative while the right one is nonpositive
and thus both must be equal to 0. Therefore (A — X, A) =0 and

IV = V=) + AP = IV = A AP+ 200 =2 0) = [N = AP+ AP = A%

Since A is an extremal weight of V', the equality must hold. Therefore ||\ — A|| =0
or equivalently A = \. [ |

Theorem 7.4. Let g be a complexr semisimple Lie algebra, h := t be a Cartan
subalgebra of g, A be the corresponding root system and fir AT a positive system
of A. For a A" -dominant algebraically integral element X\ € t*, let V be the
corresponding finite-dimensional irreducible representation of highest weight A and
A(N) be the set defined in (17). Then the kernel of the noncubic Dirac operator
ZA)g,t(V) acting on V. .® S is

ker Dy (V) = €P (V@ 5)W. (18)

HEA(N)

Proof.  In view of Theorem 7.2, it suffices to prove that each isotypic component
of the sum on the right-hand side of the above relation lies in ker Dy (V). Let
(V ®S), be such a component, i.e. p is a weight of V ® S such that (14) holds
as an equality. According to Lemma 7.3, there is a weight py of V' such that
(V®S), CV, ®S, where V,, is the weight subspace of V' corresponding to .

Then DyM(V@S),] S (V®S), CV,®S. (19)

On the other hand, each additive term of lA)g,t(V) acts on an element of V,) ® S
giving an element in V), ., ® S for some o in A, where V,, 1, is the weight subspace
of V' corresponding to o+ « (which may be trivial if po+ o is not a weight of V).
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Thus Dy (V)[(V ® 8)u] € Dyu(V)[Viy ® 5] € P Visga ® S
aEA
so that Do)V ® S),] (QBv@ﬁa®s)m(mm®S)
aEA

Since V), is linearly independent with @ V), we deduce that
acA

Deu(V)I(V © ), = {0}
and so (V ® 5), lies in ker ﬁg,b(V). ]

As a corollary of Theorem 7.4, one obtains the following proposition.

Proposition 7.5.  For {ea}aeA as above,

kerﬁgh ﬂ ker m(eq) ® y(e_ a))

aEA
In other words, if an element x of V ® S is annihilated by ﬁg,b(V), then it is
annihilated by every additive term m(eq) @ Y(e_q), a € A, of Dgy(V).

Proof.  One inclusion is obvious. For the other one, if x € (V ® S), belongs to
ker ZA?g,t(V), then the equality in (14) holds for (V ® S),. Repeating the argument
used in the proof of Theorem 7.4, for m(e,) ® v(e_o), a € A, instead of lA?g,t(V),
one obtains that

m(€a) @7(e-a)[(V @ 5)u] € (Vigra @ 5) N (Vyy @ 5) = {0}

and so ker ZA?g,t(V) C ker (m(ea) ® v(e—a)). Since a € A was arbitrary, we obtain
the desired result. [

8. [Explicit description of the set A(\)

In order to make more explicit our description (18) of the kernel of the noncubic
Dirac operator lA)g,h(V) , we study the set A(\) involved in the formula. We continue
here with the assumption that § coincides with a Cartan subalgebra t of g. The
main result of this paragraph is the following proposition.

Proposition 8.1. The set {€ A(\) | p— X is A*-dominant} is a complete family
of representatives for A(N).

In other words, by taking all elements
Atp—Y aec A,
acA

with p—3" .4 @ being A*-dominant, we obtain a complete family of representatives
for A(A). Recall that
A p— Z @

a€cA

belongs to A(\) if A is a subset of (R{)\})LHA+. The rest of this section is devoted
to the proof of Proposition 8.1.
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Lemma 8.2.  Let A and A’ be subsets of (R{)x})L NA*Y and set
u:)\—i-p—Za and u’:)\+p—Zo/
acA a'c A’

to be the corresponding elements of Z(A) Then p and ' are W -conjugate if and
only if they are W -conjugate, where Wy stands for the stabilizer of X\ in W .

