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Abstract. We prove a new formula for the cellular homology coefficients of real flag manifolds in
terms of the height of certain roots. For real flag manifolds of type A, we get simple expressions for
the coefficients that allow us to compute the first and second integral homology groups exhibiting
their generators.
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1. Introduction

In this work, we revisit the determination of the boundary map coefficients for the
cellular homology of real flag manifolds, a problem equivalent to finding the incidence
coefficients of the differential map for the cohomology. It follows a series of previous
work on this subject like Kocherlakota [6] with its Morse Theory approach, Casian-
Stanton [2] by a representation theoretical view, Rabelo-San Martin [14] within the
frame of the cellular homology and, lastly, Matszangosz [9] through the cohomology
of the Vassiliev complex. We prove a new formula for these coefficients with respect
to the height of certain roots.

A generalized flag manifold F is a homogeneous space G/P, where G is a real
noncompact semisimple Lie Group and P is a parabolic subgroup. It admits a
cellular decomposition called Bruhat decomposition, where the cells are the Schubert
cells and parametrized by the Weyl group W. Consider a pair of Schubert cells
Sw,Sw such that w covers w', i.e., w' < w by the Bruhat-Chevalley order and
((w') = ¢(w) — 1. In this case, there is a root 4 such that w = sg-w’. According to
both [6] and [14], we may summarize how to compute the coefficient c(w,w’) as it
follows: Consider the set II,, of positive roots sent to negative by w=! and denote
by ¢(w) the sum of all such roots. Then, c(w,w’) = £(1 + (—1)*@*)) where &
is obtained from the equation ¢(w) — ¢p(w') = k(w,w’) - B. The papers [13] and [7]
apply this procedure in the context of the Isotropic Grassmannians and the results
obtained (for instance, see [8], Theorem 3.12) suggest a formula for the coefficients
in terms of the height of some root.
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Theorem 1.1.  If we write w = w' - s, it follows that k(w,w’) = ht(y"), where
ht(yY) is the height of the corresponding dual coroot v with respect to the dual
system of roots.

In other words, the parity of ht(y") determines whether the coefficient ¢(w,w’) is
zero or £2. Notice the role developed by the roots § and v or, equivalently, by the
right and left actions in the understanding of this topic.

In the context of flag manifolds of type A,_1, this theorem simplifies the task of
computing the coefficient. Schubert cells are parametrized by the symmetric group
S, . If we denote a permutation by the one-line notation as w = w; ---w, then w
covers w' if and only if there is i < j such that w = w'"- (i, j), w; < w} and there
is no i < k < j such that wj < wy, < wj. Since the simple system of roots is equal
to its dual, it is immediate to conclude that x(w,w’) = j —i (see Proposition 5.2).

This provides a very nice link between combinatorics and topology. As a conse-
quence, we retrieve the orientability condition for this class of flags according to
Patrao-San Martin-Santos-Seco [11] (Proposition 5.3).

We may also go further and derive an explicit formula for the first and second
homology groups of any partial flag manifold of type A.

Theorem 1.2.  Consider a partial flag manifold Fg of G = Sl(n,R), where
© CcX={a,...,an_1}, and the simple reflections s; = s,,, for a; € 3. Denote by
re the number of connected components of the Dynkin diagram of ©.

(1) For m = 3, the first homology group is
Hy(Fe, Z) = (Zy)"~°™
and it is generated by the set of Schubert cells Ss;, such that a; € ¥ — ©.

(2) For m >4, the second homology group is

—19] -1
H2<IF@7Z) = (ZQ)N97 where N@ = (TL ’2‘ ) +reg—1

and it is generated by the set

e Xij = Sss,, forany i,j € [n—1] such that j—i > 2 and a;,a; € Z—0;
)

Si4+28i41 7

o Xiit1 =851 for every i € [n — 3| such that a;11 € ¥ — 0.
Concerning the first homology group, being the abelianization of the fundamental
group, our results match those of Wiggerman [17] which gives a presentation of
m (Fo) with generators in the set ¥ \ © subject to some relations. In this sense,
although it is not a kind of new result, our combinatorial approach presents a direct
and simple computation for such abelianization. A similar result that should be
mentioned is that in the context of the 2-homotopy of the complex flag manifolds,
Grama-Seco ([5], Theorem 2.4) obtained by geometric methods that it is generated
by 2-spheres which are also enumerated by the complement of © inside 3. For the
second homology group, Del Barco-San Martin ([3], Theorem 4.1) has shown that

it is a torsion group ZY without providing any description for N.
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The article is organized as follows. In Section 2, we introduce the main definitions
about flag manifolds, root and coroot systems, Bruhat decomposition, and combina-
torics of the symmetric group. In Section 3, we describe a formula for the elements
of 1L,. In Section 4, we prove the height formula for the coefficients. In Section 5,
we study the flag manifolds of type A and present their respective first and second
homology groups. Finally, in Section 6 we point out some further directions.

