Journal of Lie Theory
Volume 31 (2021) 1153-1188
© 2021 Heldermann Verlag

A Schrodinger model, Fock model and
intertwining Segal-Bargmann transform for
the exceptional Lie superalgebra D(2,1; o)

Sigiswald Barbier and Sam Claerebout

Communicated by B. Qrsted

Abstract.  We construct two infinite-dimensional irreducible representations for D(2,1;a): a
Schrodinger model and a Fock model. Further, we also introduce an intertwining isomorphism.
These representations are similar to the minimal representations constructed for the orthosym-
plectic Lie supergroup and for Hermitian Lie groups of tube type. The intertwining isomorphism
is the analogue of the Segal-Bargmann transform for the orthosymplectic Lie supergroup and for
Hermitian Lie groups of tube type.

Mathematics Subject Classification: 17B10, 17B60, 22E46, 58C50.

Key Words: Fock model, Schrédinger model, minimal representations, Lie superalgebras, Bessel-
Fischer product, Segal-Bargmann transform.

1. Introduction

An important theme in representation theory is a good understanding of the class of
all unitary representation of a given Lie group. One way to approach this problem is
via the orbit method. This method developed by Kirillov, Kostant, Duflo, Vogan and
many others [18], says that there should be a correspondence between the irreducible
unitary representations of a Lie group and the orbits of its dual Lie algebra under
the coadjoint action. This connection is one-on-one for nilpotent Lie groups. For
other Lie groups this is no longer true, but it is still believed that these coadjoint
orbits should still be linked to unitary irreducible representations.

Under this orbit philosophy, the minimal representation of a semisimple Lie group
is the one that ought to correspond to the minimal nilpotent orbit, (see [13] for
a precise definition of a minimal representation). The standard tools of the orbit
method seem to work the least for this minimal representation, but this makes it
study even more interesting. The fact that the minimal representation is in some
sense the ‘smallest’ infinite dimensional representation allows for a rich variety of
interesting realisations that can be and have been studied using a wide range of
technics, [12, 19, 20, 21, 22, 32]. There exists a unified approach to construct such
minimal representations using Jordan algebras, [14, 16]. It is believed that the orbit
method should also be useful to understand, study and construct representations
for Lie supergroups (or Lie superalgebras, since for technical reasons it is easier
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to just work on the algebraic level in the super case). For example, also the
unitary irreducible representations of nilpotent Lie supergroups can be completely
understood using the orbit method, [24, 29]. Recently, a minimal representation of
the orthosymplectic Lie superalgebra has been studied in detail using the Jordan
algebra approach, [3, 4, 6]. This minimal representation of osp(p,q|2n) can be
seen as a super version of the minimal representation of o(p,q) which has been
studied in detail by Kobayashi and various collaborators, [19, 20, 21, 22]. The
goal of this paper is to construct a similar representation for the Lie superalgebra
D(2,1; ). In particular we will construct two different models, which are similar to
the Schrodinger and Fock model or the orthosymplectic Lie superalgebra studied in
[3, 6] and an intertwining isomorphism between these two models, which is similar
to the Segal-Bargmann transform studied in [16] for the non-super case and in [3]
for osp(m, 2|2n).

The Lie superalgebra D(2,1; ) is a deformation of 0sp(4|2) depending on a complex
parameter «, [17, 27]. Together with G(3) and F(4) it belongs to the class of
exceptional basic classical Lie superalgebras. In contrast to the basic classical Lie
superalgebras of type A, B,C' or D these exceptional Lie superalgebras do not
have a Lie algebra analogue. This makes the study of these Lie superalgebras more
challenging but also intriguing since we do not know what to expect. Representation
theory of the Lie superalgebra D(2,1;a) has already been studied extensively, see
for example [31, 10, 9].

The study of infinite dimensional irreducible representations of Lie superalgebras
has still a lot of open questions. For example, it is still not clear what a good defi-
nition of unitarity should be in the super case. The existing accepted definition [8,
Definition 2 | has the drawback that a lot of Lie superalgebras do not admit unitary
representations at all, [24, Theorem 6.2.1]. This is a highly unsatisfying situation,
which has inspired many to look for alternative definitions [11, 30]. We strongly
believe that the construction of explicit models of irreducible representations that
‘ought’ to be unitary such as the ones constructed in this paper should help in this
undertaking.

Let us now take a closer look at the structure of and results in this paper.

1.1. Contents

In Section 2, we introduce D(2,1;a) using a construction of Scheunert and equip
it with a three grading coming from a short subalgebra. In Section 3, D(2,1;«a) is
alternatively constructed as the TKK-algebra of the Jordan superalgebra D,. A
TKK-algebra is by construction three graded, and for D(2,1;«) this three grading
corresponds to the one considered in Section 2. In Section 4, we recall the polyno-
mial realisation constructed in [4] for three graded Lie (super)-algebras and apply
it to D(2,1;a) to obtain two realisations: a Fock model and a Schrodinger model.
The rest of the paper is devoted to the study of these two models and the construc-
tion of an intertwining isomorphism: the Segal-Bargmann transform. We start by
taking a closer look at the space on which the Fock model is defined in Section 5.
In particular, we introduce a Bessel-Fischer product and show that it leads to a
non-degenerate superhermitian product. We also have a reproducing kernel on the
Fock space. Next we tackle some properties of the Fock model. We show that the
Fock representation is skew-symmetric with respect to the Bessel-Fischer product
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(Theorem 6.3). We give the branching law of the Fock model for the subalgebras
0s5p(2]2) @ R and osp(1|2) (Theorem 6.4). We also calculate the Gelfand-Kirillov
dimension (Proposition 6.7) of the Fock representation. In Section 7, we introduce
an operator my(C~!) from the Fock model to the Schrodinger model. We show that
monomials of the Fock space gets mapped under 7,(C~!) to confluent hypergeo-
metric functions of the second kind multiplied with an exponential (Theorem 7.3).
We define the Segal-Bargmann transform roughly as the inverse of m,(C™!). Since
the Segal-Bargmann transform is an intertwining isomorphism (Proposition 7.6),
this immediately leads to a branching law for the Schrédinger model (Theorem 7.7).
We finish the paper by using the representational framework to recover recurrence
relations for the confluent hypergeometric functions of the second kind.

1.2. Notations. Let us finish the introduction by mentioning some notations
used in this paper. We will work over the field K, which is either the field of real
numbers R or the field of complex numbers C. Function spaces will always be
defined over €. We use the convention IN = {0, 1,2,...} and denote the complex
unit by 1.

A super-vector space is defined as a Z,-graded vector space, i.e., V = V5 & Vi,
with V5 and V5 vector spaces. An element v of a super-vector space V is called
homogeneous if it belongs to V;, i € Zs. We call i the parity of v and denote it
by |v|. An homogeneous element v is even if |v| = 0 and odd if |v| = 1. When we
use |v| in a formula, we are considering homogeneous elements, with the implicit
convention that the formula has to be extended linearly for arbitrary elements. We
denote the super-vector space V with V5 = K™ and V; = K" as K™,

2. The Lie superalgebra D(2,1; )

2.1. The construction of D(2,1;«)

There is a one-parameter family of 17-dimensional Lie superalgebras of rank 3 which
are deformations of D(2,1) = o0sp(4]|2). These Lie superalgebras can be defined
using a construction of Scheunert. We will use the notations of [23], where also
more details can be found.

Let V be a two dimensional vector space with basis u, and w_. Let ¢ be
a non-degenerate skew-symmetric bilinear form with ¢(u,u_) = 1. Consider
sl(V) = sp(y) the algebra of linear transformations preserving 1. Denote by
(Vi, 1), i = 1,2,3, three copies of (V).

We will use the following definition of a Lie superalgebra to define D(2,1;«).

Definition 2.1.  (Lie superalgebra) A super-vector space g = gy @ g7 is a Lie
superalgebra if
1. gp is a Lie algebra.
2. g7 is a gg-module.
3. There exists a gg-morphism p : S*(g;) — g5, with S?(g;) the symmetric
tensor power.
4. For all a,b,c € g7 the morphism p satisfies

[p(a, b), ] + [p(b, ¢),a] + [p(c, a), b] = 0,

where we denoted the gg-action on g; by [, ].
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Set g0 = sp(Y1) ® sp(2) @ sp(r3)
and g =V1V,® Vs

The action of gj on g7 is given by the outer tensor product:
(A,B,C) 2y®2=A2)y®@2+20By) @z +r®y C(2).

Define p;: Vi x V; = sp(t0;) by pi(z,y)z = Uiy, 2)x — (2, 2)y.
For o; € K we define the gg-morphism p by
P(r1 @ T ® T3, Y1 @ Yo @ y3) = 01¢2(22, y2)Vs(3, y3)p1 (21, y1)
+ o9¥3(x3, Y3) 1 (T1, y1)p2(T2, Y2) + 0301 (21, Y1) V222, Y2)P3 (23, Y3).

The morphism p satisfies condition 4 in Definition 2.1 of a Lie superalgebra if and
only if o1 + 09 + 05 = 0, see [23, Lemma 4.2.1]. So in that case the algebra
['(01,09,03) = gy @ g7 is a Lie superalgebra. We have

F(O‘l,O'Q,O'g) = F(O’i,O‘é,O’é)

if and only if there is a non-zero scalar ¢ and a permutation 7 of (1,2,3) such that
o, = Cox), (23, Lemma 5.5.16]. If 0; = 0 for ¢ = 1,2 or 3, then I'(0y,04,03)
contains an ideal I such that I'(oy, 09,03)/1 = sl(V;), as one can easily deduce from
the definition of p.

