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Abstract. We consider weighted Coxeter groups of rank 3 and its Hecke algebras in this paper.
In this case, we show the boundness (in the sense of G. Lusztig) and the existence of lowest two-
sided cell c0 . Then we can describe c0 and the left cells in it. At last, we show that the conjectures
P1− P15 and P̃ hold for c0 .
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1. Introduction
Let (W,S, L) be a weighted Coxeter group. In [7, 13.4], G. Lusztig conjectured that
the maximal weight value of the longest elements of the finite parabolic subgroups
of W is a bound for (W,S, L) . This property is referred as boundness of a weighted
Coxeter group [7, 13.2]. When W is finite, this conjecture is clear. In [5, 7.2],
G. Lusztig proved this conjecture when W is an affine Weyl group. In [10, 2.1],
N. Xi proved this conjecture when W has complete Coxeter graph and L = l . In
[8, 3.2], J. Shi and G. Yang proved this conjecture when W has complete Coxeter
graph without the assumption L = l . In [13, 2.1], P. Zhou proved this conjecture
when rank(W ) = 3 and L = l . In this paper, we prove this conjecture when
rank(W ) = 3 without the assumption L = l , see Theorem 3.1. Then we give some
interesting consequences in Section 7. In Theorem 8.1, we show W has a lowest
two-sided cell c0 . Then we give precise description for c0 and the left cells in it, see
Theorem 8.3. At last, we prove that conjectures P1− P15 and P̃ hold for c0 , see
Theorem 8.5.

2. Preliminaries
In this paper, for any Coxeter group (W,S) , we assume the generating set S is
finite. We call |S| the rank of (W,S) and denote it by rank(W ) . We use l for the
length function and ≤ for the Bruhat order of W . The neutral element of W will
be denoted by e . For x ∈ W , we set

L(x) = {s ∈ S|sx < x}, R(x) = {s ∈ S|xs < x}.
For s, t ∈ W , let mst ∈ Z≥1

⋃
{∞} be the order of st in W .

For any I ⊆ S , let WI = ⟨I⟩ . Then (WI , I) is also a Coxeter group, called a
parabolic subgroup of (W,S) .
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Denote the longest element of WI by wI if |WI | < ∞ . For s, t ∈ S , s ̸= t , we use
Wst instead of W{s,t} and wst instead of w{s,t} .
For w1, w2, · · · , wn ∈ W , we often use the notation w1 · w2 · · · · · wn instead of
w1w2 · · ·wn if l(w1w2 · · ·wn) = l(w1) + l(w2) + · · ·+ l(wn) .
Let (W,S) be a Coxeter group. A map L : W −→ Z is called a weight function if
L(ww′) = L(w)+L(w′) for any w,w′ ∈ W with l(ww′) = l(w)+ l(w′) . Then we call
(W,S, L) a weighted Coxeter group. In this paper, the weight function L for any
weighted Coxeter group (W,S, L) is assumed to be positive, that is, L(s) > 0 for
any s ∈ S . For any J ⊆ S , it is obvious that the parabolic subgroup (WJ , J, L|WJ

)
is also a weighted Coxeter group.
Let (W,S, L) be a weighted Coxeter group and Z[v, v−1] be the ring of Laurent
polynomials in an indeterminate v with integer coefficients. For

f =
∑
n∈Z

anv
n ∈ Z[v, v−1] \ {0}

we define deg f = max{n ∈ Z | an ̸= 0} and deg 0 = −∞ .
The Hecke algebra H of (W,S, L) is the unital associative Z[v, v−1]-algebra defined
by the generators Ts (s ∈ S) and the relations

TsTtTs · · ·︸ ︷︷ ︸
mst factors

= TtTsTt · · ·︸ ︷︷ ︸
mst factors

, s, t ∈ S, mst <∞,

and T 2
s = 1 + ξsTs, s ∈ S, where ξs = vL(s) − v−L(s) ∈ Z[v, v−1].

Obviously, the element Te is the multiplicative unit of H . For any w ∈ W , we define
Tw = Ts1Ts2 · · ·Tsn ∈ H , where w = s1s2 · · · sn is a reduced expression of w in W .
Then Tw is independent of the choice of reduced expression and {Tw | w ∈ W} is a
Z[v, v−1]-basis of H , called the standard basis. We define fx,y,z ∈ Z[v, v−1] for any
x, y, z ∈ W by the identity

TxTy =
∑
z∈W

fx,y,zTz.

We have the following morphism of Z[v, v−1]−modules:

τ : H −→ Z[v, v−1],
∑
w∈W

fwTw −→ fe.

The following involutive automorphism of rings is useful, called the bar involution:

¯: H −→ H, vn −→ v−n, Ts −→ T−1
s .

We have Tw = T−1
w−1 for any w ∈ W . We set

H≤0 =
⊕
w∈W

Z[v−1]Tw, H<0 =
⊕
w∈W

v−1Z[v−1]Tw.

The following facts are easy to get, see also [7].

Lemma 2.1. (1) For any x, y ∈ W , we have fx,y,e = δx,y−1 .

(2) For any x, y, z ∈ W , we have fx,y,z−1 = fy,z,x−1 = fz,x,y−1 .

(3) For any x, y, z ∈ W , we have deg fx,y,z ≤ min{L(x), L(y), L(z)}.
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(4) For any finite parabolic subgroup WI of W , x ∈ WI , we have

deg fwI ,wI ,x = L(x).

(5) Assume s, t ∈ S , mst <∞, x, y, z ∈ Wst such that deg fx,y,z = L(z).
If l(z) ≥ 2, then x = y = wst . If z = s, then y = x−1 , s ∈ L(x), s ∈ R(y).

Define the degree map

deg : H −→ Z ∪ {−∞},
∑
w∈W

fwTw −→ max{deg fw|w ∈ W}.

We set N = max
I⊆S

|WI |<∞

L(wI) . G. Lusztig gave the following conjecture in [7, 13.4].

Conjecture 2.2. Let (W,S, L) be a weighted Coxeter group, S is finite and L is
positive, then N is a bound for (W,S, L) . Namely, deg(TxTy) ≤ N for all x, y ∈ W .

This conjecture is important in studying the a-function and cells of weighted Coxeter
groups. For example, if this conjecture is true, then the a-function is also bounded
by this N . Moreover, W has a lowest two-sided cell c0 , see Section 8.
When W is a finite Coxeter group, this conjecture can be proved using Lemma
2.1(3). In [5, 7.2], G. Lusztig proved this conjecture when W is an affine Weyl
group. In [8, 3.2], J. Shi and G. Yang proved this conjecture when W has complete
Coxeter graph. In [13, 2.1], P. Zhou proved this conjecture when rank(W ) = 3 and
L = l . In this paper, we will prove this conjecture when rank(W ) = 3 and L is
positive, see Theorem 3.1.
For any w ∈ W , there exists a unique element Cw ∈ H≤0 such that Cw = Cw and
Cw − Tw ∈ H<0 . The elements {Cw|w ∈ W} form a Z[v, v−1]−basis of H , called
the Kazhdan-Lusztig basis. We define hx,y,z, px,y ∈ Z[v, v−1] for any x, y, z ∈ W
such that

CxCy =
∑
z∈W

hx,y,zCz and Cy =
∑
x∈W

px,yTx.

These polynomials px,y are called Kazhdan-Lusztig polynomials. For any finite
parabolic subgroup WI of W , we set

ηwI
=

∑
y≤wI

v2L(y)−L(wI).

For w ∈ W , I = R(w) , J = L(w) , we have the factorization w = x · wI = wJ · y
for some x, y ∈ W . Then we set

Ex =
∑
x′≤x

l(x′wI )=l(x′)+l(wI )

px′wI ,wTx′ and Fy =
∑
y′≤y

l(wJy′)=l(wJ )+l(y′)

pwJy′,wTy′ .

Using the Kazhdan-Lusztig basis, we can define the preorders ≤
L

, ≤
R

, ≤
LR

on W .
These preorders give rise to equivalence relations ∼

L
, ∼

R
, ∼
LR

on W respectively. The
equicalence classes are called left cells, right cells and two-sided cells of W .
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Then we have partial orders ≤
L

, ≤
R

, ≤
LR

on the sets of left cells, right cells and
two-sided cells of W respectively. For x, y ∈ W , we have x ≤

L
y if and only if

x−1 ≤
R
y−1 .

Now we assume Conjecture 2.2 holds and W has a lowest two-sided cell c0 . It is
easy to see that deg hx,y,z ≤ N for any x, y, z ∈ W , so we can define the a-function

a : W −→ N, w −→ max
x,y∈W

deg hx,y,w.

