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Abstract. In the context of affine complex Kac-Moody algebras, we define the meaning of
nilpotent orbits under the adjoint action of the maximal Kac-Moody group. We also give a
parameterization of nilpotent orbits of sl(1)n (C) .
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1. Introduction
Let ġ be a finite dimensional complex semisimple Lie algebra. Consider the adjoint
group Ġad of ġ and the adjoint representation Ad of Ġad over ġ . We say x ∈ ġ
is nilpotent in ġ if adx is a nilpotent endomorphism over ġ . If x∈ ġ is nilpotent
then so is Adg(x) for all g∈Ġad . This fact allows us to define nilpotent orbits in a
semisimple Lie algebra: if x∈Ġad is nilpotent, then the nilpotent orbit through x is

Ox = AdĠad(x).

Nilpotent orbits have several applications in representation theory of Lie algebras
and groups, algebraic groups, Weyl groups, and other related objects. For that,
there has been huge interest in their study and classification. Dynkin and Kostant
gave a classification of such orbits by using weighted Dynkin diagrams [Co]. In
the particular case ġ = sln(C) , the nilpotent elements in ġ are the nilpotent
endomorphisms. In general, for the classical complex semisimple Lie algebras, the
normal Jordan form allows us to parameterize the nilpotent orbits of ġ by partitions
of n . In the case of exceptional complex semisimple Lie algebras, even though there
is a correspondence between nilpotent orbits and weighted Dinkyn diagrams, Bala
and Carter determined which weighted Dynkin diagram corresponds to a nilpotent
orbit of the algebra. For classical and exceptional real semisimple Lie algebras the
classification was done by Djokovic in [5] and [6]. Later, Nöel gives an analogous of
the Bala-Carter classification for the real case [17] and there is a way to associate a
weighted Vogan diagram to each real nilpotent orbit in [8].
The complex Kac-Moody algebras are generalizations of finite-dimensional complex
semisimple Lie algebras defined by generators and relations from a generalized
Cartan matrix. There are three types of indecomposable Kac-Moody algebras:
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those of finite type (finite-dimensional semisimple Lie algebras), the affine and
the indefinite ones. The affine Kac-Moody algebras are the most widely studied
infinite dimensional Lie algebras and they have several applications. They are
completely classified and they have a very interesting representations theory. Both,
the classification and its representation theory, are similar to those of simple Lie
algebras.
This analogy has motivated the question of whether it is possible to speak of
nilpotent orbits in the affine context and, in this case, how to obtain a classification
or parameterization of these objects. The results obtained, presented in this paper,
are the product of the doctoral thesis of Lorena Valencia at the Universidad Nacional
de Córdoba (Argentina).
As a first step, it is necessary to choose an appropriate group acting on the affine
Kac-Moody algebra that assumes the role of the adjoint Lie group in the case of
simple Lie algebras of finite dimension.
Let ġ be a complex simple Lie algebra and L(ġ) := C[t, t−1]⊗C ġ the loop algebra
associated with ġ . Then, the algebra

g = L(ġ)⊕ Cc⊕ Cd

is an affine Kac Moody algebra with bracket given by

[tm ⊗ x+ λc+ µd, tn ⊗ y + λ′c+ µ′d] =

= tm+n ⊗ [x, y] + µntn ⊗ y − µ′mtm ⊗ x+mδm,−n〈x, y〉c (1)

where 〈 , 〉 denotes the Killing form over ġ and λ, µ, λ′, µ′ ∈ C , m,n ∈ Z , x, y ∈ ġ .
If X ∈ g , the endomorphism adg(X) is defined by adg(X)(Y ) = [X,Y ] for all
Y ∈ g , where the bracket is as in equation (1).
Define the extension of g as the algebra

ĝ := C[[t]][t−1]⊗C ġ⊕ Cc⊕ Cd

whose bracket naturally extends the bracket of g . For X ∈ ĝ , adĝ(X) is defined
analogously to adg(X) but with the extended bracket.
The correspondence between finite-dimensional complex semisimple Lie algebras
and connected and simply connected Lie groups has been extended by Kac-Peterson
to the correspondence between complex Kac-moody algebras and certain simply
connected topological groups known as Kac Moody groups [16].
In the literature, there are several constructions of Kac-Moody groups associated
with a Kac-Moody algebra. We will work with the maximal Kac-Moody group
[16]. It has different presentations. In the more general case, it is the amalgamated
product of a certain system of groups. We will adopt a special presentation for
Kac-Moody groups associated with affine Kac-Moody algebras based on the loop
group of the finite-dimensional Lie algebra.
In general, a maximal Kac-Moody group G is an ind-algebraic group and shares sev-
eral important properties with simple algebraic groups, as the Bruhat decomposition
and the generalized Gaussian decomposition.
An endomorphism T on a vector space V is locally nilpotent over V if, for any
v∈V , there exits a finite dimensional subspace v∈W ⊂ V such that TW ⊂ W and
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the restriction of T to W is a nilpotent transformation. We say that X ∈g (resp.
X∈ ĝ) is locally nilpotent over g (resp. over ĝ), if the endomorphism adgX∈End(g)
is locally nilpotent over g (resp. adĝX ∈ End(ĝ) is locally nilpotent over ĝ). We
prove in Theorem 3.4 that all locally nilpotent elements of an extended affine Kac-
Moody algebra are actually nilpotent. Moreover, if Ad is the adjoint representation
of G over the algebra ĝ , Proposition 2.4 guarantees that AdgX is also nilpotent for
all nilpotent element X ∈ ĝ and g ∈ G . Therefore, nilpotent orbits in ĝ make total
sense.
In this work, we present some properties of nilpotent elements of affine Kac-Moody
algebras and we give a parametrization of the nilpotent orbits of g = sl(1)n (C) .
The paper is organized as follows. In section 2 we defined Kac-Moody algebras
and groups as extensions of loop algebras and loop groups respectively. Section 3
presents the central objects of this work, that is nilpotent elements and nilpotent
orbits of affine Kac-Moody algebras under the adjoint action of the group G over
the algebra ĝ and some structure results of these orbits. In particular, Theorem
3.3 claims that every nilpotent element in g is conjugated by G to an element of
C[[t]] ⊗ η̇+ ⊕ Cc , where η̇+ =

⊕
α∈∆̇+ ġα is the sum of all positive root spaces of

the finite dimensional Lie algebra ġ . Section 4 focuses on nilpotent orbits of the
affine Kac-Moody algebra sl(1)n (C) . We introduce a set of elements in sln(C[[t]][t−1])
denominated quasi-Jordan matrix, whose entries are all zero except at the entries
(i, i+1) . We obtain that every nilpotent orbit contains an element of type D+ λc ,
where D is a quasi-jordan matrix and λ ∈ C . These distinguished elements in each
nilpotent orbit of sl(1)n (C) permit us to obtain the principal result of this paper, the
classification of the nilpotent orbits in sl(1)n (C) , given by the following theorem:
Theorem: There is a bijective correspondence between nilpotent orbits in sl(1)n (C)
and the set {(σ, j) : σ = [i1, ..., id] ∈ P(n) and 0 ≤ j < id} × C.

