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Abstract. In the context of affine complex Kac-Moody algebras, we define the meaning of
nilpotent orbits under the adjoint action of the maximal Kac-Moody group. We also give a
parameterization of nilpotent orbits of sI{}(C).
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1. Introduction

Let g be a finite dimensional complex semisimple Lie algebra. Consider the adjoint
group Gua of § and the adjoint representation Ad of Gaq over g. We say z € g
is nilpotent in g if adz is a nilpotent endomorphism over g. If x € g is nilpotent
then so is Adg(x) for all g€ G,q. This fact allows us to define nilpotent orbits in a
semisimple Lie algebra: if 2 € G,q is nilpotent, then the nilpotent orbit through x is

O, = AdG().

Nilpotent orbits have several applications in representation theory of Lie algebras
and groups, algebraic groups, Weyl groups, and other related objects. For that,
there has been huge interest in their study and classification. Dynkin and Kostant
gave a classification of such orbits by using weighted Dynkin diagrams [Co]. In
the particular case g = sl,(C), the nilpotent elements in g are the nilpotent
endomorphisms. In general, for the classical complex semisimple Lie algebras, the
normal Jordan form allows us to parameterize the nilpotent orbits of g by partitions
of n. In the case of exceptional complex semisimple Lie algebras, even though there
is a correspondence between nilpotent orbits and weighted Dinkyn diagrams, Bala
and Carter determined which weighted Dynkin diagram corresponds to a nilpotent
orbit of the algebra. For classical and exceptional real semisimple Lie algebras the
classification was done by Djokovic in [5] and [6]. Later, Noel gives an analogous of
the Bala-Carter classification for the real case [17] and there is a way to associate a
weighted Vogan diagram to each real nilpotent orbit in [8].

The complex Kac-Moody algebras are generalizations of finite-dimensional complex
semisimple Lie algebras defined by generators and relations from a generalized
Cartan matrix. There are three types of indecomposable Kac-Moody algebras:
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those of finite type (finite-dimensional semisimple Lie algebras), the affine and
the indefinite ones. The affine Kac-Moody algebras are the most widely studied
infinite dimensional Lie algebras and they have several applications. They are
completely classified and they have a very interesting representations theory. Both,
the classification and its representation theory, are similar to those of simple Lie
algebras.

This analogy has motivated the question of whether it is possible to speak of
nilpotent orbits in the affine context and, in this case, how to obtain a classification
or parameterization of these objects. The results obtained, presented in this paper,
are the product of the doctoral thesis of Lorena Valencia at the Universidad Nacional
de Cérdoba (Argentina).

As a first step, it is necessary to choose an appropriate group acting on the affine
Kac-Moody algebra that assumes the role of the adjoint Lie group in the case of
simple Lie algebras of finite dimension.

Let § be a complex simple Lie algebra and £(§) := C[t,t™!] ®c § the loop algebra
associated with g. Then, the algebra

g=2£2(9) ®Ccap Cd
is an affine Kac Moody algebra with bracket given by

[t" @@+ Ae+pd, " @y + Ne+ ] =
=" @ [z,y] + unt" @ y — W'mt™ @ x + mby, _n{x,y)c (1)

where ( ,) denotes the Killing form over g and A\, u, N,/ € C, m,n € Z, x,y € g.
If X € g, the endomorphism ady(X) is defined by ady(X)(Y) = [X,Y] for all
Y € g, where the bracket is as in equation (1).

Define the extension of g as the algebra
g:=C[t]]t ") ®c g®Ccd Cd

whose bracket naturally extends the bracket of g. For X € g, ads(X) is defined
analogously to ady(X) but with the extended bracket.

The correspondence between finite-dimensional complex semisimple Lie algebras
and connected and simply connected Lie groups has been extended by Kac-Peterson
to the correspondence between complex Kac-moody algebras and certain simply
connected topological groups known as Kac Moody groups [16].

In the literature, there are several constructions of Kac-Moody groups associated
with a Kac-Moody algebra. We will work with the maximal Kac-Moody group
[16]. It has different presentations. In the more general case, it is the amalgamated
product of a certain system of groups. We will adopt a special presentation for
Kac-Moody groups associated with affine Kac-Moody algebras based on the loop
group of the finite-dimensional Lie algebra.

In general, a maximal Kac-Moody group G is an ind-algebraic group and shares sev-
eral important properties with simple algebraic groups, as the Bruhat decomposition
and the generalized Gaussian decomposition.

An endomorphism T on a vector space V is locally nilpotent over V if, for any
veV , there exits a finite dimensional subspace v€W C V such that TW C W and
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the restriction of 7" to W is a nilpotent transformation. We say that X € g (resp.
X e€g) is locally nilpotent over g (resp. over g), if the endomorphism ady X € End(g)
is locally nilpotent over g (resp. ads X € End(g) is locally nilpotent over g). We
prove in Theorem 3.4 that all locally nilpotent elements of an extended affine Kac-
Moody algebra are actually nilpotent. Moreover, if Ad is the adjoint representation
of G over the algebra g, Proposition 2.4 guarantees that Ad,X is also nilpotent for
all nilpotent element X € g and g € G. Therefore, nilpotent orbits in g make total
sense.

In this work, we present some properties of nilpotent elements of affine Kac-Moody
algebras and we give a parametrization of the nilpotent orbits of g = 5[,(11)((?).