For any x, y, z ∈ W , we define βx,y,z, γx,y,z ∈ Z such that

fx,y,z−1 = βx,y,zv
N + lower degree terms

and hx,y,z−1 = γx,y,zv
a(z) + lower degree terms.

Lemma 2.3. Let x, y, z ∈ W .
(1) We have βx,y,z = βy,z,x = βz,x,y .
(2) We have γx,y,z = γy−1,x−1,z−1 .
(3) If βx,y,z ̸= 0, then x ∼

L
y−1 , y ∼

L
z−1 , z ∼

L
x−1 , a(x) = a(y) = a(z) = N , and

βx,y,z = γx,y,z = γy,z,x = γz,x,y .
(4) If γx,y,z ̸= 0 and a(z) = N , then βx,y,z = γx,y,z ̸= 0.

The proof of the lemma above can be found in [7]. Furthermore, G. Lusztig gave some
conjectures about the weighted Coxeter groups and their Hecke algebras in [7, 14.2,
14.3], which are called P1 − P15 and P̃ . These conjectures mainly concern some
properties of the a-function and cells. We will prove them for c0 when rank(W ) = 3 ,
see Theorem 8.5. When these conjectures hold for c0 , we can study the based ring
J0 of c0 , see [7, Chapter 18].

3. Weighted Coxeter Groups of Rank 3
From now on, we assume (W,S, L) is a weighted Coxeter group of rank 3 and L is
positive. We set

N = max
I⊆S

|WI |<∞

L(wI), M = {wJ |J ⊆ S, |WJ | <∞, L(wJ) = N},

and Λ = {x · u · y|x, y ∈ W, u ∈M}.

We have the following result.

Theorem 3.1. We have deg(TxTy) ≤ N for any x, y ∈ W , and the equality holds
only if x, y ∈ Λ. In particular, Conjecture 2.2 holds.

When W is a finite Coxeter group, it is clear. When W is an affine Weyl group,
see [5, 7.2] and [11, 3.1]. When W has complete Coxeter graph, see [8, 3.2] and [12,
3.4]. So we may assume S = {r, s, t} with mrt = 2 . The Coxeter graph looks like

r s t
msr mst

.
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When msr = ∞ , mst = 2 , the Coxeter graph of (W,S) is not connected. In this
case, (W,S) is the direct product of (Wsr, {s, r}) and (⟨t⟩, {t}) as a Coxeter group,
and the theorem is clear.
When msr = mst =∞ , the case is also simple. For any x ∈ W , we have L(x) = {s}
or L(x) ⊆ {r, t} , and we also have R(x) = {s} or R(x) ⊆ {r, t} . For any x, y ∈ W ,
if R(x) = {s} and L(y) ⊆ {r, t} , or R(x) ⊆ {r, t} and L(y) = {s} , then we have
TxTy = Txy . Therefore, it is easy to see deg(TxTy) ≤ max{L(rt), L(s)} for any
x, y ∈ W , and the equality holds only if x, y ∈ Λ .
Summarizing the discussions above, we only need to consider the following three
cases. We will deal with them in Sections 4, 5, and 6.

(1) Case 1: msr =∞ > mst ≥ 3 .
(2) Case 2: ∞ > msr ≥ mst ≥ 4 , msr ≥ 5 .
(3) Case 3: ∞ > msr ≥ 7 , mst = 3 .

4. Case 1
In this section, we prove Theorem 3.1 for the case msr =∞ > mst ≥ 3 . In this case,
N = max{L(rt), L(wst)} . We can get the following lemma by easy computation.

Lemma 4.1. Let x ∈ W .
(1) If s ∈ R(x), then r /∈ R(x).
(2) If s ∈ L(x), then r /∈ L(x).
(3) If x = x1 · st, then r /∈ R(x).
(4) If x = ts · x1 , then r /∈ L(x).
(5) If x = x1 · rs, then R(x) = {s}.
(6) If x = sr · x1 , then L(x) = {s}.

Lemma 4.2. Let x, y ∈ W .
(1) If R(x),L(y) ⊆ {s}, then l(xtry) = l(xrty) = l(x) + l(y) + 2.
(2) If w ∈ Wsr , l(w) ≥ 4 or w = rsr , R(x), L(y) ⊆ {t},

then l(xwy) = l(x) + l(w) + l(y).
(3) If w ∈ Wst , l(w) ≥ 2, R(x),L(y) ⊆ {r}, then l(xwy) = l(x) + l(w) + l(y).
(4) If R(x),L(y) ⊆ {t}, and R(xs) = {s} or L(sy) = {s},

then l(xsrsy) = l(x) + l(y) + 3.

Proof. (1) See [13, 5.9].
(2) If l(w) ≥ 4 , see [13, 5.7]. If w = rsr , it is obvious if x = e . If x ̸= e , we
assume x = x′ · t for some x′ ∈ W with R(x) ⊆ {s} . By Lemma 4.1(6), we have
L(sry) = {s} , so

l(x) + l(rsr) + l(y) = l(x′) + l(rt) + l(sry) = l(xrsry).

(3) If l(w) ≥ 3 , see [13, 5.8]. We only prove the case of w = st because the case of
w = ts is similar.
If l(x) ≤ 1 or l(y) ≤ 1 , by Lemma 4.1(2),(3), we have l(xwy) = l(x) + l(w) + l(y) .
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If l(x) ≥ 2 and l(y) ≥ 2 , we may assume x = x1 · sr , y = rs · y1 for some
x1, y1 ∈ W . Since L(y) ⊆ {r} , we have L(sy1) = {s} . By Lemma 4.1(5), we have
R(x1srs) = {s} . Then by (2), we get

l(xwy) = l(x1srstrsy1) = l(x1srs) + l(tr) + l(sy1) = l(x1sr) + l(st) + l(rsy1)

= l(x) + l(w) + l(y).

(4) We only prove the case of R(xs) = {s} . If y = e , it is obvious. Otherwise, we
may assume y = y1 · y2 for some y1 ∈ Wst \ {e} and y2 ∈ W with L(y2) ⊆ {r} .
Since R(xsr) = {r} , sy1 ∈ Wst and l(sy1) ≥ 2 , by (3), we have

l(xsrsy) = l(xsrsy1y2) = l(xsr) + l(sy1) + l(y2) = l(x) + l(y) + 3.

Proposition 4.3. In case 1, we have deg(TxTy) ≤ N for any x, y ∈ W , and the
equality holds only if x, y ∈ Λ.
Proof. We use induction on l(y) . When l(y) = 0, 1 , the proposition is clear.
Now we assume l(y) ≥ 2 and the proposition is true for y′ if l(y′) < l(y) . We
take r1 ∈ L(y) and r2 ∈ L(r1y) . Then we can write x = x1 · u , y = u′ · y1 for
some u, u′ ∈ Wr1r2 and x1, y1 ∈ W with R(x1),L(y1) ⊆ S \ {r1, r2} . Note that
l(y1) ≤ l(y)− 2 . We have

TxTy = Tx1(TuTu′)Ty1 = Tx1(
∑

w∈Wr1r2

fu,u′,wTw)Ty1 =
∑

w∈Wr1r2

fu,u′,wTx1wTy1 .

We prove deg(fu,u′,wTx1wTy1) ≤ N for all w ∈ Wr1r2 , and the equality holds only if
x, y ∈ Λ .
If we have l(x1wy1) = l(x1) + l(w) + l(y1) , then deg(fu,u′,wTx1wTy1) = deg fu,u′,w . If
mr1r2 < ∞ , we have deg fu,u′,w ≤ L(w) ≤ L(wr1r2) ≤ N ; the equality holds only if
u = u′ = w = wr1r2 and L(wr1r2) = N , which implies x, y ∈ Λ . If mr1r2 = ∞ , we
have deg fu,u′,w ≤ max{L(s), L(r)} < N .
If w = e , we use induction hypothesis on Tx1Ty1 . If l(w) = 1 , we have the equality

Tx1wTwy1 = ξwTx1wTy1 + Tx1Ty1 .