Proof. The ”if” direction is obvious. For the "only if” direction, let us suppose
that w is an element of W such that y = wy’. Then

po=wp
= A+p— > a =wA+p— > )
acA a'c A’
— 2T —up- T (p-Ta

o acA

(
( eA’

= BmuA N = ) w5 a) )
~

acA a’eA!
= A-wA ) =—(p-wlp— X )N,

a’eA’

Since w is a weight of V', A—w is a nonnegative sum of positive roots, while \ is
dominant. Thus, the left-hand side of the above expression is nonnegative. On the
other hand, using Lemma 5.3, one can see that the right-hand side is nonpositive
and so both sides must be 0. Then wA = A, since

[wAl* = [l (wA = A) + A" = lwd = AJI* + [A]* = Al
But [|[wA||? = ||A]?, [JwA — A||?> = 0 and thus w\ = . n

Corollary 8.3.  The set A(\) coincides with A(X)/W,.

As a consequence, if {v;}; is a complete family of representatives for the W,-
equivalence classes of the set

{p=> alAC (R{A}) nAY,

a€cA

then the set {A\+;}; is a complete family of representatives for A(A). The following
lemma ensures that we can choose v; to be AT-dominant and so it completes the
proof of Proposition 8.1.

Lemma 8.4.  Any element of the form p—3_ ., o with AC (}R{)\})L NAT is
Wy -conjugate to a A'-dominant element.

Proof. Let Af := (R{/\}) N AT ie. the set of the positive roots orthogonal to
A, and set A7 := AT\ A7. The set A; := AT U(—A]) is a root system. Indeed,
if o and 8 are elements of A], then, from the W -invariance of the Killing form:

(sa(B),A) = (B;5a(N)) = (B,A) =0,

and thus A; is stable with respect to the reflections generated by its elements. The
other properties for A; to be a root system can be easily checked. Let W; be
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the Weyl group defined by A; and p; be the half-sum of the positive root of A;.
Then W; fixes the element p — py, i.e. the half-sum of the positive roots included
in Ay := A U(—AJ). Note that Ay need not be a root system. Indeed, if 3 is a
root of A; and « is a root in Ay, then

(s5(7), A) = (7, 85(N)) = (7, A) > 0.

Thus W1 A3 = A, W, stabilizes p— p; and (p— p1,8) = 0 for any B € A;. Since
the Weyl group of a root system acts transitively on its Weyl chambers, if A C AT,
then there is some wy in W; such that

wo(pr — Z a)
acA
is AT -dominant. In this case, for every 3 € AT,

(wolp— 3" ) B) = (p— p1 + wolpr — 3 ), B)

a€A a€A

= (p — p1, B) + (wo(p1 — ZO‘)”B) = (wo(p1 — Za),ﬁ) > 0.

a€A acA

Therefore wo(p — Y c4 @) is Af -dominant.

We will be finished once we show that this is also the case for A . More precisely,

we want to show that
{wo(p — E a),7) >0,
acA

for any v in AJ. Since wy'AF = AJ, it suffices to show that

(p=> a >0,

a€cA

for any + in Aj. Suppose that for some v in A,

(p—Z%W} <0.

acA
Then one has that s,(p— Z a)=p— Z a+ ny (20)
acA acA
with n = —W(p — D aea @, 7) being positive.

On the other hand, according to Lemma 5.3, the set of weights of S is W -stable,
and so the element
$+(p — Z )

acA
must be a weight of S. Thus it must be of the form (10):

S-S =p- 35 1)

acA BeB

for some subset B of A™T.
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Combining the equalities (20) and (21), one obtains that
p=Y atny=p-—> B = ny=Y a—Y B = n{y,A)=-> (8N
acA BeB a€A pseB peB

The left-hand side of the last equality is positive, since v has been chosen to be an
element of A5, while the right-hand side is non positive, since B consists of positive
roots and A is dominant. This is a contradiction. Consequently, one has

<p_za77> ZO
a€cA

for any v in A7 and thus the element wo(p— ", 4 @) is AT-dominant. According
to [10, Proposition 2.72], W) coincides with the stabilizer Wy of X in W. Hence
the element p — )" _, « turns out to be W)-conjugate with a dominant one. |

This now completes the proof of Proposition 8.1.

