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1. Introduction

The notion of an n-Lie algebra was introduced and studied by V. T. Filippov in [17].
It is the algebraic structure corresponding to Nambu mechanics (20, 21]). n-Lie
algebras, or more generally, n-Leibniz algebras, have attracted attention from sev-
eral fields of mathematics and physics due to their close connection with dynamics,
geometries as well as string theory. For example, the structure of 3-Lie algebras are
applied to the study of the supersymmetry and gauge symmetry transformations of
the word-volume theory of multiple M2-branes and the generalized identity for 3-Lie
algebras can be regarded as a generalized Pliicker relation in the physics literature.
See the review article [15] for more details.

The quantization problem of the Nambu bracket turned out to be very difficult. The
authors in [16] gave an unusual version of deformation quantization called Zariski
quantization. In order to realize the quantum Nambu bracket in terms of matrices,
as posed in the original paper by Nambu, the authors in [6] proposed the realization
of quantum Nambu bracket defined by

[A, B,C] = tr(A)[B, C] + tr(B)[C, A] + tr(C)[A, B, (1)

where A, B,C are either square matrices or cubic matrices, and proved that the
general linear Lie algebra endowed with the triple quantum Nambu bracket becomes
a 3-Lie algebra. Motivated by the above construction of 3-Lie algebras from general
linear Lie algebras with trace forms, the authors in [2, 3, 9] provided a construction
of 3-Lie algebras from Lie algebras with certain linear functions.
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More precisely, let (g,[—, —];) be a Lie algebra with an element 7 € g*. Define the
bracket

2.y, 2] = T(@)y, Al + (W) [z 2] + 7(2) [y y], Vayzeq (2)

Then it is shown in [3, 9] that if 7 satisfies 7([z,y];) = 0, then (g, [—, —, —];) is a
3-Lie algebra. Furthermore, it is shown in [2] that (g, [—, —, —];) is a 3-Lie algebra
it 7 satisfies

T(2)7(ly, 2]) + 7(w)7([2,2]) + 7(2)7([2,9]) =0, Vz,y,z€9 (3)

In this paper, we call a linear function 7 a trace function on g if 7([z,y|y) =0 and
we call a linear function 7 a quasi-trace function on g if 7 satisfies (3). It is obvious
that a trace function on a Lie algebra is a quasi-trace function. The trace functions
on n-Lie algebras were studied in [5, 11]. The author in [6] used the Weil algebra of
a Lie algebra to construct Weil algebra of the induced 3-Lie algebra. The authors
in [4] studied the connections between the structural properties and the cohomology
of a Lie algebra and the induced 3-Lie algebra. See [1, 2| for more applications of
(quasi-)trace functions on Lie superalgebras.

The classical Yang-Baxter equation plays a significant role in many fields in math-
ematics and mathematical physics. In order to gain better understanding of the
relationship between the classical Yang-Baxter equation and the related integrable
systems, the more general notion of a relative Rota-Baxter operator (also called
O-operator) on a Lie algebra was introduced by Kupershmidt ([19]). To study solu-
tions of 3-Lie classical Yang-Baxter equation, the notion of a relative Rota-Baxter
operator on a 3-LieRep pair was introduced in [8]. A relative Rota-Baxter operator
on a 3-LieRep pair (g;ad), where ad is the adjoint representation of the 3-Lie al-
gebra g, is exactly the Rota-Baxter operator on the 3-Lie algebra g introduced in
[10]. See [13, 18, 22] for more details and applications about Rota-Baxter operators
on n-Lie algebras.

The notion of a 3-pre-Lie algebra was introduced in [8] and it is shown that the
underlying structure of a symplectic structure, or more generally a relative Rota-
Baxter operator, on a 3-Lie algebra is a 3-pre-Lie algebra. The importance of a
3-pre-Lie algebra is that it can be used to construct a solution of the 3-Lie classical
Yang-Baxter equation and thus gives a local cocycle 3-Lie bialgebra. However, the
structure of the 3-pre-Lie algebra is complicated, it is not easy to give examples
directly. We introduce the notion of a quasi-trace function on a pre-Lie algebra and
show that a pre-Lie algebra with a quasi-trace function can give a 3-pre-Lie algebra.
This method is more easier to construct 3-pre-Lie algebras. See the survey [12] and
the references therein for more details on pre-Lie algebras.

In this paper, we investigate the connections between representations, symplectic
structures, relative Rota-Baxter operators and the cohomology of a Lie algebra and
the induced 3-Lie algebra. Based on the close relationships between pre-Lie algebras
(3-pre-Lie algebras) and symplectic structures or relative Rota-Baxter operators on
Lie algebras (3-Lie algebras), we analyze relations between (pre-)Lie algebras with
quasi-trace functions and 3-(pre-)Lie algebras.

The paper is organized as follows. In Section 2, we first use a quasi-trace function on
a Lie algebra to establish relationships between representations of the Lie algebra and
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the induced 3-Lie algebra. Then we introduce the notion of a quasi-trace function on
a pre-Lie algebra and show that a pre-Lie algebra with a quasi-trace function gives a
3-pre-Lie algebra. Some examples are given. In Section 3, we establish connections
between symplectic structures and relative Rota-Baxter operators on Lie algebras
and those structures on the induced 3-Lie algebras. We analyze relations between
quasi-trace functions on pre-Lie algebras and Lie algebras within the framework
of symplectic structures and relative Rota-Baxter operators on Lie algebras and
induced 3-Lie algebras. In Section 4, we recall the cohomology complexes for Lie
algebras and 3-Lie algebras, then we study relations between the cohomology theory
of a Lie algebra and the induced 3-Lie algebra.