The paper is organized as follows. In section 2 we defined Kac-Moody algebras
and groups as extensions of loop algebras and loop groups respectively. Section 3
presents the central objects of this work, that is nilpotent elements and nilpotent
orbits of affine Kac-Moody algebras under the adjoint action of the group G over
the algebra g and some structure results of these orbits. In particular, Theorem
3.3 claims that every nilpotent element in g is conjugated by G to an element of
Cl[t]] ® n* ® Cc, where 9" = @, i+ o is the sum of all positive root spaces of
the finite dimensional Lie algebra g. Section 4 focuses on nilpotent orbits of the
affine Kac-Moody algebra sl (C). We introduce a set of elements in sk, (C[[¢]][t™])
denominated quasi-Jordan matrix, whose entries are all zero except at the entries
(1,04 1). We obtain that every nilpotent orbit contains an element of type D + Ac,
where D is a quasi-jordan matrix and A € C. These distinguished elements in each
nilpotent orbit of 5[7(11)(((:) permit us to obtain the principal result of this paper, the
classification of the nilpotent orbits in sI(C), given by the following theorem:

Theorem: There is a bijective correspondence between nilpotent orbits in 5[,(11)(@)
and the set {(o,7) : 0 = [i1,...,7q) € P(n) and 0 < j < iz} x C.

2. Preliminaries

2.1. Kac Moody algebras. Let A = Cl[t,t] be the algebra of Laurent polyno-
mials and K = C[[t]][t"!] the field of Laurent polynomial series. Consider § a finite
dimensional complex semisimple Lie algebra and £(g) := A ®c g the loop algebra
associated with g, with the Lie algebra structure given by

P®2,Q®yl=PQ® [,y (2)

for any P,QQ € A, x,y € g. Denote by E(g) the central extension of Lie algebra
£(g) associated with the 2-cocycle v defined over £(g) by

AP @, Q@ y) = res(s Qsla.y)

where P,Q € A, x,y € g and & is the Killing form of g.
Then, £(g) := £(§) ® Cc and its bracket is given by

[f,]=0 (3)
for all f,g € £(g), where [f, g]gg) is the bracket of £(g).
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The (untwisted) affine Kac Moody algebra associated with g is the algebra
g=2(3) ®CcaCd= £(g) ® Cd.

It is the result of adding a derivation d to £(g), where d acts on £(g) by t4 and
annihilates ¢. The bracket is given by

[t" @ a4+ e+ pd, t" @y + Ne+ pld] =
=" @ [z, y] + pnt" @y — p'mt™ @ 2 + Mm@, y)c (5)

for \, u, N,/ € C, myn € Z and z,y € §.

The application x — 1 ® x is an embedding of Lie algebras, g < g. So, we can
consider the algebra § as a subalgebra of g. If § is a Cartan subalgebra of g, then
h =bh @ Ced Cd is a Cartan subalgebra of g. Moreover, if {e;, f;|i = 1,--- ,n} are
the Chevalley’s generators of § and h; € h such that lei, fi] = h; forall 1 <i<mn,
then {E;, Fi|i = 0,--- ,n} are the Chevalley’s generators of g, where E; = 1 ® e;,
F,=1® f; for : = 1,--- ,n and Ey, Fy are obtained as follows: consider w the
linear involution of g, defined by

wle;) = —fi, w(fi) =—e;, wlhi)=—h,
choose fy € g9, where # € A is the highest root, such that (fo,w(fo)) = —1 and
define ey = —w(fo) € g—g. Therefore,
Ey=t®e, F=t"1® f.
Let 6 € b* be given by d[oc. =0, d(d) =1. Set [ ={ag =0 —0a, -+ ,a,} the
simple root system of g, where II = {ay, -+ ,a,} is the simple root system of g.
The set of roots of (g,b) is

A={j6j € Z~{0}}U{jo + pij € Z,B € A},
where A is the root system of (g,h). Define the completion of g as the algebra
g =K®cg®CcdCd (6)

with the linear extension of the bracket given by (5). As a finite number of negative
powers of t are allowed, this bracket has sense.

2.2. Weyl group. Let W be the Weyl group of ¢, and QY := ®l_Za) C y
the lattice of coroots of §. his means that W has a canonical action over QY
obtained from its action on h The affine Weyl group is the semidirect product
AffF W =W x QY. For q € Q¥ we define 7, = (1,q) € Aff W.

If W is the Weyl group associated with the affine Kac Moody algebra g, there exits
a (unique) group isomorphism

B:W — AfW (7)

such that sy = 7pvyp and s; = §;, for 1 < i < n, where {80y .-y Sn} are the
simple reflections of W, {$1, ..., $,} the simple reflections of W and -, € W is the
corresponding one to the highest root 6 ([Ku], Proposition 13.1.7).

2.3. Kac Moody groups. As well as affine Kac Moody algebras can be presented
as central extensions of loop algebras, affine Kac Moody groups can be seen as central
extensions of loop groups.
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Let G be a connected simple complex algebraic group with Lie algebra g. The set
G(K) of K-rational points of the algebraic group G is the loop group associated
with G.

By hypothesis G is a subgroup of SLy(C), for a convenient N. Let I be the
ideal of C[SLy(C)] such that C[G] = C[SLy(C)]/I. Then, under the canonical
identification,

G(K) ={g = (g:5) € SLy(K) : P(g;;) =0, for all P € I}.

