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Abstract. Let G be a reductive linear algebraic group over an algebraically closed field K
of characteristic 2. Fix a parabolic subgroup P such that the corresponding parabolic subgroup
over C has abelian unipotent radical and fix a Levi subgroup L C P. We parametrize the orbits
of a Borel B C P over the Hermitian symmetric variety G/L supposing the root system @ is
irreducible. For ® simply laced we prove a combinatorial characterization of the Bruhat order over
these orbits. We also prove a formula to compute the dimension of the orbits from combinatorial
characteristics of their representatives.
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1. Introduction

Let G be a connected reductive linear algebraic group over an algebraically closed
field K. Denote with g the Lie algebra of G and fix a maximal torus 7'. This
defines a decomposition

g=tad @ Uq,

acd
where t is the Lie algebra of T', the u, are the root spaces and ® = &(G,T) is the
root system of G. Fix a Borel subgroup B 2 T" which is the same as a basis A of ®
or a set of positive roots ®* C ®. Recall that the Weyl group W of ® can be iden-
tified with Ng(7')/T and that the simple reflections s, with o € A generate W'.

We know that subsets S C A correspond to parabolic Ps O B. Consider a parabolic
P = Pg such that S = A\ {ap}, where ap has the property that for every
a = scn050 € Y we have a,, < 1. This implies that the unipotent radical
P* of P as well as the Lie algebra p* of P" are abelian. We denote with ¥
the set {a € ®* | u, C p“}. In this hypothesis consider a Levi subgroup L C P.
If charK # 2 there is an involution ©: G — G such that L is the identity
component of the set of fixed points G® and for this reason the quotient G/L is
called a Hermitian symmetric variety. We extend this terminology to the case of
characteristic 2, which is the case we are interested in.

The Borel subgroup B acts on G/L by multiplication and on p* through the adjoint
representation. In both cases the orbits are finite and we can define an order by
stating that O < O’ if and only if © C O, where on the right we have the Zariski
closure of O'. This is called the Bruhat order.
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The situation is quite similar to the well-known case of a flag variety G/B. In this
case we have the Bruhat decomposition

G/B=| | BvB/B

veW

and BvB/B < BwB/B if and only if v < w, where the order in W (which is
still called Bruhat order) has the following combinatorial characterization: for every
reduced expression w =54, - - - S,, there must be a subsequence 1<14; <... <7, <n
such that v = sqa, - Sqa, . More generally, if P D B is any parabolic subgroup
define Wp the Weyl group of P and W the set of minimal length representatives
of the quotient W/Wp. Then we have the decomposition

G/P= | | BvP/P

veW P

and BvP/P < BwP/P if and only if v < w.

Return now to our parabolic P with abelian unipotent radical and consider the
projection 7: G/L — G/P. Its fibres are isomorphic to p* (see [7]) and, if we
denote with w” the longest element in W7 the stabilizer in B of w"P € G/P
is exactly By, = BN L. It follows that the Bp-orbits in p* correspond exactly
to the B-orbits in Bw”P. But in our hypothesis P" acts trivially on p* so the
By -orbits and the B-orbits on p“ coincide. Moreover, the correspondence between
the orbits is order-preserving. It follows that we can see the B-orbits on p* as a
subset of the B-orbits in G/L. Actually, we can define for every v € W subgroups
B, = v"'BvN P and actions of each B, on p* (Equation (1), page 94) such that
every B-orbit in G/L corresponds to a unique B,-orbit in p* for some v € WF.
It follows that the problem of parametrizing the B-orbits in G/L can be reduced
to parametrizing the B,-orbits in p*. Note that B, = B and the action of By,
coincides with the action of B so among these actions there is also the adjoint action
of B on p* we were interested in from the beginning.

Until now, the results we gave were not dependent on the characteristic of the base
field K. Suppose now that the characteristic is different from 2. Then the B-orbits
on p* were parametrized by Panyushev [3, Theorem 2.2] while the orbits on the
Hermitian symmetric variety were parametrized by Richardson and Springer in [6].
We won’t use directly the parametrization by Richardson and Springer, so we won’t
introduce it. We will use instead a reformulation of it by Gandini and Maffei (see
[1, Definition 1.1]) which uses as parameters the admissible pairs. These are pairs
(v,S) with v € W¥ and S an orthogonal subset of roots for which v(S) < 0. Here
for orthogonal subset we mean a subset such that a and [ are orthogonal for every
a # [ € S. Gandini and Maffei also proved a combinatorial characterization of the
Bruhat order in G/L which was itself a conjecture by Richardson and Ryan (see [6,
Conjecture 5.6.2]).

In this paper, we will study the B-orbits on G/L and p“ in the hypothesis of
char(K) = 2. The main objective will be to give a parametrization of the orbits
both on p* and on G/L. The results are divided in relations to the type of the root
system ® which we will always suppose irreducible.
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Fix an element e, # 0 for every root space u, C Lie(G) = g and for S C ¢ define
€s = Y aes €a- When the root system is simply laced, that is of type ADE, we will
obtain the following parametrization for p*:

Theorem 4.2. There is a correspondence:
{S orthogonal | S C ¥} <+ {B-orbits in p“}
S Beg.

Now, for S C ¥ orthogonal define xg = exp(es)L/L. By Theorem 5.3 in [7], the
exponential map exp: p* — P is well defined even in characteristic 2. Then, for
G/ L we will prove:

Theorem 4.3. There is a correspondence:

{(v,8) | veWP”, v(S) <0,S orthogonal } «+ {B-orbits in G/L}
(v,5) — Buxg.

These coincide with the parametrizations in [1] and we will see that the proof is
similar.

For the simply laced case we will also study the Bruhat order in G/L and, by
restriction, on p*. The fact that the parametrization doesn’t depend on the char-
acteristic makes it easy to conjecture that the characterization of the order remains
the same. That is what actually happens, but the proof is not as straightforward
as one might think because some intermediate results used by Gandini and Maffei
which come from [6] don’t have a clear analogue in this setting. In the end, we will
prove the characterization by showing that the Bruhat order in characteristic 2 and
the Bruhat order in characteristic different from 2 define the same order on the set
of admissible pairs which are parameters for both.

Following [5], to every admissible pair we can associate an involution in W as

Uv(S): H Sey-

v€u(S)

Moreover, given a w € W denote with [w]” the representative in W of the coset
wWp. The following result coincides with [1, Theorem 1.3]:

Theorem 4.15. In the simply laced case we have

Buxp < Bvrg < oyr) < 0ys) and wos)” < [uog]” <u<w.

In particular, the Bruhat order in the simply laced case doesn’t depend on the
characteristic of the base field.

Note that this also gives a characterization of the order in p* if we restrict to

u:v:wP.

The type C case is more complicated because the Panyushev parametrization in
orthogonal subsets fails. To parametrize these orbits we introduce another definition
of admissible pairs. Note that for every short root v € ®* there is a unique long
root 0 such that § —~ € ®*. In this case, we put s(y) = 9.
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Definition 1.1. (Definition 6.2 and Definition 6.3) Let ®*(v) = {a €V | v(a) < 0}
and S C ®*(v). Then S is full admissible (for v) if S can be partitioned as
X(S)uZ(S), where:

(1) X(S) is orthogonal;

(2) every element of Z(S) is a long root § and for every f € Z(5) exists a «
in X(S) and v € ®}, verifying 8 = o + . This element is unique, so define
p(f) = a;

(3) for every v € X(S) long and « € S short such that s(a) € &1 (v), s(a) > 7
and v £ a we have s(a) € Z(9);

(4) for every v € Z(S) and a € S short such that s(a) € & (v), s(a) > v and
p(7) £ @ we have s(a) € Z(9).

The most important results of this paper are Theorem 6.11 and 6.15, which together
imply that in type C:

Theorem 1.2.  There is a correspondence:
{(v,9) | S is full admissible for v} <> B-orbits in G/L
(v,8) — Buxg

The type B case is similar to the type C case, but the combinatorics are simpler.
We obtain a parametrization which is similar to the one above and that can be
proved in a more manual way (Theorem 5.1, page 105).

We also show a generalization of the dimensional formula [5, Lemma 7.2] that is true
in any characteristic (Theorem 7.3, page 117). From this, we prove two formulas to
compute the dimension of the orbits in the type B and C cases that depend only on
the combinatorial characteristics of the representatives that parametrize the orbit.
Again, the most interesting result is the type C one which is the following:

Theorem 7.7. Let v e WF and S a full admissible for v. Denote
R(v,S) = {a € S short | s(a) € " (v)} .
Then: dim(Bvzg) = #V + L(oy(x(s))) — #R(v,S) + #Z(5).

Here we denote with L(oyx(s))) = ({(gux(s))) +#S5)/2 the length of o,(x(s)) as an
involution.

The paper is organized as follows. After a brief introduction of notations in section 2,
we recall and expand some results from [1] and [5] that are independent from the
characteristic (section 3). These facts are mostly about the specific combinatorics
of the roots and the Weyl groups and will be of great use later. Here, we will
also introduce the action of the minimal parabolic subgroups. The idea of studying
this action to understand the Bruhat order is from Richardson and Springer and is
central both in [1] and in [5]. Unsurprisingly, it will also be the core tool we will use
in this paper.

In section 4 we will prove the results regarding the simply laced case, while in
sections 5 and 6 we will describe the parametrization of the B-orbits in the type
B and C respectively. The seventh and last section will be devoted to proving the
dimensional formula and its corollaries.
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2. Notations

Fix once and for all an algebraically closed field K of characteristic 2 and a con-
nected, reductive, linear algebraic group G over K. In G, fix a torus 7" and a Borel
subgroup B containing T'. They define a root system ® = ®(G,T) and a basis A
of @, which is the same as a subset of positive roots ®*. We will often write o > 0
and a < 0 to mean that « € ®* and o € —®T respectively. The root system will
always be reduced and irreducible.

For every root a@ € ® we have a one-dimensional root space u, in the Lie algebra g
of G and a one-parameter subgroup U, in GG. Recall that formally a one-parameter
subgroup is a morphism of linear algebraic groups u,: K — G and U, is just the
image of this map. Therefore, we will often use u,(t) to denote an element in U, .
Fix once and for all representatives e, € u, and if S C ¢ denote eg = Zae 5 Ca-

As a sort of converse of this construction if x € g we know that = can be written
as T = Y. 0o and we will call the support of z, denoted as Supp(z), the set
{a€e®|a, #0}. If M C g we will denote with Supp(M) the union of Supp(z)
for all z € M.