2. Preliminaries

Let N ={1,2,3,...} and Z be the set of integers. For n,m € Z, where n < m,
denote the set [n,m] ={n,n+1,...,m}. For n € N, denote [n| = [1,n].

We define the flag manifolds as homogeneous spaces G/ P where G is a non-compact
semi-simple Lie group and P is a parabolic subgroup of G. The flag manifolds for
the several groups G with non-compact real semi-simple Lie algebra g are the same.

If g=¢&s is a Cartan decomposition, let a be a maximal abelian sub-algebra
contained in §. A sub-algebra b C g is said to be a Cartan sub-algebra if b is a
Cartan sub-algebra of g¢. If h = a is a Cartan sub-algebra of g, we say that g is a
split real form of gc.

Let II be the set of roots of the pair (g, a) and fix a simple system of roots > C 1II.
Denote by II* respectively the set of positive and negative roots and by a* the Weyl
chamber a* = {H € a: a(H) > 0 for all @« € ¥}. The direct sum of root spaces
corresponding to the positive roots is denoted by n = > i go. The Iwasawa
decomposition of g is given by g = € ® a @& n. The notations K and N refer
respectively to the connected subgroups whose Lie algebras are £ and n.

A minimal parabolic sub-algebra of g is given by p = m & a @ n where m is the
centralizer of a in €. Let P be the minimal parabolic subgroup with Lie algebra
p. Note that P is the normalizer of p in G. We call F = G/P the maximal flag
manifold of G and denote by by the base point 1- P in G/P.

Now, assume that © C ¥ is any subset of simple roots. Such a choice provides a
very interesting way to obtain several flag manifolds, called partial flag manifolds
as we now explain. Denote by g(©) the semi-simple Lie algebra generated by g+,
a € ©. Let G(O) be the connected group with Lie algebra g(©). Let ng be the
sub-algebra generated by the roots spaces g_,, @ € © and consider pg = ng & p.
The normalizer Pg of pg in G is a standard parabolic subgroup which contains P.
Finally, the corresponding flag manifold Fg = G/ Pg is called a partial flag manifold
of G of type ©. We denote by bg the base point 1- Pg in G/Ps.

Now, we highlight some results about the dual system of a root system which will
play a key role in the sequel. We follow closely the book of Perrin [12].

Let E be a finite dimensional vector space. A set II C E is an abstract system of
roots if it is finite, spans £ and does not contain 0 and satisfies

(1) for every a € II, there exists a reflection s, with respect to a such that

so(I1) = 11;
(2) for every «, B €11, s,(8) — B is an integer multiple of «.

The Weyl group W of the root system II is the group generated by reflections s,,
a € II. It is possible to show that there exists an inner product (-,-) in E which is
invariant by W.
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It follows that s, is the corresponding orthogonal reflection

(.0)

(o, a)

sa(f) =8 -2

From the identification of £ with E* by (-,-), for each root o € II, we define
a¥ =2a/{a,a). We call a¥ the coroot of a. Tt follows that if S €1l is another root,

sa(B) =B —(a”, B) a. (1)

We know that if we choose (-,-) to be the Killing form, then the set of roots II
associated to the Lie algebra g is an abstract root system. Furthermore, the set of
coroots II* is also a root system in E* which is called the dual root system.

Proposition 2.1 ([12], Proposition 11.4.1). Let a, B€TIL. Then, (s,/3)" = sav(BY).
Hence, we derive the following corollary that will be very useful.

Corollary 2.2.  Suppose that « € 11 is given by o = 81+ Sp_1(0m) such that
s; = Ss, is the simple reflection associated to §; € I1. Then, the coroot o can be

written as follows
o = s5v 550 (0)). (2)

A system of simple roots ¥ C II is a basis of E such that every root a € II is
written as a linear combination with integer coefficients with the same sign, i.e., all
of them either non-negative or non-positive. A root system is called reduced when
for a € II, Ra NIl = {—a,a}. Such a reduced root system is always the set of
roots of a Cartan subalgebra over an algebraically closed field. Non-reduced root
systems appear in the study of real semi-simple Lie algebras. However, split real
forms correspond to reduced root systems.

Proposition 2.3 ([12], Proposition 11.6.13).
If 11 is reduced then ¥* = {a”: a € ¥} is a simple root system of 11*.