2 727 2

Assume a ¢ {—1,0}, then D(2,1;«) is simple and D(2,1;«) = D(2,1; ) if and
only if S is in the same orbit as « under the transformations o + a~! and
a— —1—a.

l+a -1 —
Define D(2,1;a) ::r( ta —O‘>

2.2. Roots of D(2,1;a)

Consider the following matrix realisations for the basis elements { E;, F}, H;} of sl(V}):

0 1 00 10
(i) me (V) me(o )

Then the realisation of the vector space V; is given by
u', = (1,0)", u’ =(0,1)".
In this realisation we have
pi(t ul) = 2B, pi(ul,ul) = —H;, pi(ul,ul) = —2F;.

The Cartan subalgebra of D(2,1;«a) is given by h = (Hy, Ho, Hs). If we define
h* = {61,02,03} by 9;(H;) = 6;;, then the even and odd roots are given by

Ag = {£26,, +205, £203}, At = {£0; £ 09 £ 03}.
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The corresponding root vectors are
Xos, = Ei, X o5, =F,, Xisisis, =t @ui @ul.
Consider the simple root system
IT = {209,061 — 0 — 93,203},

then the Cartan matrix is given by

2 -1 0
-1 0 —-al,
0o -1 2
see [23, Sections 4.2 and 5.3.1]. For a = —1 this Cartan matrix corresponds to the

Lie superalgebra A(1,1) = psl(2|2). Remark that D(2,1;—1) contains an ideal [
with I = psl(2]2) and D(2,1;—-1)/1 = sl(2), see [28]. For the values a = 1, -2,
or —1/2, D(2,1;«) is isomorphic to 0sp(4|2). For more information on irreducible
representations of D(2,1;a), see [31].

2.3. Three grading. Consider the short subalgebra

{Xas, + Xasy, Ha + Hz, Xoo5, + X5, }- (1)
This subalgebra is isomorphic to s[(2) and the decomposition of D(2,1;a) as
eigenspaces under ad (Hy + H3) gives a 3-grading on D(2,1;«a):

9+ = {X253’ X055y X_6485463 X51+52+53}
g- = {X*2537 X*252 ) X51 —82—03> X*51 *52*53}
Jo = {H17 H27 H37 X2517 X—51+52—53) X§1+52—537 X—251 ) X51—52+537 X—(51—52+(53}'

Set h:=Hy+ Hy € h C go. For a & {0, -1}, go = 0sp(2|2) & Kh, where the ideal
IKh is the centre of gy and o0sp(2|2) is simple.

2.4. Real forms. The complex Lie superalgebra g¢ = D¢(2,1;a) has three
different real forms, [26, Theorem 2.5].

e gg=sl2,R)®sl(2,R) ®sl(2,R),
o g5 =su(2) dsu(2) &sl(2,R),
e g =52, R)®sl(2,C).
We will use the real Lie superalgebra corresponding to

g =5sl2,R)®sl(2,R) ®sl(2,R).

3. The Jordan superalgebra D,

From a Lie (super)algebra equipped with a short subalgebra one can construct a
Jordan (super)algebra. Conversely if one has a Jordan (super)algebra, we obtain a
three graded Lie (super)algebra by means of a TKK-construction, [7]. In the clas-
sical case Jordan algebras and these TKK-constructions were a crucial ingredient
in the unified approach to construct minimal representations for the corresponding
Lie superalgebras [15, 16]. Similarly, a Jordan superalgebra and its associated TKK-
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algebra were used in [6] to construct a minimal representation of osp(p, ¢|2n). In this
section, we will introduce the Jordan superalgebra D, associated with D(2,1; ).
Applying the TKK-construction on D,, gives us a realisation of D(2,1;«) and also
introduces an interesting subalgebra, namely the structure algebra.

3.1. Definition

Definition 3.1. A Jordan superalgebra is a supercommutative superalgebra J
satisfying the Jordan identity

(=D)L, L) + (=D)L, L) + (=D)L, L,,) = 0 for all 2,y,2 € J.
Here the operator L, is (left) multiplication with  and [, -] is the supercommuta-
tor, i.e. [Ly, L, = L,L, — (=)L, L,. ]
We use the realisation of D, given in [7]. Then D, is a unital Jordan superalgebra
of dimension (2|2) with

(D)5 := Key + Keg and (D,)1 := K& + Kn.
The multiplication table is given by
eje; =€, eex =0, ef= %57 €l = %777 §n = e+ aes.

For a # 0 the Jordan superalgebra D, is simple and D, = D,-1. Remark that
the unit is given by 1 = e; +e3. If @ = —1, then D, = JGL(1|1), the full linear
Jordan superalgebra of (1|1) x (1|1) matrices with Jordan product

ab + (—1)lellpg

a-b= 5

The isomorphism is given by

(). (8. e (340). - ()

Consider the three grading on D(2,1;a) = g_ @ go ® g4 introduced in Section 2.3.
Then g, can be equipped with the structure of a Jordan superalgebra:

1
r-y= 5[[1;7)(—252 + X—253]7y]7 for T,y € g+
Lemma 3.2.  The Jordan superalgebra D, is isomorphic to the Jordan superal-

gebra g, . An explicit isomorphism is given by
€1 = X252a €y = X2537 5 - X—51+52+(537 n - 2X(51+(52+53'

Proof. This follows from a straightforward verification. ]

3.2. The structure algebra ste(D,). For a Jordan superalgebra J, we set
ste(J) = (L, | x € J) @ Der(J), and iste(J) = (L, |z € J) @ Inn(J),

with Der(J) := (D € End(J) | [D,L,] = Lp) for allz € J) the space of de-
rivations of J and Inn(J) := ([Lm,L] | z,y € J) C Der(J) the space of inner
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derivations of J. If a # —1, then one can verify that every derivation of D, is an
inner derivation, i.e., we have Inn(D,) = Der(D,) for o # —1. Set

e1=1(1,0,0,0", e;=1(0,1,0,0", £€=(0,0,1,0)7, n=(0,0,0,1)".

For oo # —1, a matrix realisation of iste(D,) = ste(D,,) is given by

2 0]0 0 0 0/0 0
0 0l0 0 0 2(0 0
2les =101 0 | 2le; =1 5077 0 |
0 0/0 1 0 0/0 1
0 0/0 2 0 0] -2 0
0 0/0 2 0 0| —2a 0
2Lf*1100’ 2L”*OOOO’
0 0(0 0 1 1] 0 0
0 o0lo 2 0 0]=2 0
0 0/0 —2a 0 0|2a 0
4[L617Ld: 1 1]0 0 ) 4[L€17L77]: 0 0l 0 0 5
0 0|0 0 1 110 0
0 00 0 00 0 0
0 00 0 00 0 0
e Lel = [ 57070 Ha+1) |° Uy Lol = 1 575 0 0|’
0 00 0 0 0|—4(a+1) 0
00 0 0
00 0 0
e Il = [ 575 —2(a+1) 0
00 0 20+ 1)
Note that [Le,, Le,] = 0, [Le,, Le] = —[Le,, Le] and [Le,, L,] = —[Le,, Ly]. The

matrix realisation of iste(D_;) is the same but note that
[Lﬁ’ LE} = [Lm Ln] = [L§7 Ln] = 0.

For the matrix realisation of ste(D_;) we add the following three derivations

0 0l0 O
00/ 0 0
A= b= T 0
00/ 0 1

to the matrix realisation of iste(D_;).

3.3. The TKK-construction for D,

With each Jordan (super)algebra one can associate a 3-graded Lie (super)algebra via
the TKK-construction. There exist different TKK-constructions in the literature, see
[5] for an overview. For D, with « # —1 all constructions lead to D(2, 1;«/), while
for D_, we either get psl(2]2) or D(2,1;—1). As a super-vector space TKK(D,)
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is given by TKK(D,) = D, @ ste(D,) ® D} with D, and D two copies of D,.
For z,y € D}, u,v € D, a,b € D,, I € Der(D,,) the Lie brackets are defined as

) a )

[La, 2] = ax € D [I,z] =1z € D}
[Lo,u] = —au € D, [I,ul =1Iu € D,
[z,u] = 2L,y + 2[Ly, L] [z,y] =0 = [u,v],

and embed ste(D,) as a subalgebra into TKK(D,,).

We will use the notation f;, fo, ( and 6 instead of ey, e5, & and 7 for the generators of
D . Then, for a« # —1, an explicit morphism between TKK(D,,) and the realisation
of D(2,1;a) given in Section 2 is as follows.

e For D : fi=X 95, fo=X_95, (=-X_5_5-5 0=-2Xs5_5_s,-
o For D; €1 = X2(527 €2 = X253a 5 = X—51+(52+(53 n= 2X51+52+(53 .

« For ste(D,):

2L., = Hy, 2L, = Hs,

2L = —X_5,—6p+85 — X—51+62—03> 2Ly = —2(Xs, 55455 + X51460-53)
4[Le,, Lel = X_5,—50465 — X_61460—63> 4[Ley, L] = 2(Xs, 55165 — X61450-63)
A[L¢, Le]l = 2(1 4+ o) X_os5,, 4[Ly, Ly = —=8(1 + o) X5,

A[L¢, L) = 2(1 4 o) H,.