In this paper, all the vector spaces are over an algebraically closed field K of
characteristic 0, and finite dimensional.
2. Some properties of quasi-trace functions on (pre)-Lie algebras

2.1. Quasi-trace functions on Lie algebras

Definition 2.1. A 3-Lie algebra is a vector space g together with a trilinear bracket
[—,—, =] : A%g — g such that the following fundamental identity is satisfied

[z,y, [z, w,t]] = [[z,y, 2], w, t] + [z, [z, y,w], t] + [z,w, [z,y,t]], ¥V z,y,z,w,teEg. (4)

Definition 2.2.  Let (g,[—, —, —];) and (h,[—, —, —]s) be two 3-Lie algebras. A
linear map ¢ : g — b is said to be a 3-Lie algebra homomorphism if

o([z,y,2]g) = [¢(2), ¢(y), 0(2)]y, V2,y,2 €0 (5)
Definition 2.3. A Lie algebra (g,[—, —]) with a quasi-trace function 7 € g* is
called a quasi-trace Lie algebra. We denote it by (g, [—, —]; 7).
We denote the 3-Lie algebra induced by a quasi-trace Lie algebra (g, [—, —]; 7) by g,.
Definition 2.4. Let (g,[—, —]s;7) and (b, [—,—]s;7) be two quasi-trace Lie

algebras. A linear map ¢ : g — b is called a homomorphism of quasi-trace Lie
algebras if ¢ is a Lie algebra homomorphism and 7, = 7 0 ¢.

Proposition 2.5. If ¢ is a homomorphism from the quasi-trace Lie algebra
(9, [—, —]g;75) to the quasi-trace Lie algebra (b, [—, —]y;7y), then ¢ is a 3-Lie algebra
homomorphism from g, to b .

Proof. Since ¢ is a homomorphism from the quasi-trace Lie algebra g to b, for
x,Y,z € g, we have

oz, y,2l,) = 7(2)[0(), 6(2)]y + 1 (1) [9(2), ¢(2)]y + 74(2)[¢(2), ()]s
= Ty(0(2)[P(y), 6(2)]y + (D) [D(2), ¢(2)]y + 75(¢(2))[9(), ¢ ()]
= [0(2),0(y), 9(2)]7,.

Thus ¢ is a 3-Lie algebra homomorphism from g,  to b . |
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Definition 2.6.  Let (g,[—,—, —]) be a 3-Lie algebra and V' a vector space. A
representation of g on V is a bilinear map p : A%’g — gl(V') such that

(1) ,O(:E, y)p(Z, w) - p(Z7 w)ﬂ('xa y) - p([l’, Y, Z]? w) - ,0([13, Y, U)], Z)?

(i) p(lz,y, 2], w) = p(z,y)p(z,w) + p(y, 2)p(z, w) + p(z, 2)p(y, w), Va,y,2,wEg.

Proposition 2.7.  Let (g,[—, —]) be a Lie algebra and (V'; p) a representation of g
on V. If T € g* is a quasi-trace function on g, then the bilinear map o : N*g — gl(V)

defined by Q(%y) _ T(x)p(w _ 7-(3/)p(3;)7 Vao,yeg (6)

is a representation of the 3-Lie algebra g, on V.
Proof. For xy,x9.23, 24 € g, we have

o(x1, x2)0(x3, v4) — 0(3, 24)0(21, 22) — 0([T1, T2, T3]7, T4) + 0([T1, T2, T4]7, T3)
(z1)7(23)p(w2)p(24) — T(21)7(24) p(22) p(203) — T(22) 7 (23) p(1) P(4)

+7(22)7(w4) p(z1)p(23) — T(23)T(21) p(74) p(22) + T(32)7 (23) p(24) p(1)
+7(21)7(24) p(23) p(22) — T(24) T (22) p(23) p(21) + T(24) T (21) P([22, 73])
+7(xa)7(22) p([23, 21]) + T(20) T (23) ([0, T2]) — T(23) 7 (1) p([2, 74])
—7(x3)7(z2) p([24, 1]) — T(22) T (23) ([0, T2 ])

= 7(z1)7(23) ([p(22), p(74)] — 9027904])— ([0(902),/)(333)]—P([mx:ﬂ))
—7(x2)7(x3) ([p(21), p(2a)] — p([x1, 24])) + z4) ([p(x1), p(x3)] — p([21, 23]))
—7(x3)7(xa) (p([21, 22]) — p([ﬂﬁl,fm])) 0

Similarly, we can show
o(z1, v2)0(x3, 74) + 0(72, x3)0(71, 74) + 0(73, ¥1)0(T2, T4) — 0([T1, T2, T3], T4) = 0.
Thus p is a representation of the 3-Lie algebra g, on V. [ |
Remark 2.8. Let (g,[—,—];7) be a quasi-trace Lie algebra. Define the repre-
sentiations ad, ad : A%g — gl(g) by
ad,y = [z,y], ad,y2=[z,y,2];, Vz,y,2z€g.

Then (g;ad) and (g;ad) are the adjoint representations of the Lie algebra g and
the 3-Lie algebra g., respectively. By Proposition 2.7, we obtain a representation
of the 3-Lie algebra g, on g given by

ady , = 7(x)ad, — 7(y)ad,,
which is not the adjoint representation of the 3-Lie algebra g,. More precisely, we
have
abx,yz = ad;,yz + T(Z)[l‘,y], v x,Y,=z S g.
2.2. Quasi-trace functions on pre-Lie algebras and 3-pre-Lie algebras

Definition 2.9. A pre-Lie algebra is a pair (A, ), where A is a vector space and
*: A® A — A is a bilinear multiplication satisfying that for all x,y,z € A, the
associator (z,y,z) = (x xy) x 2z — x % (y x z) is symmetric in z,y, i.e.

