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1. Introduction

In representation theory, one of the prominent notions is that of dual pair first
studied by Howe for reductive Lie groups (algebras) (see [10, 11]). Let N and /¢
be two positive integers such that N/ is even. The classical skew Howe duality
for complex orthogonal Lie algebras states that (soy,s0,) form a dual pair on the
spinor representation A(C2) of soyg, in the sense that the restriction of A(C®)
on s0y @ s0,(C s0) is (strong) multiplicity free (cf. [11]). When N = 2v is even
(resp. N =2v+1 is odd), the so,-action on A(C2) can be integrated to an action
of the complex orthogonal group O(¢) (resp.the complex Pin group Pin(¢)). The
main goal of this paper is to extend the (s05,, O(¢)) and (s02,41, Pin(¢)) dualities to
the orthogonal toroidal Lie algebra and infinite rank orthogonal affine vertex algebra
setups.

Let C, = C,[ti',t'] be the quantum torus such that tity = gtot,, where q is a
generic complex number. The orthogonal toroidal Lie algebra sox(C,) by definition
is a one-dimensional central extension of the orthogonal Lie algebra over C, (see
Section 2 for details), which was first studied by Chen-Gao in [2]. It is remarkable
that the spinor construction of soy, can be extended to the orthogonal affine Lie
algebra soy, = s0x,®CJt, t~!]®Ck, which affords an explicit realization of the basic
representations of §05y on the exterior space F4 = A(CZ @ C[t, t1]) (sce [5, 6, 7]).

Furthermore, it was proved in [2] that there is an s0y,(C,)-module structure on the
underlying space of the spinor representation F§ of $0xy.

In this paper, we prove that (504, (C,), O(¢)) and (505,,1(C,), Pin(¢)) are Howe dual
pairs on F& (see Theorem ), and that the restriction of the sox,(C,)-module F%
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on sox(C,) is completely reducible with finite multiplicities. We remark that this
is different from that in the affine case, where the multiplicities of the restriction of
the soy,-module F& on soy are in general infinite.

It was proved in [8] (see also [14]) that affine Kac-Moody algebras can be associated
with affine vertex algebras through their modules. However, the generating functions
for the Lie algebra sox(C,) are non-local as C, is non-commutative, one needs to
use the theory of equivariant quasi module for vertex algebras developed by Li in
[15, 16] to associate o (C,) with vertex algebra. We prove that for any complex
number /, the category of restricted §oy(C,)-modules of level ¢ is isomorphic to the
category of equivariant quasi modules for the infinite rank orthogonal affine vertex
algebra Vs—— (¢,0) (see Section 3). When ¢ is a positive integer, this implies that
(Ve (£,0),0(0)) and (Vyomrs . (€,0), Pin(¢)) are Howe dual pairs on Fy,.

Note that the skew Howe duality for the simple orthogonal affine vertex algebras
was studied by Jiang-Lam in [12] , and the skew Howe duality for the completed
infinite rank orthogonal Lie algebras was established by Wang in [17] (see also [3]).
In [1], the skew Howe duality for general linear Lie algebras was generalized to the
toroidal Lie algebra and vertex algebra setups. For this paper, we work on the field
C of complex numbers, and we use symbols C*, Z and N for the sets of nonzero
complex numbers, integers and nonnegative integers, respectively.

2. The toroidal Lie algebra son(C,)

Let N be a positive integer, and set

{£1,---, v} if N =2v
Iy =
{£1,--,2}U{0} N =2w+1,

where v = |&] is the largest integer less than or equal to &. Let A be a unital
associative algebra with anti-involution ~ . We denote by gly(A) the Lie algebra
of all N x N matrices (a;;); jer, with entries from A. Then we have the following
orthogonal Lie subalgebra of gly(A):

son(A) =son(A, ) ={A = (a;) € gly(A) | GyA+ A'Gy = 0}, (1)

where A’ stands for the transport of A = (@;;) and Gy = > ie1y Fi—i- Here and
henceforth, for i,5 € Iy, a € A, we write Ej; ja for the matrix whose only nonzero
entry is the (7, j)-entry which is a. When A = C with the trivial anti-involution,
the son(C) is the usual orthogonal Lie algebra soy .