We use the induction hypothesis on Tx1wTwy1 and Tx1Ty1 to obtain the relation
deg(fu,u′,wTx1wTy1) ≤ N . If the equality holds, then deg fu,u′,w = L(w) and
deg(Tx1wTy1) = N −L(w) . By Lemma 2.1(5), we have w∈L(u) and w∈R(u′) . On
the other hand, by the equality, we have deg Tx1wTwy1 = N or deg Tx1Ty1 = N .
By using the induction hypothesis, we have x = x1 · w = x1w · wu ∈ Λ , and
y = u′ · y1 = u′w · wy1 ∈ Λ for the former case, and x = x1 · u ∈ Λ , y = u′ · y1 ∈ Λ
for the latter case.
From now on, we assume l(x1wy1) < l(x1) + l(w) + l(y1) and l(w) ≥ 2 . By Lemma
4.2, we only need to consider the following 2 cases.
Case 1: w = srs .
By Lemma 4.2(4), we have R(x1s) = L(sy1) = {s, t} . So we assume x1 = x2 · wsts
and y1 = swst · y2 for some x2, y2 ∈ W with R(x2),L(y2) ⊆ {r} . Since we have
L(r · twst · y2) = {r} , by Lemma 3.2(3), we obtain

Tx1srsTy1 = Tx2·wstTrTwst·y2 = ξtTx2·wstTrTtwst·y2 + Tx2·wsttTrTtwst·y2

= ξtTx2·wst·r·twst·y2 + Tx2·wstt·r·twst·y2 .
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We obtain deg(fu,u′,srsTx1srsTy1) ≤ max{L(r), L(s)}+L(t) ≤ N . When the equality
holds, we must have deg fu,u′,srs = L(r) > L(s) and L(rt) = N . By Lemma
2.1(2), we have fu,u′,srs = fsrs,u,u′−1 = fu′,srs,u−1 . Thus L(u) = R(u′) = {s} and
l(u), l(u′) ≥ 2 , so rt appears in x and y , which implies x, y ∈ Λ .
Case 2: w = rs (the case of w = sr is similar).
We assume x1 = x2 · t for some x2 with R(x2) ⊆ {s} . If L(sy1) = {s} , then
l(x1rsy1) = l(x2) + l(rt) + l(sy1) = l(x1) + l(rs) + l(y1) by Lemma 4.2(3). So we
must have L(sy1) = {s, t} . We assume y1 = swst ·y2 for some y2 with L(y2) ⊆ {r} .
Since R(x2r) ⊆ {r} , by Lemma 4.2(3), we get

Tx1rsTy1 = Tx2TrtTwst·y2 = ξtTx2·rTwst·y2 + Tx2·rTtwst·y2 = ξtTx2·r·wst·y2 + Tx2·r·twst·y2 .

We obtain deg(fu,u′,rsTx1rsTy1) ≤ max{L(r), L(s)}+ L(t) ≤ N . When the equality
holds, we must have deg fu,u′,rs = L(r) > L(s) and L(rt) = N . By Lemma
2.1(2), we have fu,u′,rs = fsr,u,u′−1 = fu′,sr,u−1 . Thus L(u) = {r} , R(u′) = {s}
and l(u′) ≥ 2 , so rt appears in x and y , which implies x, y ∈ Λ .

5. Case 2
In this section, we prove Theorem 3.1 for the case ∞ > msr ≥ mst ≥ 4 , msr ≥ 5 .
In this case, N = max{L(wsr), L(wst)} > L(rt) . Note that L(srst) < N . First we
have

Lemma 5.1. Let w ∈ W .
(1) If w = w1 · ts, then r /∈ R(w).
(2) If w = w1 · rs, then t /∈ R(w).
(3) If w = w1 · st, R(w1s) = {s}, then r /∈ R(w).
(4) If w = w1 · sr, R(w1s) = {s}, then t /∈ R(w).
(5) If w = w1 · tst, then r /∈ R(w).
(6) If w = w1 · rsr , then t /∈ R(w).
(7) There is no w1, w2 ∈ W such that w = w1 · st = w2 · sr .
(8) If L(w) ⊆ {r}, then L(r · twst · w) = {r}.
(9) If L(w) ⊆ {t}, then L(t · rwsr · w) = {t}.

Proof. We use induction on l(w) to prove (1) and (2) simultaneously. When
l(w) = 0, 1, 2 , (1) and (2) are clear. Now assume l(w) ≥ 3 and (1) and (2) are true
for w′ if l(w′) < l(w) . If w = w2 ·r = w1 ·ts , we have w = w3 ·wsr , so w2 = w3 ·wsrr
and w1 · t = w3 · wsrs . We get w1 · t = w4 · tr . So w4 · t = w1tr = w3 · wsrsr , which
contradicts with the induction hypothesis. If w = w2 · t = w1 · rs , we can find a
contradiction similarly.
(3) If r ∈ R(w) , then R(w) = {r, t} . Thus R(w1s) = {s, r} , which contradicts
with R(w1s) = {s} .
(4) Similar to (3).
(5) By (1), R(w1 · ts) = {s} . By (3), r /∈ R(w) .
(6) Similar to (5).
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(7) We use induction on l(w) . When l(w) = 0, 1, 2 , the lemma is clear. Now we
assume l(w) ≥ 3 and the lemma is true for w′ if l(w′) < l(w) . If w = w1·st = w2·sr ,
we have w = w3·tr . So w1s = w3r, w2s = w3t . We get w3r = w4·wsr, w3t = w5·wst .
Thus w3 = w4 · wsrr = w5 · wstt . So w4 · wsrrs = w5 · wstts , which contradicts with
the induction hypothesis.
(8) By (1), L(twst · w) = {s} , so r ∈ L(r · twst · w) . By (4), t /∈ L(r · twst · w) . If
s ∈ L(r · twst ·w) , we have r · twst ·w = wsr ·w1 , then stwst ·w = srwsr ·w1 , which
contradicts with (7). So s /∈ L(r · twst · w) .
(9) Similar to (8).

Lemma 5.2. Let x, y ∈ W .
(1) If w ∈ Wst, l(w) ≥ 4, R(x),L(y) ⊆ {r}, then l(xwy) = l(x) + l(w) + l(y).
(2) If w ∈ Wsr, l(w) ≥ 4, R(x),L(y) ⊆ {t}, then l(xwy) = l(x) + l(w) + l(y).
(3) If R(x),L(y) ⊆ {s}, R(xt) = {t}, R(xr) = {r}, then l(xtry) = l(x)+l(y)+2.
(4) If R(x),L(y) ⊆ {r}, R(xs) = {s}, then l(xstsy) = l(x) + l(y) + 3.
(5) If R(x),L(y) ⊆ {t}, R(xs) = {s}, then l(xsrsy) = l(x) + l(y) + 3.
(6) If R(x),L(y) ⊆ {r}, then deg(TxstsTy) ≤ L(r).
(7) If R(x),L(y) ⊆ {r}, then l(xtsty) = l(x) + l(y) + 3.

Proof. (1)(2) See [13, 4.4].
(3) See the proof of [13, 4.5].
(4) Since R(x) ⊆ {r} , R(xs) = {s} , we have R(xst) = {t} . If y = (rsts)i ,
(rsts)ir , (rsts)irs or (rsts)irst for some i ∈ N , then l(xstsy) = l(x) + l(y) + 3 .
Otherwise we use (1) or (2).
(5) Similar to (4).
(6) If R(xs) = {s} or L(sy) = {s} , then by (4), TxstsTy = Txstsy . If R(xs) =
L(sy) = {r, s} , we assume xs = x1 · wsr , sy = wsr · y1 for some x1, y1 ∈ W with
R(x1),L(y1) ⊆ {t} . By Lemma 5.1(9) and Lemma 5.2(2),

TxstsTy = Tx1wsrtTwsry1 = ξrTx1wsrTtrwsry1 + Tx1wsrrTtrwsry1

= ξrTx1wsrtrwsry1 + Tx1wsrrtrwsry1 .

We get deg(TxstsTy) ≤ L(r) .
(7) We may assume y = ry′ for some y′ ∈ W with L(y′) ⊆ {s} . By Lemma
5.1(5), R(xtst) = {t} . By Lemma 5.1(1), R(xts) = {s} . By Lemma 5.1(4),
t /∈ R(xtsr) . By Lemma 5.1(5), s /∈ R(xtsr) . So R(xtsr) = {r} . So by (3), we get
l(xtsty) = l(xtstry′) = l(xts) + l(y′) + 2 = l(x) + l(y) + 3 .

Lemma 5.3. Let x, y ∈ W , R(x),L(y) ⊆ {s}, then deg(TxtrTy) ≤ L(s).

Proof. We have 3 cases.
(1) R(xt) = {t}, R(xr) = {r} . By Lemma 5.2(3), TxtrTy = Txtry .
(2) R(xt) = {s, t} . We assume xt = x′ · wst for some x′ ∈ W with R(x′) ⊆ {r} .
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If L(ry) = {r} , by Lemma 5.2(1), TxtrTy = Tx′·wst·ry . If L(ry) = {s, r} , we assume
ry = wsr · y′ for some y′ ∈ W with L(y′) ⊆ {t} . By Lemma 5.2(2),

TxtrTy = Tx′wstTwsry′ = ξsTx′wstsTwsry′ + Tx′wstsTswsry′

= ξsTx′wsts·wsr·y′ + Tx′wsts·swsr·y′ .

