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Abstract. We present a constructive approach to torsion-free gradings of Lie algebras. Our main
result is the computation of a maximal grading. Given a Lie algebra, using its maximal grading
we enumerate all of its torsion-free gradings as well as its positive gradings. As applications, we
classify gradings in low dimension, we consider the enumeration of Heintze groups, and we give
methods to find bounds for non-vanishing ¢4 cohomology.
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1. Introduction
1.1. Overview

A grading of a Lie algebra g is a direct sum decomposition

=DV (1)

aEA

indexed by an abelian group A in such a way that
[Va, Vil C Vaus (2)

for each pair o, € A. In this paper, we will focus on Lie algebras over fields of
characteristic zero and torsion-free gradings, i.e., gradings indexed over torsion-free
abelian groups. There are also more general notions of gradings of Lie algebras or
more general algebras, see for instance [5] or [24].

An important example of a Lie algebra grading is the so called mazimal grading,
which has the property of not admitting any proper refinement into smaller sub-
spaces V. Slightly different notions of a maximal grading (sometimes also fine
grading) exist in the literature. In this paper, we follow a similar viewpoint as in
[13], and define maximal gradings by using maximal split tori of the derivation al-
gebra der(g), see Definition 2.16. The subspaces V,, of a maximal grading are then
the maximal subspaces of g where every derivation of the torus acts by scaling. In
addition, the indexing group of a maximal grading is some Z* with the universal
property that every other torsion-free grading can be obtained using projections, see
Proposition 2.18.
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A classical example of a maximal grading is the Cartan decomposition, which plays
a fundamental role in representation theory and the classification of semisimple Lie
algebras over C, see for example [17]. There has been a growing interest in the
study of (maximal) gradings of semisimple Lie algebras since the paper [24], see
the survey [19] or the monograph [12] for an overview. Moreover, a classification of
maximal gradings of simple classical Lie algebras over algebraically closed fields of
characteristic zero can be found in [11].

Regarding nilpotent Lie algebras over algebraically closed fields of characteristic zero,
an in depth study of maximal gradings over torsion-free abelian groups was carried
out in [13]. One of the main results in [13] is that within the family of nilpotent
Lie algebras g of nilpotency step s and with abelianization g/[g, g] of dimension r,
there are only finitely many torsion-free maximal gradings, up to automorphisms of
the free nilpotent Lie algebra of step s and rank r. This finiteness in the number
of maximal gradings is in contrast with for example the existence of an uncountable
number of non-isomorphic nilpotent Lie algebras over the reals in dimension 7 and
higher.

There are two other special types of gradings of particular interest in the case of
nilpotent Lie algebras: positive gradings and stratifications. A positive grading is
a grading indexed over the reals such that in the direct sum decomposition (1) all
the non-zero spaces V, have positive indices a > 0. A stratification (also called a
Carnot grading) is a positive grading for which V; generates g as a Lie algebra.

Lie algebras with a stratification are the Lie algebras of Carnot groups. These groups
play a central role in the fields of geometric analysis, geometric measure theory, and
large scale geometry, see [20] for a list of references.

Positive gradings are important within the study of homogeneous spaces, as they
appear directly in characterizations of such spaces. First, any negatively curved
homogeneous Riemannian manifold is a Heintze group G x R [16], where G is a
nilpotent Lie group and the action of R on G is given by a one-parameter family
of automorphisms inducing a positive grading of G. Second, any connected locally
compact group that admits a contracting automorphism is a positively gradable Lie
group [25]. In this latter result, the group structure and contracting automorphism
may also be replaced by a metric structure and a dilation, see [8].

Another active area of research that contains several open problems related to
positively gradable Lie groups is the quasi-isometric classification of locally compact
groups. A survey on the topic can be found in [6]. For instance, it is not known
whether there exists a non-stratifiable positively gradable Lie group that is quasi-
isometric to its asymptotic cone, nor whether all large-scale contractible groups are
positively gradable, see [7, Question 7.9]. The quasi-isometric classification is open
also for Heintze groups, see [1] for some known results.

1.2. Implemented algorithms and applications

The purpose of our work is to implement algorithms for computing various gradings
of a Lie algebra. In this paper we give a thorough explanation of the algorithms
together with relevant mathematical concepts and proofs of correctness, as well as
present some applications. The source code for the implementation can be found in
[15], along with a full classification of gradings in dimension 6 and for “most” Lie
algebras in dimension 7, in the sense explained in Subsection 4.2.
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In all of the algorithms, we work with a finite dimensional Lie algebra g defined by
its structure coefficients in some field F', which does not have to be the base field of
the Lie algebra and will usually be smaller. That is, we assume we have a fixed basis
Xi,...,X, of g and are given a family of coefficients {cfj eF:ijke{l,... n}}
such that the Lie bracket is defined as

X0, X)) =) i X
k=1

In practice, F' will usually be either the field of rationals or algebraic numbers. The
actual base field of the Lie algebra will usually not be relevant, see the discussion in
Subsection 2.1.

The most important of the implemented algorithms is the construction of a maxi-
mal grading of a Lie algebra g when the field F' is algebraically closed, see Algo-
rithm 3.10.

Given a maximal grading of a Lie algebra g, it is straightforward to construct a finite
collection of gradings, which contains the universal realizations (see Definition 2.8)
of all torsion-free gradings of g up to equivalence in the sense of Definition 2.5. We
cover this enumeration procedure in Subsection 3.1. The finite collection will in
general contain equivalent gradings. In the classification of gradings given in [15] we
eliminate this redundancy in the case of nilpotent Lie algebras of dimension up to 6.

A maximal grading of a Lie algebra g also determines a parametrization of all the
positive gradings of g as a convex cone. We explain this in detail in Subsection 3.3
and present Algorithm 3.8 which is a method to construct a positive realization of a
grading when one exists. We also give a construction for a stratification (when one
exists) in Subsection 3.2. The stratifiability criterion is the same as the one in [5,
Lemma 3.10], which we write out as an explicit linear system.

Finally we give two applications of the parametrization of positive gradings. In
Proposition 4.7 we show that all non-equivalent positive gradings define non-iso-
morphic Heintze groups. Thus we give methods to enumerate diagonal Heintze
groups. Consequently, we make progress on the problem of finding all Heintze
groups with prescribed nilradical, which is a question already hinted by Heintze,
see the discussion after Theorem 3 in [16].

As another application, the parametrization of positive gradings gives a method to
find better estimates for the non-vanishing of the ¢%? cohomology of a nilpotent Lie
group, which is a quasi-isometry invariant.

1.3. Structure of the paper

In Section 2 we recall various definitions and terminology. In Subsection 2.1 we
discuss to what extent we need to worry about the base fields of the Lie algebras
appearing throughout the paper. The core concepts of realization, push-forward,
and equivalence are defined in Subsection 2.2 and universal realizations are recalled
in Subsection 2.3. Subsection 2.4 covers how to study torsion-free gradings of a Lie
algebra g in terms of tori of the derivation algebra der(g). Maximal gradings and
their universal property are discussed in Subsection 2.5.

In Section 3 we give our main constructions. Subsection 3.1 reduces the enumera-
tion problem of all torsion-free gradings to the construction of a maximal grading.
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Subsection 3.2 covers the construction of a stratification. Subsection 3.3 consid-
ers Algorithm 3.8 on positive gradings. The construction of a maximal grading,
Algorithm 3.10, is described in Subsection 3.4.

In Section 4 we give various applications of gradings to the study of Lie algebras and
Lie groups. Subsection 4.1 shows how to use the maximal grading of a Lie algebra as
a tool to detect decomposability of a Lie algebra, and how to reduce the dimension of
the problem of deciding whether two Lie algebras are isomorphic. In Subsection 4.2
we classify up to equivalence the gradings of low dimensional nilpotent Lie algebras
over C. In Subsection 4.3 we cover the results on the enumeration of Heintze groups.
Finally, in Subsection 4.4, we present the method for finding improved bounds for
the non-vanishing of the 9P cohomology.

2. Preliminaries

The contents of this section can, up to some modifications, be found in [19, Sec-
tion 3-4]. Nonetheless, we give here a self-contained presentation to better fit our
constructive approach.

2.1. On base fields

Throughout the paper, we will always take for granted that the base fields for all
Lie algebras and other vector spaces are of characteristic zero. This characteristic
zero assumption is essential in order to work interchangeably with gradings of a Lie
algebra g and tori of the derivation algebra der(g), see [12, Section 1.4] for some
discussion on the non-zero characteristic case.

At several points we will ignore the base field F”’ of the Lie algebra and only work
with the potentially smaller field F' C F’ that the Lie algebra is defined over.

Definition 2.1. A Lie algebra g with base field F” is defined over a field F C F’ if
it has a basis such that the structure coefficients in that basis are all elements of F'.

All the constructions given in Section 3 are in fact independent of the actual base
field F/ D F. In the case where the construction does not involve the base field
at all this independence is automatic, such as in the enumeration of gradings in
Subsection 3.1. Otherwise we will mention the reason explicitly either by a reference
such as for stratifications in Remark 3.6 or by an immediate argument as for maximal
gradings in Remark 3.11.