The quantum torus associated to a ¢ € C* by definition is an associative C-algebra

C, with generators #5',#7 and satisfies
(t5t7)(tht]) = ¢""tg 1+ for myn,p,s € Z.

Throughout this paper, we always assume that ¢ is not a root of unity. Let = be
the anti-involution of C, defined by

oty =q "ttt for myn € Z.
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Associated to (C,, ~ ), we have an orthogonal Lie algebra soy(C,) defined in (1).
For 7,5 € Iy and m,n € Z, we set

fij(m,n) = B jtg't] — E_; 317, (2)

Then the Lie algebra soy(C,) is spanned by the elements f; ;(m,n) for i,j € Iy
and m,n € Z, such that

fijm,n)+q¢ ™" f_;_i(m,—n) =0. (3)

Let QT[;((Cq) = gly(C,) ®Cc be a one-dimensional central extension of gly(C,) with
Lie product

[Ei it tT, Eratoti]
m m n—-+s 1 n
= q"P0; Bty Trppts "0 Bk ity Trnts 4 §5j,k5i,z5m+p,o5n+s,0q Pmc

for 7,7, k,l € In,m,n,p,s € Z, and c is central. We define the orthogonal toroidal
Lie algebra over the quantum torus C, to be the following one-dimensional central
extension of son(C,) ([2]):

503(C,) = s0n(C,) @ Ce C gly(C,).

It is easy to check that

[fij(m,n), fri(p, s)]
= 0, 1q" fia(m +p,n+s) — 6 1q? "I f; _j(m +p,n — s)
+ 8 kg IS S(mA o — 8) — 0™ frj(m 4 p,n 4 s)
+ 05 k0i10m1p,00n+50q " MC — 05 _10; kO 1p00n,sTC (4)

for i,j,k,l € Ixy,m,n,p,s € Z. Let { be a positive integer such that N/ is even and
set d = L%j . For convenience, we define a map 7 from Iy x I, to Iy, as follows:

(i) if N =2v and ¢ =2d+ 1, then

(i,7) (r+dyv+i if >0,
m Y = . .
(r—dyv+i it 7<0.

(ii) if N =2v and ¢ = 2d, then

(r+dv+i it i>0,r<0,
(i.7) (r+d—1)v+1 it i>0,r>0,
(i, r) = :

(r—dyv+i if i<0,r>0,

(r—d+1)v+i if 1<0,r<0.
(iii) if N=2v+1 and ¢ = 2d, then

(1 if =0,

(r+d)1/+z+d if i>0,r<0,
(r+d—1r+i+d it ¢>0,r>0,
(r—dyv+i—d if i<0,7r>0,
(r—d+1lv+i—d ift i<0,r<0.

m(i,r) =

\
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One can check that 7 is a bijective map from Iy x I, to Iy, and such that
7w(—i,—r) = —m(i,r). Furthermore, we have the following result.

Lemma 2.1.  The assignment (1,5 € Iy,m,n € Z)

fi,j (m7 n) = Z fﬁ(i,r),ﬂ’(j,r) <m7 n), c— fc (5)

rely

determines an embedding from sox(C,) to soni(C,), and the assignment (r,s € 1)
fr,s = Er,s - E—s,—r — Z fﬂ(i,r),fr(i,s) (07 O) (6)

i€ln
determines an embedding from so, to sone(C,). Furthermore, s5on(C,) commutes

with s0, as subalgebras of sox¢(C,).