Extend G (K) by adding “Exp d” as follows. Denote the group of automorphisms of
C-algebras of K by Aut(K). Let v : C* — Aut K be the homomorphism of groups
defined as v(z)(P(t)) = P(zt), for z € C* and P € K. It canonically induces a
group homomorphism 7 : C* — Aut G(K) given by ~4(2)(Fi;(t)) = (Pi(2t)),
where Aut G(K) is the group of automorphisms of G(K).
Define the semidirect product group as

£(G) :=C* x G(K). (8)
For all z € C*, denote by d. the corresponding element (z,1) € £(G). According
to [19] there is a unique central extension of £(G).

The Kac Moody group G associated with the affine Kac Moody algebra g is the

central extension of the group £(G).

2.4. Adjoint representation. The adjoint representation of G on § extends to
a representation Adg of G(K) on K®cg. By the choise of the inclusion of algebraic
groups G < SLx(C), we have

Adg(z) = gXg™" (9)

for g € G(K) € SLy(K) and X € K ®c § € My(K) (where My (K) is the space of
N x N-matrices over K). In this case, the adjoint representation Ad of £(G) in g
is calculated as follows: for g € G(K), r € K®c g, A\, u € C and z € C*

dg
dt

_1dg 1 _1dg
+ (A= < V2 e — —ut 1—>> + pd (10)
( FONI et T /)T

Adg(x + A+ pd) := Adig(z) — pt(—)g '+

Add,(z + Ac + pd) = v4(2)(x) + Ae + pd

where (,); is the K-bilinear form over K ®c g that extends the invariant bilinear
form normalized by: (p ® z,q ® y) = pg(x,y) where (,) is the Killing form over g,
res denotes the coefficient of ¢7!, 75 : C* — Aut g is the induced application from
7 (similar to the application vz ), ¢ = (gi)1<ij<n € SLn(K), % is (dg“)ij € M,,(K)

; y / ' dt dt
and (2)g ' =92 e K®c9.

2.5. Subalgebra b,. Forall we W, let
A, ={aeAtlulac AT} =ATNnwA". (11)

By ([16], Lemma 1.3.14), if w = s;,...s;, is a reduced expression we have that
Ay = {8 gy oovy SiyuSi,_ 0, . Moreover, A, is closed for the bracket, then
by, =h® @aeAw go is a finite dimensional subalgebra of g.

Following Kumar [16], consider the following definitions.
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Definition 2.1.  Let s be a Lie algebra and (V,7) be an s-submodule , then s
is called

o m-triangular, if there exits a flag of s-submodules: Vy = {0} C V; C V, C ...
such that |JV; =V and, for each ¢ > 0, dim(V;;,/V;) =1

o w-locally diagonalizable, resp. -finitely semisimple, if V' is a direct sum of
irreducible 1-dimensional s-submodules, resp. finite-dimensional.

o w-locally finite, if all x € V is contained in a finite-dimentional s-submodule
of V.

Theorem 2.2. Let s C g be a subalgebra, then the following conditions are
equivalent,

(1) s is adg-triangular.
(2) s is a finite-dimensional solvable Lie algebra which is adg-locally finite.

Moreover, if s satisfies one of these conditions, there exits g € G and w € W such
that Adg(s) C by,.

The proof is in [Ku] (10.2.5). Actually, he proves more than that, but we only need
this part.

Remark 2.3. Let X € g be a locally nilpotent over g. Consider the subalgebra
s of g generated by X . Since s satisfies condition (2) of Theorem 2.2, we have that
for each locally nilpotent element in g, there exist ¢ € G and w € W such that
Adg(X) € b, for some w € W.

2.6. Locally nilpotent elements. Let X € g (resp. X € g). We say that X
is locally nilpotent on g (resp. on g), if adgX € End(g) (resp. ad;.X € End(g)) is
locally nilpotent.

Proposition 2.4. Let X € g be locally nilpotent over g. Then, Adg(X) is
locally nilpotent over g for all g € G.

Proof. Let ¢ € G and X € g be locally nilpotent over g. We have that
Adg € Aut(g), then for Y € g

ad(Adg(X))(Y) = [Adg(X), Y] = Adg([X, (Adg) ™ (Y)]) = (Adg)(adX)(Adg) (V).

As adX is locally nilpotent over § and Adg € Aut(g), then (Adg)(adX)(Adg)~"! is
locally nilpotent over g, which means that Adg(X) also is. [

The previous proposition allows us to introduce the definition of locally nilpotent
orbits on affine Kac Moody algebras.

Definition 2.5. Let X € g. We say that the G-orbit through X,
Ox = AdG(X) = AdL(G)(X) (12)

is a locally nilpotent orbit over g if each of its elements is locally nilpotent over g.
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Note that locally nilpotent orbits are seen in g and not in g, because AdG(g) C g.
Denote by 9O(g) the subset of orbits on g, whose intersection with g is not empty.
Our interest is to characterize and classify the orbits in O(g). From now on, when
we talk about a locally nilpotent orbit over g, we mean an element of O(g). Also,
whenever a locally nilpotent element of g is considered, it is supposed to belong to
an orbit in O(g).

Until now, we have distinguished between the adjoint representation on g and on
g by ady and ady; from now on, we denote the adjoint representation on g by

ad = ad;. We will say that an element in g is locally nilpotent if it is locally
nilpotent over g.

3. Distinguished representatives

In this section we will prove that every locally nilpotent orbit has an element in
Kocint®Cc, where nt = @, i+ 8o and AT are the positive roots of A. Moreover,
we will show that every locally nilpotent element in g is nilpotent.

