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Abstract. We consider weighted Coxeter groups of rank 3 and its Hecke algebras in this paper.
In this case, we show the boundness (in the sense of G.Lusztig) and the existence of lowest two-
sided cell ¢y. Then we can describe ¢o and the left cells in it. At last, we show that the conjectures
P1 — P15 and P hold for ¢g.
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1. Introduction

Let (W, S, L) be a weighted Coxeter group. In [7, 13.4], G. Lusztig conjectured that
the maximal weight value of the longest elements of the finite parabolic subgroups
of W is a bound for (W, S, L). This property is referred as boundness of a weighted
Coxeter group [7, 13.2]. When W is finite, this conjecture is clear. In [5, 7.2],
G. Lusztig proved this conjecture when W is an affine Weyl group. In [10, 2.1],
N. Xi proved this conjecture when W has complete Coxeter graph and L =1[. In
8, 3.2], J.Shi and G. Yang proved this conjecture when W has complete Coxeter
graph without the assumption L = [. In [13, 2.1], P. Zhou proved this conjecture
when rank(W) = 3 and L = [. In this paper, we prove this conjecture when
rank(W) = 3 without the assumption L =, see Theorem 3.1. Then we give some
interesting consequences in Section 7. In Theorem 8.1, we show W has a lowest
two-sided cell cq. Then we give precise description for ¢y and the left cells in it, see
Theorem 8.3. At last, we prove that conjectures P1 — P15 and P hold for ¢y, see
Theorem 8.5.

2. Preliminaries

In this paper, for any Coxeter group (W,S), we assume the generating set S is
finite. We call |S| the rank of (W, S) and denote it by rank(1W). We use [ for the
length function and < for the Bruhat order of W. The neutral element of W will
be denoted by e. For x € W, we set

L(z)={s e Slsx <z}, R(z)={se Slxs <z}
For s,t € W, let mg € Z>1|J{oo} be the order of st in W.

For any I C S, let W; = (I). Then (Wy,I) is also a Coxeter group, called a
parabolic subgroup of (W, 5).
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Denote the longest element of W; by wy if |W;| < co. For s,t € S, s # t, we use
Wy instead of Wi,y and wy, instead of wy,yy.

For wq,ws,--- ,w, € W, we often use the notation wy - ws - --- - w, instead of
wyweg - - wy, i wiws -+ wy) = H(wy) + Hwy) + -+ + 1(wy,).

Let (W,S) be a Coxeter group. A map L : W — Z is called a weight function if
L(ww") = L(w)+ L(w") for any w,w" € W with {(ww') = [(w)+1(w’). Then we call
(W, S, L) a weighted Coxeter group. In this paper, the weight function L for any
weighted Coxeter group (W, S, L) is assumed to be positive, that is, L(s) > 0 for
any s € S. For any J C S, it is obvious that the parabolic subgroup (W, J, L|w,)
is also a weighted Coxeter group.

Let (W,S,L) be a weighted Coxeter group and Z[v,v™!] be the ring of Laurent
polynomials in an indeterminate v with integer coefficients. For

f=> av" e Zv,v1\ {0}

nez
we define deg f = max{n € Z | a,, # 0} and deg0 = —oc.

The Hecke algebra H of (W, S, L) is the unital associative Z[v,v~!]-algebra defined
by the generators Ty (s € S) and the relations

?SETSJ = @Tsﬂj s,t € S» Mg < 00,

mst factors mst factors

and T? =14 €Ty, s €S, where & = ol — 7L ¢ Z[v,v71].

Obviously, the element T, is the multiplicative unit of . For any w € W, we define
Ty ="TsTs,---Ts, € H, where w = 5159+, is a reduced expression of w in W.
Then T, is independent of the choice of reduced expression and {7}, | w € W} is a
Z[v,v!]-basis of H, called the standard basis. We define f,, . € Z[v,v™!] for any
x,y,2 € W by the identity

Ta:Ty = Z fm,y,sz~

zeW

We have the following morphism of Z[v,v™!]—modules:
T H— Zv,v 7, Z JfouTw — fe.
wew
The following involutive automorphism of rings is useful, called the bar involution:
TH—H, v — v, Ty, — T
We have T, = Tu;ll for any w € W. We set
Heo = @ Z[v |70, Hoo = P v 'Z[v T
weWw weWw
The following facts are easy to get, see also [7].
Lemma 2.1. (1) For any x,y € W, we have fyye = 0yy-1.
(2) For any x,y,z € W, we have fo,.-1 = fy..-1 = foz,1.
(3) For any x,y,z € W, we have deg fy,. < min{L(z), L(y), L(z)}.
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(4) For any finite parabolic subgroup Wy of W, x € Wi, we have
deg fu, w2 = L(z).

(5) Assume s,t € S, my < oo, x,y,2 € Wy such that deg f,, . = L(2).
Ifl(2) >2, thenx=y=wy. If z=3s, theny=x2""', s€ L(z), s € R(y).

Define the degree map

deg: H — Z U {—o0}, Z fuwTw — max{deg f,|w € W}.

weWw

We set N = max L(wy). G.Lusztig gave the following conjecture in [7, 13.4].

[Wr|<oo

Conjecture 2.2.  Let (W, S, L) be a weighted Coxeter group, S is finite and L is
positive, then N is a bound for (W, S, L). Namely, deg(7,T,) < N forall z,y € W.

This conjecture is important in studying the a-function and cells of weighted Coxeter
groups. For example, if this conjecture is true, then the a-function is also bounded
by this N. Moreover, W has a lowest two-sided cell ¢g, see Section 8.

When W is a finite Coxeter group, this conjecture can be proved using Lemma
2.1(3). In [5, 7.2], G.Lusztig proved this conjecture when W is an affine Weyl
group. In [8, 3.2], J.Shi and G. Yang proved this conjecture when W has complete
Coxeter graph. In [13, 2.1], P. Zhou proved this conjecture when rank(W) =3 and
L = 1. In this paper, we will prove this conjecture when rank(WW) = 3 and L is
positive, see Theorem 3.1.

For any w € W, there exists a unique element C, € H<( such that c,=C, and
Cw — Ty € Heo. The elements {Cylw € W} form a Z[v,v™|—basis of H, called
the Kazhdan-Lusztig basis. We define hyy ., p., € Zv,v!] for any z,y,2 € W
such that

C,C, = Z hay.C. and C, = Z Doyl

zeW zeW

These polynomials p,, are called Kazhdan-Lusztig polynomials. For any finite
parabolic subgroup W; of W, we set

y<wy

For w e W, I = R(w), J = L(w), we have the factorization w = z - w; = wy - y
for some x,y € W. Then we set

E, = E p:c’w],wTa:’ and Fy = E pwa’,wTy’-
2/ <z y' <y
Wa'wp)=l(2")+1(w]) H(w yy")=l(w 5)+1(y")

Using the Kazhdan-Lusztig basis, we can define the preorders <, <, < on W.
L R LR

These preorders give rise to equivalence relations ~, ~, ~ on W respectively. The
L LR

R
equicalence classes are called left cells, right cells and two-sided cells of W.
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Then we have partial orders <, <, < on the sets of left cells, right cells and
L R LR

two-sided cells of W respectively. For z,y € W, we have z < y if and only if
L
<yt
R

Now we assume Conjecture 2.2 holds and W has a lowest two-sided cell ¢q. It is
easy to see that degh,, . < N for any z,y,z € W, so we can define the a-function

a: W — N, w— max deghgy .
z,yeW e

For any z,y,2 € W, we define 3, .,72,4,- € Z such that

foyzt = Buy0" + lower degree terms

and Py 1 = %,yﬁzva(z) + lower degree terms.