Proof. It is easy to check that the assignment (5) (resp.(6)) gives rise to an
embedding from soy(C,) (resp. s0¢) to s0x,(C,). Furthermore, we have

D i (151), Y Friea)n(s)(0, 0)]

kel, tely
= fﬂ(i,r),ﬂ(j,s) (m> 7’L) - fﬂ'(’i,*s),ﬂ(j,f’r‘) (ma TL) + fﬂ(i,*S),ﬂ'(j, ( ) f7r (3,r),7(4,8) (m, n)
=0

for 7,5 € Iy,m,n € Z and r,s € [,. This completes the proof of lemma. [ ]

3. Vertex algebra associated with sox(C,)

Let Mpyxoo = {(@]5") | 1,5 € Iy,m,n € Z, and a];" € C}

be the space of infinite complex matrices, and set
Ilnvvoo = 1(a]5") € Myxoo | @;5" = 0 for all but finitely many a;”;"}.

For ¢,j € Iy,m,n € Z, write E " for the unit matrix in gly, ., whose only nonzero
entry is the ((1, m) (j,m))- _entry 1 These unit matrices form a basis of gly, ., with

m,n p,S m,S p,n
[E E ]— j,kén,pEz‘,z _5i715m75Ek,j

i,j

for 4,7, k.l € Iy,m,n,p,s € Z. We define the following infinite rank orthogonal Lie
algebra:
S50Nxc0 = {A - (a??jm) € g[NXoo | At‘]N + ‘]NA - 0}7 (7)

where A = (aj;") and Jy =3 ., > ety Bili € Mixoo- It is straightforward to

7,0 1,—1

check that the Lie algebra soxnys is spanned by the following elements

_]z

for i,j € Iy,m,n € Z, and such that " + F™/" ; = 0. Furthermore, one has

[ FY) = 04 k0np By — 05100 s B0 + 61—k 0m p )5 — 0310 s FYLY

2,7 )

for 7,7, k,l € Iy and m,n,p,s € Z.
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We define a bilinear form (-,-) on $0yx by

<Fm,n kajls> = j,kéi,l(sm,sén,p - 5i,7k6j,7l5m,p6n,sv (9)

7’7.] ?

which is nondegenerate, symmetric and invariant. For r € Z, we define a linear map
Op ON S0Nxoo DY
o (F3") = FIrmss (10)

for i,j € In,m,n € Z. 1t is easy to show that o, € Aut(s0Nxwo, (-, +)), the group
of automorphisms on §0y that preserve the bilinear form (-,-). Then we have a
group isomorphism

p:Z— Aut(sonxoo, (-,7)), T+ Oy (11)
One can check that for a,b € g,
[0.(a),b] =0 and (o.(a),b) =0 (12)

for all but finitely many r € Z.
Associated to ($0nxo, (-, ), we have the affine Lie algebra ([13])

S0 xoe = 50N xoe @ Clt, 7] @ Ck,
where k is central, and for a,b € s0Nxo0, m,n € Z,
l[a@t™ b@t"] = [a,b] @ t"" + mb,,1nola, b)k. (13)

We write a(m) = a ® t™ for a € soyx0 and m € Z, and define a linear character
on Z by

Xq:Z—C*, r—q". (14)
With this character x,, we lift the Z-action p on soyyxs to the affine Lie algebra
50N o0 DY

p(r)(a(m) + pk) = x4(r)" (o,(a)(m)) + puk (15)

for m,r € Z,a € soyy and p € C. From [16], we obtain the (Z, x,)-covariant
algebra 50y x0|Z] of 50xxe, Where

—

S0 %00l Z] = $0Nwoo/sPAn{p(T) (1) — ulr € Z,u € 50N 1m0}

as vector spaces, and the Lie bracket is given by

[w,0] =Y [p(r)(u), ] (16)

rE€Z

for u,v € $0xx0e, Where @ stands for the image of u in §0x,40|Z] under the natural
quotient map. By definition we have

F3"(r) =g ™ F () (17)

Z7J

for i,j € In,m,n,r € Z. Moreover, we have the following result (cf. [1, Lemma

2.3)).
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Lemma 3.1.  The (Z, x,) -covariant algebra $0nxw|Z] is spanned by the set
{k, FJ'(m)|i,j € ly,m,n € Z},

, e Oy —mn 0,—n N
and subject to the relations F;;"(m) = —q~""F_; ", (m).