By this Proposition, if o € II is given in terms of the system X of simple roots as
a=> dsd (3)
fex

we should obtain an analogous expression for o with respect to the simple root
system Y*. Indeed, it follows that

o/ = ds <<j7 3 5. (4)

sex
As a consequence, if a¥ = ), 5. d;0Y is the coroot of a given by (3), the
relationship between its coefficients is given by
(6,0)
ds =d .
© )

By Equation (4), we also conclude that if g is of type A, D, E then its dual root
system is isomorphic to itself while the dual root system of a lie algebra of type B
is isomorphic to the root system of type C (and vice-versa).
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The height of the root «, denoted by ht(a) is the sum of the coefficients that appear
in the decomposition of a in Equation (3)

ht(a) = ds.

0ex

If we consider the elements of W as a product of simple reflections s; = s,,, o €%,
the length ¢(w) of w € W is defined as the number of simple reflections in any
reduced decomposition of w.

There is a partial order < in the Weyl group called the Bruhat-Chevalley order:
we say that w; < wy if given a reduced decomposition wy = s;, ---s; then
wy = Sj, 0 Sj, for some 1 < iy < --- <4, <r. When there exists w,w’ € W such
that v’ < w and ¢(w) = {(w') + 1 we say that w covers w’ (alternatively, w,w’ is
a covering pair). If w covers w’ and given a reduced decomposition w = s1---$p
then we will denote by I the integer in [¢] such that v’ = s;---8;---s,, where the
integer I depends on w’ and the choice of the reduced decomposition of w. For
convenience, we will sometimes refer to this decomposition of w’ as wy.

For the subset © C ¥, we define the subgroup Wg generated by the reflections with
respect to the roots @ € ©. We denote by W the subset of minimal representatives
of the cosets of Wg in W.

The Bruhat decomposition presents flag manifolds as a union of N-orbits, namely,

where bg = 1 Pg is the base point. Each orbit N - wbg,w € W, is called a Bruhat
cell. It is diffeomorphic to a Euclidean space and, in the case of a split real form,
its dimension coincides with the length of w, i.e., dim (N - wbg) = ¢(w) (for details,
see Corollary 3.8 of Duistermaat-Kolk-Varadarajan [4] and Corollary 2.6 of [17]). A
Schubert cell S, is the closure of a Bruhat cell. The Bruhat-Chevalley order also
characterizes a partial order between the corresponding Schubert varieties. It also

endows the flag manifolds with a cellular structure where 89 = Uucw N - ubs.

3. A formula for the roots of II,,

A very important role is developed by the set IL, = II"™ N wIl~ composed of
the positive roots sent to negative roots by w='. If w = s;---s,, is a reduced

decomposition of w then I, = {51, ..., B} where
Br =81 8k_1(0x) , for 1 <k < m. (5)

In particular, we have that ¢(w) equals the cardinality of II,. In this section, we
consider a slightly more general setting in which we derive a formula for a root that
is obtained after a finite sequence of compositions of reflections over a simple root.
As a consequence, we obtain a formula for those roots of 1I,,.

Consider a finite ordered sequence of simple roots (dy,...,d,,), possibly with repe-
tition. We are interested in writing sp - - $;,_1(d,,) in terms of dq,...,0,,. When
m = 1, it is trivial. However, as m increases, we may observe the occurrence of a
pattern.
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We show what happens for m = 2,3, 4 after successive applications of Equation (1).
81(52) =0y — <5¥, 52> 01
8182<(53) = (55 — <5¥, 53> 52 — <(5¥, (55) (51 + <5¥, 52> <(5%/, 55) (51
515283(04) = 04 — (03, 04) 03 — (03, 00) 0o + (35, d3) (03, 04) 0o — (07, 0) Ou+
+ <5¥7 52) <5;/’ 54> o1+ <5¥7 53) <5£\?>/a 54> o1 — <5¥7 52> <5%/v 53) <5£\§/’ 54> 01
By these equations, it turns out that s;---s,,_1(d,) is an integer coefficient com-
bination of the roots di,...,d,,. The coefficients are given as alternating sums of
products of the Killing numbers of the roots that belong to a specific interval. Be-

sides, as m increases, the sum is given by products of a greater number of factors.
We now proceed to obtain a general formula for this expression.

Given a subset J = (iy < iy < --- <1,), let us define

r—1

Ay = H <5\/ 5Jz+1> .

=1

In particular, Ay =1 for any j > 1.

Proposition 3.1.  Let 61,...,6,, be an ordered sequence of simple roots whose
simple reflections are, respectively, si,..., Sy . Then, for every k € [m],
SkSkel " Sm—1(0m) = Z (=D)FTA - Gin g, (6)
JC[k,m)]
meJ

where the sum runs among all subsets J of [k,m] that contains m.