9. Noncubic Dirac operators and isotypic components

The cubic Dirac operator Dg(V') acts in the same way on every irreducible represen-
tation of an isotypic component. Namely, on the isotypic component corresponding
to a highest weight € t*, Dy(V) acts by the scalars

/I3 + plI2 = [l + ol

As a consequence, either the whole isotypic component belongs to ker Dy, (V) or
its intersection with ker Dy (V') is trivial. From Theorem 6.1, this is true for every
D;y(V), t € (0,2). On the other hand, according to Theorem 7.4, this turns out to

be also true for the noncubic Dirac operator lA)g,;] (V') when b coincides with a Cartan
subalgebra t of g. Note that, since each isotypic component of V' ®.S is generated by
"monomials”, i.e. by elements of the form v ® u with v and u being weight vectors
of V and S respectively, one deduces that this is the case for ker D} ((V'), t € (0,2),
and, in the case when b = t for ker ﬁm(V). Nevertheless, as the following example
indicates, these properties are not true for 15975(V) if h # t. This complicates the
study of ker ﬁg,h(V) in this case. Consider the following example.

Example 9.1.  Using the notation of Example 1.1, let g := sl(4,C) and

b =td Oeg—eq D J—cytey

with q := b+ such that g=bH®Dq.

Consider the Clifford algebra C(q) of q and the space of spinors S for C(q), defined
by the negative root spaces of q. For every a € AT, choose e, € g1, such that
(€q,e_o) = 1. Furthermore, let V := C* be the standard representation of g, i.e.
the irreducible g-representation of highest weight

3 1 1 1
A\ = 181 — 162 — 163 — 154.
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Then, the noncubic Dirac operator 1597;](1/) is given by

Dy (V) = V2{er, e @ Y(e-rrier) + €ermes ® Y(ecyres)
tee—cq @ V(€—eites) T Cepmey @ V(€—crtey)
Feer—es ® V(€—cores) + €ocrver @ Y(€ci—es)
Fecites @ V(€ey—e5) + €eitey @ V(€e)—cy)
Fecptey @ V(€oymzy) T €—cprey @ V(€2y—2y)}-

If {vy,v9,v3,v4} is the standard basis of C*, set

T = U3 Q€ ciqey N gy, NCgyiey

Ty 1= Vs @ €gipey N Cociqey NCogotey-

Then Dyp(V)r1 =02 ® €_cyqey N €_ciqey N €gpteg N €_gyiey 0,
Dgp(V)r2 = —02 @ €y 4eg N Ccyey N Cocpieg N €gyiey # 0,
but Dgy(V) (21 + 22) = 0.

Therefore, the elements x;, x5 and x1 + x5 belong to the same isotypic component
of V® S, the element 1 + x5 belonging to ker Dy(V'), while z; and x5 do not.
In other words, only a part of this isotypic component belongs to ker Dy (V).

10. Noncubic Dirac operators for classical Lie algebras

As before, suppose that g is complex and semisimple while b is a Cartan subalgebra
t of g. Let V' be an irreducible finite-dimensional representation of g and II(V') the
set of all weights of V. For every weight v € TI(V'), define

AW . ={a e AT |v+acTl(V)}), AV .={acAt|v—acT(V)},
and PW = {T e P(AT) |'AW C T and 2A¥ NI =0},
where P(A™) stands for the power set of AT.

Definition 10.1.  We say that a representation V of g satisfies property (x), if
for every weight v of V and every root a of 'A® (respectively of 2A™)), we have
m(eq)v, # 0 (respectively m(e_q)v, # 0) for every nonzero weight vector v, of V.
In other words, for v and v+ « (respectively v — a) being in II(V'), the linear map

m(ea) : Vi — Viya  (respectively m(e_qy : V, — Vi)

is injective.

Theorem 10.2.  Suppose v, 'A™) and 2A™) are as above and V' satisfies property
(). Then, one has

ker Do (V)= P (v, @er |1 €PY).
vell(V)

Proof. Let v, ® e; be a nonzero weight vector of V ® S and « a positive root
of AT. If v + «a is not a weight of V, i.e. a ¢ 'A® | then 7(e,)v, = 0 and so
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m(eq) ® Y(e_o)(vy, ® er) = 0. On the other hand, if v + « is a weight of V', which
means a € 'A®  and since V satisfies property (%), we conclude that 7(eq)v, # 0.
So 7(en) ® y(e—a)(vy ® ey) = 0 if and only if y(e_,)e; = 0 or equivalently if and
only if I contains «. Summarizing, we have