The independence of the base field is particularly convenient because it allows us
to make use of computer algebra systems, where it is necessary to work with a
computable field, i.e., it is necessary to be able to distinguish elements and compute
all the field operations with finite algorithms. For instance, although the field of reals
R is not computable, we may make use of our computer algebra implementation as
soon as the Lie algebra is defined over the rationals or the real algebraic numbers,
i.e., the real numbers that are algebraic over the rationals. As an example, in
Subsection 4.2 we will give a brief overview of our classification of gradings of all
Lie algebras up to dimension 6 over C.

2.2. Gradings and equivalences

In this section we define some key notions related to gradings of Lie algebras,
including push-forward and equivalence.



HAKAVUORI, KiviOoJA, MOISALA, TRIPALDI 387

Definition 2.2. A grading of a Lie algebra g is a direct sum decomposition
V:g=&,c4Va, where A is an abelian group and for each o, € A it holds
[V, V3] C Vi The group A is called the grading group of the grading V, and we
say that the grading V is over A, or that V is an A-grading.

The subspaces V, are called the layers of the grading V. Each layer V, is also
commonly referred to as the homogeneous component of degree «. The elements
a € A such that V,, # 0 are called the weights of V. We define the support of a
grading as its set of weights, and we will denote it by 2. A basis of g is said to be
adapted to V, or alternatively is said to be a homogeneous basis, if every element of
the basis is contained in some layer of V. [ |

Definition 2.3. A grading is called torsion-free if its grading group is torsion-
free. ]

Definition 2.4. Let V:g =&, ., V. be a grading over some abelian group A.
Given an automorphism ® € Aut(g), an abelian group B and a homomorphism
f: A — B, we define the push-forward grading f.®(V) : g = @BGB Wy over B,

where
We= B (Vo)
acf=(B)
When ¢ = Id, we simply denote f.Id(V) = f.V. [

It is readily checked that the push-forward grading is indeed a B-grading in the
sense of Definition 2.2.

There are several different notions of equivalence of gradings in the literature. The
one that we shall use is called group-equivalence in [19]. For brevity, we will refer to
this notion as equivalence. Stated in terms of push-forwards, the group-equivalence
notion of [19] takes the following form:

Definition 2.5. An A-grading V and a B-grading W are said to be equivalent
if there exist an automorphism ® € Aut(g) and a group isomorphism f: A — B
such that W = f,®(V). ]

The equivalence of an A-grading and a B-grading has a well known characterization
in terms of push-forwards. We provide a brief proof for completeness.

Lemma 2.6. Let V:g=@,csVa and W : g = Py Ws be gradings such
that the weights of V and VW generate the abelian groups A and B, respectively.
If there exist homomorphisms f: A — B and g: B — A such that W = £,V and
YV =gW, then V and W are equivalent.

Proof. Let us denote by €24 and Qg the sets of weights of V and W. Notice
first that by definition of the push-forward, f(24) = Qp and g(2p) = Qa, so both
f and g are injective on weights. M oreover, we have for every a € Q4 and g € Qp
the correspondence

Vo =Wrie) =Voray  and  Wg =V = Wy

Hence f: Q4 — Qp is a bijection and f~! =g on Qp. Since Q4 and Qp generate
A and B as groups, we get that f~! = ¢ on whole B. [ |
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Notice that the assumption on generating weights is indeed necessary: for instance,
the gradings R = V; over Z and R = V{9 over Z* are push-forward gradings of
each other, but they are not equivalent.

2.3. Universal realizations

In some cases the grading in hand plays a role of a partition of the Lie algebra,
where the indexing of the layers is unnatural or irrelevant, see for instance [24] and
[12, Section 1.1]. One may want to equip such a grading with a new labeling, which
has more convenient algebraic structure or which reveals some special properties of
the grading, like positivity. Such a reindexing is said to be another realization of
the original grading.

Definition 2.7. Let V : g = @,., Vo be a grading with weights Q C A.
Suppose we have an embedding f: {2 — B into an abelian group B such that
W:g= @ﬁeB W3 is a grading, where Wy = V.. Then the resulting B-grading
W is called a realization of the grading V. [ |

We do not in general require that the weights of an A-grading generate the grading
group A in order to include e.g. gradings over A = R in the discussion. Moreover,
weights of a grading may have additional relations coming from the ambient group
structure, even when the corresponding layers are unrelated. To build a satisfactory
theory using homomorphisms between grading groups, we consider the notion of an
(abelian) universal realization, see [19, Section 3.3].

Definition 2.8. Let V be a grading of g. A wuniversal realization of V is a
realization V as an A-grading such that for every realization of V as a B-grading,
there exists a unique homomorphism f: A — B such that the B-grading is the
push-forward grading f.V. [

Observe that by Lemma 2.6, the universal realization of a grading is unique up to
equivalence.

The universal realization of a grading V' can be constructed by considering the free
abelian group generated by the weights and quotienting out the grading relations as
described below. In this paper, the notation (X) always refers to the span of X in
the appropriate sense.

1. Enumerate the support of V as Q = {«y,...,a,} and let {e;,...,e,} be the
canonical basis of Z".

2. Enumerate the grading relations R C Z" as follows. For each pair o;, o; € €2
such that [V,,,V,,] # 0, add the element e; + ¢; — e, to R, where k is the
index such that aj, = a; + o;.

3. Foralli=1,...,n,set ‘777(.31-) =V,,, where w: Z" — 7" /(R) is the projection.
The resulting Z"/(R)-grading V is the universal realization.

To see that the grading V is well-defined, consider the homomorphism ¢: Z" — A
defined by ¢(e;) = «; for all 1 < i < n, where A is the grading group of V. If
m(e;) = m(ej), then e; —e; € (R) and we have a; = ¢(e;) = ¢(e;) = a; since
R C ker¢. Moreover, the obtained Z"/(R)-grading is a universal realization of V
by the universal property of quotients, since the construction of V does not depend
on the realization of V that we start with.
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In the rest of the paper we will focus on gradings that admit torsion-free realiza-
tions. For such gradings, the universal realizations are gradings over some Z*, as
demonstrated by the following lemma.

Lemma 2.9. IfV is a torsion-free grading, then the grading group of the universal
realization of V is isomorphic to some Z*.

Proof. Let V be the universal realization of V, so V is a Z"/(R)-grading for
some subset R C Z". The quotient Z"/(R) is isomorphic to a group Z* x G, where
G4 is some torsion group.

By assumption the grading group A of V is torsion-free. Since the image of G
under a homomorphism must vanish in A, we conclude that there are no non-zero
weights in G. Since the grading group of a universal realization is generated by the
weights, we conclude that Gy = 0, and V is a Z*-grading. |

The following lemma is a part of [19, Proposition 3.15], and we record it for later
usage.

Lemma 2.10. If a grading V is a push-forward of a grading VW, then every
realization of V is a push-forward grading of the universal realization of V.

2.4. Gradings induced by tori

In this subsection we describe the correspondence between gradings of a Lie algebra
g and the split tori of its derivation algebra der(g). In general, gradings of a
Lie algebra g are in one-to-one correspondence with algebraic quasitori, see [19,
Section 4]. However, in this study we are only interested in cases when g is a finite-
dimensional Lie algebra over a field of characteristic zero and the gradings are over
torsion-free abelian groups. In this setting, the characterization of gradings in terms
of algebraic quasitori can be reduced to studying algebraic subtori of the derivation
algebra der(g).

For computational reasons, we will drop the algebraicity requirement for the sub-
algebras of der(g). This means we lose the one-to-one correspondence described in
[19], but the less restrictive definition will be sufficient for our purposes. In partic-
ular, it will simplify the explicit construction of maximal gradings in terms of tori,
see Subsection 3.4.

We start by defining split tori and gradings induced by them in the sense of [13].
Definition 2.11.  An abelian subalgebra t of semisimple derivations of g is called

a torus of der(g). If the torus t is diagonalizable over the base field of g, it is called
a split torus. [ ]

Lemma 2.12.  Let t be a split torus of der(g) and let t* be its dual as a vector
space. For each a € t* define the subspace

Vo={X€g:dX)=a(d) XV et}
Then g = @, i Va is a t*-grading.

Proof. Let Xi,...,X, be a basis of g that diagonalizes t. Since each vector
X, is an eigenvector of every derivation § € t, there are well defined linear maps
aq, ..., q, €t determined by §(X;) = a;(0)X;, i=1,...,n.
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By construction X; € V,,, so the direct sum €. V. spans all of the Lie algebra
g. The inclusion [V,, V3] C V.44 follows from the by linearity from the Leibniz rule
(X, Y]) =[0(X),Y]+ [X,6(Y)] for all derivations 0 € t and vectors X € V,, and
Y e Vg. [ |

Definition 2.13.  The t*-grading of g defined in Lemma 2.12 is called the grading
induced by the split torus t.

For the purposes of Subsection 2.5 we need the following two lemmas. In Lemma 2.14
we link equivalences and push-forwards of gradings to relations between the inducing
tori.

