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Abstract. This paper deals with the inequalities comparing the norm of a function on a compact
hypergroup and the norm of its Fourier coefficients. We prove the classical Paley inequality in the
setting of compact hypergroups which further gives the Hardy-Littlewood and Hausdorff-Young-
Paley inequalities in the noncommutative context. We establish Hormander’s LP-L9 Fourier
multiplier theorem on compact hypergroups for 1 < p < 2 < g < oo as an application of the
Hausdorff-Young-Paley inequality. We examine our results for the hypergroups constructed from
the conjugacy classes of compact Lie groups and for a class of countable compact hypergroups.
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1. Introduction

The inequalities which involve functions and their Fourier coefficients played a
pivotal role in Fourier analysis as well as in its applications to several different
areas. This paper contributes to some of the classical inequalities of this nature,
namely, Hardy-Littlewood inequality, Paley inequality and Hausdorff-Young-Paley
inequality, and their applications to the theory of Fourier multiplier in the non-
commutative setting. The first inequality we consider is the Hardy-Littlewood
inequality proved by Hardy and Littlewood for the torus T ([21]). They proved
that for each 1 < p < 2 there exists a constant C,, > 0 such that

~

(Z [F ()" (1 + Inl)H) p < Gl flleoery,  f e LX(T).

nEL

Hewitt and Ross [23] extended this inequality to compact abelian groups using the
structure theory of groups. Recently, the second author with his coauthors explored
the non-commutative version of the Hardy-Littlewood inequality in the setting of
compact homogeneous spaces [2, 3] and compact quantum groups [1] (see also [46]).
The Hardy-Littlewood inequality also has an application to Sobolev embedding the-
orems and to the boundedness of Fourier multipliers [3, 9, 46]. Compact Riemannian
symmetric spaces can be viewed as homogeneous spaces of compact Lie groups.
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It is well-known that the spherical analysis on Riemannian symmetric spaces is in-
terconnected with the analysis on the double coset spaces which are special examples
of hypergroups for which a convolution structure can be defined on the space of all
bounded Borel measures. Our goal is to investigate the Hardy-Littlewood, Paley
and Hausdorff-Young-Paley inequalities and their applications to the boundedness
of Fourier multipliers in the context of compact hypergroups. The results of this pa-
per are not only applicable to compact double coset spaces but also to the large class
of other examples, for instance, the space of group orbits, space of conjugacy classes
of compact (Lie) groups and countable compact hypergroups [11]. In particular, the
results of this paper are also true for several interesting examples including Jacobi
hypergroups with Jacobi polynomials as characters [18], compact hypergroup struc-
ture on the fundamental alcove with Heckman-Opdam polynomials as characters
[35], and multivariant disk hypergroups [8, 36]

Hewitt and Ross [23] used structure theory of compact abelian groups and in [3], the
authors used the eigenvalue counting formula for the Laplace operator on compact
manifolds to derive the Hardy-Littlewood inequality. When working with compact
hypergroups, we do not have such luxury. In this case, we obtain the following
Hardy-Littlewood inequality (see Theorem 3.7):

Theorem 1.1. Let 1 < p < 2 and let K be a compact hypergroup and K
the set of inequivalent continuous representations w of K. We denote by k, the
hyperdimension of ® and assume that a sequence {{ix} . grows sufficiently fast,
that is,

k2
Z’ ’T‘ﬁ<oo for some > 0.
[

WEIA(

~ p

Th h 2 7rB(;D—?) M < —

en we have Z}A( lir] N/ Sflle (K)
S

When K is the hypergroup of conjugacy classes of the compact Lie group SU(2),
Theorem 1.1 gives the following Hardy-Littlewood inequality for the commutative
hypergroup Conj(SU)(2). This is also a natural analogue of the Hardy-Littlewood
inequality for T (see Theorem 5.2):

Theorem 1.2. If1<p<2 and f € LP(Conj(SU)(2)), then we have

> @+ D™ FDIP < Coll £l (conisu) @)- (1)

ZG%NO

The inequality (1) can be interpreted in the following form similar to the Hardy-
Littlewood inequality on T:

> @1+ 15D @21+ 12 )P < Collf | oo (conisuy@)- (2)

le3No

In contrast to the case of T, an extra term (2] + 1) appears in (2). But this is
natural as the Plancherel measure w on 1Ny, the dual of Conj(SU)(2), is given by
w(l) = (20 4 1)? for | € N, while for T, the Plancherel measure of the dual group
7. is the counting measure.
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~

Corollary 1.3.  If2<p<oo and 371y, (2] + 15778 f(1)|P < oo then

f € LP(Conj(SU)(2)).

Moreover, we have || f|Lr(conjsuy2) < Cp Z (204 1)°P=8| f(D)|P.

le3No

For p = 2, Theorem 1.2 and Corollary 1.3 boil down to the Plancherel theorem
for the hypergroup Conj(SU)(2). Therefore, these follow the philosophy of Hardy
and Littlewood [21] who argue that the Hardy-Littlewood inequality is a suitable
extension of the Plancherel theorem in the case of T.

Another set of interesting examples of commutative infinite hypergroups which we
will investigate is the family of countable compact hypergroups studied by Dunkl
and Ramirez [15]. Recently, in [26, 27] the first author with Singh and Ross
studied classification results of such classes of hypergroups arising from the discrete
semigroups and investigated applications of these results to the Ramsey theory [28].
Interestingly, the property of being countable infinite and compact simultaneously is
a purely hypergroups theoretical property as any infinite compact group can never be
countable. We also obtain the following analogue of the Hardy-Littlewood inequality
for this class of hypergroups H, (see Section 5.2 for the definition).