An explicit morphism between TKK(D_;) and D(2,1;—1) is given by the same
isomorphism and for the extra derivations d_,d,,d, we have

d- :X—2517 d+ :X2517 dOZHl-

An alternative TKK-construction is given by TKK(D,) = D; @ iste(D,) ® D7 .
For a # —1 this is the same construction. For a = —1 we have the isomorphy
TKK(D_;) 2 psl(2]2), with the same isomorphism as for D(2,1;—1), but without
d_, dy and dp.

Remark 3.3.  Although D(2,1;—1) and D(2, 1;0) are isomorphic and both have
psl(2]2) as a unique ideal, this isomorphism does not respect the three grading
introduced in Section 2.3. In particular the top of D(2,1;—1) (i.e. the module
we obtain by quotienting out psl((2]|2)) is contained in the zero part of the three
grading, while the top of D(2,1;0) is spread over the whole three grading. So one
has to be careful in identifying these cases. For example, the corresponding Jordan
superalgebras D_; and Dy are not isomorphic (which follows easily from the fact
that D_; is simple and Dy is not.) Furthermore while iste(D_;) # ste(D_;) we
have iste(Dy) = ste(Dy).

4. Two polynomial realisations

In [4] an explicit polynomial realisation for D(2,1;«) was constructed that is an
analogue of the conformal representations considered in [15]. In this section we
repeat this construction and use it to define two models of a representation of
D(2,1;«): the Fock model and the Schrodinger model.
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We start this section by introducing the Bessel operators which will play a crucial
role in the polynomial realisation.

4.1. The Bessel operator

Let A be a character of ste(D,). Then the Bessel operator B, maps an element of
D7 to a differential operator acting on S(D; ), the supersymmetric tensor power of
D, . To define this Bessel operator we need the following two operators.

Definition 4.1.  Consider a character A: stv(D,) — K. We define A, € (DF)"
and P,, € D, ® (D})* for u,v in D, by

M) == —=A(2L4y)

and P, () = (=1)lel+ed(r, 4+ (=) Ly L, — Ly, ) (x)
for all z in D}. Then we define the Bessel operator as
4 4
By = Z)\fiafi + Z Pfivfjafjafﬂ (2)
i=1 ij=1
with (f;)2_, a homogeneous basis of D . ]

Recall that for o € {0, —1} we have ste(D,) = 0sp(2|2) & Kh with
h: H2+H3 == 2L€1 +2L62.

Therefore the character A is determined by the value of A(h). We normalize this
value as A(h) = 2HX, with A € C. Then A(Hz) = X and A(H;) = 2 since
AH; + H) = AMh) = A2 and A(Hy — aHjz) = 0. For a = 0 one verifies that
A(H3) = 0 and and the character is determined by A := A(h) = A(H3). Similarly
for & = —1 we have A\(H,) = —A(H3) and this value determines the character. If
we then set \ := A(Ha), the results are analogous to the o & {—1,0} case.

For each basis element = of D, consider the dual element z* € D defined by
sending x to one and all other basis elements to zero.

Lemma 4.2. We have

A =—Xej, Ap = Feg, Ae =2M\n", Ag = —2X¢° if a #0,
Ay =0, Ap=-Ae), A=0, Ag=0 ifa=0
and Py s, = hel, Prg, = %5* + gn*a Py, 1, = faes,
fgfl,c = g‘ﬁ — fin’, ﬁflﬂ = gef + f1€7,

D C * * D 0 * *
Py, = 2%~ afon’, Ppe= 262 + afof”,
13(,9 = afse] + fies — (1 + )¢ — (14 a)fn*

Pee=0, Pyy=0.

Proof.  This follows from straightforward calculations. ]

Using Lemma 4.2 the Bessel operator (2) becomes
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By = —Xej0y, — gegab +2Mn"0; — 2XE70p
+ f1€107, 0y, + (CE + 0n™)0y,0p, + f2€50;,05,
+ (Cet = 2/in")0c0p, + (Be] + 2/167) 00,
+ (Ces — 2afon™) 00y, + (8e5 + 20 fo£™)0p 0y,
+ 2 (afae] + fred — (1 4+ )" — (1 + a)bn™) 040,
for  # 0. For a = 0 we have to replace occurences of g by A and other occurences

of A by zero in this expression. We obtain the following property of the Bessel
operator from [4, Proposition 4.2].

Proposition 4.3. (Supercommutativity) For all a,b € DI we have

Ba(a) Ba(b) = (—1)llltl B, (b) By (a).

4.2. A polynomial realisation

Recall that we denote the complex unit by ¢. In Section 3 in [4], a polynomial
representation of a three graded Lie superalgebra g on S(g_) depending on a
character \ of gy was constructed:

m(X) =X, for X e g_,
m(X) = MX) + > _[X, X,]ox,, for X € go,
m(X) = — B\(X), for X € g,.

Here (X;); is a homogeneous basis of g_.

Applying this construction to the three grading of D(2,1;«) considered in Section
2.3 we obtain a representation of D(2,1;a) on S(fi, fa,(,0) = P(K??). Note that
we applied an isomorphism induced by

f1 —> —2Zf1, f2 — —2Zf2, CH —2Z<, 0 — —20

in order to make our representation more comparable to the representations found
in [3] and [16]. For g_ we have

T (f1) = —2uf1, m(fe) = —2ufs, m(() = —21(, m\(0) = —240.

For gy we have

ma(2L0,) = A — 210y, — COe — 005,
TA(2Le,) = A 2f20s, — COr — 00y,
mA(2L¢) = =C(0p, + Op,) — 2(f1 + uf2) 06,
mA(2Ly) = =09y, + Op,) + 2(f1 + aufo) 0,
TA(4[Ley, Le]) = =C(0p, — Op) + 2(f1 — af2) 0y,
TA(4[Ley, Ly]) = =0(9, — Op,) — 2(f1 — af2)0,
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mA(4[Le, Le]) = 4(1 + )0 or m(d-) = ¢,
ALy L)) = —4(1 + )00, or ma(dy) = 00,
mx(4[Le, L)) = —2(1 + a)(COr — 00y) or mx(do) = 00y — (0.
For g, we have

ma(er) = =5 (<A + Aidp, + GO +000)dy, — 20£20c),

]

A
ma(e2) = =5 (== + f20p, + COc +009)0, — 210:0y),
m(§) = —%((—2A +2/105, + 20f205, + 2(1 4+ @)C¢)0p + Iy, 0p,),
ma(n) = —5((2X = 210y, = 20f2dy, — 21+ 2)00); + 97,9,

Note that we only showed the a # 0 case. The a = 0 case is obtained by
substituting every instance of A\/a by A and every other instance of A by 0 in
the above expressions.

From [4, Proposition 5.3] we obtain the following.

Proposition 4.4.  Suppose a ¢ {—1,0}. The representation m of D(2,1;a) on
P(K?R) is irreducible if and only if

A
AZIN and — ¢ IN.
a

If either A € N or g € IN, the representation is indecomposable but not irreducible.

As discussed in [4, Section 5] the representations that ought to lead to ‘minimal
representations’ are the ones corresponding to quotients of 7, for the specific cases
A =1 and A = a. Let us consider these cases in more detail. First assume « # 1.
An easy calculation shows that for a # 0 the Bessel operators act trivially on

Vo i={a(2f1fo+CO) +bfs +cfol +dfsf | a,bc,d € K} C Py if A =a, and
Vii={aafifo+CO) +bfZ +cfil +df10 | a,b,c,d € K} C Py if A=1.
For a = 0 the Bessel operators act trivially on
Vii={a2fifo+CO) + bfy + cfol +dfsf | a,b,c,d € K} C Py if A= 1.
Vo :={afi +bfs+cC+dn|a,bc,de K} =P ifA=a=0.

Furthermore, V,, and V] are go-modules. It then follows from the Poincaré-Birkhoft-
Witt theorem that

T, = U(g_)Vs = P(K*?)V, (3)

is a submodule of 7, for A = a or A = 1. In the spirit of [16] and [4] the quotient
representation of D(2,1;a) on P(K?2)/Z, should be considered the analogue of
minimal representation. In the rest of this paper we will take a closer look at this
quotient representation.
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Note that for A = a = 1 the picture changes. We now have a one-dimensional
go-submodule generated by R? = 2f, f» + (60 and the logical quotient representation
to study would be P(K??)/(R?). Since D(2,1;1) = osp(4]2) and D; is isomorphic
to the spin factor Jordan superalgebra, this was already studied in a more general
setting in [6] and [3].

4.3. The Fock representation. Consider the (real) Lie superalgebras
g:=TKK(D,) = D(2,1; ),
t:={(a,I,—a)| I € Der(D,),a € Dy}
to .= {a € ste(D,) | [a,e] =0} = tNste(D,) = Der(D,),

where e is the unit of D, .

Proposition 4.5.  For a € R\ {—1} the following (real) algebras are isomorphic:

to = osp(1,0[2), €= o0sp(2,02) D R.
For a« = —1 we have
bt =sl2) x (RER), €=ste(D_q)=sl(2) x s(gl(1|1) @ gl(1]1))/ (1y),

where the action of s(2) is adjoint action by using the embedding of sl(2) in
D(2,1;-1).

