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Abstract. Let (m,H) be a strongly continuous unitary representation of a 1-connected Lie group
G such that the Lie algebra g of G is generated by the positive cone C := {zx€g: —idr(z) > 0}
and an element A for which the adjoint representation of h induces a 3-grading of g. Moreover,
suppose that (m,H) extends to an antiunitary representation of the extended Lie group G, :=
G % {1,7¢}, where 7 is an involutive automorphism of G with L(7g) = ™", In a recent
work by Neeb and Olafsson, a method for constructing nets of standard subspaces of H indexed
by open regions of G has been introduced and applied in the case where G is semisimple. In this
paper, we extend this construction to general Lie groups G, provided the above assumptions are
satisfied and the center of the ideal go = C; — C; C g is one-dimensional. The case where the
center of g has more than one dimension will be discussed in a separate paper.
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1. Introduction

In the formulation of Algebraic Quantum Field Theory (AQFT) by Haag-Kastler (cf.
[9]), physical systems are described in terms of nets of local observables: To every
open region O in a space-time manifold X, one assigns a von Neumann algebra
M(O) of bounded operators in a Hilbert space H. This assignment should satisfy
the isotony and locality assumptions, namely that O; C O, implies M(O;) C
M(O,) and that, if O; and O, are space-like separated, then M(O;) C M(O,)’,
where M(O;)" denotes the commutant of M(O;). One assumes that there exists
a unitary representation (m, ) of a Lie group G which acts on X and satisfies the
covariance condition w(g)M(O)r(g7') = M(g.O). Moreover, we assume that there
exists a unit vector 0 € H that is fixed by 7(G). If Q is a cyclic and separating
vector for some von Neumann algebra M(QO), then the Tomita-Takesaki Theorem
(cf. [2, Thm. 2.5.14]) provides a pair (Ap, Jo) of modular objects, where Ay is a
positive selfadjoint operator on ‘H and Jp is an antiunitary involution on 4. This
pair satisfies the modular relation JoApJo = A(_Ql as well as

JoM(O0)Jo = M(O) and ALM(O)AL" = M(O) for all t € R.
The operator J@AgQ is the closure of the densely defined unbounded antilinear

t
operator So: MO)Q) = H, AQ— A*Q.
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The fixed point space Vo of the closure of Sp is a standard subspace of H, i.e. a
closed real subspace such that

V(Q N iV(Q = {0} and VO + ’iV(Q =H.

More generally, one can show that there is a one-to-one correspondence between
standard subspaces of H and pairs of operators (A, J), where A is selfadjoint and
J is an antiunitary involution with JAJ = —A (cf. [18, Cor. 3.5]). For such a pair
of operators, the fixed point space of the antilinear operator Jex4 is a standard
subspace. We refer to [18] for more information on the structure of standard
subspaces. We thus obtain a net of standard subspaces of H indexed by those
open regions O of X for which € is a cyclic and separating vector of M(O).
Conversely, we can pass from nets of standard subspaces to nets of von Neumann
algebras using second quantization (cf. [1], [30]). As before, we can formulate locality,
isotony, and covariance properties of such nets if we define the causal complement
V' of a standard subspace V as the real orthogonal complement of iV in H. These
properties are then preserved by the second quantization functor. This allows us to
construct nets of local observables by constructing nets of standard subspaces with
the locality, isotony, and covariance property.

In AQFT, the space-time on which the net of standard subspaces (resp. von Neu-
mann algebras) is defined is usually a homogeneous space. Typical well-known
examples are:

o The circle S' = {z € C : |z| = 1}, on which the group PSL(2,R) =
SL(2,R)/{—1,1} acts by Mobius transformations. We can identify S' with
PSL(2,R)/P, where P is a closed subgroup that is conjugate to the two-
dimensional subgroup of PSL(2,R) generated by translations and dilations
(cf. [18, 2.1]).

e The d-dimensional anti-de Sitter space
AdS® = {r e R g2 42?2 — a2 — . 22 =1}

endowed with the group action of SOg 4 1(R).. The stabilizer of ey € Ads?
can be identified with SOId_l(R), so that AdS? = SO, 4 1(R)./ SO;d_l(R).

In this paper, we construct nets of closed real subspaces O +— V(O) indexed by open
subsets O of a Lie group G on a Hilbert space H which satisfy isotony, locality, and
covariance. The main advantage of this approach is that we then also obtain a net
of closed subspaces on the corresponding homogeneous spaces of G: Given a closed
subgroup P C G and the corresponding natural projection ¢p : G — M := G/P,
we assign to every open subset Oy, C M the subspace Vy (On) = V(gp'(Onr)).
In order to identify standard subspaces in the net on M with one of the standard
subspaces constructed in the net on G, the net on the group should satisfy the
invariance property V(OP) = V(O) for open subsets O C G. We return to the
problem of constructing nets on homogeneous spaces in Section 5.

One way to construct standard subspaces is the Brunetti-Guido-Longo (BGL) con-
struction ([3]): Let (G,7g) be a symmetric connected Lie group with Lie alge-
bra (g,7) and let (m, ) be a strongly continuous antiunitary representation of
G, = G x{1,7¢}, i.e. 7(G) consists of unitary operators on ‘H and 7(7g) is an
antilinear surjective isometry. We assume that the kernel of 7 is discrete.
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Let h € g" be a fixed point of 7. Then
J:=m(rg) and A2 .= x(exp(th)), tER,
determine a standard subspace V := Fix(JAY?) of H. The subsemigroup
Sy:={9€G:m(g)VCV}

encodes the order structure on the G-orbit of V in the set of standard subspaces of
H. It has been studied extensively in [29] and [28]. Its Lie wedge

L(Sy) :={z € g:exp(Ryz) C Sy}
can be described in terms of the Lie algebraic data (m,H), 7, and h by
L(Sy) = C_(m, 7,h) ® gy(h) & Co(m, 7, h),  Ci(m, 7, h) = gig(h) N (£Cr), (1)

where gy(h) := ker(ad(h) — Aidy) and C; := {z € g: —idn(x) > 0} is the positive
cone of 7 (cf. [29, Thm. 5.4]). We refer to [34] and [35] for first steps towards
a classification of the Lie algebras generated by Cy(w,7,h) and C_(m,7,h). In
particular, they are 3-graded with respect to the adjoint representation of h. For
the purpose of constructing nets of standard subspaces, it is reasonable to assume
that L(Sy) spans g and that 7 = ¢ je. that

g" =go(h) and g7 =g_1(h)+ g1(h).
In this case, the subsemigroup Sy is given by (cf. [28, Thm. 3.4])
Sy = exp(C_(m,7,h))Gyexp(Cy(m,7,h)) with Gy={ge€ G:U(g)V=V}. (2)

In [31], a new method for constructing covariant nets of real subspaces indexed
by open subsets of G has been developed in this context: Let H™° be the space
of antilinear functionals on the space of smooth vectors H™ of (7, H) which are
continuous with respect to the C*°-topology on H> (cf. Appendix B). We call the
elements of H~>° distribution vectors of (m,H). For every open subset O C G and
a fixed real subspace E C H~>° of distribution vectors of (m, H), let

He(O) := spang{m=(¢)n : ¢ € C(O,R),n € E}.

Here, m=>°(y) is defined on H™>° by

T (p) = /G p(9)n~(9) dnc(g),  where (77(g)n)(¢) = n(m(g7")¢)

for n € H™>°,& € H*, and ug denotes a left invariant Haar measure on GG. This
assignment leads to a covariant net of closed real subspaces with the isotony property.
Sufficient conditions for Hg(O) to be cyclic, i.e. to span a dense complex subspace
of H, or even be standard can be found in [31, Sec. 3]. In [31, Thm. 5.3], it is shown
that, if G is simple hermitian and of tube type and if (7, H) extends to an irreducible
antiunitary representation of G, for which Cf is generating, then there exists a real
subspace E C H™*° such that the standard subspace V specified by (7w, H) and
h coincides with Hg(S), where S is the interior of the identity component of the
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subsemigroup Sy. Moreover, the subsemigroup S can be interpreted as a “wedge
domain” in the sense that, for every ¢ € G and every open subset () # O C G with
O C ¢S, the subspace Hg(O) is standard. For general open subsets O C G, the
subspace Hg(Q) is cyclic. This result also extends to Lie groups with quasihermitian
reductive Lie algebras, i.e. direct sums of compact and hermitian simple Lie algebras

(cf. [31, Rem. 5.4]).

In this paper, we show that this construction can be extended further to Lie groups
G of the following form: We assume that the pointed positive cone C; of the
irreducible representation (m, ) generates a hyperplane ideal go of g such that
g = gc + RA, where h induces a 3-grading on g via the adjoint representation of
the form
g=g-1(h) ® go(h) & g1(h).

We call such an element h an Euler element of g and the derivation adg.,(h) an
Euler derivation of gc, which is motivated by the relation of these elements to linear
Euler vector fields on certain homogeneous spaces (cf. [24]). A Lie algebra such as g¢
which contains a pointed generating invariant closed convex cone is called admissible
(cf. [26]).

The reason for considering extended admissible Lie algebras g = go < RA instead
of admissible Lie algebras is the following: In the case where go is non-reductive,
which is the case that we are interested in in this paper, the Euler derivation adg, (h)
is in general not inner. This follows from the description of Euler derivations in [35].

For the construction of nets of standard subspaces beyond the reductive case in [31],
we therefore have to consider extended admissible Lie algebras g x RA.

The construction of nets of standard subspaces requires us to study the irreducible
unitary representations of Lie groups GG as above and the existence of antiunitary
extensions. Since we are going to use the well-known Mackey method to tackle this
problem, the orbits of the automorphism group (e*);cg on the characters Z on the
center Z of G¢ := (exps(g¢c)) C G will play an important role in classifying unitary
representations of G.

In this paper, we focus on the easiest non-reductive case and assume that the center
of gc is one-dimensional and that the Euler element h acts non-trivially on it, so
that Z decomposes into three orbits under the action of (e*);cg. In the higher-
dimensional case, the representation theory of G and the structure of the Euler
elements h become more complicated, but we expect that many of the arguments
in this paper can be generalized to this case. We discuss this problem in more detail
in Section 6 and also in the upcoming paper [36].

1.1. Contents of the paper

In Section 2, we recall the definition of an admissible Lie algebra, resp. the definition
of an admissible Lie group, and of a unitary highest weight representation. Admis-
sible Lie algebras can be described in terms of a construction due to K. Spindler (cf.
[40]). On every admissible Lie algebra that is parametrized in this way, there exists
a natural homomorphism into the Jacobi algebra

hsp(R*™) := heis(R*) x sp(2n,R) for some n € N,

which is also admissible. This allows us to tackle all central questions of this paper
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for the Jacobi algebra first and then use this homomorphism to discuss the general
case. All the results that are necessary for this construction are recalled in Section
2.1. Section 2.2 recalls how Euler derivations (i.e. derivations D of a Lie algebra
g that induce a 3-grading on g via the adjoint representation) of admissible Lie
algebras can be described in terms of Spindler’s construction. In the case of the
Jacobi algebra, the corresponding extended Lie algebra hsp(R**) x RD for every
non-trivial Euler derivation is isomorphic to the conformal Jacobi algebra

hesp(R?™) = beis(R?™) x (sp(2n, R) x R),

where r € R acts on heis(R**) by r.(v,2) := (rv,2rz) for (v,2) € R*™ x R.

One interesting property of the conformal Jacobi algebra hesp(R?") is that it can
be embedded as a maximal parabolic subalgebra into sp(2n + 2, R). We show, in a
more general setting, that this embedding and the Euler element of hesp(R?™®) can

be chosen in such a way that the Euler element in the Jacobi algebra is mapped to
an Euler element of sp(2n + 2,R) (cf. Theorem 2.13).

In Section 3, we discuss the irreducible unitary representations of 1-connected Lie
groups G with Lie algebra g = gc x RD, where D is an Euler derivation of
the admissible Lie algebra go. It is well-known that irreducible representations
of the 1-connected Lie group HSp(R?") with Lie algebra hsp(R>") can be factorized
into a tensor product of the extended metaplectic representation and an irreducible
representation of S~p(2n,R), which is the 1-connected Lie group with Lie algebra
sp(2n,R) (cf. [38]). The main result of Section 3 is that a similar result holds for
the irreducible unitary positive energy representations of G (cf. Theorem 3.13). To
this end, we discuss the unitary representations of the semidirect product N :=
Heis(R*") x, R, where

a,(v,2) = (rv,r’z) for r€RY and (v,z) € R* x R = Heis(R*").

The unitary representation theory of this group is very similar to that of the ax + b-
group in the sense that all unitary strictly positive energy representations are direct
sums of irreducible ones (cf. Theorem 3.3). Here, we say that a unitary representa-
tion has strictly positive energy if the generator of the unitary one-parameter group
of the center of the subgroup Heis(R?") has strictly positive spectrum. We show
that only one irreducible representation of N with strictly positive energy exists (cf.
Lemma 3.5). This irreducible representation has an extension to HéSp(R%), ie.
the universal covering of hesp(R?™), via the metaplectic representation, which we
denote by (v, H,).

In Section 4, we construct nets of standard subspaces indexed by open regions on
the Lie groups G introduced earlier, using the methods developed in [31]. The
main difficulty here is to construct a suitable subspace E C H™> of distribution
vectors. In the case of the representation (v,H,) and G = HCSp(R?"), we present
two different approaches:

The first one is to use the embedding of hesp(R?") into sp(2n + 2,R). The repre-
sentation (v,H,) can be extended to a highest weight representation of the simple
Lie group Sp(2n + 2,R) (cf. Proposition 3.12). This is a consequence of results
from [12],[13], and [14]. We apply the construction in [31] to this extended rep-
resentation and show that the distribution subspace Ep that we obtain for the
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extended representation is also a suitable distribution subspace for (v, H,) (cf. The-
orem 4.14). The distribution subspace is invariant under the subgroup G with Lie
algebra go(h) + g-1(h).

For the second approach, we construct a different distribution subspace E, for
(v,H,) which is invariant under exp(sp(2n,R)i(h)) (cf. Section 4.2). Using the
Factorization Theorem 3.13 and results on tensor products of standard subspaces and
distribution vectors in Section 4.1, we then construct suitable distribution subspaces

for tensor product representations of general extended admissible Lie groups G (cf.
Theorem 4.18).

In Section 5, we discuss how both constructions also lead to covariant isotone nets
of cyclic subspaces on homogeneous spaces of G. Here, the invariance properties
of the spaces of distribution vectors E, and Ep play an important role in order
to determine which open subsets of the homogeneous space correspond to standard
subspaces.

While, in the case of the representation (v,H,) of HCSp(R?"), the standard sub-
spaces Hg,(¢gS) and Hg, (¢S) belonging to wedge domains coincide for all g € G, it
is not clear at the moment whether Heg,(O) and Hg, (O) coincide for general open
subsets O C G.

1.2. Notation and conventions

 For a complex Hilbert space H , its scalar product (-,-) is linear in the second
argument and antilinear in the first.

o Let g be a Lie algebra and let z€g. For an ad(x)-invariant subspace E C g,
we denote by E)(z) := ker(ad(z) — Aidy) N E the A-eigenspace of ady(z) in
E.

o Let G be a Lie group with Lie algebra g and let 7 € Aut(G) be an involutive
automorphism. Let 7 := L(7¢). We define
GT:={g€G:1¢(9) =g} and ¢ :={xcg:7(r)=+a}.

Furthermore, we define G, := G x {1,74}.

2. Admissible Lie groups

In this section, we introduce the necessary structure theory of admissible Lie algebras
and their corresponding Lie groups.