Lemma 3.1.  For each locally nilpotent X € g, there exists g € G such that
Adg(X)ehpad K @cn™.

Proof. Let X € g be an locally nilpotent element over g. As every locally
nilpotent element over g is adg-locally finite, by Theorem 2.2, there exist g; € G
and w € W such that Adg,;(X) =Y € b,,.

Consider A = {o € A : a+nd € A, for some n € Z}. If « € A, then —a ¢ A;
otherwise there would be m,n € Z such that a+md, —a+nd € A,,, which implies
that (m +n)d € A, because A, is closed, what is an absurd. In addition, as
A C A is closed, there exits v € W such that v- A C AT. As W is generated by
simple reflections sy,--- s, and s;(a + md) = s;(a) + md for each i = 1,--+ | n,
then v- A, C At & Z>06 .

Now, for each s; € W exists §; € G such that Ads;(Y) = s;(ad)(Y). Moreover,
Adsi(Y,) € goy(a), for all @ € A and Y, € go. Then, if v = s;, ---s;, is a reduced
expression in W, g, = §;, ---§;, € G is such that Adg,(Ys) € gue for all a € A and
Y, € ga-

Hence, if g = g,g1, Adg(X) €HBY", o 01, Where © C {a+nd : a EAT nE€Z5o}. ™

Lemma 3.2. Let Y =X+ X e+pudeg. If Y is locally nilpotent, then = 0.

Proof. Let Y = X + Ac+pud € g be a locally nilpotent element. By Lemma 3.1,
assume that X € h @ C[[t]] @c ™. For k € N and H € b,

ad®(X + pd + Xe)(t ® H) = (adX + adpd)*(t @ H)
= > ad"(X)ad®(ud)...ad” " (X)ad” (ud)(t ® H).
i14...+is=k
Then, ad®(X +pd+Xc)(t@H) = X'+ p*t@ H , where X' € C[[t]]®cnt, because each
term in the sum belongs to C[[t]] ®@c 7", except the term ad®(ud)(t® H) = pFt® H.
Therefore, ad(X + Ac + pud)*(t ® H) # 0 for all kK € N. But this is possible only if

nw=0.
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Consider now any other element in the orbit of Y, it is of form Adxg(X) + 7¢ or
75(2)(X) 4+ Ac for some g € G and z,7 € C. Then, the component of the derivation
of any nilpotent element is null. [ |

Theorem 3.3. Let X € g be a locally nilpotent element. Then, there exists g € G
such that Adg(X) € C[[t]] @ n* @ Ce.

Proof. Let Y = H+ X + Ac¢ be a locally nilpotent element with X € C[[t]] @ n*,
H =5 " ka’ and A € C. If H is non zero, then k; # 0 for some j € {1,--- ,n}.
Let us see that for all k € N, ad®(Y)(E;) # 0.

For each o = 3" ma; € A* denote by |a| = 31 m; and consider the sets

g1 = @ Gotis, B2 = @ Gat15-

a+ISEA, |al=1 a+ISEA, |al>2
We have that ad"(Y)(E;) = r*E; + X}, where r = 3" ko (a)) # 0. Moreover,
'r’kEj € g1 and X, € go or Xy = 0, which contradicts the fact that Y is locally
nilpotent. Hence, H = 0 and the result of the theorem follows from Lemmas 3.1
and 3.2. [ |

Theorem 3.4.  Every locally nilpotent element in g is nilpotent in g and in g.

Proof. If Y + Ac € g is locally nilpotent in g, with Y =3 _, t"* ®Y, for some
A c AU{0}, then Y = > _ Y, € g is nilpotent in g. Therefore, there exists
k € N such that ad"(Y)|; = 0.

Let m e N, B € AU{0} and Zs € §, we have that
YV " ® Zg) = > """ @ [Va, Zg] + Ny —mb(Y, Zp)c. (13)

a€cl
Hence, each term of ad®(Y)(t™ @ Z3) is in the center of g or is of form *® W
for some s € Z and W = [V, , [...[Ya,,, Zp]...] € ¢ for some a,,..c;, € A. The
nilpotency of Y in ¢ implies that W = 0, hence ad**'(Y)(t™ @ Z5) = 0. The
same argumet works to show that ad*™(Y)(d) = 0. Therefore, Y is nilpotent in g.
Moreover, it is easy to show that it is also in g. [ |

4. Quasi-Jordan matrices

If A, B € gl,(C) are conjugated by an element in Gl,(C), they are even conjugated
by an element in Sl,(C). But, since £ does not contain all the nth roots of its
elements, this fact can not be extended to gl,(K).

It is known that s = >_° , @;t* € K has an nth root in K if and only if the order
of s, given by O(s) := min{m/|a,, # 0}, is a multiple of n. Moreover, if p,q € K
are such that O(p) = m and O(q) = n, for m,n € Z, then O(pq) = m + n and
Opg") =m—n.

If p=(p1,....,pn_1) € K" !, a matrix of the form

0 pr 0 .. 0
0 0 p2 ... 0
Jpn =] € gl,(K) (14)
Pn—1
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is called quasi-Jordan block. If X = D(Jﬁul,..., Jﬁdvid) is a block diagonal matrix
with quasi-Jordan blocks J;

Br.q, 0 WE SAY that X is a quasi-Jordan matriz. Without
loss of generality, we establish that iy > iy > ... > i4. Define m(.J;,,), the multiplicity
of Jpn,and ny, the order of the multiplicities of X, by

d
m(Jpn) =Py PE 2 per Mx z(’)(Hm(ka,ik)). (15)
k=1

Lemma 4.1.  If X € sl,(C|[[t]]) is nilpotent, then X is Sl,(C[[t]]) -conjugated to
a quasi-Jordan matriz.