Proof. A matrix realisation of 0sp(2,0[2) @ R can be given by

a 0 00 O
0O 0 b |c d
0s5p(2,012) R = 0O =b 0 |e f la,b,c,d,e, f,g,h,i € R
0 d flg h
0 —c —e|1 —g

Denote by E;; the matrix with the (i, j)-th entry equal to one and all other en-
tries zero. Then an explicit isomorphism between £ and the matrix realisation of
0sp(2,0[2) & R is given by

e1 — fi = B + Eog — Es, ey — fo = E11 — Eog + Eso
=/ —2(1 4 ) (Ey + Eya), n—=0=+v=2(1+a)(Es — Fu)
4[Le,, Le] = /—=2(1 + a)(E35 + Euz),  4[Le,, Ly] = v/ —2(1 + a)(Es3 — E34)

4[L§, L&] = 4(1 + CY)E45, 4[[/777 Ln] = —4(1 + CY)E54
AL, Ly) = =2(1 + @) ( By — Ess),

for o < —1. Note that this isomorphism also maps € to osp(1,0[2). Similarly, for
a > —1 an explicit isomorphism between ¢ and o0sp(0,2]2) & R is given by

— fi = En + Exz — B3y, es — fo = Ey1 — Eo3 + B3

= /2(1 + a)(Es — Bss), n—0=1/2(1+a)(Ey+ Es)

4[Le17 Lf] ==\ 2(1 + Oé)(E43 - E35), 4[Le17 L"I} =\ 2(1 + Oé)(E34 + E53)
A[Le, Le] = 4(1 + a) Eus, ALy, Ly] = —4(1 + a) Ess

AL, Ly = =2(1 + o) (Eus — Es5),
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which maps £ to o0sp(0,1|2). Since osp(p,q|2) = osp(q,p|2) for all p,q € IN this
proves the @ # —1 case. For o = —1 an explicit isomorphism between £ and
ste(D_;) is given by

61—f1:2L61, 62—f2:2L62, €—<:—2L§, 77—9:—2Ln
[L€17 Lﬁ] = _[L61> Li]? [Lel7 LW] = _[L61> Ln]v d_ = d,, d+ = d+7 dO = dO-

The isomorphism ste(D_;) = sl(2) x s(gl(1]1)@gl(1]1))/ (1) follows from [5, Section
6.1] n

The representation 7y of g on P(C??)/Z, has no £-finite vectors. We will remedy
this by twisting by a Cayley transform c¢. So we define our Fock model as the
representation py := my o ¢. The analogue of this Fock model is studied in [16] for
classical Lie algebras, and in [3] for osp(m,2|2n).

Let e :=e; 4+ ey and f:= f; + f denote the units of D} and D, , respectively and
let h =2L.. Then {h,e, f} corresponds to the sl(2)-triple given in (1).

Define the Cayley transform ¢ € End(g¢) as

ci= exp(% ad(f))exp(zad(e)).

Proposition 4.6. Using the decomposition g¢ = D;C @ ste(Dyc) © D;C we
obtain the following explicit expression for the Cayley transform

e ¢(a,0,0)= (%,zLa,a>

e ¢(0,L,+1,0) = (z%,[, —za)

e ¢(0,0,a) = (g, —zLa,a> ,
4
with a € Dy ¢ and I € Der(D,¢). It induces a Lie superalgebra isomorphism:

c: tc —ste(Dae), (a,1,—a) — I+ 2uL,.

Proof.  This follows from the same straightforward calculations as given in the
proof of [3, Proposition 5.1]. [

An explicit expression for the Fock representation py := my0c on P(C%2)/Z, is as
follows. Let zq, zo and 23, 24 be the even resp. odd representatives of the coordinates
on P(C?2)/Z,. For g_ we obtain

pa(fi) = —%@1 F Bx(21)) — = (= + 2200, + 230, + 240-,),

palf2) = =5 (22 + Ba(z2)) —
pr(0) = —5(z + Balaw)

pr(0) = —%(24 + Bi(z1)) —

A
(—a + 2290, + 230., + 240.,),
(230,, + 20290, + 230, + 2210.,),

(240., — 200290, + 240, — 2210.,).

NSNS = DN =
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For g, we have
1 1
paler) = =5 (21 + Ba(=1)) + 5 (=A +2200; + 230z + 240s),
1 1
paez) = —5(22 + Ba(z2)) + 5

pa(§) = —%(23 + By(z3)) + %(Zg,azl + 20290, + 230., + 2210.,),

A
(_E + 222822 + 23823 + Z4aZ4>a

pa(n) = —%(24 + By(z4)) + %(zﬁzl — 200290, + 240,, — 2210,).

For gy we have

pa(2Le,) = Bi(21), PA(2Le;) = 22 — Bi(22),
pA(2L¢) = Bi(23), PA(2Ly) = 24 — Bx(z4),
pa(4[Le,, Le)) = — 20290, + 230,, + 2210,,,
pa(4[Le,, Ly]) = 24821 + 200290, + 240,, — 2210.,,
pa(4lLe, Le]) = 4(1 + ) 230, or  pa(d-) = 230s,,
PA(4[Ly, Ly]) = —4(1 + @) 240, or  pA(dy) = 240z,

pa(4[Le, L)) = —=2(1 + ) (2305 — 240s,) or  pa(dy) = 240., — 230.,.

Once again we only showed the a # 0 case. The a = 0 case is still obtained by
substituting every instance of A/a by A and every other instance of A by 0 in the
above expressions.

4.4. The Schrodinger representation

Let z1,x5 and x3,x4 be the even resp. odd representatives of the coordinates on
P(R?)/Z,. Note that the operators occurring in 7, are not only well-defined on
polynomials, but can be extended to smooth functions. For example the expression
mA(X) exp(—2(z; + 22)) is well-defined for all X € g. Furthermore note that
exp(—2(z1 + x2)) is invariant under the action of £. This allows us to define the
Schrodinger representation as follows:

Wy := P(R*?) exp(—2(z1 + 23)) mod Ty,

where the g-module structure is given by 7).

We will see in Section 7.3 that we have an explicit €-finite decomposition of W).

5. The Fock space and Bessel-Fischer product

In this section we will investigate the space P(C?2)/Z,, for A € {1,a}, on which
the Fock representation is defined. In particular we will show that we have an non-
degenerate, superhermitian, sesquilinear form on it. In [16, Section 2.3] an inner
product on the polynomial space P(C™) was introduced, namely the Bessel-Fischer
inner product

(0, @) = p(Br)q(2)].— -
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Here p(B,) is obtained by replacing z; by Bi(z;) and ¢(z) = ﬁ is obtained by
conjugating the coefficients of the polynomial ¢. For polynomials, it was proven that
the Bessel-Fischer inner product is equal to the L?-inner product of the Fock space
[16, Proposition 2.6]. In [3] this product was used as the starting point to generalize
the Fock space to superspace. The Bessel-Fischer product is no longer an inner
product in this case. However, under the right conditions it is a non-degenerate,
sesquilinear, superhermitian form, which is consistent with the definition of Hilbert
superspaces given in [11]. We will use the same approach in this section to construct
the Fock space associated with D(2,1; ).

A straightforward verification shows that the Bessel-Fischer product constructed in
this section will be degenerate for a« = 0. For @ = 1 we know from [3, Proposition
4.13] that the Bessel-Fischer product is degenerate. Therefore, from now on we will
always assume A € {1,a} with a # 0 and « # 1.

5.1. The Bessel-Fischer product

Definition 5.1.  For p, ¢ € P(C??) we define the Bessel-Fischer product of p and
q as

<p7 Q>B = p(BA)q(2)|Z:0 )
where ¢(z) = ¢(Z) is obtained by conjugating the coefficients of the polynomial ¢

and z := (21, 20, 23, 24) € C?2, n

Explicitly for p = Zv ay2Y and ¢ =) 4 bsz? we have

5= D 030 Ba(aa) " Ba(22) Ba(z)™ Ba ()1 "2 2"

z1=20=23=24=0

Definition 5.2.  We define the polynomial Fock space as the superspace
Fr = P(C*?)/1,,
with Z, as in equation (3). |

Let 21, z5 be the even coordinates and z3, z4 the odd coordinates of P(Cm). Then,
for A = a, a homogeneous element p of degree k > 1 in F, can be represented by

-1 E
- Zl plzza

with p; in C. Similarly, for A\=1, a homogeneous element p of degree k > 1 in F;
can be represented by
— 22 szzz

We now prove that the Bessel-Fischer produot is a non-degenerate, sesquilinear,
superhermitian form when restricted to F,. The sesquilinearity follows directly
from the linearity of the Bessel operators. Note that for all p,q € P(C?2) we have

(zip, @) = (=)l (p, Br(2:)q) 5 -

This is a direct consequence of the definition of the Bessel-Fischer product.
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Proposition 5.3. (Orthogonality) For pi € Pi(C??) and p; € P,(C?2) with | # k
we have (pi, i)z = 0.

Proof. This follows from the fact that Bessel operators lower the degree of
polynomials by one. [ ]

Lemma 5.4. For A € {1,a} we have

A
By(z1)z1 = —A, By(22)z2 = —= By(23)z4 = —2A, By(z4)z3 = 2.

and for all other cases we have Bx(z;)z; = 0.
Proof. We have

B)\(Zl)

A
B)\(ZQ) = (—a + 22822 -+ 23823 -+ z4824)8Z2 — 2216238,247

(=A 4 210,, + 230,, + 240,,)0., — 20220,,0,,,

B)\(Zg)
By(z4) = (2\ — 2210,, — 20220,, — 2(1 + ) 240,,) 0%y + 240, 0-,.

(—2X 4 2210,, + 20290., + 2(1 4+ @) 230,,)0,, + 230,,0.,,

The lemma now follows from a straightforward verification. ]
Proposition 5.5.  For all p € P(C*?) and C € T, with A € {1,a} it holds that

<Cvp>8 =0= <pa C>B .
Thus the Bessel-Fischer product is well defined on Fy .