2.1. Admissible Lie groups and unitary highest weight representations

Definition 2.1.  Let g be a real finite-dimensional Lie algebra. Then g is called
admissible if there exists a generating (e*1?-)invariant closed convex cone C' with
H(C):={xeg:C+ax=C}={0},ie C contains no affine lines. A Lie group G

is called admissible if its Lie algebra is admissible. ]

We recall a few definitions in the context of unitary highest weight representations
of admissible Lie groups (cf. [26]):
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Definition 2.2. (a) Let G be a connected Lie group with Lie algebra g and let
£ be a maximal compactly embedded subalgebra of g. Suppose that there exists a
compactly embedded Cartan subalgebra t of g contained in €. Then t¢ is a Cartan
subalgebra of gc. For a € {f, we denote the corresponding root space of a by g¢
and denote by

A= Afge, te) == {a e £\ {0} : g¢ # {0}}
the corresponding set of roots. We say that a root a € A is compact if g¢ C fc.

We denote the set of compact roots by A, and the set of non-compact roots by
A, = A\ Ag. Let AT C A be a positive system and X € it such that

A+:{CY€AZCY(X0) >0}

Then we say that A is adapted if §(Xo) > a(Xp) for all « € A, and § € A,.
If an adapted positive system exists, then g is called quasihermitian, which is equiv-
alent to 34(3(€)) = € (cf. [26, Prop. VIL.2.14]). A simple non-compact quasihermitian

Lie algebra is called hermitian, in which case 3(£) is one-dimensional. Every admis-
sible Lie algebra is quasihermitian (cf. [26, Thm. VII.3.10]).

(b) Suppose now that g is quasihermitian and that A™ is adapted. Let K :=
(expt) C G be the corresponding maximal compactly embedded subgroup of G.
Consider a strongly continuous unitary representation (m,H) of G. The space of
K -finite smooth vectors of (m,H) is defined as

HE = {v € H> : dimspan(r(K)v) < oo}.

The representation (7, H) is called a unitary highest weight representation if HX is
a highest weight module of ge with respect to A*. Conversely, if V' is a highest
weight module of ge with respect to AT, then V is called unitarizable if there exists
a strongly continuous unitary representation (m,H) of G such that HX = V.

(c) Suppose that g is admissible. For an adapted positive system AT we define
the cones
Cruin = cone{i[T,z] : z € g¢,a € AT} Ct and

Cmax := {z € t: (VYa € A))ia(x) > 0}.

For every pointed generating invariant closed convex cone W C g, there exists
an adapted positive system AT such that Cupiy, € W Nt C Chax. Two pointed
generating invariant closed convex cones coincide if and only if their intersections
with t coincide. Having fixed the €-adapted positive system AT, we denote by
Whin C @ the unique pointed invariant closed convex cone with Cly, = Wi N t
and by Wi.x C g the unique generating invariant closed convex cone with Ch.c =
Winax Nt (cf. [10, Ch. III]). If g is simple and non-compact, then Wy, and Wiy
are both pointed and generating and unique up to sign (cf. [10, Prop. 111.2.18]). =

Every admissible Lie algebra can be described in terms of Spindler’s construction
[40]: Consider the quadruple (I, V)3, 3), where

(S1) [is a real reductive Lie algebra,
(S2) V is a real [-module,
(

S3) 3 is a real vector space, and
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(S4) [B:V xV — 3 is a skew-symmetric [-invariant bilinear map, i.e.
Bz, w) + B(v,z.w) =0 forall v,w e V,x € L. (3)
Then g([,V,3,03) :=V x 3 x [ is a Lie algebra with the bracket
(v, 2,2), (w, 2, y)] = (z.w — yv, Blv,w), [2,y]).

Theorem 2.3. (a) Let g be an admissible Lie algebra. Let u be the maximal
nilpotent ideal of g and let t be a compactly embedded Cartan subalgebra of g.
Then [u,u] C 3(g). Moreover, there exists a t-invariant reductive quasihermitian

subalgebra | C g such that V := [t,u] is an [-invariant submodule with respect to
the adjoint representation of | with the following properties:
(i) V and | satisfy (3) with respect to :=[-,-]lvxv and 3;0(V) = {0}.

(ii)) ¢ := tN [ is a compactly embedded Cartan subalgebra of | and we have
sv(t) = {0}.
(iii) We have g = g(I,V,3(g),5).
(b) Conversely, let g = g(I,V,3,8) with 3;0(V) = {0}. Suppose that there exists
a compactly embedded Cartan subalgebra t, C | with 3y (t) = {0}. Then g is

admissible if and only if | is quasihermitian and there exists f € 3* and x € | such
that the Hamiltonian function

(fof)e:V =R, v (fop)(z.v,v), (4)

is positive definite.
Proof. cf. [26, Thm. VII.2.26] and [26, Thm. VIII.2.7]. ]

From now on, if g is an admissible Lie algebra, we say that g is defined as g =
9([,V,3,0) in terms of Spindler’s construction if

e g=0(L,V,3,8) and (I, V.3,) satisfies (S1)-(S4).

* 50(V)={0}, and
o there exists a compactly embedded Cartan subalgebra ¢, C [ with 3y () = {0}.

In this case, we have 3 = 3(g) and the condition of Theorem 2.3(b) is satisfied. Such
a quadruple (I,V,3,3) can be constructed by choosing any subalgebra [ C g such
that g = ux [, where u is the maximal nilpotent ideal of g. Then, [ is reductive and
quasihermitian and, for every compactly embedded Cartan subalgebra t, C [[, [], the
subalgebra t := 3(g) + 3(I) + t; is a compactly embedded Cartan subalgebra of g.
The subspace V := [t;,u] is an [-submodule and satisfies [V, V] C 3(g) (cf. [35, Thm.
2.24, Cor. 2.25)).

Suppose that g = g(I,V,3,5) is admissible. Then (3) implies that the adjoint

representation of [ restricted to V' induces a homomorphism from [ into the Lie
algebra

sp(V,B) :={z € gl(V) : (Vo,w € V) B(xv,w) + (v, zw) = 0}.

Hence, we call (V,3) a symplectic [-module. In view of the positivity condition
(4), we also call (V,5) a symplectic [-module of convezr type. Notice that [ is
automatically non-degenerate in this case.
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Under these assumptions, the Lie algebra sp(V, ) is admissible and reductive and
the generalized Jacobi algebra

hsp(V, 8) := g(sp(V 5), V.5, 8),

where sp(V, ) acts naturally on V', is also admissible (cf. [35, Thm. 2.22]). If
dimj =1, i.e. § is a symplectic form, then hsp(V, 5) is called the Jacobi algebra.

Let f € 3* such that (f o /), is positive definite for some = € [ and set 2 := fo .
Then the homomorphism on [ corresponding to the representation on V', which we
denote by p: [ — sp(V, ), extends naturally to a homomorphism

e = bsp(V, Q) (v,z,2) = (v, f(2), pl@). ()
On bhsp(V,Q), we have a pointed generating invariant closed convex cone
hsp(V, Q) == {(v,2,2) € bsp(V. ) : (Vo € V) Qaw, w) + (v, w) + 2 > 0} (6)

We denote its preimage in g under v; by Wy, which is a generating invariant closed
convex cone with H(Wy) C ker(ys) (cf. 26, Thm. VIIL.2.7]).

Definition 2.4. A necessary condition for the existence of elements z € [ and
f € 3" for which (4) is positive definite is the (H;)-condition on the homomorphism
[ — sp(V, f o B) induced by the adjoint representation, which is defined as follows:
In every reductive admissible Lie algebra g, there exists an element H,, called
H-element, with the property that ker(ad Hy) is a maximal compactly embedded
subalgebra and ad Hy is semisimple on gc with spec(ad Hy) = {0,4, —i}. In this
case, we say that (g, Hy) is of hermitian type (cf. [39]). A homomorphism

k2 (9, Ho) = (g, Hp)

is called an (H;)-homomorphism if ko adHy, = ad Hj o x and it is called an
(Hy)-homomorphism if k(Hy) = H}. One can show that, if (4) holds, then the
corresponding homomorphism [ — sp(V, f o §) is an (H;)-homomorphism for some

H-elements of [ and sp(V, f o 8) (cf. [25, Thm. IV.6]). [

2.2. Euler elements and parabolic subalgebras of admissible Lie algebras
Definition 2.5. Let g be a real or complex Lie algebra.

(a) We call h € g an Euler element if ad h is diagonalizable with spec(adh) C

{~1,0,1}.
(b) A derivation D € der(g) is called an Euler derivation if (0, D) is an Euler
element of g x RD. [ |

We briefly recall the classification of Euler derivations in admissible Lie algebras.
Suppose first that gc is a semisimple admissible Lie algebra. Since all derivations
of go are inner, we only have to describe all Euler elements of go. The Lie algebra
gc can be decomposed as go = @);_, gk, where go is compact and g, is hermitian
simple for k =1,...,n. An element h =), hj with hy € g; is an Euler element
if and only if hg = 0 and hy is an Euler element of g5 for £ = 1,...,n. This reduces
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the classification of Euler elements of go to the classification of Euler elements of
simple non-compact Lie algebras, which has been carried out in [24, Thm. 3.10] for
general real simple Lie algebras. In the case where g is hermitian simple, it says
that non-trivial Euler elements are unique up to conjugation by inner automorphisms
and they exist if and only if g¢ is of tube type.

Lemma 2.6. Let | be a quasthermitian reductive Lie algebra and let W C [ be
a pointed invariant closed conver cone. If h € | is an Euler element of | and
Whin 8 a minimal pointed invariant closed convex cone with Wy, C W, then
(L (h) MW =11 (h) N Winin -

Proof.  We decompose [ into ideals [ = Iy & €, _, Iy, where [y is compact and [y,
hermitian simple for k = 1,...,n. Then h can be written as h = ho+>_,_, hy with
ho € lp and hy € [,. The classification of Euler elements for simple Lie algebras
(cf. [24, Thm. 3.10]) then shows that hy € 3(I) and hy # 0 only if [ is of tube
type. Moreover, Wy, is contained in [y @ ... & [,. We may thus assume that [ is
semisimple and that all simple ideals are hermitian and of tube type. The minimal
cone Wi, is adapted to the decomposition of [ into simple ideals in the sense that
Winin = 22:1 Winin N g, and Wi, N [ is one of the up to sign unique minimal
pointed generating invariant closed convex cones of [ (cf. Definition 2.2(c)). In
particular, W, and therefore W are generating.

Let Whax C | be a maximal pointed generating invariant closed convex cone
with Wy C W C Whax. Then the cone Wi, can also be written as Wiyax =
ZZ:I Wmax N [k By [34, Lem. 228], we have Wmin N ([k):tl(hk) = Wmax N ([k)il(hk)

for all k =1,...,n. In particular, this shows that

Wmin N [:|:1 (h) cWwWn [:I:l(h) C Wmax N [:tl(h)

= Z Wonax N ([k)il(hk) = Z Winin N ([k)il(hk)

k=1
and therefore Wiy, N IlLi(h) =W Nk (h). n

Consider now an admissible non-reductive Lie algebra go. We only recall the
classification of Euler elements here in the case where dimj(gc) = 1 (cf. [35, Cor.
3.15]) and refer to [35, Thm. 3.14] for the general case: Let D € der(gc) be a
non-trivial Euler derivation. We assume that D is non-trivial on the radical of
gco. Otherwise, we could decompose g¢ into D-invariant ideals g’ @ ¢, where s’ is
semisimple and D vanishes on g'. Then g¢ is of the form go = g(I, V, 3, 5) in terms
of Spindler’s construction and D acts on g by

D(v,z,x) = (%v + hev, Az, [h, z]),  (v,z,2) €V x 3 X [=gc, (7)

where A € {—1,1} and A is a non-trivial Euler element of [. In particular, we
see that 2h; acts as an antisymplectic involution on V. Let Vi; denote the +1-
eigenspaces of 2h; on V. Both signs of A in the definition of D lead to isomorphic
extended Lie algebras go x RD, so that we may without loss of generality assume
that A = 1. In this case, the 3-grading induced by D is given by

go—1=1(h), geo=V_a@ (), ge1=Vi®;DL(M).



OEH 39

If p:1— sp(V,53) denotes the homomorphism corresponding to the representation
of [, then this implies that p(h) is an Euler element of sp(V, Q) (cf. [35, Ex. 2.4]).
Let Dy := D — ady, Iy and set g := gc X RDy. Then D € g is an Euler element
of g.

In the case where [ = sp(V, 3), i.e. where go = hsp(V, 3) is the Jacobi algebra, we
call g the conformal Jacobi algebra and denote it by hesp(V, 3). The reason for this
definition is that hesp(V, B) = heis(V, 5) x esp(V, B), where csp(V, ) = sp(V, 5) DR
is the conformal symplectic Lie algebra.

The above discussion leads to the following result below.

Lemma 2.7. Let gc = g(I,V,3,5) be an admissible non-reductive Lie algebra
with dim3 = 1 and let D € der(gc) be an Euler derivation that is defined in
terms of an FEuler element 0 # hy € | of | as in (7). Let f € 3* such that, for
Q= fop, (V,Q) is a symplectic [-module of convex type. Let p: [ — sp(V,Q) be
the homomorphism corresponding to the representation of [ and let g := gc X RDy,
where Dy = D — ady. hi. Then the natural homomorphism s : go — hsp(V, Q)
(cf. (5)) extends to a homomorphism

Vg hesp(V, €2), ﬁf|gc:: R '7f(DV) = Dy, (8)
which maps hi+ Dy to an Euler element of hesp(V, ).

Remark 2.8. Notice that, in Lemma 2.7, we only assume the existence of the
non-trivial Euler derivation, but not that the homomorphism (8) is injective.

In general, the injectivity of v can be achieved as follows: Since 3 is one-dimensional
by assumption and since f is non-zero, the kernel of v; is given by the ideal
:={x el:2V ={0}} of go. Let [y C I be an ideal of [ complementing
[". Then gc = g(ly,V,3,0) @ l' is a direct sum of admissible Lie algebras, and the
restriction of v, to g(ly, V.3, 8) is injective. [

We can embed the conformal Jacobi algebra into a symplectic Lie algebra in such
a way that the Euler element of the Jacobi algebra constructed above is an Euler
element of the larger Lie algebra. In fact, this can be done in a more general setting,
as we will show in this section.

For the remainder of this section, let g be a hermitian simple Lie algebra of tube
type. Fix an H-element Hy € g. We define

1 0 0 1 00 0 1
me (b 0) e (00 v (00) e (9 1),

Let x: (sI(2,R),2U) — (g, Hy) be an (H;)-homomorphism. We define 4, := x(A)
for Ae {H,X,Y,U} Csl(2,R). Then H, induces a 5-grading on g, i.e. we have

g=g2(H,) ©g1(H.) Dgo(Hx) D g1(Hy) © ga(Hy).

(cf. [39, Ch. III, Lem. 1.2]). We recall from [39, p. 110f.] that x can be chosen
in such a way that dimgys(H,) = 1. We call such a homomorphism an (H)-
homomorphism of multiplicity 1. From now on, unless stated otherwise, we assume
that x has this property. We denote by # the Cartan involution of g determined

by g’ = ker(ad Hy). Notice that we have 0(H,) = —H, and 0(X,) = —Y,.