To every root system we can associate its Weyl group W. It is defined as the
subgroup of isometries generated by the reflections s, that fix the hyperplane
orthogonal to o and send « to —a for every root a € ®. In this case, the Weyl
group can be realized as the quotient Ng(7T')/T, where Ng(T') is the normalizer
of G in T'. For this reason, we will often treat a v € W as an element of G by
identifying it with a representative. Every time we will do this, which representative
we choose will be irrelevant. Given a v € W we will denote with ®*(v) the set
{a € @ | v(a) < 0}.

There is a correspondence between subsets of S C A and parabolic subgroups Pg
containing B and in this correspondence algebraic facts about P correspond to
combinatorial properties of S. For v € ® and a € A, denote with [vy,«] the
coefficient of o in the unique expression of v as a linear combination of elements
of A. There is a root 6 € ® called the highest root identified by [0, a] > [y, ] for
every v € & and a € A. Fix a parabolic group Ps with S = A\{ap} and ap € A
such that [0, ap] = 1. We will denote it P without subscripts. Note that with this
hypothesis the unipotent radical P* of P and its Lie algebra p* are abelian.

Moreover, every parabolic with abelian unipotent radical is obtained this way if ®
is simply laced or if charK # 2 (see [4, Lemma 2.2]). Note that these are the only
parabolic subgroups of G such that, for every field F, if Gy is a linear algebraic
group over [F with the same root datum as G and Py is the parabolic subgroup
corresponding to P, then By is abelian.

The parabolic P admits a Levi decomposition P = Lix P*. Here L is called the Levi
subgroup of P and is reductive. Its root system ®p can be seen as the subsystem
of ® generated by S. It follows that S is a basis for ®p and we will denote it Ap.
It is easy to see that

Op={y€®|[v,ap]=0}, O \Pp={yeP|[y,ap]=1}.
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Define ¥ = &\ ®p and note that if v,6 € ¥ and v — ¢ € ®, then v — 9§ € Pp.

Also, we have
= Duw.
yew

The choice of a parabolic subgroup Pg = P gives naturally two subsets of the Weyl
group. The first is the subgroup of isometries generated by {s, | @ € S}, which is
the Weyl group associated to the Levi subgroup L. We will denote this with Wp.

The second is the set of isometries
W' ={weW |w(a) >0 for every a € S}.

They are related by W = WFWp. Note that w € WF if and only if & (w) C ¥
and there is a maximal element in W¥ which we note with w? and that is identified
by &F(w?) = 0.

3. General results

As said, K will be a characteristic 2 field. Note that if ® is of type Gg then G
admits no parabolic subgroup of the type we are looking for, so we can suppose
without loss of generality that ® is not of this type. Then we know that if K has
odd or zero characteristic and a, 5 € & we have

ua(t).e5 = €5 + ategyq + bt*es 94,

where a # 0 if and only if f +a € ® and b # 0 if and only if 8+ 2a € .
This is not true in characteristic 2 and that is the ultimate reason for which the
characterization by Panyushev in [3] doesn’t hold in this case. The next result
follows from [2, Theorem 25.2].

Lemma 3.1.  Suppose o, € ® with o # —f and u,(t) the one-parameter
subgroup relative to . Then

ua(t).e5 = €5 + ategyq + bt*es 94,

where a and b don’t depend on t and:
(1) a=0idfandonlyif B+a ¢ ® or f+a€® and f—a € P;
(2) b=0 if and only if B+ 2a & D.

In this section we will cite many results from [1] regarding root systems and Weyl
groups. They clearly don’t depend on the characteristic of K and will be of great
importance in the next sections.

Proposition 3.2. (Proposition 2.5, [1]) Let v € W¥ and let « € A such that
Sqv < v. Put f = —v Ha). Then B is mazimal in ®(v) and minimal in
U\ &F(s,0). Vice versa:

(1) if B is mazimal in T (v) then a = —v(B) € A and s,v < v;

(2) if B is minimal in ¥\ ®T(v) then a =v(B) € A and s,v > v.

We denote with < the Bruhat order on W.
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Lemma 3.3. Let u,v € W and suppose u < v. For every a € A we have:
(1) if squ > u and s,v > v then sau < Sav;
(2) if squ < u and s,v < v then sau < Sav;

(3)  if squ > u and s,v < v then u < s,v and sau < v.

Following [5] we will associate to every orbit a particular involution in W. Note
that many results in [5] are based on the characterization of L as the identity
component of the fixed points of an involution ©: G — . Such an involution
doesn’t necessarily exists when the characteristic of K is 2 and we will give an
alternative proof when the proof from Richardson and Springer is not suitable.

Now, let Z C W be the subset of all involutions. We can define an action of the set
of simple reflections s,, for &« € A on Z in the following way:
S00 if s,0 = 054,
Sq 00 =
“ Sq0Sq if Sq0 # 054.

Note that s, oo = 7 if and only if s, o7 =0.

Lemma 3.4. (Lemma 3.1, [1]) Let « € A and 0 € Z. Then s, 00 and o are
always comparable. Moreover, s, oo > o if and only if s,0 > 0.

Note that if s,0 # s, then s,0s, > s,0 > 0 and s,05, > 0S4 > 0.
The action on involutions interacts with the Bruhat orders with properties similar
to the one in Lemma 3.3.

Lemma 3.5. (Lemma 3.2, [1]) Let 0,7 € Z and suppose o < 7. For every a € A
we have:

(1) if saoo >0 and s,0T > T then s,00 < $,0T;
(2) if sa0o <0 and s,0T < T then s,00 < $,0T;

(3) if sqo0 >0 and sooT < T then soo00 <7 and 0 < s,0T.

We define the length of an involution o as

where [(0) is the usual length in W and A(o) is the dimension of the (—1)-
eigenspace of 0 on & ® R.

Lemma 3.6. Letac€ A and o € Z. Then
L(o)+1 ifsq,o0 >0,
L(sqo00) = ,
L(oc)—1 ifsq,o0 <o.

To every set S C W of mutually orthogonal roots we can naturally attach the

involution
[ H Sa-

a€csS
Note that if o and [ are orthogonal then s,sg = sgs,, so og is well defined. The
(—1)-eigenspace of such involution is generated by S so we have

Loy = L84S
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Lemma 3.7. (Lemma 3.6, [1]) Let 8,8’ € ¥ be orthogonal. Then:
(1) B and ' are strongly orthogonal, that is + ' ¢ U ;

(2) if B+a €D for some o« € Pt then f'+a & P;

(3) if B—aecW for some a € O then /' —a ¢ V.

We say that a subset S C ® is strongly orthogonal if all the roots in S are pairwise
strongly orthogonal. In our analysis of the characteristic 2 case, we will use the
following result.

Corollary 3.8. (Corollary 3.9, [1]) Let S,T C ® be strongly orthogonal and
suppose g = or. Then S=T.

Now, consider the projection map 7: G/L — G/P. It is B-equivariant. Recall
that G/P = J,cyr BuP/P and for v € WF define B = vPv~' N B the stabilizer
of vP € G/P in B. Then

7' (BvP/P) = BvP/L = B x5 77 '(vP) = B x?" vP/L.

Hence we have a bijection between the B-orbits in BvP/L and the BY orbits in
vP/L which is compatible with the Bruhat order. If we define B, = P Nv~!'Bv
then these orbits are in bijection with the B,-orbits in P/L.

Lemma 3.9. (Lemmad4.1,[1]) Letv e W¥. Then By = B,NL and B, = ByxU,,
where U, is the subgroup of P" generated by the U, with o € ¥\ ®T(v).

Note that the Lie algebra of U, is u, = @aE\II\<I>+(v) u, and that if w?” is the longest
element in W7 then the B-action is equal to the By = B N L-action which is by
definition the B,r-action.

Let exp: p, —> P" be the exponential map and compose it with the projection
m: G — G/L. We obtain an isomorphism rp: p, — P/L that is not P-
equivariant if we consider the adjoint action on p, and the left multiplication on
P/L. We want to define an action of P on p, that makes rp a P-equivariant map.
Consider the isomorphisms

Lxp,ZLxP"=2P

from left to right (¢,y) — gexp(y). Note that with this identification we have
B, = Bp xu,. Let (g,y) € P and z € p,. Define the action

(9,y)-x = Ady(z + y). (1)

From this definition it is easy to see that if u < v and x € p" we have the

containment B,r C B,x. More precisely, suppose u = s,v < v for some a € A
and denote 8 = v *(«). Then B, = B, X ug and

B,x = B,ug.x = U B, (x + teg).
teK

Lemma 3.10. (Lemma 4.2, [1]) Let v€ WF. Then the map B,e — Bvexp(e)L/L
is an order isomorphism between the B, -orbits in p, and the B-orbits in BuP/L.
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We have the following formula regarding the dimensions:

Lemma 3.11. (Lemma 4.2, [1]) Let ve W¥ and e an element in p,. Then the
following formula holds: dim Bvexp(e)L/L = l(v) + dim B,e.

Theorem 3.12.  Let x,y € p, with Byx C B,y. Then

Bvexp(z)v'B C Bvexp(y)v—'B.

Proof. Consider z € B,y and apply the exponential. We get exp(z) € B,.exp(y),
where By C B, acts by inner automorphisms and U, = Hae(\p\qﬁ(v)) U, acts by
multiplication. We then have

B,.exp(y) C Bpexp(y)U,Br, = Brexp(y)B, C v 'Bu exp(y)v’le,

where we used the fact that B, C v='Bv. Then

vexp(z)v ' € Bvexp(y)v—'B

and Bvexp(z)v ' B C Bvexp(y)v—'B. n

Now fix v € WP and S C ®"(v) orthogonal. Define g,y = vexp(es)v™" and
consider the double coset Bg,s)B. The roots in v(S) are negative, so g_,(s) € B.

We have Bgys)B = Bg_y()90(5)9—v(s)B = Boys)B,

where the last equality holds because v(S) is orthogonal and the root vectors e,

satisfy
exp(e_q) exp(eq) exple_o)T /T = s, € W.

Theorem 3.13. Fiz v € WP and S, T C ®*(v) orthogonal subsets. Then
Byes = Byer implies S =1T'.

Proof. By Theorem 3.12 we get Bvgsv™'B = Bvgrv !B and by the discussion
above this implies
BoysyB = Boyr)B

using the characterization of the order in the flag variety we get v(S) = v(T), hence
S =T by Lemma 3.8. [ |

Given a simple root a € A we can define a parabolic subgroup P, which is the
subgroup generated by B and U_,. It is minimal among the parabolic subgroups
that strictly contain B and every such subgroup is obtained this way.