Proof. To show that, we begin from the existence of a T" € GL,(K) such that
TXT' = J = diag(Jg, - ,Jg,) is a Jordan matrix. Let ¢ = det(7T) and
O(q) = k. There are two situations: first, when k is a multiple of n, so ¢ has
a nth root in K. Then 7" = q% € S1,(C[[t]]) and satisfies that T"XT'~! = J.

Second, when k = [(mod n) with 0 < [ < n, we have that O(qt™!) = k — [. Then,
qt~! has an nth root in K. Consider S = diag(t~%,1,---,1) and T = —L+

(gt~
Hence, T"XT'~* = J, det(T) =t~ and

Bl

0 th 0 - 0
o 0 1 --- 0
/ nN—1 _ -1 0 0 O 1
(STHX(ST)" =S5JS" =1 1 o o
AN
Ja,,
is a quasi-Jordan matrix such that det(S7") = 1. ]

In addition to the result in Lemma 4.1, if X e L®n™ is conjugated by T € GL,(K) to
a quasi-Jordan matrix D(Jp, , ..., Jp,, , ) for some D, 4, = (pi, -, Pigi—1) € Kk,

we can explicitly give the expression of 7" in terms of X . Let T' € Sl,(C[[t]]) such

that TXT~' = D(Jp,, s Jp, . ) Rewrite T as
Ty tia
: tio
T; with T, = and Ei,j e K",
: tid,—1
T fi,di

Then, we have that T;X = (O J;

Pi,d;
size d; X (dy + ... +d;—1) and d; X d;i11 + ... + d,;, respectively. From this equality, it
follows that

O,)T', where Oy and O, are null matrices of

ti1X = piitio = tio = p;,llzi,lX
tioX = piatis = tis = p;zlziﬁX = pi_,lei_,llzi,lXZ
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+ : z 17 “1 17yl
t’i,di—lX = pi,di—lti,di = ti,di = pi7di71ti,di—1X == p@difl"'pi,l ti,lX .
Hence, if we consider ¢;; = t; for each i = 1,...,m, we obtain that

t;

p;fp;lil 1, X %2

ydi—2

p;fp;lil 1, Xxdi—1

sdi—1

Lemma 4.2.  Let X = J;, and Y = Jg,, be in sl,(K) for some p = (p1, ..., pn-1),
7= (q1, ., qn1) € K" 1. Then, X,Y are Sl,,(K)-conjugated if and only if there
exists r € K such that

" =m(X)m(Y) . (17)

Proof. Let T € S1,(K) be such that TXT~' =Y, then by (16), one deduces
3
i 'tX

ql_l...q;iQEX”’2
ql_l...q;_lzq;ile"_l
where t = (ti,...,t,) € K1, for some ty,...,t, € K. Assume T = (t;;). Hence,
ti =t [[2y gy 1 <i<n.
Since detT'=1 and T is upper triangular,

n, n—1,n— —(n—1) —(n—2 - n -

Then, considering r = ¢;' we obtain the expected result.

Reciprocally, considering a; = 1 and a;y; = HZ:l pqu_l for i =1,...,n — 1, then
the diagonal matrix 7' = diag(as, -+ ,a,) satisfies TXT~! = Y. Moreover, (17)
implies that det T"=1. [ |

Corollary 4.3. Let X = J;,, and Y = Jg,, be in s, (K). Then X,Y are
SL, () -conjugated if and only if O(m(X)) — O(m(Y)) is a multiple of n.

Now, given X = D(J;, ., , S1,(K)-conjugated
pl,zl

quasi-Jordan matrices, we obtain that

ceny Jﬁd,id) and Y = D(Jql,jl’ ceey Jél,jl
1. d =[; that is, they have the same number of blocks,
2. i, = g for every k = 1,...,d; that is, blocks have the same size; in other

words, X,Y have the same associated partition.

In fact, X and Y are GI,(K)-conjugated to Jordan matrices with blocks of size
i1,...,1q and ji, ..., 7; respectively. On the other hand, since X and Y are Sl,(K)-
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conjugated, they also are GI,,(K)-conjugated. So, X and Y are Gl,(K)-conjugated
to the same Jordan matrix; which means that d = and 7, = j; forall k =1,...,d.

J;

DPq,i

Theorem 4.4. Let X = D(J

P12 o

Jordan matrices. If X and Y satisfy
(1) d=1; that is, they have the same number of blocks,

) and Y = D(/J,

0, Ja,) be quasi-

(2) ix = ji for every k =1,...,d; that is, blocks have the same size, and

Jq
(3) O (Hk 1 :( qk”“)) =ny —nx s a multiple of iq,

then, they are Sl, () -conjugated.

Proof. Given (1) and (2), the normal Jordan form ensures that X and Y are
GL,(K)-conjugated. Consider T' € GL,(K) as in (16). Also assume, without loss
of generality, that for each vector ¢, the entry iy + --- + 14, + 1 is ¢;, and zero the
other ones. Therefore, T' is a diagonal block matrix 7' = D(Ty,--- ,Ty), where

tr 0 0 e 0
LkPk,1 0 . 0
dk,1 ‘
0 0 kPk,1Pk,2
Tk — qk,19k,2

i 1
O H]k 1 Pk,j

zk—l
H]:1 dk,;j

for all kK =1,---,d. It is clear that such a T satisfy TXT ! =Y and

det T = Ht%m (Jp,., )m(Jg,, )7

k=1
So, if we choose in particular ¢t{ = --- = t;_; = 1 and t; equal to the i4th root

of Hk L J:: Zk;, whose existence is given by (3), then det 7" = 1. Therefore,

T € SL(C[[1]]). .