40 OEH

Remark 2.9. The elements X, and Y, are nilpotent elements of g, i.e. their ad-
joint representations are nilpotent endomorphisms. More precisely, they are nilpo-
tent elements of convex type, i.e. their adjoint orbits Oy, and Oy, are contained
in the up to sign unique minimal pointed generating invariant cone £W,;, (cf.
Definition 2.2). Suppose that the sign of W, is chosen so that X, € Wiyn.
Then Y, € —Wyn because Wiy, is f-invariant and 6(X,) = —Y,. We identify
g* with g via the Cartan-Killing form of g. Then, since Wi C Wiax = —Whin™
and the dual cone O , resp. Oy , is pointed and generating, we actually have
O;(N - _O;;,i = _vaax- u

Proposition 2.10.  The Lie algebra b, := go(H,) + 91(Hs) + 92(H,) is a
mazximal parabolic subalgebra of g. Moreover, we have go(H,) = RH, @ g,, where
Or = 35(im k), and (g., Hy— %UK) is a Lie algebra of hermitian type. More precisely,
0. 18 either abelian or reductive with exactly one hermitian simple ideal of tube type
and of real rank rankgg — 1. On V, = g1(Hy), there ezists a skew-symmetric
bilinear map
B:VexVi—3.:=0g2(H,) =RX, =3(b,) =R

such that (Vi, B) is a symplectic g, -module of convex type with respect to the adjoint
action. In particular, we have

b. = jn X RHR with jn = g(gm Vmﬁm 6)
in terms of Spindler’s construction, and j, is admissible.

Proof. b, is maximal parabolic by [12, Prop. 1V.22]. By [39, p. 112], the
subspace V,, is a faithful irreducible go(H,)-module with respect to the adjoint
action and it satisfies [V, Vi] = g2(H,). By [39, Ch. III Prop. 1.3], the subalgebra
(9x, Ho — %U,.;) is of hermitian type, and by [39, Ch. IIT Thm. 3.3], there exists
a symplectic form 5 : Vi x V, — g2(H,) such that the adjoint action of g, on
V.. induces an (H;)-homomorphism (g,, Hy) — (sp(Vi, ), 1) for some H-element
I, € sp(V,, ). Combining this with the faithfulness and irreducibility of the module
V., this shows that (Vj, ) is a symplectic g,-module of convex type by [25, Thm.
IV.6]. Now Theorem 2.3 implies that j,, = g(gx, Vi, 3x, ) is admissible, and we have
b. =j. X RH, by construction.

That g, is either abelian or reductive with exactly one simple hermitian ideal of

tube type follows from [39, p. 114-118] (see also Table 1). [
g [V
su(p,p) (p > 1) up—1p—1)
50%(2n) (n even) | s0*(2n —4) & sl(1, H)
sp(2n, R) sp(2n — 2, R)
s0(2,n)(n>3) | sl(2,R)®so(n—2)
¢7(—25) 50(2,10)

Table 1: Lie subalgebras g, for all hermitian simple Lie algebras of tube type and
all (H;)-homomorphisms « : s[(2,R) — g of multiplicity 1. This table is based on
[39, p. 114-118], where g, is classified for all hermitian simple Lie algebras and all
multiplicities of k.
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Proposition 2.11.  In the context of Proposition 2.10, let f = (Yy,:) € 35,
where (-,-) denotes the Cartan-Killing form of g. Let Wy C j, be the preimage
of the cone hsp(Vy, 5)+ under the canonical homomorphism ~; (cf. (5)). Then
We € {£Whax Njx}, where Wi C @ is a mazimal pointed generating invariant
closed convex cone in g.

Proof. Consider the positive definite bilinear form (-,-) := —(#-,-). Then f =
(X4, ). Since this formula also makes sense on g, we regard f as an element of g*
and denote its restriction to j, by fi.. Notice also that g, + Vi, C ker(f) because
this space is (-, -)-orthogonal to 3, by [12, Prop. V.2].

Let GG := Inn(g) and set J := Inng(j.). By [26, Prop. VIIL.2.4], we have W, = ;.
If we identify j,, with its dual via (-,-), we obtain

Wy, = Oh = {Y €y (J(V),Y) C Regh.

In the following, we identify g* with g via the Cartan-Killing form. Fix a maximal
pointed generating invariant cone Wy, in g so that Y, € —W .« and suppose that
Y € Whax Nje. Then Y € Wiyax = Oy, (cf. Remark 2.9). Hence Y € Wy,  since

Oy, ={Y €9: (G(Y,),Y) CRxo} C{Y €g: (J(Ys),Y) CRxo}.

Conversely, let Y € Wy, . Then we have (J(Y%),Y) C Ry. Since the J-orbit
J(Y;) C g is dense in Oy, = G(Y,) by [12, Proposition V.9], we actually have
(G(Y,),Y) CRsp and thus Y € 05 = Wiyax. ]

Lemma 2.12. Let g be a quasihermitian reductive Lie algebra with H -element
Hy and let h € [Hy,g] be an Euler element of g. Then there exists an (Hy)-
homomorphism k : (s(2,R), 1U) — (g, Ho) such that ad(k(3H)) = ad(h).

Proof. The case h = 0 is trivial. If g is hermitian simple and of tube type, then
the claim follows from [34, Rem. 2.14].

Therefore, suppose that h # 0 and let g = 3(g) ® g0 DD} _, 9k, where gy is compact
and g, is hermitian simple for 1 < k < n. Along this decomposition, we have
Hy=H,+ Y ,_, Hoy, where H, € 3(g) and Hyy € g is an H-element of g (cf.
[12, Rem. I1.2]). We recall that non-trivial Euler elements on simple quasihermitian
Lie algebras exist if and only if they are hermitian simple and of tube type. For
each 1 < k < n, there exists a (possibly trivial) (H;)-homomorphism

ok« (sl(2,R), %) — (gk, Hox), with ad(gok(%H)) = ad(hy).

Since the inclusion mapping ¢ : (gx, Hox) — (g, Ho) is an (H;)-homomorphism for
each 1 < k < n, we obtain an (H;)-homomorphism k := Y _;_, tx 0 @) with the
desired properties. [ |

Theorem 2.13.  Suppose that g, is hermitian simple and of tube type and let
h. € 9.° = [Ho, gx] be a non-trivial Euler element of g,.. Then h := %Hﬁ + h,. € b,
is an Euler element of g and b, and we have g (h) = (b,)1(h) and h € g7?.

Proof. Recall from Proposition 2.10 that HO—%U,Q isan H -element of g, . Hence,
by Lemma 2.12; there exists an (Hy)-homomorphism

Ko : (51(2,R), YU) — (9., Hy — 3U,)  with ko(3H) = h,..
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In particular, (2h,,ro(X),ko(Y)) is an sly-triple. Using this data, we endow
0.1 (h) with the structure of a simple euclidean Jordan algebra with unit element
ko(X) via the KKT-construction (cf. Appendix A.1).

Since g, = 34(im k) commutes with U, , the inclusion
L2 8y Ho — 5Ux) = (g, Ho)
is an (H;)-homomorphism. Hence, the commutative sum
= (1oko)+ K (sl(2,R),3U) = (g, Ho), x> t(ko(x)) + k(x),

h, + %HH = h. In particular, h induces

is an (H;)-homomorphism with (3 H) =
{0,£35,£1}. We claim that h is actually an

a b-grading on g with spec(adh) C
Euler element of g.

To this end, we endow g;(h) with the structure of a simple euclidean Jordan
algebra with unit element &A(X) = X, + ko(X). Then g.i(h,) C gi(h) is a
Jordan subalgebra of g;(h) because g, commutes with the image of x. Recall now
from Appendix A.1 that the tube type algebra g corresponds uniquely to a simple
euclidean Jordan algebra, say E, via the KKT-construction, and that g, (h) = E®
for some 1 < ¢ < r := rankg g. The same observation applies to the tube type
subalgebra g, , and a case-by-case analysis using Table 1 and Table A.1 shows that
9r1(he) = EC~Y. This implies ¢ € {r — 1,7}. Since g,(h) contains X, € im, it
is strictly larger than g, 1(hs), so that £ = r and therefore g;(h) = E) = E. This
shows that h is an Euler element of g.

In particular, h € b, is an Euler element of b,. It remains to observe that
(bs)1(h) = g1(h). To this end, we decompose g;(h) into eigenspaces of ad(H,)
and see that gi(h) N g\(H,) is non-trivial if and only if A € {0, 1,2} because both
h.. and %Hﬁ induce 5-gradings on g and commute. Hence we have

01(h) = ga(he + LH,) = RX, @ g1(hy) & (91 (h) N g1 (3H,)) C b W (9)

Remark 2.14. (The Jordan algebra structure on (b,);(h)) (1) In the notation of
the proof of Theorem 2.13, the Jordan algebra structure on F := gy(h) is given by

1

a-b= 5[[@,1@ + ko(Y)],b] for a,be E.
(cf. Appendix A). Since k¢(Y) € g,, which commutes with the image of &, it is easy
to see that X, is an idempotent of E. We have g;(h,) C go(H,) because otherwise
h would not be an Euler element of g. Hence, g1(h,) C Eo(X,). Furthermore, if
x € g1(H,), then . )
“1X,., Y, Y, 2] = ~[Hy, 2] = =
2[[ K H"{"‘QO( )]wr] 2[ mx] 2$7
which shows g;(H,) ﬂg%(h,.g) C Ex (hy). This shows that F;(X,) = RX,, i.e. X, is
a primitive idempotent. From (9), we see that its Pierce decomposition is given by

El(Xm) = RX,, EO(XF») = g1(h,§), E (Xn) = g%(h,,b) N QI(HF»)-

1
2
(2) Suppose that g, is hermitian simple. Then [35, Lem. 3.4] shows that 7y, :=
2 ady, (h,) is an antisymplectic involution on V,, = g;(H,). Hence, Ey (X,) is given
by the 1-eigenspace V. ; of 7y, in this case. [ ]
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Example 2.15. Let us consider the simple hermitian tube type Lie algebra
g = sp(2n+2,R), where n € N, and let s : (sl(2,R),1U) — (g, Hy) be an (Hy)-
homomorphism of multiplicity 1. It is straightforward to derive from Table 1 and
Proposition 2.10 that

g 2 sp(2n,R), e = Vi X 30 X g = hsp(R™), and b, 2 hesp(R?™").

Choose an Euler element h,, € g-?. As explained in Remark 2.14, the endomorphism
1y, = 2ady, (h) is an antisymplectic involution on V,; (cf. [35, Lem. 3.4]). As a
result, we obtain an isotropic decomposition

Ve=Ve1® Vi1 with V4 = ker(ry, Fidy,).

The linear endomorphism I := 2ady, (Hy — %Uﬂ) interchanges V., and V, _; and
is diagonalizable over (V)¢ = C?" with eigenvalues =+i.

3. Positive energy representations of extended admissible Lie groups

Throughout this section, we fix the following data: Let (V,Q) be a symplectic
vector space and let hesp(V, Q) = hsp(V, Q) x Ridy be the corresponding conformal
Jacobi algebra. The element idy denotes the outer derivation of the Jacobi algebra

hsp(V, Q) which acts by
idy (v, z,x) := (v,22,0) for (v,z,2) € V x 3 x sp(V, Q) = hsp(V, Q).

Here, 3 2 R denotes the center of hsp(V,Q2). In the notation of Example 2.15, this
derivation equals ad(H,) for a suitable sly-embedding . By the same example,
we may assume that hesp(V, Q) is embedded in a symplectic Lie algebra sp(V, Q)
as a maximal parabolic subalgebra with rankg sp(V,Q) = rankg sp(V, Q) + 1 with
respect to some H-element Hy € sp(V,Q) and an (H;)-homomorphism

K sl(2,R) — sp(V, Q).

We omit the k-subscripts from now on for the sake of readability.

Recall that the choice of the H-element H, determines a Cartan involution 6 :=
em2dHo with sp(V, Q) = ker(ad Hy), which restricts to a Cartan involution on the
subalgebra sp(V, Q). We identify heis(V,Q) with the subalgebra heis(V, Q) x {0}
of hsp(V,Q) and, similarly, hsp(V,Q) as a subalgebra of hesp(V, Q).

On the group level, we have the connected Lie group Heis(V,Q2) = V x 3 with Lie
algebra heis(V, ). Moreover, we set

HSp(V, €2) := Heis(V, Q) x Sp(V, ) and HCSp(V, Q) := HSp(V, Q) x, RZ,

where a,.(v, z,z) := (rv,r*z,z) for r € RY. In order to construct an Euler element
in hesp(V,Q), we fix a non-trivial Euler element h, € sp(V,Q)"%. Then 1y :=
2ady (hs) is an antisymplectic involution on (V,2). We define sy := sp(V, Q) (hs)
for A € {—1,0,1} and Vi = ker(ry Fidy). By Theorem 2.13 and Example 2.15,
the element h := }idy +h, is an Euler derivation of hsp(V,Q) and sp(V, Q) with

bsp(V,Q)o(h) = V_1 @ 50, bsp(V,Q)_1(h) =s_1, and bsp(V,Q)1(h) =3E V1 D s1.
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As described in Example 2.15, we obtain a complex structure I € sp(V,Q)? that
interchanges V) and V_; and satisfies Q(v, [v) > 0 for all v € V' \ {0}. On V¢, we
denote the +i-eigenspace of I by V*. Then the map

U:V SV v o= 2(v—1ilv)

1
2
is a linear isomorphism of real vector spaces with inverse given by ¥=!(v) := v+,
where T denotes the complex conjugate of v € V. Note that V' = ¥(V;) @i¥ (1)),

so that we can regard V; as a real form of V. We extend € to a complex bilinear
form on V. Then

() VExVESC (v,w) =iQT,w),
defines a scalar product on V* (cf. [14, p. 85]). More precisely, we have

(Vy,04) = %Q(Uah’) and  (py,qy) = %Q<p7 q) forveVpeV,qeV.,.

Moreover, we endow V; with a euclidean Lebesgue measure.
Finally, we endow Heis(V, ) =V} x V_; x R with the multiplication

(p,q,2) (¥, d,7) =+ ,a+d, 2+ 2+ 3(Qp,¢) + g, p))).

In some cases, it will be more convenient to work with the polarized Heisenberg
group Heis,(V,Q) = Vi x V_; x R with the multiplication

(p.q,2)0.d,2")=(p+p.q+¢, 2+ 7 +Qp,q)).
The map Heis(V, Q) — Heis,(V,Q), (p.q,2) = (p,q,z + 32p,q)), (10)

is a group isomorphism from Heis(V, ) to Heis,(V,(2).

3.1. Unitary representations of the conformal Jacobi group

Throughout this section, let
N :=Heis(V,Q) xR, T :=Z(Heis(V,Q)) =R, and D :=RJ}.

Notice that T' x, D = T'D is isomorphic to Aff(R)., i.e. the identity component of
the ax + b-group.

Definition 3.1. (1) A strongly continuous unitary representation (m,#) of a
connected Lie group G with L(G) = hsp(V, Q) is called a positive energy represen-
tation if hsp(V,Q); C Cy.

(2) Let (m,H) be a strongly continuous unitary representation of N. We say that
(m,H) is a positive (resp. negative) energy representation of N if the spectrum of
the infinitesimal generator of 7| is positive (resp. negative). If the spectrum of
the infinitesimal generator is strictly positive (resp. strictly negative), then we call
(m,H) a strictly positive (resp. strictly negative) energy representation. [

We note that, if (7, H) is a positive energy representation of N, then the restriction
of m to the subgroup T'D = Aff(R). = R x R} is a positive energy representation
in the sense that its restriction to the translation group R x {0} is a unitary one-
parameter group with a positive infinitesimal generator.
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Lemma 3.2. Let G = N x L be a connected Lie group such that L commutes
with T'. Let (m,H) be a strongly continuous unitary representation of G. Then
(m,H) decomposes into a direct sum H = Ho @ H_ ® H, of subrepresentations,
where (7|7, Ho) is the trivial representation and (w|n,Hx) is of strictly positive
(resp. strictly negative) energy.

