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On a Convexity Property of Tensor Products of
Irreducible, Rational Representations of SL(n)
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Abstract. The aim of this note is to point out a convexity property with respect to the root
lattice for the support of the highest weights that occur in a tensor product of irreducible rational
representations of SL(n) (or more generally any Lie group over which the saturation property
holds) over the complex numbers. The observation is a consequence of the convexity properties of
the saturation cone and the validity of the saturation conjecture for SL(n).
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1. Main Theorem

Let G be a connected reductive algebraic group over C. Choose a Borel subgroup
B of G and a maximal torus T' of B. Denote by A = X*(T') = Hom(7T,G,,) (resp.
AN = X, (T) = Hom(G,,, T') the character (resp. the cocharacter) group of T'. Let
(.,.) denote the natural pairing X*(T) x X,(T) — Z. Denote by ® C A (resp.
®Y C AY) the set of roots (resp. coroots) of (G,T), and ®* the subset of positive
roots formed by the roots of (B,T). Let @) denote the root lattice, the subgroup of
A generated by ®.

The dominant chamber AT of A is the collection of characters A € A such that
(A, ") are non-negative for « € ®*, where for a root a, a¥ € ®¥ denotes the
co-root corresponding to «. The irreducible, rational, linear representations are
parametrized by their highest weights. For an element A € AT, denote by V() the
corresponding irreducible representation with highest weight A. We recall that a
Lie group G is said to have the saturation property if the following is true: suppose
A1, , A are highest weights of G' such that Ay + --- + A, belongs to the root
lattice. Assume further that for some natural number m, the space of G-invariants
for the tensor product representation V(mA;) ® --- ® V(mM,) is non-zero. Then,
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The main aim of this note is to observe the following convexity property of ir-
reducible, rational representations of any Lie group that satisfies the saturation
property, in particular, SL(n), over complex numbers:

Theorem 1.1.  Let Vi,--- |V, be irreducible rational representations of SL(n)
over complex numbers. Suppose there exists a natural number k, dominant weights
v and v+ kv belonging to AT with v an element in the root lattice Q) , such that the
corresponding irreducible representations V(v) and V(v + k7y) occur in the tensor
product Vi @ --- @ V,..

Then for any natural number | with 0 < | < k, the irreducible representation
V(v + ly) with highest weight v + Iy occurs in Vi ® --- @ V.

For any natural number [ with 0 <[ < k, the weight
(k—1lv N (v + k)
k k

is a rational, convex linear combination of the characters v and v+k~. In particular,
the characters v + [y are all dominant.

v+ly=

We recall, that the irreducible, rational representations of SL(n) are indexed by
integer partitions. The correspondence is given as follows: suppose

A=mwy + - F My jWp—g

is a highest weight, where w; are the fundamental representations of SL(n) corre-
sponding respectively to the i-th exterior power representatation of the standard
representation and m; non-negative integers. The corresponding partition is given
by a1 > as > ---a,_1 > a, =0, where

ap=my+ - FMpy1, G =Ma+ -+ Mp_1," ", Ap—1 = Myp_1 andanzo-

The root vectors of SL(n) are vectors in R" with exactly two nonzero entries, one
being 1 and the other being —1. The root lattice () is the subgroup of Z", consisting
of those integral elements in Z™, whose sum of its co-ordinates is zero. Theorem 1.1
may be rephrased more explicitly as follows:

Theorem 1.2. Let XU, ... X" be a collection of r integer partitions, with
A = (agi), e ag)) being a partition with non-increasing nonnnegative parts. Let
Vi,...,V, be the corresponding irreducible representations of SL(n). Suppose there
exists a natural number k, non-decreasing integral partitions v and v + kv with
belonging to the root lattice () such that the corresponding irreducible representations
V(v) and V(v + kv) occur in the tensor product Vi @ --- @ V,. of irreducible finite
dimensional representations of SL(n).

Then for any natural number | with 0 < | < k, the irreducible representation
V(v + ly) with highest weight corresponding to the partition v + ly occurs in
Vi®e--—-QV,.