() ®1(eu)( ) =0 ifag¢'AWoracl 22)
T(eq) ® v(e_o) (U, & er
#0 ifac!A® anda ¢
Using a similar argument, we obtain
=0 ifa¢?AWorad¢l

T(e_o) @ Y(eq) (v, ®e
(-a) ® 7€) [){7&0 if o € 2A® and a €1

Therefore, the element v, ® e; belongs to

if and only if for every a in 'A® we have a belonging to I and for every « in
2A™) we have a not belonging to I. This is equivalent to say that 'A®) C I and
AN =0,1ie I € P¥. Hence,

ﬂ ker(m(eq) @ y(e_q)) = @ (v, @e; | I €PW).

aEA vell(V)

Using Proposition 7.5, we obtain that

kerﬁgﬁt(V) = @ (v, @ep | I €PW). ]

vell(V)

Let us illustrate the situation with an example. Let g be sl(n,C), i.e. the Lie algebra
of all n—by—n complex traceless matrices. The root system of g is

A={t(e;—¢j) |1 <i<j<n}

We choose AT ={g;—¢;|1<i<j<n} tobe the set of positive roots of A and
let V' be the standard representation of g. Then V is irreducible, of highest weight

n 1 1
= €1 — €3 — ... — En
n+l ' ntl’ nt1
while I(V)={pi=A—e1+¢e|1<i<n}.

One can check that V' satisfies property (%) and
AW = Lo, —gp |1 <i<k}, and 2AWD) ={g —g |k<l<n+1}.

Therefore, if vq,...,v, are the weight vectors of uq, ..., u, respectively, according
to Theorem 10.2:

ker lA)g,t(V) = @ (V@€ _ciye, Ao Ne_e 1o, Neg | J AT (IA(“’“) U 2A(“k))).

1<k<n
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In particular, one deduces that

dim ker f)g’{(v) — % 2%7
while, according to (6), the dimension of the cubic Dirac operator Dy (V) is:

dimker Dy (V) = n!

In a similar way, one can proceed with the other classical Lie algebras. The following
table contains the dimensions of the kernels ker Dy (V) and ker Dy (V') in these
cases.

g dimker Dy (V) = |[W| | dimker Dy (V)
sl(n, C) n! n x 22
s0(2n+ 1,C) 2np! I x 2(n—1)2
sp(n,C) 2! on x 2(n—1)?
s0(2n,C) 2" 1In) 2n x 2(n—D(n-2)

Table 2: Dimensions of the kernels of cubic and noncubic Dirac
operators for the standard representation

11. Noncubic Dirac operators for exceptional Lie algebras

In this section, we discuss the kernel of noncubic Dirac operators for exceptional Lie
algebras. Let g be an exceptional Lie algebra and choose h to be a Cartan subalgebra
t of g. Let A be the root system of g, IT := {ay,..., o} a set of simple roots of A
and AT the set of positive roots determined by II. We wish to describe the kernel
of the noncubic Dirac operator Dy (V) when V is the standard representation of
g. This is the case when the highest weight A of the g-representation V' is the first
fundamental weight w; of g. As in the proof of Lemma 8.4, set

Alz{OéeA|<)\,Oé>:0}, AQIA\Al, ATIAZHAJF, Z:1,2

Let p; be the half-sum of the positive roots of A]. As we have already shown in the
proof of Lemma 8.4, A; is a root system with A" being the set of positive roots.
Moreover, one can verify that A7 = ATN{ay, ..., o) and thus IT; := {as, ..., o} is
the set of simple roots for AT . Consequently, the Dynkin diagram of A; is obtained
from the Dynkin diagram of A by deleting the edge corresponding to the simple
root «;.

To calculate ker ﬁg,t(V), according to Theorem 7.4, one has to determine the set
A(XN). In other words, using Proposition 8.1, it suffices to find all AT-dominant
weights of the form
p— Z a, ACAT
acA

To find these weights, we will need the following lemma.
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Lemma 11.1.  With the above notation, let A be a subset of A . The weight

p— > «a is AT -dominant if and only if the weight py — Y. « is Af -dominant.
acA acA

Proof. If p—> .,a is AT-dominant, obviously it is A7 -dominant. Moreover,
Pr— Dopea@ is Af-dominant. Indeed, as we have already seen in the proof of
Proposition 8.1, {p — p1, 3) = 0 for every B in Af and so

(=Y a.By=(p—p)+p—Y aBy=(p—> ap)

Therefore, p1 — Y, 4 & is Af -dominant if and only if p—3",, @ is AT -dominant,
which is the case for p — > 4 o being A" -dominant.