Proof. Recall that TD = Aff(R).. We apply [18, Thm. 2.8] to decompose
H into T'D-invariant subspaces Ho @ Hy @ H_ such that (7|p, Ho) is the trivial
representation and (7|rp, Hy) is of strictly positive (resp. strictly negative) energy.
The subspaces Ho, H., and H_ are the spectral subspaces of the infinitesimal
generator of m|p corresponding to the subsets {0}, (0,00), and (—o0,0). Since
V' C Heis(V,Q2) and L commute with 7', these subspaces are also invariant under
V and L, so that Hy and H4 are also G-invariant. [

Theorem 3.3.  Let (m,H) be a strongly continuous unitary representation of N
of strictly positive (negative) energy. Then (7w, H) is equivalent to a direct sum of
irreducible representations of N of strictly positive (negative) energy.

Proof. Since N is separable and (7, #) can be decomposed into a direct sum
of cyclic subrepresentations, we may assume that H is separable. It is a well-
known consequence of Zorn’s Lemma that (7, H) is equivalent to a direct sum
(7ay Ha) B (7e, He), where (mq, Hq) is a direct sum of irreducible subrepresentations
and (7., H.) does not contain any irreducible subrepresentation. Hence, it suffices to
show that every strongly continuous unitary representation of N of strictly positive
(resp. negative) energy contains an irreducible subrepresentation.

We assume that (7, H) is a representation of strictly positive energy. The negative
energy case is treated analogously. Then the restriction of 7 to the affine subgroup
T D is of strictly positive energy, hence is equivalent to a multiple of the unique
irreducible representation of strictly positive energy (cf. [7]). We may thus assume
that H = L* (R}, %K) = L3R}, 2)®K, where K is a Hilbert space and the
restriction mpp 1= m|pp to TD =R x, R is given by

(mrp(2,7) [)(N) = X2 f(rA) for (z,7) ERX RN eR, feH.  (11)

In order to identify the representation of the subgroup V', we observe that =(V)
commutes with 7(7"), hence also with the von Neumann algebra 7(7")"” generated by
7(T), which coincides with the algebra of diagonal operators My, f € L*(R7, %),
which act on H by multiplication with bounded measurable functions f. This
implies that, for every v € V', the operator 7(v) is decomposable in the sense that

there exists a bounded operator-valued measurable function
F, :RY = B(K) such that (7(v)f)(X) = F,(A\)f()) for f € H, A e R

(cf. [41, Thm. 7.10]). If we identify H with the direct integral fsx K% | then this
+

argument shows that 7(g) is decomposable for every g € Heis(V, Q). After changing
F, on a d\-measurable subset of measure zero if necessary, we may assume that
T|Heis(v,) 18 a direct integral of unitary representations, i.e. we have

Fy(\)Fy(N) = eV p (0 forall A\ € R 0,0/ € V

(cf. [22]). For A = 1, we thus obtain a representation (p, ) of Heis(V,Q) with
p(v) :==F,(1) for v € V and p(z) :=e*idx for z € Z(Heis(V,)). By the Stone-
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von Neumann Theorem, the representation (p,K) is a direct sum of irreducible
subrepresentations. Let Ky C K be a non-zero closed subspace on which p acts
irreducibly. We claim that

Ho:={f eH: f(N) €Ky almost everywhere} = L2(Ri, %)@Ko

is an irreducible subrepresentation of (w,H). It follows from (11) that H, is T'D-
invariant. Let f € H,v € V,r € D, and A € R}. Then

Fu(NF) = (7(r0) f)N) = (x(r)n(0)(2) )N
= BN (1) 1)) = B (rA) f()
shows that — (n(v)/)(\) = Fu(A)F(N) = Fx(1)f(A) = pO)f (V).

In particular, H, is also V-invariant and therefore N-invariant. In order to show
that (m,Hg) is irreducible, we consider an orthogonal projection Py, commuting
with 7. Since Py, commutes with 7(7"), we may assume that Py, is represented by
a measurable function Pg : A — Pg(A) on RY with values in the set of orthogonal
projections on K. Then (11) implies that Py is constant almost everywhere, and the
fact that Pc()) is an orthogonal projection on Iy commuting with p(Heis(V,2))
implies that Pg()) is trivial for every A € RY. Hence, Py, is also trivial, which
finishes the proof. [ |

Remark 3.4. In order to classify the irreducible unitary representations of the
conformal Jacobi group and, more generally, the extended Lie groups G = G¢ xR7,
where G¢ = Heis(V, Q) x L is admissible, we use the well-known Mackey method
(cf. [19],]20],[43, Thm. 6.12]). If A and G are Lie groups, where A is abelian
and a : G — Aut(A) is a group homomorphism, then the equivalence classes
of irreducible unitary representations of the semidirect product A x, G can be
described as follows: Suppose that ¥ C A = Hom(A, T) is a measurable subset with
the property that it contains exactly one element of each G-orbit. We denote by a:
G — Aut(A) the induced action of G on A. Then every x € ¥ and every irreducible
unitary representation (p, ) of the stabilizer G, of x induce an irreducible unitary
representation (7, ,, H, ,) of Ax,G. Moreover, two representations m, , and m, »
are equivalent if and only if x = x’ and p and p’ are equivalent (cf. [43, Thm.
6.24]). In order to realize an induced representation m, ,, we fix a measure p from
the unique equivalence class of G-invariant measures on G//G,, which we identify
with G.xy C A. Furthermore, we fix a section s : G/G,, — G of the quotient map
¢, : G — G/G, such that s(¢(1)) = 1. For every g € G, we obtain a function

polg,x) = p(s(z)"'gs(g™".2)), g€G,xeCG/G,. (12)
We then define H, , := L*(G/Gy, u; K) and set
(Tp(@, )N () = X(@)@,(9: X)\/O9f (97" X)s
and f e L*(G/Gy, 1K), (a,g) € A x, G. (13)

The term d, is the Radon-Nikodym derivative of the measure g, := o 62;1 with
respect to . ]
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Lemma 3.5.  There exist exactly two equivalence classes of strongly continu-
ous irreducible unitary representations of N = Heis(V,Q) x, RY which are non-
trivial on T = Z(Heis(V,2)) and one equivalence class of strongly continuous irre-
ducible strictly positive energy representations (w,H). Its restriction to the subgroup
Heis(V, Q) is equivalent to the direct integral of representations

® dX\
/ (ﬂ-)\? H)\) 7’
Ry

where (mx, Hy) is a strongly continuous irreducible unitary representation of the
subgroup Heis(V, Q) with m\(z) = e #idy, for z € T.

Proof.  We identify N with Heis,(V,Q) x, R} using (10). We can then write
N as N = Ax H, where A := V_; xR and H := V; x R}, and H acts on
A by (p,7).(q,2) == (rq,7*2 + rQp,q)). All characters on A are of the form
X2 (0, 2) = e# ear) with (p,z) € Vi x R, so that we can identify A with
Vi x R. For p’ € V; and r > 0, we have

(0, 7) X0,) (@ 2') = Xoo) (0, 7)1 (0, 2) = X ooy (20, 2" — HQ(,q))
_X( (p+2p'),72 )(q, )

Thus, A decomposes into the H -orbits
Or =VixRE and Oy, =Rz x {0}, zel.

By Remark 3.4, every irreducible unitary representations of N is equivalent to a
representation (7, ,, H,,) as in (13), where x € A is a character and (p,K) is
an irreducible unitary representation of H, . If x € OR_T_,O for some x € Vj, then
(13) shows that m, , is trivial on 7" = R because every character in ORix,o = H.x
vanishes on 7T'.

On the other hand, if x € O4, then every induced representation , , is non-
trivial on 7T'. In this case, the stabilizer group H, is trivial, so that K = C and
p is trivial. This implies that there are, up to equivalence, exactly two strongly
continuous irreducible unitary representations of N which are non-trivial on the
center.The induced representations my of N corresponding to O can be realized
on H = L*(RY x V1,2 @ dz) by

(12 (p, ¢, 2) )N\, ) 1= eFN2eEAUNCD £(N 00— Ap), (p,q,2) € Vi x Vo x T, (14)

and (me(r) )N z) = f(rA,z), reRi=exp(Ridy) (15)
(cf. [28, Ex. 3.7]). In particular, we see that only 7, satisfies the positive energy
condition. The last part of the claim follows from the construction of =, . [ |

Definition 3.6. (1) Let (7,H) be the unitary positive energy representation of
Heis(V, Q) %, RY on H = L* (R} x Vi, 2 @ dz) = L3R}, 2)QL*(V4,dx) that we
obtain from Lemma 3.5. After composing with the isomorphism (10), we see that it
is given by

(7(p, 0, 2) )\, ) 1= X CFUD AN F(\ 3 Ap), (p, q,2)€Vix V1 xT, (16)
and (m(r) )N x) = f(rA,z), reR=exp(Ridy). (17)
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The metaplectic representation of the universal covering group S~p(V, Q) of Sp(V, Q)
on L*(V3,dz) extends to a representation on H by acting trivially on L*(R, %),

and it extends (7, H) to an irreducible unitary representations of HCSp(V, Q). From
now on, we denote the extension of (w,H) to HCSp(V,Q) by (v, H,).

(2) Let 7¢ be the involutive automorphism of G := HCSp(V, Q) with L(rg) =
emadh wwhere h € hesp(V, Q) is the Euler element that we defined in the introduction
of Section 3. Then the representation (v,H,) of G extends to an antiunitary
representation of the semidirect product G, as follows: If we realize (v,H,) on
L*(RY x Vi, 2 ® dz) as in (16) and (17), then (J,f)(\, z) := f(\, —z) for f € H,
satisfies v(7¢(g)) = Jov(g)d, for all ¢ € G (cf. [28, Ex. 3.7]). We denote the
antiunitary extension of (v, H,) to G, by (v,,H,). [

Remark 3.7.  The positive cone C, C hsp(V,Q) of the representation (v, H,) is
the cone hsp(V, Q). (cf. (6)) by (cf. [28, Ex. 3.7]).

The cone W, := {z € bhsp(V,) : inf(spec(—idv(x))) > —oo} of semibounded
elements of (v,H,) coincides with C,. This can be seen by considering, for a
compactly embedded Cartan subalgebra t; C sp(V, Q) and the compactly embedded
Cartan subalgebra t := {0} x 3 X t;, the intersections of C, and W, with t: For
(0,z,zs) € W, Nt, the element z, is contained in the up to sign unique pointed
generating invariant closed convex cone of sp(V, ), so that z; € C,. From (16),
we see that —idv(z) is bounded from below if and only if z > 0. This shows that
C,Nt=W, Nt and therefore C, = W, by [26, Prop. VII.3.31]. (]

Corollary 3.8.  Every strictly positive (negative) energy representation (m,H)
of N is a multiple of the unique irreducible strictly positive (negative) energy
representation.

Proof. This is a consequence of Theorem 3.3 and Lemma 3.5. |

Remark 3.9. The restriction of v to the affine subgroup TD = Aff(R). is

equivalent to a strictly positive energy representation of Aff(R). on L*(RY, df),

which can be seen via the identification H = L?(R7, %)@LQ(VM dx). The restriction
of vor1g to T'D yields an irreducible strictly negative energy representation. |

Lemma 3.10. Let G = N xS be a semidirect product of N with a connected
perfect Lie group S. Let (w1, H) and (me, H) be strongly continuous unitary repre-
sentations of G such that m|ny= 2|y and m|n is irreducible. Then m = my.

Proof. We have 7;(N)" = C1 by Schur’s Lemma. Moreover, the map
X: S = m(N) =Cl, s m(s)m(s)™,

is a strongly continuous group representation because

1 1

X(s8") = mi(ss")ma(ss") = mi(s)m(s")ma(s") " Ima(s) T = mi(s)x (s )ma(s) "
= mi(s)ma(s) "' x(s") = x(s)x(s")

for all s,s" € S. Since L(S) is perfect and the image of x is abelian, the derived
representation dy of the Lie algebra L(S) is trivial. Hence, x is constant and
therefore m(s) = ma(s) for all s € S. [
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Corollary 3.11.  Let G = Heis(V,Q) x (Sp(V,Q) x RY) and let (m,H) be a
strongly continuous unitary representation of G such that (w|n,H) is irreducible
and of strictly positive energy. Then (m,H) = (v, H,).

Proof. The positive energy condition on 7m combined with Lemma 3.5 implies
that (7|y,H) = (v|n,H). By Lemma 3.10, the extension of the irreducible repre-
sentation v|y to G is unique, which proves the claim. [ ]

In the proposition below, we show that (v, H,) can be extended to a unitary highest
weight representation of S~p(‘~/, Q) up to coverings. Before stating the result, we have
to introduce the following data: Recall that we have fixed on sp(V,Q) a Cartan
involution @ at the beginning of Section 3 such that the Euler element h € sp(V, Q)
satisfies #(h) = —h (see also Theorem 2.13). This implies that the involution
7, = b e Aut(sp(V,Q)) commutes with 6. Let sp(V,Q) = ¢ @ p be the
Cartan decomposition with respect to . We fix a maximal compactly embedded
Tp-invariant Cartan subalgebra t C £ and a maximal abelian subspace a C p with
h € a. By Moore’s Theorem (cf. [23, Thm. 2]), the restricted root system > C a* is
of type (Cy41), i.e. we have

Y={t(eprte) 1 <k<l<r+1}U{f2e:1<k<r+1},

where r + 1 := rankg 5p(‘~/, Q) = % dim V. We then fix a ¢-adapted positive system
AT C A= A(sp(V,Q)c, te) (cf. Def. 2.2) and a system IT:= {y1,..., 741} C AF
of strictly orthogonal roots, i.e. we have vy, + v, € A for k,¢ = 1,...,r+ 1 and
k # (. Using a Cayley transform, we can identify a as a subset of it in such a way
that v;|s= 2¢;. Having fixed this data, we obtain the following result:

Proposition 3.12.  Let B := (expb,) C S := Sp(V,Q) be the integral subgroup
with Lie algebra b, = hesp(V, Q). Let 75 € Aut(S) be the involutive automorphism
with L(ts) = 7 1= ™" qand let 75 be the involutive automorphism of B :=

HCSp(V, Q) with L(rg) = m24") | Let
q: B, — B, dlg=qs, q(15):=T7s,

where qg : B — B is the corresponding covering map of B. Then there exists a
strongly continuous antiunitary representation (ws, Hg) of Sy such that (msoq, Hs)
is equivalent to (v, H,). Its restriction to S is unitary highest weight representation

of highest weight X € 13(€)* with A= —3 Z;i £j.

Proof. The unitary highest weight representation of S of highest weight A can
be realized as follows: Let

S:={(z,v) €eCx VT :3(z) + 2iQ(v,v) > 0},

where [ is the complex structure on V' which we defined at the beginning of Section
3and VT C V¢ is its i-eigenspace. Then S is a Siegel domain of the second kind

(cf. [14, Def. IV.1]). For ¢ := 3, we consider the positive definite kernel

Ke((z,0), (2/,0") := (47 (52 — 2iQ(v, U’)))ic for (z,v),(z",v") € S.