The proof of Theorem 1.1 follows from (a) the convexity properties of the moment
map and its relationship to the restrictions of characters of compact groups following
the work of Heckman ([7]), Guillemin-Sternberg ([6]), Mumford-Ness ([15]) Kirwan
([9]), and (b) the validity of the saturation conjecture for SL(n) due to Knutson-Tao
([10]). We recall these results following the expositions (]2, 13]).
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In what follows, for an algebraic group M over C, we also use the symbol M to
denote the complex points of M. Let K be a maximal compact subgroup of G,
such that Tx = T'N K is a maximal torus of K. We denote respectively the Lie
algebras of K and Tk by ¢ and tx. Since Tk is Zariski dense in 7', the characters
A € A are determined by their restrictions to Tk . We continue to denote by A the
differential of the restriction of A to Tk : these belong to the dual space tj; C £ of
tr. Let W be the Weyl group and let tj; denote the fundamental chamber for the
action of W, given by the choice of B.

Given elements Aq,--- , A\, belonging to £*, consider the coadjoint orbit
O=K"(A1, -+, \) C (&)

of the compact group K”. The space O is a compact, connected manifold, equipped
with a natural symplectic structure for which the moment map is given by the
inclusion of O in (&)".

Restricting the action of K" to the diagonal action of K on O, the moment map p
for the action is given by composing the inclusion with the sum (£*)" — €*, sending
(Xq, -, X,) € () to X1+ -+ + X,.. By the convexity theorem ([2, Theorem
1.3]), the image p(O) intersected with the dominant chamber is a convex polytope.

Further, in the case that \; arise from X*(7)®Q and are dominant, the equivalence
of symplectic reduction with that of the GIT quotient together with applying the
Borel-Weil theorem, imply that the set of dominant v € X*(T) ® Q that lie in the
image p(O) are precisely those for which there exists a natural number m such that
the weights mv,mA,--- ,m\, are dominant characters (belonging to A1), such
that the corresponding highest weight representation V(mv) occurs in the tensor
product V(mA) ® --- ® V(mA,) (2, Theorem 1.3]).

In the hypothesis of Theorem 1.1, let Aq,--- , A, be respectively the highest weights
of the representations Vi,---, V. of SL(n,C). Given the above discussion, the
dominant weights v and v + kv belong to the image p(Q). Since the image p(QO)
is convex, the dominant weights v + [y also belong to p(O) for 0 < [ < k. In
particular, given any [ with 0 <[ < k, there exists a natural number m such that
the representation V(m(v + l)) occurs in V(mA) @ --- @ V(mA,).

Let wy be the longest element in the Weyl group, sending ®* to —®*. The highest
weight of the dual representation V/(A\)* is given by —woA. Hence, we get that the
space of G = SL(n) invariants of the tensor product

VimA) @@ V(m\,) @ V(—muwy(v + 7))
1S non-zero.

We recall now the saturation theorem for SL(n) proved by Knutson and Tao ([10],
[13, Theorem 13]):

Theorem 1.3.  Suppose Ai,---,\s are highest weights of SL(n) such that the
sum A + -+ Ag belongs to the root lattice. Assume furthermore that for some
natural number m, the space of G -invariants for the tensor product representation
V(mA) ® -+ ®@ V(mAs) is non-zero. Then,

V(A @@ V(A)]E #0.
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The weights that occur in a highest weight representation V(A) are of the form
A — f for some [ belonging to the (positive) root lattice. Hence the weights
that occur in the tensor product V(A1) ® --- ®@ V(A,) ® V(—wpr) are of the form
M+ + N —w,v— B for some 5 € QT . Since this tensor product has a non-zero
space of SL(n)-invariants, the 0-weight occurs in the tensor product. In particular,
A+ -+ 4+ A — wor belongs to the root lattice, and hence for any integer [, the
weight A + -+ -+ A\, — wov + 1) belongs to the root lattice.