The Hardy-Littlewood inequality is obtained by the following Paley inequality for
compact hypergroups (see Theorem 3.1):

Theorem 1.4.  Let K be a compact hypergroup and let 1 < p < 2. If p(n) is a
positive sequence over K such that the quantity

is finite, then we have

hSA

> (%) P | S M o,

The Paley inequality describes the growth of the Fourier transform of a function in
terms of its LP-norm. Interpolating the Paley inequality with the Hausdorff-Young
inequality one can obtain the following Hérmander’s version of the Hausdorff-Young-
Paley inequality,

=

/l(}"f)(f)cé(f)ip "dS | < fllr@n, 1<p<r<p <oo, 1<p<2.
R”

Also, as a consequence of the Hausdorff-Young-Paley inequality, Hérmander [24,
page 106] proves that the condition
1 1 1
supt’[{€ € R™ :m(€) >t} < o0, —— - =,
£>0 p q b
where 1 < p <2< ¢ < oo and 1 < b < oo, implies the existence of a bounded
extension of a Fourier multiplier 7;,, with symbol m from LP(R") to L¢(R").
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The second author and R. Akylzhanov extended Hoérmander’s classical results to
unimodular locally compact groups and to homogeneous spaces [3, 4]. Recently, the
authors proved Hérmander’s LP-L? multiplier theorem for (k, a)-Fourier transform
[31]. In [4], the key idea behind the extension of Hormander’s theorem is the
reformulation of this theorem as follows:

1_1

p q

| Tl Lo rr)—sa@n) S sup s (/ df) >~ [[m|pree@ny 2= | Tl proe (virn)).
>0 \J{germim(&)>s)

where + =1 — é, |m||Lr.comny is the Lorentz norm of m, and ||, 17 (vn(mn)) is the
norm of the operator T, in the Lorentz space on the group von Neumann algebra
VN(R™) of R™. Then one can use the Lorentz spaces and group von Neumann
algebra techniques for extending it to general locally compact unimodular groups.
The unimodularity assumption has its own advantages such as the existence of
the canonical trace on the group von Neumann algebra and, consequently, the
Plancherel formula and the Hausdorff-Young inequality. It was also pointed out
that the unimodularity can in principle be avoided by using the Tomita-Takesaki

modular theory and the Haagerup reduction technique.

bS]

By interpolating the Hausdorff-Young inequality and the Paley inequality we get the
following Hausdorff-Young-Paley inequality for compact hypergroups (see Theorem
3.11):

Theorem 1.5.  Let K be a_compact hypergroup and let 1 <p < b <p' <oo. If
a positive sequence p(m),m € K, satisfies the condition

T b\ ® 1_1
then we have Z k2 (%@(7)’1’_? ) S Msg_FHfHLP(K)'

WEI?

As a consequence of the Hausdorff-Young-Paley inequality we prove the LP-L4
boundedness of Fourier multipliers on compact hypergroups (see Theorem 4.1) as a
natural analogue of Hormander’s theorem (see [24]).

Theorem 1.6. Let K be a compact hypergroup and let 1 < p <2 < g <oo. Let
A be a left Fourier multiplier with symbol . Then we have

hSA
Q=

|l oa0 Sswpy | 32 k2
y>

TFEI?
lloa(m)llop=y

The organisation of the paper is as follows. In the next section, we discuss the
basics of the Fourier analysis on compact hypergroups. Section 3 is the heart of
the paper where we shall prove the Paley, Hardy-Littlewood and Hausdorff-Young-
Paley inequalities for compact hypergroups. Section 4 is devoted to establishing
the Hormander multiplier theorem for compact hypergroups. In the last section,
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we discuss our results for countable compact hypergroups and for the hypergroups
arising from conjugacy classes of compact Lie groups.

Throughout the paper, we denote by N the set of natural numbers and set Ny =
NU {0}. For notational convenience, we take empty sums to be zero. We shall also
use the notation P < @ to indicate P < ¢@ for a suitable constant ¢ > 0.

2. Preliminaries

For the basics of compact hypergroups one can refer to standard books, monographs
and research papers [11, 14, 25, 37, 38, 42, 43]. In [25], Jewett refers to hypergroups
as convos. However we mention here certain results we need.

2.1. Definitions and representations of compact hypergroups

We begin this section with the definition of a compact hypergroup.

Definition 2.1. A compact hypergroup is a non empty compact Hausdorff space
K with a weakly continuous, associative convolution * on the Banach space M (K)
of all bounded regular Borel measures on K such that (M (K), ) becomes a Banach
algebra and the following properties hold:

(i) For any z,y € K, the convolution d, * 6, is a probability measure with
compact support, where 9, is the point mass measure at x. Also, the mapping
(x,y) — supp(d, * 0,) is continuous from K x K to the space C(K) of
all nonempty compact subsets of K equipped with the Michael (Vietoris)
topology (see [33] for details).

(ii) There exists a unique element e € K such that §, * 0, = 0, * 0, = J, for every
r e K.

(iii) There is a homeomophism z +— % on K of order two which induces an
involution on M (K) where ji(E) = u(E) with E defined as F := {% : z € E}
for any Borel set E, and e € supp(d, * d,) if and only if z = 3.

Note that the weak continuity assures that the convolution of bounded measures
on a hypergroup is uniquely determined by the convolution of point measures. A
compact hypergroup is called a commutative compact hypergroup if the convolution
is commutative. A compact hypergroup K is called hermitian if the involution on
K is the identity map, i.e., £ = x for all z € K. Note that a hermitian hypergroup
is commutative. Every compact group is a trivial example of a compact hypergroup.
Other essential and non-trivial examples are double coset hypergroups G//H asing
from a Gelfand pair (G, H) for a compact group G and a closed subgroup H [25],
conjugacy classes of compact Lie groups [11, 43], countable compact hypergroups
[11, 15], Jacobi hypergroups [11, 17], hypergroup joins [44] of compact hypergroups
by finite hypergroups [5, 11].