Let ¢ be a fixed complex number. View C as a ($0xx0 ® C[t] ® Ck)-module with
50N %00 ® C[t] acts trivially, and k acts as the scalar £. Set

Vi (€,0) = U (50w o0) Puison racfeck) C (18)
an induced $0yxo-module. There is a natural Z-grading on $0x e such that
dega(n) = —n and degk =0 fora € s0Nxo0,n € Z,

and this induces an N-graded on V- by defining deg C=0. We define a linear
operator L(0) on V= (¢,0) by L(0)v = nv, for v € Vg (¢,0) with degv =n.

50N x 0o S0N x 0o

Denote 1 = 1® 1 € V;— (£,0), and identify soyx. as the degree-one subspace

50N x 0o

of Vis=— (¢,0) by setting a = a(—1)1, for a € s0yxc-. It is well-known that there

SO0N x 0o

exists a vertex algebra structure on Vzr— (¢,0), which is uniquely determined by

the condition that 1 is the vacuum vector, and the vertex operators

Y(a,z) = a(x) = Z a(m)x™™ 1 for a € 50N xwo-

meZ

Definition 3.2. Let I' be a group equipped with a linear character y : I' — C*.
A wertex T'-algebra is a vertex algebra V equipped with a group homomorphism

R:T = GL(V); v~ R,
satisfying the condition R.(1) =1, and
RY (v,2) R =Y (R, (v), x(7) ') (19)

for v € I';v € V. Moreover, an equivariant quasi module for a vertex I'-algebra V'
is a vector space W equipped with a linear map

Yw(,z): V— Hom(W,W((z))); v~ Yw(v,x),
satisfying the condition Yy (1,z) = Idy,, and

Yw(RA/U, CU) = YW(Uv X(V)x)

for y e I';v € V, and for u,v € V', the quasi Jacobi identity

33515(961;0:62 )p(x1, x2) Y (u, 21)Yw (v, 22) — x515(x2_;:1 p(x1, x2)Yw (v, 22) Y (u, 21)
— x;lg(xlx—zxo Yp(z1, 22)Yw (Y (u, 0)v, 22) (20)

holds on W for some polynomial p(xy,z3) of the form

p(z1,29) = (21 — x(71)22) - (21 — X (W) 72) (21)

for v, ;3 €T [ ]
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The notion of vertex I"-algebra and its equivariant quasi module were first introduced
by Li in [15, 16]. From [16], it is known that the action p of Z on sonyx. can be
uniquely lifted to an action of Z on V,— (¢,0), which will be also denoted as
p. Furthermore, Vizo— (¢,0) becomes a vertex I'-algebra with I' = Z, x = x4
and R, = x,(r) "t Op(r) for r € Z, where y, is defined in (14). We say that an
s0y(C,)-module W is restricted if

fii(nox) ==Y fij(m,n)z~""" € Hom(W, W ((x))) (22)

mEZL
for any 4,7 € Iy and n € Z, and is of level ¢ € C if ¢ acts as the scalar ¢. As the

main result of this section, we have the following correspondence theorem.

Theorem 3.3.  Let { be a complex number. For any restricted son(C,)-module
W of level €, there exists an equivariant quasi Veg—_(¢,0)-module structure on W,
where the vertex operator is uniquely determined by

Yw (F2" x) = ¢ fij(n — m, ¢"x) (23)

1,7
for i,j € In,m,n € Z. On the other hand, for any equivariant quasi Vy—_(£,0)-
module (W, Yw), W is a restricted so5(C,) -module of level £ with the action given by

fij(n,w) =Y (FX" x) fori,j €ly,neL. (24)

1/7] ?