Hence, Theorem 1.1 follows by appealing to the saturation theorem.

2. Remarks

1. The weights that occur in the restriction of a highest weight representation V'(\)
of G to a maximal torus T, is the intersection of the translate A\ + () of the root
lattice @ by A, with that of the convex span of the extremal weights WA (see
[1, Chapter VIII, Section 7]). In particular, the convexity property with respect to
the root lattice holds for the above restriction.

Suppose p is a weight that occurs in the restriction of V(A). Consider the a-chain
through u: let p (resp. ¢) be the largest non-negative integer such that p+pa (resp.
i — qa) is a weight of V(). For a a root, it is known that ¢ —p = pu(a"). These
results follow from the representation theory of the Lie algebra sl(2) associated to
the root «.

It would be interesting to know whether similar methods or results hold in the
context of Theorem 1.1.

2. Saturation conjecture need not hold for groups other than SL(n). It is conjec-
tured by Kapovich and Millson, that it should hold for a tensor product V(A\) @V (u)
provided the weights A and p are regular ([13, Appendix, Conjecture 85]).

More generally, one can consider the general restriction problem, to study the
restriction of representations of a given reductive group G to a reductive subgroup
G ([2]).

Using the explicit description of the classical branching laws, as given in ([5, Chapter
8.3]), it can be seen that the restriction of an irreducible representation of GL(n)
to GL(n — 1) (where GL(n — 1) embeds in the usual way) (and for such other
classical pairs) satisfies the convexity property with respect to the root lattice as
given above. In this case, much more is known: the weights of the restriction satisfy a
log-concavity property ([16]). However, log-concavity fails in general, for example for
tensor products of irreducible representations of GL(n) ([3]). It will be interesting to
know whether it will hold provided the highest weights are regular. It was recently
shown (see [8]) that for Kostka numbers, which are the weight multiplicities for
irreducible representations of GL(n), log-concavity does hold.

3. Suppose V is a vector space of dimension 2/+1 > 5 and ¥ be a non-degenerate
quadratic form on V. Let G = O(V,¥) be the orthogonal group of the quadratic
form. The group G is of type B;. Consider the standard representation V' of G,
with highest weight w; in the notation of [1, Ch. VIII, Section 13.2]. The tensor
product V ® V' breaks up as S?V @ A2V . The exterior square representation A2V
is irreducible with highest weight w,. The symmetric square representation S*V
breaks up as a sum of an irreducible representation V' (2w;) with highest weight 2w,
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and a copy of a trivial representation corresponding to the quadratic form. Further,
the weight w; is a also a root.

This example shows that the convexity property with respect to the restriction of
the root lattice fails. It also gives a counterexample to the saturation property. Thus
it seems that the convexity property of the support with respect to the root lattice
of the ambient group is linked to the validity of saturation type conjectures, and we
possibly cannot expect a direct proof of the convexity property, avoiding the use of
the validity of saturation conjecture for SL(n).

4. Another question that naturally comes up: if the collection of weights that occur
in the restriction of a tensor product as above, is indeed convex with respect to
the root lattice of the ambient group, then what are its extreme points? The Horn
conjectures give only the codimension one subspaces, the boundary faces.

Given highest weights A and p for SL(n), the validity of the PRV conjecture implies
that for any element w of the Weyl group of SL(n), the irreducible representation
having A + wp as an extreme weight occurs in the tensor product V(A) @ V(u)
([11, 14]). Some of the PRV components and its generalizations give extreme
points. It is known that for large n, the PRV type analogues that occur in the Horn
inequalities do not suffice to determine the facets that describe the Horn polytope.
It will be interesting to know the convex span of the PRV components with respect
to the root lattice.

Morever, the fact that convex polytopes corresponding to Kostka numbers, (i.e., the
polytopes whose integer points correspond to semistandard Young Tableaux with
weight A and content ) have vertices that are non-integral [4], (though rational)
suggests that the problem of characterizing all vertices of these polytopes is difficult.
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