A left Haar measure A on K is a non-zero positive Radon measure such that

/K F (o y)dA(y) = /K fW)dAy) (Vz e K, [ € Cu(K)),

where we used the notation f(z *y) = (6, * d,)(f). It is well known that a Haar
measure is unique if it exists [25]. Throughout this article, a left Haar measure is
simply called a Haar measure.
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We would like to make a remark here that it is still not known if a general hy-
pergroup has a Haar measure but several important class of hypergroups including
commutative hypergroups, compact hypergroups, discrete hypergroups, nilpotent
hypergroups possess a Haar measure [25, 11, 45, 6].

An idrreducible representation m of K is an irreducible - algebra representation
of M(K) into L(H,), the algebra of all bounded linear operators on some Hilbert
space H,, such that

(i) 7(d.) = I and

(i) for every w,v € H,, the mapping p +— (7(p)u,v) is continuous from M (K)*
to C, where M(K)* is the set of all those measures in M(K) which are
non-negative and is equipped with the weak (cone) topology.

In [25], it was also included in the definition of a representation that m must be
norm decreasing, that is, ||7(u)|lop < ||p¢||, where || - ||op denotes the operator norm
on L(H,), but it follows as a consequence of the above definition. For any = € K,
we also write 7(d,) as m(x). Therefore, we get ||m(x)]|op < ||02]| = 1.

2.2. Fourier analysis on compact hypergroups

Let K be a compact hypergroup with the normalized Haar measure A and let K be
the set of irreducible inequivalent continuous representations of K. Throughout this
paper we will assume that K is metrizable which is equivalent to the condition that
K is countable [16]. The set K equipped with the discrete topology is called the
dual space of K. Vrem [43] showed that every irreducible representation (7, H,) of
a compact hypergroup is finite dimensional.For any 7 € K , the map = — (m(x)u,v)
for u,v € H, is called a matrix coefficient function and is denoted by m,,. Let
m(x) = [ ], xd, be the matrix representation of any (7, H,) of dimension d, with
respect to an orthonormal basis {ei}ﬁl of H.. For each m € K there exists a

3
constant k. > d, such that for each pair 7, 7" we have

l/;7nd<x>wgu<x>dx<x>:: 3)

{é wheni=m,j =1, andm = 7/,

0  otherwise.

If K is a compact group then k, = d, [43, Theorem 2.6]. The constant k. is called
the hyperdimension of the representation 7 (see [5]).

The function = +— x,(z) =: Tr(7(x)) is called the (hypergroup) character and it is
a continuous function. The following relation for characters can be derived from the
orthogonality relation (3) of matrix coefficients

de if 1 =7,

1}Awmwwxm={“ (4)

0  otherwise,

d

—
kx*

for all ©,7" € K. Therefore, ||XW||%2(K)

We introduce the ¢? Schatten space Efch(f( ), which is defined in Hewitt and Ross
[22] and studied by Vrem [42]. Let ¥ be the space of matrix coefficients, that is,

S(K)={c:m—o(r) € C"*4 : r e K} = H(Cd“Xd”. (5)

Tref?
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Then ﬁfch(f( ) is defined as the set of all o € X(K) with the finite

B =

ol g = | S kallo@ | 1<p <o, (6)
rek
and HUHeggh(f{) = sup [|o(7)|| e,
TeEK

where the Schatten p-norm ||o||s» of a matrix o € C%*% with its singular numbers
1

s; is defined as ||o||gr := (Z?; 3?)5.
We denote by S.(K) the set of all o € S(K) such that #{r € K : o(7) # 0} < 0o
and by Xo(K) the set of all o € X(K') such that #{r € K : ||o(7)||z,) = €} < 00

for all € > 0. For each 7 € K, the Fourier transform f of f € LY (K) is defined as

Fir) = /K f(@)7(x) dA(z),

where 7(x) = (&) is the conjugate representation of w. Vrem [43] proved that the

map f +— ]? is a norm decreasing x-isomorphism of L'(K) onto a dense subalgebra
of Xo(K). For f € L*(K), we have

dn
F= ke Y flm)igmi; (7)
reR i,j=1

and the series converges in L*(K), see [43, Corollary 2.10]. Hence, we have the
following Plancherel identity

dr
HfH% = Z ko Z |f<7T)i,j’2 = Z krr”f(ﬂ-ﬂﬁ{s = HfH?gch(f()'

rek =1 ek
The following Hausdorff-Young inequality holds for Fourier transform on compact

hypergroups ([42]).

Theorem 2.2. Let 1 <p <2 with %—F 1% =1. For any f € LP(K) we have the
following inequality

h6\

STENFEIL | = 17l 2 < 1w ®)

- sch
TEK

Recently, the first author with R.;Sarma [29] also obtained a Hausdorff-Young
inequality using different norm which was useful to study the Hausdorff-Young
inequality for Orlicz spaces [29]. We will discuss it in the next section in more
detail.

2.3. Commutative compact hypergroups

In this section we assume that a compact hypergroup K is commutative. Then
every representation of K is one dimensional.
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The dual space of K defined as follows
K = {xeC(K):x # 0, x(1m) = X(m), (8 *6:)(x) = x(m)x(n) for all m,ne K | .

An element in K will be called a character. We equip K with the uniform conver-
gence on compact sets. In the case of a compact hypergroups K, the dual space
K is discrete. In general, K may not have a dual hypergroup structure with re-
spect to the pointwise product [25, Example 9.1 C| but it holds for most “natural”
hypergroups including the conjugacy classes of compact groups. Then the Fourier
transform on L'(K, \) is defined by

- /K (@) x(@) dA(z), x€R.