2. Preliminaries

2.1. Kac Moody algebras. Let A = C[t, t−1] be the algebra of Laurent polyno-
mials and K = C[[t]][t−1] the field of Laurent polynomial series. Consider ġ a finite
dimensional complex semisimple Lie algebra and L(ġ) := A ⊗C ġ the loop algebra
associated with ġ , with the Lie algebra structure given by

[P ⊗ x,Q⊗ y] = PQ⊗ [x, y] (2)

for any P,Q ∈ A , x, y ∈ ġ . Denote by L̃(ġ) the central extension of Lie algebra
L(ġ) associated with the 2-cocycle ν defined over L(ġ) by

ν(P ⊗ x,Q⊗ y) = res(
dP

dt
Q)κ(x, y)

where P,Q ∈ A , x, y ∈ ġ and κ is the Killing form of ġ .
Then, L̃(ġ) := L(ġ)⊕ Cc and its bracket is given by

[f, c] = 0 (3)
[f, g] = [f, g]L(ġ) + ν(f, g)c (4)

for all f, g ∈ L(ġ) , where [f, g]L(ġ) is the bracket of L(ġ) .
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The (untwisted) affine Kac Moody algebra associated with ġ is the algebra

g = L(ġ)⊕ Cc⊕ Cd = L̃(ġ)⊕ Cd.

It is the result of adding a derivation d to L̃(ġ) , where d acts on L(ġ) by t d
dt

and
annihilates c . The bracket is given by

[tm ⊗ x+ λc+ µd, tn ⊗ y + λ′c+ µ′d] =

= tm+n ⊗ [x, y] + µntn ⊗ y − µ′mtm ⊗ x+mδm,−n〈x, y〉c (5)

for λ, µ, λ′, µ′ ∈ C , m,n ∈ Z and x, y ∈ ġ .
The application x 7→ 1 ⊗ x is an embedding of Lie algebras, ġ ↪→ g . So, we can
consider the algebra ġ as a subalgebra of g . If ḣ is a Cartan subalgebra of ġ , then
h = ḣ⊕Cc⊕Cd is a Cartan subalgebra of g . Moreover, if {ei, fi|i = 1, · · · , n} are
the Chevalley’s generators of ġ and hi ∈ ḣ such that [ei, fi] = hi for all 1 ≤ i ≤ n ,
then {Ei, Fi|i = 0, · · · , n} are the Chevalley’s generators of g , where Ei = 1 ⊗ ei ,
Fi = 1 ⊗ fi for i = 1, · · · , n and E0, F0 are obtained as follows: consider ω the
linear involution of ġ , defined by

ω(ei) = −fi, ω(fi) = −ei, ω(hi) = −hi,

choose f0 ∈ ġθ , where θ ∈ ∆̇ is the highest root, such that 〈f0, ω(f0)〉 = −1 and
define e0 = −ω(f0) ∈ ġ−θ . Therefore,

E0 = t⊗ e0, F0 = t−1 ⊗ f0 .
Let δ ∈ h∗ be given by δ|ḣ⊕Cc ≡ 0, δ(d) = 1. Set Π = {α0 = δ − θ α1, · · · , αn} the
simple root system of g , where Π̇ = {α1, · · · , αn} is the simple root system of ġ .
The set of roots of (g, h) is

∆ = {jδ; j ∈ Z r {0}} ∪ {jδ + β; j ∈ Z, β ∈ ∆̇},

where ∆̇ is the root system of (g, h) . Define the completion of g as the algebra

ĝ := K ⊗C ġ⊕ Cc⊕ Cd (6)

with the linear extension of the bracket given by (5). As a finite number of negative
powers of t are allowed, this bracket has sense.
2.2. Weyl group. Let Ẇ be the Weyl group of ġ , and Q̇∨ := ⊕l

i=1Zα∨
i ⊂ ḣ

the lattice of coroots of ġ . his means that Ẇ has a canonical action over Q̇∨

obtained from its action on ḣ . The affine Weyl group is the semidirect product
Aff Ẇ := Ẇ n Q̇∨ . For q ∈ Q̇∨ we define τq = (1, q) ∈ Aff Ẇ .
If W is the Weyl group associated with the affine Kac Moody algebra g , there exits
a (unique) group isomorphism

β : W → Aff Ẇ (7)

such that s0 7→ τθ∨γθ and si 7→ ṡi , for 1 ≤ i ≤ n , where {s0, ..., sn} are the
simple reflections of W , {ṡ1, ..., ṡn} the simple reflections of Ẇ and γθ ∈ Ẇ is the
corresponding one to the highest root θ ([Ku], Proposition 13.1.7).
2.3. Kac Moody groups. As well as affine Kac Moody algebras can be presented
as central extensions of loop algebras, affine Kac Moody groups can be seen as central
extensions of loop groups.
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Let Ġ be a connected simple complex algebraic group with Lie algebra ġ . The set
Ġ(K) of K-rational points of the algebraic group Ġ is the loop group associated
with Ġ .
By hypothesis Ġ is a subgroup of SLN(C) , for a convenient N . Let I be the
ideal of C[SLN(C)] such that C[Ġ] = C[SLN(C)]/I . Then, under the canonical
identification,

Ġ(K) = {g = (gij) ∈ SLN(K) : P (gij) = 0, for all P ∈ I}.

Extend Ġ(K) by adding “Exp d” as follows. Denote the group of automorphisms of
C-algebras of K by Aut(K) . Let γ : C∗ → Aut K be the homomorphism of groups
defined as γ(z)(P (t)) = P (zt) , for z ∈ C∗ and P ∈ K . It canonically induces a
group homomorphism γĠ : C∗ → Aut Ġ(K) given by γĠ(z)(Pij(t)) = (Pij(zt)) ,
where Aut Ġ(K) is the group of automorphisms of Ġ(K) .
Define the semidirect product group as

L(Ġ) := C∗ n Ġ(K). (8)
For all z ∈ C∗ , denote by dz the corresponding element (z, 1) ∈ L(Ġ) . According
to [19] there is a unique central extension of L(Ġ) .
The Kac Moody group G associated with the affine Kac Moody algebra g is the
central extension of the group L(Ġ) .