Lemma 2.3. Let z,y,z € W.

(1) We have Byy. = Byzz = Bowy-
(2) We have ~py . = Yy14-1 1.

(3) If Byy. #0, then x ~ y~ oy ~ 27 2 ~ ! a(r) =aly) =a(z) = N, and

ﬁm,y,z = Yey,z = Vy,z,e = Vzay -
(4) If Vay. #0 and a(z) = N, then By, = Yoy 7# 0.

The proof of the lemma above can be found in [7]. Furthermore, G. Lusztig gave some
conjectures about the weighted Coxeter groups and their Hecke algebras in [7, 14.2,
14.3], which are called P1 — P15 and P. These conjectures mainly concern some
properties of the a-function and cells. We will prove them for ¢ when rank(W) = 3,
see Theorem 8.5. When these conjectures hold for ¢y, we can study the based ring
Jo of ¢, see [7, Chapter 18].

3. Weighted Coxeter Groups of Rank 3

From now on, we assume (W, S, L) is a weighted Coxeter group of rank 3 and L is
positive. We set

N = IglCaSX L(w[), M = {"LUJ|J§ S, |WJ| < 00, L(wJ) :N}v
[Wrl<oo

and A={z-u-ylx,ye W, ue M}.

We have the following result.

Theorem 3.1.  We have deg(T,T,) < N for any x,y € W, and the equality holds
only if v,y € A. In particular, Conjecture 2.2 holds.

When W is a finite Coxeter group, it is clear. When W is an affine Weyl group,
see [5, 7.2] and [11, 3.1]. When W has complete Coxeter graph, see [8, 3.2] and [12,

3.4]. So we may assume S = {r,s,t} with m,; = 2. The Coxeter graph looks like
r S t

oO——Oo0—0O .
Mgy Mgy
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When my, = oo, mg = 2, the Coxeter graph of (I, S) is not connected. In this
case, (W, 9) is the direct product of (W, {s,r}) and ({t),{t}) as a Coxeter group,
and the theorem is clear.

When mg,. = mgy = 0o, the case is also simple. For any = € W, we have L(z) = {s}
or L(x) C {r,t}, and we also have R(z) = {s} or R(z) C {r,t}. For any z,y € W,
if R(z) = {s} and L(y) C {r,t}, or R(z) C {r,t} and L(y) = {s}, then we have
T,T, = T,,. Therefore, it is easy to see deg(1,7T,) < max{L(rt),L(s)} for any
x,y € W, and the equality holds only if =,y € A.

Summarizing the discussions above, we only need to consider the following three
cases. We will deal with them in Sections 4, 5, and 6.

(1) Case 1: mg =00 > mg > 3.
(2) Case 2: 00 > mg. > mg >4, mg. > 5.

(3) Case 3: 00 >mg > 7, mg = 3.

4. Case 1
In this section, we prove Theorem 3.1 for the case m,,. = oo > mg > 3. In this case,
N = max{L(rt), L(wg)}. We can get the following lemma by easy computation.
Lemma 4.1. Letz € W.

(1) If s € R(x), then r ¢ R(x).

(2) If s € L(x), then r ¢ L(x)

(3) If v = xy - st, then r ¢ R(
(4) If x =ts-xy, then r ¢ L(x).
()

(6)

5) If x =z - rs, then R(x) = {s}.
6) If v = sr-xzy, then L(z) = {s}.

Lemma 4.2. Let x,y e W.
(1) If R(z), L(y) C {s}, then l(xtry) = l(zrty) = l(x) + (y) + 2.
(2) If we W, l(w) >4 or w=rsr, R(x), L(y) C {t},
then l(zwy) = l(z) + l(w) + I(y).
(3) Ifwe Wa, l(w) > 2, R(z), £(g) € {r}, then I(zwy) = U(z) +1(w) + 1(z).
(4) If R(z), L(y) € {t}, and R(ws) = {s} or L(sy) = {s},
then l(xsrsy) = 1(x) + (y) + 3.
Proof. (1) See [13, 5.9].
(2) If I(w) > 4, see [13, 5.7]. If w = rsr, it is obvious if x = e. If x # e, we
assume x = z’ -t for some ' € W with R(xz) C {s}. By Lemma 4.1(6), we have
L(sry) = {s}, so
L(z) + U(rsr) + 1(y) = 1(x") + 1(rt) + I(sry) = l(zrsry).
(3) If I(w) > 3, see [13, 5.8]. We only prove the case of w = st because the case of
w = ts is similar.
If I(z) <1 orl(y) <1, by Lemma 4.1(2),(3), we have l(zwy) = l(z) + [(w) + I(y).
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If i(x) > 2 and I(y) > 2, we may assume = = x; - sr, y = rs -y for some
x1,y1 € W. Since L(y) C {r}, we have L(sy;) = {s}. By Lemma 4.1(5), we have
R(zysrs) = {s}. Then by (2), we get

l(zwy) = l(xysrstrsyr) = l(xysrs) + 1(tr) + 1(sy1) = l(xysr) + 1(st) + U(rsy:)
=(z) + l(w) + U(y).

(4) We only prove the case of R(zs) = {s}. If y = e, it is obvious. Otherwise, we
may assume y = y; - Yo for some y; € Wy \ {e} and yo € W with L(y2) C {r}.
Since R(xsr) = {r}, sy1 € Wy and I(sy;) > 2, by (3), we have

U(zsrsy) = l(xzsrsy1ye) = L(zsr) + U(syr) + U(y2) = U(z) + I(y) + 3. ]

Proposition 4.3.  In case 1, we have deg(T,T,) < N for any x,y € W, and the
equality holds only if x,y € A.

Proof. = We use induction on I(y). When [(y) = 0,1, the proposition is clear.
Now we assume [(y) > 2 and the proposition is true for y" if I(y') < I(y). We
take 71 € L(y) and ro € L(r1y). Then we can write x = z1 - u, y = u’ - y; for
some u,u’ € Wy, and x1,y; € W with R(z1),L(y1) C S\ {r1,r2}. Note that
l(y1) <l(y) — 2. We have

TxTy = Tzl (TuTu’>Ty1 = Txl( Z fu,u’,wTw)Tyl = Z fu,u/,waleyl'
wEer'rQ wEerTQ

We prove deg(fuuw wlewly) < N forall we W,,,,, and the equality holds only if
xz,y €\

If we have l<x1wy1) = l(xl) + l(w) + l<y1)7 then deg(fu,u’,meme) = deg fu,u’,w~ If
My < 00, we have deg fi,w 0w < L(w) < L(w,,,,) < N; the equality holds only if
u=u =w=w,,, and L(w,,,,) = N, which implies z,y € A. If m,,,, = o0, we
have deg fuw.w < max{L(s),L(r)} < N.

If w = e, we use induction hypothesis on 7,7}, . If [(w) =1, we have the equality
Towlwy, = SwlwTy, + 13Ty,

We use the induction hypothesis on 7},,7,,, and T, T, to obtain the relation

deg(fuw wTeywTy,) < N. If the equality holds, then deg f,.. = L(w) and

deg(Ty,wTy,) = N — L(w). By Lemma 2.1(5), we have we £(u) and weR(v'). On

the other hand, by the equality, we have degT,, ., Ty, = N or degT,,T,, = N.