Proof. We will prove by induction in the number £ of roots. If k£ = m then Equa-
tion (6) is trivially satisfied. Now, suppose the formula is valid for & + 1. Then,

Sk(sk—i-l e sm—l((sm)) = Z (_1)U|_1AJ : Sk(éminJ)

JClk+1,m]
meJ
= Z ( )|J| 1AJ 5m1nJ + Z |J|AJ <6l\<;/a 5min J> 5k
JClk+1,m] JClk+1,m]
meJ meJ
= Z ( )|J| 1AJ 5m1nJ+ Z |J| 1AJ 5k
JC[k+1,m] JC[k,m]
meJ kmeJ
= Z (_1)|J|_1AJ'5minJ- n
JCk,m]
meJ

4. A new formula for the coefficient of the boundary map

In this section we present a formula for the coefficients of the boundary map of real
flag manifolds by means of the height of some roots in the Lie algebra. Our main
applications will be given alone in the context of split real forms.

Let us begin by reviewing some main results about the determination of the cellular
homology coefficients following [14]. We start in the context of the maximal flag
manifold F.
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Given a Schubert cell S,,, we fix once and for all reduced decompositions

as a product of simple reflections, for each w € W, with ¢ = ¢(w). Let C be the
Z-module freely generated by S,, w € W. The boundary map 0 defined over C is
given by 9S8, = >, c(w,w')S,, where c¢(w,w’) € Z in such way that non-trivial
coefficients may occur when w covers w’. Furthermore, the non-trivial coefficients
must be equal to +2 ([14], Theorem 2.2).

Notice also that, by [14] Proposition 1.10, the condition for w,w’ to be a covering
pair is equivalent to say that if w = s;--- s, is a reduced decomposition of w € W
as a product of simple reflections, then w’ = s;---57---5, is a uniquely defined
reduced decomposition with g(ay) = sl(2,R).

It will also be useful to denote by v = s1---s;1 and w = syy1---sp such that
w’ = v - u. There are roots not necessarily simple 3 = v(a;) and v = u~!(a;) with

w=sg-w and w=w-s,.

Let us determine if c(w,w’) is either 0 or £2. We define

o(w,w') = Z {af,d) - dim gs. (7)

0€ll,

For w € W, let $(w) =Y dimgs - 6.

6€lly,

The following results show how we determine when c(w,w’) is either 0 or £2.

Proposition 4.1 ([14], Proposition 2.7). Let 5 the unique root such that w = sg-w’.
Then p(w) — ¢(w') = k(w, w') - B,

where kK(w,w') =1—o(w,w’).

Theorem 4.2 ([14], Theorem 2.8, [6], Theorem 1.1.4). Suppose that w covers w'.
Then the coefficient c(w,w") is given as follows:

clw,w') = £ <1 + (—1)”(w’w/)> :

Now, we address the question about the determination of the sign. This method
is developed in [14] whose argument is based on the reduced decompositions of the
elements w € W.

For each w fix a reduced decomposition. There is a first (—1)7 ingredient which
is related with the deleted position. The second component appears when the
fixed reduced decomposition for w’ is not equal to that w;. According to [14]
Proposition 1.9, there are characteristic maps for S, given by ®,,: B, — S, and
&5, Bs, — Su, where B,y and By, are balls of dimension ¢(w’). The first map
is obtained by the choice of reduced decomposition for w’ whereas the latter follows
from the deletion operation. In addition, there is a property where both maps @,
and @y, are diffecomorphisms when restricted to the interior of the respective balls.
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Theorem 4.3 ([14], Theorem 2.8).
c(w,w’) — (—1)I . deg (Q);} o) CD{EI) . (1 + (_1)m(w,w’)) '

Remark 4.4. When both reduced decompositions w’ and w; are equal then
deg (¥, o ®g5,) = 1. We compute the degree of the composition ®,' o ®g, consid-
ered as map between spheres in which the boundaries of the balls are collapsed to
points.

[ (I)wl

By — = 8y Ba,

L]

By |O(By) — 0w <—— By, /0(Bg,)

We denote by o, = Suw/(Sw \ N - w'by) the space obtained by identifying the
complement of the Bruhat cell N - w'by to a point. |

Let ® C ¥ and consider the partial flag manifold Fg. Recall that the Schubert
varieties are SO are the closure of the Bruhat cells N - wbg, for w € W®. Let
C® be the Z-module freely generated by SO, for every element w of W®. The
boundary maps 9° : C® — C® are defined by

9989 = Z ©(w, w89,

w'ewe
for some coefficients c®(w,w’) € Z.