2.4. Adjoint representation. The adjoint representation of Ġ on ġ extends to
a representation AdK of Ġ(K) on K⊗C ġ . By the choise of the inclusion of algebraic
groups Ġ ↪→ SLN(C) , we have

AdKg(x) = gXg−1 (9)
for g ∈ Ġ(K) ⊂ SLN(K) and X ∈ K ⊗C ġ ⊂ MN(K) (where MN(K) is the space of
N ×N -matrices over K). In this case, the adjoint representation Ad of L(Ġ) in ĝ
is calculated as follows: for g ∈ Ġ(K) , x ∈ K ⊗C ġ , λ, µ ∈ C and z ∈ C∗

Adg(x+ λc+ µd) := AdKg(x)− µt(
dg

dt
)g−1+

+
(
λ− res

〈
g−1dg

dt
, x− 1

2
µtg−1dg

dt

〉
t

)
c+ µd

Addz(x+ λc+ µd) := γĝ(z)(x) + λc+ µd

(10)

where 〈, 〉t is the K-bilinear form over K ⊗C ġ that extends the invariant bilinear
form normalized by: 〈p⊗ x, q ⊗ y〉 = pq〈x, y〉 where 〈, 〉 is the Killing form over ġ ,
res denotes the coefficient of t−1 , γĝ : C∗ → Aut ĝ is the induced application from
γ (similar to the application γĠ ), g = (gij)1≤i,j≤N ∈ SLn(K) , dg

dt
is (

dgij
dt

)ij ∈ Mn(K)

and (dg
dt
)g−1 = g−1 dg

dt
∈ K ⊗C ġ .

2.5. Subalgebra bw . For all w ∈ W , let
∆w = {α ∈ ∆+|w−1α ∈ ∆−} = ∆+ ∩ w∆−. (11)

By ([16], Lemma 1.3.14), if w = si1 ...sil is a reduced expression we have that
∆w = {αi1 , si1αi2 , ..., si1 ...sil−1

αil} . Moreover, ∆w is closed for the bracket, then
bw := h⊕

⊕
α∈∆w

gα is a finite dimensional subalgebra of g .
Following Kumar [16], consider the following definitions.
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Definition 2.1. Let s be a Lie algebra and (V, π) be an s-submodule , then s
is called

• π -triangular, if there exits a flag of s-submodules: V0 = {0} ⊂ V1 ⊂ V2 ⊂ ...
such that

⋃
Vi = V and, for each i ≥ 0 , dim(Vi+1/Vi) = 1

• π -locally diagonalizable, resp. π -finitely semisimple, if V is a direct sum of
irreducible 1-dimensional s-submodules, resp. finite-dimensional.

• π -locally finite, if all x ∈ V is contained in a finite-dimentional s-submodule
of V .

Theorem 2.2. Let s ⊂ g be a subalgebra, then the following conditions are
equivalent,

(1) s is adg -triangular.
(2) s is a finite-dimensional solvable Lie algebra which is adg -locally finite.

Moreover, if s satisfies one of these conditions, there exits g ∈ G and w ∈ W such
that Adg(s) ⊂ bw .

The proof is in [Ku] (10.2.5). Actually, he proves more than that, but we only need
this part.

Remark 2.3. Let X ∈ g be a locally nilpotent over g . Consider the subalgebra
s of g generated by X . Since s satisfies condition (2) of Theorem 2.2, we have that
for each locally nilpotent element in g , there exist g ∈ G and w ∈ W such that
Adg(X) ∈ bw for some w ∈ W .

2.6. Locally nilpotent elements. Let X ∈ g (resp. X ∈ ĝ). We say that X
is locally nilpotent on g (resp. on ĝ), if adgX ∈ End(g) (resp. adĝX ∈ End(ĝ)) is
locally nilpotent.

Proposition 2.4. Let X ∈ ĝ be locally nilpotent over ĝ. Then, Adg(X) is
locally nilpotent over ĝ for all g ∈ G .

Proof. Let g ∈ G and X ∈ ĝ be locally nilpotent over ĝ . We have that
Adg ∈ Aut(ĝ) , then for Y ∈ ĝ

ad(Adg(X))(Y ) = [Adg(X), Y ] = Adg([X, (Adg)−1(Y )]) = (Adg)(adX)(Adg)−1(Y ).

As adX is locally nilpotent over ĝ and Adg ∈ Aut(ĝ) , then (Adg)(adX)(Adg)−1 is
locally nilpotent over ĝ , which means that Adg(X) also is.

The previous proposition allows us to introduce the definition of locally nilpotent
orbits on affine Kac Moody algebras.

Definition 2.5. Let X ∈ ĝ . We say that the G -orbit through X ,

OX = AdG(X) = AdL(Ġ)(X) (12)

is a locally nilpotent orbit over ĝ if each of its elements is locally nilpotent over ĝ .
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Note that locally nilpotent orbits are seen in ĝ and not in g , because AdG(g) ⊂ ĝ .
Denote by O(ĝ) the subset of orbits on ĝ , whose intersection with g is not empty.
Our interest is to characterize and classify the orbits in O(ĝ) . From now on, when
we talk about a locally nilpotent orbit over g , we mean an element of O(ĝ) . Also,
whenever a locally nilpotent element of ĝ is considered, it is supposed to belong to
an orbit in O(ĝ) .
Until now, we have distinguished between the adjoint representation on g and on
ĝ by adg and adĝ ; from now on, we denote the adjoint representation on ĝ by
ad = adĝ . We will say that an element in ĝ is locally nilpotent if it is locally
nilpotent over ĝ .

3. Distinguished representatives

In this section we will prove that every locally nilpotent orbit has an element in
K⊗C η̇

+⊕Cc , where η̇+ =
⊕

α∈∆̇+ ġα and ∆̇+ are the positive roots of ∆̇ . Moreover,
we will show that every locally nilpotent element in g is nilpotent.

Lemma 3.1. For each locally nilpotent X ∈ g, there exists g ∈ G such that
Adg(X) ∈ h⊕K ⊗C η̇+ .