Lemma 2.14.  Let t; and ty be two split tori of der(g) with respective induced
ti-grading V and t;-grading V.

(i) If there exists an automorphism ® € Aut(g) such that ® ot; o @1 =t,, then
V and W are equivalent.

(ii) If t; C to, then there exists a homomorphism f such that V = fV.

Proof. Toshow (i) suppose that Adg t; = ®ot;jod~! = t, for some automorphism
® € Aut(g). Let g: t; — t5 be the linear isomorphism g = Adj-: given by
g(a)(8) = a(®Ptodod). Then

d(V,) ={®(X) : 6(X) = a(6)X V6 € 4}
={Y:®000d 1 (Y)=a(d)Y Vs €t}
={Y :n(Y) = g(@)(n)Y Vn € ta} = W(a).

Hence the gradings V and W are equivalent, as claimed.

Regarding (ii) suppose that t; C to. We claim that V = f,)V through the restriction
map f:t —t7, f(B) = B, . Indeed, fix a basis Xi,..., X, of g that diagonalizes
the split torus t; (and hence also the subtorus t;). Let f1,..., 5, € t5 be the maps
defined by 0(X;) = £;(d)X; and define a; = F;],. By construction X; € Wj,,
X; €V,,,and f(B;) = «y, proving that V = f V. [

Finally, we observe that any torsion-free grading has a realization induced by a split
torus.

Lemma 2.15. Let V be a torsion-free grading. Then there exists a split torus t
whose induced t*-grading is a realization of V.

Proof. Let A be the torsion-free abelian grading group of the grading V: g =
@D.ca Vo and let A* be the space of homomorphisms A — F', where F' is the base
field of g. By reducing to the subgroup generated by the weights, we may assume
A is isomorphic to Z™ for some m > 1. For each ¢ € A* define the linear map

0p: 80— 8, 0,(X)=pla)X VX eV,

We claim that t = {J, : ¢ € A*} is a split torus that induces a realization for V.
Indeed, a direct computation shows that all the maps d,, are derivations. They are
diagonalizable since by construction they are multiples of the identity on each layer
V.. Hence t is a split torus.
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Let then W : g = @ﬁet* W5 be the t*-grading induced by t. Denote by € the
support of V, and define a map f: Q — t* by f(a)(d,) = ¢(a). Then f is well-
defined: if ¢, ¢ € A* are such that 6, = 4, then by the definition of t we have
o(a) = ¢(a) for all weights « € Q.

First, we show that V, C Wy, for every o € A. By the construction of the torus
t, for each X €V, we have that

0,(X) = p(a)X = f(a)(d,)X Vo, €t
By the definition of the grading W, we then have X € Wy, and so V,, C Wy(q).

Next, we show that the map f is injective, which would prove that V, = Wy, for
all € Q and so W would be a realization of V', as claimed. Note that since A is
isomorphic to Z™, for every non-zero a € A there exists a homomorphism ¢ € A*
such that ¢(a) # 0. Therefore, if o, o’ € 2 are such that f(a) = f(«/), then by
the construction of the map f we have

pla—a) =p(a) —p(a') = f(@)(6,) — f(e)(6,) =0

for every homomorphism ¢: A — F. So a = &/ and f is injective, proving that W
is a realization of V. [ |

2.5. Maximal gradings

We now present the notion of maximal grading using maximal split tori and prove
that a maximal grading has the universal property of push-forwards (see Proposi-
tion 2.18). The formulation through the derivation algebra will be convenient in the
construction of maximal grading in Subsection 3.4. The universal property will be
exploited in Subsection 3.1 where we give a method to construct all gradings over
torsion-free abelian groups of a Lie algebra from a given maximal grading.

Definition 2.16.  Let g be a Lie algebra. A mazimal grading of g is the universal
realization of the grading induced by a maximal split torus of der(g). [

Remark 2.17. The maximal grading of a Lie algebra is unique up to equivalence,
since maximal split tori are all conjugate (see for instance, [26, Theorem 15.2.6.]).
Indeed, by Lemma 2.14(i) the conjugacy implies that any two maximal split tori
induce equivalent gradings, so also their universal realizations are equivalent.

Proposition 2.18.  Let W be a mazimal grading of g and V a grading of g.
Then V is a push-forward grading of W.

Proof. Let V' be the realization of V as a t*-grading induced by a split torus t
given by Lemma 2.15. Let t' D t be a maximal split torus in der(g) with induced
grading W'. By Lemma 2.14(ii) the grading V' is a push-forward of W'.

Since the maximal grading is unique up to equivalence by Remark 2.17, we may
assume that W is the universal realization of WW’. Therefore, since V is a realization
of V', by Lemma 2.10 the grading V is a push-forward of W. [

Remark 2.19. It follows from Proposition 2.18 and the discussion in [19, Sec-
tion 3.6] that maximal gradings are universal realizations of fine gradings. In [5,
Definition 3.18], maximal gradings are defined as the gradings induced by maxi-
mal split tori in the automorphism group Aut(g). [5, Proposition 3.20] states that
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maximal gradings in the sense of [5] have a universal property equivalent to Propo-
sition 2.18, so by Lemma 2.6 any such grading is maximal also in the sense of
Definition 2.16. The maximal gradings considered in [13] are the gradings induced
by maximal split tori.

3. Constructions

3.1. Enumeration of torsion-free gradings

Following the method suggested in [19, Section 3.7], we now give a simple way to
enumerate a complete (and finite) set of universal realizations of gradings of a Lie
algebra using the maximal grading.

For the rest of this section, let g be a Lie algebra and let W : g = @, Wy
be a maximal grading of g with weights 2. Denote by  — € the difference set
Q—Q={n—m | nmeQ}. Forasubset I CQ—Q, let

mr I8 — ZF ()
be the canonical projection. We define the finite set

D= {(m)W|IcCQ—Q, ZF/(I) is torsion-free}. (3)

Proposition 3.1.  The set T is, up to equivalence, a complete set of universal
realizations of torsion-free gradings of g.

Proof. Let V be the universal realization of some torsion-free grading. Due
to Lemma 2.9, the grading group of V is some Z™. By Proposition 2.18, there
exists a homomorphism f: Z*¥ — Z™ and an automorphism ® € Aut(g) such that
V= f.®(W). Let

I =ker(f)N(Q—Q).
We are going to show that V' = (m7).(W) is equivalent to V. Then, a posteriori,
ZF/(I) is torsion-free and we have V' € T, proving the claim.

First, since ker(m;) = (I) C ker(f), by the universal property of quotients there
exists a unique homomorphism ¢: Z¥/(I) — Z™ such that f = ¢on;. In particular,

V= LOW) = (1), D(W) = 6. B(V),

so V is a push-forward grading of V'.

Secondly, since also ker(f) N (Q — Q) = I C ker(w;) N (22— Q), we deduce that V
and (V') are realizations of the same grading. Since V is a universal realization,
it follows that ®()’) is a push-forward grading of V. Consequently, V' is a push-
forward grading of V. Since the grading group of a universal realization is generated
by the weights, we get that the gradings V and V' are equivalent by Lemma 2.6, as
wanted. |

Notice that some of the Z*/(I)-gradings in I" are typically equivalent to each other.
From the classification point of view, a more challenging task is to determine the
equivalence classes once the set I' is obtained. In low dimensions, naive methods are
enough to separate non-equivalent gradings, and for equivalent ones the connecting
automorphism can be found rather easily.
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In [15] we give a representative from each equivalence class in I' for every 6 dimen-
sional nilpotent Lie algebra over C and for an extensive class of 7 dimensional Lie
algebras over C. The results and the methods for distinguishing the equivalence
classes of the obtained gradings are described in more detail in Subsection 4.2.

3.2. Stratifications

Definition 3.2. A stratification (a.k.a. Carnot grading) is a Z-grading g =
@,.cz Vi such that V) generates g as a Lie algebra. A Lie algebra g is stratifiable
if it admits a stratification. [

In this section we present the linear problem of constructing a stratification for a
Lie algebra (or determining that one does not exist). The method is based on [5,
Lemma 3.10], which gives the following characterization of stratifiable Lie algebras:

Lemma 3.3. A nilpotent Lie algebra g is stratifiable if and only if there exists
a derivation 0: g — g such that the induced map g/(g,9] — 9/]9, 8] is the identity
map. Moreover, a stratification is given by the layers V; = ker(d — ).

The condition of Lemma 3.3 is straightforward to check in a basis adapted to the
lower central series.