(x,y,2) = (y,2,2), or equivalently, (z*xy)*z—x*(y*z) = (yxz)*z—y*(T*2).
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Let (A, %) be a pre-Lie algebra. The commutator [z,y]° = z xy — y x x defines a
Lie algebra structure on A, which is called the sub-adjacent Lie algebra of (A, )
and denoted by A¢. The pre-Lie algebra (g, ) is also called a compatible pre-Lie
algebra on the Lie algebra A¢. Furthermore, L : A — gl(A) with x — L, , where
L,y =xzxy, forall z,y € A, gives a representation of the Lie algebra A¢ on A. See
[12] for more details.

Definition 2.10.  ([8]) Let A be a vector space with a trilinear map {—, —, —}:
®3A — A. Then (A,{—,—,—}) is called a 3-pre-Lie algebra if the following condi-
tions are satisfied:

{l’,y,Z} = _{y7$72}; (7)

{xb T2, {:E?n Ly, xS}} = {[xla T, x3]c7 Xy, -TS} + {.Z'3, [xla T2, :E4]ca .T5}
a3, w4, {71, 22, 25} }5 (8)

{[x17x27x3]c7'r47x5} = {x17x27{x37:€47:€5}}+{x27x37{x17x47x5}}
+{$3,$1,{$2,l’4,$5}}, (9)

where x,y,z,2; € A, 1 <1 <5 and [—,—, —]° is defined by

I:x7 y7 Z]C - {:'U7 y? Z}+{y7 Z’ x}—i_{Z?‘/I;? y}7 v x? y?Z E A‘ (10)
Proposition 2.11. ([8]) Let (A,{—,—,—}) be a 3-pre-Lie algebra. Then
(A, [—,—,—]°) is a 3-Lie algebra, which is called the sub-adjacent 3-Lie algebra
of A and denoted by A°. (A,{—,—,—}) is called the compatible 3-pre-Lie algebra

structure on the 3-Lie algebra A°.

Definition 2.12.  Let (A, *) be a pre-Lie algebra. A linear function 7 € A* is
called a quasi-trace function on A if 7 satisfies

T(x)T(y*z—z2xy) +7(yY)T(z*x —2x2) +7(2)T(x*y —y*2x) =0, Va,y,z€ A. (11)
It is obvious that 7 € A* is a quasi-trace function on the sub-adjacent Lie algebra

A of the pre-Lie algebra (A, *).

Proposition 2.13.  Let (A,*) be a pre-Lie algebra. If T € A* is a quasi-trace
function on A, then (A, {-,-,-},) is a 3-pre-Lie algebra, where the bracket {—, —, —},
is given by

{z,y,2}; =71(x)(y*2) —7(y)(x x2), Vaz,yz€A (12)

Furthermore, the corresponding 3-Lie algebra structure is given by
2y, 2 = 7(@)ly, 2]+ (W)=, 2] + 7(2) 2, 4l
Proof. For z,y,z € A, we have

{r,y, 2}, = 7(@)(yxz) —7(y)(z*2)
= —(tW)(@*2) —7(2)(y* 2))
= —{y, 2,2},
which implies that (7) holds.
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For zy,xq, 23,24, x5 € A, by the fact (A, *) is a pre-Lie algebra and 7 € A* is a
quasi-trace function on A, we have

{1, w2, 23], w4, w5} + {23, [01, 22, 4], w5} + {23, 74, {21, T2, 25} )+

- {xla X2, {:U?n Ty, x5}T}T

= —7(x1)T (x4)((:v2 *x T3) * Ty — To* (T3 *x T5) — (T3 * o) *x T5 + T3 * (g * T3 )
+ 7(x2)7( (:1:1*3:3 * x5 — T1 % (T3 % T5) — (l’g*xl)*x5+$3*($1*$5))
T(z1)7 (23 ( To * Ty) * Ty — To * (Tg * x5) — (T * Ta) * x5 + T4 * (T2 *135))
T(22)7 (23 ( T *Ty) * Ty — X1 K (g *x5) — (Tg*T1) *x X5 + Tq4 * (71 *:c5))

= O,

which implies that (8) holds. Similarly, we have

{21, 22, {23, 04, 25} b + {22, w3, {71, T4y 25} b7 + {23, 01, {22, T4y T5 31 }7
— {21, 2, 23], 24y 5}
= 7(x1)7 (1) (22 * T3) * T5 — T2 * (T3 % T5) — (T3 % T2) * T5 + T3 % (Ta * x5))
— 7(@2)7(24) (w1 % 3) x 25 — 1 * (23 % T5) — (T3 % 1) * 5 + 23 * (T1 * T5))
+ 7(@3)7(24) (21 % T2) * @5 — T1 * (T2 % T5) — (T2 * 1) * T5 + @2 * (T1 * 5))
=0,
which implies that (9) holds. The rest result follows by a direct calculation. n

Let (A,x) be a pre-Lie algebra and 7 € A* a quasi-trace function on A. Since
the left multiplication operation L, defined by L,y = x xy for z,y € A, gives a
representation of the Lie algebra A¢ on A, by Proposition 2.7, we have

Corollary 2.14.  Keeping the above notations, the bilinear map £ : N*A — gl(A)
defined by

Lopz=7@)(yx2) —1(y)(x*2) ={z,y,2},, Vaz,yzecA (13)

gives a representation of the induced 3-Lie algebra (A,[—, —, —]°).

Example 2.15. Let (A,x) be a 2-dimensional pre-Lie algebra with a basis
{e1,e2} and the nonzero multiplication is given by

€y k€1 = —€1, €9 X €y = €9.
Define 7 € A* by 7(e;) = 7(e2) = 1. It is straightforward to check that 7 is a
quasi-trace function on A. By Proposition 2.13, (A, {—,—,—},) is a 3-pre-Lie al-
gebra, where the non-zero bracket {—, —, —}, is given by
{er, ez, €1}, = —e1, {e1, e, 62}, = €.

Example 2.16. Let (A,x) be a 3-dimensional pre-Lie algebra with a basis
{e1, eq, €3} and the nonzero multiplication is given by

€3 %X €y = €9, €3 xe3 — —e3.