Proof. Let X ∈ g be an locally nilpotent element over g . As every locally
nilpotent element over g is adg -locally finite, by Theorem 2.2, there exist g1 ∈ G
and w ∈ W such that Adg1(X) = Y ∈ bw .
Consider Λ = {α ∈ ∆̇ : α + nδ ∈ ∆w for some n ∈ Z} . If α ∈ Λ , then −α /∈ Λ ;
otherwise there would be m,n ∈ Z such that α+mδ,−α+nδ ∈ ∆w , which implies
that (m + n)δ ∈ ∆w because ∆w is closed, what is an absurd. In addition, as
Λ ⊂ ∆̇ is closed, there exits v ∈ Ẇ such that v · Λ ⊂ ∆̇+ . As Ẇ is generated by
simple reflections s1, · · · , sn and si(α + mδ) = si(α) + mδ for each i = 1, · · · , n ,
then v ·∆w ⊂ ∆̇+ ⊕ Z≥0δ .
Now, for each si ∈ W exists s̃i ∈ G such that Ads̃i(Y ) = si(ad)(Y ) . Moreover,
Ads̃i(Yα) ∈ gsi(α) , for all α ∈ ∆ and Yα ∈ gα . Then, if v = si1 · · · sik is a reduced
expression in W , gv = s̃i1 · · · s̃ik ∈ G is such that Adgv(Yα) ∈ gvα for all α ∈ ∆ and
Yα ∈ gα .
Hence, if g = gvg1 , Adg(X)∈h⊕

∑
λ∈Θ gλ , where Θ ⊂ {α+nδ : α∈∆̇+, n∈Z≥0} .

Lemma 3.2. Let Y = X + λc+ µd ∈ ĝ. If Y is locally nilpotent, then µ = 0.

Proof. Let Y = X +λc+µd ∈ g be a locally nilpotent element. By Lemma 3.1,
assume that X ∈ h⊕ C[[t]]⊗C η̇+ . For k ∈ N and H ∈ ḣ ,

adk(X + µd+ λc)(t⊗H) = (adX + adµd)k(t⊗H)

=
∑

i1+...+is=k

adi1(X)adi2(µd)...adis−1(X)adis(µd)(t⊗H).

Then, adk(X+µd+λc)(t⊗H) = X ′+µkt⊗H , where X ′ ∈ C[[t]]⊗C η̇
+ , because each

term in the sum belongs to C[[t]]⊗C η̇
+ , except the term adk(µd)(t⊗H) = µkt⊗H .

Therefore, ad(X + λc + µd)k(t⊗H) 6= 0 for all k ∈ N . But this is possible only if
µ = 0 .
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Consider now any other element in the orbit of Y , it is of form AdKg(X) + τc or
γĝ(z)(X)+λc for some g ∈ G and z, τ ∈ C . Then, the component of the derivation
of any nilpotent element is null.

Theorem 3.3. Let X ∈ g be a locally nilpotent element. Then, there exists g ∈ G
such that Adg(X) ∈ C[[t]]⊗ η̇+ ⊕ Cc.

Proof. Let Y = H+X+λc be a locally nilpotent element with X ∈ C[[t]]⊗ η̇+ ,
H =

∑n
i=1 kiα

∨
i and λ ∈ C . If H is non zero, then kj 6= 0 for some j ∈ {1, · · · , n} .

Let us see that for all k ∈ N , adk(Y )(Ej) 6= 0 .
For each α =

∑n
i=1miαi ∈ ∆̇+ denote by |α| =

∑n
i=1mi and consider the sets

g1 =
⊕

α+lδ∈∆, |α|=1

gα+lδ, g2 =
⊕

α+lδ∈∆, |α|≥2

gα+lδ.

We have that adk(Y )(Ej) = rkEj +Xk, where r =
∑n

i=1 kiαj(α
∨
i ) 6= 0 . Moreover,

rkEj ∈ g1 and Xk ∈ g2 or Xk = 0 , which contradicts the fact that Y is locally
nilpotent. Hence, H = 0 and the result of the theorem follows from Lemmas 3.1
and 3.2.

Theorem 3.4. Every locally nilpotent element in g is nilpotent in g and in ĝ.
Proof. If Y +λc ∈ g is locally nilpotent in g , with Y =

∑
α∈Λ t

nα ⊗Yα for some
Λ ⊂ ∆̇ ∪ {0} , then Y =

∑
α∈Λ Yα ∈ ġ is nilpotent in ġ . Therefore, there exists

k ∈ N such that adk(Y )|ġ ≡ 0 .
Let m ∈ N , β ∈ ∆̇ ∪ {0} and Zβ ∈ ġ , we have that

[Y, tm ⊗ Zβ] =
∑
α∈Λ

tnα+m ⊗ [Yα, Zβ] + nαδnα,−mκ(Y, Zβ)c. (13)

Hence, each term of adk(Y )(tm ⊗ Zβ) is in the center of g or is of form ts ⊗ W
for some s ∈ Z and W = [Yαi1

, [...[Yαil
, Zβ]...] ∈ ġ for some αi1 , ...αil ∈ Λ . The

nilpotency of Y in ġ implies that W = 0 , hence adk+1(Y )(tm ⊗ Zβ) = 0 . The
same argumet works to show that adk+1(Y )(d) = 0 . Therefore, Y is nilpotent in g .
Moreover, it is easy to show that it is also in ĝ .

4. Quasi-Jordan matrices
If A,B ∈ gln(C) are conjugated by an element in Gln(C) , they are even conjugated
by an element in Sln(C) . But, since K does not contain all the nth roots of its
elements, this fact can not be extended to gln(K) .
It is known that s =

∑∞
i=−k ait

i ∈ K has an nth root in K if and only if the order
of s , given by O(s) := min{m| am 6= 0} , is a multiple of n . Moreover, if p, q ∈ K
are such that O(p) = m and O(q) = n , for m,n ∈ Z , then O(pq) = m + n and
O(pq−1) = m− n .
If p = (p1, ..., pn−1) ∈ Kn−1 , a matrix of the form

Jp,n =


0 p1 0 ... 0
0 0 p2 ... 0
... . . .

pn−1

0 ... 0

 ∈ gln(K) (14)
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is called quasi-Jordan block. If X = D(Jp1,i1 , ..., Jpd,id ) is a block diagonal matrix
with quasi-Jordan blocks Jpk,ik , we say that X is a quasi-Jordan matrix. Without
loss of generality, we establish that i1 ≥ i2 ≥ ... ≥ id . Define m(Jp,n) , the multiplicity
of Jp,n , and nX , the order of the multiplicities of X , by

m(Jp,n) = pn−1
1 pn−2

2 ...pn−1 nX = O

(
d∏

k=1

m(Jpk,ik )

)
. (15)

Lemma 4.1. If X ∈ sln(C[[t]]) is nilpotent, then X is Sln(C[[t]])-conjugated to
a quasi-Jordan matrix.