Now fix a B-orbit BxL/L in G/L and a simple root o € A. The minimal parabolic
subgroup P, acts on G/L, so the B-orbit BxL/L is contained in the P,-orbit
P,xL/L.

Proposition 3.14. (4.2,[5]) The Borel subgroup B acts on P,xL/L with finitely
many orbits, in fact there are at most 3 B-orbits in PyxL/L.

There must be a unique B-orbit O in P,vxg such that O = P,uzg. We will call
O the open orbit of P,vxg.
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The dimension of P, is dim B+1, so dim Bvxrg < dim Pyvxrg < dim Bvxg+1. This
implies that if O and O’ are distinct B-orbits in P,vzg then they are comparable
if and only if one of them is the open orbit.

4. The simply laced case

Suppose from now on that G is a connected, reductive, linear algebraic group and
that the root system ® of G is of type ADE. Then if o, 5 € ® and (a, ) =0 we
know that a+ 8, — 8 ¢ ® because (o + ,a+ ) = (o, ) + (5, 5) and all the
roots must have the same length. It follows from Lemma 3.1 that

Uo(t).es = eg + ateqp,

where a is a constant that depends only on @ and 8 and is non-null if and only if
a4+ [ is a root in ®.

For every v € W¥ we can consider the action of B, on p* defined by Equation (1).

The following theorem and its proof coincide with Proposition 4.7 in [1] which itself
follows directly from Lemma 4.6. We opted to write the proof instead of just giving
a reference because the hypothesis are different: in [1] it is char(K) # 2 and the
result is valid for every root system. Here, we have char(K) = 2, but we are limited
to simply laced root systems.

Theorem 4.1.  For every v € W7 there is a correspondence

{S C ®*(v) orthogonal } <+ {B-orbits in p"}
S Bves

Proof. = We have already seen in Theorem 3.13 that such a map is injective. We
will show by induction on | = I(v) that every B,-orbit admits an element of the
form eg, where S is orthogonal.

Suppose [ = 0, then v = Id and the action of Byq is transitive on p“.

Now suppose [ > 0 and consider an orbit O in p*. Fix a € A for which
u = s,v < v and 8 = v !'(—a). By induction there is an orthogonal set S such
that BuO = Bues.

If "= SU{B} is orthogonal then B,es = B,(es+teg) = B,esU B,eg so it must
be either O = B,eg or O = B,eg.

If 8"=SU{B} is not orthogonal then there must be v € S such that (v, ) # 0.
But roots in W can’t be added and S is maximal so 6 =  — must be a positive
root in ®p and the one parameter subgroup Us is contained in By C B, . If we let
such subgroup act on eg + teg we get

us(s).(es+teg) = us(s).(es\(y) +ey+teg) = es\fy3 +ey+aseg+tes = es+(as+t)eg,

where we used that 8 = 0 +~ and that, by Lemma 3.7, 7+ is not a root for every
7 € S\ {7}, hence us(s) fixes all e,, 7 € S\ {7y}. Note that a # 0, so there is
s € K such that us(s).(es + teg) = es. Hence, B,(es + teg) = Byes.

In both cases, the claim follows. [ |



CARMASSI 97

As we said, Theorem 4.1 is true for simply laced root systems in any characteristic
and for all root systems if the characteristic is not 2. If the characteristic is indeed
2 and the root system is not simply laced, not only the proof fails, but the claim
is false. We will see this in Sections 5 and 6 were we will see the non-simply laced
root systems.

Theorem 4.1 easily implies the following parametrization.

Theorem 4.2.  There is a correspondence:
{S orthogonal | S C U} <> B-orbits in p*
S Beg

Proof. We know that the B-orbits and the Bj-orbits coincide and By = B,
where w! is the longest element in W7 . By definition ®*(w’) = ¥ and the claim
follows. [ |

Remember that a parametrization of the B,-orbits also gives a parametrization of
the B-orbits in the Hermitian symmetric variety G/L:

Theorem 4.3.  There is a correspondence
{(v,9)|ve wr, s cCot(v),S orthogonal} <+ B-orbits in G/L
(v,S) = Buvzxg

In the setting of simply laced root systems we will say that a pair (v, S) with v € WF
and S C & (v) is admissible if S is orthogonal. We will denote the set of admissible
pairs with V. From the theorem above and [1, Proposition 4.7] the admissible pairs
parametrize the B-orbits in G/L regardless of the characteristic of the base field K.

It is now natural to ask if the Bruhat order on the B-orbits depends on the
characteristic. The answer is no, but instead of proving the characterization directly,
we will show that both orders agree as orders on V7. In the last part of this chapter,
most proofs will mirror the equivalent proofs in [1]. The most important original
result is Lemma 4.6 which in [1] derives from the existence of an involution that
fixes L which we do not have in characteristic 2.

To start, fix a simple root « € A. Consider the minimal parabolic subgroup Pgs,
where S = {a} which we will denote for simplicity with P,. Recall that we can let
P, act on Bvxpg on the left, obtaining P,vxr which is the union of, at most, three
B-orbits, one of which is open and dense in P,vzr. The following definition comes
from [5], but, as before, we use the notation of [1].

Definition 4.4. Consider P,vxrg O Bvxg and define
mea(v,S) = (u,T) if and only if Buxy is open in Pyvzg,
Ea(v,S) = {(u,T) # (v,S) admissible | my(u,T) = (v,9)}.
Notice that from the correspondence between subsets of A and parabolic subgroups

containing B we know that P, = B U Bs,B which can also be written as P, =
Bs, UBU_,, where U_, is the one parameter subgroup associated to —a.

Theorem 4.5. Let v € WP and S,T C ®T(v) be orthogonal subsets. If
Byes 2 Byer then 0,5y > 0yr)-
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Proof. By Theorem 3.12 we have Bvgrv~ !B C Bugsv—'B. Therefore we have

BgyryB € Bgys)B and that implies o,1) < 0y(s). [ ]

Notice that with the correspondence B,eg <— Bvxg which preserves the Bruhat
order we also get that Bvxg C Bvxy implies o,5) < oyr)-

We will use for simplicity a property that is true only in the simply laced case.
Suppose that «, 8 € ® are not orthogonal. Then it must be

(o, B) = (B, ) = £1.

B—a if (B,
B+ a if (B,

) >0,

So we have sa(f) =B — (B, a)a = { ) < 0.

«Q
o
We will need a technical lemma.

Lemma 4.6. Let (v,S5) be an admissible pair and o € A a simple root. If
Sa0u(s) < Oy(S) then Ea(v, S) * 0.

Proof.  Recall that s,0,5) < 0y if and only if vogv™(a) = oys) () < 0.
Denote 3 = v~!(a). There are three cases:

Case ( € U; note that 8 ¢ ®*(v) because v(5) = a > 0. Consider

X ={acS|salB)#B}={an...,an}.

Then vogs(B) = vox(f) = v(f — a3 — -+ — ay,) because elements of ¥ can’t be
summed. But now v(f —a; — - —ay) = a —v(ay) — -+ — v(ay,) and v(a;) <0
for every i, so v(f —a; — -+ — a,) > 0. This contradicts the hypothesis.

Case $ € —U: note that —f € ®T(v). If we define X as above we have
(B4 ) =a+ ) v(w) if =5 ¢S,
v(=p) if —ge€s.

It follows that vog(5) < 0 if and only if X # &.
Consider P, = Bs, U BU_,. Then

vos(8) = vax(8) = {

Pyvrg = Bsqvrg U BU_jvxg = Bsqvrs U BuU_gxg
= Bs,vxrs U Bvrg U U Bou_g(t)xs.

teK*
We have s,v < v and s,v € W so Bs,vrg can’t be the open orbit.

Note that u_g(t) = exp(te_g), so u_g(t)rs = exp(es + te_g).
Now if —3 € S, then

Bves lft# —1,

B, te_g) =
(65 e /B) { Bves\{_ﬂ} if t =—1.

So if we set S’ = S\ {—f} we obtain P,vzs = Bs,vrgs U Bvrg U Buzrg.
Then the open B-orbit in Pyvxg is Bvxg and {(s,v,5"), (v,5)} = Ea(v,S).
Suppose —( ¢ S.
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We know that there is a € S such that (o, —3) > 0. But —f is maximal in ®*(v)
so there exist v € Ap such that —3 = a + . So for every t € K there is an s € K
such that w,(s).es = exp(es + te_g). Hence

Pyvrs = Bsqvrs U Burgy—gy

and Byesui—g = Byeg is the open orbit. We obtain {(s,v,S)} = £q(v, S).

Case € Ap; as a first thing, note that this is the only remaining case. In fact
if 5 € ®p, then f must be positive and if § =~ + --- + 7, is the decomposition
in simple roots, then v(f) = o = v(y) + -+ + v(y,) and this is absurd because
v(7y;) > 0 for every i € {1,...,n}.

We have s,v = vsg 50 [s,v]" = v, where [s,v] is the representative in W7 of the
coset souWp in W,

There are four subcases depending on if 8 can be added or subtracted to roots in 5.
Remember that § can be added or subtracted at most to a single root and it can’t
be added and subtracted to the same root.

£ can’t be added nor subtracted to any root in S

In this case § is orthogonal to S. So wvog(8) = v(8) > 0. Hence, this case is
impossible;

£ can be added but not subtracted to a root in S

Denote with 7 the root such that v+ € ®. We have vog(8) = v(y + ) and
v+ 8 € T (v) follows. Write P, = Bs, U BU_,

Pyvrg = Bsqvag U BuU_gxg
= Buwg,(s) U Burg U U Buvexp(u_g(t).es),
teK*
where we used the fact that sg € L and U_g C L.

We have Bvexp(u_g(t).es) = Bvxg for every t and sg(S) = 5" U {y+ 8}, where
S" =S\ {7}, s0 s(S) # S. If we compute the involutions we get

Ovsg(S) = Osqu(S) = Sa0u(S)Sa = Sa © Oy(S)-

The orbits Bvrs and Bur,,s) must be comparable. Using Theorem 4.5 we find
that Bvrg 2 Bvx,,s) so {(v,s5(9))} = Ea(v, 5);
£ can be subtracted but not added to a root in S

Denote with v the root such that v —f € ®. As before we have vog(8) = v(5—7),
but then both v(8) = a and v(—-y) are positive, so this case is impossible;

B can be subtracted and added to two roots in S

Denote with ~, the root such that v, + 3 € ® and with «_ the root such that
v- — € ®. We have vog(5) = v(8+ v+ —v-) <0 so the root 8+ v, —~_ which
is in ®p must be negative. The orbit P,vrg can be again decomposed as

Pyvrs = Bvr,,s) U Burs U U Buvexp(u_g(t).es).
teK*
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Consider B,u_g(t).es. Given that § =~y_ —  — 4 is positive we have
us(t)ey, = ey, +ate_—p),

where a # 0 is a constant. Note that u_g(t).eg = eg + ate(,__p) as well. It follows
that for every t, € K* there is a t such that

us(t)es = u_g(to).es.