Definition 3.4. Recall that the lower central series of a Lie algebra g is the
decreasing sequence of ideals

where gt = [g,g®]. A basis X;,...,X, of a Lie algebra g is adapted to the
lower central series if for every non-zero g there exists an index n; € N such that
Xp,y -, X, is a basis of g). The degree of the basis element X; is the integer
w; = max{j € N: X; € gW}. ]

Proposition 3.5. Let Xi,...,X, be a basis adapted to the lower central series
of a nilpotent Lie algebra g defined over a field F'. Let wq,...,w, be the degrees of
the basis elements and let cfj € I be the structure coefficients in the basis. A linear
map 0: g — g is a derivation that restricts to the identity on g/|g,g] if and only if

wW;>wW;

such that, for each triple of indices 1, j,k such that wy > w; + w;, the coefficients
a;j € F' satisfy the linear equation

k _ k k h
cii(wr, — w; — w;) = E AinChj + E ainCip — E ciiank.  (5)
w; <wp, KWk —w; wj <wp SWr—w; w;+wj <wp <wg

Proof. If §: g — g is a derivation that restricts to the identity on g/[g, g], then by
Lemma 3.3 g admits a stratification

g=Vie--aV,

such that d;, =i-id. Since the terms of the lower central series are given in terms
of the stratification as g = V; @ --- @ V,, it follows that §(Y) € i-Y + gtV for
any Y € gV, That is, a derivation § restricting to the identity on g/[g, g] is of the
form (4) for some coefficients a;; € F'.
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It is then enough to show that (5) is equivalent to the Leibniz rule

51X, X)) = [0(X0), X, + [Xe 8], Vivj € {1,...,n}.
Indeed, this would prove that a linear map defined by (4) is a derivation if and only
if the coeflicients a;; satisfy the linear system (5).

Since the basis X; is adapted to the lower central series, only the structure coeffi-
cients with large enough degrees are non-zero, i.e., we have

X Xl = > X (6)
Wi Zw;+w;

By direct computation using (4) and (6) we get the expressions

[5(X1), Xj] = Z ijwiXk -+ Z Z aihcszk

W > W, +w; Wh>W; Wg >Wh+W;
_ k k
(X, 0(X))] = E Ciyw; Xy + E E ajnCi, Xk
W 2> W, +W; Whp>Wj Wg Wi +Wh
k h
X XD = >, dwXet+ Y, Y cjamXy
Wi >w;+w; Wh Wi +Wj Wi >Wh

equation ij = 0 is up to reorganizing terms equivalent to (5).

Finally, we observe that when w;, < w; +wj;, the condition ij = 0 is automatically
satisfied: for wy < w; + w; all of the sums are empty, and for wy, = w; + w;, the
only remaining terms from the sums cancel out as

k _ k ok ok, —
Bij = ;W — CW; — CLWw; = 0. [

The concrete criterion of Proposition 3.5 provides the algorithm to construct a
stratification. That is, a stratification or the non-existence of one for a nilpotent Lie
algebra g is found as follows:

1. Construct a basis Xi,..., X, adapted to the lower central series.

2. Find a derivation ¢ as in (4) by solving the linear system (5). If the system
has no solutions, then g is not stratifiable.

3. Return the stratification with the layers V; = ker(d — ).

Remark 3.6. By [5, Theorem 1.4], the existence of a stratification for a Lie
algebra is invariant under base field extensions, so it suffices to work within any
field F' that g is defined over.

3.3. Positive gradings

Definition 3.7. An R-grading V: g = @ g Va is positive if a > 0 for all the
weights of V. If such a grading exists for g, then g is said to be positively gradable.

In this section, we formulate and prove Algorithm 3.8. Using this algorithm one can
decide whether a given grading of a Lie algebra admits a positive realization. If one
starts with a Lie algebra with a known maximal grading, one is therefore able to
answer the following questions:

(i) Can the Lie algebra be equipped with a positive grading?

(ii) Can one find in some sense all positive gradings of the Lie algebra?
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The methods of this article to construct a maximal grading are guaranteed to
work only when the Lie algebra is defined over an algebraically closed field, see
Subsection 3.4. In this discussion, we shall assume we are given a Lie algebra and
a maximal grading for it, but we are not assuming that the field of coefficients is
algebraically closed. However, regarding question (i), note that the existence of a
positive grading for a given Lie algebra is invariant under extension of scalars by [5,
Theorem 1.4] so we may as well work with the algebraic closure.

To answer question (i), we observe that a Lie algebra admits a positive grading if
and only if its maximal grading admits a positive realization by Proposition 2.18.
A maximal grading admits a positive realization exactly when the convex hull of its
weights does not contain zero, see [5, Proposition 3.22]. To concretely find a positive
realization, one may use Algorithm 3.8.

Question (ii) admits two relevant interpretations. First, one may use the enumer-
ation of universal realizations of gradings of the given Lie algebra, as done in Sub-
section 3.1, and using Algorithm 3.8 construct their positive realizations when such
realizations exist. The resulting list of positive gradings is complete in the sense
that every positive grading of the given Lie algebra has the same layers as a grading
on the list, up to a Lie algebra automorphism.

Question (ii) may also be interpreted as finding a parametrization of the usually
uncountable family of positive gradings. Let W : g = @, .+ W, be a maximal
grading of our given Lie algebra g and let €2 be the support of W. For any
a= (ay,...,a;) € R¥ let 7: Z¥ — R be the projection given by 72(e;) = a;
with e; denoting the standard basis elements of the lattice Z*. Let

A, ={acRF:7%n) >0vncQ}. (7)

The push-forward grading 72(W}) is a positive grading if and only if a € A, . Every
positive grading of g is equivalent to some grading 72(W/) and hence corresponds
to an element of the set A,. However, a pair of different elements of A, may
correspond to a pair of equivalent gradings.

We next present and prove Algorithm 3.8. The idea behind the algorithm is rather
simple: finding a positive realization can be seen as a linear programming problem.
The purpose of the slightly cumbersome form of the linear programming problem in
Algorithm 3.8 is to guarantee that the weights of the positive realization are small.
This method works well for problems in small dimensions, but does not scale well
to large problems. If one does not care about the resulting positive weights, there
is a simpler algorithm, see Remark 3.9.

Algorithm 3.8.  (Positive realization) Input: A torsion-free grading V for a Lie
algebra g. Output: A positive integer realization of V with the smallest possible
maximal weight, if any positive realization exists.

1. Compute the universal realization V of V as in Subsection 2.3.
Let ay,...,ay € ZF be the weights of V.

2. Compute M =1+ max (maxiﬁjHai — |o0s maxi||ai||oo> and set

C = (34 N2N+) M-,
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3. Solve the integer linear programming problem

Minimize z (8)
subject to 2 > (w,ay) > 1, 1<:<N (9)
(w, o — aj) > by — C(1 —byy), 1<i<j<N (10)
(w, 0 —aj) < by — 14 Cbyy, 1<i<j<N (11)

in the variables z € Z, w € Z* and binary variables b;; € {0, 1}. If no solution
exists, then the grading V' does not have a positive realisation.

4. Let f: ZF — Z be the homomorphism f(-) = (w, ). Return the push-forward
grading f,)V.

Proof of correctness. If the grading V' has a positive realization, then it is a push-
forward grading of the universal realization by some homomorphism f: Z*¥ — R
satisfying the inequalities f(c;) > 0 and f(o;) # f(ay) for all ¢ # j. Since the
inequalities all have integer coefficients, the existence of such a homomorphism is
equivalent to the existence of a homomorphism f: Z¥ — 7 with the same properties.
We may always write such a homomorphism in the form f(-) = (w,-) for some
w € ZF. To prove the correctness of the algorithm, we need to show that the linear
programming problem (8)—(11) has a solution if and only if there exists w € Z* such
that
(w,05) > 1 (12)
(w,a; —aj) #0 (13)

and that this solution has the smallest possible max;(w, ;). Furthermore we claim,
that if a suitable w € Z* exists, then there also exists one with

[{w, 0 —ay)| < C (14)

where C' is the constant defined in step 2. We prove this claim later.

The smallest maximal weight property is equivalent to (8) and the first half of (9),
since a solution will necessarily satisfy z = max;(w, ;). The latter half of (9)
is exactly the condition (12). The inequalities (13) and (14) are encoded in the
inequalities (10) and (11) using the auxiliary binary variables b;;. Indeed, if we
have b;; = 0, then the inequalities reduce to

—C < (w,0; —a;) < —1
and if b;; = 1 then the inequalities reduce to
1 S <’w,OéZ' —Oéj> S C.

Therefore it remains to prove the claim about the additional condition (14).

First we show that disregarding the other constraints, the system (12) has a solution
if and only if there exists a solution with |(w, ;)| <1+ N2¥. The normal form of
the system (12) is given by switching to the variables z; = (w, ;) — 1, resulting in
the system
Ar=d, x>0, (15)
where the matrix A is the matrix whose rows are e; +¢; — e € ZN for each linear
relation a; + a; = oy, (dropping linearly dependent conditions) and the right-hand-
side vector is d = (—1,...,—1).
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The non-zero components of the basic feasible solutions of the normal form system
(15) are determined by B~'d where B is some invertible square submatrix of A.

1
ertlng B_l = mAdJ(B),
(S

where Adj(B) is the adjugate matrix of B, we see that integer solutions are de-
termined by the vectors Adj(B)d. Since each row of A has the norm bound
le: + € — exlle < 2 every minor of A is bounded by 2V. Hence we can bound
the norms of integer basic feasible solutions to (15) by

Izl = [|Adj(B)d]|oc < N2

Consequently the original problem (12) has a solution w € Z* if and only if there
exists a solution w with

(w, ;)| = |z; + 1] < 1+ N2V,

Finally, if w € Z* is as above, we claim that @ = M*w + (1, M,..., M*71) is a
solution to (12)—(14).