Proof. To show that, we begin from the existence of a T ∈ GLn(K) such that
TXT−1 = J = diag(Jd1 , · · · , Jdm) is a Jordan matrix. Let q = det(T ) and
O(q) = k . There are two situations: first, when k is a multiple of n , so q has
a nth root in K . Then T ′ = T

q
1
n
∈ Sln(C[[t]]) and satisfies that T ′XT ′−1 = J .

Second, when k ≡ l(mod n) with 0 < l < n , we have that O(qt−l) = k − l . Then,
qt−l has an nth root in K . Consider S = diag(t−l, 1, · · · , 1) and T ′ = T

(qt−l)
1
n

.
Hence, T ′XT ′−1 = J , det(T ) = t−l and

(ST ′)X(ST ′)−1 = SJS−1 =



0 t−l 0 · · · 0
0 0 1 · · · 0
...

... . . . ...
0 0 0 1
0 0 0 · · · 0

Jd2
. . .

Jdm


is a quasi-Jordan matrix such that det(ST ′) = 1 .

In addition to the result in Lemma 4.1, if X∈K⊗η̇+ is conjugated by T ∈GLn(K) to
a quasi-Jordan matrix D(Jp1,d1 , ..., Jpm,dm

) for some pi,di = (pi,1, ..., pi,di−1) ∈ Kdi−1 ,
we can explicitly give the expression of T in terms of X . Let T ∈ Sln(C[[t]]) such
that TXT−1 = D(Jp1,d1 , ..., Jpm,dm

) . Rewrite T as
T1
...
Ti
...

Tm

 with Ti =


ti,1
ti,2
...

ti,di−1

ti,di

 and ti,j ∈ Kn.

Then, we have that TiX = (O1 Jpi,di O2)T , where O1 and O2 are null matrices of
size di × (d1 + ...+ di−1) and di × di+1 + ...+ dm respectively. From this equality, it
follows that

ti,1X = pi,1ti,2 ⇒ ti,2 = p−1
i,1 ti,1X

ti,2X = pi,2ti,3 ⇒ ti,3 = p−1
i,2 ti,2X = p−1

i,2 p
−1
i,1 ti,1X

2
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... ...
ti,di−1X = pi,di−1ti,di ⇒ ti,di = p−1

i,di−1ti,di−1X = · · · = p−1
i,di−1...p

−1
i,1 ti,1X

n−1.

Hence, if we consider ti,1 = ti for each i = 1, ...,m , we obtain that

Ti =


ti

p−1
i,1 tiX

...
p−1
i,1 ...p

−1
i,di−2

tiX
di−2

p−1
i,1 ...p

−1
i,di−1

tiX
di−1

. (16)

Lemma 4.2. Let X = Jp,n and Y = Jq,n be in sln(K) for some p = (p1, ..., pn−1),
q = (q1, ..., qn−1) ∈ Kn−1 . Then, X,Y are Sln(K)-conjugated if and only if there
exists r ∈ K such that

rn = m(X)m(Y )−1. (17)

Proof. Let T ∈ Sln(K) be such that TXT−1 = Y , then by (16), one deduces

T =


t

q−1
1 tX

...
q−1
1 ...q−1

n−2tX
n−2

q−1
1 ...q−1

n−2q
−1
n−1tX

n−1


where t = (t1, ..., tn) ∈ K1,n for some t1, ..., tn ∈ K . Assume T = (tij) . Hence,

tii = t1
∏i−1

j=1 pjq
−1
j , 1 ≤ i ≤ n.

Since detT = 1 and T is upper triangular,

detT =
∏

tii = tn1p
n−1
1 pn−2

2 ...pn−1q
−(n−1)
1 q

−(n−2)
2 ...q−1

n−1 = tn1m(X)m(Y )−1.

Then, considering r = t−1
1 we obtain the expected result.

Reciprocally, considering a1 = 1 and ai+1 =
∏i

k=1 pkq
−1
k for i = 1, ..., n − 1 , then

the diagonal matrix T = diag(a1, · · · , an) satisfies TXT−1 = Y . Moreover, (17)
implies that det T = 1 .

Corollary 4.3. Let X = Jp,n and Y = Jq,n be in sln(K). Then X,Y are
Sln(K)-conjugated if and only if O(m(X))−O(m(Y )) is a multiple of n.

Now, given X = D(Jp1,i1 , ..., Jpd,id ) and Y = D(Jq1,j1 , ..., Jql,jl ) , Sln(K)-conjugated
quasi-Jordan matrices, we obtain that

1. d = l ; that is, they have the same number of blocks,
2. ik = jk for every k = 1, ..., d ; that is, blocks have the same size; in other

words, X,Y have the same associated partition.

In fact, X and Y are Gln(K)-conjugated to Jordan matrices with blocks of size
i1, ..., id and j1, ..., jl respectively. On the other hand, since X and Y are Sln(K)-
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conjugated, they also are Gln(K)-conjugated. So, X and Y are Gln(K)-conjugated
to the same Jordan matrix; which means that d = l and ik = jk for all k = 1, ..., d .

Theorem 4.4. Let X = D(Jp1,i1 , ..., Jpd,id ) and Y = D(Jq1,j1 , ..., Jql,jl ) be quasi-
Jordan matrices. If X and Y satisfy

(1) d = l ; that is, they have the same number of blocks,
(2) ik = jk for every k = 1, ..., d; that is, blocks have the same size, and

(3) O
(∏d

k=1

m(Jqk,jk
)

m(Jpk,ik
)

)
= nY − nX is a multiple of id ,

then, they are Sln(K)-conjugated.
Proof. Given (1) and (2), the normal Jordan form ensures that X and Y are
GLn(K)-conjugated. Consider T ∈ GLn(K) as in (16). Also assume, without loss
of generality, that for each vector tk the entry i1 + · · · + ik + 1 is tk and zero the
other ones. Therefore, T is a diagonal block matrix T = D(T1, · · · , Td) , where

Tk =



tk 0 0 · · · 0

0
tkpk,1
qk,1

0 · · · 0

0 0
tkpk,1pk,2
qk,1qk,2

... . . .