Define 7 € A* by 7(e1) = 7(e3) = 0,7(ea) = 1. It is straightforward to check that
T is a quasi-trace function on A.
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By Proposition 2.13, (A,{—,—,—},) is a 3-pre-Lie algebra, where the non-zero
bracket {—, —, —}, is given by
{627637 62}7' = €9, {62,63, 63}7_ = —ej3.

3. Symplectic structures and relative Rota-Baxter operators on
Lie algebras and induced 3-Lie algebras

In this section, we explore the connections between symplectic structures and relative
Rota-Baxter operators on Lie algebras and those structures on the 3-Lie algebras
induced by Lie algebras with quasi-trace functions. With the help of quasi-trace
functions on pre-Lie algebras, we also analyze the relations between pre-Lie algebra
structures and 3-pre-Lie algebra structures obtained by symplectic structures and
relative Rota-Baxter operators on Lie algebras and induced 3-Lie algebras, respec-
tively.

3.1. Symplectic structures on Lie algebras and induced 3-Lie algebras

Recall that a symplectic strucutre on a Lie algebra (g,[—,—|) is a nondegenerate
skew-symmetric bilinear form w € A%g* satisfying

w([z,y], 2) + w(ly, 2], 2) + w(lz,2],9) =0, Vzyzeq. (14)
A Lie algebra (g, [—,—]) with a symplectic structure w is called a symplectic Lie
algebra. We denote it by (g, [—, —|,w).
Definition 3.1.  ([8]) A symplectic strucutre on a 3-Lie algebra (g, [—, —, —]) is

a nondegenerate skew-symmetric bilinear form w € A%g* satisfying
w([$1,$27$3]7$4)—w([$2,90375134],$1)+w([$3,374,!E1],ﬂ72)—w([$4,$1,$2],f3) =0, (15)

where x1, 29, 3,24 € g. A 3-Lie algebra (g,[—, —, —|) with a symplectic structure
w is called a sympletic 3-Lie algebra. We denote it by (g, [—, —, —],w).

Proposition 3.2.  Let (g,[—,—],w) be a symplectic Lie algebra and T € g* a
quasi-trace function on the Lie algebra g. Then (g,[—, —, —|r,w) is a symplectic
3-Lie algebra, where [—, —, —|, is given by (2).

Proof.  We only need to prove that (15) holds. By (14), for 1, xq, 23,24 € g, we
have
(.U([.Tl, X, x3]T7 I4) - w(['r27 X3, ':C4]T7 xl) + (.U([.Tg, Zyq, xl]T? 'TZ) - (.U([.T4, €, x2]T7 I3)

= 7(21) (W([22, 73], 24) + W([73, 7], T2) + w([24, 23], 73))

7 (22 ( [x1, 23], —|—w([x3,x4],xl)—I—w([x4,x1],x3))
7(x3 ( ([x1, 2], +w([x2,x4],x1)—i—w([m,xﬂ,m))
T(24 (w ([x1, x2], —I—w([xg,xg],xl)+w([x3,x1],x2))
=0.
The conclusion follows. [ |
Lemma 3.3. ([14]) Let (g,[—,—],w) be a symplectic Lie algebra. Then there

exists a compatible pre-Lie algebra structure x on g given by

w(r*y,z) =—wy,[z,2]), Vaxvyzé€ag. (16)
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Proposition 3.4.  Let (g,[—,—],w) be a symplectic Lie algebra and T € g* a
quasi-trace function on the Lie algebra g. Then T is a quasi-trace function on the
pre-Lie algebra (g, ), where * is given by (16). Moreover, the 3-pre Lie algebra
structure {—, —, —}, on g given by Proposition 2.13 is determined by

w({z,y, 2}r,w) = —w(z, 7(2)[y, w] = 7(y)[z,w]), Vzyzweg  (17)
Proof. By (14), we have
—w([z,y],2) —wly*x,2) +w(x*y,z) =0.

By the nondegeneracy of w, we have [z,y] =z *y —y*z.

Because 7 is a quasi-trace function on the Lie algebra (g,[—,—]), 7 is a quasi-
trace function on the pre-Lie algebra (g,x). The second claim follows by a direct
calculation. n

Remark 3.5. Let (g,[—, —, —],w) be a symplectic 3-Lie algebra. It is shown in
[8] that there exists a 3-pre-Lie algebra structure {—, —, —} on g given by
w{z,y, 2z}, w) = —w(z, [z, y,w]), Vaxyzwéeg. (18)

Now assume that (g,[—,—,—],,w) is a symplectic 3-Lie algebra obtained by a
symplectic Lie algebra (g,[—,—],w) with a quasi-trace function 7. Then there
exists a 3-pre-Lie algebra structure {—, —, —} on g given by

W({ZL‘, Y, Z}, 'LU) = —OJ(Z, ['Ia Y, w]’l’) = —OJ(Z', T(l’)[y, ’ZU] - T(y)[l’, ’ZU] + T(w)[l', y])
This 3-pre-Lie algebra structure is different from the one given by (17).

Example 3.6.  Let (g, [—, —],w) be a symplectic Lie algebra with the linear basis
{e1, eq,€3,e4} and the Lie bracket and symplectic structure w are given by

[e1,e0] = e3, [e1,e3] = €4, and w=e*Ae® +e' Net

respectively, where {e‘|1 < ¢ < 4} is the dual basis of {e;|1 < ¢ < 4}. Tt is
straightforward to check that 7 € g* given by

T(e1) =7(e3) =7(eq) =0, 7(ez) =—1

is a quasi-trace function on the Lie algebra g. Then by Proposition 3.2 the triple

(g,[—,—, =]+, w) is a symplectic 3-Lie algebra, where the bracket [—, —, —], is given
by
[617 €2, 63]7’ = €4.
By Remark 3.5, there is a 3-pre-Lie algebra structure {—, —, —} on g given by
{61a627€1} = —€2, {61,63,61} = —€3, {6276.?”61} = €4.