(3) R(xr) = {s, r} . Similar to (2).

Lemma 5.4. Let x, y ∈ W , R(x) ⊆ {t}, and L(y) ⊆ {s}. Then we have
deg(TxwsrTtry) ≤ L(sr).

Proof. We have TxwsrTtry = ξrTxwsrrTtry + TxwsrrTty . Since R(xwsrr) = {s} ,
L(y) ⊆ {s} , by Lemma 5.3, we get deg(ξrTxwsrrTtry) ≤ L(sr) .
We have 2 cases.
(1) L(ty) = {t} . By Lemma 5.2(2), TxwsrrTty = Txwsrrty .
(2) L(ty) = {s, t} . We have ty = wst · y′ for some y′ ∈ W . Hence

TxwsrrTty = TxwsrrTwsty′ = ξsTxwsrrsTwsty′ + TxwsrrsTswsty′

= ξsTxwsrrswsty′ + TxwsrrsrTrtTtswsty′ .

By Lemma 5.1(1)(2) we conclude R(xwsrrsr) = L(tswsty
′) = {s} . By Lemma 5.3

we derive deg(Txwsrrsr TrtTtswsty′) ≤ L(s) . So we have deg(TxwsrrTty) ≤ L(s) and
deg(TxwsrTtry) ≤ L(sr) .

Lemma 5.5. Let x, y ∈ W , R(x) ⊆ {r}, and L(y) ⊆ {s}. Then we have
deg(TxwstTtry) ≤ Max {L(st), L(sr)}. Moreover, if L(ry) = {r}, then we have
deg(TxwstTtry) ≤Max{L(t), L(r)}.
Proof. First we have TxwstTtry = ξtTxwstTry + TxwsttTry .
Since R(xwstt) = {s}, L(y) ⊆ {s} , by Lemma 5.3, we get deg(ξtTxwstTry) ≤ L(st) .
If L(ry) = {r} , by Lemma 5.2(1), deg(ξtTxwstTry) ≤ L(t) .
Now we consider TxwsttTry . We have 2 cases.
(1) L(ry) = {r} .
(1.1) mst ≥ 5 . By Lemma 5.2(1), TxwsttTry = Txwsttry .
(1.2) mst = 4, R(xs) = {s, r}, L(sry) = {s} . We assume xs = x1 · wsr and
R(x1) ⊆ {t} . By Lemma 5.1(3), we have L(tsry) = {t} . Then by Lemma 5.2(2),
TxwsttTry = TxstsTry = Tx1wsrTtsry = Tx1wsrtsry .
(1.3) mst = 4, R(xs) = {s, r}, L(sry) = {s, r} . We assume xs = x1 · wsr and
sry = wsr ·y1 for some x1, y1 ∈ W with R(x1),L(y1) ⊆ {t} . Since R(x1wsrrt) = {t}
and L(y1) ⊆ {t} , by Lemma 5.2(2),

TxwsttTry = TxstsTry = Tx1wsrtTwsry1 = ξrTx1wsrrtTwsry1 + Tx1wsrrtTrwsry1

= ξrTx1wsrrtwsry1 + Tx1wsrrtrwsry1 .

(1.4) mst = 4, R(xs) = {s} . By Lemma 5.2(4), TxwsttTry = TxstsTry = Txstsry .
(2) L(ry) = {r, s} . We assume ry = wsr · y′, L(y′) ⊆ {t} . So

TxwsttTry = TxwsttTwsry′ = ξsTxwsttsTwsry′ + TxwsttsTswsry′ .
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(2.1) R(xwstts) = {t} . By Lemma 5.2(2), TxwsttsTwsry′ = Txwsttswsry′ . On the other
hand, TxwsttsTswsry′ = TxwsttstTtrTrswsry′ . Since R(xwsttst) = L(rswsry

′) = {s} , by
Lemma 5.3, we get deg(TxwsttsTswsry′) ≤ L(s) and deg(TxwsttTry) ≤ L(s) .
(2.2) R(xwstts) = {r, t} . Then we have mst = 4 and R(xs) = {r, s} . We conclude
xs = x′ · wsr and R(x′) ⊆ {t} . So by Lemma 5.2(2),

TxwsttTry = TxwsttTwsry′ = ξsTxstTwsry′ + TxstTswsry′ = ξsTx′wsrtTwsry′ + Tx′wsrtTswsry′

= ξsξrTx′wsrrtwsry′ + ξrTx′wsrrtrwsry′ + ξrTx′wsrrtswsry′ + Tx′wsrrtrswsry′ .

Summarizing the discussion above, we obtain deg(TxwstTtry) ≤ Max{L(st), L(sr)}
for all cases. Moreover, deg(TxwstTtry) ≤Max{L(t), L(r)} if L(ry) = {r} .

Lemma 5.6. Let r1, r2 ∈ S with r1 ̸= r2 , w ∈ Wr1r2 with l(w) ≥ 2, x, y ∈ W
with R(x),L(y) ⊆ S \ {r1, r2}. Then we have deg(TxwTy) ≤ N −L(w), the equality
holds only if w ∈ {wsr, wst} and L(w) = N .

Proof. We assume deg(TxwTy) > 0 and l(x), l(y) ≥ 2 , otherwise the lemma is
obvious. By Lemma 5.2, we need to consider the following cases.
(1) w = sr (the case of p = rs is similar).
We assume y = ts · y′ for some y′ ∈ W with L(sy′) = {s} . Then we con-
clude TxsrTy = TxsTrtTsy′ . If L(xs) = {s} , then Lemma 5.3 implies immediately
deg(TxsrTy) ≤ L(s) < N − L(sr) . If L(xs) = {s, t} , then by Lemma 5.5, we get
deg(TxsrTy) ≤ max{L(rs), L(st)} < N − L(sr) .
(2) w = rsr .
We assume y = ts · y′ for some y′ ∈ W with L(sy′) = {s} . Then we conclude
TxrsrTy = TxrsTrtTsy′ . Since R(xrs) = L(sy′) = {s} , by Lemma 5.3, we get
deg(TxrsrTy) ≤ L(s) < N − L(rsr) .
(3) w = srs .
Since deg(TxsrsTy) > 0 , by Lemma 5.2(5), we have R(xs) = L(sy) = {s, t} . So we
assume x = x′ ·wsts , y = swst ·y′ for some x′, y′ ∈ W with R(x′),L(y′) ⊆ {r} . Then
TxsrsTy = Tx′·wstrTwst·y′ = Tx′·wstTtrTtwst·y′ . Since R(x′) ⊆ {r} , L(twsty

′) = {s} ,
L(rtwsty

′) = {r} , by Lemma 5.5, we obtain
deg(Tx′·wstTtrTtwst·y′) ≤Max{L(t), L(r)} < N − L(srs) .

(4) w = st (the case of p = ts is similar).
We assume y = rs · y′ for some y′ ∈ W with L(sy′) = {s} . Then we have
TxstTy = TxsTrtTsy′ . If we have L(xs) = {s} , then by Lemma 5.3, we obtain
deg(TxstTy) ≤ L(s) < N − L(st) . If L(xs) = {s, r} , then by Lemma 5.4, we get
deg(TxstTy) ≤ L(sr) < N − L(st) .
(5) w = sts .
By Lemma 5.2(6), we have deg(TxstsTy) ≤ L(r) < N − L(sts) .
(6) w = rt .
By Lemma 5.3, we have deg(TxrtTy) ≤ L(s) < N − L(rt) .

Proposition 5.7. In case 2, we have deg(TxTy) ≤ N for any x, y ∈ W , and the
equality holds only if x, y ∈ Λ.
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Proof. We use induction on l(y) . When l(y) = 0, 1 , the proposition is clear.
Now we assume l(y) ≥ 2 and the proposition is true for y′ if l(y′) < l(y) . We
take r1 ∈ L(y) and r2 ∈ L(r1y) . Then we can write x = x1 · u , y = u′ · y1 for
some u, u′ ∈ Wr1r2 and x1, y1 ∈ W with R(x1),L(y1) ⊆ S \ {r1, r2} . Note that
l(y1) ≤ l(y)− 2 . We have

TxTy = Tx1(TuTu′)Ty1 = Tx1

( ∑
w∈Wr1r2

fu,u′,wTw

)
Ty1 =

∑
w∈Wr1r2

fu,u′,wTx1wTy1 .