On the other hand, if py — > ., is A7 -dominant, then, as we have seen in the
proof of Proposition 8.1, p — " _, o is AT -dominant. [ |

Using the above lemma, in order to determine A()), it suffices to find all the A -
dominant weights of the form

p—Y o ACAT (24)

Let g; be the Lie algebra corresponding to A; and choose h; to be a Cartan
subalgebra of g;. Then q; := h{ = n; @ n], where n; (respectively ny ) is the sum
of all positive (respectively negative) root subspaces of g;. Then the A} -dominant
weights of the form (24) are exactly the A} -dominant weights of the space of spinors
Sy of the Clifford algebra C(n; & ny).

We illustrate the above discussion with the following example. Let g be the excep-
tional Lie algebra F), and V' the standard representation of g. The root system of

g is
1
A::{ieiim1§z‘<j§4}u{iei|1§¢§4}u{§(ielisgiegie4)},

where ¢; is the element of the dual space of R* sending the i-th element of the
standard basis to 1 and all the others to 0. The set A is the root system of Fj. Fix

1
A+I:{6iﬂ:€j|1§i<j§4}U{€i|1§i§4}U{§(51i62ﬂ:53i64)}

to be the set of positive roots of A. Then,

1
H = {Oél = 5(81 — &9 —E&3 — 84),062 = Ey,3 1= E3 — E4,0y 1= E9 — 83}

is the set of simple roots of A. The highest weight A of the standard representation
is A = w; = €1 and the set of roots being orthogonal with A is

Then, the half sum of the positive roots of Af is p1 = 352 + %53 + %54 and
IT; == {ag, a3, a4}

is the set of simple roots of Aj.
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The Dynkin diagram of F} is

F, —@——0—0

By deleting the edge corresponding to «y, we obtain the Dynkin diagram of A;:

o—0 0
2 3 4

This is exactly the Dynkin diagram of the Lie algebra Bs. With the previous nota-
tion, the A} -dominant weights of the spin module S; for Bs are given in Table 3.

Weight Vectors

5 3 1
552 + 563 + 564 1

€—¢
5 1 1 3
22 T 383+ 584 e_eytesNe—cy

€_coteg/Ne_cqte
3 3 3 27TE3 3T¢4
2€2 1 58 + 564 € cotey

€—eq

€_gqgteg/N\e—_¢
3 3 1 ateafiC-es
282 T 383+ 384 €—egtey,Ne—ey

€—egte3/Ne—eg+ey/\C—cy

€—eg—e3
6752/\6753
€_eqg A6_54/\€_52+E4
Sey+ 1o+ e Coiraity
€—c3+eq Ne—eg—ey
€—eg—e3/\e—egtey/N\C—ecg—cy
6—52+54/\5—53—54

€—egNe—g yNe—cgtez/Ne—catey

€—eg/\e—cy—e3
€—eg/N\e—c3teyNe—cp—ey
€—eg/N\e—cyteyN\e—c3—ey
€—eyNe—coteyNe—eg—e3
€—e3/\e—cytey\e—cy—ey
€—e3/N\e—egte3N\e—eg—ec3
18 + lg + lg 6_52/\6_53/\6_54/\6_52+54
2627 2537 9%4 eoegNe—cotesNe—coteqNe—cyc,
€—eg/N\e—coyteg/Ne—c3tey/\e—cp—gy
€—eg/N\e—cotegNe—c3te 4 Ne—c3—ey
€—eyNe—cgteyNe—c3teyNe—cgy—ey
€—eq4Ne—cotegNe—c3teyNe—cy—e3

€—cq /\eﬂ.;3 Ne—gy /\67524»53 /\67534»54

€—egNe—cogtegNe—coteyNe—c3tey/Ne—c3—ey

Table 3: Af-dominant weights of S;
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According to the discussion in the beginning of this chapter, the set A(\) consists
of all elements of the form p — p1 + p1, with p; being a weight of Table 3. Using
Theorem 7.4, the kernel of the noncubic Dirac operator Dy (V) is

ker ﬁg,t(V) — @(V ® S)lle=ptml
M1
where p; runs over the set of the weights of Table 3. The dimension of each isotypic
component (V ® S)(P=rV+1] can be deduced by this table.
In [1], we prove similar results for the other exceptional Lie algebras.