By using the induction hypothesis, we have * = 1 - w = xw - wu € A, and
=u' -y =v'w-wy,; €A for the former case, and r =z, -u €A, y=u"-y; € A

for the latter case.

From now on, we assume [(zjwy;) < [(x1) +l(w) +(y1) and [(w) > 2. By Lemma

4.2, we only need to consider the following 2 cases.

Case 1: w = srs.

By Lemma 4.2(4), we have R(z15) = L(sy1) = {s,t}. So we assume x; = x5 - wgs
and y; = swg - Yo for some x9,yo € W with R(z3), L(y2) C {r}. Since we have
L(r - twg - y2) = {r}, by Lemma 3.2(3), we obtain

TxlsrsT == Txg-wstTrTwst-yz = gthg-wStTrT;fwst-yg + Ta:g-wsttTthwst-yg

Y1

= fth2~wst~r-twst~y2 + Tx2~wstt-r-twst~y2'
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We obtain deg( fuu srsLuisrsly) < max{L( ), L(s)}+L(t) < N. When the equality
holds, we must have deg fuw s = L(r) > L(s) and L(rt) = N. By Lemma
2.1(2), we have fyu ors = fsrsuw—1 = fuwsrsu-1. Thus L(u) = R(v') = {s} and
l(u),l(u") > 2, so rt appears in x and y, which implies x,y € A.

Case 2: w = rs (the case of w = sr is similar).

We assume 1 = xg - ¢ for some zy with R(zy) C {s}. If L(sy1) = {s}, then
l(xyrsyr) = l(xg) + 1(rt) + U(syr) = l(x1) + U(rs) + I(y1) by Lemma 4.2(3). So we
must have L(sy;) = {s,t}. We assume y; = swy -y for some yo with L(y2) C {r}.
Since R(zar) C {r}, by Lemma 4.2(3), we get

Txlr‘sT szTrtTwst-yz ét 2T wst Y2 + Tmz-thwst-yz = Sth2'7"’wst'y2 + sz-?‘-twst-yz'

We obtain deg( fuu rsLursly) < maz{L(r),L(s)} + L(t) < N. When the equality
holds, we must have deg f,uw.s = L(r) > L(s) and L(rt) = N. By Lemma

21(2>7 we have fu,u’,rs = fsr,u,u’—l = fu’,sr,u_l- Thus E(U) = {T}7 R('U,/) = {S}
and [(u") > 2, so rt appears in x and y, which implies x,y € A. n

5. Case 2

In this section, we prove Theorem 3.1 for the case co > mg. > mgy > 4, my. > 5.
In this case, N = max{L(ws,), L(ws)} > L(rt). Note that L(srst) < N. First we
have

Lemma 5.1. LetweW.

(1) If w=w;-ts, then r ¢ R(w).
(2) If w=w;-rs, then t ¢ R(w).
(3) If w=w; -st, R(wys) ={s}, then r ¢ R(w).
(4) If w=w; -sr, R(ws) = {s}, then t ¢ R(w).
(5) If w=wy -tst, then r ¢ R(w).
(
(
(

D
~—

If w=wy -rsr, then t ¢ R(w).
7) There is no wy,ws € W such that w = wq - st = wy - sr.
8) If L(w) C{r}, then L(r-twg -w) = {r}.

(9) If L(w) C {t}, then L(t-rws - w) = {t}.
Proof. We use induction on [(w) to prove (1) and (2) simultaneously. When
l(w)=0,1,2, (1) and (2) are clear. Now assume [(w) > 3 and (1) and (2) are true
for w' if [(w') < l(w). If w=wy-r =w;-ts, we have w = w3 - Wg,, SO Wy = W3+ W T
and wy -t = w3 - ws.s. We get wy -t = wy - tr. So wy -t = wytr = ws - we,.sr, which
contradicts with the induction hypothesis. If w = ws -t = w; - rs, we can find a
contradiction similarly.

(3) If r € R(w), then R(w) = {r,t}. Thus R(wys) = {s,r}, which contradicts
with R(wys) = {s}.

(4) Similar to (3).

(5) By (1), R(wy -ts) = {s}. By (3), r ¢ R(w).

(6) Similar to (5).
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(7) We use induction on [(w). When [(w) = 0,1,2, the lemma is clear. Now we
assume [(w) > 3 and the lemma is true for v’ if [(w') < l(w). If w = wq-st = woq-sr,
we have w = ws-tr. So wys = wsr, wes = wst. We get w3r = wy-ws,, wst = ws-Wg .
Thus ws = wy - Wer = Ws - Wel. SO wy - W, TS = Wy - Wets, which contradicts with
the induction hypothesis.

(8) By (1), L(tws - w) = {s}, so r € L(r-twg -w). By (4), t ¢ L(r - twg - w). If
s € L(r twg -w), we have 1 - twg - w = wg, - wy, then stwg - w = srws, - wy, which
contradicts with (7). So s & L(r - twg - w).

(9) Similar to (8). ]

Lemma 5.2. Let z,y € W.

(1) If w e Wy, l(w) >4, R(x),L(y) C{r}, then l(zwy) = l(x) + l(w) + I(y).
(2) If w e Wy, l(w) >4, R(x), L(y) C{t}, then l(zwy) = l(z) + l(w) + (y).
(3) If R(x), L(y) C {s}, R(xt) = {t}, R(zr) ={r}, then l(xtry) = l(z)+1(y)+2
(4) If R(z), L(y) C {r}, R(xs) = {s}, then l(xstsy) = l(x) + l(y) + 3.

(5) If R(x), L(y) C {t}, R(xs)={s}, then l(xsrsy) =1(x)+1(y) +3

(6) 1 Rw), £(y) C {r}, then deg(ToeT,) < L(r).

(7) If R(x), L(y) C {r}, then I(xtsty) = 1(x) + I(y) + 3.

Proof. (1)(2) See [13, 4.4].

(3) See the proof of [13, 4.5].

(4) Since R(z) C {r}, R(zs) = {s}, we have R(zst) = {t}. If y = (rsts)?,
(rsts)ir, (rsts)'rs or (rsts)'rst for some i € N, then [(zstsy) = I(z) + I(y) + 3.
Otherwise we use (1) or (2).

(5) Similar to (4).
(6() If R(zs) = {s} or L(sy) = {s}, then by (4), TostsTy = Tustsy- If R(xs) =

L(sy) = {r,s}, we assume xs = 1 - W, SY = Wg, - y; for some zy,y; € W with
R(z1),L(y1) C {t}. By Lemma 5.1(9) and Lemma 5.2(2),

T:pstsTy - TxlwsrtTws,«yl - érTxlwsriTtrwsryl + Tmlwsrrﬂrwsryl

= ngxlwsrtrwsrm + mesrrtrwsryr

We get deg(Tss1,) < L(r).

(7) We may assume y = ry’ for some y' € W with L(y') C {s}. By Lemma
5.1(5), R(ztst) = {t}. By Lemma 5.1(1), R(xts) = {s}. By Lemma 5.1(4),
t ¢ R(xtsr). By Lemma 5.1(5), s ¢ R(xtsr). So R(xtsr) = {r}. So by (3), we get
l(xtsty) = l(atstry') = l(ats) +1(y') +2 = 1(x) + I(y) + 3. [

Lemma 5.3. Let z,y € W, R(z),L(y) C {s}, then deg(T,T,) < L(s).
Proof. = We have 3 cases.