We prove deg(fu,u′,wTx1wTy1) ≤ N for all w ∈ Wr1r2 , and the equality holds only if
x, y ∈ Λ . If l(x1wy1) = l(x1) + l(w) + l(y1) or l(w) ≤ 1 , we use the same proof in
Proposition 4.3. If l(x1wy1) < l(x1) + l(w) + l(y1) and l(w) ≥ 2 , we use Lemma
5.6.

6. Case 3
In this section, we prove Theorem 3.1 for the case ∞ > msr ≥ 7 , mst = 3 . In this
case, N = L(wsr) > max{L(wst), L(rt)} .

Lemma 6.1. Let w ∈ W .
(1) There is no w1, w2 ∈ W such that w = w1 · st = w2 · sr .
(2) If w = w1 · srs, then t /∈ R(w).
(3) If w = w1 · srsr , then t /∈ R(w).
(4) If w = w1 · ts, then r /∈ R(w).
(5) If w = w1 · tsr , then s /∈ R(w).

Proof. (1) We use induction on l(w) . It is easy to check this lemma when
l(w) ≤ 5 . Now assume l(w) ≥ 6 and the lemma is true for w′ if l(w′) < l(w) . We
assume w = w3 · rt . So w1s = w3r , w2s = w3t . We have w1s = w3r = w4 ·wsr and
w2s = w3t = w5 · wst . Since msr ≥ 7 , we assume

w3 = w5 · wstt = w5 · ts = w4 · wsrr = w′
4 · srsrs .

Since R(w5) ⊆ {r} and l(w5) ≥ 2 , we assume w5 = w′
5 · sr . Thus w′

4 · srs = w′
5 · st .

We get w′
4 · srs = w6 · sts , so w′

4 · sr = w6 · st , which contradicts with the induction
hypothesis.
(2) If w = w1 · srs = w2 · t , we have w = w1 · srs = w3 · sts , so w1 · sr = w3 · st ,
which contradicts with (1).
(3) If w = w1 · srsr = w2 · t , we have w = w1 · srsr = w3 · tr , so w1 · srs = w3 · t ,
which contradicts with (2).
(4) If w = w1 · ts = w2 · r , we have w = w1 · ts = w3 · wsr , so w1 · t = w3 · wsrs ,
which contradicts with (3).
(5) If s ∈ R(w) , then we have w = w2 ·srsrsr for some w2 ∈ W , so w1 ·t = w2 ·srsr ,
which contradicts with (3).

Lemma 6.2. Let x, y ∈ W , R(x),L(y) ⊆ {t}, w ∈ Wsr , l(w) ≥ 6 or w = srsrs,
then l(xwy) = l(x) + l(w) + l(y), R(xwy) = R(wy), L(xwy) = L(xw).
Proof. See [13, 3.5].
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Lemma 6.3. Let x, y ∈ W , R(x),L(y) ⊆ {r}.
(1) If R(xs) = {s} or L(sy) = {s}, then TxstsTy = Txstsy .
(2) If R(xs) = L(sy) = {r, s}, then deg(TxstsTy) = L(r).

Proof. (1) See the proof of [13, 3.6].
(2) Assume x = x′ ·wsrs , y = swsr · y′ for some x′, y′∈W with R(x′),L(y′) ⊆ {t} .
By Lemma 6.2, we have

TxstsTy = Tx′·wsrTtTwsr·y′ = ξrTx′·wsr·t·rwsr·y′ + Tx′·wsrr·t·rwsr·y′ .

Lemma 6.4. Let x, y ∈ W , R(x),L(y) ⊆ {s}.
(1) If R(xr) ̸= {s, r}, R(xt) ̸= {s, t}, R(xrs) ̸= {s, r}, then TxtrTy = Txtry .
(2) If R(xr) = {s, r}, then deg(TxtrTy) ≤ L(sr).
(3) If R(xt) = {s, t}, then deg(TxtrTy) ≤ L(sr).
(4) If R(xrs) = {s, r}, then deg(TxtrTy) ≤ L(r).

Proof. (1) See the proof of [13, 3.7].
(2) We assume xr = x′·wsr for some x′ ∈ W with R(x′) ⊆ {t} , then xtr = x′·wsr ·t ,
so TxtrTy = Tx′wsrTty . We assume ty = u · y′ for some u ∈ Wsr and y′ ∈ W with
L(y′) ⊆ {t} . By Lemma 6.1(2), u = e or u = s or u = sr . If u = e we conclude
TxtrTy =Tx′wsrTy′ =Tx′wsry′ . If u= s , then TxtrTy =Tx′wsrTsy′ = ξsTx′wsry′+Tx′wsrsy′ .
If u = sr , then

TxtrTy = Tx′wsrTsry′ = ξsξrTx′wsry′ + ξsTx′wsrry′ + ξrTx′wsrsy′ + Tx′wsrsry′ .
(3) We assume xt = x′ · wst for some x′ ∈ W , then xtr = x′ · wst · r , so we have
TxtrTy = Tx′wstTry . If L(ry) = {r} , then by Lemma 6.3, deg(TxtrTy) ≤ L(r) . If
L(ry)={s, r} , then we assume ry=wsr · y′ for some y′∈W with L(y′) ⊆ {t} , so

Tx′wstTry = Tx′wstTwsry′ = ξsTx′wstTswsry′ + Tx′wstsTswsry′ .
Since R(x′) = L(swsry

′) = {r} , by Lemma 6.3, we get deg(ξsTx′wstTswsry′) ≤ L(sr) .
If R(x′wsts) = {t} , then by Lemma 6.2, Tx′wstsTswsry′ = Tx′stswsry′ . If we have
R(x′wsts) = {r, t} , then x′s = x′′ · wsr for some x′′ ∈ W with R(x′′) ⊆ {t} . So

Tx′wstsTswsru = Tx′′wsrtTswsry′ = ξrTx′′wsrtTrswsry′ + Tx′′wsrrtTrswsry′

= ξrTx′′wsrtrswsry′ + Tx′′wsrrtrswsry′ .

(4) We assume xrs = x′ · wsr for some x′ ∈ W , then xtr = x′ · wsrs · t , so
TxtrTy = Tx′wsrsTty . We have ty = u · y′ , u ∈ Wsr , L(y′) ⊆ {t} . By Lemma 6.1(2),
u = e or u = s or u = sr . If u = e , then TxtrTy = Tx′wsrsTy′ = Tx′wsrsy′ . If u = s ,
then TxtrTy = Tx′wsrsTsy′ = Tx′wsry′ . If u = sr , then

TxtrTy = Tx′wsrsTsry′ = ξrTx′wsry′ + Tx′wsrry′ .

Lemma 6.5. Let x, y∈W , R(x)⊆{r}, L(y) ⊆ {t}, then deg(TxwstTwsry) ≤ L(sr).

Proof. See the proof of Lemma 6.4(3).
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Lemma 6.6. Let x, y ∈ W , R(x),L(y) ⊆ {t}, then deg(TxrsrsrTy) ≤ L(s).

Proof. We suppose l(xrsrsry) < l(x) + l(y) + 5 . We must have l(x), l(y) ≥ 1 , so
we assume x = x′ · t and y = t · y′ for some x′, y′ ∈ W with R(x′),L(y′) ⊆ {s} .
Then TxTrsrsrTy = Tx′TrtTsrsrty′ . Since L(rsrsrty′) = {r} , L(srsrsrty′) = {s} , by
Lemma 6.4, we must have L(tsrsrty′) = {s, t} . Thus we get L(ry′) = {r, s} .
Similarly, we can prove R(x′r) = {r, s} . Now we assume x = x′′ · wsrr · t ,
y = t · rwsr · y′′ for some x′′, y′′ ∈ W with R(x′′),L(y′′) ⊆ {t} . By Lemma 6.2,
we have L(tsrst · swsr · y′′) = L(tsrst · swsr) = {t} , thus

TxTrsrsrTy = Tx′′·wsrr·tTrsrsrTt·rwsr·y′′ = Tx′′·wsrs·tstTrTtst·swsr·y′′

= ξtTx′′·wsr·tsrst·swsr·y′′ + Tx′′·wsrs·tsrst·swsr·y′′ .