12. Application to Slebarski’s Dirac operators

In [17], Slebarski studied a family of Dirac operators acting on functions defined
over compact homogeneous spaces arising by a family of connections. A careful
computation and discussion of their squares was provided by Agricola in the more
general setting of naturally reductive homogeneous spaces [2, Theorem 3.2]. She
also established precise links between these operators and string theory in physics
[2, Section 4]. In what follows, we study representation-theoretic analogues of these
operators.

Let G be a real compact connected semisimple Lie group and H a closed subgroup
of G with complexified Lie algebras g and b respectively. Suppose that there is a
common Cartan subalgebra t of both g and h. Let A and Ay be the corresponding
root systems and A and A;’ positive systems for A and Ay respectively such that
Aa“ C A*. Moreover, suppose that b satisfies the condition (7) and let

g=ha@qwith q=ht.

Consider the Clifford algebra C(q) of q and let S be a space of spinors for C(q).
Then h acts on S by the spin representation (8). This action integrates to an
action of the spin double cover H of H. Let E be a finite-dimensional irreducible
representation of H such that S ® FE is a representation of H. Let C*(G) be the
space of complex-valued smooth functions defined on G. Then G acts smoothly on
C*™(@G) by left and right translations and this action can be extended on the space

L*(G) of square-integrable functions of G. Let [L2(G) @ (S ® E)]” be the space of
H -invariants with the H-action on L*(G) given by right translations. Then G acts

on [L2(G) @ (S @ E)])" by left-translations on L(G).

Definition 12.1. (Geometric cubic and t-noncubic Dirac operators) For ¢ €0, 2],
let D¢,/ (£) be the operator
DLp(E): [LAG) @ (S E)]" — [LAG)® (So E)]"
given by
Diyn(B) = vV2{ ) (& &)r(e) @y(e) @1 —t-1@(c) ® 1},
Y]

where {é;} and {e;} are dual bases of q, 7(-) the differential of right translations
and v(c) the cubic term (4). As in Definition 3.1, for ¢ € [0,1) U (1,2], we will call
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Dy, (E) the geometric t-noncubic Dirac operator, while Dg/p(E) := D, y(E)
is called the geometric cubic Dirac operator. Finally, for ¢ = 0, the operator
Dg/u(E) = DOG/H(E) is called the geometric noncubic Dirac operator. n

The operators Dy, (E), t € [0,2], do not depend on the choice of the bases {e;}
and {é;} and all are G-equivariant so that their kernels are representations of G.
Moreover, in the case of D¢/ (E), in analogy to (5), one has

Deyn(E)? =7(Q) @101 — (r@7)(Q,) @ 1+ ([lpl* = llpel?)-

There is a connection between algebraic and geometric Dirac operators. More pre-
cisely, using Peter-Weyl’s Theorem, one obtains a G-equivariant isomorphism [1]

¢ [LAG) 0 E]" = @VA ® [Vy @ B", (25)
Ae@

where V) stands for the finite-dimensional irreducible G-representation of highest
weight A € t* and V' for its dual. Let

Diyn(E)r: [LAG) ® (S® E)|L — [L3(G) @ (S @ B)]}

be the restriction of the operator DE/H(E) on the A-isotypic component, A\ € @,
and D} (V) the algebraic Dirac operator attached to V' as in Section 3. Then
the diagram

" Dy (E)x
[L2(G) & (S @ B)];

[L(G) @ (S @ B))y

1@ DL (V) @1

e [Vye(Se E)" e [Vye (S E)"

is commutative, i.e.
Therefore, & establishes an equivalence

ker Db,y (E)x = Vi @ [ker DLy (V) ® E]”

(26)

of representations of G. Since G acts trivially on the component [Vy ® (S ® E)]?
of Vi@ [Vy ® (S ® E)|", Vi ® [ker D{((Vy) ® E]" turns out to be equivalent
to a direct sum of dimlker D;,h(V;) ® EJ" copies of Vi, i.e. a direct sum of
dim Hom g (E *, ker D;h (Vy )) copies of V) which, for the sake of simplicity, we denote

dim [Homp (E*, ker DY ( (V)] Va.
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On the other hand, the spin module S is self-dual, i.e. it coincides with its dual
(see [5]), and thus D!, (V) can be seen as the dual operator Dj (Vy)* of D} (V)
acting on Vy" ® S*. Then