Again, in P,vxrg we have two orbits Bvrg and Bvzg,s) and they must be com-
parable. They are different because sg(S) = 5" U {4+ + 8,7- — 8}, where &' =

S\ {v: -t and vy + B # v4.7-
By computing the involutions we obtain as before

Ousg(S) = Sa0u(S)Sa = Sa © Ty(S) < Oy(s)-
So by Theorem 4.5 Buvzg is the open orbit and {(v, sg(5))} = Ea(v,S). ]

From this we can compute the dimension of the orbits.

Lemma 4.7.  Let (v,S5) € V. Then dim Bvxg = #V + L(oys))-
Proof.  We know by 4.6 that o,g)(a) < 0= E(v,S) # 2.

Now take an orbit Bvzrg and suppose o, = Id which means S = @. Then
B,es = B,.0 is the minimal B,-orbit in p* and it is easy to see that is dimension is
#WU — #0T(v). It follows that dim Bvrg = #V¥ and Bvxg is also a minimal orbit
in G/L.

Now suppose L(o,s)) =1 > 0 and fix a € A such that £,(v,S) # @ which we
know exists. Then by induction if (u, R) € &,(v, S) we have

dim Bvzg = dim Buxg + 1 = #V + L(oyr) +1 = #V + L(oys)). n

Note that this coincide with the dimension formula in [1].

We see that the set V;, of admissible pairs for a simply laced root system doesn’t
depend on the characteristic of the base field. This set already admits an order
which was given by Gandini and Maffei in [1] and that we will repeat here.

Definition 4.8.  Let (u, R), (v,S) € V. We say that (u, R) < (v, 5) if and only
if oury < oy(s) and [vos]? < [uog]f <u <.
Note that the inequality [uog]? < u is always true because u(R) < 0.

From now until the end of this section, we will write (u,S) < (v,R) for the
definition above, (u,S) <5 (v, R) for the order induced on V7, by the Bruhat order
in characteristic 2 and (u,S) <.s (v, R) for the order induced on V7, by the Bruhat
order in characteristic different from 2. We have the following result:

Theorem 4.9. (Theorem 1.3,[1])
(u,R) < (v,5) & (u,R) <1 (v,9).
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As said, the proof of this theorem makes great use of the action of the minimal
parabolic subgroups on Vy. To formalize this, we can define a monoid M (W)
generated by elements of the form m(«) for o« € A. This is part of a more generic
definitions for Coxeter groups (W, A) that can be found in [5, 3.10]. We don’t need
to know most of the intricacies of this definition. For us, it is enough to know that
the monoid acts on V; and that at the level of generators the action is given by

m(a).(v,S) = ma(v,S).

Note that this is visually the same definition as in the characteristic different from
2 case, but right now we don’t know if the m, (v, S) coincide. Thankfully, they do.

Lemma 4.10.  Suppose that we have no limitation on char(K). Fiz (v,S) € V,
and o € A. Denote § =v"(a). We have:

(1) if ops)(a) <0, then mq(v,S) = (v,5);
(2) if sqv < v, then my(v,S) = (v,5"), where 8" = SU{-=B} if =8 and S are

orthogonal and S" = S otherwise;

(3) if v < squ € WE | then my(v,S) = (sqv,S"), where 8" = SU{B} if S and f3

are orthogonal and S" = S otherwise;
(4) if B € Ap and oys)(a) >0, then my(v,S) = (v,5"), where

S’:{ sp(5) if ss(S)# S,

the representative of the B,-orbit of u_g(1).es  otherwise.

Moreover, in the last case the result doesn’t depend on the characteristic of the

base field.

Proof. (1) If char(K) = 2 the result follows from Lemma 4.6. If char(K) # 2 it
follows from [5, Lemma 7.4].

(2) Note that this implies —f € ®*(v). Consider P, = Bs, U BU_,. Then

Pyvxg = Bsqavrs U BU_jvxg = Bsavrs U BuU_gxg
= Bs,vxrs U Burg U U Bou_g(t)xs.

teK*
Now Bs,vrs < Buxg because s,v < v and u_g(t)rg = exp(es + te_g). If
—f € S the last orbit is equal to Bvxg except when t = 1 in which case is

Bvu_g(1)xs = Bvxg\(—py. This last orbit is clearly smaller than Bvzg.

If instead —(3 ¢ S suppose that —f3 and S are orthogonal. Then it is clear
that Bou_g(t)xs = Bvxgy—py for every t € K* and the claim follows because
Bvxsy—pg = Burs.

Suppose now —f ¢ S and that there is v such that —§ — v = € ®p (note that
—f is maximal in ®*(v)). Then us(s) acts as the identity in S\ {7} and sends e,
to ey, + ase_g, where a # 0. It follows that for every ¢ there is s € K such that
us(t).(es + te_3) = es and the claim follows.

)

(3) Note that g is minimal in ¥\ ®*(v) and maximal in ®*(s,v). Consider
P, = BUBs,U, Then
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P.vrg = Bvrg U Bs,U,vxg = Bvrg U Bsgvxrg U U Bsauq(t)vzs
teK*
= Bvxg U Bus,rg U U Bsavug(t)zs.
teK*

We have s,v > v and s,v € W so Bvrg can’t be the open orbit.

As before ug(t)rs = exp(es + teg). By reasoning as in the point above, the claim
follows.

(4) We have s,v = vsg s0 [sqv]" = v, where [s,v]" is the representative in W7 of
the coset s, vWp. Write P, = Bs, U BU_,, then

Pyvrg = Bsqvrg U BuU_gxg

= Buwg,(s) U Burg U U Buvexp(u_g(t).es),
teK*

where we used the facts that sg can be represented by an element in L and U_g C L.

Suppose s3(S) # S. Then Tuss(S) > Ou(s) and by Lemma 4.7 Bvz,,(s) must be the
open orbit in P,vxg given that its dimension is higher then the dimension of Bvxg.

Hence, suppose sg(S) = S. As a first thing, note that the support of u_g(1).eg is
S if there is no v € S such that v — 5 € ® and it is S U {y — 8} otherwise. We
claim that, in this last case, the support uniquely determines the orthogonal subsets
S’ that parametrizes the B,-orbit. In particular, the result is independent from the
characteristic of K.

To see this note that u_g(t).es = eg + key_g, where k € K* depends on ¢t and our
choices of base vectors in the root spaces. Now, 7 is certainly not orthogonal to
~v — [ and there is at most one other root o € S that is not orthogonal to v — (.
In this last case, it must be § + 5 € ®, s0 (4,4) < 0 and (v — 3,0) > 0. Suppose
at first that such 6 doesn’t exist and let wug(s) act on eg + ke,_g. It must be
ug(s). (es) = eg, so there is s € K* such that ug(s). (es + key—g) = es\(y} + key—p.
The set (S'\ {7v}) U{~y — B} is orthogonal and the claim follows.

Suppose then that such a ¢ isin S. Then 7 = v - -6 € ®p. If 7 is positive
U, C B, so we can act with u,(s) on eg + ke,_g without changing the B-orbit.
Note that 7 is orthogonal to all roots in S except § and . Moreover, clearly
d+7 =~v—p8 € d, so 7 can be added to 7, which implies that it cannot
be added to . It follows that u.(s) acts as the identity on the root spaces of
every root in S\ {0}. It is then easy to see that there is an s € K* such that
ur(s). (es + key_g) = es.

Suppose at last 7 negative, so —7 positive. We still have s € K* such that
ug(s). (ey + key_g) = key_g, but for such an s it must be ug(s).es = es + k'esy 5 for
some k' € K*. Then ug(s). (es + key—5) = es\(y} + key—p + K'esy5. If we now let
u_,(r) act on eg\ (4} +ke,—g+k'esy s we see that it is actually the identity on eg\ (4}
and even on k’'esys because 7 can be added to d + 3, so it can’t be subtracted. We
then can easily find r € K* such that

U—r(r)us (). (s + key_p) = esr + key—g + K'esy s,
where S’ = S\ {v,4}.
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The set S"U{y — 5,0 4+ 5} is orthogonal because

0 1 1 2
This completes the proof. [ ]
This lemma clearly proves that the value of m,(v,S) doesn’t depend on the base
field.

We can also define a length function |: V, — N as (v, S) = dim Bvzg — d, where
d = min(, syev, dim Bvzg. By Lemma 4.7 and [1, Formula 1], this definition doesn’t
depend on the characteristic of the base field.

To conclude, we need a definition from [5]. Let < be an order on V.

Definition 4.11. (One-step property) Assume x € V, and a € A such that
m(a).x#x. Then y < m(«a).z if and only if at least one of the following is true:

1) y=2u;
(2) there is z such that m(«).z = m(«a).y and z < z.

We also need this important result.

Theorem 4.12. Let < be an order on Vi such that:

(1) z=2m(a).x;

(2) if x 2y then m(a).x < m(a).y;

(3) ifz =<y and l(y) <I(z), then x =vy.

In this case we say that =< agrees with the action of A. Suppose also that =< has
the one-step property. Then: (u,R) = (v,S) < (u,R) < (v,5).

Proof. By Section 6 of [5] the order < coincides with what Richardson and
Springer call the standard order, which in turn (see [5, Theorem 7.11]) coincides
with the order <., on V;. We use Theorem 4.9 to conclude. |

Finally, we need a general result from [8].

Lemma 4.13. (Lemma 2, [8]) Let G act on a variety V. Suppose H C G is
closed and U C'V be a closed subset of V' invariant under H. If G/H is complete,
then G.U 1is closed.

We can finally obtain the characterization of the Bruhat order in G/L we were
looking for:

Theorem 4.14.  Let (u, R), (v,S) € V.. Then
(u,R) < (v,5) < (u, R) <5 (v,5).