Proof.  We first give a realization of 505 (C,) as the covariant algebra of 50y .
From Lemma 3.1 and (3), we see that there is a linear isomorphism, say 6, from
s05(C,) to the (Z, x,)-covariant algebra 50y [Z] determined by

0(fij(m,n)) = F'(m), 6(c) =k (25)

for i,j € Iy and m,n € Z. Furthermore, from (13),(16) and (17) we have

[Foy"(m), Fyy (p)]
= ¢ (F ) (m A+ p) A+ mOmapo(FL, FK)
reZ

= q ™6 F " (m+ p) — M6 FTTE (m+ p) + 6k FUT (m+ )

- qms5¢,lF£7}n+s(m =+ P) + qnp5j,k5¢,z5n+s,05m+p,omE - 5j,fl5i,fk5n,s(sm+p,0mE
= ¢ F " (o p) = ¢V FT N (o p) g6, FUT (m o+ p)

—-q™ i,lF;?,’]MS(m + D) + ¢"0;10100+5,00m+p.0mK — 85 _10; 10, sOmpomk.

This, together with (4), proves that 6 is a Lie isomorphism.

Similar to the algebra soy(C,), we say that an 50y [Z]-module W is restricted if,
for 7,7 € Iy and m,n € Z,

P (a) = 3 R0 e (),
reZ

and is said of level ¢ if k = ¢ on W. Assume now that W is a restricted soy(C,)-
module of level ¢. Via the isomorphism 6, it follows from (17) that W becomes a
restricted 50y .0|Z]-module of level ¢ with

R ) = "l — m.a™) for ] €T, mne 7
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Note that the character x, is injective, in view of [16, Theorem 4.9], there is an
equivariant quasi Vs (¢,0)-module on W with

ON x oo
Y (B, ) = 2" (x)  for 4,5 € Iy, m,n € Z.

This proves the first assertion in theorem. On the other hand, let W be an
equivariant quasi V,z—— (¢,0)-module. Then again by [16, Theorem 4.9] there is

ON x oo
a natural 80y - [Z]-module structure on W such that k = ¢ and

F () = Yw (F];",x)  for 4,j € Iy, m,n € Z.

Via the isomorphism 6, W is a restricted soy(C,)-module of level ¢ with
fij(n,x) = onn(x) = YW(FZ%-", x) fori,j€ly, neZ.
This completes the proof of the theorem. [ |

4. The (505,(C,),0(£)) and (s02,11(C,), Pin(£)) dualities

Let N, ¢ be positive integers such that N/ is even. In this section we prove that
(502,(C,),0(£)) and (504,;1(C,),Pin(¢)) are dual pairs (in the sense of Howe) on
an fermionic Fock space F¥ .
We begin by recalling the notion of dual pairs ([10, 11]). Let G be a complex
reductive group, and

W = € Homg(W;, W) © W,

icl

a locally regular G-module of countable dimension, where W; i € I, exhaust all
non-isomorphic irreducible regular G-submodules of W.

Definition 4.1. Let £ be a Lie algebra and let V' be a vertex I'-algebra. We

say that (£,G) (resp. (V,G)) is a (Howe) dual pair on W if

(i) W is an L-module (resp. equivariant quasi V'-module) such that the actions
of £ (resp. V') and G commute.

(ii)) For every i € I, the L-submodule (resp.equivariant quasi V -submodule)
Homg (W;, W) of W is irreducible.

(ili) For any 4,j € I, Homg(W;, W) = Homg(W,, W) if and only if i = j. m

Next, we introduce the fermionic Fock space F§. Let C& be the Clifford algebra
with generators ¢! (m), for i € Iy,r € I,,m € Z, subject to the relation

Ui (m)a3 (n) + &5 (n)i (m) = 6i4j,00r+5,00mn,0l
for i,5 € Iy,r,s € I, and m,n € Z. For convenience, for ¢ € Iy and r € I,, we
define the following generating functions:

Vi) =Y e (m)z,

As in [4], we define a normal ordering on C¥ as follows:

Vi (m)ys(n) if m <mn,
i (m)yi(n) = ¢ 3(WFm)Y5(n) — Y3 (n)yi(m))  ifm=n, (26)
—¢j(n)¢f(m) iftm>n

for 7,7 € Iy,r,s €, and m,n € Z.
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Let F% be the simple C4-module generated by a vacuum vector 1 such that
Pvi(m+1)1 =47 ,(m)1=0 (27)
for 1 <i<wv,rel,,meN, and
do(m +1)1 =" (m)1 =0 (28)

for 1 <r <d,m €N, where d = |£]. Note that the condition (28) is needed only
when N =2v +1 is odd (and so ¢ = 2d is even).