5. Nilpotent orbits over sl (C)
Consider the group

£(S1,(C)) := C* x £(S1,(C)) = C* x SI,(K)
and the completion algebra of g = 5[7(11)((3),

0= 5[511)(@ = s1,(C[[t]]) ® Cc @ Cd.

Hence, the Kac Moody group G of sI{!)(C) is the central extension of £(Sl,,(C)). The

orbits under the action of G are in E:[S)((C) and they coincide with the £(SL,(C))-
orbits ([21], Lemma A.0.18).

Theorem 5.1. Let X € sl\V(C) be a nilpotent element. Then there exists

g € £(S1,(C)) such that Ad g(X) = D(Jp, , sy, ) + Ac for some d € N,
Pri, € K" and X € C.
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Proof. If X € sl(V(C) is nilpotent, by 3.3 there exists g; € £(S1,(C)) such that
Ad ¢1(X) =Y 4+ A, where Y € C[[t]] @ 7" and Ay € C. On the other hand, there
exists go € Sl,(C[[t]]) such that Adk ¢2(X) = ¢2Xg5" = D(Jp 415 s 5, i) s for
some Dy ;. € K* and d € N, as was mentioned in the last section. Then,

d
Ad g2g1(X) = Ad go(Y + A\ic) = D(Jﬁl,dl, - Jﬁmyd'm> + (A1 — res(gQI%,Yﬁ)c.

Hence, taking ¢ = ¢g291 and A = A\ — res(g;l‘%?,Y)t, we obtain the expected

result. ]

Until now, we have proved that every nilpotent element in s((Y(C) is £(SL,(C))-
conjugated to an element of the form D + Ac, where D quasi-Jordan block. So, we
wonder if conjugation classes under Sl,(C[[t]]) and under £(S1,(C)) coincide.

Theorem 5.2.  Let X € sl\)(C) be a nilpotent element. Then, the nilpotent orbit
of X in sA[S)((C) under the action of SL,(C|[[t]]) and of £(S1,(C)) are equal, that is
Ad SL(C[[A])(X) = Ad £(SL,(C))(X).

Proof. By Theorem 5.1, each nilpotent £(Sl,(C))-orbit in s/(C) has an ele-
ment of the form D + Ac € 5[(1)(((:), with D a quasi-Jordan matrix and A € C.

n

Hence, we only have to prove that AdSl,(C[[#]])(D + Ac) = AdL(SL,(C))(D + Ac),
or equivalently that for each z € C, Add,(D + A¢) € AdSL,(C[[t]])(D + Ac). Let

D = D(J; Jﬁd,id)’ where Jﬁj,ij = J(pj1, - pji;) and (pj1, ..., pji;) € it
Then,

Add,(D + X¢) = D(J(p11(2t), ... D1y (21)), ooy J(Pa1 (28), .oy Paiy (21))) + Ac. (18)

Denote D, = D(J(p1a(zt),...,p14, (21)), ..., J(paa(2t), ..., paiy(2t))). So, O(p(t)) =
O(p(zt)) and O(p) = —O(p~ 1) forall p € K and z € C. Then, for each j =1, ...,d,

we have that

1,1,1, ceey

Opja ()" pja, (1) + O(psa (2t) "9 pjs, (28) ™) = 0. (19)
Therefore, by Theorem 4.4, the matrices D and D, are Sl,(C[[t]])-conjugated. m

5.1. Level of nilpotent orbits

The following three lemmas are technical results we need to prove that conjugated
nilpotent elements, whose components in sl,,(C[[t]]) are quasi-Jordan matrices, have
the same component in Cc. That allows us to define the level of a nilpotent orbit.

Lemma 5.3. Let X = D(JﬁLdl, s meydm) for some b, 4. = (i, -, Pid;—1) et
and T = (t;;) € SL,(K) such that TXT™' is a quasi-Jordan matriz. If

t=r+d+---+d,, withr <d,
Jj=s+di+---+dg, withs <dg
and 1 < s <r <dy, then t;; =0

Proof. Leti=r+di+ ---+do,j=s+d+---+dg, with r <d,,s <dg and
1 < s <r <d;. By Lemma 4.1 and equation (16), there exits f,1; € K" such that

tij = %04—5—1 : COleT_l.
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It is easy to show that the columns A +dy + -+ +dg of X" for 1 <A <r—1,
are null. So, since s < r, the column j of X! is null. Hence, ¢;; = 0. [ |

Lemma 5.4. Let X = D(Jﬁl,dlv'"v o, ) With Dy g = (Pin, s Didi—1) € Kdi—t
and T = (t;;) € SL,(K) such that TXT™" is a quasi-Jordan matriz. Let M,; be the
determinant of the matrixz obtained from T eliminating row ¢ and column j. If

t=r4+d+---+dy, withr <d,
j:S+d1—|—"'+d5, wz’thsgdﬁ
and 1 <r <s<d;, then M;; =0.