Proof.  We want to prove the correspondence with Theorem 4.12. Then, we need
to show that <5 agrees with the action of A and that it has the one-step property.
The first part is clear, because the action of A is exactly the action of the minimal
parabolic subgroups and the length function [ is the dimension up to a constant.
We need to show that <,, which is the Bruhat order, verifies the one-step property.
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Eom Theorem 4.13 with G = P, and H = B we obtain that P,O is closed. But
O = UO/SO O/, SO

Then take (v,S) and « such that m,(v,S) # (v,S) and fix (u, R) <3 mu(v,S5).
This means Buxrr C P,vrs. By what we said above this implies that there is
Bv'rg C Bvxg such that Buzp C Pyw'zg. Hence, my(u, R) = my(v',S"). This
proves the one-step property and the theorem. [ ]

It follows that the characterization of the Bruhat order doesn’t depend on the
characteristic. The final result is the following:

Theorem 4.15.  In the simply laced case we have
Buzgr < Boxg € oyr) < 0ys) and [vos]” < [uog]” <u <w.

In particular, the Bruhat order in the simply laced case doesn’t depend on the
characteristic of the base field.

Proof. By Theorem 4.14: (u, R) < (v,S) < (u, R) <5 (v,5),
and by Theorem 4.9: (u, R) < (v,5) & (u,R) <45 (v,5).

Hence the two orders coincide. The claim follows from Definition 4.8. m

5. The parametrization in the type B case
Let K be an algebraically closed field of characteristic 2 and G a connected,
reductive, linear algebraic group over K with a type B root system.

We can define a realization of this root system in the following way: take in R"™ the
sets of vectors {£er,..., ke, } o, and {Fe; T e}, ., where ¢; is the canonical
base. We may choose as a base {e; — ea,...,€, 1 — €, €,}. The highest root 6 is
e1+ ey =(e; —e2) +2(ea —e3) + -+ 2e,. It follows that ap = e; — ey and Ap is
obtained by omitting e; —ez, hence ®p = {e; £ ¢;}, ., U{e;},,;. On the other hand

U =A{er£eitpeie, Ufent

Note that roots in ¥ are always comparable and that there is a unique short root
oo = e1. Moreover, no root in V¥ is orthogonal to ag while if « is long then there
is a unique root o that is orthogonal to a. If o < ot it must be a < oy < at.
To simplify the notation we put ag = «y.

Thanks to Lemma 3.1 we know that if aq is the short root in ¥ and g € ®p, then
ug(t).eay = €q, for every t € K.
If, instead, o € ¥, a # o and S € & then
ug(t).eq = €q + agateats + bﬁvat2€a+25,

where ag, # 0 (respectively, bg, # 0) if and only if o + 5 € ®(respectively,
a+2ped).
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Recall that if z = )~y aneq € p* the set Supp(z) = {a € ¥ | aq # 0} is called the
support of x. If M is a subset of p*, the support of M is the union of Supp(z) for
every © € M. Moreover, if § € ¥ we will denote with Wz the set {a € ¥ | a < S}.

Theorem 5.1.  Fiz v € WP and consider the family
H, = {S C®*(v)|S is orthogonal or S = {ag, ao+~} with a short and v€ @} }.
Then there is a bijection H, «— {B,-orbits in p,}, S +— Byes.

Proof. We will first show that the map is surjective. Fix an orbit O and
an element r € O. We can suppose, by acting with u, C B, if needed, that
S = Supp(z) C ®*(v) (see Equation (1)). Now, S has a minimal root a. If
S = {a} we are done, because if z = x, = te, for some t € K*, then e, € T.z,.
The same is true if S is orthogonal, because orthogonal roots are independent.

Suppose #S # 1, S not orthogonal and write x =) ¢ aqor.

If a is long, consider S minimal in (S \ {oc,oﬁ}). We want to find an element

2’ € O such that S’ = Supp(z’) C & (v) and S'NV¥s = (SN Ys)\{F}. Given that
the roots in W are a finite number, this implies inductively that we can find x € O
such that Supp(x) is orthogonal.

Now, 3 # at, hence (3,a) # 0. Then we know that v = 8 — a € ®* because
B > «a and by the characterization of ¥ and ®p it must be v € ®5. It follows
that the one-parameter subgroup U, is contained in B C B, and we must have
Uy (t).eq = €q + ateg or uy(t).cq = €4 + ateg + bt*eq1a,, where in both cases a # 0.
Note that u.(t) act as the identity on a’ and all the other roots in S are greater
than (3, hence in both cases the coefficient of eg in u,(t).x is ag + at. It follows
that there is ¢y € K* such that 8 ¢ Supp(u,(to).z) and, to be more precise

Supp(u, (to).-2) N Wy = (Supp(z) N Ws) \ {B}.

Again, we can act on u,(tp).z with elements of u, C B, to obtain an element
' € O such that Supp(z') = Supp(u,(tp).z) N T (v) and that is the element we
were looking for.

If instead a = «y is short, take o/ minimal in S\ {a}. If S = {a,a’} we are done
(they are linearly independent), so suppose S\ {a, '} # @ and take  minimal
in it. As before, we want to find 2’ € O such that S’ = Supp(z’) C &*(v) and
S0, = (S0 W)\ {5},

To do this, note that (3, a’) # 0 because o/+ < ay < o < 3, hence 8 # o’+. Then,
thereis y = —a' € @Iﬁ, hence U, C By, C B,and we have

Uy (t).eqr = eq + ateg
while u.(t).e, = e, by Lemma 3.1. As before, it follows that there is ¢, € K* with

Supp(u.(to).x) N Vs = {a, '}
and we can suppose Supp(u(to).z) € ®*(v). This concludes the proof of surjectiv-
ity.
We will now show the injectivity. Suppose S, R € H, and O = B,es = B,er. Note

that it must be
min S = min R = min Supp(O).
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Denote o = minSupp(O). If « is not the short root, then both S and R must
be orthogonal and, by Theorem 3.13, Bo,syB = Boyr B, so oys) = oyr) and
S=R.

Now suppose « short and § = min {Supp(O) \ {a}}. If 8 ¢ & (v), then it is clear
that S = R = {a}, hence suppose § € ®*(v). Now, 5 ¢ Supp(Be,) because
Span(e,) is Bp-stable by Lemma 3.1. It follows that § € S and § € R. Therefore
we have reached S ={«,} = R. [

6. The parametrization in the type C case

Let K be an algebraically closed field of characteristic 2. Suppose that G is a
connected, reductive, linear algebraic group over K with a type C root system. Fix
T C B a maximal torus and a Borel subgroup. For our examples, we will take
G = Sp(2n,K) = {M € SL(2n,K) | M'QM = Q}, where

Note that in characteristic 2 we have —L = L. We choose as a maximal torus 7'
the diagonal matrices in G and as Borel subgroup B the upper triangular matrices
in G. With these choices the only parabolic subgroup that verifies the hypothesis is

p— {(%%) € Sp(2n,K) | A, B,C ¢ M(n,K)}.

We will make use of the following realization of the root system in R":

where ey, ..., e, is the canonical base of R”. As a (ordered) base of such root system
we choose the set A = (e; —ea,...,€,1 — €,,2¢,). If we label the roots of A as
(o1, ..., 1, ) the longest root is 2aq + 2ag + - -+ + 20,1 + ;. It follows that

U= {e; + ej}ISKan U{2¢i}cicp -
On the other hand, ®p = {e; —¢;}, ;_

As before we have that if u,(t) is the one-parameter subgroup of «, then

.- Note that ®p is of type A,.

77777

Ua(t).25 = 25 + alTpya + b2Tp 104
for some a,b € F and a = 0 if and only if §+ « ¢ ® or both f+«a € & and
B —a € ®. Note that in both cases b =0, too.

Moreover, note that if 5 is long and « is short and there is v € <I>}JS with a+~v = [,
then also o — v € ®. In fact, sp(a+7) =a+v— (o,a+y)a and (o, a +7) = 2,
s0 7 —a = 5,(8) € ®. This implies (a,7) = 0.

In our example, the algebra p“ is the set

P — {(%) € sp(2n,K) | M € M(n,K)} |
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It is easy to see that € sp(2n,K) if and only if M is symmetric with

0] 0
respect to the anti-diagonal, that is M;; = M,,_j11,—iy1. For this reason, we will
represent the matrix M with only the upper-left entries in the following way (here
n=>5):

1/1]0][1]0]
0lol1]1
M=1[1[1]0
1]1
1]

Every root space is generated by an element with 0 € K in every square but one.
In particular, if we number the row and the column starting from the upper right

vertex 543921
0[0]0]1

00 2
0 3 (2)

4
)

then the root space whose generator has a 1 € K in row ¢ and column j with
respect to this numbering is relative to the root e; 4+ e; while if the 1 is in position
(1,1) it corresponds to the root 2e;. For simplicity, from now on an empty square
will mean a square with the zero element of K while a e will mean every element
different from the zero element. The previous matrix will then become

(e} len] fan) ) o

‘ooooo

Note that this notation shouldn’t generate ambiguity because in our examples the
roots will be linearly independent, so the B-orbit will not depend on the specific
values of e.

Given that there are one to one correspondences between roots in ¥, root spaces
in p* and generators of root spaces up to multiplication by scalars, we will often
denote a root with the correspondent diagram, for example if M is the diagram
above, then M = e + ey4.

Now, fix a root @ € ¥. With the notation above, the roots smaller than « are on
the lower left (symbol - in the first diagram) while the roots that are bigger are on
the upper right (symbol o in the first diagram). Moreover, the roots that are not
orthogonal to « are exactly the roots that share a row or a column with a with a
caveat: the row and column are "reflected” by the antidiagonal. What we mean is
that if we label the rows and columns as in Diagram (2) and « is in the i-th row
and j-th column, the roots that are not orthogonal to o will be exactly the roots
in row i and j and in column ¢ and j (symbol x in the second diagram):

x| |
* | %

OOOO‘
® O |0 *

* (X | @ X
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To keep the diagrams simple, we will always make our examples by fixing v = w?

the longest element in W7

A first result that we can prove thanks to the realization is the next one.

Proposition 6.1. Let S C VU be a subset of short roots. Then for every b € B
the support Supp(b.es) contains only short roots.

Proof.  Note that if S = {fi,...,5,}, then Supp(b.es) C |J;_, Supp(b.eg,). It
follows that we can suppose that S = {f} and g =e; +¢e; with ¢ < j.

We can write b = tz,, - - 2,4, with t € T and z,, € U,,. Note that the action of ¢
doesn’t change the support, so we can suppose ¢t = Id. We will prove the claim by
induction on n.