Then, by Lemma 3.3, there is a pre-Lie algebra structure on g given by
€1 k€] = —e9, €1 X €y = €3, €9 k € = —€4, €3 x €1 = —éy4.

Furthermore, by Proposition 3.4, 7 is a quasi-trace function on the pre-Lie algebra
(g,*). Thus we also have a 3-pre-Lie algebra structure on g given by

{er,ez,e1}r = —ea,  {er,ez,ea}r = €3, {eze3,e1}, = ea.
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3.2. Relative Rota-Baxter operators on Lie algebras and induced
3-Lie algebras

Recall that a LieRep pair consists of a Lie algebra (g,[—,—]) together with a
representation p on V. We denote a LieRep pair by (g, [—, —]; p).
Definition 3.7. ([19]) A relative Rota-Bazter operatoron a LieRep pair (g, [—, —]; p)
is a linear map 7' : V — g satisfying

7). 7)) = T(pT@)(0) ~ pT@)W)). YuveV.  (19)
In particular, a relative Rota-Baxter operator on a LieRep pair (g,[—,—];ad) is

called a Rota-Baxter operator on g.

The following result establishes the connection between relative Rota-Baxter oper-
ators on LieRep pairs and pre-Lie algebras.

Lemma 3.8. ([7]) Let T : V. — g be a relative Rota-Baxter operator on a

LieRep pair (g,[—, —|;p). Define a multiplication x* on V by
ux' v =p(Tu)(v), Yu,v V. (20)
Then (V,x1) is a pre-Lie algebra. Moreover, (V,|—,—|T) is a Lie algebra, where

[—, =T is given by
[u,v]" = p(Tu)(v) — p(Tv)(u), Y u,veV. (21)

Proposition 3.9. Let T : V. — g be a relative Rota-Baxter operator on a
LieRep pair (g,[—, —];p) and T € g* be a quasi-trace function on the Lie algebra g.
Then 7 = 10T is a quasi-trace function on the pre-Lie algebra (V,*T), where xT is
given by (20). Moreover, there exists a 3-pre-Lie algebra structure {—,—,—}, on

V' given by

{u,v,w}, = 7(Tu)(p(Tv)(w)) — 7(Tv)(p(Tu)(w)), Y u,v,we V. (22)

Proof. For u,v,w € V, by the fact that T is a relative Rota-Baxter operator
and 7 is a quasi-trace function, we have

Fu)F(v 7w —w " v) + F0)F(w " u—ux’ w) + F(w)F(ur’ v —v " u)
(T

_l’_
= 7(Tu)7(Tv, w]") + 7(To)7(Thw, u)") + 7(Tw)r(T[u, v]")
( (

= 7(Tu)7([Tv, Tw]) + 7(Tv)7([Tw, Tu]) + 7(Tw)7([Tu, Tv])

I
o

Y

which implies that 7 is a quasi-trace function on the pre-Lie algebra (V,1).
By Proposition 2.13, the second conclusion follows. [ |

—]) and a repre-

Recall that a 3-LieRep pair consists of a 3-Lie algebra (g, [—, —, —]
[ —]; p) or simply by

sentation p of g on V. We denote a 3-LieRep pair by (g,[—, —
(g; ).
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Definition 3.10.  ([8]) Let (g,[—,—,—];p) be a 3-LieRep pair.
A linear map T : V — g is called a relative Rota-Baxter operator on a 3-LieRep pair
(g,[—,—, —];p) if T satisfies:

[Tu, Tv, Tw] =T (p(Tu, Tv)w + p(Tv, Tw)u + p(Tw, Tu)v), Y u,v,w e V. (23)
In particular, a relative Rota-Baxter operator on a 3-LieRep pair (g,[—, —, —]; ad)
is called a Rota-Baxter operator on g. See [10] for more details on Rota-Baxter
operators on 3-Lie algebras.

Lemma 3.11.  ([8]) Let (g,]—,—,—];p) be a 3-LieRep pair. If the linear map
T :V — g is a relative Rota-Bagter operator on (g,|—, —,—|;p), then there ezists
a 3-pre-Lie algebra structure on V defined by
{u,v,w}" = p(Tu, Tv)w, Y u,v,w € V. (24)
Moreover, (V,|—,—,—]1) is a 3-Lie algebra, where [—, —, —|T is defined by
[u,v,w]" = p(Tu, Tv)w + p(Tv, Tw)u + p(Tw, Tu)v, Y u,v,w e V. (25)

Theorem 3.12. Let T' : V. — g be a relative Rota-Baxter operator on a

LieRep pair (g,[—,—];p). If T € g* is a quasi-trace function on the Lie algebra
g, then T is a relative Rota-Baxter operator on the 3-LieRep pair (g,[—, —, —]+; 0),
where [—, —, —], and o are given by (2) and (6), respectively.