(1) R(xt) ={t}, R(zr)={r}. By Lemma 5.2(3), Ty T = Tytry-

(2) R(zt) ={s,t}. We assume xt = 2’ - wy for some 2’ € W with R(z") C {r}.
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If L(ry) = {r}, by Lemma 5.2(1), Tpt, Ty = Tprpy,ry- If L(ry) = {s,7}, we assume
Ty = wg -y for some y' € W with £(y') C {t}. By Lemma 5.2(2),
TxtrTy = Tx’wstTwsry’ = gsTx’wstsTwsry’ + Tx’wstsTswsry’

= gsTa:’wsts~wsr~y’ + Tx’w5t5~swsr~y’-

(3) R(xr) ={s,r}. Similar to (2). n

Lemma 5.4. Let x,y € W, R(z) C {t}, and L(y) C {s}. Then we have
deg(Tyw,, Tiry) < L(sr).

Proof. We have Ty, Ty = &TowerTtry + TowarThy. Since R(zws,r) = {s},
L(y) € {s}, by Lemma 5.3, we get deg(&, Ty, Liry) < L(sT).

We have 2 cases.

(1) L(ty) = {t}. By Lemma 5.2(2), Tyuw,+Tty = Towsrty -

(2) L(ty) = {s,t}. We have ty = wg -y for some y € W. Hence

Tacwsrrl-z—;fy - wasrrTwsty’ - SSTzwsrrsTwsty’ + TacwsrrsTswsty’
= gstwsrrswsty’ + wasrrsrTrtﬂswsty“
By Lemma 5.1(1)(2) we conclude R(zws,rsr) = L(tswgy') = {s}. By Lemma 5.3

we derive deg(Tyuw,,rsr TrtLiswey) < L(s). So we have deg(Tyuw,,»Tty) < L(s) and
deg(Tyw,, Liry) < L(sr). m

Lemma 5.5. Let v,y € W, R(x) C {r}, and L(y) C {s}. Then we have
deg(Tywy, Tiry) < Mazx {L(st),L(sr)}. Moreover, if L(ry) = {r}, then we have
deg(Tow, Tiry) < Maz{L(t), L(r)}.

Proof.  First we have Ty, Tiry = &L nwe, Lry + TowetTry -

Since R(zwgqt) = {s}, L(y) C {s}, by Lemma 5.3, we get deg(&§ T, Iry) < L(st).
If L(ry) ={r}, by Lemma 5.2(1), deg(&{ T, Lry) < L(t).

Now we consider T,,,,:1,,. We have 2 cases.
(1) L(ry) ={r}.
(1.1) mg > 5. By Lemma 5.2(1), TyutTry = Towstry-

(1.2) mg = 4, R(zs) = {s,r}, L(sry) = {s}. We assume zs = z1 - wg and
R(z1) C {t}. By Lemma 5.1(3), we have L(tsry) = {t}. Then by Lemma 5.2(2),
wasttTry = sztsTry = TxleTT;fsry == Txlwsrtsry-

(1.3) mg =4, R(xs) = {s,r}, L(sry) = {s,r}. We assume s = z; - wg and
sry = wg--yy for some x1,y; € W with R(xy), L(y1) C {t}. Since R(xjws,rt) = {t}
and L(y;) C {t}, by Lemma 5.2(2),
wasttTry = sztsTry = TxlwsrtTwsryl = ngxleTrtTwsryl + TxlwsrrtTrwsryl
= ngxlwsrrtwsryl + Tx1ws7»rtrwsry1'
(1.4) my =4, R(xzs) ={s}. By Lemma 5.2(4), Tyt Try = TostsTry = Tustsry -
(2) L(ry) = {r,s}. We assume ry = wg, -3/, L(y') C{t}. So

wasttTry = stttTwsry’ = gswasttsTwSTy’ + TzwsttsTswsry/-
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(2.1) R(zwgts) = {t}. By Lemma 5.2(2), Thu,tsTwey = Towatsws,y - On the other
hand, Tyu.tsTowey = TowatstTrTrswey - Since R(zwgtst) = L(rswgy') = {s}, by
Lemma 5.3, we get deg(T o, tsLswey) < L(s) and deg(Tyu,,e1ry) < L(s).

(2.2) R(zwgts) = {r,t}. Then we have mg = 4 and R(zs) = {r,s}. We conclude
xs =2’ - ws and R(z') C {t}. So by Lemma 5.2(2),

T:L’wsttTry = wasthwsry’ = SsTwstTwsry’ + Tmsthwsry’ = gsTx’wsrtTwsry’ + Tx’wsrthwsry’

= gngTx’wsrrtwsry’ + ngx’wsrrtrwsry/ + ngw/wsrrtswsry’ + Tz/wsrrtrsw”y"

Summarizing the discussion above, we obtain deg(T}y,,Tiy) < Max{L(st), L(sr)}
for all cases. Moreover, deg(Tyy,, Tiry) < Max{L(t),L(r)} if L(ry) = {r}. n

Lemma 5.6. Let 1,7y € S with r1 # o, w € Wy, with l(w) > 2, x,y € W
with R(x), L(y) C S\ {r1,r2}. Then we have deg(T;.,T,) < N — L(w), the equality
holds only if w € {wg, we} and L(w) = N.

Proof. We assume deg(7,,1,) > 0 and I(x),I(y) > 2, otherwise the lemma is
obvious. By Lemma 5.2, we need to consider the following cases.
(1) w = sr (the case of p = rs is similar).
We assume y = ts -y for some y € W with L(sy’) = {s}. Then we con-
clude Ty5, Ty = TysTiTsy . If L(zs) = {s}, then Lemma 5.3 implies immediately
deg(TysrT,) < L(s) < N — L(sr). If L(xs) = {s,t}, then by Lemma 5.5, we get
deg(TysrT,) < max{L(rs), L(st)} < N — L(sr).
(2) w=rsr.
We assume y = ts -y for some ¢y € W with L(sy’) = {s}. Then we conclude
TorsiTy = TyrsTrTsy. Since R(zrs) = L(sy') = {s}, by Lemma 5.3, we get
deg(TmrTy) < L(s) < N — L(rsr).
(3) w = srs.
Since deg(TysrsTy) > 0, by Lemma 5.2(5), we have R(zs) = L(sy) = {s,t}. So we
assume r = x’-wgs, y = swg-y' for some 2’y € W with R(z'), L(y') C {r}. Then
TosrsTy = TorwgrTwgy = Torwy TirThy oy - Since R(a') C {r}, Ltwgy') = {s},
L(rtwgy') = {r}, by Lemma 5.5, we obtain

deg(Tyr vy Ter Thyy ) < Mazx{L(t), L(r)} < N — L(srs).
(4) w = st (the case of p = ts is similar).
We assume y = rs -y for some ¢y € W with L(sy’) = {s}. Then we have
TostTy = TypsThTsy. If we have L(zs) = {s}, then by Lemma 5.3, we obtain
deg(TystTy) < L(s) < N — L(st). If L(zs) = {s,r}, then by Lemma 5.4, we get
deg(TystTy) < L(sr) < N — L(st).

(5) w = sts.

By Lemma 5.2(6), we have deg(Tysts1y) < L(r) < N — L(sts).

(6) w=rt.