The Fourier transform is injective and there exists a Radon measure w on K , called
the Plancherel measure on K such that the map f — f extends to an isometric
isomorphism from L2(K,d)) onto L2(K,dw), that is,

IR / (@) dA(x) (9)

xek

In this case, the Fourier series of f given by (7) takes the form

F=> k) x (10)
xeK
It follows from the orthogonality relation of characters (4) that the set {k Xter
forms an orthonormal basis of L*(K,d\). It is also known that w(y) = k, for
each x € K (see [5, Proposition 1.2]). If K is a compact commutative group then
ky =d, =1 for all x € K ; and therefore Plancherel measure on K is constant 1.

3. Hausdorff-Young-Paley and Hardy-Littlewood inequalities on
compact hypergroups

In this section, we will study the Paley inequality, the Hausdorff-Young-Paley in-
equality and the Hardy-Littlewood inequality for compact hypergroups. By abusing
the notation, the measure of a set E with respect to measure v will be denoted
by v(E), v({E}), or by v{E}. At times, we will denote LP(K,\) by LP(K) for
simplicity.

3.1. Paley inequality on compact hypergroups

In this subsection, we prove the Paley inequality for compact hypergroups. The
Paley inequality is an important inequality in itself but also plays a vital role in ob-
taining the Hardy-Littlewood inequality and the Hausdorff-Young-Paley inequality
for compact hypergroups. We follow the method of [3].

Theorem 3.1.  Let K be a compact hypergroup and let 1 < p < 2. Let
¢ : K — (0,00) be a function such that

M, :=supy Z k2 < oo. (11)
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Then, for all f € LP(K), we have

Zw(w HHS) P iad I e (12

TeK

Proof. Let us consider the measure on v on the dual space K of K given by
v({r}) = o(x)’k), TeK.

Define the space L (IA( ,v),1 < p < o0, as the space of all real or complex sequences
a: T+ a, such that

B =

lall ooy = | D laxlPr(x) | < oo
reR

We will show that the sublinear operator A : LP(K, \) — LP(K,v) defined by

||f<7r>||Hs>

Af = (

Veem ) .

is well defined and bounded for 1 < p < 2. In other words, we will get the following

estimate which will eventually give us the required estimate (12),
1

1A i = Z(”j%‘m vm | S M I lpag, (13

where = supy Z k2.
y>0 TrGIA(
e(m)zy

To prove the above estimate (13) it is enough to show that A is of weak type (1, 1)
and of weak type (2,2), thanks to Marcinkiewicz interpolation theorem. In fact, we
show that, with the distribution function vz, that

M
V}?(C%Af) < M with the norm M; = M, (14)
Y, 2
ve(y; Af) < (M> with the norm M, =1, (15)
Yy
where vi(y; Af) is defined by ve(y; Af) :=>. ..z v(m), y>0.
I(Af)(W)IZy

First, we show that A is of weak type (1,1) with norm M; = M,; more precisely
we show that

vy, Af) = V{ cK: l\‘jL;‘(’Hi > y} < %, (16)

where v {7r ek : ‘\I%LH(H? > y} can be interpreted as the sum of v(w) taken over

() llus
those 7 € K such that Vo) > Y-
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By the definition of the Fourier transform and the fact that 7 is a norm decreasing
s-homomorphism, i.e., ||7(Z)]|op <1 for all x € K, we have

1) ls < I lpaollm@ s < I F o Vaalm@) lop < Vdall £llz

Therefore, by using d, < k., we get

Hf( )| us \/_||f||L1<K < Mllerao
\/_so()_ VEzp(r) = ()

This inequality yields that

17 s o Ml
{ € K f¢<>>y}c{ SR m >y}

for any y > 0. So

IJ{WEK “f( )HHS>y}§V{7T€[A(:HfHﬂ>y}.

Vkzp(m) ()
g . . Hf”Ll(K)
etting w = —-—, we have
11 () s 2,2
€K : >y < p(m) k.
{ V() 2
p(m)<w
We claim that Z o(m)’k: < Myw. (17)
WER
p(m)<w
¢?(m)
In fact, we have Z o(m)2k: = Z kfr/ dr.
WE}? WEIA( 0
p(m)<w p(m)<w

By interchanging sum and integration we have

2

@2 (m) w
Zki/ dT:/ dr > k.
0 0

TEK ) reK
p(m)sw 72 <p(m)<w

Next, by making substitution 7 = 2, we have

2

/wdT _2/ dtt Z k2<2/ dzftZk2
0

rek rek rek

73 <p(m)<w t<p(m)<w t<o(m)

Since t Z k2 < supt Z k2 =
WEK >0 weK

t<p(m) t<ep(m)
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is finite by the assumption, we get

/ dtt Z k2 < Myw.

rekK
t<p()

Therefore, we get the required estimate (16)

(- _ Hf( )lms M|l fllzr )
VK(y,Af)—V{ €K : VEoo(m) >y}§—y :

Now, we will prove that A is of weak type (2,2), that is, the equality (15). By using
Plancherel’s identity we get

Vgl Af) < |Af2 iz, = Zk?(”f “‘f) ()’

TeK

= > kallF ()l = 11720,
Trel?

Thus A is of weak type (2,2) with norm M, < 1. Thus we have proved (15) and
(14). Thus, by using the Marcinkiewicz interpolation theorem with p; = 1, py = 2
and é =1-0+ g we now obtain

LF(m)las %
T)llHS 272
> o(m) ke ) = 1Af oz SM Il n(
< <\/k:7r90(7f)> LR, "
TeK
This completes the proof. [

Remark 3.2.  One may notice that instead of the Schatten p-norm we used the
Hilbert-Schmidt norm in Theorem 3.1. This is because the Hilbert-Schmidt norm
gives sharp inequality in the Paley inequality as already noticed in [3] for compact
homogeneous spaces and in [46] for compact quantum groups. We will see this for
compact hypergroups from the discussion below.