To see that w satisfies (12)—(14), we consider base- M expansions of the integers
(W, o) and (W, a; — ). Since ||al|oo < M, we have

k k
(@, ;) = MM(w, ;) + > M Hej i) > MF = M7 ail|oo > 1.

j=1 Jj=1
A similar computation using |joy; — oj||e < M gives the bound

k
(@, 0 — )| < M* [(w, aq)| + M [(w, )| + D Mo —
j=1

< (24 N2YTYMF 4+ MF = C,

showing (14) so it remains to verify (13). Expanding in terms of powers of M we get
k
(W, a; — o) :ZMh_l(eh,ai—aj> mod M*.
h=1

Since |(en, a; — )| < || — @]|c < M it follows that (0, ; — ;) # 0 as soon as
at least one (ej, o; —a;) # 0. Since a; # ), this latter condition is always satisfied
for some h. ]

Remark 3.9. To obtain any positive realization, there is a much simpler poly-
nomial time algorithm: Solve the linear programming problem
(w,o) >1, i=1,....,N
in the rational variables w € Q* and rescale and perturb the solution to
W= M"w4 (1, M,..., M)

as in the proof of correctness to guarantee distinct weights. Then the push-forward
grading by f(,-): Z*¥ — Q is again a positive realization of the original grading,
but the resulting weights may be quite large.
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3.4. Maximal gradings

In this section we provide an algorithm to construct a maximal grading for a Lie
algebra g defined over an algebraically closed field F'.

Algorithm 3.10. (Maximal grading) Input: A Lie algebra g defined over an
algebraically closed field F'. Output: A maximal grading of g.

1. Compute the derivation algebra der(g). Set B = ().
2. Compute a basis Ay, ..., A, for the centralizer C(B) C der(g).

3. Repeat for each basis element A;, i = 1,...,n: compute the Jordan decom-
position A; = S; + N;. If the semisimple part S; is not in the linear span of
B, extend B by S; and go back to step 2.

4. Determine the t*-grading V : g = €, V) induced by the torus t = (B).

5. Compute and return the universal realization of the grading V.

Remark 3.11.  If the Lie algebra g is defined over a field F', then der(g) has a
maximal torus defined over F'. Hence the base field of g does not play a role in
Algorithm 3.10.

The rest of the section is devoted to proving the correctness of Algorithm 3.10 and
to explaining the steps in more detail.

Steps 1 and 2 are straightforward linear algebra. Step 3 is the core of the algorithm,
where the basis B is extended until the spanned torus is maximal. Directly by
construction each additional element S; € der(g) is a semisimple derivation that
commutes with all the previous elements of B, so B always spans a torus. The
nontrivial part is that this construction guarantees that the resulting torus t spanned
by B is maximal. This is guaranteed by the following lemma.

Lemma 3.12. Let g be a Lie algebra defined over an algebraically closed field
F. Let t C der(g) be a torus and let Ai,..., A, be a basis of the centralizer
C(t) C der(g). Let A; = S; + N; be the Jordan decompositions of each basis
element. If S; € t for all i = 1,...,n, then there do not exist any semisimple
derivations in C(t) \ t.

Proof.  First we claim that if S; € t forall i = 1,...,n, then the centralizer C(t)
is a nilpotent Lie algebra. By Engel’s theorem the centralizer is nilpotent if and only
if each map ad(4;): C(t) — C(t) is nilpotent. By definition t is central in C(t), so
we have

Since each N; € der(g) is nilpotent, so is ad(N;) and the claim follows.
Next, we claim that the Jordan decomposition of a sum of basis elements is

Ai+ Aj = (Si+5;) + (Ni+ N;). (16)

By assumption 5;,5; € t, so also 5;+95; € t and hence the sum S;+.S; is semisimple.
Moreover since t is central, [S; + S;, N; + N;] = 0, so all that remains is to show
that N; + N; is nilpotent.
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Since the centralizer C(t) is nilpotent, it is also solvable. Since the field F' is an
algebraically closed field of characteristic zero, Lie’s theorem implies that there exists
a basis of g such that all the derivations A; are represented by upper triangular
matrices. Then N; and N; are both strictly upper triangular matrices, so also the
sum [V; + N; is strictly upper triangular, and hence nilpotent.

The Jordan decompositions (16) and the assumption that S; € t forall i =1,...,n
imply that the semisimple part of every linear combination of the elements A; is also
contained in t. Hence there cannot exist any semisimple elements in C'(t) \ t. =

Remark 3.13. The Jordan decompositions required in Step 3 of Algorithm 3.10
can be efficiently computed using the algorithm given in Appendix A.2 of [9].

In step 4, the grading induced by the torus t has a concrete description in terms
of the fixed basis B of t. Namely, the basis d1,...,0, defines an isomorphism
t* — F* and hence an equivalent push-forward grading over F*. Expanding out
the construction of Lemma 2.12 shows that the push-forward grading has the layers

where Eg\ is the (possibly zero) eigenspace for the eigenvalue \; of the derivation
0; -

The final part of Algorithm 3.10 is step 5, where we replace the indexing by eigen-
values of the derivations of t with indexing over some Z* given by the universal
realization. The precise method was described earlier in Subsection 2.3. Since the
construction of the first three steps of Algorithm 3.10 leads to a maximal torus of
der(g), by Definition 2.16 the output is a maximal grading of g.

Remark 3.14.  The relevance of the assumption that the field F' is algebraically
closed is to guarantee that the constructed tori are split, i.e., the semisimple deriva-
tions are diagonalizable. The Jordan decomposition and Lemma 3.12 then give us
an efficient method to construct diagonalizable derivations in C(t) \ t.

When the Lie algebra g is defined over a non-algebraically closed field F', it is
possible that the computation of a maximal grading over the algebraic closure F
using Algorithm 3.10 outputs a grading that is still defined over F'. Then the output
is also a maximal grading of the Lie algebra g over F'. Consider for example the
Lie algebras denoted as Lg 19(€) in [2], which are 6-dimensional Lie algebras defined
by the structure coefficients

[X17X2] = X4 [X17X3] = X5
(X1, X5] = [Xa, X4] = X (X3, X5] = €X6

For the Lie algebra Lg19(—1) the maximal torus computed by Algorithm 3.10 over
the algebraic numbers is also defined over @, but this is not the case with the
Lie algebra Lg9(1). Indeed for Lgi9(1), the maximal torus over the rationals is
2-dimensional, but the maximal torus over the algebraic numbers is 3-dimensional.
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4. Applications

4.1. Structure from maximal gradings

In this subsection we show how maximal gradings may be used to find some struc-
tural information of Lie algebras. We start by studying how maximal gradings reveal
the structure of a direct product. A similar result can be found in 1.6.5 of [13].

Example 4.1.  Consider the Lie algebra Lg22(1) in [2] with basis {X7,..., Xs},
where the only non-zero bracket relations are
(X1, Xo] = X5, [X1, X3] = X6, [Xo, Xy] = X, [X3,X4] = X5.
In a basis {Y7,...,Ys} adapted to the maximal grading, the bracket relations are
Y1, Yo] =5, [Va,Y5] =Y.

From these bracket relations we immediately see that the Lie algebra Lgao(1) is
isomorphic to Lz o X Lgso, where L3 is the first Heisenberg Lie algebra. |

We say that a split torus t C der(g) is non-degenerate if the intersection of the
kernels of the maps D € t is trivial. That is, a split torus is non-degenerate if and
only if the t*-grading it induces does not have zero as a weight.

We expect that the following result is known even without the non-degeneracy
assumption, however we have been unable to locate a reference. We will therefore
give a direct proof of the simpler claim.

Lemma 4.2.  Let t; C der(g;) and ty C der(gs) be non-degenerate mazimal split
tori. Then t; X t3 is a maximal split torus in der(g; X go).

Proof. Denoting t =t X t5, let D € C(t) be a diagonalizable derivation in the
centralizer C'(t). To show the maximality of ¢, it suffices to show that D € t. In a
basis adapted to the product we may represent

Ey Fy
F, E

)

where F; € der(gy), Fy € der(gs), and Fi: go — g1 and Fy: gy — go are some
linear maps. We are going to demonstrate that Fy € t;, Fy € t3 and F; = F5, =0,
which would prove that D = Fy x E5 € t.

Let Dy € t;. By assumption D commutes with Dy X0 € t, so a simple computation
shows that E; commutes with D; and D, F; = 0. Since D, is arbitrary, we obtain
E, € C(t;). From the fact that D;F; = 0 for every D; € t; we get

Im(Fy) C ﬂ ker(D;) = {0},
Diety
where the last equality follows from the non-degeneracy of t;. Consequently, F; = 0.
A similar argument shows that E; € C(ty) and Fy, = 0. Since D is assumed
diagonalizable, it follows that E; and FEj are diagonalizable. Then by maximality
of t; and t, we have E; € t; and Es € t5, which shows that D = F1 x Er €t. =

For gradings, the above lemma implies the following. Suppose V : gy = @, .4 Va

and W : gy = @56]3 Wp are maximal gradings of Lie algebras g; and go, and
suppose zero is not a weight for either 1V or W.
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Then VXW:( D Vax{O})@< D {0}><Wﬁ) (17)

(a,0)€AXB (0,8)€eAxB

is a maximal grading of g = g, X g-. Indeed, the gradings V and W are the universal
realizations of gradings induced by the respective maximal split tori t; and t; of the
Lie algebras g; and go. By Lemma 4.2, the product torus t; x t; is maximal. The
universal realization of the grading induced by t; X t; is equivalent to the product
grading (17).