By Lemma 5.3, we have deg(7,,T},) < L(s) < N — L(rt). [

Proposition 5.7.  In case 2, we have deg(T,T,) < N for any z,y € W, and the
equality holds only if x,y € A.
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Proof. = We use induction on [(y). When I(y) = 0,1, the proposition is clear.
Now we assume [(y) > 2 and the proposition is true for y" if I(y') < l(y). We
take 71 € L(y) and ro € L(r1y). Then we can write x = z1 - u, y = u’ - y; for
some u,u’ € Wy, and x1,y; € W with R(z1),L(y1) C S\ {r1,r2}. Note that
l(y1) < l(y) —2. We have

LTy =T (BT =Tt (Y FuwaTo) T = > FuwaTenT

wGer'rQ wEerrg

We prove deg(fuuw wlewly) < N for all w e W,,,,, and the equality holds only if

<
z,y € A If l(zqwyr) = U(zq) + L(w) + (y1) or I(w) < 1, we use the same proof in
Proposition 4.3. If I(zywyy) < l(z1) + {(w) + l(y1) and [(w) > 2, we use Lemma
5.6. n

6. Case 3

In this section, we prove Theorem 3.1 for the case co > my. > 7, mg = 3. In this
case, N = L(ws,) > max{L(wg), L(rt)}.

Lemma 6.1. LetweW.

(1) There is no wy,wy € W such that w = wy - st = wy - sr.
(2) If w=wy - srs, then t ¢ R(w).
(3) If w=w;-srsr, then t ¢ R(w).
(4) If w =wy - ts, then r ¢ R(w).
(5) If w = wy - tsr, then s ¢ R(w).

Proof. (1) We use induction on [(w). It is easy to check this lemma when
l(w) < 5. Now assume [(w) > 6 and the lemma is true for ' if I(w') < l[(w). We
assume w = ws - rt. SO wis = wsr, wys = wst. We have wis = wsr = wy - wy, and
WeS = w3l = Wy - Wy . Since my, > 7, we assume

w3:w5-wstt:w5~t3:w4-wsrr:wﬁl~srsrs.
Since R(ws) C {r} and [(ws) > 2, we assume ws = ws - sr. Thus w/, - srs = wr. - st.
) 5 4 5

We get w) - srs = wg - sts, so w) - sr = wg - st, which contradicts with the induction
hypothesis.

(2) If w=w;-srs=wy-t, we have w = wy - $7s = w3 - sts, S0 wy - ST = w3 - st,
which contradicts with (1).

(3) If w=w-srsr=wy-t, we have w = wy - srsr = ws - tr, so wy - srs = ws - t,
which contradicts with (2).

(4) If w=wy-ts = wq -7, we have w = wy - ts = w3 - Wg,, SO Wy -t = W3 - WS,
which contradicts with (3).

(5) If s € R(w), then we have w = wy-srsrsr for some wy € W, 80 wy -t = wy-srsr,
which contradicts with (3). |

Lemma 6.2. Letxz,y € W, R(x),L(y) C{t}, w € W, l(w) > 6 or w = srsrs,
then l(zwy) = I(z) + l(w) + 1(y), Rlzwy) = R(wy), L{zwy) = L(zw).

Proof.  See [13, 3.5]. |
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Lemma 6.3. Let z,y € W, R(x),L(y) C {r}.
(1) If R(zs) = {s} or L(sy) = {s}, then TypssTy = Tystsy -
(2) If R(xzs) = L(sy) = {r,s}, then deg(TyssT,) = L(r).

Proof. (1) See the proof of [13, 3.6].

(2) Assume x = 2’ wg.s, y = swg, -y for some ',y € W with R(x'), L(y") C {t}.
By Lemma 6.2, we have

sztsTy = Tx’-wsrnTwsry’ = ngI/'wsr't‘Twsr'y/ + TCE’~wsrT“t‘Twsr‘y" u

Lemma 6.4. Let x,y € W, R(x),L(y) C {s}.
(1) If R(xr) # {s,r}, R(xt) # {s,t}, R(ars) # {s,r}, then Ty, T, = Ty -

(
(2) If R(xr) = {s,r}, then deg(Ty,T,) < L(sr).
(3) If R(xt) = {s,t}, then deg(Ty,T,) < L(sr).
(4) If R(xzrs) = {s,r}, then deg(TpT,) < L(r).

Proof. (1) See the proof of [13, 3.7].
(2) We assume xr = 2’ wg, for some 2’ € W with R(2') C {t}, then ztr = 2’ ws,t,
so Top Ty = Ty, Thyy. We assume ty = u -y for some u € Wy, and y € W with
L(y") C {t}. By Lemma 6.1(2), u =€ or u = s or u = sr. If u = e we conclude
T:ptrTy = Tx’ws,«Ty’ = Tr’wsry’ I u= S, then T:JctrTy = Tx’wSTTsy’ = gst/wSTy' +Tx’ws,«sy’ .
If uw = sr, then

thrTy = Tx’wsrTsry’ = gsngm’wsry’ + gsTx’wSM’y’ + ngx’wSTsy’ + T:p’wsrsry’ .

(3) We assume zt = 2’ - wg for some 2’ € W, then xtr = 2’ - wg - r, so we have
Totr Ty = Ty, Ty If L(ry) = {r}, then by Lemma 6.3, deg(Ty,T,) < L(r). If
L(ry)={s,r}, then we assume ry=wy, -y’ for some y' € W with L(y") C {t}, so

Tx’wSzTry - Tx’wstTwswy’ = gsTx’wsthwsry’ + Tr’wstsTswsry’-

Since R(z") = L(swsy') = {r}, by Lemma 6.3, we get deg(&Tprw,, Tsw.,y) < L(sT).
If R(z'wgs) = {t}, then by Lemma 6.2, Ty, sTow,y = Lwstswey - 1f we have
R(z'wgs) = {r,t}, then 2's = 2" - w,, for some 2”7 € W with R(x”) C {t}. So

Tz/wstsTswsru = Tx”wsrthwsry’ = ngz”wSTtTrswsry’ + T:p”wsrrtTrstTy’

= ngw”wsrtrswsry’ + Tx”wsrrtrswsry“

(4) We assume zrs = ' - wg, for some ' € W, then xtr = 2’ - wgs - t, so
Totr Ty = Ty, s Tty We have ty =u-y', ue Wy, L(y') C {t}. By Lemma 6.1(2),
u=coru=soru=sr. If u=e,then T,,T, = Ty, sTy = Ty, sy If u=-s5,
then Ty, Ty = Ty, sTsy = Torwey - If w = sr, then

Ta:trTy = Tx’wsrsTsry’ = ngx’ws,«y’ + Tm’wsrry’- u
Lemma 6.5. Let v,y W, R(z)C{r}, L(y) C {t}, then deg(Trw., Tw.y) < L(s7).