Suppose n = 1, then b = u,(t). But now S+« is a long root if and only if o = e;—e;
and B —a =2e; € P, 50 b.eg = e by Lemma 3.1. Now suppose n > 1 and consider
b = T4, T4, . By induction we have that Supp(d’.es) contains no long root and
for every (short) root 3’ € Supp(b'.es) we have that Supp(z,,.es) contains no long
root. It follows that Supp(b.es) contains only short roots as well. ]

For every short root a = e;+¢; € ¥ there are only two long roots in ¥ that are not
orthogonal with «, namely 2e; and 2e;. Of them, one is bigger and one is smaller
than a. We will denote the former with s(a). In the cases where « is long we will
define s(a) = a.

Now, fix an element v € W . We will now define a family of representatives for the
B,-orbits on p, .

Definition 6.2. Let ®"(v) = {a € ¥V |v(a) <0} and S C &*(v). Then S is

admissible (for v) if S can be partitioned as X (5) U Z(S), where:

(i) X(S5) is orthogonal;

(ii) every element of Z(S) is a long root /S and for every § € Z(S) exists a «
in X(S) and v € ®}, verifying 8 = o + . This element is unique, so define
p(f) = a.

Note that in point (ii) of Definition 6.2 « and ~ are short and we have (a,v) =0
while (8,a) # 0 and (3,7) # 0. We are exactly in the situation where v can be
both added and subtracted to «, hence while o + v is a (long) root, the action of
U, on e, is the identity.

We may wonder about the uniqueness of the elements introduced in Definition 6.2.
It is clear that X (S5) = S;U{S € S, | § and S; are orthogonal}, hence the partition
is unique. Regarding the uniqueness in point (ii), if 8 € Z(S) suppose that there
are 7,0 € X(S) and ~,,7; € 5 such that v, +7 =75 + J = 3. Then, by Lemma
3.7, 7. and 0 can’t be added nor subtracted, hence (v,,d) = 0. But

<7—75> = <6_’77'75> :@_<7’ru§> 7é0

and that is a contradiction. 70 0

There is another important thing to note about this definition. Take S admissible
and 5 ¢ S long. Then S U{g} is still admissible if and only if for every o € S,
(o, B) # 0 implies a < . In particular, S U {5} is admissible whenever § £ « for
every o € 5.
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Now analyse the following diagrams, where we denoted with X; the roots that are
in X(5) and with Z; the roots in Z(S).

X1 Zl‘ Xl
Xo| |2 Xo| |2
al) a2)

b1) b2)

It is easy to see that they are all admissible. Moreover al) and a2) generate the
same B,-orbit and the same can be said for 1) and b2). To see this we will show
that there is b€ By, that sends a2) to al). Recall that with our conventions we have:

Xl = e + ées, Zl = 2€1a X2 = €9 1 €4, Zg = 2e5.
Then ., —.,(t) acts as the identity on X; and sends efx, z,} to
e{XZ,ZQ} + at661+e4 + bteel+e2 + Ct26261

for fixed non-zero a,b,c € K*. Now the subgroups u,,_,(s) for i = 2,4 act as the
identity on all the roots except X; and we can use it to delete the components along
€ei4ey aNd € 1e,. Schematically

Ue—19 (t) Uey—15 (5)7“'82755 (7’)

For b1) and b2) the reasoning is similar. It follows that to get the uniqueness we
need to be stricter.

Definition 6.3. Let S = X(5) U Z(S) be admissible for v. Then S is full

admissible if:
(1) for every v € X(S5) long and a € S short such that s(a) € ®*(v), s(a) > v
and a % v we have s(«a) € Z(S);

(2) for every v € Z(S) and a € S short such that s(a) € & (v), s(a) > v and
a % p(y) we have s(a) € Z(9).

It is easy to see that al) and b1) verify Definition 6.3 while a2) and 42) don't.
Actually, we can obtain al) from a2) and bl) from b2) through the following
process.
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Definition 6.4. Let S = X(S)U Z(S) be admissible for v. Define

A(S) ={Bed"(v)\ S| JaeS,, B =s(x) and Fye X(S) long,f >~ and a ¥ v},
B(S)={Be®@*(v)\ S| JaeS;, f=s(a) and Iy Z(S), 3>~ and o ¥ p(7)}-

Then the set S =S U A(S)U B(S) is called the full admissible completion of S.

Note that S is full admissible if and only if A(S) = B(S) = 9.

We want to show that the full admissible completion of an admissible set S is
indeed full admissible. Note that A(S), B(S) C s(S;), hence the roots in A(S) and
B(S) are not orthogonal to exactly one root in S. In particular, S is admissible

with partition X (S) = X(S5) and Z(5) = Z(5) U A(S) U B(S). We will need the

following lemma.

Lemma 6.5.  Suppose we have «, 3,7 € VU such that s(a) > s(f) > s(vy) and
aF B, BFy. Then a? .

Proof. Note that it must be a,f short. Then we can write a = ¢; + ¢;,
s(a) = 2¢;, B =ep + ex, s(B) = 2ep, and the hypothesis imply i < h < k < j.

Now suppose v = e, +e¢; short and s(y) = 2e, with r < ¢. Then s(y) < s(8) implies
r>h and [ % 7 implies t < k. Hence, i <h<r<t<k<j. If y=s(y) =2 a
similar reasoning gives ¢ < h < r < k < 7. In both cases the claim is proved. |

Theorem 6.6.  Suppose that S = X(S) U Z(S) is admissible for v. Then S is
full admissible for v.

Proof. By definition we have v(S) < 0, so we want to show A(S) = B(S) = @.

Suppose that we have v € X(S) = X(S) long and a € S short with s(a) € ®*(v),
s(a) > v, a £ v and s(a) ¢ Z(S). Then « € S because to obtain S we only added

long roots. Hence, s(a) € A(S) C Z(S) and we have a contradiction.

On the other hand, suppose we have v € Z(S) = Z(S)UA(S)UB(S) long and o € S
short with s(a) € ®*(v), s(a) > 7, p(y) £ o and s(a) ¢ Z(S). As before, a € S,

hence we can have s(a) ¢ Z(S5) only if v ¢ Z(S). But Lemma 6.5 shows us that in

this hypothesis v € A(S) and v € B(S) both imply s(a) € A(S)U B(S) C Z(S5)
and that is a contradiction. [

We have an easy corollary.

Corollary 6.7.  Let S be admissible. Then S = S if and only if S is full

admissible. In particular, S =S for every S admissible.

Proof.  We already saw that A(S)UB(S) = @ if and only if S is full admissible.
Then, the fact that S = S is a consequence of Theorem 6.6. [ |

Now, return to our pairs of examples al), a2) and b1),b2). In both examples we
are adding a single root denoted with Z;. However, the completion from a2) to al)
gives A = {Z,} and B = @, while the completion from b2) to bl) gives A = @
and B = {Z;}. This two examples completely model what may happen in general.
Specifically, the way we showed that the pairs of elements al),a2) and b1),b2) are
in the same B,-orbit can be easily extended to generic elements of a B,-orbit in p*
to obtain the following result.
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Lemma 6.8. Let S be admissible for v and S its full admissible completion.
Then Byes = Byes.

Now, if S = X U Z is admissible we will say that a root § € Z is essential if
B3¢ S\ {B}. This is equivalent by Corollary 6.7 to asking that S\ {8} # S. From
what we said above we see that if 5 is not essential then S\ {8} is still admissible
and the elements eg and eg\ (5 are in the same orbit.

Moreover, note that if § is essential in S and § < o € ¥, then [ is essential also
in SN{yev¥|vy<a}.

Now suppose S admissible. The following easy lemma will be useful later.

Lemma 6.9. Let S be admissible for v. Then, S is linearly independent in
PRR. Moreover, if B € ®T(v) is mazimal then the elements of SU{S} are linearly
independent in ® ® R.

Proof.  Forevery 3; € Z(S) thereis v; € ®F such that p(8;)+~; = ;. Then S is
linearly independent if and only if S = (S \ U{8:})UU {7} is linearly independent.
But this is clear because the elements of S’ are all pairwise orthogonal.

Now fix # € ®*(v) maximal. We can suppose [ ¢ S. Given that S is independent,
we only need to show that 8 ¢ Span(S) = Span(S’). As a first thing, note that /3
is not orthogonal to at most 2 roots in X(.S). That’s because if there were three
roots y1,v2,vs € X(S) such that (8,7;) # 0 for every i = 1,2,3, then (5,+;) > 0
for every i because roots in ¥ can’t be added. But then § — v, is a root and
(B —71,72) = (B,7%) > 0, hence f — v — 72 is a root. For the same reason
"= —v — 2 — 73 is also a root and that is absurd because [, ap| = —2 and
we know that it can be only —1,0 or 1.

It follows that S is not orthogonal at most to two roots in a,v € X(S) and to
s(a),s(y) € Z(9).

From now on, we will use the realization. If g is long, then g = 2e; for some i € N.
A short root in X(S) that isn’t orthogonal to 8 must be of the form o = e; + ¢,
with ¢ # j. If we vary j the roots of this form are not orthogonal, hence there
can be at most one in X(S5). If i < j, then f = s(a). But 8 ¢ S, hence S is
orthogonal to all roots in S (and S") that are different from «. This clearly implies
that 8 ¢ Span(S). If instead j < i, then o >  and that is a contradiction.

Now suppose 3 = e; + ¢; short with ¢ < j. Note that 2e; > e; +¢; = [, hence
2e; ¢ S. It follows that the roots in S that are not orthogonal to § must be of the
form e; + ey, e; + ex, 2¢;. Note that by maximality it must be j < h and ¢ < k.
Moreover, there can be at most one of each form and h # k. But if we write

e, +ej=al(e; +ep) +b(e;+ex)+c(2e)

we see that the coefficient of e, on the right is a, hence it must be a = 0 and for
the same reason b = 0 and that is absurd. ]

The following lemma is the key to prove that the full admissible pairs parametrize the
orbits. It basically gives us an algorithm to obtain an admissible representative of an
orbit. Then, we saw above that we can complete it to a full admissible representative
for the same orbit. Note that if R C ® and o € & we will write R > o meaning
that 8 > « for every 5 € R.
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Lemma 6.10.  Suppose 3 € ®*(v) and S admissible such that for every o € S,
p & a. Moreover, suppose that S U{B} is not admissible . Then, for every t € K
there is u € By, such that Supp(u (es + teg) —es) > .