Lemma 6.7. Let x, y∈W. If R(x)⊆{s}, L(y)⊆{t}, then deg(TxtrTwsry)≤L(rsr).
Proof. We have TxtrTwsry = ξrTxtrTrwsry + TxtTrwsry . Since R(x) ⊆ {s} and
L(rwsry) ⊆ {s} , by Lemma 6.4, we conclude deg(ξrTxtrTrwsry) ≤ L(rsr) .
If R(xt) = {t} , by Lemma 6.2, we have TxtTrwsry = Txtrwsry . If R(xt) = {s, t} , we
assume xt = x′ · wst for some x′ ∈ W with R(x′) ⊆ {r} . This leads us to

TxtTrwsry = ξsTx′stsTsrwsry + Tx′stTsrwsry .
By Lemma 6.3, we have deg(ξsTx′stsTsrwsry) ≤ L(rs) . If R(x′st) = {t} , by Lemmas
6.2, 6.6, deg(Tx′stTsrwsry) ≤ L(s) . If R(x′st) = {r, t} , we get x′st = x′′ ·wsr · t , thus

Tx′stTsrwsry = Tx′′wsrtTsrwsry = ξrTx′′wsrrtTsrwsry + Tx′′wsrrtTrsrwsry

= ξrTx′′wsrrtsrwsry + Tx′′wsrrtrsrwsry.

Lemma 6.8. Let x, y∈W. If R(x)⊆{s}, L(y)⊆{r}, then deg(TxtrTwsty)≤L(srsr).

Proof. We have TxtrTtsty = ξsTxtrTsty+TxrTsty . Since L(sty) = {s} , by Lemma
6.4, we have deg(ξsTxtrTsty) ≤ L(srs) . Now we consider TxrTsty . If y = e , the
lemma is clear, so we may assume y = r · y1 for some y1 ∈ W with L(y1) ⊆ {s} .
We have 2 cases:
(1) R(xr) = {r} .
If R(xrs) = {s} , then TxrTsty = TxrstrTy1 . By Lemma 6.4, we get deg(TxrTsty)
≤ L(sr) . If R(xrs) = {s, r} , then we assume xrs = x′ · wsr for some x′ ∈ W with
R(x′) ⊆ {t} . So TxrTsty = Tx′wsrTtry1 . By Lemma 6.7, deg(TxrTsty) ≤ L(rsr) .
(2) R(xr) = {s, r} .
We assume xr = x′ · wsr for some x′ ∈ W with R(x′) ⊆ {t} , thus

TxrTsty = Tx′wsrTstry1 = ξsTx′wsrTtry1 + Tx′wsrsTtry1

= ξsTx′wsrTtry1 + ξrTx′wsrsrTtry1 + Tx′wsrsrTty1 .

By Lemma 6.7 we have deg(ξsTx′wsrTtry1) ≤ L(srsr) . By Lemma 6.4 we con-
clude deg(ξrTx′wsrsrTtry1) ≤ L(rsr) . If L(ty1) = {t} , then Lemma 6.2 leads to
Tx′wsrsrTty1 = Tx′wsrsrty1 . If L(ty1) = {s, t} , we assume ty1 = wst · y2 for some
y2 ∈ W with L(y2) ⊆ {r} . Then

Tx′wsrsrTty1 = Tx′wsrsrTstsy2 = ξsTx′wsrsrTtsy2 + Tx′wsrsrsTtsy2 .

If L(tsy2) = {t} , then by Lemma 6.2, Tx′wsrsrTtsy2 = Tx′wsrsrtsy2 . By Lemma 6.4,
deg(Tx′wsrsrsTtsy2) = deg(Tx′wsrsrsrTrtsy2) ≤ L(sr) .
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If L(tsy2) = {r, t} , we assume sy2 = wsr ·y3 for some y3 ∈ W with L(y3) ⊆ {t} . By
Lemma 6.2, Tx′wsrsrTtsy2 = Tx′·wsrsr·tTwsr·y3 = Tx′·wsrsr·t·wsr·y3 . By Lemma 6.7, we get
deg(Tx′wsrsrsTtsy2) = deg(Tx′·wsrsrsTt·wsr·y3) = deg(Tx′·wsrsrsr·rtTwsr·y3) ≤ L(rsr) .

Lemma 6.9. Let r1, r2 ∈ S with r1 ̸= r2 , w ∈ Wr1r2 with l(w) ≥ 2, x, y ∈ W
with R(x),L(y) ⊆ S \ {r1, r2}. Then we have deg(TxwTy) ≤ N − L(w), and the
equality holds only if w = wsr .

Proof. We assume deg(TxwTy) > 0 and l(x), l(y) ≥ 3 , otherwise the lemma is
obvious. By Lemma 6.2, we need to consider the following cases.
(1) w = rsrsr . By Lemma 6.6, we have deg(TxrsrsrTy) ≤ L(s) < N − L(rsrsr) .
(2) w = rsrs (the case of p = srsr is similar). We assume x = x′ · rst for some
x′ ∈ W with R(x′) ⊆ {s} . Then TxrsrsTy = Tx′rs·trTsrs·y . By Lemma 6.4, we have
deg(TxrsrsTy) ≤ L(sr) < N − L(rsrs) .
(3) w = srs . We assume x = x′ · rst and y = tsr · y′ for some x′, y′ ∈ W with
R(x′),L(y′) ⊆ {s} . Then we have TxsrsTy = ξsTx′rtTsrstsry′ + Tx′rtTsrstry′ . Since
L(srstsry′) = L(srstry′) = {s} , by Lemma 6.4, we immediately get the inequalities
deg(TxsrsTy) ≤ L(srs) < N − L(srs) .
(4) w = rsr . We assume x = x′ · rst , y = tsr · y′ for some x′, y′ ∈ W with
R(x′),L(y′) ⊆ {s} . Then we have TxrsrTy = Tx′rsrtsTtrsry′ . If R(x′rsrts) = {s} ,
then by Lemma 6.4, we have deg(TxrsrTy) ≤ L(sr) . If R(x′rsrts) = {s, t} , we
assume x′ · rsr = x′′ · wsr for some x′′ ∈ W with R(x′′) ⊆ {t} . Then

Tx′rsrtsTtrsry′ = ξsTx′′·wsrs·tstTrsry′ + Tx′′·wsrs·tsTrsry′ .

Since R(x′′ · wsrs) = {r} , L(rsry′) = {r} or {s, r} , by Lemmas 6.3, 6.5, we have
deg(ξsTx′′·wsrs·tstTrsry′) ≤ L(srs) .
Now we consider Tx′′·wsrs·tsTrsry′ . First we assume L(rsry′) = {r} . Then we obtain
Tx′′·wsrs·tsTrsry′ = Tx′′·wsrsr·rtTsrsry′ . If L(srsry′) = {s} , we have deg(Tx′′·wsrsr·rtTsrsry′)
≤ L(sr) by Lemma 6.4. If L(srsry′) = {s, r} , we have deg(Tx′′·wsrsr·rtTsrsry′) = L(r)
by easy computation. Now we assume L(rsry′) = {s, r} , then rsry′ = wsr · y′′ for
some y′′ ∈ W with L(y′′) ⊆ {t} . We have

Tx′′·wsrs·tsTrsry′ = Tx′′·wsrs·tsTwsr·y′′ = ξsTx′′·wsrs·tTwsr·y′′ + Tx′′·wsrs·tTswsr·y′′

= ξsξrTx′′·wsrsr·tTwsr·y′′ + ξsTx′′·wsrsr·tTrwsr·y′′ + ξrTx′′·wsrsr·tTswsr·y′′

+ Tx′′·wsrsr·tTrswsr·y′′

= ξsξrTx′′·wsrsr·t·wsr·y′′ + ξsTx′′·wsrsr·t·rwsr·y′′ + ξrTx′′wsrsr·t·swsry′′ + Tx′′wsrsr·t·rswsry′′ .

Summarizing the discussions above, we get deg(TxrsrTy) ≤ L(srs) < N − L(rsr) .
(5) w = rs (the case of p = sr is similar). We assume x = x′ · rst , y = tsr · y′ for
some x′, y′ ∈ W with R(x′),L(y′) ⊆ {s} . Then TxrsTy = Tx′rs·trTsts·ry′ . By Lemma
6.8, we have deg(TxrsTy) ≤ L(srsr) < N − L(rs) .
(6) w = sts . By Lemma 6.3, we have deg(TxstsTy) ≤ L(r) < N − L(sts) .
(7) w = st (the case of p = ts is similar). We assume x = x′ · sr , y = rs · y′ for
some x′, y′ ∈ W with R(x′ · s) = L(s · y′) = {s} . Then TxstTy = Tx′·srsTtr·sy′ . By
Lemma 6.4, 6.7, we have deg(TxstTy) ≤ L(rsr) < N − L(st) .
(8) w = rt . By Lemma 6.4, we have deg(TxrtTy) ≤ L(sr) < N − L(rt) .



Gao 513

Proposition 6.10. In case 3, we have deg(TxTy) ≤ N for any x, y ∈ W , and
the equality holds only if x, y ∈ Λ.