Now, we will define and discuss an another important family of Lebesgue spaces
(?(K) on K defined by using the Hilbert-Schmidt norm || - ||us instead of Schatten
p-norm || - ||s» on the space of (d, x d,)-dimensional matrices.

The space (P(K) C X(K) is the set of all o € $(K) with finite sum

1
P

(2-2)
ol = D kn lo@ls | » 1<p <o, (18)
reR
_1
and 101l goe (i) = sup kix * || (70) || s
TeK

Remark 3.3.  These (P-spaces (P(K) were introduced in [39, Chapter 10] in the
context of compact Lie groups. Recently, these spaces have been studied in more
details by the second author and his collaborators [1, 2, 13, 16, 30, 39].
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In particular, it was shown in [13] that the space (G) and the Hausdorff-Young
inequality for it become useful for investigating convergence properties of the Fourier
series and the characterisation of Gevrey-Roumieu ultradifferentiable functions and
Gevrey-Beurling ultradifferentiable functions on compact homogeneous manifolds.

The following proposition presents the relation between both norms on Lebesgue
spaces on K.

Proposition 3.4. For 1 < p < 2, we have the following continuous embeddings
as well as the estimates:

O(R) = ,(R) and olly ) < lollpgz, for all o € S(K).
For 2 < p < o0, we have
4 (K) = (K) and |ollyz) < lolle ) for all o € S(K).

Proof. For p =2, since |- ||sz2 = || - |lus, the assertion is obvious. Let 1 < p < 2.
Since o(m) € C¥>*d= denoting s; its singular number, by the Holder inequality we

have 2— p p
lo(m)llse = Z s; < (Z 1) (ZS? > = &7 o (m) s (19)

J=1 J=1

SAIN)

Consequently, it follows that
ol gy = 32 kel < 3 ke o)l < 3 ke (s
rek reR rel

= HUHZ;(R)

Now, for 2 < p < oo, we have

pP—2 2
dr > .,
22 =
lo(m)ls = zs < (21) (z) Pl 20)
=1
and thus llo () |las <dTHO( )| sp-

Therefore, we have
(2-2) (2-2
lollmgy =D ks “llo(@)lfs < Y kx D4 lo(m)]1%, <D kallo(m)
rek reK rek
= o,z
1
Finally, for p = oo, the inequality ||o(7)|lus < kz||o(7)||z,) implies
1
0]lge 2y = sup K * [[o(m)[[s < sup [[o(m)lcoer) = Nl ()5
TeK reK

completing the proof. [ ]
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The following Hausdorff-Young inequality for Fourier transform on compact hyper-
groups was recently obtained by the first author and R. Sarma [29].

Theorem 3.5. Let 1 < p <2 with % —i—z% =1. For any f € LP(K) we have the
following inequality
1

pl

ot .
S kx| = @ < Ifllwa. (21

TI'EI?

In the view of Proposition 3.4 one can see that the Hausdorff-Young inequality (8)
using the Schatten p-norm is sharper than the inequality (21). In [29], Theorem
3.5 is further used to define Orlicz space on dual of compact hypergroups and to
obtained the Hausdorff-Young inequality for Orlicz spaces on compact hypergroup.
The Paley inequality can be reduced to the familiar form using Schatten p-norms.
The proof of it is immediate from the inequality (19) and the fact that d, < k.

Corollary 3.6. Let K be a compact hypergroup. Let 1 <p < 2. If ¢ : K — (0, 00)
is a function satisfying condition (11) of Theorem 3.1 then there exist a universal
constant C = C(p) such that

S kel @) (@) < Clflono- (22)

weé

3.2. Hardy-Littlewood inequality on compact hypergroups

In this section, we apply the Paley inequality to get the Hardy-Littlewood inequality
on compact hypergroups. This approach has been recently employed to prove the
Hardy-Littlewood inequality in the context of the compact Lie group SU(2) in [2],
compact homogeneous manifolds in [3], and compact quantum groups in [1, 46].

The philosophy to derive the Hardy-Littlewood inequality is to choose a function ¢
suitably, so that the condition (11) of Theorem 3.1 is satisfied. For a Laplacian Ag
on a compact Lie group G, we have that for a fixed £ € @, all &;,1 <14,j <dg, are
eigenfunctions of —Ag with the same eigenvalue, which we denote by ||, so that
we have

—Ag&ij(x) = [€)&;(x) 1< i,j < d.

We denote (€) := (14 |€]2)¥2, which is the eigenvalue of the operator (1 — Ag)? .
In the case of a compact Lie group G of dimension n, in [3] the authors took
o(m) = (m)~". Although, for SU(2) this was proved by repeating the proof of the
Paley inequality and estimating the bound explicitly ([2]).

In the case of compact quantum groups, the proof of this inequality has been achieved
by using the geometric information of compact quantum groups like spectral triples
[1] and the natural length function on the dual of compact quantum groups [46].
Since the compact hypergroups in general are not equipped with any geometric or
differential structure, we prove the following the Hardy-Littlewood inequality for
compact hypergroups.
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Theorem 3.7.  Let 1 <p <2 and let K be a compact hypergroup. Assume that
a positive function ™ u, on K grows sufficiently fast, that is,

k2
Z’ ”|B < oo for somefB > 0. (23)
ek Him
17 s
T
Then we have Z AT (R ERUTILILE IS | fll e (k- (24)
pd Vkx
TeK
k2
Proof. By the assumption, we know that (' := Z | 7r|ﬂ < 00.
FG[? Hom
k‘2
Then we have C > Z | ”| 3 >t Z k2 =t Z k%, and consequently
WEﬂIA( 1 Mﬂ- WG/B}A( 1 WEIIA(
luxP<3 luxlP<: Lt

supt Z k? < O < co. Then, as an application of Theorem 3.1 where we take
>0 v
P ="

o(m) = m, 7 € K, we get the required estimate (24). n

In the case when K is abelian, Theorem 3.7 takes the following form.