24

We denote the corresponding reproducing kernel Hilbert space in Hol(S) by H.. We
apply [14, Prop. IV.8] in order to obtain a strongly continuous unitary representation
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(m,H.) of HéSp(V, ). The restriction of 7 to the subgroup Heis(V, Q) x R} is
irreducible (cf. [14, p. 172]) and non-trivial on the center. We may without loss of
generality assume that (7, H,.) is a positive energy representation (cf. Remark 3.9).
Hence, (m,H,) is equivalent to (v, #H,) by Corollary 3.11. Now [14, Thm. VI.3] and
[14, Prop. VI.7] show that there exists a strongly continuous unitary highest weight
representation (7gg, H.) of Sp(V, ) such that mgo o gg = 7. The highest weight
A € it* of (mg0,H.) is of scalar type, i.e. it vanishes on t N [¢, €], so that we may
regard it as an element of i3(€¢)*. It is uniquely determined by A(%;) = —c, which
implies A\(§¢) = —c for 1 < ¢ <r+1 (cf. [14, Lem. II1.3(i)]) and therefore
r+1 r+1 r41

Mo= D AFj)ej = —cY &5 = —% > e
j=1 j=1 j=1

In view of the uniqueness of antiunitary extensions to B, (cf. [30, Thm. 2.11]), it
only remains to show that an extension of (7g¢, H.) to an antiunitary representation
(ms, Hc) of S; exists because we have already shown that (7sg 0 qs, He) = (v, H,).
Since h induces a 3-grading on sp(V,Q), we have 3(¢) C sp(V, Q)™ by [34, Lem.
2.15] and [34, Prop. 2.20]. Moreover, the compactly embedded Cartan subalgebra t
decomposes into t = 3(¢) @ (tN[¢, ¢]), and both summands are 73,-invariant. Since A
vanishes on tN[¢, €], we have Aot = —\. The representation (mggo7, H.) is a unitary
highest weight representation with highest weight A o7 and the dual representation
(75,0, ) is a unitary highest weight representation with highest weight —\ (cf. [26,
Prop. 1X.1.13]). The previous discussion now shows that (mwsg o 7,H.) = (75, H)

because the highest weights coincide (cf. [26, Thm. X.4.2]). By [30, Lem. 2.16], this
implies that an antiunitary extension of (g, H.) exists. ]

3.2. A factorization theorem

Throughout this section, let go = g([,V,3,Q) be an admissible Lie algebra that
is defined in terms of Spindler’s construction, where 3 = 3(gc) = R and (V,Q)
is a symplectic [-module of convex type. Let g = gc x Ridy and denote by
p:l—=sp(V,Q) the homomorphism that corresponds to the representationof [ on V.

Let Vg hCﬁp(VV, Q)v (U,Z,I,T’idv) = (’U,Z,p(ff),?“idv). (18)

Let L be a 1-connected Lie group with Lie algebra [ and let

G :=Heis(V, Q) x (L x RY).
Moreover, let 0 # h € g be an Euler element of g with adh of the form (7)
and let 7 € Aut(G) be the involutive automorphism with L(7g) = e™2d". Let
G, =Gx{1l,7¢} and L, :== L x{1,7¢|.}.
The following theorem provides a convenient description of all strongly continuous

unitary representations of G which satisfy the positive energy condition on the
subgroup N = Heis(V, Q) x, R} :

Theorem 3.13. (Factorization Theorem) Let (m,H) be a strongly continuous
unitary representation of G with discrete kernel such that (m|y,H) is a strictly
positive enerqy representation. Then there exists a strongly continuous unitary
representation (7, Hy) of L such that H = H @M, and m = 71X, (cf. Appendix
B.1), where v, is the pullback of the representation (v,H,) of HCSp(V,Q) wvia the
group homomorphism whose derivative is ~v. Moreover, the following holds:
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(a) N acts trivially on Hp, .

(b) We have ©(G) = m (L) ®idy, . In particular, (w,H) is irreducible if and only
if (7, Hyp) is irreducible.

(c) The positive cone Cr C g of (m,H) is contained in the positive cone C,.  of
(vy, Ho).

(d) Suppose that the positive cone C. C g of (m,H) generates gc and that (7w, H) is
irreducible. Let t, C | be a compactly embedded Cartan subalgebra of | and A™
be an adapted positive system with respect to the compactly embedded Cartan sub-
algebra t:={0}x3xt; of go such that Cpy, C CrNt C Chax (¢f. Definition 2.2) .
Then (mp,Hy) is a unitary highest weight representation with respect to A™.

(e) If U is semisimple, then (mw|y,H) is irreducible if and only if (m,H) = (v, H,).
Proof. The first part of the claim follows by an adaptation of the proof of the
Metaplectic Factorization Theorem (cf. [38] or [26, Thm. X.3.7]): By Corollary
3.8, the representation (7|y,H) is a multiple of (v,H,). Hence, we may assume
that H = Hp ® H, and that 7(n) = idy, ®v(n) for n € N. For g € L, let
7'(g) := 7(g)(idy, ®v,(g)"). Then we have

' (g)m(n) = m(g)(idy, ®v,(g) ") (idy, @v(n))
= m(g)(idw, ®vy(9) " v(n)rs(g))(idw, ®v4(9)")
= m(g)m(g " ng)(ids, ®1,(9)"") = 7(n)7'(g).
In particular, 7(g) € m(N) = B(H ) ®idy, and hence we have (7'(g)=mp(g9) ® idy,
for some 7 (g) € U(H). From
m1(g)mL(9)) ® idy, = 7'(9)7'(¢') = m(g)(ids, @r4(9~"))7'(¢)
= 7(g)7(g')(idp, @v,(g7))
= m(g)m(g)(idn, @r4(99") ")

for all g,¢’ € L, we see that (77, #) is a continuous unitary representation of L,
which we trivially extend to a representation of G. This proves (a).
(b) Since m(N) = B(H)®idy, , we have 7 (L) ®idy, = m(G)' . Hence, (7, Hr)
is irreducible if and only if (7, H) is irreducible by Schur’s Lemma.

(c) Let 2 = (v,2,y) € Cr CV x3xl=gc. For unit vectors v € H° and w € HX,
we then have

(10vy(z)w, w) = (i0m(z)(v ® w),v ® w) — (i0rL(x)v,v) < —(i0nL(z)v,v).
This shows that —idv,(x) is bounded from below, so that v(x) € C, = hsp(V, Q)
by Remark 3.7 and therefore x € CVV

(d) The representation (7, H) is irreducible by (b). Now we choose an element
€ (CrNt° C C?,,. For unit vectors v € H® and w € H)°, we then have

(10mp(x)v,v) = (@07 (z)(v @ w),v @ w) — (10vy(z)w, w) < —(i0v,(x)w,w).

Hence, —i0n(z) is bounded from below. By [26, Cor. X.2.10], this implies that
(7r,Hy) is a highest weight representation with respect to A™.
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(e) Suppose that [ is semisimple. Then L is a perfect Lie group. If (7|y,#H) is
irreducible, then the positive energy assumption on (7, H) and Lemma 3.5 imply
that (7|y,H) is equivalent to the irreducible representation (v|y,H,). By Lemma
3.10 we know that the extension of (7|y,#H) to G is unique. Therefore, we have
(m,H) = (vy,H,), which proves (e). ]

Proposition 3.14.  In the context of Theorem 3.13, the following are equivalent:
(a) The representation (wp,Hy) extends to an antiunitary representation of L. .
(b) The representation (w,H) extends to an antiunitary representation of G .

In this case, the operator m(1g) can be written as a tensor product Jp, ® J, of
antiunitary involutions on Hy , respectively H, .

Proof. Recall from Lemma 2.7 that the homomorphism 7 : g — hesp(V, ) maps
h onto an Euler element of hesp(V,2). Thus, by Definition 3.6, the representation
(vy,H,) of G extends to an antiunitary representation of G, i.e. there exists an
antiunitary involution .J, on H, such that v,(r¢(g)) = J,v,(g)J, for all g € G.
Hence, (a) = (b) is clear because the tensor product of two antiunitary involutions
is a well-defined antiunitary involution.

Conversely, suppose that there exists an antiunitary involution J on H with
m(1¢(g)) = Jn(g)J for all g € G. We fix an antiunitary involution I on H.
Then we have

(I @ Jy)(idy, @1y(9)) (I ® Jy) = (idw,, ©vy(76(9))) = J(idy, @v4(9))J

for all g € N = Heis(V,Q) x, RY. This shows that 7|y can be extended to an
antiunitary representation of N x {1,7¢|x} by both J and I, ® J,. By [30, Thm.
2.11], there exists a unitary operator ® € 7(N) such that ®(I, ® J,) = J®. Since
m(N) = B(Hp) ® idy, , we have & = U ® idy, for some ¥ € U(H), so that
J= (VI YH®J,. If weset J,:=WI,¥~! then we obtain for all g € L that

m(1a(9)) = Jn(g)J = (Jrmr(9)Jr) @ vy (1c(9)))-

Hence, we have

m1(1a(9)) ® iy, = 7(76(9)) (s, ®v4(76(9) ™) = (Jimi(g) L) @ idy, .

By identifying H; with Hy ® v C H;@H,, for some unit vector v € ‘H,, the claim
follows. [

The following proposition discusses the commutant of antiunitary representations
(m,H) of G, with discrete kernel for which the restriction to N is a representation
with strictly positive energy. We recall from [30, Thm. 2.11] that, if (7, H) is
irreducible, then the commutant 7(G,)" C B(H) is either isomorphic to R, C,
or H. The restriction of 7 to G is irreducible if and only if 7(G,)" = R. In the
other two cases, the restriction to GG is a direct sum of two irreducible representations
which do not extend to an antiunitary representation of GG, and which are equivalent

if and only if 7(G,) = C.
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Proposition 3.15.  Let (m,H) be a strongly continuous antiunitary represen-
tation of G, with discrete kernel such that (7|y,H) is a strictly positive energy
representation. Let (|q, H) = (7, K, H ®H,) be the factorization of w|q from
Theorem 3.13. Then we have w(G,) = 7 (L.) . In particular, (7, H) is irreducible
if and only if the antiunitary extension of (wp,Hr) to L, (cf. Proposition 3.14) is
irreducible.

Proof. We assume that (7|g,H) is realized on H ®%H, as in Theorem 3.13.
Then, by the same theorem, we have 7(G) = 71 (L) ® idy, . By Proposition 3.14,
we have 7(7¢) = J, ® J,, and the antiunitary involution J, satisfies the condition
Jrmr(9)JL = 7 (16(g)) forall g € L. This implies that 7 (L, ) ®idy, C 7(G,)". On
the other hand, if A ®idy, € 7(G,) C 7(G)’, we have (AJL) ® J, = (JLA) ® J,,
which implies AJ;, = J A and therefore A € w(L,)’. This finally proves that
7(G;) = mp(L;) ®idy, .

The antiunitary representation (m, M), resp. the antiunitary extension of (7, Hp)
to L,, is irreducible if and only if 7(G,)" = 7 (L;)" is isomorphic to R, C, or H (cf.
[30, Thm. 2.11]), which finishes the proof. ]

4. Nets of standard subspaces on extended admissible Lie groups

In this section, we will construct nets of standard subspaces on admissible Lie groups
using the methods developed in [31]. In this introduction, we recall the central
definitions and results needed for the construction.

We first consider the following setting:

(A1) Let (G,7¢) be a connected symmetric Lie group with Lie algebra g and let
7:=L(71¢).

(A2) Let 0# h € g" be an Euler element of g.

(A3) Let (m,H) be a strongly continuous antiunitary representation of the group
G, = G x {1,7¢} with discrete kernel. We assume that the positive cone
Cr C g generates a hyperplane ideal go C g.

(A4) We assume that g = gc + Rh. The Euler element h induces a 3-grading
on g that we denote by g = g_1 ® go @ g1. Obviously, we have g1 C gc¢.
Moreover, we assume that 7 = /™ 2d(%)

Under the above assumptions, we obtain a standard subspace V(3 ) of H given by

AT/2m n(exp(th)) and J:=m(rg), teR.

Moreover, we set G11 1= expa(g+1)-

Definition 4.1. (1) (cf. [31, Def. 3.2]) Let V:= V., as above. We define
Ve :=VNH® and V *:={ae€H > Sa((V)*)={0}}

(2) (cf. [31, Def. 3.6]) We define H_3° as the set of distribution vectors n € H~>°
for which the orbit map

"R —H™, o"(t) =71 (exp(th))n = no w(exp(—th)) (19)

(cf. Appendix B), extends to a weak-*-continuous map on S, which is weak-*-
holomorphic on S;, where S, :={2€C:0< 3z < 7}.
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We denote by H_3°; the set of those distribution vectors n € H." for which the

extension of o satisfies o”(7i) = Jn. By [31, Lem. 3.12], we have H_3°;, C V= if
L(Sy) generates g.

(3) Fix a left invariant Haar measure on G. For a real subspace E C H™>° and an
open subset O C G, we define

He(O) := spang (m=°(C*(O,R))E) and Hg(O) := spang(n=(C*(O))E).
We say that E is G -cyclic if He(G) =H. ]

The following theorem has been proven in [31, Thm. 5.3|, where it is formulated for
the case of irreducible antiunitary representations of hermitian simple Lie groups of
tube type:

Theorem 4.2. Let E C H™ be a real subspace that satisfies the following
conditions:

(C1) E is contained in V~°°.
(C2) E is invariant under A := (exp(th))icr-
(C3) E is G-cyclic.

Then, for every non-empty open subset O C G, the real subspace V(O) := Hg(O)
of H is cyclic, i.e. V(O) +1iV(O) is dense in H, and the following assertions hold:

(a) For two non-empty open subsets O1 C Oy C G, we have V(Oy) C V(O,).

(b) For every g € G and every non-empty open subset O C G, we have V(gO) =
m(g)V(O).

(c) Let Cy = (£C;)Ngs1(h) and S := G exp(CL ® C?). Then V() = He(5).
For every g € G, the subspace V(gS) is standard and the corresponding pair of
modular objects (Av(ys), Jugs)) s determined by

AT = m(exp(tAd(g)h)) fort €R and  Jygs) = m(g7a(g) ™)
(d) For every non-empty open subset O C G that satisfies O C gS for some g € G,
the subspace V(O) is standard.

(e) V(gS) =V(gS™") =V(g7a(S)) for every g € G.

Proof.  The fact that E is G-cyclic and A-invariant implies that Hg(Q) is cyclic
for every non-empty open subset O C G (cf. [31, Thm. 3.5]). The proof of the
remaining statements is identical to the proof of [31, Thm. 5.3]. ]

Remark 4.3. (1) The condition that E is contained in V= and is cyclic can
also be checked on a closed subgroup H C . To see this, we first note that the
space H> of smooth vectors of (m,#) is contained in the space H3 of smooth
vectors of (m|g,H). The inclusion H* — HS3 is continuous with respect to the
respective C'*°-topologies, so that, by taking the adjoint map, we obtain an inclusion
H ™ — H~° of the corresponding spaces of distributions. Hence, if o € H >, we
have S(a(VVNH>)) C S(a(VNHE)).
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In order to check the cyclicity condition, we first fix a d-sequence (0, )nen in C°(G)
and a left invariant Haar measure py on H. For every f € LY(H,ug), the
measure fuy is a finite complex Borel measure on G. This defines an inclusion
LYH,ug) — M(G) (cf. Appendix B). If p € C*(H), then 4, * (pun) € M(G)
corresponds to an element in C2°(G), which we denote by 4, * ¢. We have
nh_)nolo 7(0,) =1idy and nh_)nolo 7(0p x ) = nll_{rolo 7(0,)7 (@) = m(p)
in the strong operator topology. If n € H;™ is a distribution vector on H%, then
we have € H~°° by the argument above and 7=>°(p)n € H C ‘H~*° and therefore
lim =0, % @) = lim w(d,)7 (@) = 7> ().

n—oo

This shows that 7=>°(¢)n € Hg,(G).

(2) Suppose that G is 1-connected. Let g(Cy, 7, h) be the ideal of g that is generated
by CrNg; and CrNg_1. Then g := g(Cy, 7, h)+RA is T-invariant, so that the closed
subgroup G of G corresponding to the subalgebra § satisfies the conditions (A1)-
(A4) if the representation (m,H) is restricted to G'. Combining this observation
with (1), we see that it suffices to check the conditions of Theorem 4.2 on the closed
subgroup G.