Proof.  See the proof of Lemma 6.4(3). [
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Lemma 6.6. Let x,y € W, R(x),L(y) C{t}, then deg(Tyrsrsr1y) < L

(

Proof. We suppose l(zrsrsry) < l(z)+ l(y) +5. We must have I(z),l(y) > 1, so
we assume ¢ = 2’ -t and y = ¢t -y for some 2',y € W with R(2'), L(y') C {s}.
Then T, 7,557 Ty = T T Tsrsrey - Since L(rsrsrty’) = {r}, L(srsrsrty’) = {s}, by
Lemma 6.4, we must have L(tsrsrty’) = {s,t}. Thus we get L(ry') = {r,s}.
Similarly, we can prove R(z'r) = {r,s}. Now we assume =z = z” - wgr - t,
y = t-rws - y” for some 2" y" € W with R(z"),L(y") C {t}. By Lemma 6.2,
we have L(tsrst - swg, - y") = L(tsrst - swg,) = {t}, thus

TxTrsrsrTy = Tx”~wsrr-tTrs7“s7"T;f-rwsr-y” = Tx”-wsrs~tstTrﬂst-swsr~y”

= gtT:c”~wsr~tsrst-swsr~y” + Tx”-wsr&tsrstswswy”‘ u

Lemma 6.7. Let v,y e W. If R(x) C{s}, L(y) C{t}, then deg(TyirTo,.y) < L(rsr).
Proof. We have T, Ty..y = &TotrTiwey + TotTrw,.y- Since R(z) C {s} and
L(rwsy) C {s}, by Lemma 6.4, we conclude deg(& Tyt Tr,,y) < L(rsr).
If R(zt) = {t}, by Lemma 6.2, we have Ty 110,y = Totrwg,.y- If R(xt) = {s,t}, we
assume xt = 2’ - wg for some @’ € W with R(z") C {r}. This leads us to

TxtTrwsry - gsTx’stsTsrwsry + Tx’sthrwsry-

By Lemma 6.3, we have deg(§ T sts Tsrw,,y) < L(rs). If R(x'st) = {t}, by Lemmas
6.2, 6.6, deg(TystLsrw.,y) < L(s). If R(a'st) = {r,t}, we get z'st = 2" - ws, - ¢, thus

Tx’sthrwsry == x”wsrthrwSTy == frTz”wSTrthrwSTy + Tx”wsrrtTrsrwsry

= é.rTac”wsrrtsrws,«y + T:L’”wsrrtrsrwsry- u

Lemma 6.8. Let x,yc W. If R(x) C{s}, L(y) C{r}, then deg(TptrTi,,y) < L(srsr).

Proof. Wehave T, Tisy = EsTutr Loty + Tor Tty Since L(sty) = {s}, by Lemma
6.4, we have deg(&Th,Tyy) < L(srs). Now we consider T,,Ty,. If y = e, the
lemma is clear, so we may assume y = r - y; for some y; € W with L(y1) C {s}.
We have 2 cases:

(1) R(ar) ={r}.
If R(xrs) = {s}, then T,,Tsy, = TyrstrTy,. By Lemma 6.4, we get deg(7y,Tsy)
< L(sr). If R(xrs) = {s,r}, then we assume xrs = 2’ - wg, for some 2’ € W with
R(z") C {t}. So Ty Ty = Ty, Tiry, - By Lemma 6.7, deg(T,,Ty,,) < L(rsr).
(2) R(ar)={s,r}.
We assume xr = 2’ - wg, for some 2/ € W with R(z") C {t}, thus

Tersty = Tx’wsrTstrm = fsTx’wsrT‘tryl + Tz’wsysl-z—;frm

= fsTx’wsrj_‘tryl + frTx’wsrsrT;‘,ryl + Tx/wsrsthyl-
By Lemma 6.7 we have deg(&sTyuw,, Liry,) < L(srsr). By Lemma 6.4 we con-
clude deg(&Towy,srliry,) < L(rsr). If L(ty;) = {t}, then Lemma 6.2 leads to
Torwgrsr Ty = Towrwgrsrtys - If L(tyr) = {s,t}, we assume ty; = wy - yo for some
yo € W with L(y2) C {r}. Then
Tm/wSTsthyl = Tz/wsrsrTstsyg = fst/wsrsthsyg + Tx’wsrsrsTtsyg-

If L(tsy2) = {t}, then by Lemma 6.2, Ty, s Tisyy = Torw,,srtsy, - By Lemma 6.4,
deg(Tx’wsrsrsEsW) == deg(Tx’wsrsrsrTrtsyg) S L(ST) .
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If L(tsys) = {r,t}, we assume sys = ws, -ys for some y3 € W with L(y3) C {t}. By
Lemma 6.2, Ty, srTisys = TirawgrsrtTwsyys = Larwgrsr-taws,ys - By Lemma 6.7, we get
deg(Tx’wsrsrsﬂsyg) = deg<Tx’-wsrsrsﬂ-wsr-y3) = deg(Tx“ws,«srsr-rtTww-yg) S L(TST>- u

Lemma 6.9. Let ri,ry € S with r1 # 19, w € Wy, with l(w) > 2, z,y € W
with R(x), L(y) C S\ {r1,7m2}. Then we have deg(T,,T,) < N — L(w), and the
equality holds only if w = w

Proof. We assume deg(7,,,7,) > 0 and [(x),l(y) > 3, otherwise the lemma is
obvious. By Lemma 6.2, we need to consider the following cases.

(1) w =rsrsr. By Lemma 6.6, we have deg(Tysrs01y) < L(s) < N — L(rsrsr).
(2) w = rsrs (the case of p = srsr is similar). We assume = = 2’ - rst for some
' € W with R(2') C {s}. Then TyrssTy = TyrstrTsrsy. By Lemma 6.4, we have
deg(TyrsrsTy) < L(sr) < N — L(rsrs).

(3) w = srs. We assume x = 2’ - rst and y = tsr -y for some 2/,¢y € W with
R(x"),L(y") C {s}. Then we have T,s Ty = ETwrTsrstsry + TorriLsrsiry - Since
L(srstsry’) = L(srstry’) = {s}, by Lemma 6.4, we immediately get the inequalities
deg(TysrsTy) < L(srs) < N — L(srs).

(4) w = rsr. We assume x = 2’ -rst, y = tsr -y for some 2’,y € W with
R(z"), L(y") C {s}. Then we have Ty, Ty = TorrsrtsTirsry - If R(2'rsrts) = {s},
then by Lemma 6.4, we have deg(Ty,s1y) < L(sr). If R(a'rsrts) = {s,t}, we
assume ' - rsr = 2" - wg, for some z” € W with R(z”) C {t}. Then

Tm’rsrtsﬂrsry’ = fst”~wsrs~tstTrsry’ + Tr’“wsrs-tsTrsry’-

Since R(2” - wgrs) = {r}, L(rsry’) = {r} or {s,r}, by Lemmas 6.3, 6.5, we have
deg(gsTm”~wsrs-tstTrsry') S L(ST’S).

Now we consider Ty, s.isTrsry - First we assume L(rsry’) = {r}. Then we obtain
T:p”-wsrs-tSTrsry’ = Tx”-wsrsr-rthrsry’ It 5(57’57@/) = {5}7 we have deg<Tx”-wsrsr-rthrsry’)
< L(sr) by Lemma 6.4. If L(srsry’) = {s,r}, we have deg(T .., srrtLsrsry) = L(r)
by easy computation. Now we assume L(rsry’) = {s,r}, then rsry = ws, - y" for
some y” € W with L(y") C {t}. We have

Tx’/~wsrs-tsTrsry’ - Ta:”~wsrs-tsTwsr-y” - gsTx”~w5rs~tTw5T~y” + Tx”-w”&thwsr-y”
- gsngm”-wsrs%tTwswy” + gsTx”-wsrsr-tTrwSr'y” + ngz’“wsrsrthwswy”
+ Tx”-wsrsr-tTrswsr -y

- 5857’ o wsrsrt-wsy -y’ + gs o wsp STt rwsyr -y + gr T wgrsr-t-swsry’! + Tx”ws,-sr~t-7"sws,-y”-

Summarizing the discussions above, we get deg(Ty.s- 1) < L(srs) < N — L(rsr).
(5) w =rs (the case of p = sr is similar). We assume x = 2’ - rst, y = tsr -y for
some ',y € W with R(2'), L(y') C {s}. Then T,sTy = TorrstrLstsry - By Lemma
6.8, we have deg(T,,sT,) < L(srsr) < N — L(rs).