Proof. Since Z, is a g-submodule, the Bessel operators map Zy to Z,. Hence
for an arbitrary p € P(C??) and C € Z, there exists a C’ € Ty such that

(p, C)g = p(Br)C(2)]:=0 = C'(2)]:=0-

Since an element in 7, has no constant term, this implies (p,C)z; = 0. To prove
(C,p)z = 0 we can restrict to p € {221, 222, 2i%3, zi24} and

a 2
C € {25212 + 2324, 25, 223, 2524}

with (z;,2;) = (21,22) for A = @ and (z;,2;) = (22, 21) for A = 1. The proposition
now follows from verifying B,(C)p = 0 for all 32 cases.

This is a straightforward calculation. For example

« «
B,\(szl@ + 2324)2122 = 2X BA(Zl) BA(ZQ)ZLZQ + B)\(Zg) B)\(Z4)2122
= -2 B,\(zl)zl + B)\<Z3)Z4 =2\—-2\= 07
proving the case C' = 252122 + 2324 and p = 2123 [ ]

Since F), is a relatively small superspace, we can calculate the Bessel-Fischer product
explicitly.
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Proposition 5.6.  Suppose A = a and p,q € {25, 2F 2y, 2823, 2524}, with k € N.
Then the only non-zero evaluations of (p,q), are

<zf,zf>8 =— <zf22, zfzg>8 = kl(—a)g,
(2} 23, zfz4>8 = — (2}, zfz3>6 = 2k!(—a) g1,
where we used the Pochhammer symbol (a)y = a(a+1)(a+2)---(a+k —1).
Similarly, suppose X = 1 and p,q € {25, 2521, 2825, 252}, with k € N. Then the
only non-zero evaluations of (p,q), are
<z2,z2>3 <z2zl,z2zl>8—k'( a M,
<z§zg,z2z4>3 = — <z§z4,22z;;>6 = —20k!(—a )41

Proof. We prove the A = a case. The A\ =1 is entirely analogous. For the first
non-zero case we find

<zf72f>5 <Zl B,\Z121>B ]{;(l{;_l_a><zklzi§: 1>B.

Iterating this process we obtain
<z1, >B k' (a—k+1),(1,1)5 = kl(—).

The other non-zero cases now follow from

<212272122>B (2}, Ba(22) 2122>B = <z1,zl>8,

(223, 21 z4>B (2}, Ba(23)2 Z4>B =2(k —a) (2}, 2 >B,

<zlz4,z1z3>3 = (2}, Bx(24) 2123>B = —2(k —a) (2}, 2 >B
The general case follows from similar calculations and iterations, taking into account
Lemma 5.4. n

This property also shows us that the Bessel-Fischer product is superhermitian and
tells us when it is non-degenerate.

Corollary 5.7. (Superhermitianity) For A\ € {1,a} the Bessel-Fischer product is
superhermitian on F), i.e.,

(p, Q>B = (_1)|p”q‘msa for p,q € Fi.

Corollary 5.8 (Non-degenaracy). For A\ = a with a« ¢ N and for A = 1 with
a ! ¢ N the Bessel-Fischer product is non-degenerate on Fy, i.c., if (p,q)z =0,
for all q € Fy, then p=20.

5.2. Reproducing kernel

In the classical case a reproducing kernel for the Fock space was constructed in
Section 2.4 of [16]. A generalisation of this reproducing kernel in superspace was
constructed in [3] for osp(m,2[2n). Similarly, we can construct a “reproducing
kernel” for D(2,1;a).
Suppose w := (wy, ws, ws, wy) € K2, We define

1

1
z|w = zywy + azows — 523w4 + §z4w3.
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Lemma 5.9.  Define the superfunction I ;(z,w), with A € {1,a}, by

1k
L oz, w) = & kll) (a—k + D)2 (@),
Y . .
I (2, w) == aklk?! (o' —k+1) (z[w)",

where we used the Pochhammer symbol (a)r, = a(a+ 1)(a +2)---(a+k—1). For
all p € Pp(C*%) we have

(p(2),Ixi(z,w)) g = p(w) mod I,.

A
Proof.  First note that B,(z)(z|w) = —Aw; = ——aw;.
«

For A = o we have

Bi(21)(z|w)" = (—a + E)0., (2|w)* — 22(8., 8., + 200,0,) (z|w)"
— h(a—k+ 1)w1(2]w)k_1 — kel — 1) (wiws + %aw3w4)(z|w)k_2
= —k(a =k + Dwi (z]w)"' = R¥(w )2Z2k(k 1) (z|w)*2,

where E := 210,, + 220., + 230,, + 240, is the Euler operator. Iterating the previous
calculation and working modulo Z, we obtain

Bx(z1)" (zJw)" = (=1)*(k(k = 1) -+~ (k — @) (o = k + 1)qwi (2]w)*~",

for a < k. Now suppose p is a monomial Since the Bessel-Fischer product restricts
to F we may assume p(z) = 28 z;. We have

<p(2) > <Zz>B>\ 21) 1(2]@ k>3

= (=D k(e = k4 Dpgwt™ (2, (2[W)) 5
=(— 1) k:'(a—k—l—l)kwl w;

(—

1*E! (o = k + Dgp(w),

which gives us the desired result. The case A =1 is entirely analogous. ]
We will give a closed formula of the reproducing kernel in terms of the renormalised

I-Bessel function. The I-Bessel function I,(¢) (or modified Bessel function of the
first kind) is defined by

(1) = (%)7 kf% kI (k +1 v+ 1) (%)%

for ,t € C, see [2], Section 4.12. We will use the renormalisation
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Theorem 5.10. (Reproducing kernel of F,) Suppose either A = a with o ¢ N
or A=1 with a=* € N. Define the superfunction Ty(z,w) by

To(z,w) = T(—a)] 1 (2 (zm)) ,
I(z,w) =T (—a ) _1_q <2 a—l(zm)) :
For all p € F\ we have (p(2),I\(z,w))z = p(w).
Proof. Note that

F(_a)f—l—a (2 (z|@)): 1 (=0

ATk —a) (<fw)*

:i(_kl') (a—k+1), Z]Iakzw
k=0 '

and similarly F(—ofl)f_l_oﬂ (2 o~ ) Z]Ilk z,w). The proposition

then follows from Lemma 5.9 and the orthogonahty property [ |

6. Properties of the Fock Representation

We will now show that the Fock representation is skew-symmetric with respect to
the Bessel-Fischer product. Furthermore, we will also give an explicit €- and €;-
decomposition of the Fock model. Just like in Section 5, we will again assume

Ae{l,a} and a # 0 and a # 1.
6.1. Skew-symmetric. We start with some preparatory lemma’s.

Lemma 6.1.  Let p,q € F) be two homogeneous elements of degree k > 1 and
define (21,22, 23, 2%) := (21, 20, 24, 23). For A=« and j # 1 we have

<Ziaij7Q> :quzi <Zf71217 P l>37

<Zlazlp7 > ( ) <p> Q> +P1gy <Zlazi€>87

Z2az1p7 >B = kp1q, <Z1 1227 = Z2>37
q)

24@z1p, >3: —kpiGs <Z1_ 23;21 Z4>B+2 - 1 p3Q2 <Z1 ZQaZ]f 122>Ba

(
<238z1p7 q)p = = kp1q, <Z1 123721 Z4>B - 2 - 1 p4QQ <Z1 Zzazf ! >B,
(

where q,i denotes the coefficient of the z1 L2t term in q.

Proof. If we use Proposition 5.6 and the fact that we are working modulo Z,,
we obtain
(2:0:,0,4) g = (2:0:,(P121 + D222 + D323 + paza) 2y @) g = 02, (224 @)
= o, @i (A 2 22
(2100, @) 3 = <Z1(k’p121 + (k — 1)(pa22 + p3zs + paza)) 2y 2, C]>B
= (k=1){p,q)g + P, (21> 21) g
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(220:,p,9) g = <2’2(kp121 + (k — 1)(p222 + p3zs + paza)) 2y, Q>B
= kp1q, <fol»22, Zf7122>3 )

(2300, q) g = (23(kprz1 + (k — 1)(p222 + pszs + paza))2y 2, q)
= (kprat 'z + (k — D)pazl 2324, 4)

= kp1 (2} 'z, Q)+ (k—1)py (24 (—22129), 9)p

= kp1q, <zf_123, zf_lz4>8 —2(k — 1)p4qs <zf_122, zf_122>6

and
(240.,0, @) = <Z4(kp121 + (k — 1)(paza + p3zs + paza)) 2y 2, Q>B
= (kprat ' za + (k = 1)pszl 22423, 9p
= kp1 (2} ", Q>B + (k — D)ps (21 (22122), Q>B
= —kp1q;, <zf‘123, zf‘lz4>8 + 2(k — 1)psqs, <zf_122, zf_122>8,
proving the lemma. [ |

Lemma 6.2.  For all p,q € Fy, with X\ € {1,a}, we have

<Zlaz1p> q>B = <p7 Zlazl q>[5 9 <Z2az2pa q>B = <p7 Z2azgq>[j’ 3
<23a24p7 Q>B = - <p> Z3aZ4q>]3 5 <Z4aZ3pa Q>B = - <p7 Z4aZ3Q>B )
<Z3823p7 q>B = <p7 Z48z4q>3 ) <Z4az4pa q>B = <p7 Z3aZ3q>B .