(3) The isotony of the net constructed in Theorem 4.2, resp. in [31], follows
directly from the definition of Hg(QO) for O C G and does not actually require
any assumption on the positive cone of (m,H) or the real subspace E C H™>°.

However, in order to ensure that the net contains non-trivial inclusions of standard
subspaces, it is reasonable to assume that the endomorphism semigroup Sy of V is
“large” in the sense that it has a non-empty interior in G and is not a group. The
explicit formulas (1) and (2) for L(Sy), resp. Sy, from the introduction then show
that the element h with which V=V ;) was constructed is an Euler element of g
and that C is non-trivial.

Remark 4.4.  Suppose, in the context of Theorem 4.2, that (w, H) is irreducible.
If E # {0} and if Ec := E + iE is 7~ *°(7¢)-invariant, then E is automatically
G-cyclic: Using a d-sequence in C°(G), it is easy to see that Hg(G) # {0}.
Furthermore, we have 7(g)He(G) = He(9G) = He(G) by [31, Lem. 2.11], which
shows that Hg(G) is a non-trivial G-invariant closed subspace of H .

To see that He(G) is also invariant under the action of 74, we recall that m(7¢(g)) =
Jr(g)J for all g € G. Moreover, if pug is a left invariant Haar measure on G, then
la © Tg 1s also left invariant, so that pug o 7¢ = ug. Hence, we have for every
v € C®(G) and v € H that

r(re)m(i0)w = /G o(9)m(76(9)) Tv duc(g) = 7(ip 0 7). v,

and therefore 7(7¢)7 (@) (1) = 7(p o 7¢). In particular, we have
T (ra)m (@) = 7 (p o @) *(T0),

so that the 7~°°(7¢g)-invariance of E¢ implies that He(G) is also 7(7¢)-invariant.
Since (m,H) is irreducible, we thus have Hg(G) = H.
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4.1. Tensor products of standard subspaces and distribution vectors

In view of the Factorization Theorem 3.13, it is natural to construct a suitable
subspace E of distribution vectors satisfying the conditions (C1)—(C3) of Theorem
4.2 in two steps: First, we study subspaces E, C H > for the representation (v, H,)
of HéSp(V, ). Next, we construct a subspace E;, C H;* of the representation
(mp, M) using the results from [31] and verify that the tensor product E; ® E,
satisfies (C1)—(C3). This requires us to take a closer look at tensor products of
standard subspaces and tensor products of spaces of distribution vectors.

Definition 4.5. Let Vp C Hj be standard subspaces of complex Hilbert spaces
Hy, for k= 1,2 and denote the corresponding pair of modular objects by (Ag, Ji)-
Then we obtain a continuous antiunitary representation (p, Hi®@Hsy) of R* via

ple) = AT @ AT fort€ R and p(=1) == 1@ Ty,

The representation p determines a pair (A, J) of modular objects on Hy&H, given
by A = €™M and J := p(—1) (cf. [30, Lem. 2.21]), which in turn yields a
standard subspace V := FiX(JAl/Q) of H,@H,. We call V =: V,®V, the tensor
product of Vi and V. [ |

Remark 4.6.  For standard subspaces V; C ‘H; and Vo C Ho, the real algebraic
tensor product V; ® Vo of V; and V, is contained in V,®Vy: To see this, consider
vg € Vg (k=1,2). Then the orbit maps ay : t — A;zt/zﬂvk on R have a continuous
extension to the strip S, which is holomorphic on the interior with oy (i) = Jvy.
Hence, the tensor product ¢ +— a;(t) ® a(t) on R has a continuous extension to Sy
which is holomorphic on the interior and satisfies a(mi) = Jiv; ® Jove. Since this
holomorphic extension property characterizes elements of the standard subspace (cf.
(32, Prop. 2.1]), we have v; ® vy € Vi®V,.

To see that V; ® V, is dense in V;®V,, we first note that (Vi ®Vy)" =V, ®Vy is a
standard subspace of Hi®H, because it is contained in a separating subspace and
because (Vi +iVy) ® (Vo +1iVq) is dense in Hi;®Hy. Moreover, it is obvious from the

definition of V;&V, that Affl av, 1 @ V2 = V1 @V for all £ € R. Hence, we actually

have V1®V2 =V, ®V,y by [18, PI'Op. 310] |

Lemma 4.7. For k = 1,2, let G be a connected Lie group and let 1¢, be an
involutive automorphism of Gy. Let (m, Hi) be a strongly continuous antiunitary
representation of Gr, = Gy X {1,7¢,}. We endow H := H1@Hy with the tensor
product representation m := m ®me of G1 X G (cf. Appendix B.1). Let hy € L(Gy,)
be a fized point of 1, = L(7¢,) and let Vi, C Hy be the standard subspace specified
by Jy, = m(1q,) and A;Zt/zﬂ = mi(exp(thy)) for t € R. Suppose furthermore that
1g, € S_{,’k For V := V,®V,, the following holds:

(a) V§° @V is dense in V° with respect to the C* -topology on H™> .

(b) For every pair (ni,n2) € V{ > x V5> of distribution vectors, the tensor product
distribution vector m®@mne € H™>° (c¢f. Lemma B.2) is contained in V=>°.

Proof. (a) Since 1g, € S¢ , the interior of Sy, is dense in Sy, (cf. [10, Prop.
V.0.15]). Let v € V> and let (dkn)nen be a d-sequence of compactly supported
functions on Sy for k= 1,2. Then 7(61, ® dan)v converges to v in the C*-topo-
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logy. Hence, we may assume that v = 7(p1 ® w2)w for some ¢, € C(S7,) and
w € V. For every sequence (wy,)uen in V3 ® Vo converging to w in H (cf. Remark
4.6), the sequence (m(p1 ® Y2)wy)nen is contained in V* ® V3° and converges to v
in the C*°-topology, which proves the claim.

(b) Let (n,1m2) € Vi™ x V,;>. Since 7,&n, is continuous on H> by Lemma B.2,
the claim follows from (a) and the fact that (7 ® 72) vanishes on the C°°-dense
subspace (V})>® ® (V5)>. ]

Lemma 4.8. Let (G,7g) be a connected symmetric Lie group. For k = 1,2, let

(mk, Hi) be a strongly continuous antiunitary representation of G, = G x {1,756} .

We endow H := H,\QH, with the tensor product representation m := m R my of G

(cf. Appendix B.1). Let h € L(G) be a fized point of 7 = L(7g) and let Vy, C Hy,

be the standard subspace specified by Jy, = m(1¢,) and A;Ift/% = 7(exp(th)) for

t € R. Let V:=V,®Vy Suppose furthermore that 1 € G is contained in the closure

of the interior of the semigroup S := Sy, N Sy, C G. Then the following holds:

(a) VY ® VP is dense in V° with respect to the C*° -topology on H>.

(b) For every pair (n1,m2) € Vi X V5™ for which the tensor product n, @1y extends
to a continuous antilinear functional m®ny on H>®, we have n&n, € V0.

Proof. (a) By assumption, we have 1 € Sgk for k =1,2. By applying Lemma
4.7 to the tensor product representation (m ® my,H) of G x G and hy := h for
k=1,2, we see that V{® ® V5° is dense in VN H Since HY ., C H® = H>,

TR TR
it remains to show that VN H>?  is dense in V™ =V N H™.

Let v € V* and choose a d-sequence (6,)nen in C2°(S°). Then the sequence
(71 ® m2) (05 @ 6p)V)nen C Hprgm, NV

converges to v in the C*-topology of H>, which shows that VN H>

o om, 18 dense
in V. This proves (a).

(b) follows from (a) and the fact that (n; ®12) vanishes on the C*°-dense subspace
(V1)> @ (V3)>. m

Remark 4.9. Let G be a connected Lie group with Lie algebra g and let S C G
be a closed subsemigroup. If the Lie wedge
L(S):={z €g:exp(Ryz) C S}

of S generates g in the sense of Lie algebras, then 1 € G is contained in the closure
of the interior of S (cf. [15, Thm. 2.1]).

In the setting of (A1)—(A4) from the beginning of Section 4, the Lie wedge of the
endomorphism semigroup Sy of the standard subspace V := V, ) is given by

L(Sy) =C_(m,h) ® go(h) ® Cy(m,h) with Cy(m, h):=ge(h)NECr  (20)
([29, Cor. 5.5]). In particular, L(Sy) generates g if Co(m, h)—Cy(m, h) = g+1(h). =

4.2. Nets of standard subspaces on (v, H,)

We preserve the notation from the introduction of Section 3 and Subsection 3.1. In
this section, we show that there exists a subspace of distribution vectors which satis-
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fies conditions (C1)—(C3) of Theorem 4.2 in the case of the unique irreducible strictly
positive energy representation (v,H,) of the universal covering of the conformal
Jacobi group G := HCSp(V, Q) for which the restriction to N = Heis(V, Q) x, R
is irreducible.

This construction generalizes to the pullback representations (v,,#,) of extended
admissible Lie groups that occur in the context of the Factorization Theorem 3.13.
As we will show in Section 4.3 below, this construction is also extendable to tensor
product representations on Hilbert spaces of the form H; &%, , where the subgroup
N acts trivially on H,.

Throughout this section, we assume that (v,H,) is realized on the space H, =
L*(RY x V1,2 @ dz) as in Definition 3.6. Since we have fixed an Euler element
h = %idv +hs of hesp(V, ), we can identify HCSp(V, Q) with HCSp(R?*"), where
n = dim(V}), in such a way that h, corresponds to the element

171, 0
2\0 -1,/
Lemma 4.10.  Let p:=v|y_,«x7 be the restriction of (v, H,) (cf. Definition 3.6)

to the subgroup V_y x T'. For s € C with R(s) > 5, where n = dim(V1), the
integrals

wif)i= [ TOINGT, feng = )5, 1)

exist. Moreover, 1, defines a continuous antilinear functional on H%, = (H,)° of
smooth vectors of the representation (p,H,) and, in particular, on 7-[°° (’H,,)go.

Proof.  We recall from (16) that

(p(a,2) )\, x) = (0,4, 2) ) (A, ) = X720 £\ )

for (¢,2) € V.4 x T, f € H,. In particular, the universal enveloping algebra U(t)
of t := L(T) acts on H;°, by multiplication with quadratic polynomials in the
variable A and U(V_;) acts by multiplication with functions that are of the form
(A, z) = p(Axq, ..., Azx,), where p € R[xq, ..., x,] is a polynomial.

Fix m € N with m > 1R(s) and let

P\ x) = (1+ XN+ N|z]|))", AeRY,zeW.
Then the integral

)\23re )\
Jeh TS o

is finite. To see this, it suffices to show that the integral

0o )\2?)? s)—1 )\2§R s)—(n+1)
_ _ dwd)\ = dzd)
/0 / 1+ A2+ 22||z[P)em " / / L+ 22+ [z

is finite. The second equality in the above equation follows by rescaling x.

P\ z)
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First, we note that, for a constant ¢ > 1, we have
*° 1 o 1
————dr <2 ——dx
/Oo (c+ x2)2m — — /0 c2m 4 gAm

2 /1 —1 d +/OO ! d
— T X
0 62m+$4m 1 1+$2

2 T

—c2m 2

We apply this argument recursively to Z using Fubini’s Theorem and obtain

- ) oo )\2?}%(5)—(71—&-1) " o
< on M
[ T

for some constant C' > 0. The integral on the right hand side exists because
2R(s) —n >0 and 2m > R(s) — § by assumption. This proves Z < oo.

For every smooth vector f € H77,, the product Pf is contained in H,. As a result,
the integral (21) exists and we have

wih)= [ [ POAOT 5 5 = (Pt )

This shows that 7, € span(dp™>(U(V_y x t))H,) C H, ¥ (cf. [31, Lem. A.2]). In
particular, 7, is continuous. [ ]

Remark 4.11. If V = {0}, then N = R %, R} is isomorphic to the identity
component of the ax + b-group and (v,,H,) is the irreducible antiunitary represen-
tation of strictly positive energy. In this case, the distribution vector discussed in
Lemma 4.10 is equivalent to the distribution vector discussed in [31, Prop. 3.17].

Proposition 4.12.  Let s € C with R(s) > 5. Let 5 := sp(V,Q) and s := si(hs)
for k= —1,0,1. Then the following holds:

(a) Let Y €59 = {(gl _ng> tA € Mn(R)} C sp(2n,R).
Then v=>°(exp(y))ns = | det(exp(y)|v:)|~?ns for all t € R.
(b) v (exp(th))ns = 22y, where n = dim(V;).
(¢) The distribution vector 1, is invariant under the subgroup Vi x Sp(V, Q).
(d) v==(ra)ns = =5

Proof.  As described in the introduction to Section 4.2, we identify HCSp(V, )
with HCSp(R*") and Vi, with R" by choosing a symplectic basis, so that we may
assume that

H, = L*(RY x R", 2 @ dx)
and that Q is the standard symplectic form on R?". The restriction of the repre-
sentation (v,H,) to Heis(R?") can then be written as

(v(p, g, 2) )\, ) = XN ET2@meNe) f(\ o — Ap), (22)
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where p,q,z € R", 2 € R, A > 0, and (-,-) denotes the euclidean scalar product on
R™ with Q((0,q), (p,0)) = (g,p). Let f € H}.

(a) Let y € so9. Using the explicit description of the metaplectic representation for
exp(so) ([6, p. 191]), we then see that

=) = [ |detlesp(u)l) T e T o ds

R xR®
e A
= | det(exp(y)lv)|” /" f (A 2)X° == @ du
R xR" A
= [ det(exp(y)lv,)| ™0 (f).

(b) Let t € R. Then
SN
(== (exp(tidy)).)(f) = /R T S e

e d\
- [ aey Lew
RX xRn A
- etSUS(f)'
Combining this with (a), we obtain
v (exp(th))ns = v~ (exp(ths))v=>(exp(5 idy))ns = = ez %)y,

(c) Let p e Vi. Then we have

—00 _ TN o0 L\ sd)\ _ s@
(r™(p,0,0)n5)(f) = /Rian FO\z+ Ap)A T®d$ = /Rian F z)A 3 ® dx
=ns(f).

It remains to show the invariance under the abelian subgroup S~p(R2")1. We first
note that

51(h5):{(g 8) :CT:C} and 51(h5):{(8 ?) :BT:B}.

0 -1 2n\
1 O)ESp(R ) is

represented under v, up to a scalar factor, by the inverse Fourier transform

Next, we recall from [6, p. 179] that the element [ :=

1 .
-1 — i{z,y)
FD)O) = s [ SOy €.
since v(p, q)Fy = Fav(q, —p) on H,, for all p,q € R". Every element B € Sp(R?*),
is of the form ICI~' for some C' = (1 0) € Sp(R*)_; with CT = C. By [6, p.

C 1
191], we have, )
WOV (A x) = f(Nx),  fEH,.
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As a result, we obtain

(V= (B)n,)(f) = n(w(ICTIY )

1 . d\
- 72 / el@) e~ 1w (Fo f)(N, y) N dy—~ @ dx
(27T)n RiXR" R™ )\
1 / / . d\
_ et@=Cyu) (Fy Y\, y) N — @ dady
(2m)™/2 Jgn R xR™ (F2f)%9) A
1 / . d\
= et@ v (Fo YN, )N — @ dody
(2m)"? Jro Jrx e Fn) A
= ns(v(I TN f) = 1s(f)

(d) follows from

0= =N = [ fO—on T odi=n(p). W

R xR™

Theorem 4.13.  For s > %, let 7}, := e20=2%+ %, where n = dim(V}) and 1,
is defined as in (21). The real vector space

E, := spang{7s : s > 5} (23)

is contained in H, o, ; and is cyclic under the action of N = Heis(V,Q) xo R .

In particular, E, satisfies the conditions (C1)—(C3) of Theorem 4.2 with respect to
the standard subspace V specified by (h,7c).