Homp (E*, ker Df ((Vy)) ~ Homp (E*, ker Dj (V3)")
= Homy (E*, (ker D! (V1))") = Homy (ker D% (V3), E)

and thus ker DtG/H(E)A ~ dim Homp (ker D} ((V3), E)V
and ker Dy (E @dlm Homp (ker D} (V3), E)Vj. (27)
re@

For more details on the relationship between algebraic and geometric Dirac opera-
tors, see [13] and [14].

Theorem 12.2.  Let G be a compact connected semisimple Lie group with com-
plezified Lie algebra g, H be a closed subgroup of G such that its complexified Lie
algebra by satisfies condition (7). Suppose that there is a common Cartan subalgebra
t of g and b, and E is an irreducible finite-dimensional b-representation of high-
est weight p € t° with respect to a fized positive root system A+ such that S @ E
lifts to a representation of H. Then, for t € (0,2), the kernel ker DtG/H( ) of the
geometric t-noncubic Dirac operator

DL p(E): [H(G) e (Se E)" — [IXG) e (S E)]"

coincides with the kernel ker Dy (E) of the geometric cubic Dirac operator D (E) .
In particular, if there is w € W such that w(p+ py) — p is analytically integral and

dominant with respect to a positive system AT D A; of A, ker DtG/H(E) s equiv-

alent with the irreducible representation Vi(uip.)-p of highest weight w(u + py) — p

of G. Otherwise, ker D, (E) is trivial.

Proof. According to Theorem 6.1, for ¢ € (0,2), ker D}, ((Vx) =ker Dy ;(Vy) and thus
dim Homp (ker D}  (V), E) = dim Homp (ker Dy (V3), E)

and, from (27),
kGI‘DtG/H(E))\ = kel"Dg/H(E>/\.

Hence for every t € (0,2),
ker D /5 (E) = ker Dgyp (E).
Now the result follows from [12]. n

For the noncubic geometric Dirac opearator we have the following theorem.

Theorem 12.3.  Let G be a compact connected semisimple Lie group with com-
plezified Lie algebra g and T be a mazimal torus of G with complexified Lie algebra
t. Fiz a one-dimensional representation E of t determined by a A' -dominant ele-
ment p of t* with respect to a fixed positive root system AY for A = A(g,t) and
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such that S ® E lifts to a representation of T'. For every element X of the set A of
all A* -dominant and analytically integral elements of t*, set

Ky :={p— Za | AC (]R{)\})L NAY and p — Za is AT-dominant}

acA a€A

and A, ={(\K) e AX K\ | X+ K =pu}.
Then, the kernel of the noncubic Dirac operator
Dor(B): [2(G) @ (Se B))' = [L(@) e (S0 B)]

is kerﬁg/T(E) = Z dim(Vy ® 5), Vi,
(MK)EA,L

where V) is the finite-dimensional irreducible G -representation of highest weight \.

Proof. According to Theorem 7.4,

ker Dy (Vy) = @ Va8V = EB (Va @ S)P+ = @ (V2 @ ) wiasn)-

ZIEA()\) KEK ) rkEK)
weW/Wi,

Therefore,
ker ﬁg/T(E))\ = dim Homqy ( ker 1397{(VA), E) Vi

= dim HomT( @ (VA ® S)w(H,i), E)V,\

HEK)\
wEW/W)\-Hc

= Z dim HOIIlT((V)\ & S)w(/\—i—n); E) V.

reEK )
’u}EVV/VV/\_;,_,.i

Since p has been chosen to be AT -dominant,

ker ijg/T<E))\ = Z dim HOIDT((V)\ (29 S))\_._H, E)V)\

KEK )

= Z dlm(V)\ ® S))ri-n ' 5;1,,)\-‘,-5 : V)\
KEK )

=) dim(VA®9), 6y Vs
KEK

Hence

ker ﬁg/T(E> = Z d1m<v)\ & S)p : 5,u—n,)\ : V,u—n

AEA
rEK )

= > dim(13®S),Vx. n
(Mr)EA,
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