0
∏ik−1

j=1 pk,j∏ik−1

j=1 qk,j


for all k = 1, · · · , d . It is clear that such a T satisfy TXT−1 = Y and

det T =
d∏

k=1

tikk m(Jpk,ik )m(Jqk,ik )
−1.

So, if we choose in particular t1 = · · · = td−1 = 1 and td equal to the id th root
of
∏d

k=1

m(Jqk,ik
)

m(Jpk,ik
)
, whose existence is given by (3), then det T = 1 . Therefore,

T ∈ Sln(C[[t]]) .

5. Nilpotent orbits over sl(1)n (C)

Consider the group

L(Sln(C)) := C∗ n L(Sln(C)) = C∗ n Sln(K)

and the completion algebra of g = sl(1)n (C) ,

ĝ = ŝl
(1)

n (C) = sln(C[[t]])⊕ Cc⊕ Cd.

Hence, the Kac Moody group G of sl(1)n (C) is the central extension of L(Sln(C)) . The
orbits under the action of G are in ŝl

(1)

n (C) and they coincide with the L(Sln(C))-
orbits ([21], Lemma A.0.18).

Theorem 5.1. Let X ∈ sl(1)n (C) be a nilpotent element. Then there exists
g ∈ L(Sln(C)) such that Ad g(X) = D(Jp1,i1 , ..., Jpd,id ) + λc for some d ∈ N,
pk,ik ∈ Kik−1 and λ ∈ C.
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Proof. If X ∈ sl(1)n (C) is nilpotent, by 3.3 there exists g1 ∈ L(Sln(C)) such that
Ad g1(X) = Y + λ1c , where Y ∈ C[[t]]⊗ η̇+ and λ1 ∈ C . On the other hand, there
exists g2 ∈ Sln(C[[t]]) such that AdK g2(X) = g2Xg−1

2 = D(Jp1,i1 , ..., Jpm,im) , for
some pk,ik ∈ Kik and d ∈ N , as was mentioned in the last section. Then,

Ad g2g1(X) = Ad g2(Y + λ1c) = D(Jp1,d1 , ..., Jpm,dm) + (λ1 − res〈g−1
2

dg2
dt

, Y 〉t)c.

Hence, taking g = g2g1 and λ = λ1 − res〈g−1
2

dg2
dt
, Y 〉t , we obtain the expected

result.
Until now, we have proved that every nilpotent element in sl(1)n (C) is L(Sln(C))-
conjugated to an element of the form D+ λc , where D quasi-Jordan block. So, we
wonder if conjugation classes under Sln(C[[t]]) and under L(Sln(C)) coincide.

Theorem 5.2. Let X ∈ sl(1)n (C) be a nilpotent element. Then, the nilpotent orbit
of X in ŝl

(1)

n (C) under the action of Sln(C[[t]]) and of L(Sln(C)) are equal, that is
Ad Sln(C[[t]])(X) = Ad L(Sln(C))(X).

Proof. By Theorem 5.1, each nilpotent L(Sln(C))-orbit in sl(1)n (C) has an ele-
ment of the form D + λc ∈ ŝl

(1)

n (C) , with D a quasi-Jordan matrix and λ ∈ C .
Hence, we only have to prove that AdSln(C[[t]])(D + λc) = AdL(Sln(C))(D + λc) ,
or equivalently that for each z ∈ C , Addz(D + λc) ∈ AdSln(C[[t]])(D + λc) . Let
D = D(Jp1,i1 , ..., Jpd,id ) , where Jpj,ij = J(pj1, ..., pj,ij) and (pj,1, ..., pj,ij) ∈ Kij−1 .
Then,

Addz(D + λc) = D(J(p1,1(zt), ..., p1,i1(zt)), ..., J(pd,1(zt), ..., pd,id(zt))) + λc. (18)

Denote Dz = D(J(p1,1(zt), ..., p1,i1(zt)), ..., J(pd,1(zt), ..., pd,id(zt))) . So, O(p(t)) =
O(p(zt)) and O(p) = −O(p−1) for all p ∈ K and z ∈ C . Then, for each j = 1, ..., d ,
we have that

O(pj,1(t)
ij−1...pj,ij(t)) +O(pj,1(zt)

−ij+1...pj,ij(zt)
−1) = 0. (19)

Therefore, by Theorem 4.4, the matrices D and Dz are Sln(C[[t]])-conjugated.

5.1. Level of nilpotent orbits
The following three lemmas are technical results we need to prove that conjugated
nilpotent elements, whose components in sln(C[[t]]) are quasi-Jordan matrices, have
the same component in Cc . That allows us to define the level of a nilpotent orbit.
Lemma 5.3. Let X = D(Jp1,d1 , ..., Jpm,dm

) for some pi,di = (pi,1, ..., pi,di−1)∈Kdi−1 ,
and T = (tij) ∈ SLn(K) such that TXT−1 is a quasi-Jordan matrix. If

i = r + d1 + · · ·+ dα, with r ≤ dα

j = s+ d1 + · · ·+ dβ, with s ≤ dβ

and 1 ≤ s < r ≤ d1 , then tij = 0

Proof. Let i = r + d1 + · · ·+ dα, j = s+ d1 + · · ·+ dβ , with r ≤ dα, s ≤ dβ and
1 ≤ s < r ≤ d1 . By Lemma 4.1 and equation (16), there exits tα+1 ∈ Kn such that

tij = tα+1 · coljXr−1.
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It is easy to show that the columns λ + d1 + · · · + dβ of Xr−1 , for 1 ≤ λ ≤ r − 1 ,
are null. So, since s < r , the column j of Xr−1 is null. Hence, tij = 0 .

Lemma 5.4. Let X = D(Jp1,d1 , ..., Jpm,dm
), with pi,di = (pi,1, ..., pi,di−1) ∈ Kdi−1 ,

and T = (tij) ∈ SLn(K) such that TXT−1 is a quasi-Jordan matrix. Let Mij be the
determinant of the matrix obtained from T eliminating row i and column j . If

i = r + d1 + · · ·+ dα, with r ≤ dα

j = s+ d1 + · · ·+ dβ, with s ≤ dβ

and 1 ≤ r < s ≤ d1 , then Mij = 0.