Lemma 4.2.  There is an s05(C,)-module structure on F§ with ¢ ={ and
Zreﬂg : ¢z‘r(x)w:;($) : if n=0,
fij(n,z) = (29)

Srer, (VI @ (") +50, ) ifn A0,
where i,j € Iy and n € Z. On the other hand, there is an so,-module structure on
F& with
=D sUimwT(-m) s, (30)
meZ i€l
where r,s€l,. Furthermore, the s5o5(C,)-action on FY commutes with that of so,.

Proof. When N is even and ¢ = 1, it was proved in [2] that the action (29)
affords an s0oy(C,)-module (of level 1) structure on Fj,. In particular, we obtain
an $0y¢(C,)-module structure on Fj, such that

(@) () - ifn=0,
Y2 (2)° (") 304 L if n#0

1—qgm

fij(n,x) =

for 7,7 € Iyy,n € Z. Note that the bijection 7 : Iy x I, — Iy, induces an algebra
isomorphism from C% to Ck, determined by ! @/J?r(w). Via this isomorphism,
F& becomes a Ch,-module. It is straightforward to prove that, as Ci,-modules,
F% is isomorphic to Fa,. Thus F§ becomes an s0y,(C,)-module with

Yy (@)Y (e
f’ﬂ'(’b?" (TL CL’) s

XACH o

(x) : ifn=0,
(") 45 5”&51 if n #£0,

where i,j € Iy,r,s € I, and n € Z. Therefore the assertion of this lemma follows
from Lemma 2.1. [ |

Let O(f) = {A € GLZ((C) | GgAtGg = A}
be the complex orthogonal group of rank ¢, where G, = > icl, E; _;, and let

SO() = {A € O(l) | det A =1}

be the complex special orthogonal group.
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When N = 2v, we view U/ := C* @ C* ® C[t,t"!] as an so,-module such that so,
acts naturally on C* and acts trivially on C” ® C[t,¢7!]. Then we have a natural
s0,-module structure on the exterior algebra A(UY) of UL. Fix a basis ey,...,e,
(resp. e", r € Iy) of C” (resp. C*). Then it is straightforward to see that the so,-
module F% (see (30)) is isomorphic to A(UY), and the isomorphism is given by

Pr(-n)l=¢®e @t", Y (-n-—1Dl=¢ce @t !

for 1 <7 <wv,rel, and n € N. In view of this, the so,-action on .7:]{, can be
integrated to an SO(¢)-module and extended to an O(¢)-module.

We denote by End(F%)° the subalgebra of End(Fg) fixed by O(f). Then we

have:

Lemma 4.3.  Assume that the positive integer N is even. Then for any subspace
U of F§, U is a 505(C,)-submodule if and only if it is an End(F%)°® -submodule.
Furthermore, two soy(C,)-submodules of F& are isomorphic if and only if they are
isomorphic as End(F&)°® -modules.

Proof. For each i,j € Iy and m,n € Z, we choose an element from sox(C,):

fij(m,n), ifn=0,

gid(m?n) = ' g '
fij(m,n) — §5m705i,jﬁc, if n #0.