Theorem 4.5 ([14], Theorem 3.4).  The integral homology of the flag manifold
Fo = G/Po is isomorphic to the homology of (C°,0°), where 0° obtained by
restricting 0 and projecting it onto C®.

o(

Hence, c®(w,w’) = c(w,w'), where w,w € W®.

We now seek a formula for the cellular homology coefficients in terms of the height
of roots.

This formula previously established for x(w,w’) takes the relationship of w and w’
by a left action (w = sg-w') into account. We will show how to obtain an equivalent
expression by exploring the right action, i.e, w = w’-s,, which becomes impressively
simple for split real forms.

Assume that w = s1---s, and w' =s;---57---sp =v-u, with v = s1---s7_1 and
u = Sr41 - S¢, be reduced decompositions such that (d;,. .., d) is the corresponding
sequence of simple roots associated with this decomposition. Our strategy consists
on finding an explicit computation of o(w,w’) as defined in Equation (7) in terms
of the root w. When w is non-trivial, by Equation (5), recall that the roots of
IT, = IIT Null™ are given by

Bj=srs1-8-1(8;), jeE+1,4.
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Proposition 4.6.  The coefficient k(w,w’) is
JClI, 2]
IeJ|J|>1

where the sum runs among all subsets J of [I,{] that contains I with at least two
elements.

Proof. Let j € [I 4+ 1,¢]. By Proposition 3.1, we have

07,85y = D (DA (0] bming) = D (DM A = (-DMIA,
JC[I+1,4] JC[I+1,7] JC[I,4]
jeJ jeJ 1,5€J

Hence, by Equation (7),

¢
klw,w)=1—c(w,w)=1-— Z ( Z (—1)‘]|AJ> dim(gg, )

j=I+1 \ JC[I,j]
Ijet
=1+ Z 1= "Aydim(gs, . ,). [
JC[1,4]
1€J,[J]>1

The expression of x in Proposition 4.6 becomes apparent when the Lie algebra is a
split real form.

Theorem 4.7.  Assume that g is a split real form. Let v = u='(d;) be the root
for which w =w'"-s,. Then

k(w,w') = ht(y"),
where ht(yY) is the height of the coroot v in the dual root system II*.

Proof. By hypothesis, g is split real form, which means that dimg, = 1, for
every root « € II. First of all, if 7 = ¢ then v = ¢, is a simple root and " = §; .
Hence, r(w,w’) =1 =ht(y").

Suppose that I < ¢, the root 7 can be written as v = spsp_1--sr41(07). By
Corollary 2.2, the coroot of 7 is v = ssyssy -~ ssy, (/). Consider the sequence

of coroots d7,...,d; given by &7 =), ; ;, for j € [I,], and their simple reflections
ST = S5y, -+,5; = ssy. By Proposition 3.1,
V=) = Y (FDOYITAL S = Y (DYITAY 6 s (8)
JC[I,4 JC[I,0]
leJ leJ
where
r—1 r—1 r—1
Ai] H <5‘;z/7 5.;z+1> - H <<52/+I—ji)v7 62/+I—ji+1> = H <62/+I—ji+17 5Z+I_ji>7
i=1 i=1 i=1

since (0V)V =94.
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In the summation (8), change j to {+ I — j to get

’7\/ = § (_1)‘J‘_1AJ' I\I/laXJ'
JC[I,f]
IeJ

Therefore, by Proposition 4.6, the height of the coroot 7" is

ht(vY) = Z (DA, =1+ Z (=)A= K(w, w). n
JClL4 JC[L{]
IeJ IeJ,|J|>1

Corollary 4.8.  Let g be a Lie algebra of type A,, D, Fg, Bz or Eg. Then
k(w, w') = ht(y).

Proof. In the context of a split real form of a Lie algebra of type A,, D,,, s, Er
or Fg, all roots have the same length. Then, ht(«) = ht(a") for all « € II. ]

Remark 4.9. We can use Theorem 4.7 to get the formula for F; and G, Lie
algebras. If g is a Lie algebra of type F}, suppose that the simple roots are ordered

ay Qg az a4
canonically as follows o—==— _ Then,

K(w, w') = ht(7),

where 7 is the root obtained from v by reversing the simple roots ¥ = {ay, as, as, a4}

to XV = {ay,as,as,a1}, respectively, since the dual simple roots correspond to
reverse roots in the Dynkin diagram, i.e., a) = a4,a3 = a3, ay = as,aj = ay. The
same idea applies to the Lie algebra G,. [ |

Remark 4.10. We also can use Theorem 4.7 to get the formula for B, and
C,, Lie algebras from the isomorphism II}; = Il,. For instance, in the context
of isotropic and odd orthogonal Grassmannians, it coincides with Theorem 3.12 of
8]. m

5. Type A case

In this section, we present some immediate consequences of Theorem 4.7 for flags as-
sociated with type A Lie algebras. It emphasizes the convenience of the permutation
model the symmetric group provides parametrizing the Schubert cells.