Proof. Define j1 = 1; jl = 1 + d1 + · · ·+ dl−1 if 2 ≤ l ≤ m− 1 (20)
and consider the following sets for 0 ≤ u < d1

Iu = {j1 + u, · · · , jru + u}, where dru ≥ u+ 1 and dru+1 < u+ 1. (21)
Let i = r + d1 + · · · + dα and j = s + d1 + · · · + dβ , with r < dα , s < dβ and
1 ≤ r < s ≤ d1 . Consider two cases:

Case 1: If i 6= jl for all 1 ≤ l ≤ m− 1 , Mij =
m∑
k=1

±tjk,jlM(i,jk/j,jm) .

Fix 1 ≤ k ≤ m and take S = {1, · · · , n} r {j, jm} , S ′ = {1, · · · , n} r {i, jk} and
Ω = {σ : S → S ′ injective} . Consider σ ∈ Ω satisfying that tσa,a 6= 0 for all a ∈ S ,
then by Lemma 5.3, we have:
- If a ∈ I0 r {jm} , then σa ∈ I0 r {jk} .
- If 1 < λ < r and a ∈ Iλ−1 , then σa ∈ Iλ−1 .
- If a ∈ Ir−1 , then σa ∈ Ir−1 r {i} .
Hence, there is a ∈ Ir−1 such that gσa,a = 0 . Therefore,

∏
a∈S tσa,a = 0 for all

σ ∈ Ω ; then Mij = 0 .

Case 2: If i = jl for some 1 ≤ l ≤ m− 1 , Mij =
m∑

k=1, k ̸=l

±tjk,jlM(i,jk/j,jm) .

Consider S, S ′ and Ω as in the previous case. We have that tσa,a 6= 0 if and only
if σa ∈ I0 r {jl, jk} for all a ∈ I0 r {jm} . Therefore,

∏
a∈S tσa,a = 0 for all σ ∈ Ω ,

which means that Mij = 0 .

Lemma 5.5. Let X = D(Jp1,d1 , ..., Jpm,dm
), with pi,di = (pi,1, ..., pi,di−1) ∈ Kdi−1

and T = (tij) ∈ SLn(K) such that TXT−1 is a quasi-Jordan matrix. Let Mij be the
determinant of the matrix obtained from T eliminating the row i and the column
j . If tij 6= 0, then Mi,j+1 = 0.

Proof. Let tij 6= 0 , by Lemma 5.3, we know that i = r + d1 + · · · + dα ,
j = s + d1 + · · · + dβ , with r ≤ dα , s ≤ dβ and 1 ≤ r ≤ s ≤ d1 . Since r < s + 1 ,
by Lemma 5.4, Mi,j+1 = 0 .
In the following lemma, the integers ji are as in (20).

Lemma 5.6. Let X = D(Jp1,d1 , ..., Jpm,dm
), with pi,di = (pi,1, ..., pi,di−1) ∈ Kdi−1 ,

and T = (tij) ∈ SLn(K) such that TXT−1 is a quasi-Jordan matrix. Then, for all
i ∈ {1, · · · , n}r {j2 − 1, · · · , jd − 1}, the entry (i+ 1, i) of T−1 dT

dt
is zero.
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Proof. The entry (i+ 1, i) of T−1 dT
dt

is(
T−1dT

dt

)
i+1,i

= rowi+1T
−1 · coli

dT

dt
= coli+1cof(T ) · coli

dT

dt
=

n∑
j=1

cof(T )j,i+1 ·
dT

dt j,i
,

where cof(T ) denotes the matrix of cofactors of T . So, by the Lemmas 5.3 and 5.5,
each term of the above sum are zero.

Theorem 5.7. Let D = D+ λc and D
′
= D′ + λ′c, where D and D′ are quasi-

Jordan matrices. If OD = OD
′ , then λ = λ′ . Moreover, if gDg−1 = D′ for some

g ∈ Sln(C[[t]]), then Adg(D) = D
′ .

Proof. Let g ∈ L(Ġ) be such that Adg(D) = D
′ . Hence,

Adg(D) = gDg−1 + (λ− res〈g−1dg

dt
,D〉t)c. (22)

This means that D′ = gDg−1 and λ′ = λ− res〈g−1 dg
dt
, D〉t .

If we express D and g−1 dg
dt

in ŝl
(1)

n (C) as a sum of root vectors with respect to Π ,
then the root vectors occurring in D are the ones corresponding to the roots of the
form αi+nδ , where αi is a simple root of ġ , for i ∈ {1, · · · , n}r{j2−1, · · · , jd−1}
and n ∈ Z ; while the root vectors corresponding to these roots do not occur in
g−1 dg

dt
∈ ĝ by Lemma 5.6. Therefore, 〈g−1 dg

dt
, D〉t = 0 . Hence, λ = λ′

If X ∈ ĝ is nilpotent, we have shown that X is L(Sln(C))-conjugated to an element
of the form D + λc where D is a quasi-Jordan matrix and λ ∈ C . Theorem 5.7
leads to the following definition.

Definition 5.8. Let OX be a nilpotent orbit in ĝ . If D + λc ∈ OX , with D a
quasi-Jordan matrix and λ ∈ C , then λ is the level of OX .

6. Parameterization
In this section we construct the parameterization of nilpotent orbits over sl(1)n (C)
or, more precisely, the parametrization of O(ŝl

(1)

n (C)) , the set of nilpotent orbit of
ŝl

(1)

n (C) that intersect sl(1)n (C) . We will refer to that set as the set of nilpotent orbits
over sl(1)n (C) .

Theorem 6.1. Every nilpotent element in sl(1)n (C) is conjugated by L(Sln(C))
to an element of the form Dσ,k + λc, where σ = [i1, · · · , id] is a partition of n,
0 ≤ k < id , λ ∈ C and

Dσ,k =



Ji1
. . .

Jid−1

0 1 0 · · · 0
. . .

... 1 0
0 tk

0 0 0

.


(23)
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Proof. Let X ∈ sl(1)n (C) be a nilpotent element, then by Theorem 5.1, there
exists g1 ∈ L(Sln(C)) such that Adg1(X) = D + λc , where D = D(Jp1,i1 , ..., Jpd,id )
is a quasi-Jordan matrix.
nD be the order of the multiplicities of D as in (15). Take σ = [i1, · · · , id] and
k so that 0 ≤ k < id and k ≡ nD(mod id) . Hence, by Theorem 4.4, there
exists g2 ∈ Sln(C[[t]]) such that g2Dg−1

2 = Dσ,k . So, if g = g2g1 , we have that
Adg(X) = Dσ,k + λc .