Proof. Since T : V — g is a relative Rota-Baxter operator on the LieRep pair
(g,[— =i p), we have
Tw, Tv, Tw|, = 7(Tw)[Tv, Tw] + 7(Tv)[Tw, Tu] + 7(Tw)[Tu, Tv]
= 7(Tw)T (p(Tv)w — p(Tw)v) + 7(Tv)T (p(Tw)u — p(Tu)w)
+ 7(Tw)T (p(Tu)v — p(Tv)u)
— T((r(Tu)p(Tw) — 7(Tw)p(Tu))w + (+(To)p(Tw) — 7(Tw)p(Tw))u
T (r(Tw)p(Tw) — 7(Tu)p(Tw))v)
=T (o(Tu, Tv)w + o(Tv, Tw)u + o(Tw, Tu)v),

which implies that T is a relative Rota-Baxter operator on the 3-LieRep pair
(97 [_7_’_]7;9)' |

Remark 3.13. Let T : g — g be a Rota-Baxter operator on a Lie algebra
(g,[—,—]). Assume that 7 € g* is a quasi-trace function on the Lie algebra g.
Generally, T" is not a Rota-Baxter operator on the 3-Lie algebra g,. More precisely,
T is a Rota-Baxter operator on the 3-Lie algebra g, if and only if

()T Ty, Tz) + 7(y) T[Tz, Tx) + 7(2)T[Tx, Ty =0, VY z,y,z € g.
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Corollary 3.14. Let T : V. — g be a relative Rota-Bazter operator on a
LieRep pair (g,[—,—|;p) and 7 € ¢g* a quasi-trace function on the Lie algebra
g. Then (V,[—,—,—]T) is a 3-Lie algebra, where [—, —, —|T is given by

[u,v,w]l = o(Tu,Tv)w + o(Tv, Tw)u + o(Tw, Tu)v
= {uw,v,w}, +{w,u,v}; +{v,w,u},, Yu,v,weV,

where o is given by (6) and {—,—, =}, is given by (22).

Proof. By Theorem 3.12, T is a relative Rota-Baxter operator on the 3-LieRep pair
(ga [_7 ™ _]T; Q)a (Vva [_7 s _]Z) is a 3-Lie algebra, where

[u, v, w]l = o(Tu, Tv)w + o(Tv, Tw)u + o(Tw, Tu)v.

Note that o(Tu, Tv)w = 7(Tu)p(Tv)w—7(Tv)p(Tu)w = {u,v,w},, and the result
follows. [

Example 3.15. Let (g,[—,—]) be a 3-dimensional Lie algebra with a basis
{e1, 9,3} and the nonzero multiplication is given by

[61762] = €1, [62763] = —é€s.

Let T : g — g be a Rota-Baxter operator on g and 7 € g* a quasi-trace function
on the Lie algebra g given by

€1 2 0 1 €1
T €9 = 1 3 4 €9
63 —4 0 _2 63
and T(e;) =1,1<i<3

]T

T

) is a 3-Lie algebra, thus T : g — g is a relative Rota-
T:9), where [—, —, —|T is given by

T

Therefore, (g,[—,—, —
Baxter operator on 3-LieRep pair (g, [—, —, —]

[61, €9, 63]? = —1861 — 963.

4. Cohomology of Lie algebras and induced 3-Lie algebras

The Chevalley-Eilenberg cohomology theory for a Lie algebra (g,[—, —]) with co-
efficients in a representation (V;p) is given as follows. Denote by Clg(g,V) =
Hom(A™g, V), the space of m-cochains. The corresponding Chevalley-Eilenberg
coboundary operator d, : C&y(g, V) — Cit'(g, V) is given by

n+1

dpf(mla s 7xn+1> = Z(_1>Z+1p<l’l>f<l'1, s 7fi7 s 7$n+1)
i=1
n+1

z+] ~ -
+ E flxs,xgl, oo @iy gy oo )
1<z<]<n+1

for all f € Clp(g,V) and xy,29, - ,2p41 € @.
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The cohomology theory for a 3-Lie algebra (g,[—, —,—|) with coefficients in a
representation (V; o) is given as follows. Denote by
Cy (g, V) == Hom(®" 1 (A’g) A g, V),
the space of n-cochains. The corresponding coboundary operator
9y O 130(8,V) = C3 (g, V)
is defined by

Bgf(%l, PN %n, Z)

- Z (_1)jf(%17 T 7%Aj7 o 7%]6—17 [xﬁyj’xk] /\yk + Tk A [xj’yj’yk]’ o ,%n,z)
1<j<k<n
+ Z(_l)jf(%b te >%A]'7 o 7%717 [xj7yj7z]) (26)
j=1

+ Z (_1)j+19(%j)f(~/{17 T 7'/£j7 e 7%717 Z)
j=1

+ (_1)n+1g(ym Z)f(xla e 7xn717 Z'n) + (_1)71@(1,”’ Z)f<%1a Tt 7%71717 yn)

forall feCP (..(g,V) and X; =x; Ay; € N%g, z€9,i=1,2,--- ,n.
Let (g,[—,—]) be a Lie algebra and (V;p) a representation of g. Assume that

)

T € g is a quasi-trace function on g. Denote the cochain complexes of 3-Lie
algebra g, associated to the representation ¢ by (&:°,C. (9,,V),d,), where
o is given by (6).

Theorem 4.1.  With the above notation, for P € C24(g,V), define P(xy, xs, x3)
for all z1,x9,23 € g by

P(xy,x9,23) = 7(21) P29, x3) + T(22) P(x3, 21) + T(23) P(21, 22). (27)

For P e CltY(g,V) (m > 2) define P(X1,--+ , Xpm,z) by
P(xla v 7xm7 QT) = Z (_1)i1+-~~+im—m7_(x111) U T(‘T;;Ln)P(%Zf? e a%izla Ilﬁ')
: s | - 23)
oy (e ) () () PRY - X X,

11, yim—1=1

where X; = xzj ANx5 € N*g, Xj =13 and X} = z;.

Then PeCl (g, V) (m > 1), i.e., P is an (m+1)-cochain of the 3-Lie algebra
g, . Thus we obtain a well-defined linear map

P : EBvJ’rrlO:OICEnE<gv V) — EB:@O:olcgzLie(gTa V)

P, YPeCmngV) (m>2),

defined by O(P) =
P, V PeClg(y,V).
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Furthermore, we also have 0,0 ® = ®od,, ie, ® is a chain map between
(®,2C8.(g,V),d,) and (B +°° 2O (8, V),0,). Thus @ induces a map

q) @ HCE(Q: V) — ®+Oo Hg)’n L1e<g7'7 V)
given. by O.([P]) = [®(P)], V €[P]€ Heg(g, V).