(6) w = sts. By Lemma 6.3, we have deg(TyssTy) < L(r) < N — L(sts).

(7) w = st (the case of p = ts is similar). We assume z = 2’ - sr, y = rs -y for
some 2’y € W with R(2'-s) = L(s-y') = {s}. Then T,,T, = Tx srsLirsy - BY
Lemma 6.4, 6.7, we have deg( TystT,) < L(rsr) < N — L(st).
(

(8) w =rt. By Lemma 6.4, we have deg(7},.T,) < L(sr) < N — L(rt). ]
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Proposition 6.10.  In case 3, we have deg(T,T,) < N for any x,y € W, and
the equality holds only if v,y € A.

Proof. We use Lemma 6.9 and the method in the proof of Proposition 5.7. =

We have completed the proof of Theorem 3.1.

7. Some consequences

Proposition 7.1.  Forany wy € M, g <wy, v,y € W, R(x),L(y) TS\ J, we
have deg(T,,T,) < N — L(q). In particular, Ty, Ty = Tyu,y -

Proof. We have
T, sy = TolTu, T )Ty = To( Y FrnnaTo) Ty = 3 SugarswTouTy

weW weWy
Since deg(Tyw,Tw,y) < N by Theorem 3.1, we get
deg(T,qT,) < N —deg fu,w,.qg =N — L(q). (]

Proposition 7.2. Let w; € M.

(1) The left cell of W containing wy is {x - wy|lz € W} ={y € W|R(y) = J}.
(2) The right cell of W containing wy is {wy - x|z € W} ={y € W|L(y) = J}.
Proof. (1) For z-w; € W, we have deg fow, w, zw, = N since deg fu, w,w, = V.
Therefore Sy, w,w,—t # 0. By Lemma 2.3(3), we get wy Wy So we have
{z-wylx e W} C{z|x ~ wy}. On the other hand, for any x € W with = Wy, we
have R(z) = R(wy) = J, so {z|z ~ wyt CH{r-wylz e W} ={y e W|R(y) = J}.
(2) The proof is similar to (1). n

For any w; € M, we define By = {x € W|R(x) C S\ J} and
Uy={yeW|L(y) C S\ Jand swyy ¢ A for all s € J}.

Then we have the following result.

Proposition 7.3. Let wy; e M, x € By, g <w;y.

(1) If y € B;*, U(q) > 2, then deg(T,,T,) < N — L(q) for the three cases listed
in Section 3.

(2) If y € Uy, then deg(T,,T,) < N — L(q) for any weighted Cozeter group of
rank 3.

Proof. (1) See Lemmas 4.2(3), 5.6 and 6.9.

(2) It is obvious when W is a finite Coxeter group. We can get this inequality by
[11, 3.1] when W is an affine Weyl group and by [12, 3.5] when W has complete
Coxeter graph. Now we only consider other cases.

If {(g) = 0, by Theorem 3.1, we get deg(7,T,) < N since y ¢ A. If l(¢q) = 1, by
Theorem 3.1, we get deg(7%,1,,) < N since qy ¢ A, so deg(13,T,) < N — L(q).

If I(q) > 2, then we must be in the three cases listed in Section 3. Thus we get
deg(TyT,) < N — L(q) by (1). |
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8. The lowest two-sided cell
Theorem 8.1. We fiz an element wy € M.

(1) The two-sided cell ¢y containing wy is the lowest two-sided cell of W .
(2) We have A = {w € Wla(w) = N} C ¢.

Proof. (1) For w € W, we may assume w =y - z for some z € W; and y € W
with R(y) € S\ J. It is clear that y - w; < w. We have
R

Ty, = Tw(,< 3 fyfl,yszz)Tw‘, =T, T, + Tw‘,< 3 fyfl,y,sz)TwJ.

zeW zeW\{e}

Since deg fu,w,w, = L(wy), we get deg fu -1 yw,w, = L(wy). S0 Bu,y=1 yuw,w, 70
and yw; ~wy. Thus wy ~ywy <w. So wy < w for all we W. We see ¢ is the
R

LR

lowest two-sided cell of .

(2) First we prove A = {w € Wla(w) = N}. Forany z-u-y € A, z,y € W,
u € M, we have Buz-1 4y -1 7# 0 since deg fuz—1 zuyuy = V. Using Lemma 2.3(3),
we know a(zuy) = N, so A C {w € Wla(w) = N}. On the other hand, if
a(w) = a(w™') = N, take x,y € W such that degh, -1 = N. Then v, # 0.
By Lemma 2.3(1)(4), Byws = Boyw # 0. So deg f, 4.~ = N. By Theorem 3.1, we
get w e A.

Now we prove {w € Wla(w) = N} C ¢y. For w € W, a(w) = a(w™) = N,
there exists x,y € W such that deg f,,.,-1+ = N. So Bryw = Yayw 7 0 and
w e~ r~t. We take u € W such that I(yu) = I(y) + I(u) and R(yu) = J, thus
yu ~ wy. Since T,T,, = (1,1,)T, and N is a bound for (W,S,L), we have
deg fm,yu,w*lu = N. Thus Bw,yu,u*lw = Vayuu—lw 7é 0, x ’Z u_ly_l‘ So ™t ’;{ yu.
1

T,

wyy

We get W BT YU~ W So we have {w € Wla(w) = N} C ¢. ]

Proposition 8.2. Let w; € M.
(1) If x € By, y € Uy, then we have Cyy,,y = E,Cy, F),.
(2) Ifye Uy, x € U, then the set Ty, = Byw,yy is a left cell of W and the set
b, 5= wale is a right cell of W

Proof.  Use Propositions 7.1, 7.2, 7.3 and the methods in the proofs of [12, 3.6,
3.7]. [

Now we can give a precise description for the lowest two-sided cell and the left cells,
right cells in it.

Theorem 8.3.  Let ¢y be the lowest two-sided cell of W .
(1) We have cg = A ={w € Wla(w) = N}.
(2) The two-sided cell ¢y can be decomposed into left cells as

Co = H FJ,y )

wyeM,yeUy

and into right cells as Co = H D, ;.