Proof. We use Lemma 6.9 and the method in the proof of Proposition 5.7.

We have completed the proof of Theorem 3.1.

7. Some consequences
Proposition 7.1. For any wJ ∈M , q ≤ wJ , x, y ∈ W , R(x),L(y) ⊆ S \ J , we
have deg(TxqTy) ≤ N − L(q). In particular, TxwJ

Ty = TxwJy .

Proof. We have

TxwJ
TwJy = Tx(TwJ

TwJ
)Ty = Tx

( ∑
w∈WJ

fwJ ,wJ ,wTw

)
Ty =

∑
w∈WJ

fwJ ,wJ ,wTxwTy.

Since deg(TxwJ
TwJy) ≤ N by Theorem 3.1, we get

deg(TxqTy) ≤ N − deg fwJ ,wJ ,q = N − L(q).

Proposition 7.2. Let wJ ∈M .
(1) The left cell of W containing wJ is {x · wJ |x ∈ W} = {y ∈ W |R(y) = J}.
(2) The right cell of W containing wJ is {wJ · x|x ∈ W} = {y ∈ W |L(y) = J}.

Proof. (1) For x·wJ ∈ W , we have deg fxwJ ,wJ ,xwJ
= N since deg fwJ ,wJ ,wJ

= N .
Therefore βxwJ ,wJ ,wJx−1 ̸= 0 . By Lemma 2.3(3), we get wJ ∼

L
xwJ . So we have

{x ·wJ |x ∈ W} ⊆ {x|x ∼
L
wJ} . On the other hand, for any x ∈ W with x ∼

L
wJ , we

have R(x) = R(wJ) = J , so {x|x ∼
L
wJ} ⊆ {x · wJ |x ∈ W} = {y ∈ W |R(y) = J} .

(2) The proof is similar to (1).

For any wJ ∈M , we define BJ = {x ∈ W |R(x) ⊆ S \ J} and

UJ = {y ∈ W |L(y) ⊆ S \ J and swJy /∈ Λ for all s ∈ J}.

Then we have the following result.

Proposition 7.3. Let wJ ∈M , x ∈ BJ , q < wJ .
(1) If y ∈ B−1

J , l(q) ≥ 2, then deg(TxqTy) < N − L(q) for the three cases listed
in Section 3.

(2) If y ∈ UJ , then deg(TxqTy) < N − L(q) for any weighted Coxeter group of
rank 3.

Proof. (1) See Lemmas 4.2(3), 5.6 and 6.9.
(2) It is obvious when W is a finite Coxeter group. We can get this inequality by
[11, 3.1] when W is an affine Weyl group and by [12, 3.5] when W has complete
Coxeter graph. Now we only consider other cases.
If l(q) = 0 , by Theorem 3.1, we get deg(TxTy) < N since y /∈ Λ . If l(q) = 1 , by
Theorem 3.1, we get deg(TxqTqy) < N since qy /∈ Λ , so deg(TxqTy) < N − L(q) .
If l(q) ≥ 2 , then we must be in the three cases listed in Section 3. Thus we get
deg(TxqTy) < N − L(q) by (1).
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8. The lowest two-sided cell
Theorem 8.1. We fix an element wJ ∈M .

(1) The two-sided cell c0 containing wJ is the lowest two-sided cell of W .
(2) We have Λ = {w ∈ W |a(w) = N} ⊆ c0 .

Proof. (1) For w ∈ W , we may assume w = y · z for some z ∈ WJ and y ∈ W
with R(y) ⊆ S \ J . It is clear that y · wJ ≤

R
w . We have

TwJy−1TywJ
= TwJ

(∑
z∈W

fy−1,y,zTz

)
TwJ

= TwJ
TwJ

+ TwJ

( ∑
z∈W\{e}

fy−1,y,zTz

)
TwJ

.

Since deg fwJ ,wJ ,wJ
= L(wJ) , we get deg fwJy−1,ywJ ,wJ

= L(wJ) . So βwJy−1,ywJ ,wJ
̸= 0

and ywJ ∼
L
wJ . Thus wJ ∼

L
ywJ ≤

R
w . So wJ ≤

LR
w for all w ∈ W . We see c0 is the

lowest two-sided cell of W .
(2) First we prove Λ = {w ∈ W |a(w) = N} . For any x · u · y ∈ Λ , x, y ∈ W ,
u ∈M , we have βux−1,xuy,y−1u ̸= 0 since deg fux−1,xuy,uy = N . Using Lemma 2.3(3),
we know a(xuy) = N , so Λ ⊆ {w ∈ W |a(w) = N} . On the other hand, if
a(w) = a(w−1) = N , take x, y ∈ W such that deg hx,y,w−1 = N . Then γx,y,w ̸= 0 .
By Lemma 2.3(1)(4), βy,w,x = βx,y,w ̸= 0 . So deg fy,w,x−1 = N . By Theorem 3.1, we
get w ∈ Λ .
Now we prove {w ∈ W |a(w) = N} ⊆ c0 . For w ∈ W , a(w) = a(w−1) = N ,
there exists x, y ∈ W such that deg fx,y,w−1 = N . So βx,y,w = γx,y,w ̸= 0 and
w ∼

L
x−1 . We take u ∈ WJ such that l(yu) = l(y) + l(u) and R(yu) = J , thus

yu ∼
LR

wJ . Since TxTyu = (TxTy)Tu and N is a bound for (W,S, L) , we have
deg fx,yu,w−1u = N . Thus βx,yu,u−1w = γx,yu,u−1w ̸= 0 , x ∼

L
u−1y−1 . So x−1 ∼

R
yu .

We get w ∼
L
x−1 ∼

R
yu ∼

LR
wJ . So we have {w ∈ W |a(w) = N} ⊆ c0 .

Proposition 8.2. Let wJ ∈M .
(1) If x ∈ BJ , y ∈ UJ , then we have CxwJy = ExCwJ

Fy .
(2) If y ∈ UJ , x ∈ U−1

J , then the set ΓJ,y = BJwJy is a left cell of W and the set
Φx,J = xwJB

−1
J is a right cell of W .

Proof. Use Propositions 7.1, 7.2, 7.3 and the methods in the proofs of [12, 3.6,
3.7].

Now we can give a precise description for the lowest two-sided cell and the left cells,
right cells in it.

Theorem 8.3. Let c0 be the lowest two-sided cell of W .
(1) We have c0 = Λ = {w ∈ W |a(w) = N}.
(2) The two-sided cell c0 can be decomposed into left cells as

c0 =
∐

wJ∈M,y∈UJ

ΓJ,y ,

and into right cells as c0 =
∐

wJ∈M,x∈U−1
J

Φx,J .
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Proof. (1) It is clear that Λ =
⋃

wJ∈M
BJwJUJ =

⋃
wJ∈M

U−1
J wJB

−1
J ⊆ c0 .

We claim that for any x ∈ W , y ∈ Λ , if x ←
L

y or x ←
R

y , then x ∈ Λ . We only
prove the x ←

L
y case. First, we assume y = z1wJz2 for some wJ ∈ M , z1 ∈ BJ ,

z2 ∈ UJ , hs,y,x ̸= 0 for some s ∈ S . By Proposition 8.2(1), we have

CsCz1wJz2 = CsCz2wJ
Fz2 =

∑
z3∈BJ

hs,z1wJ ,z3wJ
Cz3wJ

Fz2

=
∑

z3∈BJ

hs,z1wJ ,z3wJ
Cz3wJz2 .

We get x = z3wJz2 ⊆ Λ for some z3 ∈ BJ and z2 ∈ UJ , the claim is proved.
For w ∈ c0 , we have w ≤

LR
wJ and wJ ∈ Λ , so w ∈ Λ by the claim. On the other

hand, we have Λ = {w ∈ W |a(w) = N} ⊆ c0 by Theorem 8.1(2). The first part of
the theorem follows.
(2) We only prove the left cell decomposition of c0 . It is clear that

c0 =
⋃

wJ∈M,y∈UJ

ΓJ,y ,

and we need to show it is a disjoint union. If wJ , wJ ′ ∈ M , y ∈ UJ , y′ ∈ UJ ′

such that ΓJ,y = ΓJ ′,y′ , then there exists x ∈ BJ such that x · wJ · y = wJ ′ · y′ .
If x ̸= e , we take s ∈ L(x) , then s ∈ L(x · wJ · y) = L(wJ ′ · y′) = J ′ and
swJ ′ ·y′ = sx ·wJ ·y ∈ Λ , which contradicts with y′ ∈ UJ ′ . So we have x = e . Thus,
J = L(wJ · y) = L(wJ ′ · y′) = J ′ , y = y′ . Therefore, it is a disjoint union.