Conversely, we can detect when a grading is a product grading. Similarly as in 1.6.4
of [13], for a grading V: g = .4 Vo with weights 2 C A consider the graph with
vertices 2 defined as follows: Whenever [V,, Vs3] # 0, we define edges between all
the three vertices «, 8, + 0 € Q. If the graph €2 admits a partition € = Q; U Qs
such that no edges exist between §2; and 25, then the Lie algebra g is a direct
product of the ideals g1 = @ cq, Vo and g2 = Py, V- In this situation we say
the grading V detects the product structure g, x go of the Lie algebra g. We gather
the observations made above into the following proposition.

Proposition 4.3.  If a Lie algebra g is decomposable and the mazximal gradings
of the factor Lie algebras do not have zero as a weight, then the maximal grading of
g detects the product structure.

We remark that while maximal gradings are able to detect product structures as
indicated above, they are not able to detect some other algebraic properties. The
Lie algebra Lg24(1) in [2] provides examples of two such phenomena. First, the
layers of its maximal grading are not contained in the terms of its lower central
series (this behavior can be also achieved by examples where the maximal grading
is very coarse). Secondly, this Lie algebra has a nice basis (see [4] for the precise
definition and its motivation), but it can be shown that no basis adapted to a
maximal grading is nice.

Despite these negative results, maximal gradings have another structural application
in simplifying the problem of deciding whether two Lie algebras are isomorphic or
not.

Remark 4.4. If two Lie algebras g; and g, are isomorphic, then any isomor-
phism maps the maximal grading of g; to a maximal grading of g,. Therefore, if
the maximal gradings of g; and g, are given, then deciding if g, and g, are isomor-
phic reduces to determining the existence of an isomorphism between the maximal
gradings. In many cases this is significantly easier than naively solving the original
isomorphism problem. For example, in low dimensions, the majority of the layers
of the maximal grading are one-dimensional, in which case searching for possible
isomorphisms becomes a combinatorial problem.

4.2. Classification of gradings in low dimension

Following the strategy outlined in [19, Section 3.7], we classify universal realiza-
tions of torsion-free gradings in nilpotent Lie algebras of dimension up to 7 over
C, apart from a few uncountable families of 7 dimensional Lie algebras. Regard-
ing the uncountable families, we follow the study carried out in [21] and focus on
those singular values of the complex parameter A for which either the Lie algebra
cohomology or the adjoint cohomology have different dimensions compared to the
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rest of the Lie algebras in the same family. We also include a few examples corre-
sponding to non-singular values. The complete classification of the gradings can be
found in [15]; here we will give a brief overview of Lie algebras of dimension up to 6.

The main part of the classification is the construction of a maximal grading (Algo-
rithm 3.10) and the enumeration of torsion-free gradings (Proposition 3.1). Since all
the Lie algebras we consider are defined over the algebraic numbers, we are free to
make use of our computer algebra implementation, as discussed in Subsection 2.1.
As a starting point we used the classifications of nilpotent Lie algebras given in
[10] for dimensions less than 6, [2] for dimension 6, and [14] for dimension 7. The
classification up to dimension 6 has a pre-existing computer implementation in the
GAP package [3]. Since these Lie algebras are not always given in a basis adapted
to any maximal grading, we first compute the maximal grading using the methods
described in Subsection 3.4 and switch to a basis adapted to the resulting grading.

The presentations we use for the nilpotent Lie algebras up to dimension 6 are listed
in Table 1. The Lie brackets [Y,, Y] = Y, are listed in the condensed form ab = c.
Lie algebras g x C? with abelian factors have identical structure coefficients with
the nonabelian factor g and are omitted from the list. For example Ly = Lgo x C
has the basis Yi,...,Y; with the bracket relation [Y7,Ys] = Y3 from Lss.

With all the maximal gradings computed, we enumerate universal realizations of
all torsion-free gradings as in Proposition 3.1. For the classification up to equiva-
lence, we first introduce some easy-to-check invariants for gradings. Recall that by
Lemma 2.9, the grading groups of the obtained gradings are isomorphic to some
groups ZF. The dimension k is called the rank of the grading. We recall also an
invariant from [19, Section 3.2]: the type of a grading is the tuple (ni,ns,...,nyg),
where k is the dimension of the largest layer, and each n; is the number of i-
dimensional layers.

From the full list of torsion-free gradings, we initially collect together gradings using
the following criteria:

1. The ranks of the gradings are equal.
2. The types of the gradings are equal.

3. There exists a homomorphism between the grading groups of the universal
realizations mapping layers to layers of equal dimensions.

In this way we get for each Lie algebra families I, I, ..., I, of gradings such that
the gradings of /; and I; are not equivalent for i # j.

To compute the precise equivalence classes, we naively check if the gradings within
each family I; are equivalent. For each pair of ZF-gradings g = D, s Vo and
g = @Bezk W, there are usually only a few homomorphisms f: ZF — Z* with
dim V,, = dim Wyg). For each such homomorphism f, we need to check whether
there exists an automorphism ® € Aut(g) such that ®(V,) = Wy for all weights
a. These identities define a system of quadratic equations over algebraic numbers.
Since we are working over an algebraically closed field, the system has no solution
if and only if 1 is contained in the ideal defined by the polynomial equations. The
dimensions of the layers are generally quite small in the cases we need to check, so
Grobner basis methods work well.
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Lss 12=3

Lys 12=3 13=4

Ls4 41=5 23=5

Lss 13=4 14=5 32=5

Lsg 12=3 13=4 14=5 23=5

Lz 12=3 13=4 14=5

Lss 12=3 14=75

Lsy 12=3 23=4 13=5

L6710 23:4 51:6 24:6

L 11 12=3 13=5 15=6 23=6 24=6

Le 2 23=4 24=5 31=6 25=6

L 13 13=4 14=5 32=5 15=6 42=6

Le 14 12=3 13=4 14=5 23=5 25=6 43=6
L 15 12=3 13=4 14=5 23=5 156=6 24=6
L 16 12=3 13=4 14=5 25=6 43=6

Le 7 21=3 23=4 24=5 13=6 25=6

L 1s 12=3 13=4 14=5 15=6

Lio(—1) 12=3 14=5 25=6 43=6

L 20 12=3 14=5 156=6 23=6

Leai(—1) 12=3 23=4 13=5 14=6 25=6
Leas(0)  24=5 41=6 23=6
1) 12=3 45=6
L6723 12:3 14:5 15:6 42:6
Lgoa(0)  13=4 34=5 14=6 32=6

Lg 5 12=3 13=4 15=6
L 26 12=3 24=5 14=6
L6727 12:3 13:4 25:6
L 28 12=3 23=4 13=5 15=6

Table 1: Lie algebras of dimension up to 6 over C in a basis adapted to a maximal
grading.

For nilpotent Lie algebras of dimension up to 6, an overview of our classification
of gradings is compiled in Table 2. For each Lie algebra, we list its label in the
classification of [2], the rank of its maximal grading (), whether it is stratifiable or
not (s?), the number of gradings (#), and the number of gradings with a positive
realization (#Z. ).

Example 4.5. We present our method of classifying all the possible gradings
explicitly in the simple case of the Lie algebra L, given in the basis Yi,...,Y)
with the only nonzero bracket [Y;,Y5] = Y3. The maximal grading is over Z* with
the layers

Voo = (Y1), Vioro = (Y2), Voo = (¥3), Vi) = (Ya).