Proof. For P € Cli'(g; V), it is straightforward to check that P defined by
(28) is an (m + 1)-cochain of the 3-Lie algebra g,. For P € Clg(g,V), it is
straightforward to check that 9,®(P) = ®d,(P). For P € C¢g(g,V), we have

8QCI)(P)(x1 A T, T3 A Xy, 1'5)
=0 ﬁ(xl A To, T3 N Ty, Ts5)

P([a:l,xg, x3lr, 4, x5) — P(xs, [x1, T2, 4], x5) — P23, 24, [1, T2, T5),)
+ P(xl, To, [3, T4, T5],) + 0(x1, T2) P23, 24, x5) — 0(x3, 24) P21, T2, x5)
— 0(xy, x5) P(x1, T2, x3) + 0(x3, T5)P(21, T2, T4)
= 7(x1)7(23) (= P([22, 7], 25) — P(24, [22, 75]) + P(22, [x4, 25]) + p(22) P(T4, 75)
— p(x4) P29, 75) + p(25) P22, 74))
+ 7 (1) 7(22) (P[22, 73], 25) + P, [x2, 35]) — P22, [23, 25]) + pl22) P(23, 25)
+ p(x3) Pa2, x5) + p(as) P(x2, v3))
+ 7(22)7(23) (P([21, 24], 75) + Plaa, [21, w5]) — P21, [24, 25]) + p(21) P24, T5)
+ p(xa) P21, 25) + p(a5) P(21, 24))

)
)
)
)
)
+ 7(x9)7T(24)(— P([21, 23], 5) —
(x3) )
)
)
)
)

21, 5]) + Py, [23, 25]) + p(21) P23, 75)

P(x;
— p(x3) P21, 25) + p(as5)P(21, 23))
+ 7(21)7(25) (= P([z2, 73], 74) — P(23, [12, 24]) + P(22, [T3, 74]) + p(22) P(73, 24)
— p(x3) P (22, 24) + p(x5)P(22,23))

)
7(25) (P([x1, 23], 24) + P(x3, [21, 4]) — P(21, [73, 24]) + p(21) P(23, 4)

|

= dpP(l’l A T, T3 A 274,1'5).

Moreover, for P € CZi'(g,V) (m > 2) and X; := x} Aa? € A’g whenever
17=12--- m+1and z,.2 € g, we have

6Q¢)(P)(%1a to axmaxm+17xm+2)

= 8915(%1, T axmaxm+laxm+2)

i D ¥ 1,2 2 1 1,2
- Z (_l)jp(xla 7xj7' xk 17[x]7 j7 ]T/\zk+xk []7xj7xk Ty " axnl+1axm+2)
1<j<k<m+1
m+1
3. 1,2
+Z ]P xh 7xj7"' xm+17[x]7x_]axm+2]7')

m+1
1 —
+ Z J+ (xlv : 7%]'7"' axmaxm-i-hxm—i-?)

+ (_1)m9( m+1’mm+2)ﬁ(x1’ o 7%m7x'}n+1) + (—1)m+1g(g;:n+1’xm+2)ﬁ(x1’ T 7xm7x$n+1)
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= > Y e e () () ()
1<j<k<m+1 4, ... ,{;,... ,
ey ylmp1=1
P(%il, e M/j\v e x;ckill [levl‘]?xlk] x;ckjf? o xi::illvxm-&-?)
D Z Lyt i I () (@) (@) (@ )T ()
1<j<k<m+1 “7 g
Uyt im =1
P(lela 7j7"' ,x;:_—ll’[ ]7 J,ka]‘ra%;:.:llv"' ,xm+1)
A ) . _ _ , — ,
+ Z Z (_1)114_..44—1_7'+“'+2m,+1+J—mT(x7il) . T(ﬂ:;j) L T(xZTZLnill)
‘7 1 7’11 7’/7 )
imy1=1
P(}:il7 U aj7 e x::{irllv [leaxsvxm—i-?]‘r)
mtl - ) —_— )
+ Z Z (_1)11+'"+7fj+"'+l7n+1+1+.7_m7-(x111) . T(x;J) .. T(x:;LnIII)T(x;)
j=1 Q1,00 /;
Zm+1 1
p(ﬂc2)P(.’£111, T 7/.]: e ,xiﬁnﬁ@mu)
A . . _ _ , — ,
+ ) Z (—1nEE R T () () - () T(a)
I=L Gy iy
imy1=1
p(.l? )P(‘%?a aja"' %::{L_Illzxm—i-Z)
m 2 R . —
+ Z Z (_1)11+...+Zj+-..+11n+.7_m7_(x111) .. T(x;j) .. _T(xm)T(merﬂT(x]l_)
I=liy i,
zmzl
p(x?)P(xllla T 7/]: e »xi;{% xm—‘—l)
m 2 . ‘ —
+ Z Z (_1)11+...+1j+...+1m+]+1—m7_(x211) .. T(J);—j) .. T(Jd“fn )T(xm+2) ( ?)
PR
im=1
p(xgl)P( ’ila e a}a e 7x%naxm+1)
2

D (e @) )T (@) T (@) P ) PR

D (e (@) (@ )T (@) T (5,4 )p(h PR
D (D) () ) p(@me2) P(RT e X 2 4)

+ oy (D) (g )T (@ ) p(Tm2) PRT - i a20)

Y (T o ()T (2 ) T(@ )P (@) P(RY

i1,y im—1=1

+ D (e (T ()T () p(@me2) PR

—

xlm 1 x )

m—1>



CHEN, WANG, XU 427
Y () () ()T () (a2 ) P(RT - X k)