Let G = Sl(n,R) be a Lie group of type A and ¥ = {ay,...,a,_1} the simple roots

ordered as follows:

ay [£P) Up—1
o—-=0 O—0O

The respective Weyl group W is the symmetric group .5,,. We denote a permutation
w € S, in the one-line notation by w = wyws---w, where w; = w(i) for all
i=1,...,¢0.

The following lemma provides a characterization of the covering relation of two
permutations using the one-line notation.
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Lemma 5.1 ([1], Lemma 2.1.4).  Let w,w' € S,. Then, w covers w' in the
Bruhat order if and only if w = w'"- (i,7) for some transposition (i,7) with i < j
such that w'(i) < w'(j) and there does not exist any k such that i < k < j,
w'(i) < w'(k) < w'(y).

The lemma says that if w = wy - --w, is the one-line notation of w € S,, then w’
is covered by w if and only if the one-line notation of w’ is obtained from w by
switching the values in position ¢ and 7, for some pair ¢ < j and such that no value
between positions ¢ and j lies in [w(j), w(7)].

The next proposition follows from the covering relation stated in Lemma 5.1.

Proposition 5.2.  Let w,w' € S,, such that w' is covered by w, i.e., w = w'-(i,7)
for some i < j. Then, the coefficient rk(w,w’) is given by

k(w,w'") = j —1i.
In particular, c¢(w,w") =0 if, and only if, j — i is odd.

Proof.  Since 7 is the root such that w = w's,, the transposition (,7) is the
reflection s, through ~. Considering the simple reflections s; = s,,, for a; € X,
a reduced decomposition for (4, 7) is Sj_1---Si+18:iSi+1 - Sj—1. Using the fact that
Sw(a) = WSew ™' we have (i,j) = Ss;_1sis1(a) and, then, v =s;_1---si41(a;).

Applying Proposition 3.1, the root v is the sum of simple roots a;+a;11+---+a;_;.
Therefore, by Corollary 4.8, x(w,w’) = ht(y) = j — 1. [

This proposition simplifies the task to compute the boundary coefficient. For in-
stance, given w = 137582946 and w' = 137285946, we see that w = w'-(4,6).
Hence, x(w,w') =6 —4 =2 and c(w,w’) = £(1 + (=1)*@v)) = £2.

Given © C X, recall that W® = {w € W: {(w) < l(ws,),Ya € O} is the set of
minimal representatives of the cosets of Wg in W. In type A, it can be described
as follows (see Theorem A of Tan [16]): let the complement of © with respect to 3

be the set of roots {ag,,ag,,...,aq } where dy =0 < dy < -+ < dp <n = dg4;.
Then,
W@:{wl---wnesn:wl < KWy, W41 < < Wiy ey W1 < o < Wyt (9)

In other words, a permutation w € W® has descents only in entries d;, for every
i € [k].
Let us give a combinatorial proof of the condition for the orientability of any real

flag manifold of type A ([11], Proposition 4.1) as a direct application of Proposition
9.2.

Proposition 5.3.  Let the complement of © with respect to ¥ be the set of roots
{a4,,0dy, .. aq,} where dy = 0 < dy < -+ < d, < n = dg1. Then, the flag
manifold Fg is orientable if and only if dj11 — d; have the same parity, for every
j € [k].

Proof.  We will establish a criterion for orientability by seeking in which condition
the top dimensional homology group is Z. Let us begin with the (unique) Schubert
top cell Sy -
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The associated permutation wg is the longest permutation (with respect to the
Bruhat order) with descents at positions dj, ..., d;. In one-line notation,

we = (d + 1) n|(dp_y + 1) - -dy| |1+~ di.

There are k Schubert cells S(ue);, J € [k], covered by Sy, . For each j € [k], the
corresponding permutations of wg and (w@); differ only by the values at positions
dj—1 +1 and dj;1, where we consider dy = 0 and dp1 = n, ie.,

we = (we)j - (dj—1 +1,dj41).
By Proposition 5.2, it follows that
K(we, (we);) = djr1 — (dj—1 + 1),
ie., c(we, (we)j) = 0 if and only if (d;,—d; ;) is even. Since
dj+1_dj—1 = (dj+1—dj)+(dj_dj—1)a
08, =0 if and only if d;;—d; have the same parity, for every j. ]
We now seek a formula for the first and second homology groups for partial flag

manifolds of type A. This require introducing a few combinatorial notations.