Ignoring scalar multiples, the difference set 2—) of weights consists of the 6 elements
e1, €a, €1 — €9, €1 — €3, €9 —e3, and e; + eg — e3, where ey, e9, e3 are the standard
basis elements of the lattice Z3. Subsets of these points span the trivial subspace, 6
one-dimensional subspaces, 7 two-dimensional subspaces (e, es), (e1,e3), (ea,e€3),
(e1—e3,e9), {e1,ea—e3), (€1 —e3,ea—e3), (2e1—e3,2ea—e3), and the full space Z3.
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Name k s? # H#Z, Name k s? #  #7Z,
Ly, 2 v 2 2 Lg o 3 v 17 8
Ls, 3 v 3 3 L 10 3 23 8
Ls» 2 v 4 2 Lg 11 1 2 1
L4’1 4 \/ 5 ) L6,12 2 9 4
Lys 3 v 11 6 L¢3 2 8 3
L473 2 \/ 6 2 L6714 1 2 1
L5 5 v 7T 7 Lg 15 1 2 1
L5, 4 v 26 15 Lg 16 2 v 8 2
Ls 3 3 v 22 9 Lg 17 1 2 1
L5’4 3 v 9 4 L6,18 2 v 8 2
Lss 2 7 3 Leig(—1) 3 v 21 6
Lsg 1 2 1 Lg 20 2 v 8 3
Ls 7 2 v 1T 2 Len(—1) 2 v 6 2
Lss 3 v 14 6 L 22(0) 3 v 18 8
L5, 2 v 5 2 Lg 22(1) 4 v 32 15
Lg 6 v 11 11 L 23 2 8 4
L 5 v 52 31 L 24(0) 2 8 4
L¢3 4 v 60 27 Lg 24(1) 2 5 2
Lg 4 4 v 29 13 Lg 25 3 v 29 11
L5 3 29 15 L 26 3 v 10 5
Leg 2 8 6 L o7 3 v 32 13
L¢ 7 3 v 31 11 L 28 2 v 8 3
Lgs 4 v 52 25

Table 2: Gradings of Lie algebras up to dimension 6 over C

In this case, each of these 15 subspaces S defines a torsion-free quotient Z?/S. For
instance parametrizing the quotient m: Z* — Z3/(e; — e3,e9 — €3) as Z using the
complementary line Zes gives the weights

m(e1) = mlex) =m(e3) =1, w(er +e2) =2,
so a push-forward grading for the quotient Z®/(e; — e3,es — e3) is the Z-grading
Vi=(Y1,Y2,Ys), Vo= (Ys).

To determine the distinct equivalence classes out of the 15 gradings, we first consider
the simple criteria listed earlier. The trivial grading and the maximal grading are
distinguished by the rank. The six Z2-gradings all have 2 one-dimensional layers
and 1 two-dimensional layer. There exists a homomorphism that preserves the
dimensions of the layers for two pairs of the gradings: one between the quotients by
(e1) and (e3), and one between the quotients by (e; — e3) and (es — e3).

Out of the seven Z-gradings, the four quotients by

<€1, €2>, <€1 - 63,€2>, <€1,€2 - €3>7 (61 —€3,€62 — €3>

define gradings with 1 one-dimensional layer and 1 three-dimensional layer, and the
three quotients by
(e1,e3), (e, €3), (261 — €3,2e3 — €3)

define gradings with 2 two-dimensional layers.
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In both families there is exactly one pair of gradings admitting a homomorphism:
the pair (e; — es3, ez) and (ej,es — e3), and the pair (e, e3) and (ey, e3).

In all of these cases, the homomorphism between the quotients is induced by the
isomorphism f: Z3 — Z? swapping e; and ey. All of the mentioned pairs of Z2-
and Z-gradings are in fact equivalent, since there is a corresponding Lie algebra
automorphism swapping the basis elements Y; and Y5 that preserves the subspaces
(Y3) and (Yj). This reduces the list of 15 gradings down to 11 distinct equivalence
classes. Universal realizations for each equivalence class of torsion-free gradings are
listed in Table 3.

rank type layers

3 (4) V10,0 @ Vo,1,0 @ Vi @ Voo = (Y1) @ (Y2) © (Ys) © (V)
2 (2, 1) Voo ® Vip @ Vou = (Ya) ® (Ya) © (Y1, Y3)
2 (2, 1) Vio @ Vo1 ® Voo = (V) ® (Y1, Y2) @ (V3)
2 (2, 1) Vio® Vo © Vig = (Y1,Y1) @ (Yz) @ (Y3)
2 (2, 1) Vi1 ® Voa @ Vip = (Y1) @ (Ya) @ (Y3, Ya)
1 (0, 2) Vo Vi = (Y1,Ys) ® (Y3,Y5)

1 (0, 2) VieVy=(V1,Ys) @ (Y3, V)

1 (1,0,1) Vi Vy=(Y1,Y2,Ys) & (Ys)

1 (1,0, 1)  Vo@ V= (Y1,Ys,Ys) @ (Ys)

1 (1,0,1)  VodVi= (M) @ (Ys, Vs Yy)

0 (0,0,0,1) Vp=(¥1,Ys Y5 Ya)

Table 3: Gradings of the Lie algebra L,

4.3. Enumerating Heintze groups

In this section, we present how knowing a maximal grading of a given nilpotent
Lie algebra g can be used to determine a list of Heintze groups over g. However,
note that when working in the non-algebraically closed field R, we cannot in general
obtain the maximal grading using Algorithm 3.10, see Remark 3.14.

Definition 4.6. A Heintze group is a simply connected Lie group over R whose
Lie algebra is a semidirect product of a nilpotent Lie algebra g and R via a derivation
a € der(g) whose eigenvalues have strictly positive real parts.

Positive gradings for a given Lie algebra are naturally identified with diagonalizable
derivations with strictly positive eigenvalues, see Subsection 2.4. Hence, to any
positively graded Lie algebra g we may associate a Heintze group over g. We shall
call these groups diagonal Heintze groups.

The quasi-isometric classification of Heintze groups reduces to the study of so called
purely real Heintze groups, for which the associated derivation has real eigenvalues.
Purely real Heintze groups are equivalent to diagonal Heintze groups under a slightly
weaker notion of equivalence (sublinear biLipschitz-equivalence, see Theorem 1.2 of
[7] and Theorem 3.2 of [22]). Moreover, by [1] if two diagonal Heintze groups
are quasi-isometric, then their associated derivations are proportional. Hence, the
quasi-isometric classification problem of diagonal Heintze groups can be approached
by treating the algebraic problem of finding all the possible derivations defining
non-isomorphic diagonal Heintze groups.
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Proposition 4.7 is a tool for tackling the above mentioned algebraic problem using
positive gradings. We will prove this result later in this section after discussing its
role in the enumeration of Heintze groups.

Proposition 4.7.  Let g be a nilpotent Lie algebra over R and o, € der(g)
diagonalizable derivations with strictly positive eigenvalues. If o« and [ define
isomorphic Heintze groups, then they define equivalent R -gradings.

The enumeration of positive gradings we have established immediately gives the
corresponding enumeration of diagonal Heintze groups over g. The enumeration of
positive gradings can be understood in two different ways, as we discussed in Sub-
section 3.3. The corresponding enumeration of Heintze groups has similar character:
it is either a parametrization via the projections or a finite list that does not contain
all the isomorphism classes of Heintze groups but a representative for each family
in terms of the layers.

Considering the parametrization of positive gradings via parametrization of the
projections, we note that if one is able to eliminate equivalent gradings from the
enumeration of positive gradings, then by Proposition 4.7 the corresponding list of
Heintze groups does not contain isomorphic Heintze groups. Notice that already
over g = R? there are uncountably many isomorphism classes of Heintze groups
given by the projections (1,0) — 1 and (0,1) — a with a > 0.

Proposition 4.7 will follow by a suitable conjugation of the derivations by the adjoint
map. We will first recall some relevant formulas. We thank G. Pallier for helping us
improve an early version of Lemma 4.8.

Recall that Adeg,x) = €*X) | see [18, Proposition 1.91], and recall the identity
Adexp(X) @) ad(Y) 0] Adexp(—X) = ad(AdeXp(X) Y).

Lemma 4.8. Let g be a Lie algebra. Let § € der(g) be a derivation and let
X € g be such that [0(X),X]=0. Then

Adexp(X) 0 o Adexp(fX) =0 — ad(é(X))

Proof. A consequence of the assumption [§(X), X] = 0 is that if P is a polyno-
mial and P’ denotes its derivative polynomial, then we have

16, P(ad(X))] = ad(8(X)) o P'(ad(X)).

In the limit we obtain [6, e=24X)] = ad(§(—X)) o e=24(X)

Expanding out the bracket in X[, e=24(X)] and reorganizing terms making use
of the assumption [§(X), X| = 0, we obtain the desired formula. n

Lemma 4.9. Let g be a Lie algebra over R. Let § € der(g) be a diagonalizable
derivation with all eigenvalues strictly positive. Then for every vector Y € g there
exists a vector X € g such that Adegp(x) 06 0 Adep(—x) =0 —ad(Y).

Proof. For a vector X € g, denote by Cx: der(g) — der(g) the conjugation
map
Cx(n) = Adexp(x) on © Adexp(—x) -
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Let Xy,..., X, be a basis of g that diagonalizes 6. Consider the map
O: R" — der(g), P(z1,...,7,) =Ch,x, 0 0Cyx,(9).

By repeated application of Lemma 4.8, it follows that ®(z) = 0 — ad(¢(z)), where
¢: R™ — g is the map

¢(I‘1, s 7xn) = 5(ann> + Adexp(achn) 6<In—1Xn—1) 4o
+ AdGXP(wan) AdGXP(:rn—an—1) e 'AdeXp(szz) 5($1X1)- (18)

Since the composition of conjugations is a conjugation, it suffices to prove that the
map ¢ is surjective.

Let wq,...,w, > 0 be the eigenvalues of the vectors Xy, ..., X, for the derivation
d. Since the maps x; — sign(x;) |r;|"" are all invertible, the map ¢: R" — g is

surjective if and only if the map ¢: R” — g defined by

O(x1, ... 1) = o(sign(zy) |z |, ..., sign(x,) [v,]"") (19)

is surjective.