Proof. This follows directly from Lemma 6.1 for A = «a and from an entirely
analogous version of Lemma 6.1 for A = 1. |

Proposition 6.3.  The Fock representation py on Fy, with X\ € {1,a}, is skew-
supersymmetric with respect to the Bessel-Fischer product, i.e.,

(oA (X, @) = = (=) (p, o (X)),
forall X € g and p,q € F).

Proof. Once again we only consider the A\ = « case, the A = 1 being entirely
analogous. Suppose p,q € F), are homogeneous polynomials of degree k and
a € D,. We have

(pa(a,0, a)p, q)5 = (~1(a + Br(a))p, 0)5 = —2(=1) " (p, (Bx(a) + a)g)s
= —(=1)""" {p, pr(a, 0, a)g) 5.

Now we look at  (px(a,0, —a)p, q)s = (7r(2¢Ly)p, q) 5-

For a € {e1,e2} we use Lemma 6.2 to see

(mA(20La)p, @) g = — (P, ™A (20L4)q) 5 -

For a = £ we need to prove

(mA(21Le)p, @)y = — (= 1)/ (p, 7a(20Le)q) 5,

or, equivalently, (m\(2L¢)p, q>B = (—1)"" (p, 7r,\(2L§)q)B.
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Using Lemma 6.1 we find

(MA(2Le)p, @) s = (—23(0z + 02)p, Q)5 + (—2(21 + a22) 0240, @)
= kp1qy (223, zf’lz4>8 — 2(k — 1)paGy (2" 20, zf’lzg>8
+ 20p4qs <zf‘122, zf_122>8 + 2p4q, <zf, zf>6 + P2qy <zf_12'3, Zf_lz4>6

=2(a — k + 1)psq, (222, Z]f_12’2>3

+ (kp1 + p2)q, <Z]f*123, Z]f7124>8 + 2p4q, <2f, Zf>3

and similarly
- <p7 7T)\(2L£)Q>B = <p7 z3821q>8 + 20[ <p7 22824q>8 + <p7 23822q>8 + 2 <p7 21824Q>B

=2(a—k+1)paq,y <Zf_1z2, Zf_IZ2>B
- (kql + 62)p4 <Z]f_123, Zf_lz4>3 + 2p1§4 <Zi€> Zf>3

If |p| =0, then ps = p, = 0 and what we need to prove reduces to
(kp1 + p2) <Zlf_123> Zf_124>3
= 2(a — k4 1)py (2 "2, zf’lzg>8 + 2py (21, zf>B.

Separating the p; and p, terms we obtain

kj<2f_12372f_124>8 - 2<Z]f7zlf>87
(A7 A )y = 2okt Dpa (7 2 ),

which holds because of Proposition 5.6. If |p| = 1, then p; = p» = 0 and what we
need to prove reduces to

(kq, +45) <zf_1z3, zf_1z4>8
=2(a — k+ 1), (21 "2, Zf_122>8 + 2, (21, Zf>5

which holds similarly. The case a = 7 is entirely analogous. Similar calculations
also give us

<P)\(07 4[L617 Lf]a O))p> Q>B - _(_1)|p| <p7 p)\(07 4[Le17 L€]> O))Q)B y
<p>\(07 4[L617 Lﬁ]v O))p> Q>B = _(_1)|p\ <p7 p/\(()? 4[Le1a Ln]a 0))(])3 :
The remaining cases, which are X = (0,4[L¢, L¢,0), X = (0,4[L,, L,],0) and X =

(0,4[L¢, L,),0) for a # —1 and X = (0,d_,0), X = (0,d+,0) and X = (0,dy,0)
for « = —1, follow directly from Lemma 6.2. [ |

6.2. The (g,t)-module F\. We define
F)\ = U(g)l mod I)\7

where the g-module structure is given by the Fock representation p, .
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For k > 1 we introduce
Fyo:=C,
= (Cz1 ® Czo ® C23 ® Czy) 2l 1,
Hup = (Clz1 + (k—1—a)z) ®Cz @ Czy)2i
Hip=(Clza+ (k—1—a1)z) @ Czy @ Czy)25 71,
where i =1 if A=a and i =2 if A =1.

Theorem 6.4. (Decomposition of Fy) Suppose either A = a and o ¢ N or
A=1 and o=t ¢ N. We have the following:

(1) (a) For a# —1 an explicit decomposition of Fyy into irreducible €, -modules
s given by
Fyp = Hyp @ C(z1 + 22)F.

(b) If a« = —1, then Fyj is an indecomposable € -module, but not an
irreducible €y-module.

(2) Fxy is an irreducible €-module.

(3) F\ is an irreducible g-module and its €-type decomposition is given by

F)\ == @F)\,k-
k=0

Proof. We give the proof for A = «. The A = 1 case is similar. Note that
because we are working modulo Z,, we have (z; + 2)* = 2F7'(2; + kz). First
suppose a # —1. The action of €, on F)j is given by the following table:

k k-1 k-1 k—1

A[Le,, Le) || k2t | 277 2 | O 228 — 2(a—k+1)2f "

4[L€17L77] _sz_IZZL Zf_lz4 (Oé k+1) 22_221 0

A[Le, Le) || 0 0 0 41+ )itz
A[L,, L, |0 0 —4(1 + o)1z 0
A[Lg, Ly] |0 0 —2(1 + a)2f 2 2(1 + a)z 1z

This gives us (1)(a) after a straightforward verification. To prove (2) we now only
need an element mapping 2812y to (2, 4+ k2)28 ! and the reverse for every k € IN.

We find that
Pk ‘= ,0)\(2[[’617[’5]) o pA<4[L617L ]) - (1 + Oé)<10)‘(f2) - p)‘(€2))2’

pi= D) o (31— g (1) ) + (pal ) = pa(en)

are such elements.
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Define the following two elements of the action of g:

_1,—€
pt = palcH(—=,0,0)) = 12,

2
5 = (0.0, 260) = 1Ba(e).
We find pr(at) =™
and p(2F) = 1Ba(z1)2) = th(—a+k — 1)z 1.

which shows that p* allows us to go to polynomials of higher degrees while p~ allows
us to go the other direction for a ¢ IN. Therefore we obtain (3). The o = —1 case is
entirely analogous, except that now 2[L.,, L¢] € £ sends 21 2y € Huyp to (21+22)".
This implies that the decomposition of F); no longer holds and since C(z; + 22)*
is still an irreducible component in F) j, this proves (1)(b). [

The following isomorphism is an immediate result of this theorem.

Corollary 6.5.  Suppose either A\=ca and « €N or A\=1 and o' ¢ N. Let
Fr=P(C*?)/T,

be the polynomial Fock space defined in Definition 5.2. We have Fy = F).

Recall the sl(2)-triple {e, f,h} with e = e; + e, f = f1 + fo and h = 2L,

from Section 2.3. Using the Cayley transform ¢ we obtain another sl(2)-triple

s:={é, f,h} where

e:=ce), f:=c}f) and h:=c'(h).
We have pA(f) = malf) = =2z + 2),
p)\(iL) = 7T)\(h) = )\(1 + ofl) — 2E,
. 1
pa(e) = m(e) = =5 (Ba(z1) + Ba(z2)),
where E := 210,, + 220,, + 230,, + 240,, is the Euler operator. In particular we
have

pA(f) (21 + 22)F = =2(z1 + ),
Nz 4 20)F = A1+ a™h) = 2k) (21 + 2)F,

>

Pa(
7

p)\(é>(21 + Zg)k = —5(1{?(—)\(1 + oz_l) + k — 1)(21 + Zg)k_l,

for £ € N. For A\ = o we also have
pA(H) (21 + (b — 1= a)ze)2f ™) = =2u(z1 + (k — @) 2)2F,
oA (21 + (k=1 —a)z)2 ) = (1 +a —2k) (21 + (k — 1 — a)z)zF 1,

(@) (21 + (k=1 —a)zy)zi 1) = —%(l{: —D(k—1—a)(z+ (k=2 —a)zn)2,

where entirely analogous results hold for A = 1. Define G := > 2, C(z1 + 22)* and
H, = ZZOZO H) 1, then it is clear that Gy and H) are invariant under the action of
5. Note also that s and €, commute. This gives us the following theorem.
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Theorem 6.6.  Suppose either A = a and a« ¢ NU {—-1} or A = 1 and
a ' € INU{—1}. Under the action of (s,%) we have the decomposition

F)\:G)\@H)\.

6.3. The Gelfand-Kirillov dimension

The Gelfand-Kirillov dimension is a measure of the size of a representation that
roughly measures how fast a representation grows to infinity. In particular, the
Gelfand-Kirillov dimension is zero for finite-dimensional representations. Minimal
representations have the property that they attain the lowest possible Gelfand-
Kirillov dimension of all infinite-dimensional representations [13]. Since we will
show that the Gelfand-Kirillov dimension of our representation is 1, the Fock model
also has the lowest possible Gelfand-Kirillov dimension.

Let R be a finitely generated algebra, then the Gelfand-Kirillov dimension of a
finitely generated R-module F' is defined by

GK(F) = lim sup (log, dim(V*F)).

k—o0

Here V is a finite-dimensional subspace of R which contains the unit element 1 and
generators of R, and Fj is a finite-dimensional subspace of F', which generates F'
as an R-module. The definition is independent of the chosen V' and Fp, see [23,
Section 7.3].

Proposition 6.7.  Suppose either A = o and o« € N or A =1 and o' ¢ N.
The Gelfand-Kirillov dimension of the U(g)-module F) is given by GK(Fy) = 1.