’lUJEM,CCEU;l
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Proof. (1) Itisclearthat A= |J Byw,U;= | Uj_lele Ccp.

wyeEM wyjeM
We claim that for any x € W, y € A, if x CyorTy, then z € A. We only

prove the x <— y case. First, we assume y = z;w;zy for some w; € M, 2, € By,
L

29 €Uy, hgyy # 0 for some s € S. By Proposition 8.2(1), we have

Csczlezz = CSCZQWJFZQ = g hs,z1wJ,Z3wJCZ3wJFZQ
Z3€BJ
= E : P 21w, 25wy Cogu 2

23€By
We get © = z3w; 2z C A for some z3 € B and z, € Uy, the claim is proved.
For w € ¢q, we have w < w; and wy; € A, so w € A by the claim. On the other
hand, we have A = {w ELRW]@(UJ) = N} C ¢y by Theorem 8.1(2). The first part of
the theorem follows.
(2) We only prove the left cell decomposition of ¢y. It is clear that

o=

wyeM,yeUy

F],ya

and we need to show it is a disjoint union. If wy,wy; € M, y € Uy, y € Uy
such that I';, = I'y,, then there exists x € B; such that z - w; -y = wy - v'.
If x # e, we take s € L(z), then s € L(z-wy;-y) = L(wy -y) = J' and
swy -y =sr-wy-y € A, which contradicts with v € Uy . So we have x = e. Thus,
J=L(wy-y)=L(wy-y)=J, y=1y'. Therefore, it is a disjoint union. [

Proposition 8.4.  The number of left cells in cq is as follows:

%4 the number of left cells in cg
finite Coxeter group 1
affine Weyl group |Wo|
Mgr = 00, Mgy = Mypy = 2 2
Mer = Mg = 00, 0O > Myy > 2 00 0T 2Myy

Mgy = Mgt = My = OO

oo or3 ord

other cases 00

When W is an affine Weyl group, Wy denotes the finite Weyl group corresponding
to W. When the number of left cells in ¢y has various possibilities, it depends on
the weight function L.

Proof. It is clear when W is a finite Coxeter group. See [11, 3.7] when W is
an affine Weyl group. We assume co > my. > mg > m, > 2 and consider the
following 11 cases.

(1) mg =mg =my = 00. We have N = Max{L(r), L(s), L(t)}. We may assume
L(r) > L(s) > L(t). If L(r) = L(s) = L(t), then I'y;y ., I'(s},c and gy . are all the
3 left cells in co. If L(r) = L(s) > L(t), then 'y e, sy, Ty and Iygy, are all
the 4 left cells in ¢o. If L(r) > L(s) > L(t), then for different k € N, I'yy (5)» are
different left cells in ¢y .
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(2) mg = mg = 00, 00 > my > 2. We have N = Maz{L(w,.),L(s)}. If
L(w,) > L(s), then for different & € N, T'y, 3 (5 are different left cells in cy. If
L(wy) = L(s), then I'i g . and gy, w € Wiy \ {w,¢} are all the 2m,, left cells in
co. If L(s) > L(wy), then I'iy ., w € W,y are all the 2m,, left cells in .

(3) mg = oo, mg = my = 2. Now we have N = Max{L(st), L(rt)}. If
L(s) > L(r), then I's 3. and Iy, are all the 2 left cells in ¢o. If L(s) = L(r),
then 'tz and Iy are all the 2 left cells in ¢o. If L(r) > L(s), then I'y .
and I'g, 4y, are all the 2 left cells in ¢q.

(4) mg = 00, 00 > mg > 3, my = 2. We have N = Max{L(wg), L(rt)}. If
L(wy) > L(rt), then for different & € N, I'y, ;3 ()0 are different left cells in ¢o. If
L(rt) > L(wy), then for different k € N, I'y, ;3 ()¢ are different left cells in ¢q.

(5) mg = 00, 00 > mg, my > 3. We have N = Max{L(wg), L(w,)}. We may
assume N = L(wg), then for different k€N, I'(, ;3 -o)» are different left cells in co.
(6) 00 > mg. > mgy >4, mg > 5, my =2. Wehave N = Max{L(ws,), L(wg)} >
L(rt). If L(ws) > L(wg), then for different & € N, 'y, 1ors)s are different left
cells in co. If L(ws) > L(ws,), then for different k € N, 'y, 43 () are different left
cells in ¢q.

(7) 00 >mg >T, mg =3, my =2. Wehave N = L(ws,) > Max{L(ws), L(rt)}.
For different k& € N, I'(; 14 (srrs)+ are different left cells in c.

(8) 00 > mg > my > my > 4. If L(w,,) = N, then for different k € N, T'y, 1y 150y
are different left cells in ¢g. L(wg) = N and L(w,;) = N are similar.

(9) o0 > mg > my >4, my =3, L(w,) = N. For different k € N, T'y, 1y (50
are different left cells in ¢q.

(10) 00 > mg > my >4, my = 3, L(w,) = N. For different k& € N, Ty, 1y sy
are different left cells in ¢q.

(11) oo > mg >4, mg = myy = 3. Now we have N = L(ws,.) > L(wg) = L(w,).
For different k& € N, I'(; 1y s are different left cells in cq. ]

For n € Z, define w, : Z[v,v'] — Z, Zakvk — Qy,.

keZ
For z € W, define A(z) € N and n, € Z \ {0}, such that
Pe,z = n,v" 2@ 4 lower degree terms.
Let D ={ze Wla(z) = A(2)}.

Theorem 8.5.  We have the following propositions P1" — P15" and P. In
particular, Conjectures P1 — P15 and P hold for c.

P1" For z € ¢y, we have a(z) < A(z).

P2 Ford€DNcy, 2,y € o, if Yaya#0, then x =y~ *.

P3 For y € ¢y, there exists unique d € D Ncy such that vyy-—1,q 7 0.
Py Forz,Z e W,if z€c¢y or 2 €y, and 2 L§ z, then a(z') > a(z).
Py FordeDNcy, y€co, if Yy-14ya#0, thenRvya,y,d =ng=1.

P6'  For d € DNcy, we have d*> = e.
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P7 For z,y,z€ W, ifx € cy or z € co, then Yoy = Vy 2z -

P8 Forxz,yeW, z€cy, if Vuy.#0, then J}fzy_l, yr;z_l, Zle’_l.

PY  Forz, 2 eW,ifz€cy or 2 €cy, 2/ <z, and a(2') = a(z), then z’r;z.
L

P10 For z, 2 e W, if z€cy or 2 €y, 2 <z, and a(2') = a(z), then 2’ ~
P11 Forz, 2 e W, if z€cy or 2/ €cy, 2/ < z, and a(2') = a(z), then 2 o~z
LR

P12 Ify € coNWy for some I C S, then a(y) computed in terms of Wy is equal
to a(y) computed in terms of W'

P13"  For any left cell T in co, we have [’ ND| =1. Assume ' N'D = {d}, then
Vo124 70 forall z €T.
1

P14"  For any z € ¢y, we have z ~ z27.

P15 For xz,2' € W, y,w € ¢y, we have the equality
D Py @ Py = 30 My @ By ary in Z[v, v %Z[UW?I]'

Yy’ Eco Yy’ Eco

P’ For z,y,2/ € W, 2z € co, if Vay.1 #0, 2 oz then there exists x' € ¢,
such that Taey(ha y ) # 0.

Proof. By above consequences and the methods in the proof of [11, 4.1], one can
prove P1" — P15". So we only give the proof of P

Since v;,.-1 # 0, 2 € ¢y, by P8, we have y ~ oz Since 2’ oz oz € ¢,
we get 2/ ~ 2 by P9. So y,z, 2 are in the same left cell in ¢y. By Theorem
8.3(2), we assume y = awyb, z = d'wyb, 2/ = a"w b for some w; € M, b € Uy,
a,a’,a"” € By. Then we have deg(T,T.-1) = deg(Thuw,6Lp-11,a7-1) = N . Thus there
exists ' € W, such that deg f, .1 -1 = N. By Lemma 2.3(3) and Theorem 8.3(1),
we get 2’ € ¢g. We have deg fyr, . = deg f -1,-1 = N, so deghy,, » = N, that
iS, Wa(z)(hx/,%z/) 7& 0. |
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