Proof. Note that if v € Supp(x) is minimal, then 7 € Supp(uzx) for every
u € Byp. It follows that the thesis is equivalent to proving the existence of u € By,
such that

Supp(ues — es — teg) > .
To see this, simply apply u~! € By,
Now put X = X(5), Z = Z(S) and S = SU {8} . It must be X U {g}
not orthogonal or S’ would be admissible with partitions X (S") = X U {f} and
Z(S") = Z. Similarly  must be short or X (S") = X and Z(S") = Z U {f} would
be an admissible partition for S’. Then there exists v € ®5 and o € X such that
S =a+~v. Note that o ++ ¢ ® for every o/ € X \ {a}.
If a ¢ p(Z), then u,(s).es = es + aseg + bs*eg;, for some constant a € K* and
b € K. It follows that there is sy € K* for which

Supp(u,(so).es — (es + teg)) > pB.

If there is 0 € Z with o = p(d), we have u.(s).e5 = s+ csesi, + ds*es o, for some
¢,d € K (not necessarily different from zero). But f = a+~v < d+v < § + 27,
so we can still find sy € K* such that wu,(sg).es has the property we are looking

for. [ |
Theorem 6.11.  Every orbit O contains an element of the form es, where S is
admissible.

Proof. Take an element x € O. We can assume without loss of generality that
S = Supp(xz) € &t (v). If S is admissible, by Lemma 6.9 S is independent, hence
there is an element ¢ in the torus T such that t.x = es and the claim is proved.
Suppose S not admissible and define an ascending chain in S:

S1 = min(S),
Si—i—l = Sl U mln(S \ Sl)

Put x =3 .qaqeq.

Given that the elements of S; are pairwise incomparable, S; must be orthogonal.
Hence, there must be an iy > 1 such that S; is admissible for every i < ig but S; 41
is not. Note that at most one long root can be in (S;,+1 \ S;,) because the long
roots are always comparable.

Define S;y+1 = {B € (Sig+1 \ Sip) | (Siy U{B}) is admissible}. It is easy to see that
Sio U Siy+1 is also admissible. For, there is at most a long root 5 € §;,41 and all
the other roots must be orthogonal to S;,. Given that all the roots in §; 41 are
pairwise orthogonal it is clear that R = S;, U (S;,+1 \ {#}) is admissible. Now, S
is a long root which is not smaller than any root in S’, hence S" = RU{S} is still
admissible. Given that S’ is admissible, we can suppose by Lemma 6.9 that a, = 1
for every a € S'.

Now if 8 € (Siy+1 \ S’) we know by Lemma 6.10 that there is w € By, such that

Supp (u.(esr + ageg) —esr) > .
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Then u.x is such that S;(u.x) = 5;(x) for every j <1y and

Sig+1(u-2) = Sig1 () \ {8}
By induction we obtain the thesis. [ |

We have an easy corollary that comes directly from the proof of Theorem 6.11 and
will be useful later.

Corollary 6.12.  Let O be a B,-orbit and x € O. Suppose S C Supp(z)
admissible such that for every o € (Supp(x)\ S) and for every v € S we have
a £ . Then, if 3 € min(Supp(z)\S) and S U {B} is admissible there is
T D SU{pB} admissible such that O = Byer.

Proof. Put R = Supp(x). Then, with the notation of Theorem 6.11 there is a
minimum j such that S C R;.

If S= Ry, then 8 € S;;1, hence the proof of Theorem 6.11 gives us an admissible
set T D SU{B} such that O = Byer.

If instead S C Rj;, given that there is no element in R\ S smaller than a element
in S and S is admissible it must be R;_; € S C R;_1 US;. Moreover, given that
S U{p} is also admissible and £ is minimal it must be SU {8} C R;_; US;. As
before, the proof of Theorem 6.11 shows us that there is 7" 2 R;_; U S; such that
0= BveT- |

We saw that there is a P-equivariant map
exp: p* — P

Recall that B, = By x U,, hence if + # y € O we have Bvexp(z)v'B =
Bvexp(y)v™!B and that if S = Supp(z) is orthogonal, then Bvexp(x)v™'B =
Bvogsv™'B, where 0g = HaES S, 1s the involution related to S.

Consider S = X U Z admissible and recall that for every element o € S there is at
most one other § € S such that («, 5) # 0. In this case, we can suppose a <  and
we have o € X, B € Z. Denote v = 3 — «a. We have s,(a+7) =7 —a € —dt(v)
and Sqa4,(a) = —y € ®,. Note that this follows only from the relative length of the
roots involved, so it is true even in type B.

Lemma 6.13.  Fiz an orbit O = Byeg, where S = X U Z is admissible for v.
Then, Bvexp(es)v B = Bvoxv 'B = Boyx)B.

Proof. We have Bvexp(eg)v'B = Buvexp(ez)exp(ex)v 'B. By hypothesis,
v(S) < 0 so both v(—X) and v(—Z) are in B. Recall that we can chose z, with

exp(—2_q) exp(zq) exXp(—T_a) = Sa,

where s, is a representative in the normalizer Ng(T') for the reflection relative to
a. The sets X and Z are orthogonal (relatively to themselves), so we can write:

Bvexp(ez) exp(ex)v "B = Buszexp(e_z)exp(e_x)sxv ' B.
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Note that the terms exp(e_z) and exp(e_x) commute so

Buszexp(e_z)exp(e_x)sxv ' B = Bvszexp(e_x)exp(e_z)sxv 'B
= Bv exp(efsz(X))SZSX eXp(@,SX(Z))U_lB.
Note now that —vsz(X) > 0 because an element of X is either fixed by sz or

mapped in @, by the discussion above and —vsx(Z) < 0 because every element in
Z is mapped in —®*(v). We have

Buvexp(e_s,(x))5z5x exp(e_sX(Z))v’lB = Busysy exp(esx(z))ssx(z)v’lB
= Busy exp(ez)sXSSX(Z)v_lB = Bv eXp(G_Z)Sz.SXSSX(Z)U_lB

= BUSZSXSSX(Z)U_IB
because —v(Z) > 0. The claim follows from szsx s, (z) = sz5x(5x5z5x) = 5x. ®

It follows from Corollary 3.8 that if Byes = B,er with S and T admissible then
X(S) = X(T). To prove the last part of the classification we will need the following
technical lemma.

Lemma 6.14. Fiz veW?T and let (S, 2e;,e;+e;,b) be a quadruple with S C & (v)
admissible, e; + €j,2e; € ®T(v) \ S and b € B, such that:

(1) S <2e;

(2) SU{2e;,¢e; +e;} is admissible and 2e; is essential;

(3) SuU{2e;} C Supp(b.es).

Then there is o € Supp(b.es) \ S such that o < 2e; and o F e; + ¢;.

Proof. Write 8 = 2e;, p(8) =e;+e¢; and T'= S U{e; +e;}.

Consider the set [K = {be B, | SU{2¢e;} C Supp(b.es)}, which by assumption
is non-empty. Given that T'U {8} is admissible, § must be orthogonal to S, so
SU{B} must be admissible and X (5) # X(SU{f}). Hence, by Corollary 6.12 and
Lemma 6.13 for every b € K there must be a minimal root «, € Supp(beg) such
that SJ{asp} is not admissible and «;, < 3.

Then the claim is equivalent to saying that
K={beK|a,>e +e;} =0.

Suppose by contradiction that K’ # @ and fix by € K’ such that «y, is maximal
among the «; for b € K'. Finally, denote for simplicity o = ay, .

Note that « # e; + e; because S U {e; + ¢;} is admissible. Then o = e; + e; with
j >k > 1. The situation can be represented with the following diagram:

p(B)| o 8|

where the elements in S are not drawn, but we know they can’t be on the upper
row because they must be orthogonal to p(f). There must be 7 € X (S) that is not
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orthogonal to . More precisely, there is v € ®} such that o = 7+ . We will sign
with a * the possible positions of 7:

p(8) « 5]

*

We claim that the one-parameter subgroup u,(t) acts as the identity on eg\ (.
This is clear if s(7) ¢ Z(S), so suppose s(7) € Z(5). If we write s(7) = 2e, and
T = e, + es with r < s, then we know that » > ¢. Moreover, given that 2e; is
essential, it must be 7 < e; +¢;, hence j < s. But now vy =e¢, +¢, and a = ¢; +¢;
are not orthogonal by hypothesis, and the only way to obtain this is if 7 = k (because
s> j >k >1i). Then v =e; — e; and is again the identity on ey, . Schematically,
this means that if s(7) € Z(S) then we cannot be in the situation of Diagram a)
below, hence we must be in the situation of Diagram b):

p(8)] a 3 p(B3)] a B

T |s(1)

because 3 is not essential in Diagram a).

Note that given how we defined «, every root in Supp(bg.es) that is smaller than
is either greater than «, « itself or in S, so u,(t) must act as the identity on every
such root different from 7. Hence, there is t € K* such that 2e; € Supp(u,(t)b.eg)
and S C Supp(u,(t)by.eg), so b’ = u,(t)by € K. But ey > a and that is absurd
because a = a3, was maximal. [

Theorem 6.15.  Let S, T C ®*(v) be full admissible. Then
Byes = Byer if and only if S =T.

Proof. Suppose by contradiction that 7" # S and take S minimal in the set
(T'\ S)U (S\T). Without loss of generality, we can suppose g € T'\ S.

Consider b € B, such that beg = er. By Lemma 6.13 and Corollary 3.8 it must be
X(S)=X(T), hence actually g € Z(T)\ Z(S). Then if Mg ={a eV |a < g} it
must be SN Mz =T N Mg = M. Note that both M and M U{g} are admissible.
Now, /3 is long, so it must be of the form = 2¢; and if p(8) = e;+¢; € X(T'), then
e; +e; € X(S) also. Denote M’ = M\ {e; + ¢;}. We want to apply Lemma 6.14 to
the quadruple (M’, 5, p(5),b) to obtain a contradiction. We know by hypothesis that
2e; € Supp(benr) and 2e; ¢ Supp(bee,4e;) by Lemma 6.1. Hence, 2e; € Supp(bens).
Moreover, 3 must be essential for M U{3} because if 3 € M, thenalso 3€ S = 5.

It follows by Lemma 6.14 that there is o € Supp(bepr) \ M’ such that a < 5 and
o Fei+e;. But a # e;+e; implies o ¢ Supp(bee,+e,), hence o € Supp(beys) \ M.
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On the other hand, it is clear that if o € Supp(be,), then 7 < a < f, hence «
can’t be in the support of be, for every v £ 3. This means that we must have
a € Supp(bes) =T and that is a contradiction. n

7. The dimension of the B,-orbits
We want to calculate the dimension of a B,-orbit in p, or equivalently B-orbits in
G/L.
In the next couple of paragraphs, we drop the hypothesis that the field K has
characteristic 2.