The code (also called Lehmer code) of a permutation w € S,, is an integer sequence

a with a; = #{k > i | wxy < w;} and it will be denoted by code(w). In other words,

each entry of the code corresponds to the number of inversions to the right of w;.

It is clear that 0 < a; < n —i. The code provides a bijection between S, and the

set [0,n — 1] x [0,n — 2] x --- x [0, 1].

Given w € S,,, the code spectrum of w is the unique sequence
0<b1<b2<---<bl<n

such that the code o of w is given by o = #{j: b; = i}. We will denote
by [b1,-- ,bs] the permutation w given by such code spectrum to distinguish
it from the other notations. For instance, the code spectrum of w € S5 with
code(w) = (0,2,0,1) is [2,2,4].

This notation allows us to easily describe permutations with some chosen length.
Let us describe all permutations w € S,, with length up to three:

o s =[i] for i€ [n—1];

o s;8;=[i,j] for i < j and i,j5 € [n—1];

o Sip18; = [i,4] for i € [n — 2|;

o si8;sk = [i,7,k] for i <j <k and 4,5,k € [n—1];
o Sip18i8k = [i,i, k] for i < k and i,k € [n — 1];

o $iSi+18; = [i,7,7] for i < j and 4,5 € [n — 2];

o Si128i118; = [i,4,1] for i € [n — 3.

When we need to fix a reduced decomposition, we will choose the ones as above.
The following lemma provides us all the boundary maps required to compute the
first and second homology groups of any partial flag manifold of type A.
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Lemma 5.4.
(1) 08 =0, foriec[n—1];
(2) OSpiq = =28y, for i€ [n—2];
(3) OSpiis1) = —28}ity, for i € [n —2];
(4) 0Spij7 =0, forien—3] and j € i+ 2,n—1];
()
(6)

OS[ij-1,5] = 281, for i € n—3] and j € [i+2,n —1];
aS[[i,iJrl’iJrlﬂ = 28[[i7¢+1]] — 28[[2'+17i+1]] for i e [n — 3] .

Proof. The general formula for the coefficients is given by Theorem 4.3 whereas
Proposition 5.2 gives us when it is +£2. Recall that w; is the reduced decomposition
of w’ obtained by removing the I-th simple reflection of w. To get the sign we
can observe that if we choose to fix the reduced decomposition for w and w’ as
given above, both reduced decompositions w’ and w; are exactly the same. Then,
o, = &y, and deg (<I>;,1 o <I>@I) = 1. Then, the sign of the coefficient is given by
(—=1)".

Let us proof the expression (6) for w = [i,i + 1,7+ 1] € S5, with ¢ € [n — 3]. This
w covers the following permutations of length two:

wy =i+ 1,1+ 1], we = [i,i + 1], and w3 = [i,i + 2].

In one-line notation, w = --- (i +1) (i +3)i (i +2) --- and the covering relations
are given as follows:

wy =1 (@ +3)(E+1)(E+2) -0, w=ay- (3,74 2);

wy =+ (@+D)(E+2)i(i+3)--- , w=wy-(i+1,i+3);

wy = (@+1D)i(i+3)(+2) - , w=ws-(i+1,i+2).
By Proposition 5.2, c(w,i;) = (=1)! -2 = =2 c(w,10y) = (—=1)* -2 = 2 and
c(w,w3) = (—=1)3- 0 = 0. The remaining expressions follow analogously. n

Remark 5.5. The list of boundary maps in Lemma 5.4 does not present a
formula for every three dimensional Schubert cell since it intends to provide only the
necessary to compute the first and second homology groups. In this cases, Theorem
5.7 will show that im(0) coincides with 2 - ker(0). ]

The next lemma provides necessary and sufficient conditions for permutations of
length one and two in W®.

Lemma 5.6.
(1) Given i € [n — 1], we have that [i] € W® if, and only if, a; € ¥ — O;

(2) Given i € [n—2] and j € [n — 1] such that i < j, we have that [i,j] € W®
if, and only if, one of the following happens:

e aj,a; €X—0;

e j=i+1,a,€0,and a;y1 € X — 6.
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Proof. The permutation w = [i] is given by w =1---(i 4+ 1)i---n, ie., it has
a descent only at the i-th entry. Then, by (9), w € W® if, and only if, a; € ¥ — ©.
The permutation w = [i, j] may be written as it follows:
e Ifj—i>2thenw=1---(i+1)i---(j+1)j---n. By (9), w € W if, and
only if, a;,a; € ¥ — O;

e Ifj=i+1thenw=1---(i+1)(i+2)i---n. By (9), w € W° if, and only

if, a;41 € X — O;
e If j=ithenw=1---(i+2)i(i+1)---n. By (9), w € W® if, and only if,
aiEE—@. |

Denote by rg the number of connected components of the Dynkin diagram of ©.