2
Y ()l ()T (@) p k)P X 2k )

i1, tm =1
2 ) . ~ —
+ Y (FYT e (@ )T (@ )T (@) p(@h, ) PR X )
i1, yim—1=1
2 ) . ~ —
+ Y (Rt ) (T ) (@ ) T (@) (@ ) PET - X X
i1, yim—1=1
2
= XYyl (@) (o) (i)
7 m
1<G<k<mA41 i1, i,
Uy tmp1=1
P(}:ila U aj7 e 7x2k:117 [xzjvxzk]ax;:illﬁ U x:;Ln+11’xm+2)
2 ) - . ) ) — ) ) -
+ Z Z (71)11+'»-+Z]‘+»..+747n+1+.]7m7_(‘,r7il) .. 7'(.%33) .. T(azz’“) .. T(xi;znill)T(x;:)
1<G<k<mA41 4y o is e
Ty ytm41=1
P(xllla7]77%;:__1l [SC;,I’?] 7x:r7:i—117xm+2)
2
+ ) Yo (it () (1) -7 () T ) T (@me2)
1<j<k<m+11y,- 7171 s
ik Zm—l
P(lelﬁ 7‘/].\7"' 7%;;:1 [xZJ7%;gk]a axﬂ’H‘l)
. - . . ~
i Z Z 11+ it tim+i—m—1 (i) .T(x;q‘) s (@) (@l )T (X)) T (Tmg2)
1<j<k<m+1 i1,
,szl
P(xillv"'vjv"' x?__f,[levx?] '7xm+1)
m—+1 ) . ) ) ]
2 Z (P e ) r (o) ()
J=1 t1,0 i,y img1 =1
P(%il, Y RN x%Lax;?Iia [x;j,xm+2])
m+1 ~ ) —_— .
+ Z Z (_1)Zl+‘..+2j+~'+1m+1+]—m7_(x’il) . T(x;-j) .. T<33::lni11)7'($m+2)
I=L Gy i g1 =1
P( 7117"' 7j7"' x:-:;irll7 [mjlal?])
m—+1 ) )
PSS ) (el el
=1y 7%7 ytmp1=1
(xQ)P(xllla ] .7 te x:;;:qlaxm—i-Q)
m—+1 ) ) )
FSS e ) (el
I=Ldy e i imgr =1

— —

p(x%>P(xllla a}"” x:‘:ln+1l’xm+2)
N Z Z (_1);1+~-»+1+"'+'L7n_m+.7+17—(x§1) . T(iU;) (@ )T (Tm2)

p(xQ)P(x7il7 a/jv"' 7:{27?;%771-&-1)
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m 2
+ Z Z (_1)i1+~-+2+.4.+imfm+j+17_(x111) .. T(x?) .. -T(xf;{l)T(xm_;,_g)

j:1 7:17"'7ij7"';7;7n:1
p(le)P(xllla e 7j7 e v:{fglaxval)
2 —
+ Y (P ) () (@ )T (@) (@ ) PRY - X X
i1y yim—o1=1
+ D (Tl T ()T (@ )T (@ 2) (@ ) POEY L X )
i1,y im—1=1
2 . . ~
+ Y (e () () (i )T (0% (@) P(RT X )
ilv 7im—1
2 _ ) ~
Y () ) (Tl ) (k) () PR Xl 22 )
i17 71.77171
2 4 ~
+ Y () () ()T (e 2) (a2 ) PR X )
i17 7im71
2 . o
Y () ()T () ok )P X )
i1, im =1
2 . . ~ —
+ Y (YT ()T (@ )T (@) () PR - X X)
11 T —1 1
2 . . ~ —
+ Y (e (s )T (2, )T (@) () PR X X)
i1,y im—1=1
2 . . ~ —
= Z (_1)21+...+zm+1*m*17(zl11)...T(xéf).. (z :ﬂf)d p(xlll,... ’x;,j7... %i;"ﬁwmw)
N
+ Z Z (71)zl+...+zj+...+zm+meT(x111) .. T(x?) .. T(I’Zk) L. T(x:;{L)T(l'm—i-Z)
1<j<k<miy, - ,ij, -,
Tyttt ytm =1
P( ila"'ajf" %Zk 117[%1] f’Lk] '7xm+1)
2

+ Z Z (_l)il+...+z‘j+.u+im+jfm7_(x1f) .. T(x?) 7 (@) T (T2
1<j<m—+1d1, 05, ,im=1
P(xlll’ . ,x:';{»’[x% m+1}/\xm+1)
2

+ Z Z (71)i1+...+ij+...+im+jfm7(xi11) .. T(x?) . -~T(xi;b")7(:cm+2)
1<j<m—+1lig, i, im=1

P(xilla e 7/.7.\7 e 7}:?{1355%-1—1 A [x;‘jvxgn—i-l])

2
+ Z (_1)il+H.+¢j+...+im+17(x§1) . T(x;’) .. T(UCi,T)T(HCmH)
P(:{lllﬂ"'vjv" :fl [ Tm+1> m+1])

+ Z (—p)ft e eI () - (2)) - T (2 )T () p(a)

J=1 i1, 7ij7"' yim=1
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£30Y (e Gl) (@) (el )T (@) p(e)

i1,

Y (YT (@) T (@) p(@h, ) P(XT - X )
Yo (YT Emr(a) (@) T (@) P, ) P(RT - X )

()i T () (@) ()

E

Vs s imp1=1

~ —

i 15 Gmt1
dpp(xlla"' 7}:J o axm+1axm+2)

+

i1,

i

oo (e (@) (@l )T (Tns)

ALY Ea yim=1

dpp(f,ilf" 7%;‘7‘7"' 7xz77{17xm+1)

= dfp;jj(xl, to axmaxm-i-lvxm—iﬂ)

= ‘bdp(P)(xlv e X, xm+1ax7rt+2)~

Thus @ is a chain map between (,%°,C%(g,V),d,) and (&}°,C5 1. (g-,V),d,).
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