Theorem 3.8. Let 1 < p < 2 and let K be a compact abelian hypergroup.
Assume that a positive function x — p, on K satisfies the condition

k2
Z X < oo for some 3> 0. (25)
py |:ux|ﬁ
xeEK
22 o) 7
Then we have Z ky *? |MX|B(p 2)|f(X)‘p S ||fHLP(K)' (26)

xek

Remark 3.9. We would like to note here that in the case when K is a com-
pact Lie group, the natural choices of m — pu, is m — (7). But for this choice
of pir the quantity » o % in this case, is not finite for f = n := dim(G), as
proved by the second author and Dasgupta [13]. So this does not give the Hardy-
Littlewood inequality for compact Lie groups, in particular, for T™ ([3]). Surpris-
ingly, the quantity > _» % is finite with a natural choice of © +— pu, and 3 for
(pure) hypergroups including conjugacy classes of compact Lie groups and countable
compact hypergroups as shown in the last section and consequently, provides the
Hardy-Littlewood inequality for these compact hypergroups.

3.3. Hausdorff-Young-Paley inequality on compact hypergroups

In this subsection, we prove the Hausdorff-Young-Paley inequality for compact
hypergroups. The Hausdorff-Young-Paley inequality is an important inequality in
itself but it serves as an essential tool to prove an LP- L4 Fourier multiplier theorem
for compact hypergroups.

The following theorem obtained by Bergh and Lofstrom [10] is useful in the proof
of the Hausdorff-Young-Paley inequality.
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Theorem 3.10.  Let dug(z) = wo(x)du(x), duy(z) = wi(x)du(x). Suppose that

0 < po,p1 < o0. If a continuous linear operator A admits bounded extensions,

A LP(Y,u) = LP(wo) and A : LP(Y,pu) — LP'(wy), then there exists a bounded

extensi(on )A c LP(Y,p) — LA(@) of A, where 0 < 6 < 1,3 = 11);09 + p% and
b(1=6) b

W=wy "™ wi.

Now, we are ready to state the Hausdorff-Young-Paley inequality for compact hy-
pergroups, and we follow the idea of [3] for the proof.

Theorem 3.11.  Let K be a compact hypergroup and let 1 < p < b < p < oo,
where p' is the Lebesque conjugate of p. If a function ¢ : K — (0,00) satisfies the
condition

M, :=supy Z k2 < oo (27)
y>0 TrEIA(
p(m)=>y

R b
) ||Hs 11 T
then we have Z k2 (%Sﬁ(ﬂ)b » ) Mg " I fllr (i (28)

Proof. We consider a sublinear operator A : LP(K) — (*(K ,@) which takes a
function f to its Fourier coefficient f(m) € C% >~ divided by vk, that is,

_Jim
f—=Af = {\/k_ﬂ}wg?.

Here the space (?(K,@) is the set of all o € $(K) with finite

P

lallpz o) = | D la@ls () |

TI'GK

and @ is a scalar sequence on K. Then the desired result follows from Theorem
3.10 if we consider the left hand side of the inequalities (12) and (21) as (*(K,@;)-
norm of Af, where the weights w;, ¢ = 1,2 are given by wy(m) = k2¢(7)*? and
wi(m) = k2, 7 € K, respectively. n

4. LP-L9-boundedness of Fourier multipliers on compact hypergroups

In this section, we prove the LP-L? boundedness of Fourier multipliers on compact
hypergroups as a natural analogue of Hormander’s theorem (see [24]). We will
apply the Hausdorff-Young-Paley inequality in Theorem 3.11 to provide a sufficient
condition for the LP-L9% boundedness of Fourier multipliers for the range 1 < p <
2 < g < oo. This approach was developed by the second author with R. Akylzhanov
to prove the LP-L9% boundedness of Fourier multipliers on locally compact groups
[4] by using the von-Neumann algebra machinery. In [34], this theorem was proved
for the torus T by using a different method. We begin this section by recalling the
definition of Fourier multipliers on compact hypergroups.
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An operator A which is invariant under the left translations will be called a left
Fourier multiplier. The left invariant operators can be characterised using the
Fourier transform [42, 40]. Indeed, if A is a left Fourier multiplier then there exists
a function o4 : K — C% > known as the symbol associated with A, such that

Af(n) = oa(n)f(r), ek,

for all suitable functions f on K. In the next result, we show that if the symbol o4
of a Fourier multipliers A defined on C.(K) satisfies certain Hérmander’s condition,
then A can be extended as a bounded linear operator from LP(K) to LI(K) for
the range 1 < p < 2 < ¢ < oo. The Plancherel formula provides a condition on
symbol o4 for the L?-L2?-boundedness of Fourier multiplier A. Indeed, we have
Al L2y p2k) < ||0A||goo(f<). Therefore, we restrict ourselves to the case when p
and ¢ are both not equal to 2. For the proof we follow the idea of [3].

Theorem 4.1.  Let K be a compact hypergroup and let 1 < p <2 < g < oo with
p and q both not equal to 2. Let A be a left Fourier multiplier with symbol o 4.

Then we have 11
p q
Al Lo () L) < supy >k : (29)
y>0 TrGIA(
lloa(m)llop=y
Proof. Let us first consider the case when p < ¢’ (where % + & = 1). Since

¢ <2, for f e C.(K), the Hausdorff-Young inequality gives

1A llo) < 1ALt 2y = o Pl ey = EjW(W“Vyl”mﬁ (30)
TeK

The case ¢ < p = (p’)’ can be reduced to the case p < ¢’ as follows. The LP-duality
(see [2, Theorem 4.2]) yields |[|Allre(r)—ra) = A" o (5010 (1) -

Also, the symbol o4+ (7) of the adjoint operator A* is equal to o7, i.e.,
oan(m) = oa(n), mER,
and its operator norm ||oax(7)||op is equal to ||oa(m)||op-

We set o(m) = ||loa(m)]|}

155 ;

2 = 2P and it is easy to see that
T Prq

lo(m)llop = lloa(m)l[5p-

Now, its time to apply Theorem 3.11 with ¢(7) = ||o(7)||op, ™ € K, and b = ¢'.