Proposition 8.4. The number of left cells in c0 is as follows:

W the number of left cells in c0

finite Coxeter group 1

affine Weyl group |W0|
msr =∞, mst = mrt = 2 2

msr = mst =∞, ∞ > mrt ≥ 2 ∞ or 2mrt

msr = mst = mrt =∞ ∞ or 3 or 4

other cases ∞

When W is an affine Weyl group, W0 denotes the finite Weyl group corresponding
to W . When the number of left cells in c0 has various possibilities, it depends on
the weight function L.

Proof. It is clear when W is a finite Coxeter group. See [11, 3.7] when W is
an affine Weyl group. We assume ∞ ≥ msr ≥ mst ≥ mrt ≥ 2 and consider the
following 11 cases.
(1) msr = mst = mrt =∞ . We have N = Max{L(r), L(s), L(t)} . We may assume
L(r) ≥ L(s) ≥ L(t) . If L(r) = L(s) = L(t) , then Γ{r},e ,Γ{s},e and Γ{t},e are all the
3 left cells in c0 . If L(r) = L(s) > L(t) , then Γ{r},e ,Γ{s},e ,Γ{r},t and Γ{s},t are all
the 4 left cells in c0 . If L(r) > L(s) ≥ L(t) , then for different k ∈ N , Γ{r},(st)k are
different left cells in c0 .
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(2) msr = mst = ∞ , ∞ > mrt ≥ 2 . We have N = Max{L(wrt), L(s)} . If
L(wrt) > L(s) , then for different k ∈ N , Γ{r,t},(sr)k are different left cells in c0 . If
L(wrt) = L(s) , then Γ{r,t},e and Γ{s},w, w ∈ Wrt \ {wrt} are all the 2mrt left cells in
c0 . If L(s) > L(wrt) , then Γ{s},w, w ∈ Wrt are all the 2mrt left cells in c0 .
(3) msr = ∞ , mst = mrt = 2 . Now we have N = Max{L(st), L(rt)} . If
L(s) > L(r) , then Γ{s,t},e and Γ{s,t},r are all the 2 left cells in c0 . If L(s) = L(r) ,
then Γ{s,t},e and Γ{r,t},e are all the 2 left cells in c0 . If L(r) > L(s) , then Γ{r,t},e
and Γ{r,t},s are all the 2 left cells in c0 .
(4) msr = ∞ , ∞ > mst ≥ 3 , mrt = 2 . We have N = Max{L(wst), L(rt)} . If
L(wst) > L(rt) , then for different k ∈ N , Γ{s,t},(rs)k are different left cells in c0 . If
L(rt) ≥ L(wst) , then for different k ∈ N , Γ{r,t},(sr)k are different left cells in c0 .
(5) msr = ∞ , ∞ > mst,mrt ≥ 3 . We have N = Max{L(wst), L(wrt)} . We may
assume N = L(wst) , then for different k∈N , Γ{s,t},(rst)k are different left cells in c0 .
(6) ∞ > msr ≥ mst ≥ 4 , msr ≥ 5 , mrt = 2 . We have N = Max{L(wsr), L(wst)} >
L(rt) . If L(wsr) ≥ L(wst) , then for different k ∈ N , Γ{s,r},(tsrs)k are different left
cells in c0 . If L(wst) > L(wsr) , then for different k ∈ N , Γ{s,t},(rst)k are different left
cells in c0 .
(7) ∞ > msr ≥ 7 , mst = 3 , mrt = 2 . We have N = L(wsr) > Max{L(wst), L(rt)} .
For different k ∈ N , Γ{s,r},(tsrsrs)k are different left cells in c0 .
(8) ∞ > msr ≥ mst ≥ mrt ≥ 4 . If L(wsr) = N , then for different k ∈ N , Γ{s,r},(tsr)k

are different left cells in c0 . L(wst) = N and L(wrt) = N are similar.
(9) ∞ > msr ≥ mst ≥ 4 , mrt = 3 , L(wrt) = N . For different k ∈ N , Γ{r,t},(srt)k

are different left cells in c0 .
(10) ∞ > msr ≥ mst ≥ 4 , mrt = 3 , L(wsr) = N . For different k ∈ N , Γ{s,r},(tsr)k

are different left cells in c0 .
(11) ∞ > msr ≥ 4 , mst = mrt = 3 . Now we have N = L(wsr) > L(wst) = L(wrt) .
For different k ∈ N , Γ{s,r},(tsr)k are different left cells in c0 .

For n ∈ Z , define πn : Z[v, v−1] −→ Z,
∑
k∈Z

akv
k −→ an .

For z ∈ W , define ∆(z) ∈ N and nz ∈ Z \ {0} , such that

pe,z = nzv
−∆(z) + lower degree terms.

Let D = {z ∈ W |a(z) = ∆(z)}.

Theorem 8.5. We have the following propositions P1′ − P15′ and P̃ ′ . In
particular, Conjectures P1− P15 and P̃ hold for c0 .
P1′ For z ∈ c0 , we have a(z) ≤ ∆(z).
P2′ For d ∈ D ∩ c0 , x, y ∈ c0 , if γx,y,d ̸= 0, then x = y−1 .
P3′ For y ∈ c0 , there exists unique d ∈ D ∩ c0 such that γy−1,y,d ̸= 0.
P4′ For z, z′ ∈ W , if z ∈ c0 or z′ ∈ c0 , and z′ ≤

LR
z , then a(z′) ≥ a(z).

P5′ For d ∈ D ∩ c0 , y ∈ c0 , if γy−1,y,d ≠ 0, then γy−1,y,d = nd = 1.
P6′ For d ∈ D ∩ c0 , we have d2 = e.
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P7′ For x, y, z ∈ W , if x ∈ c0 or z ∈ c0 , then γx,y,z = γy,z,x .

P8′ For x, y ∈ W , z ∈ c0 , if γx,y,z ̸= 0, then x ∼
L
y−1 , y ∼

L
z−1 , z ∼

L
x−1 .

P9′ For z, z′ ∈ W , if z ∈ c0 or z′ ∈ c0 , z′ ≤
L
z , and a(z′) = a(z), then z′ ∼

L
z .

P10′ For z, z′ ∈ W , if z ∈ c0 or z′ ∈ c0 , z′ ≤
R
z , and a(z′) = a(z), then z′ ∼

R
z .

P11′ For z, z′ ∈ W , if z ∈ c0 or z′ ∈ c0 , z′ ≤
LR

z , and a(z′) = a(z), then z′ ∼
LR

z .

P12′ If y ∈ c0 ∩WI for some I ⊆ S , then a(y) computed in terms of WI is equal
to a(y) computed in terms of W .

P13′ For any left cell Γ in c0 , we have |Γ ∩ D| = 1. Assume Γ ∩ D = {d}, then
γx−1,x,d ̸= 0 for all x ∈ Γ.

P14′ For any z ∈ c0 , we have z ∼
LR

z−1 .

P15′ For x, x′ ∈ W , y, w ∈ c0 , we have the equality∑
y′∈c0

hx,y′,y ⊗ hw,x′,y′ =
∑

y′∈c0
hx,w,y′ ⊗ hy′,x′,y in Z[v, v−1]⊗

Z
Z[v, v−1].

P̃ ′ For x, y, z′ ∈ W , z ∈ c0 , if γx,y,z−1 ̸= 0, z′ ←
L

z , then there exists x′ ∈ c0 ,
such that πa(z)(hx′,y,z′) ̸= 0.

Proof. By above consequences and the methods in the proof of [11, 4.1], one can
prove P1′ − P15′ . So we only give the proof of P̃ ′ .
Since γx,y,z−1 ̸= 0 , z ∈ c0 , by P8′ , we have y ∼

L
z . Since z′ ←

L
z , z ∈ c0 ,

we get z′ ∼
L

z by P9′ . So y, z, z′ are in the same left cell in c0 . By Theorem
8.3(2), we assume y = awJb , z = a′wJb , z′ = a′′wJb for some wJ ∈ M , b ∈ UJ ,
a, a′, a′′ ∈ BJ . Then we have deg(TyTz′−1) = deg(TawJbTb−1wJa′′−1) = N . Thus there
exists x′ ∈ W , such that deg fy,z′−1,x′−1 = N . By Lemma 2.3(3) and Theorem 8.3(1),
we get x′ ∈ c0 . We have deg fx′,y,z′ = deg fy,z′−1,x′−1 = N , so deg hx′,y,z′ = N , that
is, πa(z)(hx′,y,z′) ≠ 0 .
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