Definition 7.1. For every v € W¥ let &Y = {S!}, be a family of subsets
S? C ®T(v) that parametrizes the B,-orbits in p* through the map S} Byegy .
Let S be the family of these parametrizations for all v € W¥. We know that S
parametrizes the B-orbits in G//L through S} +— Buvwgy.

We will say that S is a good parametrization if:
(1) for every u < v the map S¥ — S*, SY +—— Sy N ®T(u), is well-defined;
(2) S maximal in ®*(v) implies S” U {f} independent for every S € S§;
(3) Byesvugs = Byege implies that there is b € By, such that

Supp(besy — esvugsy) > B

Lemma 7.2.  The following are good parametrizations:
(1)  the parametrization for the type B case given in 5.1;
(2) the parametrization for the type C case given in 1.1;

(3)  the parametrization for the case of characteristic different from 2 given in [1].

Proof. It is clear by the definitions that all three parametrizations respect prop-
erty (1) of Definition 7.1.

Now, Lemma 6.9 tells us that the parametrization in full admissible pairs for the
type C case also respects property (2).

Moreover, if v € W, S C ®*(v) is orthogonal and 3 € ®*(v) is maximal, then
[ is not orthogonal to at most two elements of S. If it is not orthogonal to only
a single element, then it is clear that S U {5} is independent. On the other hand,
suppose there are «,y € S with («, ), (7, 5) # 0 and that § = za+y7y. Note that
by considering the coefficient of ap on each side, we see that it must be x +y =1.
On the other hand, applying (-, «) and (-, 5) we obtain

(o, B)

T = >0, and y=-—-=>0.
(@) (7,7)

Then, because ( is maximal we have

f—a=(x—-1la+(l—z)y=(x—1)(a—7) >0,
f—v=xza—xy=x(a—") >0,

but that is absurd because —1 < 0 while x > 0. This proves that the parametriza-
tion of the characteristic different from 2 case from [1] verifies property (2).
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Regarding the type B case in characteristic 2, note that if S € S is orthogonal,
then the reasoning above still works because it doesn’t depend on the characteristic.
Hence we only need to prove property (2) for the sets of the form {«g,a}, where
Q is the unique short root in ¥ and « > agy. But then the claim is clear because
from the realization we have ag =e;, a =e; + e, and 8 =e; + e, with £ > h and
it is clear that these three roots are independent.

We are left to prove property (3) for all three parametrizations.

To start, note that if u <v and S € §Y, then egne+u) € Bues. Hence, by property
(2), SN®*(u) € S” must be the representative of the orbit B,egs.

Take 8 € ¥ as in property (3). Note that if 3 € ¥ there is always a vs € WP
such that 8 € ®T(vs) is maximal. To see this, start from any v € W¥ such
that 8 € ®(v). For example, w = wp the longest element of W is always a good
choice. Then, if 5 is not maximal in ®*(v), there is another root 7 that is maximal.
Hence, a = —u(y) € A, sqv < v and € & (s,v). Inductively we obtain vz as
wanted.

With this choice, T' = S N ®*(vg) is the representative of the orbit B,,esuqs . But
also eryugsy € Busesuipy, hence it must be B, eru(sy = By,er. It is enough then to
prove property (3) with the additional hypothesis that there is no o € S such that
a>f.

For the type C case, this is exactly Lemma 6.10, so we are done.

If the characteristic is different from 2, then S is orthogonal and there must be

a € S such that (a,3) # 0. Then § = 8 — a € &}, (note that it can’t be a > f3),
hence

us(t).eq = eq + ateg + bt’esys
with a # 0. But clearly §+ 0 > 8 and us acts as the identity on all the other

vectors ey, v € S\ {a} because § can be added only to a. It follows that there is
t € K* such that at = —1 that proves the claim.

For the type B case in characteristic 2 the reasoning is similar. Again, there must
be a € S such that (a,3) # 0. If a is not equal to the unique short root «g, then
we conclude exactly as above. If instead o = g, then it must be S = {ap, vy} with
ap < v < 8 because {ap, 3} is an admissible representative for these orbits. Then
we can repeat the same reasoning as above with ~ instead of a. Recall that every
us with § € ®F acts as the identity on e, . n

We can now prove the dimension formula.

Theorem 7.3.  Let S be a good parametrization and, with the notation above, fix
veW?P and S € 8¥. Then, the dimension of Bvxg is

dim Bvrg = #V + #Y (v, S5),
where Y(v,S) = {8 € ®*(v) | 3b € By, such that Supp(besus — es) > B} .

Proof. We will show the claim by induction on [(v). If [(v) = 0, then Y = &
and Bvrg = BL/L = B/B, = p, so the formula holds.

Now suppose [(v) > 0 and a € A such that s,v < v. Denote = v"!(—a).
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Then P, = Bs, U BU_,, so

Pyvrg = Bsavrg\ gy U BU_qvrs
= Bsavrgs (5 U U Boug(t)zs
teK
= Bsqvrg (5 U Bvrg U U Boug(t)zg
teK*
= Bsavxs\{ﬁ} LI BU:ESU{,B} L BUI‘S\{/B},

where we used the fact that § ¢ ®*(s,v) and that S U {S} is independent.
The B-orbit Bs,vxgs\ s can’t be the open one because if Bs,vrg sy 2 Bvrg then
it follows Bs,vP O BvP and that is impossible because s, v < v.

We show at first that 8 € Y(v,S) if and only if Bvxs = Bvrgygs . It is clear
that if we take the element b € B for which Supp(besugsy — es) > [, then
Supp(besuqsy — es) € ¥\ ®*(v) which means that B,es = B,esuqs and that
is the same as Bvrg = Bvxgurgy. On the other hand by (3) in Definition 7.1 we
have Bvxg = Bvrgugsy = Byes = Byesusy = B € Y (v,95).

It follows that, if 8 € Y (v,S) then Buvzg is the open orbit and

dim Bs,vrg gy = dim Bvrg — 1.

By inductive hypothesis dim Bsqvas\ (53 = #V + #Y (s,v,5). We conclude by
noting that Y (s,v,S) =Y (v,S)\ {5}.

If instead B ¢ Y'(v,S), then Bvexp(es + teg) # Bvrg and it is the open orbit. It
follows that
dim Bs,vrg {5y = dim Bvwg.

As before dim Bs,vzg (g = #V¥ + #Y (s4v,S), but now Y (s,v,S) = Y (v, 5) and

we are done. [ |

Corollary 7.4. dim Byesg = # (¥ \ ®*(v)) + #Y (v, 5).
=(v).

Now consider the (good) parametrization of [1] in admissible pairs. We have two
different ways of computing the dimension, that is

Proof. Tt is sufficient to note that #®*(v) n

dim(vaS) = #\If + L(O’v(s))
and dim(Bvzg) = #V + #Y (v, 5).
This means that if the characteristic is different from 2 it must be

#Y(U, S) = L(O’v(s)).

It follows that studying how Y (v, S) varies for similar orbits when the characteristic
is (or isn’t) 2 should give us a more explicit formula.

We will study at first the case where the characteristic of the base field K is
not 2. Then we will be able to give another description of Y (v, S) that is more
combinatoric.
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Lemma 7.5. [If charK # 2 we have
Y(v,8)={Be€®"(v)|B €S orthere is a € S such that f —a € ®*}.

Proof. The containment O is clear whenever 5 € S, while if there is a € S such
that 8 —a € &7, then 8 — a € ®f, so us_o(t) C By, and there is ¢ € K such that
Supp(us—a(t)-esugsy — es) > B. Note that ug_o(t) fixes all e, with v € S, v # «,
because of orthogonality.

For the converse, suppose 5 € Y (v,5) but § ¢ S and for every a € S either
B — « is not a root or it is a negative root. Then denote with vg € W7 the smallest
element for which £ is maximal, or, equivalently, the only element for which £ is the
maximum of T (vg) and put Sz = SNP*(vg). By the fact that 5 € Y (v, S) we have
b € By, such that Supp(besugsy — es) > B, but By C By, so By,es, = Byses,uis)
and that is a contradiction because 3 is orthogonal to all a € Ss. |

We saw that when the root system is of type B, the set of orbit is small enough to
make viable a case by case analysis. Concordantly, it is possible to have a similar
analysis for the dimension of the orbits.

Corollary 7.6. (Dimension formula for type B) If char(K) = 2 and the root
system is of type B then dim(Bvzrg) = #Y + H(v,S), where

L(ows)) if S is orthogonal and S#{ap},
H(v,8) = q L(0use,) — #{o < <7} if § ={a0, 7},

L(0u(say)) — #{€@T(v)|ag <o} if S = {ao}.

We also have a similar result for the orbits in type C.

Theorem 7.7. (Dimension formula for type C root systems) Fiz v € W¥ and S
full admissible for v.

Define: R(v,S) = {a € S short | s(a) € " (v)}.
Then: dim(Bvzs) = #¥ + L(oux(s)) — #R(v, S) + #Z(9).
Proof. @ We can then apply theorem 7.3 to get
dim(Bvzg) = #V + #Y (v, 5).
We want to give another description on Y (v,S). We claim that
Y (v,5) ={B€®(v) | BES or B is short and Ja € X(S) such that # —aedT}.

The containment O is clear if 5 € S, so suppose [ short and a € X(S) such that
v = — « is a positive root. Note that ug_,(t) fixes all e, with v € X(5), v # «a,
because of orthogonality and if s(a) € S then Supp(ug—_a(t).es@) —€s(a)) > 8. Then
there is t € K such that Supp(ug_a(t).esugs — es) > 3.

On the other hand suppose 8 € Y (v,S), and suppose at first by contradiction that
g ¢ S,B long. Then, S being full admissible S U {f} is admissible and its full
admissible completion represent a different orbit, so 5 ¢ Y (v, .5).

Suppose instead (§ short and for every o € X(S) either f — « is not a root or
it is a negative root. Then for every a € X(95) either (a,5) =0 or f < a. So,
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consider vg € W7 the element such that the unique maximal root in ®*(vs) is 3.
By the fact that 5 € Y(v,S) we have b € By, such that Supp(begy(s —eg) >, but
b€ By, so By,es = By,esuqpy and that is a contradiction because [ is orthogonal
toall o € X(5)N&*(vg).

We now recall that, by Lemma 7.5,
L(owx(sy) =# {8 € ®*(v) | B €S or there is a € S such that § —a € ¢*}.

It follows that in this case #Y (v, S) is exactly L(oy(x(s))) minus the number of long
roots B € ®F(v) \ S such that there is « € S with § — a € ®*. This last number
coincides with the number of short roots « in S for which s(«) € ®*(v) minus the
number of roots in Z(5). n
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