I, me I?, where

Since the assumption of Theorem 3.11 is satisfied and l, — % = % — é = %, we obtain
e\ "\
k2 1S su k2 » 32
> k2lloa ( T S up Y > HfHL (32)
TFGK reR
llo(m)llop=y

for f e LP(K).
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Further, it can be easily checked that

o 5 ) (e 5 )~ x4

31
/N
Y2
E$S
<
o

y>0 = y>0 = =
mE TE TE
llo(m)llop=y lloa(@)ll5p=y lloa(m)llop=y
1
T
_ 2
=supy E ki | .
y>0 -
TEK
lloa(m)llop=y

Therefore, ||Afllzor) S Supy< Z ki) | fllr(xy and hence
y>0

WGR

lloa(@llop2y
11
P q
Al e ()= Lagr) S Sup!/( > kfr) ;
y>0 reK
lloa(mllop=y
which completes the proof. [

Remark 4.2.  Recall that if w(M) = > __, k2, M C K, is the Plancherel

weM "o
measure on K then we can interpret the condition (29) in a similar form as in
Hormander’s theorem for R™ ([24]) as follows:

RSE
Q|

[ Allp0)n0r) < sup {s i € K = floa(m)llop > )} (33)
s>

Corollary 4.3. Let 1 < p,q < oo and suppose that A is a Fourier multiplier
with symbol o4 on a compact hypergroup K. If 1 < p,q < 2, then

1_1

p 2

[All e )~ pa) S Supy >k :
y>

r€K
while for 2 < p,q < 0o we have loa(m@)lop>y

1 _1

q 2

HAHLWKHL%K)SSHEZ/( > ki) :
y>

WEI/(\'
lloa(mllop>y

Proof. Let us assume that 1 < p,q < 2. Using the compactness of K, we have
Al e ()= Lar) S Al Le(x)—r2(k) and therefore, Theorem 4.1 gives

N

1_
r
Al o)~ ragry S N AlLe )2y Sup?/( Z ki) :
y>0 rek
lloa(m)llop=y

Now, let us assume that 2 < p,q < co. Then 1 < p', ¢ < 2, and using the first part
of the proof we finish the proof deducing

1 1
d 2
Al Le(r)— 2o (i) = HA*”L‘I'(K)HLP'(K) S S‘ilgy( Z ki) : u
Yy _
loa(llop>y
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5. Examples of hypergroups

In this section we discuss the results obtained in previous sections and prove some
new results for two important classes of hypergroups, namely, the conjugacy classes
of the compact non-abelian Lie group SU(2) and countable compact hypergroups
introduced and studied by Dunkl and Ramirez in [15].

5.1. Conjugacy classes of compact Lie groups

Let G be a compact non-abelian (Lie) group. Denote the set of all conjugacy classes
of G by Conj(G), that is, Conj(G) := {C, : x € G}, where for each x € G the
conjugacy class C, of z is given by C, := {yzy™' : y € G}. The set Conj(G)
equipped with the topology induced by the natural map ¢ : x — C,, is a compact
Hausdorff space. Conj(G) becomes a commutative hypergroup [25, Section 8] with
respect to the convolution defined, for x,y € G, by

501*(501!://5015 —1apa—1 dt ds.
cla "

For 7 € G let d, denote the dimension of 7 and v, the trace of . Then 1, is
called the character of 7, but the hypergroup character y, of Conj(G) is defined

as Xx ©q = d "1, where ¢ is the natural map x — C,. Then the dual Conj(G)
of the commutative hypergroup Conj(G) is given by: Conj(G) := {x»: 7 € @} In

o —

fact, the map m — d2¢, is a bijection between G and Conj(@). The Haar measure
w of Conj(G) is induced from the one on G and thus, w(x,) ;= k,, = d>.

In the sequel of the paper we will consider the case when G = SU(2), the compact
group of all 2 x 2 special unitary matrices. The representation theory of SU(2)
is well established. One can refer to [22, 41, 39] for more details. Conj(SU(2)) is
identified with [0, 1] where ¢ in [0, 1] corresponds to the conjugacy class containing
the matrix
exp (imt) 0
0 exp (—imt) |’

(see [25, 15.4]). The dual of SU(2) can be represented by
1
{m € Hom(SU(2),U(21+ 1)) : l € ENO}’

where U(d) is the d X d unitary matrix group. The number [ € %No is called the
quantum number. The character v);, defined as the trace of m;, is given by

sin(20 + 1)7wt
Pi(t) = sin(2l + 1)t . ) -
sin 7t

Therefore, since d, = 20+ 1, the set Conj(SU(2)) of hypergroup characters is given
by {(20+ 1) : 1 € iNo} and k,, = (20 +1)%.

The Paley inequality in Theorem 3.1 takes the following form in the setting of the
compact abelian hypergroup Conj(SU(2)).

Theorem 5.1. Let 1 <p <2 and let {gp(l)}le%No be a positive sequence such that

M, :=supy g (20 + 1)* < 0.
y>0 1
le5Ng

p(l)>y
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Then we have Y (20 +1)* P F(Do(D)* ™ S Ml F15a comiisuean)

lE%NQ
We have the following Hardy-Littlewood inequality.