Then from Lemma 4.2, the action of g; j(m,n) on Fy is given as follows:

gij(m,n) = Z Zq*"k s (m — k)i (k) -

keZ rely

Note that, for any 4,7 € Iy,m € Z and w € F%, there is a finite subset Ji" of Z
such that for k € Z,

> i m—k)T(k) rw £0 <=k e JT (31)

rely,

Recall that as O(f)-modules, F¥ is isomorphic to A(Uf). Then the classical (skew)
invariant theory for orthogonal groups ([9, 11]) states that the algebra End(F% )
is generated by the following elements

> i m) i n):

rely,

for 4,5 € Iy, m,n € Z. This implies that if U is an End(F%)°®-submodule,
then g; ;(m,n)U C U, for any i,j € Iy, m,n € Z, and hence U is an soyx(C,)-
submodule. Conversely, if U is an soy(C,)-submodule, then we need to show

> i m)pTi(n) weU (32)

rely,

for 7,7 € Iy,m,n € Z and w e W.
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For this purpose, we assume that > . @ ¢;j(m)y=i(n) : w # 0. Consider the
equations

gij(m+n,p)w = Z g (Z L (mAn = k)i (k) w) cU

ke rely

for p=0,1,...,]J;5"] = 1. As ¢ is not a root of unity, the coefficient matrix of the
above equations is a Vandermonde matrix. This implies that

Yover, i (mAn—k)YZi(k) cw e U forall k€ JZ;JF"’w.
By taking k = n, we see that (32) holds. This proves the first assertion of the lemma.
The second assertion can be proved by a similar argument, which is omitted. u

Now we consider the case N = 2v + 1 (and so ¢ = 2d). Let Pin(¢) be the double
cover group of the orthogonal group O(¢) and let Spin(¢) be the pull back of SO(?)
under the projection from Pin(¢) to O(¢). It is well-known that there is a natural
s0,-module structure on the exterior algebra A(C?), the so-called spinor module
9]. View C’ @ tC[t] as an sog-module such that so, acts naturally on C* and acts
trivially on ¢C[t], and so we have an so,-module structure on the exterior algebra
A(C* @ tCJ[t]) of C* @ tCJt]. It is easy to see that as so,-modules, F} is isomorphic
to A(C?) ® A(C* ® tCJ[t]), and the isomorphism is given by

Yol =" @ (1®1), ¥i(-n—-1)1=1® (¢ @t"™)

for 1 < r < d,s € I, and n € N. Then we have the following so,-module
isomorphism

Fayir 2 F| @ Fa, 2 ANC" @ A(C* @ tC[t]) @ A(UY).

This implies that the sos-action on F& can be integrated to an Spin(¢)-module and
extended to a Pin(¢)-module.

We denote by End(F%)F™® the subalgebra of End(F%) fixed by Pin({). By a

similar argument as that of Lemma 4.3, we have:

Lemma 4.4.  Assume that the positive integer N is odd. Then for any subspace U
of Fy, U is a 505(C,) -submodule if and only if it is an End(F% )P -submodule.
Furthermore, two sox(C,)-submodules of FY are isomorphic if and only if they are
isomorphic as End(F&)P™E -modules.

Note that F% is a restricted soy(C,)-module of level £. From Theorem 3.3, we see
that Fj is an equivariant quasi V;—— (¢,0)-module. Then we have:

Theorem 4.5. Let N,{ be positive integers such that NI is even. If N is even,
then (505(C,),0(0)) and (Vigo—_ (£,0),0(¢)) are dual pairs on FY. Moreover, if

S0N x 0o

N s odd, then (son(C,),Pin(¢)) and (Vy=— (¢,0),Pin(¢)) are dual pairs on F .

50N x 00

Proof. If N is even, then F§ = A(U’) as O(¢)-modules. By the general duality
theorem ([9, Theorem 4.2.1]), we know that (End(F%)°®,0(¢)) is a dual pair on
F&. This together with Lemma 4.3 gives that (sonx(C,),0()) is a dual pair on
F% . Furthermore, by Theorem 3.3, we see that (V;— (¢,0),0(¢)) is also a dual

S0N x 0o
pair on F% . Similarly, when N is odd, it follows from Lemma 4.4 and Theorem 3.3

that (sonx(C,),Pin(¢)) and (V,z=— (¢,0),Pin(¢)) are dual pairs on FE. n

SO0N x 0o
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