Proof.  We choose F\q for Fy and g® 1 C U(g) for V. Then V* = Uy(g) is the

canonical filtration on the universal enveloping algebra. We have

k k k
dim (Uy(g)Fyo) = dim (@ FM) = dim(Fy;) =1+ 4=1+4k
§=0

J=0 J=1

and therefore
GK(F,) = lim sup (log,(1+ 4k)) =1,

k—o0

which is what we wished to prove. [ |

7. The Segal-Bargmann transform

In this section we construct the Segal-Bargmann transform as an operator that in-
tertwines the Schrodinger representation and the Fock representation. We start by
looking at an intertwining operator between both representations that occurs nat-
urally when we restrict the Fock representation to R. This intertwining operator
can then be used in combination with the reproducing kernel from Section 5.2 to
define the Segal-Bargmann transform. We then use the Segal-Bargmann transform
to show that we have an explicit £-finite decomposition of the Schrédinger repre-
sentation W, .
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7.1. An intertwining operator

We denote the Fock space F) restricted to R by F)r and the Fock representation
pa restricted to Fygr by par. Define C' := exp(5f)exp(ie), with e and f as in
Section 4.3. Then the Cayley transform can be rewritten as

¢ = exp(5 ad(f)) exp(rad(e)) = Ad(exp(5.f)) Ad(exp(ie)) = Ad(C),
and therefore, we formally have,
pAr(X) = m(c(X)) = m(Ad(C)X) = m(C) ma(X) ma(C) . (4)

Equation (4) shows that m\(C) intertwines the actions of 7, and pygr. We wish
to show that the space W), defined in Section 4.4, corresponds to F)p under the
transformation 7,(C), i.e., we wish to show 7\ (C') "} (F\r) = W). Let z1, 22 be the
even representatives of the coordinates on F\ g. Note that we have

m(0)™! = m(C) = exp(ma(—1e)) exp(ma(—5.f)

with — m(—4f)=—(n +) and 7r,\(—ze)——%(BA(xl)jLBA(a:Q))

and recall that we are working modulo Z,. For A = a we find
1
™ (C) (1) = exp(=5 (Ba(w1) + Bx(x2))) exp(—1 — w2)
1 1
= exp(—5(—ads, +02,)) exp(—a1)(1+ 50,,)(1 — 22)

(—a+ E)0,,) exp(—x1)

! l
Z &(a — 1+ 1)2,"7

1 Lla-i+1) (& S |
S I
= (5 ) ;<_1) i F(Oé—i‘f‘l)xl
_ 2_(1(% — 25) exp(—221) = 21% exp(—2(z1 + 3)).
1

Similarly, for A = 1 we have m,(C)"'(1) — exp(—2(z1 + 22)).

—= QIT
We can now describe Wy explicitly using 7y (C)~t. If we calculate my(C)~ () for
A=« we get

TA(C) (o) = exp(— 5 (Ba (1) + Ba(r) exp( a1 — w)a
=

1 1
=3 exp(—2x3) exp(—§(—a + E)d,,) exp(—x1 )zt

1 1
S — ) exp(—5 (—a + E)O,) exp(—1)7}
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In order to calculate this further we need the following lemma.
Lemma 7.1.  We have, for all x € R and k,j € IN:
(—a+E)d,) (exp(—aj)xk)

oo

/ ) —x)! ik
— Z() )7 a+l+2kz—z’)]~_i(“)((—a+E)3x)ﬂf

=0 i=

Proof. We will use induction on 7. The cases j = 0 and j = 1 are obtained by a

straightforward verification. Now suppose we have proven the induction hypothesis
for j € IN. We find

(—a + E)9, )t exp(—a:):vk

+
s
%»—‘
&@
=

l(—l)jii(—a + 1+ 2k — i)j_i(;

ftge

N
Il
o

fLge

-~
I
o

(=1 (—a+ 1+ 2k — i), (_x)l>

&
|
Q
+
=
&
=

o

(1) —a+l+k—i—1)(—a+1+2k—1),_

Il
[]-
VY
o, .
N———
8

~
—~I|
&
—| =
~— |
—| ~
N——

+
5
HQJH
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For the second sum we have

ZJ: <Z> ( 3 (=1 " (~a+1+2k—1i)_; (_lf)l> Ou((—a + E)d,) "
; l !

=0 J =0
LN (= (=2)! '
=> <3> D (=1 a1+ 2k — z‘)j_i(l_l)!) 20y ((—a + E)d,) "
=0 =1
J i © o —z)l-1 ;
=Y <;> <Z(—1)J7’+1(—0z + 142k — i)j_i((ljl)! ) (k—i)((—a + E)d,) 'z
=0 =1

We can now rearrange the first and second sum to obtain

((—a+ IE)&,;)J‘*'1 exp(—az)xk

im0 M/ i (=)
x ((—a+ E)9y,) "
TN (S (ot |
+ Z <j <Z(—1)J+1_z(—i)(—a + 142k — i)ji(l—l)!) ((—a + E)8,)'z"
i=1 =1
J 7 ad o Y ‘
+ Z <]> (Z(_l)]z(—a + 1+ 2k — i)j—i( i ) ) ((_a + E)am)z+1mk.
i=0 1=0

We use the substitution [ — [+ 1 in the first and second sum and the substitution
7+ 7 — 1 in the third sum to find

) D (=1 (—a 1+ 2k — Z')J‘Jrl—z‘(“)> (—a+E)d,)'z"

N ' <Z - 1) (i(—l)j_“_l(—a 41 4+2k—i+ 1)j_i+1(_l‘!r)l) (—a+ E)az)lxk

=0

If we combine the second and third sum we get

((—a + E)a, )’ ! exp(—m)xk

= —x) 4
(z) (Z ] 2+1( a+l+2k‘—i)j+1_i(l!)> ((_a+E)ax)zxk
1=0

I
MQ

J

.
Il
o

_l’_

X
Mggzmw

Z DI a1+ 1+ 2k —d)
=0

:( i) (a2 45— 2i+1) (_x)l((_a+E)ax)ixk
Joo () )

—z)!
)l

/—\

(—a+E)d,) " a,

+
T
o
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which becomes

J
= (—x)'
+ T
(=0
j+1
=0 [=0 + 1

p (2 (Z(—l)j_iﬂ(—&*-l*'% - i)j+1—i(_l—:f>

BARBIER AND CLAEREBOUT

l

(—a+ ]E)@lq)ijl 2"

) ((—a+ E)0,) xk

= Z (j U )(—1)J‘+1_i(—oz—|—l+2k: _i>j+1—i(_l—:!v((_0‘+E)3z)ixk,

as we wished to prove.

Using this lemma we find

exp(—%(—a + E)3,) exp(—z)

- i (B P espl )2

_ ggg (_QJI)Z 0 1_ B (—a+1+2k—1);_ <_l:f)l
_ iojii (_2]1)2“(],1_@,)!(—0( + 1+ 2k — z’)j_i<_l'!r
_ ioii (2_]1Zi%j!(—oz 12— i), (a
_ iko 2 “;V Z,_llza“”ki(_l—f)l((—a L E),)at
- exp<—2as>§; CD (ot Bjo.)

= ox exp(~21) k 0 ko 1) (s

+E)o,) "
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7.2. The function ﬁ)\k(a:)
For A € {1,a} we define the polynomial Uy x(x) by

Tosle) = 3 T (0 = k4 (R, (42)

Uy i) : (™' — k+1);(—k);(4z)*.

Then for A = « the calculations in Section 7.1 show

i (C) L (2h) = 211+a exp(=2(21 + ) Uos (1)

and using similar calculations for A = 1 we find

T (C)(0h) = s exp(—2(as + 12)) Dra().

Note that the function U ak(x) can be given by the confluent hypergeometric func-
tion of the second kind, also known as Tricomi’s confluent hypergeometric function
and Kummer’s function of the second kind (see, e.g., [1, Chapter 13]). For a,b,c € C,
we define the confluent hypergeometric function of the second kind U(a, b, c) as

U(a,b,c) :=c “yFo(a,1+a—0b,—c ),

— (@)~ (gp)ic
where pFqlar, ... ap, by, .. by 0) 1= Z (bl),,,_(bp). il
i=0 1) A

denotes the generalized hypergeometric function. The function U(a, b, ¢) is a solu-
tion of the equation

cO*u+ (b —¢)0u — au = 0, (5)
which is known as Kummer’s differential equation.

Proposition 7.2.  We have for all k € IN:

Uar(x1) = U(=k, —a,4z1), and [NJL;C(:UQ) = U(—k, —a_1,4x2).

Proof. We can easily prove this proposition by filling in the correct parameters
in the definition of U(a,b,c). However, the proof below gives us a more insightful
reason as to why this proposition holds.

We prove the A\ = « case. The A =1 is entirely analoguous. On the one hand we
have

mA(C) ) = s eD(~2(0 + 22)) Toal) (6

and since 7r,\(C’)_1 intertwines my and pj g, we also have on the other hand
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(€)M a}) = —5-m(0) 7 (i — 2E)a})
= 5O (o, 0. ~e))ah)
= ——m(f1,0,—e1) my(C) 7 (ah)
= Q(Q_—_lzk) (421 — By(z1)) 211+a exp(—2(z1 + 72)) Ugi(21).