Theorem 5.2. If1 < p < 2 and f € LP(Conj(SU)(2)), then there exists a
universal constant C' = C(p) such that

3" @+ )P TP < Cllfllrconiisuye)- (34)

lE%NO
Proof. Take f = 3 = dim(SU(2)) and {wa}weconﬁ)@) = {20+ 1)*}ey, -
Then the condition (25) turns out to be
D) M .
(J2U+1)2)3 4= (20+1)> 6
ZE§N0

le3No

which is finite. Therefore, (34) follows from Theorem 3.8. u

Remark 5.3. We would like to recall here the Hardy-Littlewood inequality on
the compact Lie group SU(2) obtained by the second author and R. Akylzhanov in
2], which says that for 1 <p <2 and f € LP(SU(2)) we have

s
> @+ 1) FDlus < Coll fllzrsu)-
ZE%NO

In view of this inequality, the Hardy-Littlewood inequality for the compact commu-
tative hypergroup Conj(SU(2)) above is a suitable analogue because in Conj(SU(2))
the dimension (2[+1) of the representation 7rl is replaced by hyperdimension (201+1)?

of m and the Fourier transform f at [ € N is scalar and thus ||f ( )||gs is just

F).
Using the duality, we get the following corollary.
Corollary 5.4.  If2<p<oo and } 1y, (2l + 1)57=8| F(1)|P < 0o then
f € LP(Conj(SU)(2)).
Moreover, we have || fl|zr(conjsu)2)) < C(p) Z (20 + 1) 8| F (D]
€3Ny

Proof.  Using the duality of LP-spaces, we have

||f||LP(Conj(SU)(2)) = sup / f(x) g(z) dX\(z)|.
Conj(SU)(2)

geLy (COHJ(SU)(Q))

llgll P’ (Con J(SU)(2))_

Now, by the Plancherel identity (9), we get

2)g(z) d\(z) = ol - 12 F(D (D).
/Conj(SU)(Q)f( Jg(@) dA(z) Z( +1)°f () g(0)
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By noting that (214 1)? = (2] + 1)2(%_%+2 v) and applying the Holder inequality,
for any g € L (Conj(SU)(2)), we have

o~ —_—

S @+ 030 < Y @+ 1) F)I + 1) 5]

le3No le3No

3|
.B\

< | Y@+ FOP > @+ G
lelNg le3No
< C(p) Z 20+ 1) 8| F(DP 191l £+ (Coni(sU)(2)»

ZG%NO
where we used Theorem 5.2 in the last inequality. Therefore, by (9) we have

P
~

<C) | D@+ FOF | 19l consvie

ZE%NO

/ £(x) 9(x) dA(z)
Conj(SU)(2)

Thus, by taking supremum over all g € L*'(Conj(SU)(2)) with HgHLp/(COHj(SU)(Q)) <1,
we get
11l e (conistry < Clp) | D QU+ 1P FOP |

ZE%NO

which completes the proof. [ |

5.2. Countable compact hypergroups

Dunkl and Ramirez [15] studied an interesting class of countable hypergroups. Let
Ny = {0,1,2,...,00} be the one-point compactification of Ny. They defined a
convolution structure * on N} for every 0 < a < 3, which makes Nj a (hermitian)
countable compact hypergroup H,. For a prime p, let A, be the ring of p-adic
integers and W be its group of units, that is,

{r=x0+zip+...+x,p"+...€ A, 2;=0,1,...,p—1for j >0 and z( # 0}.

W acts on A, by multiplication and H, for a = 110, derives its structure from the
W-orbits in A,,. In fact, the convolution is given as follows: for m,n € Ny, define

Om * Op = Omin{m,n} ifm # n,
Om * O0so = 0o * O = O, 0o * 0o = 0oo, and for m = n,

t<m,

t =m,

O * O (t) = ¢ 1
a t=m+k>m,
0

t = o0.
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The Haar measure A on H, is given by
M{k}) =d"(1 —a) for k <oo, A({oo})=0.
The dual space PTG of H, is given by {x, : n € No}, where, for k € H,,
0 ifk<n-—1,

Xn(k>: -4 ifk:n—l,

a—1

1 if k>n (or k= 00).

Then the convolution ‘*x’ on Nj is identified with the one on f];, which is

Oxm *Oxp = Oxpimmy LOT M F M,
a 1—2a
5X0 * 5X0 = 5x0’ 5)(1 * 5)(1 = méxo méxu
n—1
a’ 1—2a
5Xn * (an = T@(SXO -+ Za”_kém + ﬁéxn forn 2 2.
k=1

Then ff\a turns into a hermitian discrete hypergroup. We see that k,, = a™"(1—a)
and the Plancherel measure w on H, is given by

wixo) =1 and w(x,) =(1—a)a™™ forn>1.

The Paley inequality for the Dunkl-Ramirez hypergroup H, is then given by the
following theorem.

Theorem 5.5. Let 1 < p <2 and let {o(n)}nen, be a positive sequence such that

M, :=supy Z (1—a)*a*" + ¢(0) < <.
y>0

Then we have Z(a*”(l —a))*

neN

() (n)* " < Ml f i, -

We have the following Hardy-Littlewood inequality for H,.

Theorem 5.6. If 1 < p <2 then there exists a constant C' = C(p) such that

FO0) + 3 (1 = @)aPE= D F) P < C f Nl (35)

neN

Proof.  We apply Theorem 3.8 to get the inequality (35) above. The condition
(25) for = 3 by choosing the sequence {jiy, }nen == {(1 —a)a ™" }ren with gy, =1
turns out to be

2 1—a)?a 1 : 1
Z 522E1—a§3a—37‘:1—aza T (1—a)?

neNg neNg

which is finite. Therefore, (35) follows from Theorem 3.8. ]
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The proof of the following corollary is similar to Corollary 5.4 in the previous
subsection.

Corollary 5.7. If 2<p<oo and f(0)+>, (1 —a)a‘”)p(%_%)]f(nﬂp < 00,
then f € LP(H,). Moreover, we have

1Al ey < G (f(O) +> (1 a)a")p(g_3)|f(n)lp> :

neN
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