Proof. Define j1=1; j=1+di+---+d_1if2<I<m-—1 (20)
and consider the following sets for 0 < u < d;
L,={j +u,--,j, +u}, where d,, >u+1and d,, 1 <u+1. (21)

Let ¢ =r+di+--+dy and j = s+dy +--- +dg, with r < d,, s < dg and
1 <r < s<d;. Consider two cases:

Case 1: If i # j forall 1 <I<m—1, My=> Ft; i M, /jjn)-
k=1
Fix 1 <k <m and take S = {1,--- ,n} ~{j,Jm}, " ={1,--- ,n} ~ {i,jx} and
Q={o:S5 — 9 injective}. Consider o € Q satisfying that t,, , # 0 for all a € S,
then by Lemma 5.3, we have:
- If a €Iy~ {jmn}, then o, € Iy ~ {ji}-
-Ifl<XA<randael,,then o, €I, ;.
- Ifael,_q,then o, € I,_1 \ {i}.
Hence, there is a € I,_; such that g,,, = 0. Therefore, HaES toaa = 0 for all

Case 2: If i = jl for some 1 S l § m — 1, MZ] = Z it]k,le(l,]k/],]m)

k=1, k#l
Consider S,5" and 2 as in the previous case. We have that t,, , # 0 if and only
if 0, € I~ {Ji,jx} for all a € Iy \ {jm}. Therefore, [],cqts..a = 0 for all o € Q,
which means that M;; = 0. [ ]

Lemma 5.5. Let X = D(Jm,dl’ coos Ipa ) With Py g0 = (Pits o Pid;—1) € jcdi—t
and T = (t;;) € SL,(K) such that TXT ™" is a quasi-Jordan matriz. Let M,; be the

determinant of the matrixz obtained from T eliminating the row i and the column
j. [f tij 7é 0, then Mi,j—‘rl =0.

Proof. Let t;; # 0, by Lemma 5.3, we know that ¢ = r +dy + -+ + d,,
j=s+d +---+dg, with r <d,, s<dgand 1 <r <s<d;. Since r < s+1,
by Lemma 5.4, M; ;1 = 0. [ |

In the following lemma, the integers j; are as in (20).

Lemma 5.6. L@t X = D(JﬁLdl PRRES) me,dm)7 WZth ]_Q'Adi = (pi,17 "'7p’i,di71) c ’Cdi_l,
and T = (t;;) € SL,(K) such that TXT™" is a quasi-Jordan matriz. Then, for all

ief{l, - ny~{j2—1,---,ja— 1}, the entry (i +1,i) of T~ 4L is zero.
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Proof.  The entry (i+1,7) of T7'4L is

JT AT dT ” ar
(T_IE) = 1r0Wi+1T_1 : COliE = col;yicof (T') - COIZ‘E - Z COf(T)j’iH ' Ej,i’

i+l j=1

where cof(T") denotes the matrix of cofactors of T'. So, by the Lemmas 5.3 and 5.5,
each term of the above sum are zero. [

Theorem 5.7. Let D=D+Xc and D = D' + Ne, where D and D' are quasi-
Jordan matrices. If Op = O, then X = X'. Moreover, if gDg~"' = D' for some

— /

g € SL,(C][t]]), then Adg(D) =D .

Proof. Let g € £(G) be such that Adg(D) = D'. Hence,
dg
dt’

This means that D' = gDg™' and X' = A —res(g~'%, D),.

Adg(D) = gDg™ ' + (A —res(g”'—, D))c. (22)

~ (1
If we express D and g_l% in 5[,(1 )((C) as a sum of root vectors with respect to II,

then the root vectors occurring in D are the ones corresponding to the roots of the

form a;+nd, where «; is a simple root of g, for i € {1,--- ;n}~{ja—1, - ,ja—1}
and n € Z; while the root vectors corresponding to these roots do not occur in
g_1% € g by Lemma 5.6. Therefore, <g_1%, D); = 0. Hence, A = X ]

If X € g is nilpotent, we have shown that X is £(Sl,(C))-conjugated to an element
of the form D + Ac where D is a quasi-Jordan matrix and A\ € C. Theorem 5.7
leads to the following definition.

Definition 5.8. Let Ox be a nilpotent orbit in g. If D 4+ Ac € Ox, with D a
quasi-Jordan matrix and A € C, then \ is the level of Ox.

6. Parameterization
In this section we construct the parameterization of nilpotent orbits over 5[53)((3)
or, more precisely, the parametrization of D(s:ls)((:)), the set of nilpotent orbit of
f:[il)((C) that intersect sI((C). We will refer to that set as the set of nilpotent orbits
over sI(V(C).

Theorem 6.1.  Every nilpotent element in s(\(C) is conjugated by £(S1,(C))
to an element of the form Dyj + Ac, where o = [iy, - ,i4] is a partition of n,
0<k<ig, NeC and

Ji,
Ji,—1
01 O 0
D,y = (23)
1 0
0 ¢k
0 0 0
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Proof. Let X € sl{V(C) be a nilpotent element, then by Theorem 5.1, there
exists g1 € £(S1,,(C)) such that Adg;(X) = D + Ae, where D = D(J5, .., Jpas,)
is a quasi-Jordan matrix.

np be the order of the multiplicities of D as in (15). Take o = [iy, - ,i4 and
k so that 0 < k < iy and k = np(mod i4). Hence, by Theorem 4.4, there
exists g» € SL,(C[[t]]) such that goDg;' = Dyy. So, if g = gog1, we have that
Adg(X) = Dy + Ac. ]

l,i1’

Remark 6.2.  The last theorem implies that given a partition o = [i1, -+ ,i4] of

~ (1
n and A € C, there are at most i4 nilpotent orbits in 5[2)((3) with partition o of
level A.

k1 ko ks

Proposition 6.3. Assume that o = [i}*,i52, -+ - ,i%*] is a partition of n such that

ip > i > - > s, and 0 < Kk < is. Then D,y and Dyj are Sl,(Cl[t])-
conjugated if and only if k = k'.