Let Dy € Aut(g), A > 0, be the one-parameter family of dilations defined by the
derivation ¢, i.e., Dy = exp(dlog\). Then for each i = 1,...,n the dilation is given
by D)(X;) = A*X; and we have the dilation equivariance

Adexp()\wiXi) oDy = Dyo Adexp(Xi) .

Applying the above equivariance to the definition (19) we find that the map ¢
is Dy-homogeneous, i.e., ¢(Ax) = Dy(d(z)) for all 2 € R® and A > 0. Since
Usso PA(U) = g for any neighborhood U of the identity it follows that the map b
is surjective if and only if it is open at zero. Since the change of parameters in (19)

is a homeomorphism, the same is true also for the map ¢.

By the definition (18), the map ¢ is smooth. The derivative of each summand
Adexp(a,x,) *  Adexp(esy xia1) 0(2:X;) at zero is the map x +— 0(2;X;), so the deriva-
tive Dg¢ of the map ¢ at zero is

DOQS(':Ela s 7$n) = 6(1’1X1 +oee 'Ian)

By the strictly positive eigenvalue assumption, the map ¢ is invertible. Since
Xiq,...,X, is a basis of g, it follows that the map ¢ is open at zero, concluding the
proof. [ |

Proof of Proposition 4.7.  Rescaling the derivations by a scalar, we may as-
sume that the smallest of the eigenvalues for both derivations is 1. Since the Heintze
groups are assumed to be isomorphic, it is straightforward to see that there is a vec-
tor X € g such that the derivation « is conjugate by a Lie algebra automorphism
of g to the derivation 8 + ad(X). By Lemma 4.9, it follows that o and [ are
conjugate. Applying Lemma 2.14(i) to the split tori spanned by « and § gives the
desired result. |
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4.4. Bounds for non-vanishing /?? cohomology

Knowing all the possible positive gradings of a nilpotent Lie algebra g has one further
application in the realm of quasi-isometric classifications. The parametrization of
all the possible positive gradings combined with the technical tools presented in
[23] can be used to find improved vanishing estimates for the ¢7? cohomology of a
nilpotent Lie group, which is a well-known quasi-isometry invariant. In this section
we present a systematic way of obtaining these estimates using the theory considered
in the previous sections. Note that the methods of this paper for computing the
maximal grading require the Lie algebra to be defined over an algebraically closed
field, however see Remark 3.14.

By definition, the ¢?? cohomology of a Riemannian manifold with bounded geometry
is the 9P cohomology of every bounded geometry simplicial complex quasi-isometric
to it. A crucial result of [23] shows that in the case of contractible Lie groups, the
(9P cohomology of the manifold is isomorphic to its L?? cohomology.

Definition 4.10.  The L% cohomology of a nilpotent Lie group G is defined as

_ {closed forms in L7}

LY"H*(G) = .
(@) d({forms in L7}) N L»

In [23, Theorem 1.1] it is shown that the Rumin complex constructed on a Carnot
group allows for sharper computations regarding L%?H*(G) when compared to
the usual de Rham complex. Defining and reviewing the properties of the Rumin
complex (EJ,d.) goes beyond the scope of this paper. For the following discussion,
it is sufficient to know that the space of Rumin h-forms EJ is a subspace of the
space of smooth differential h-forms of the underlying nilpotent Lie group G.

Definition 4.11. Let us consider a positive grading V : g = @ g Va. If
0 = X* for X € V,, then we say that the left-invariant 1-form 6 has weight «
and denote w(f) = a. In general, given a left-invariant h-form, we say that it has
weight p if it can be expressed as a linear combination of left-invariant h-forms
Oir..ip =0iy \--- N0;, such that w(6;,) +---+w(b;,) =p. ]

Given a positive grading V : g = @ g Va, we call the quantity
Q=Y adml,
OCER+

the homogeneous dimension of V. We also define for each degree h the number

ONmin(h) = min w(f) — max w(0).

9cEl beEr1
The following is [23, Theorem 1.1(ii)].

Theorem 4.12.  Let G be a Carnot group of homogeneous dimension Q. If

1 1 5Nminh
| <pg<oo and L— 1< MNuinh)
P q Q

then the L9P cohomology of G in degree h does not vanish.
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Moreover, in Theorem 9.2 of the same paper it is shown how the non-vanishing
statement has a wider scope, as it can be applied to Carnot groups equipped with
a homogeneous structure that comes from a positive grading. This result has been
further extended in [27] to arbitrary positively graded nilpotent Lie groups.

A natural question that stems from these considerations is whether it is possible to
identify which choice of positive grading will yield the best interval for non-vanishing
cohomology. This problem can be easily presented in terms of maximising the value
of the fraction N, (h)/Q among all the possible positive gradings for a given Lie
group G.

Let us describe the maximization procedure in more detail. Recall that positive
gradings of g are parametrized by vectors a € A, where A, is defined by (7).
Denote by w(f)a the weight of a one-form 6 for the positive grading associated with
a vector a € A,. Then we want to find the value of the following expression for
each degree h:

{mingeEg w(f)a — maXge ph-1 w(@)a}
max :

Qa

where @, is the homogeneous dimension of 72(W).

a€A+

A problem of this form can be converted into a linear optimization problem as
follows:

1. replace minge g w(f)a with a new variable x, and add the constraint
x < w(f), for each 0 € EY;

2. replace maxge i w(#) with a new variable y, and add the constraint
y > w(f), for each 0 € EI1;

3. normalize the expression by imposing (), = 1.

We are then left with the following expression for our original maximization problem

Maximize x —vy

subject to = < w(f)a VOEE", y>w(f)a VO€E' !, Qa=1, acA,

which can easily be solved by a computer, yielding the optimal bound for non-
vanishing cohomology using the method of Theorem 4.12.

Example 4.13.  Let us consider the non-stratifiable Lie group G of dimension 6,
whose Lie algebra is denoted as Lg 10 in [10], with the non-trivial brackets

[X1,X2] = X3, [XlaX?;] = [X57X6] = Xy.
The space of Rumin forms in G is
Eé — <01a 027 057 96);
E(Q) = <95,6 - 91,3, 91,5, ‘91,67 92,3, 92,5, 92,6)3

3
Ey = (0256 + 6123,0235,0236,0134 — 0156,6145,01,46)-
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For the Lie algebra Lg 10, the maximal grading is over 72 with the layers
Vo0 = (X1), Viooy = (X2), Vo) = (X3)
Viozn = (X4), Vivoo = (Xs), Vici21) = (Xe)-

The family of projections 72: Z3 — R giving positive gradings is parametrized by
(a1,a9,a3) =a € Ay asin (7). The weights of left-invariant 1-forms are

(
w(f1)a = 72(0,1,0) = as;
w(f2)a = 72(0,0,1) = ag;
w(f3)a = 72(0,1,1) = ag + as;
w(0y)a = 72(0,2,1) = 2as + as;
w(fs)a = 72(1,0,0) = ay;
w(lg)a = 7(—1,2,1) = 2as + a3 — a;.

From this computation we get the explicit expression
A+:{a€R3:a1>0, as >0, az > 0, —CL1+2CL2+CL3>0}

and the homogeneous dimension (), = 6as + 4as.

Let us first consider the bound for non-vanishing cohomology in degree 1. We express

O Nmin(1) min{ay, a, as, 2as + a3 — a; }
max { ————2% % = max
acA Qa acA 6as + 4as

as the linear optimization problem

Maximize =z
subject to = < ay, x < ag, x <az, v < 2ay+ az — ay,

1 = 6ay + 4as, ay,aq,a3 >0, 2as + a3 —ap > 0.

1

E’ 10"
Since the quantity ¢ Nyin(1)/Qa is scaling invariant, we find that the gradlng deﬁned
by a1 = ay = a3 = 1 gives (P H(G) # 0 with the optimal bound 2 -2 < =

I Nmin(2)
aca: | Qa
1

as a linear optimization problem and feed it into a solver, we get the result 5,

obtained (up to rescaling) by taking as = ag = 2 and a; = 3. Therefore we have
P2 11 -1

(PPHA(G) # 0 for o — & < 15.

Likewise, we obtain the optimal bound }D -1« 1—10 for (2P H3(G) # 0 by taking

a; = Q9 = ag = 1.

A solver finds the solution which is obtained by choosing a1 = ay = a3 =

Similarly, once we re-express

[}

Finally, by Hodge duality, see [27, Theorem 7.3|, we obtain the optimal bounds for
(%P cohomology in complementary degree, that is (2P H*(G) # 0, (9PH?(G) # 0,
and (9PH®(G) # 0, for 1—1) — % <1
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Remark 4.14. [23, Example 9.5] describes an explicit positive grading in the
Engel group that gives an improved bound for the non-vanishing of the L% coho-
mology in degree 2. By a similar computation as the one shown in Example 4.13,
one can verify that the value given in [23, Example 9.5] is indeed the optimal bound.
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