Proof.  We recall from Proposition 4.12 that the orbit map o (cf. (19)) satisfies
o™ (t) = e~ %)y, for t € R. In particular, 0" extends via o (z) := e2=2)p, to a
weak- *-continuous map on S, which is weak-*-holomorphic on S,. Since we have
also shown in Proposition 4.12 that

V_OO(TG)T/S = s = — s,

it follows that E, C M,y ; . In order to show that E, C V7>, it therefore suffices
to show that H, & ; C V™. By [31, Lem. 3.12], this is the case if L(Sy) (cf. (20))
spans hesp(V, Q). Since the positive cone of (v,H,) is given by hsp(V, Q) (cf.
Remark 3.7), it is a consequence of [35, Thm. 3.17] that L(Sy) generates hesp(V, Q).

Therefore, we have E, C V™.

The fact that E, is N-cyclic follows from Remark 4.4 because E, # {0} and because
the restriction of (v,#,) to N is irreducible. ]

In the remainder of this subsection, we discuss a second construction of a real sub-
space Ep C H, > that satisfies (C1)—-(C3). To this end, we make use of the fact
that hesp(V, Q) can be embedded into sp(V, ), where dim V = dim V + 2, in such
a way that the Buler element h € hesp(V, Q) is also an Euler element of sp(V, Q)
and sp(V,Q)1(h) = besp(V,Q)1(h) (cf. Theorem 2.13). Recall that the represen-
tation (v,,H,) extends to an antiunitary representation (7,,H,) of Sp(V,Q), up
to coverings (cf. Proposition 3.12). The positive cone of this representation gener-
ates sp(V, Q) because it contains the positive cone of (v, ,,) (cf. Proposition 2.11).
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Hence, we can apply [31, Thm. 5.3] to the representation (#,,7H,) and obtain a real
subspace Ep C V7 that satisfies (C1)-(C3). The subspace Ep actually consists

of distribution vectors of the closed subgroup Sp(f/, Q)l and is cyclic under the ac-
tion of this group (cf. [31, Prop. 4.13]). Hence, Ep also satisfies (C1)—(C3) for the
representation (v, H,) (cf. Remark 4.3). By [31, Prop. 5.2], the space Ep is invari-
ant under the subgroup Sp(V,Q)_; Sp(V, Q)7 . In particular, it is invariant under
the subgroups V_; x 3 and Sp(V,Q)_1Sp(V, Q)" of HCSp(V, Q). To summarize, we

obtain the following result:

Theorem 4.14.  The real subspace Ep constructed above consists of distribution
vectors for the restriction of (v,H,) to Gy = Vi x T x Sp(V,Q),, where T =
Z(Heis(V,Q)) = R, and satisfies (C1)—(C3). Moreover, Ep is invariant under the
subgroup Sp(V,Q)_1HCSp(V,Q)".

Remark 4.15. The subspace Ep is realized as follows: As described in Remark
2.14, the subspace E := sp(V,Q);(h) can be endowed with the structure of a simple
cuclidean Jordan algebra. The antiunitary representation (77, H,,) of Sp(V,Q) can
then be realized on H, := L*(FE,u,), where ju, is a Riesz measure on E with
a parameter « (cf. Appendix A.2). The action of exp(F) = E is then given by
(7(2)f)(y) := e 2% f(y) for x,y € E. The distribution vectors in Ep are multiples
of

n(f) = /E F@ dpals), feH

(cf. [31, Sec. 4.4]). In our case, we have v = 3 by [11, Thm. 5.8] because the highest
weight A of 7 satisfies A|,= —3 Z;: Ej ]

Remark 4.16. We recall that Theorem 2.13, which proves the existence of a
common Euler element of sp(V,Q) and hesp(V, Q) 2 b,., also holds for every other
maximal parabolic subalgebra of the form b, (cf. Proposition 2.10) for which the
subalgebra g, is simple hermitian and of tube type (cf. Table 1). The results
from [14] which are used in the proof of Proposition 3.12 also hold for general
maximal parabolic subalgebras b, discussed in Section 2.2. Hence, we expect
that the construction from Theorem 4.13 can also be generalized to other maximal
parabolic subalgebras b, for which g, is hermitian simple and of tube type. Apart
from hesp(R*™), this is the case for the admissible Lie algebra of the form b, =
9(gx, V,R,5) x RH, with g, = s0(2,10). A description of the corresponding
symplectic g,-module structure on (V, ) can be found in [39, p. 118]. [

4.3. The general case

We now consider a 1-connected Lie group G¢ with an admissible Lie algebra gc
which is of the form go = g(I, V. 3,5) =V x 3 x [ in terms of Spindler’s construction
(cf. Section 2.1). We may assume that G¢ = Heis(V, Q) x L, where L is 1-connected
with L(L) = [.

In this paper, we will only discuss the case where 3 = 3(gc) = R, so that Q := ( is
a symplectic form on V (see also Section 6 for a perspective on the general case).
We assume that there exist non-zero Euler elements of [ and fix such an element
hy € [. Then h; acts as an antisymplectic involution on V', so that h := h; + %idv
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is an Euler derivation of go (cf. Section 2.2). The involution on g¢ induced by h
is denoted by 7 := €™3"  The corresponding extended Lie algebra is defined by
g := go + Ridy and its 1-connected Lie group is denoted by G = G¢ x, RY. We
denote by 7¢ the involutive automorphism of G with L(7g) = 7.

Let (m,H) be an irreducible strongly continuous antiunitary representation of G, =
G % {1,7¢} with discrete kernel such that the positive cone C, generates go. We
denote by V the standard subspace of H specified by

J:=m(rg) and A2 = r(exp(th)) forteR.

By [30, Thm. 2.11], the restricted unitary representation (7|g,#) is either irre-
ducible or the direct sum (7, @ 7, H, & H_) of two irreducible representations.
In the latter case, the antiunitary involution .J interchanges H, and H_. Since
7(Cr) = —Cr and JHy = Ho, we have Cr, = C,_ = C;. By applying Lemma
3.2, we see that (m|n,H+) is a representation of either strictly positive or strictly
negative energy because G acts irreducibly on H. . In particular, (7|y,H) is either
of strictly positive or strictly negative energy. We assume throughout this section
that (m|n,H) is of strictly positive energy.

By the Factorization Theorem 3.13 and Proposition 3.14, we may assume that (7, H)
is of the form (7R v, H,®H,), where the normal subgroup N = Heis(V, Q) x, R’
acts trivially on Hp, and v, is the unique antiunitary extension of the pullback via
(18) of the unique irreducible unitary representation of HCSp(V, Q) for which the
restriction to N is an irreducible positive energy representation. The antiunitary
representation (7r,H) is irreducible by Proposition 3.15.

By Proposition 3.14, the involution J can be written as a tensor product

J=J,®J,:=7(1¢) @ v(ra),

and the one parameter subgroup (A~%/?7), . as

AT =y (exp(the) @ vy (exp(th))  for t € R.

We thus obtain standard subspaces V;, C ‘H; and V,, C H, such that V= VL@V, .

Lemma 4.17.  The Lie wedge of the subsemigroup S := Sy, NSy, C G' generates
g. In particular, 1 € G is contained in the closure of the interior of S.

Proof.  The Lie wedges of Sy, and Sy, can be computed using (20) (cf. [29, Cor.
5.5]). Moreover, we have L(S) = L(Sy, ) NL(Sy,). It is obvious that go(h) C L(S5).
It remains to show that C, NC, Ngi1(h) generates g+1(h). We first recall from [35,
Thm. 3.17] that the intersection of gii(h) with C,, = v~ (hsp(V,Q)4) generates
g+1(h). As a consequence of Theorem 3.13(c)(d), there exists a minimal invariant
cone Wiy C go with Wiy, C €, which is also contained in C, because (7, Hy) is
a highest weight representation (cf. [26, Thm. X.4.1]). Furthermore, the intersection
Wiiin 1 := Whin N [ is a minimal invariant cone of [. From Lemma 2.6, we obtain

Ly(h) N Cyy = [y (h) N Wi = L1 (h) N C,. = Ly (h) Ny (hsp(V, Q),),

which generates [_1(h) = g_;(h).



64 OEH

Let v = (v,z,y) € C,, N (V1 x 3 x Li(h)) = C,, N g1(h). From (6), we see that we
must have y € C,, N [;(h) so that the previous discussion and Lemma 2.6 imply
that y € Wiy . Since V x 3 C Cr, holds trivially, this shows that x € C;, , so that
Cr, NC,, Ngi(h) generates gi(h). Hence, L(S) generates g = gc + Rh. The last
claim follows from Remark 4.9. ]

After these preparations, we obtain the following theorem, which is the main result
of this paper:

Theorem 4.18.  There exists a real subspace E C V~°° which satisfies the condi-
tions (C1)—(C3) of Theorem 4.2 and is invariant under the action of the subgroups
L™ and V.

Proof. By Proposition 3.15, the restriction of (7, H) to G is either irreducible
or a direct sum of two irreducible representations for which the positive cone is
pointed and generating in go. By applying Theorem 3.13 to each of these irre-
ducible subrepresentations, we see that (mp,Hy) is either a unitary highest weight
representation or the direct sum of two unitary highest weight representations of
G, respectively L = G¢/N because N = Heis(V, Q) x, R} acts trivially on Hy,
(cf. [26, Lem. 1X.2.19)]).

We can thus apply [31, Thm. 5.3] (see also [31, Rem. 5.4] and [31, Rem. 4.10]) to
obtain a real subspace E;, C H_ > ; C V> that satisfies the conditions (C1)-
(C3) of Theorem 4.2 for the representation (wp,Hz) of L and the Euler element
hy € [. Moreover, Ej, is invariant under L™ and L_; = G_1, and it is a cyclic space

of distribution vectors with respect to the action of Ly := exp, (I (h)).
On the other hand, we recall that the real subspace E, C H o2 ;, C V> (cf. (23))

v,ext,Jy
is cyclic under the action of N (cf. Theorem 4.13) and is fixed pointwise by L;
(cf. Proposition 4.12). By Proposition B.4 every element in E; ® E, extends to a
continuous antilinear functional on H*. We denote the subspace spanned by these
extensions by E. Since 1 € G is contained in the closure of the interior of Sy, NSy,
by Lemma 4.17, we can apply Lemma 4.8 and obtain E C V™°°. The invariance of
E under L7, Vi, and (exp(th)):er follows from the invariance properties of E; and

E,.

In order to show that E is G-cyclic, we only have to observe that E is non-trivial, so
that the irreducibility of (7, H) automatically implies that E is G-cyclic by Remark
4.4. ]

5. Nets on homogeneous spaces

As we have already mentioned in the introduction, we can use our construction from
Section 4 to obtain nets of standard subspaces on homogeneous spaces, which are
the space-times that these nets are often constructed on in AQFT. In this section,
we discuss various examples of this kind.

The general idea is that, having constructed a covariant isotone net of cyclic sub-
spaces indexed by open subsets of a Lie group G, we naturally obtain a covariant
isotone net on a homogeneous space G/P, where P C G is a closed subgroup, via
the quotient map ¢: G — G/P.
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Throughout this section, we preserve the context from the beginning of Section 4.3.
We apply the construction in Theorem 4.18 to the real subspace of distribution
vectors E of the antiunitary representation (m,H) of G, resp. the subspace Ep
that we obtain from Theorem 4.14 for the representation (v, 7,) of HCSp(V, Q).

Example 5.1.  Similar to the hermitian simple case (cf. [31, Sec. 5.2]), the con-
struction from Theorem 4.18 can be used to construct a net of cyclic subspaces on
the homogeneous space M := G/G™ which satisfies the Haag-Kastler axioms from
the introduction. Let qy : G — M be the canonical quotient map. For every
non-empty open region O C M, we define the cyclic subspace

Vr(0) := V(g3 (0)) = He(g; (0)).

This defines a G-covariant isotone net on M. Recall the subsemigroup S :=
GTexp(C? ® C?) C Sy (cf. Theorem 4.2), which acts as a wedge domain of the
original net on G. If we define W := q5;(S), then G™ C S implies

Var(W) = V(gy (W) = V(SGT) = V(S).

The same argument can also be applied to the net of cyclic subspaces on HC~Sp(V, Q)
which we obtained from the embedding of hesp(V,Q) into sp(V,Q) (cf. Theorem
4.14). In this case, the space Ep of distribution vectors is even invariant under the
closed subgroup P_ := G"G_1, so that we obtain a net of cyclic subspaces on G/P_
in the same way as above: If ¢_ : G — G/P_ denotes the canonical quotient map,
then we define for every open set O C G/P_ a cyclic subspace by

Va/p (0) :=V(¢='(0)) = He, (¢='(0)).
The wedge domain W_ := ¢_(S) then satisfies
Vep. (W-) =V(SP-) =V(SG_1) = V(95). (24)
because Ep is G_j-invariant (cf. [31, Lem. 2.11]). n

Example 5.2. (1) We consider the subgroup L C G = Heis(V, Q) x (L x RY)
(cf. Section 4.3) as the homogeneous space G/N, where N = Heis(V,Q) xR} C G.
The quotient map G — G/N then corresponds to the projection

pr: G =Heis(V,Q) x (L xRY) = L, (v,z,9,t) —g.
From the net O +— V(O) = Hg(O) on G, we then obtain a net on L defined by
O —V(Oyp) := V(pzl(OL)) for O, C L open.

Let Sy, := exp(C?) L™ exp((Cy N1)°), which is an open subgroup of L. Since [I,[] is
a Levi-complement of g, [28, Lem. 2.1(c)] implies that the preimage of Sy, under py,
is the wedge domain S = G7exp(C? @ C?) of the net on G. As a result, we have
V(S)=V.(SL).

We note that, even though the Lie algebra of L is reductive and quasihermitian, this
construction of a net on L is different from that in [31] because the pair of modular
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objects of V. (SL) is determined by h = hy + %idv ¢ [ and the involution 7¢ € L,
(cf. Theorem 4.2(c)). Moreover, the restriction of the representation (m,H) to L.
is in general not irreducible.

(2) Recall the example of the circle S' as a homogeneous space PSL(2,R)/P
from the introduction, where P is a two-dimensional subgroup. Suppose that
G = HCSp(R?), so that [ = sp(2, R) = s[(2,R). We assume that P and h are chosen
in such a way that L(P) = [_1(h) @ lo(h) and we denote by P C L = PSL(2,R)
the integral subgroup with Lie algebra L(P). Then L/P = R is a homogeneous
space and a covering of S!. We denote the corresponding (lifted) quotient map by
q: L — L/P. We consider the net @ — V(O) = Hg,(O) on G from Theorem
4.14 induced by the representation (v,H,). Then we apply (1) to obtain a net
O — V,(O) on L. The same construction as in Example 5.1 then leads to a net
indexed by open subsets on L/ P. Because of the invariance properties of Ep and
because p;'(L_1) = G_; (cf. [28, Lem. 2.1]), a similar computation as in (24) shows
that the cyclic subspace assigned to ¢(S;) C L/P is standard. [

Example 5.3.  We give an example of a homogeneous space where the preimages
of the open subsets are too large to determine whether they are assigned to standard
subspaces in the induced net of cyclic subspaces.

Suppose that G = HCSp(V, Q) = Heis(V, Q) x (Sp(V, Q) x RY). We have a natural
action of HCSp(V,Q2) on V given by

(v,z,g,t).w = etgw + v, (’U,Z,g,t) eV xTx Sp(V7 Q) X Riaw S ‘/7

which we lift to an action of G via the corresponding covering homomorphism
G — HCSp(V,Q). Then V = G/P, where P =T x (Sp(V,Q) x RY). We denote
by q: G — V the projection onto V.