Theorem 5.7.  Consider a partial flag manifold Fe of G = Sl(n,R), where
O C E:{al,...,an_l}.

(1) For m = 3, the first homology group is
Hy(Fo, Z) = (Zy)" 197!

and it is generated by the set of Schubert cells Sy such that a; € X — ©.

(2) For m >4, the second homology group is
Hy(Fo,Z) = (Zs)"®
where Ng = (”7‘;9'71) +1re — 1 and it is generated by the set of Schubert cells
e Xi; =S8, forany i,j € [n—1] such that j—i > 2 and a;,a; € £—0;
o Xiit1 = Spit1] — Slit1,i1], for every i € [n—3| such that ;41 € £ —0.
Proof. By Lemmas 5.6 and 5.4, the kernel of 9° is generated by Spip such that

a; € X — O. For every i € [n — 2] such that a; € ¥ — ©, we have that [i,i] € W®
and 898[[2'71']} = —QSM. If a,_1 € ¥ — O then 898[[,1_27”_1]] = —28[[71_1]].

We conclude that H;(Fg,Z) has no free part and
H\(Fo,Z) = (Zy){S11: 1:€5-6}| — (7,)n—161-1

To compute the second homology group, let us prove that it has no free part. By
Lemmas 5.6 and 5.4, the kernel of 9° is generated by

o X;; =8}, for any 4,5 € [n — 1] such that j —i > 2 and a;,a; € ¥ — ©;
L Xi,i—f—l = S[[i,z‘—}—l]] - S[[i+1,i+1]]7 for any 1€ [n - 3] such that A1 € ¥ —0.

Notice that we do not allow X, 5,1 since [n —1,n —1] € S,. Also by Lemma
5.4, we have that each X, ; is image through 9° of the following Schubert cells:

o For any i,j5 € [n — 1] such that j —¢ > 2 and a;,a; € ¥ — O, we have
li,j — 1, 5] € W®. Hence, 0°9S; ;151 = 2X, ;;

o« For any i € [n — 3] such that a;;, € ¥ — O, we have [i,i + 1,7 + 1] € W°.
Hence, 868[[2',1'4-1,1'—1-1] = 2Xi,i+1-
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Therefore, the second homology group has no free part and the torsion is generated
by all X;; such that [i,;] € W°.

Notice that for X; 1, either a; € © or a; € ¥—0. Then, we can split the generators
of Hy(Fg,Z) in two sets

A ={X;;:1<i<j<n—1and a;a; € X —0O except (i,j) = (n—2,n—1)},
A2 = {Xi,i—i-i: 1€ [n — 3],@1' c C"‘), and Q;y1 € > — @}
The cardinality of A; is given as follows:

e Ifa, 1,a,_2 € 3 — O then |A;| is the number of 2-combinations from ¥ — ©
except the pair (n —2,n —1). Hence, |A;| = (n—lg)|—1) 1

)

e Ifa,—1 € © or a,_» € © then then |A;] is the number of 2-combinations from
¥ — 0. Hence, |4,] = ("_|?|_1).

The cardinality of As is given by:

o If ap_1,a,_9 € ¥ — O then |Ay| is the number of connected components rg
of ©. Hence, |As| =ro;

e If a, 1 €0 or a, 5 € O then |Ay] =rg — 1 since Ay counts up to i =n — 3
and there should be a connected component containing either a,_; or a,_s.

Therefore, No = |A1| + | 43| = ("—|(3|—1) +re— 1. .

6. Final comments and further directions

We would like to highlight that, although this is a classical theme — topology of real
flag manifolds such as Projective spaces and Grassmannian manifolds — we have not
found in the literature such simple formula to compute its homology groups. It is
remarkable finding such closed and direct expressions for first and second homology
groups of partial flag manifolds of type A.

With the results obtained in this paper, we can identify other directions to research
as listed below.

o For type A flag manifolds, it seems possible to get a formula for third and
fourth homology groups. It will require achieving a better understanding of the
coefficient since the degree in Theorem 4.3 is not so easy to compute. Indeed,
the computational evidences has shown us that in some cases the homology
groups have free part. A forthcoming paper will deal with the combinatorics
involved to explicitly compute the sign in the type A case.

e Theorem 4.7 provides a formula of the boundary coefficient for split real forms.
It is reasonable to ask about low dimensional homology of other types of flag
manifolds. This would require to get a nicer combinatorial model for the Weyl

group.
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