Proof.  Suppose there exists T" € S1,,(C[[t]]) as in (16), conjugated to Dy = Dy
and to Dk/ = Dg’kl .

1. Denote by

m—1
I, =0; lm:ijij, for 2 <m <s. (24)
j:
Let M be the matrix obtained by taking from T the rows and columns
Li, =141+ (r—1)i;, where 1 <t <sand1<r <k

and M; the matrix obtained by taking the first ki +-- -+ &; rows and columns from
M, for 1 <5 < s. Particularly, M = M,. Set T,ffz’f =1L 0Ly -

2. Foreach 1 <r <s
T =0,ifl<p<r—1,1<u<k and 1 <v <k, (25)
Fix 1 <r < s and take 1 < wu < k,.. By Proposition 4.2,
rowr, . +(ir—1)(TDy) = rowr, ,(T) D}
So, as iy < i, if 1 <p < r,then L,,, L,, + 1, of D}C is 1if 1 <wv < k,. Therefore,
(T D) Ly Lptir = Ly = Loy -

On the other hand, rowy, 4¢,—1)(DpT) = rowr, 4+, —1)(Dw)T isnull. Since TD;, =
Dy/T, the statement (25) occurs.

3. According to the notation in (1), by (2)

o M [T h<r<ia
Mj - ( 0 [TU,U]

J\J
for each 1 < j <'s. Such that det M; = det M;_4 det[T;fj’-U]
4. We have det T = t*=¥ (det M,)"~"2(det My)2=% - .. (det M,_)%—% (det M) .

5. Let P; = det M;. Then, by (3) and (4), det T = t*=* [[;-, P/, where m; > i,
forall 1 < j <s. If we consider 1 < k <k <, then 0 < k' — k < i,.
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Hence, there are no elements P; in K for which t*% = | P;nj if m; > is.
Therefore, it is not possible to obtain T' € S1,,(C[[¢]]) such that TD, T = Dy,. =

The parameterization of nilpotent orbits over 5[21) (C) is given by the following result.

Theorem 6.4.  There is a bijective correspondence between nilpotent orbits over
sI(C) and the set {(0,§) : 0 = [i1,...,iq) € P(n) and 0 < j < ig} x C.

Proof.  Consider the application
U O6EC) 5 {(0,5) 0 = [i1,ia] €P(0) and 0< j < ig}  (26)

defined as follows: Let X € gls)(C) be a nilpotent element, then by Corollary 6.1,
there exist g € £(S1,(C)), a partition o = [iy, ...,i4) of n and 0 < k < i4, such that
AdgX = D, + Ac. Hence,

U(Ox) = ([i1, .. ig], by A). (27)

Observe that:

1. ¥ is well defined: Let X,Y € E’AIS)(Q) be £(S1,(C))-conjugated nilpotent
elements. Suposse that there exist g1, g2 € £(S1,,(C)), a partition oy = [i1,- - , 4],
oo =[j1,  ,dr) of n, 0 < ky <ig, 0<ky <y and A\, Ay € C such that

Adgl(X) = Dghkl + )\10, Adgg(Y) = D027k2 + )\20.

Since Dy, g, + Mic and D,, k, + Aoc are £(S1,(C))-conjugated, then by Corollary
4.3, we have that o, = 09; by the Proposition 6.3, k&, = ky and by Theorem 5.7,
A1 = Ag. Therefore, ¥ is well defined.

2. U is injective: if X,Y are nilpotent elements in sI{!(C) and
\I/(Dx) = \I/(Dy) = (0' = [il, Tt ,id], k?, )\),

then there exit g;,g> € £(S1,(C)) such that Adg; X = Dy + Ae = AdgeY . Hence,

X and Y are £(S1,(C))-conjugated, so Ox = Oy.

3. W is suryective: Let o = [i1,--- ,i4) be a partition of n, 0 < k < iy and A € C.
Then ¥U(Op, ,1+ac) = (0,k,A). [

Remark 6.5. If A\ € C, then the number of nipotent orbits in 5[7(11)((3) of level A
is finite.

Example 6.6. Let g = slgl)((C). The partition of 4 are [1,1,1,1], [2,1,1], [2,2],
[3,1], [4], then sl4(C) has 5 nilpotent orbits. The nilpotent orbits of level 0 in g
are the following.

Partition | k X

1,1,1,1] | ©

o O O O
o O O O
o O O O
o O O O




GALINA AND VALENCIA 155

2,1,1] | 0

oS O O O
o O o O
o o o o

o O O

2,2] | 0

o O O O
o O O O
O = O O

o O O

2,2] | 1

o O O O
O O O
o O O O
O+ O O

oS O O O
o O O
o O = O
o O o o

o O O O
o O O
O O = O
O = OO

oo oo
(o R R R
o OO
o+ OO
~ o N~ N~ | D~ | S~ | S~ | ~———

coc oo

oo o~

oo~ o
T

it

w
o O O O
S O O
o O = O

~

w
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