Consider the net O +— V(O) on G that is induced by the unitary representation
(v,H,) of G and the distribution subspace Ep C H~>° from Theorem 4.14. For
an open subset Oy C V, we set Vy(Oy) := V(¢ '(Oy)), so that we obtain a
covariant isotone net on V. Recall that the Euler element h of g which we fixed
in the beginning of Section 4.3 determines a decomposition V' = V_; & V;, where
V,1 C go(h) and Vi C gl(h)

Consider a non-empty open subset Oy = O_;xO; C V_;xVj and let O := ¢ }(Oy/).
Let v; € Op. Then there exists x € sp(V,Q)1(h) and z € 3 such that (vy,z,2) €
Cy = bsp(V,Q); Ngi(h) (cf. Remark 3.7). From the definition of hsp(V,Q),, it
is straightforward to see that we also have (vy, —z, —z) € —bhsp(V, Q)1 Ngi(h). In
particular, we have O ¢ S = G7 exp(C? @ (), because the preimage of O; under
g cannot be contained in C . ]

6. Perspective

Consider a 1-connected Lie group G¢ with admissible Lie algebra go = g(I, V.3, 5).
If the dimension of the center 3 of g¢ is larger than 1, then the non-trivial Euler
derivations D € der(gc) are in general significantly more complicated than in the
one-dimensional case (cf. [35, Thm. 3.14]). In particular, the derivation may induce
a non-trivial 3-grading on 3 (cf. [35, Ex. 3.20]). As a result, there exists in general
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more than one class of irreducible representations of G = G¢ x exp(RD) of strictly
positive energy. This can be seen by considering the action of the automorphism
group induced by D on the characters on the center of G¢, by a similar argument
as in Lemma 3.5 (see also Remark 3.4).

This suggests that the results in this paper on the representation theory of extended
admissible Lie groups G as above can not immediately be generalized to the case
where dimj > 1. We will therefore discuss this case in the upcoming paper [36].

The higher dimensional analogs of the Jacobi algebra, which is the prototypi-
cal example for our construction, are the admissible Lie algebras hsp(V,5) =
heis(V, B) x sp(V, 5), where 8 is a j3-valued skew-symmetric bilinear map on V'
for which there exists a linear functional f € 3* such that f o g is non-degenerate.
We refer to [33, Sec. 5] for a first step towards classifying the admissible Lie alge-
bras g(I,V, 3, 3) with dimj > 1 in terms of their [-module structure and the bilinear

maps (.
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A. Jordan algebras

In this appendix, we recall all the basic facts about Jordan algebras which are needed
in this paper.

Definition A.1. (a) A (real) Jordan algebra is a pair (F,-) consisting of a real
vector space E and a bilinear map

-tExFE—FE, (z,y)~ x-y, such that

2 2

r-y=y-x and z-(z°-y)=2z°(r-y) forallz,yeE.

(b) A real Jordan algebra is called euclidean if there exists a scalar product (-,-)
on E with the property that

(x-y,z) =(y,x-2) forall z,y,z € E. (25)

(c) A Jordan algebra is called simple if it does not contain a non-trivial ideal. =

Definition A.2. Let E be a euclidean Jordan algebra with unit element e. A
Jordan frame is a subset F' = {cy,...,¢.} C FE of mutually orthogonal idempotents
of E with the property that Y, _, ¢ = e and every ¢ € F is primitive, i.e. it is
non-zero and cannot be written as the sum of two non-zero orthogonal idempotents.
We define rank F := r = |F| as the rank of E. ]

Let E be a simple euclidean Jordan algebra with unit e. For an idempotent
¢ € E, the corresponding left multiplication map L(c) is diagonalizable over E with
spec(L(c)) € {0,1,1} (cf. [5, Prop. I11.1.3]). We write E\(c) for the A-eigenspace
of L(c).
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Let F'={ci,...,¢} be a Jordan frame of E. Set
Ei = RCZ' and El] = E%(CZ)HE%(C]> for Z,j S {1,,7’},Z7£]

For 1 < k <r, we define

k
E(k) = El(Cl —|— Ce + Ck) = @ Ez @ @ EZ] (26)
i=1

1<i<j<k

Then E®) is a euclidean Jordan subalgebra of E with unit element c¢; 4+ ... + ¢,
and we have E = E). Moreover, one can show that E®) is also simple (cf. [8,
Prop. 4.1]). A complete list of the subalgebras E*) for all simple euclidean Jordan
algebras up to isomorphy can for example be found in [34, Table 3].

A.1. The Kantor-Koecher-Tits construction

We recall the well-known Kantor-Koecher-Tits construction (or KKT-construction),
which gives a one-to-one correspondence between hermitian simple Lie algebras of
tube type and simple euclidean Jordan algebras (cf. [16],[17],[42]).

Definition A.3. Let g be a Lie algebra. A triple (h,z,y) € g* is called an
sly -triple if
[h,2] =2z, [hy]=-2y, and [z,y]=nh. n

Let g be a hermitian simple Lie algebra of tube type with a Cartan involution 6.
Let 0 # h € g% be an Euler element (cf. Definition 2.5). Then there exist z,y € g
such that (2h,z,y) is an sly-triple and #(x) = —y. Moreover, the multiplication

a-b:=glla,y,b], abegi(h),

defines the structure of a simple euclidean Jordan algebra E := gy(h) with unit
element x. The rank of the Jordan algebra gi(h) equals the real rank of g.
The isomorphy type of this Jordan algebra does not depend on the choice of the
triple (h,z,y). Conversely, one can construct from every simple euclidean Jordan a
hermitian simple Lie algebra of tube type such that the original Jordan algebra is
of the above form. The Table below lists all simple euclidean Jordan algebras and
the corresponding hermitian simple Lie algebras up to isomorphy.

g E rankg g = rank F/
su(n,n) Herm(n, C) n
sp(2n, R) Sym(n, R) n
50*(4n) Herm(n, H) n
s50(2,n)(n>3)| RxR"! 2
e7(—25) Herm(3,0) 3

Let now h € g be such that ad(h) induces a non-trivial 5-grading on g of the form

g=0-1(h) S g_1(h) ®go(h) ® g1 (h) ® gi(h).
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Then g; := g_1(h)®B[g-1(h), g1(h)]®g1(h) is an ideal of g and a hermitian simple Lie
algebra of tube type with r; := rankg g; < rankg g. Moreover, the Jordan algebra
(g:)1(h) = g1(h) corresponding to g; is isomorphic to E) (cf. [34, Sec. 3.1]).

A.2. Riesz measures

In this section, we recall the definition of Riesz measures of simple euclidean Jordan
algebras (cf. [5, Ch. VII]). Let F be a simple euclidean Jordan algebra of dimension
n. Fix a Jordan frame {c1,...,¢.} and let d := dim(E;;) for 1 <i < j < r (the
dimension of Ej;; does not depend on i and j). If £ = R, then we set d := 1.
Moreover, let 2 := {z? : x € E}° be the interior of the cone of squares of E. For
x € E, we denote by A(x) := det(z) the Jordan determinant of x.

Fix a euclidean measure on E and let a € C with R(a) > (r—1)4. For a Schwartz
function ¢ € S(E), we define

Co(a) ::/e_tr(x)A(x)o‘_? dr and
Q

Rali) == F#@ / () A ()" da.

Then R, is a tempered distribution (cf. [5, Thm. VII.2.2]). Moreover, the function
Yo(x) := A(z)™® is the Laplace transform of R, (cf. [5, Cor. VII.1.3]).

Theorem A.4. R, is a positive measure on E if and only if o is contained in
the set J . .
Proof. cf. [5, Thm. VIL.3.1]. n

We say that R, is the Riesz measure on E with parameter « if « is contained in
the set (27). In this case, we also denote this measure by fi, .

B. Smooth vectors of unitary representations

In the first part of this appendix, we recall the definition of the space of smooth
vectors of a strongly continuous unitary representation of a Lie group and the
definition of the space of distribution vectors of such a representation. With respect
to the notation and definitions, we mostly follow [31].

Let (m,H) be a strongly continuous unitary or antiunitary representation of a
connected finite-dimensional Lie group G with Lie algebra L(G) = g. A vector
v € H is called smooth if the orbit map 7¥ : G — H with 7¥(g) = m(g)v is smooth.
We denote the space of smooth vectors of (7w, H) by H® or simply H* if there
is no ambiguity. An equivalent condition for a vector v € H to be smooth is the
smoothness of the matrix coefficient 7¥(g) := (w(g)v,v) (cf. [27, Thm. 7.2]). It is
well known that H> is a dense G-invariant subspace of H. For x € g, let

on(z):D, —»H, Or(x)v:= % Oﬁ(exp(tx))v,
t—

where D, :={v e H: %!tzoﬂ(exp(tx))v exists}.
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Let dm(z) := On(x)|g~. Then dr:g — End(H*>) defines a Lie algebra repre-
sentation of g by essentially skew-adjoint operators on H*, which extends to
a representation of the universal enveloping algebra U(g). We endow H*> with
the locally convex topology induced by the seminorms pp(v) := |[dn(D)v]|| for
D € U(g),v € H>®. Then H> is a Fréchet space with respect to this topology
and the inclusion H* < H is continuous.

We denote by H™>° the space of distribution vectors, i.e. the space of continuous
antilinear functionals on H*>. The space H can be embedded into H™>° via
v (-, v). We endow H~>° with a representation of G, resp. U(g), via

7 (g)n:=now(g”") and drx *(D)n:=nodn(D*)

for n € H™>°, D € U(g), and g € G if 7(g) is unitary. Here, D — D* denotes the
involution on U(g) that is uniquely determined by x +— —z for = € g. If 7(g) is
antiunitary, we set

w2 (g)n = nom(g™h).
Let M(G) denote the set of finite complex Borel measures of G. For two measures

w,v € M(G), the convolution p v is defined via the Riesz representation Theorem
as the unique complex Borel measure on G with

| 1@ dws = [ [ sah) dugann) foran e c(G).
Moreover, we set pu*(F) := p(E~1), where £ C G is a Borel set. With respect to
these operations and the addition of measures, M(G) is a *-algebra. Let ug be a
left Haar measure on G. Then the x-algebra L'(G) := L*(G, ug), endowed with
the usual convolution product, can be embedded into M(G) as a two sided ideal
via f > pg, where py = f - pe (cf. [4, Prop. IV.15]).

For € M(G), we define 7(u) as the unique bounded operator on H with

(m(p)v,w) = /G<7r(g)v,w> du(g) for all v,w € H.

Then the map p — w(pu) defines a x-representation of M (G) by bounded operators
on H (cf. [4, Thm. IV.11]). If f € LY(G), then we set 7 (f) := m(py).

If ¢ € C*(G) C LYG), then it is well known that 7(p)(H) C H™ and that
() : H — H*> is continuous with respect to the C*°-topology on H> (cf. e.g. [21,
p. 56]). As a consequence, we obtain a representation of the convolution algebra

C>®(G) on H™> via

T (p)n:=nom(p*) forpe C(G),neH ™.

B.1. Tensor products of unitary representations

In this section, we consider, for £ = 1,2, strongly continuous unitary representa-
tions (mg, Hy) of finite dimensional Lie groups Gy on Hilbert spaces Hj and the
representation (m & 7o, H1®H2> on the Hilbert space tensor product H := H1QHo
of the Lie group G := G x G5 with

(g1, 92) = m(g1) ®m2(g2), 1 € G, 92 € Go.
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For a Lie group H with unitary representations (pg, Hr) (k= 1,2), we denote the
inner tensor product representation on the tensor product H;Q@Hs by

p(g) == (p1 X p2)(g) == p1(g) ® p2(g), g€ H,

which is the same as the restriction of the representation (p; ® po, 7-1,1®7-[2) to the
diagonal subgroup {(¢,9):9g€ H} C H x H.

Lemma B.1. (a) The space HiS, @ HSS, is dense in HY with respect to the
C* -topology.

(b) The space HiS, @ M5, is dense in H3° with respect to the C* -topology.
Proof. (a) Since H{S is dense in H; and H5%, is dense in Hy, the tensor

product space HiS, ® H, is dense in H;®H,. Moreover, it is G-invariant

since both factors of the tensor product are G-invariant. Let v € H, and

w € H5,,. Then we have v ® w € HJ® because the matrix coefficient satisfies

VRW, QW __ v,V __W,w [ee] [oe] :
(m1 ® m2) = m'my . Hence, the space H(S, ® H3° consists of smooth

vectors for m ® my. Now the claim follows from [37, Thm. 1.3].

(b) is shown in the same way as (a). ]

Lemma B.2. Let fi € Hi; and fo € H,y., . Then the antilinear functional

fi @ fo on HSS,, @ HSS,, determined by (fi @ f2)(v1 ® va) = fi(v1)fa(va) for
vy € H,,,v2 € HY,, extends uniquely to a continuous antilinear functional on

H>.
Proof. ~ We recall from [31, Lem. A.2(b)] that #H, > = span(dr—>(U(gr))Hs)-
Hence, there exist D§l), ...,DY € U(gr), Df), ....DP ¢ U(gz2), and

Vi, ..., U, € Hi,we, ..., Wy, € Ho,
such that  f) = Z dr; (DM, and  fy = Z dmy > (DY,
k=1 =1

The continuous antilinear functional
fi=Yoho Ty ar (DY @ D) (v, @ wy) € H<

. . . 0o 0o
is an extension of f1 ® fo since, for z; € HS and 2z € HS,,, we have

e @n) =YY (an(DY) @ D) (2 @ 2), v @ wy)

k=1 (=1
=3 > {@m(D)2) @ (@ma(D)z), v ® we)
k=1 (=1
=>_ D _(am (D)=, ve) (dma (D)) 2, w)
k=1 (=1
= fi(z1) fa(22).
Moreover, the continuous extension f is unique because H ® H3%, is dense in

He. [ |
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Lemma B.3. Let f; € 7-[1_;’; and fo € 7-[2_22 For g1 € G1 and g € G5, we have
7 (g1, 92) (1® f2) = (71 (1) /1) D (75, (92) f2).

Proof. Since the distribution vectors in the above equation are continuous on

H;° and coincide on the subspace H(%, ® H5Y,, the claim follows from Lemma

B.1. n

Proposition B.4.  Let Hy, Hy be closed subgroups of H with Lie algebras by, bhs C
b:=L(H). Let n € span{dp, > U(bx))Hr} C H, . for k=1,2. If pi|u, is trivial
and if ny is fived by p; °°(Hy), then ni®ny extends uniquely to a continuous antilinear
functional 1 &n, on Hy.

Proof. By assumption, there exists vik), . ,vq(fz) € Hy and ng), e Dqu) ceU(bg)
such that

ng
Mk = de,goo(Dék))vék) for k=1,2.
=1

Because of the continuity of the action of A on Hp°, and the continuity of 7, on
H5e,, in the C*-topology (cf. [27, Thm. 4.4]), we have

dpi(h2)H® = {0} and dpy*(h1)n2 = {0} (28)

Fix ¢; € {1,...,n1}. On the dense subspace H{°, ® H5°, C H°

5 >, we have the
equality

ng n2
oo/ (2 1 2)y (28) 1 - 2)\ (2 1
> ap (D) @) =Y ol @ dpy (D)) = o) @y
lo=1 la=1
which shows that the antilinear functional on the right hand side extends to a
continuous antilinear functional on #7°. In addition, we have the equality of

ni ni

oo 1 (28) oo 1 1
S ap (D) @ m) =Y dpr=(DY v @ i =m @,
=1 =1

on the dense subspace H77, ® M3, , which shows that 7 ® 7, can be extended to
a continuous antilinear functional on H7°. The uniqueness of the extension follows
from Lemma B.1 and the completeness of H7°. [
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