Therefore

2(2k — ) exp(—2x1) Up (1) = 421 exp(—221) Uy (1)
+a0,, exp(—2z1) ﬁa,k(xl) - 15159%1 exp(—2x1) mek(:vl),

which is equivalent to
22k — @) Up (1) = 421 Ug (1) + 00y, Ugi(21) — 20 Ug p(21)
—41‘1 ﬁa,k(xl) + 41‘16951 Gaﬁ(Il) — xlﬁil [’ja,k(l‘l),
which further simplifies to

1102, ﬁa,k(xl) + (—a — 421) 0,y [Nlmk(xl) + 4k ﬁa,k(xl) =0. (7)

This implies ﬁa,k(xl) is a solution to equation (5) for a = —k, b = —a and ¢ = 4x;.
Solving this differential equation using the initial conditions

Uak(0) = (=) (=), and (9, Uar)(0) = 4k(—=1)* (1 — a)p_1,
we obtain Ugx(z1) = U(—k, —a, 421). ]
For A € {1,a} we also define the polynomial {/Ak(:v) by
Var(@) = U(=k,1 — a,4z), and Vyg(z):=U(=k,1—a ! 4z).
Then, for a polynomial of degree k£ in F) g we now have the following result.

Theorem 7.3.  Suppose either A\ =« and o« € N or A\=1 and ot ¢ N. Let
p = (p121 + p2xs + p3z3 +p4x4)xf’1 be a polynomial of degree k € IN in F\gr where
t=1ifA=aandi=2if A\=1. We have

1 ~

for A=a: m(C)(p) = Sira Pl Ua (1) exp(—2(z1 + 22))

1 =~
+ Siral? Ugr1(z1) exp(—2(z1 — 12))

1
+ F(p:ﬂ:a + paxg) Vo p—1(21) exp(—2x1);

for A =1 m(O)(p) = sranmrpr Uns(ea) exp(—2(r + )

1 ~
+ oira 1P Uy —1(22) exp(—2(z2 — x1))

1 ~
+ F(stxz + paxs) Vi p—1(x2) exp(—2z2).
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Proof. This follows directly from the calculations in Section 7.1 and calculations
easily derived from them. For example, if A\ = a we have exp(—z3)x3 = x3 modulo
7, and thus we find using the commutation relation [IE, z3] = x3

1
7T>\(O>_1(ZL’11€_11’3) = exp(—§(—oz + E)o,,) exp(—m)xlf_lxg

1
= 13 exp(—i(—a +1+E)o,,) exp(—xl)xlf_l

Therefore, we obtain from the calculations below Lemma 7.1

1
— exp(—2z1) U(=k + 1, —a + 1,42,)

mA(€)7 @k s) = o

1
= $3F exp(—271) Vag-1(71),

as expected. [ ]

7.3. The Segal-Bargmann transform

In order to construct an intertwining operator from W) to F), we modify m,(C)
using the reproducing kernel I(z,w) given in Theorem 5.10.

Definition 7.4. For f € W) the Segal-Bargmann transform is defined as
SB(f(2))(2) := (m(C)(f (2))(x), LA (2, 2)) (s

= (e 22) (B (o) Bl f T3] )

where (-, ) B(z) denotes the Bessel-Fischer product in the variable . n

For p € F)\ the inverse Segal-Bargmann transform is then given by
SB™ (p(2))(z) = mA(C) " ((p, In(2, 7)) ) (2)

= exp(—5 (Ba(z1) + Ba(2))) exp(=21 — 2) (p, Ix (2, 2)) 5 -

1

2
Because of Theorem 5.10 and the way m,(C) is defined we immediately have the
intertwining property.

Theorem 7.5. (Intertwining property) Suppose either A = a and o ¢ N or
A=1 and o=t € N. The Segal-Bargmann transform intertwines the action T on
Wy with the action py on F)\, i.e., for all X € g we have

SBo 7T>\(X) :p)\(X) oSB.

Because there exists a well-defined inverse Segal-Bargmann transform we also have
the following property.

Proposition 7.6.  Suppose either A = o and o« € N or A =1 and o' ¢ N.
The Segal-Bargmann transform SB induces a g-module isomorphism between W
and F).
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We can now construct the analogue of Theorem 6.4 for the (g, £)-module W,. For
k > 1 we introduce

Wy =SB (Fyo) = Cexp(—2(z; + 72)),
Wik := SB™Y(Fag) = C Uy () exp(—2(xy + 22))
+ C U (1) exp(—=2(z; — ;) + (Ceg + Crg) Viy g () exp(—22),
Kog =SB Y (Hyyp) = C(Ug() exp(—2(zy + x2))
+ (k—1—0a)Ugpy(z1) exp(—2(z1 — 22))
+ (Cxg + Cxy) \704,1@—1(1‘1) exp(—2x1),
Ky =SB (Hy ) = C(Uy(2) exp(—2(z + 22))
+ (k—1—a ") Uy (22) exp(=2(z5 — 11)))
+ (Czz + Cxy) \N/Lk_l(xg) exp(—2x3),
Ryg =SB (21 + 20)%) = C(Upx(as) exp(—2(x1 + 22))
+ k Up e (7) exp(—2(z; — 25))),
where (7,j) = (1,2) if A =« and (¢,7) = (2,1) if A = 1. Combining Proposition
7.6 with Theorem 6.4 we get the following theorem.
Theorem 7.7. (Decomposition of W) Suppose either A = a and a« ¢ N or A =1
and o=t € N. We have the following:

(1) (a) For a # —1 an explicit decomposition of Wy into irreducible & -modules
18 given by W)\’k = K)\,k D R)\,k .

(b) If a« = —1, then Wyy is an indecomposable €;-module, but not an
irreducible €y -module.

(2) Wiy is an irreducible €-module.

(3) Wy is an irreducible g-module and its €-type decomposition is given by
Wy =P Wi
k=0

We can construct a non-degenerate superhermitian sesquilinear form on W), using
the Segal-Bargmann transform in conjunction with the Bessel-Fischer product. More
specifically, if we define

<fag>W = <SB f7 SBg>37

for all f,g € Wy, then (-, )y, is a non-degenerate supersymmetric sesquilinear form
on W). By definition we now have the following property.

Theorem 7.8. (Unitary property) Suppose either A = a and o« ¢ N or A =1
and o=t ¢ IN. The Segal-Bargmann transform preserves the sesquilinear forms, i.e.,

<Svang>B: <f7g>Wa fOT all fagE W)\-
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7.4. Recurrence relations of 6)\,k

We finish this paper by taking a closer look at the polynomials U Ak -Using the
intertwining property of m,(C) we can deduce several relations between these polyno-
mials. For example in this section we recover two known differential recurrence rela-
tions and one regular recurrence relations for the confluent hypergeometric functions.

We consider only the case A = a. The A\ =1 case is obtained by substituting the
occurrences of « in the expressions with a~! and switching the roles of x; and 5.
Combining equation (6) with

m(C) (@) = 5 ma(C) (oAl fr, —2Ley, e1)a ™)

(1, =21Le,, e1) Ta(C)H (@)
1

N DN =

«a 1
(an + 5~ E + 1 B,\(l"l)) Uak—1(21) exp(—2z5)

- 21+a

we get

- o 1 ~
AU, (21) exp(—2z1) =4 (91:1 + 5 E + 1 Bk(xl)) Uqk—1(x1) exp(—2x1)

= (421 + 2a) ﬁayk_l(xl) exp(—2z1) — (4z1 + ) Oy [Nla,k_l(:vl) exp(—2z)
+ 33183%1 ﬁa,k_l(.rl) exp(—2xy).
Therefore we have the differential recurrence relation

AU, 4(21) = (421 +2a) Uy oy (21)
— (421 + ) 8y, Ui (21) + 2 (421 + @) Ug ooy (1)
+ 2102 Uppor(21) — 4210y, Ug g1 (21) + 42102, Un g1 (11)

— 4 (42, + @) Up oy (1) — (821 + @) Oy, Ug g1 (1)

+ 2102, ﬁmk,l(xl).

Taking equation (7) into account this becomes
Ua(@1) = (421 +a — k + 1) Usg-1 (1) — 2105, Uap1(21). (8)

Similarly, if we combine equation (6) with

(O = sy O (AU 2L, ea)a )
— 20 1) Ta(f1, 21 L, , 1) TA(C) (2

k— )
k—a)
1

~ 2ok + 1)(k—a)

1
X (1‘1 + % —E + Z B)\<l’1)> Ua,k+1(~r1) exp(—Q(xl -+ ZEQ))

we get the differential recurrence relation

4k +1)(k — @) Up (1) = =y, Unpia(21) + 2102, Un g (1)
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Taking equation (7) into account this becomes

(k+ 1)k — @) Ug (1) = = (k + 1) U1 (1) + 2105, Un (1) (9)

We can rewrite relations (8) and (9) as

2105, Un (1) = (421 + o — k) Up (1) — U s (1),
2105, Ug (1) = k Ugp(21) — k(e — k + 1) Ug gy (21),

respectively. Subtracting the first equation from the second gives us the recurrence
relation

Uit (@1) + (2k — @ — 421) Ug (1) — k(o — k4 1) Ug gy (21) = 0.

By using Proposition 7.2 we can write the above relations as recurrence relations for
the confluent hypergeometric function of the second kind,

20, U(=k,—a,z) = (x +a — k) U(=k,—a,x) = U(—k — 1, —a, x),
r0,U(=k,—a,z) = kU(=k,—a,z) — k(o — k+ )U(=k + 1, —a, z),

and
(x =2k + a)U(=k,—a,z) =U(=k - 1,—a,z) — k(e —k+ 1) U(=k + 1, —, z),

with & € IN\ {0}, € N and € R. These relations are known to hold more
generally and can be obtained as combinations of [25, Equation 13.3.7], [25, Equation
13.3.10] and [25, Equation 13.3.22].
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