Remark 6.2. The last theorem implies that given a partition σ = [i1, · · · , id] of
n and λ ∈ C , there are at most id nilpotent orbits in ŝl

(1)

n (C) with partition σ of
level λ .

Proposition 6.3. Assume that σ = [ik11 , ik22 , · · · , ikss ] is a partition of n such that
i1 > i2 > · · · > is , and 0 ≤ k′, k < is . Then Dσ,k and Dσ,k′ are Sln(C[[t]])-
conjugated if and only if k = k′ .
Proof. Suppose there exists T ∈ Sln(C[[t]]) as in (16), conjugated to Dk = Dσ,k

and to Dk′ = Dσ,k′ .
1. Denote by

l1 = 0; lm =
m−1∑
j=1

kjij, for 2 ≤ m ≤ s. (24)

Let M be the matrix obtained by taking from T the rows and columns

Lt,r = 1 + lt + (r − 1)it, where 1 ≤ t ≤ s and 1 ≤ r ≤ kt

and Mj the matrix obtained by taking the first k1+ · · ·+kj rows and columns from
M , for 1 ≤ j ≤ s . Particularly, M = Ms . Set T u,v

r,p = tLr,u,Lp,v .
2. For each 1 ≤ r ≤ s

T u,v
r,p = 0, if 1 ≤ p ≤ r − 1, 1 ≤ u ≤ kr and 1 ≤ v ≤ kp. (25)

Fix 1 ≤ r ≤ s and take 1 ≤ u ≤ kr . By Proposition 4.2,

rowLr,u+(ir−1)(TDk) = rowLr,u(T )D
ir
k .

So, as ip < ir if 1 ≤ p < r , then Lp,v, Lp,v + ir of Dir
k is 1 if 1 ≤ v ≤ kp . Therefore,

(TDk)Lr,u,Lp,v+ir = tLr,u,Lp,v = T u,v
r,p .

On the other hand, rowLr,u+(ir−1)(Dk′T ) = rowLr,u+(ir−1)(Dk′)T is null. Since TDk =
Dk′T , the statement (25) occurs.
3. According to the notation in (1), by (2)

Mj =

(
Mj−1 [T u,v

r,j ]1≤r≤j−1

0 [T u,v
j,j ]

)
for each 1 ≤ j ≤ s . Such that detMj = detMj−1 det[T

u,v
j,j ]

4. We have detT = tk−k′(detM1)
i1−i2(detM2)

i2−i3 · · · (detMs−1)
is−1−is(detMs)

is .
5. Let Pi = detMi . Then, by (3) and (4), detT = tk−k′

∏s
j=1 P

mj

j , where mj ≥ is
for all 1 ≤ j ≤ s . If we consider 1 ≤ k < k′ ≤ is , then 0 < k′ − k < is .
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Hence, there are no elements Pi in K for which tk
′−k =

∏s
j=1 P

mj

j if mj ≥ is .
Therefore, it is not possible to obtain T ∈ Sln(C[[t]]) such that TDkT

−1 = Dk′ .

The parameterization of nilpotent orbits over sl(1)n (C) is given by the following result.

Theorem 6.4. There is a bijective correspondence between nilpotent orbits over
sl(1)n (C) and the set {(σ, j) : σ = [i1, ..., id] ∈ P(n) and 0 ≤ j < id} × C.

Proof. Consider the application

Ψ : O(ŝl
(1)

n (C)) → {(σ, j) : σ = [i1, ..., id] ∈ P(n) and 0 ≤ j < id} (26)

defined as follows: Let X ∈ ŝl
(1)

n (C) be a nilpotent element, then by Corollary 6.1,
there exist g ∈ L(Sln(C)) , a partition σ = [i1, ..., id] of n and 0 ≤ k < id , such that
AdgX = Dσ,k + λc . Hence,

Ψ(OX) = ([i1, ..., id], k, λ). (27)

Observe that:
1. Ψ is well defined: Let X,Y ∈ ŝl

(1)

n (C) be L(Sln(C))-conjugated nilpotent
elements. Suposse that there exist g1, g2 ∈ L(Sln(C)) , a partition σ1 = [i1, · · · , id] ,
σ2 = [j1, · · · , jr] of n , 0 ≤ k1 < id , 0 ≤ k2 < jr and λ1, λ2 ∈ C such that

Adg1(X) = Dσ1,k1 + λ1c,Adg2(Y ) = Dσ2,k2 + λ2c.

Since Dσ1,k1 + λ1c and Dσ2,k2 + λ2c are L(Sln(C))-conjugated, then by Corollary
4.3, we have that σ1 = σ2 ; by the Proposition 6.3, k1 = k2 and by Theorem 5.7,
λ1 = λ2 . Therefore, Ψ is well defined.
2. Ψ is injective: if X,Y are nilpotent elements in sl(1)n (C) and

Ψ(OX) = Ψ(OY ) = (σ = [i1, · · · , id], k, λ),

then there exit g1, g2 ∈ L(Sln(C)) such that Adg1X = Dσ,k + λc = Adg2Y . Hence,
X and Y are L(Sln(C))-conjugated, so OX = OY .
3. Ψ is suryective: Let σ = [i1, · · · , id] be a partition of n , 0 ≤ k < id and λ ∈ C .
Then Ψ(ODσ,k+λc) = (σ, k, λ) .

Remark 6.5. If λ ∈ C , then the number of nipotent orbits in ŝl
(1)

n (C) of level λ
is finite.

Example 6.6. Let g = sl
(1)
4 (C) . The partition of 4 are [1, 1, 1, 1] , [2, 1, 1] , [2, 2] ,

[3, 1] , [4] , then sl4(C) has 5 nilpotent orbits. The nilpotent orbits of level 0 in ĝ
are the following.

Partition k Xd

[1, 1, 1, 1] 0

 0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0


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[2, 1, 1] 0

 0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0



[2, 2] 0

 0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0



[2, 2] 1

 0 1 0 0
0 0 0 0
0 0 0 t
0 0 0 0



[3, 1] 0

 0 1 0 0
0 0 1 0
0 0 0 0
0 0 0 0



[4] 0

 0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0



[4] 1

 0 1 0 0
0 0 1 0
0 0 0 t
0 0 0 0



[4] 2

 0 1 0 0
0 0 1 0
0 0 0 t2

0 0 0 0



[4] 3

 0 1 0 0
0 0 1 0
0 0 0 t3

0 0 0 0


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