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1. Introduction

One goal of the orbit method is to establish a correspondence between coadjoint
orbits and irreducible unitary representations of Lie groups. One can benefit a lot
from such a correspondence, for example, finding out irreducible unitary represen-
tations through coadjoint orbits; or predicting the decomposition of 7|y by looking
at the decomposition of p(O,) as H-orbit, where 7 is a unitary representation of
the Lie group G and is attached to the coadjoint orbit O,, H is a closed subgroup
of G, and p is the moment map from O, to h* with h* the dual of the Lie algebra
of H; etc. (see Kirillov [12], Introduction).

The orbit method is brought up by Kirillov, who attached an irreducible unitary
representation to a coadjoint orbit for nilpotent groups in a perfect way. Later,
Kostant (see Auslander-Kostant [3]) established the theory of quantization and built
up the orbit method for solvable groups. Duflo [6] constructed all irreducible unitary
representations of almost algebraic groups from certain coadjoint orbits, assuming
one knew unitary dual of reductive groups. It suggested that to build up the orbit
method for general Lie groups, one should concentrate on reductive groups. The
quantization problem of coadjoint orbits of reductive groups can be reduced to
quantizing nilpotent coadjoint orbits. It has not been solved completely, but there
are some wonderful results (see Vogan [31], Chapter 10).

Through the orbit method, it’s possible to describe the branching laws in a geo-
metric way. Heckman [11] and Guillemin-Sternberg [10] described it for compact
groups, and Fujiwara [9] solved for exponential solvable groups. Later, Kobayashi
[14],[15],][16],[17] obtained geometric conditions for "admissibility” of the restriction
of irreducible representations of reductive groups to their reductive subgroups. In
spite by these results, Duflo (see Duflo-Vargas [8]) formulated a conjecture for the
branching problem of discrete series of almost algebraic group (see also Liu [21]).
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Let G be an (almost) algebraic group, let H be a closed algebraic subgroup of G.
Let g (resp. h) be the Lie algebra of G (resp. of H). Let g* (resp. h*) be the dual
of g (resp. of ). Let 7 be a discrete series representation of G. By Duflo [7], 7 is
attached to a strongly regular G-coadjoint orbit O,. Consider the restriction of m
to H, denoted by 7|y, Duflo’s conjecture says that
(i) m|g is H-admissible if and only if the moment map p : O, — b* is weakly
proper.

(ii) If 7|y is H-admissible, then each irreducible H -representation o which ap-
pears in 7|y is attached to a strongly regular H-coadjoint orbit 2 which is
contained in p(Ox).

(iii) If |y is H-admissible, then the multiplicity of each such o can be expressed
geometrically in terms of the reduced space of €2 with respect to the moment
map p.
Let us explain in detail. The notion “almost algebraic group” is explained in [7].
An element f € g* is called strongly regular if f is regular (i.e. the coadjoint orbit
containing f is of maximal dimension) and its “reductive factor”

s(f) :={X € g(f) : adX is semisimple}

is of maximal dimension among the reductive factors of all the regular elements in
g*, where g(f) denotes the centralizer of f in g.

Let O be a G-coadjoint orbit in g*. Then O is equipped with the Kirillov-
Kostant-Souriau symplectic form w and becomes an H-Hamiltonian space. The
corresponding moment map is the natural projection p: O — h*.

In (i), the notion “ H-admissible” is due to Kobayashi(see [14]), which means that
7|y is discretely decomposable (i.e. |y is a direct sum of irreducible unitary
representations of H ) and all irreducible representations of H has only finite mul-
tiplicities in 7|y. The notion “weak properness” means that the preimage (for p)
of each compact subset which is contained in p(O,) N Y, is compact in O, , where
T, denotes the set of strongly regular elements in h*.

In (iii), the reduce space of Q is equal to p~1(Q)/H .

Duflo’s conjecture has been proved for some cases including that Liu [21] proved it
for the branching problem to the Iwasawa AN -subgroup of a semisimple Lie group,
Kobayashi-Orsted [20] proved it for branching problem of unitary representations
attached to minimal nilpotent coadjoint orbits in O(p, q), Kobayashi-Nasrin [18],[19]
proved it for branching problem to the symmetric pairs, Paradan [25],[26] proved it
for branching problem to the reductive subgroup of a real reductive group, Liu-Yu
[23] generalized Duflo’s conjecture to the restriction of tempered representations of
GL, (k) (for k=R or C) to its mirabolic subgroup and gave a geometric interpre-
tation of Kirillov’s conjecture, and Liu-Oshima-Yu [22] verified it for the restriction
of irreducible unitary representations of Spin(NV, 1) to its parabolic subgroups.

This article generalizes Duflo’s conjecture in the framework of Kirillov’s conjecture
in spirit by Liu-Yu [23]. We obtain a generalization for the irreducible unitary
representations of GL, (k) (for £ = R or C) which are attached to some coadjoint
orbits in section 5.

Let us say a few words about Kirillov’s conjecture. The conjecture says that the
restriction of any irreducible unitary representation of GL, (k) (for £k =R, C or @Q,)
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to the mirabolic subgroup is also irreducible. It was proved by Bernstein for p-adic
fields [5], Sahi [27] for tempered representations of GL,(R) or GL,(C), and Sahi-
Stein [29] for Speh representations of GL,(R), and Baruch [4] for the archimedean
fields.

Here are the main results of this article. Let k =R or C, let G = GL,(k), and let
P = P,(k) be the mirabolic subgroup of G, consisting of the elements whose last
row is (0,---,0,1). Let p denote the Lie algebra of P and p* denote the dual of p.
Assume that 7 is an irreducible unitary representation of G' and 7 is attached to
the G-coadjoint orbit O, in section 5. It turns out that the image of the moment
map p : O, — p* contains finite P-coadjoint orbits, and there is a unique dense
P-coadjoint orbit in p(O,), denoted by 2. The moment map p is proper over §).
Moreover, m|p is attached to € in the sense of Duflo. It explores more about the
geometry of Kirillov’s conjecture.

The article is organized as follows. In Section 2, we present the classification of the
P, (k)-coadjoint orbits and its proof, which comes from Liu-Yu [23]. In Section 3, we
compute the moment map and obtain similar results as Liu-Yu [23] on the geometric
side. In Section 4, we summarize some results of Kirillov’s conjecture, from which we
obtain the restrictions of all irreducible unitary representations of GL, (k) to P, (k).
In Section 5, firstly, we summarize the orbit method for reductive groups, and obtain
the correspondence between coadjoint orbits and irreducible unitary representations
of GL, (k). Secondly, we show how to construct irreducible unitary representations
from coadjoint orbits of P, (k) in the sense of Duflo. In Section 6, our generalization
is presented and proved by comparing the results of the moment maps and the
restrictions of irreducible unitary representations of GL, (k) to P, (k).

2. P,(k)-coadjoint orbit

This section is mainly adapted from Liu-Yu [23], section 3, which will be used in the
rest of the article.

2.1. Coadjoint action, the dual map and the moment map

Let k be the field R or C, and let n € Z, . Set G, (k) = GL, (k) and

Py = {( 4 )A€ GL (k)0 ek}

be the mirabolic subgroup of G,,(k). g,(k) denotes the Lie algebra of G, (k) and

pu(k) = {( ‘61 . ) Acgl_(k),ae k”‘l}

denotes the Lie algebra of P, (k). g.(k)* and p,(k)* denote the dual spaces of g, (k)
and p,(k), respectively. G, (k) acts on g,(k)* through

(9-N)E=[flg™"-€).Vg € Gu(k),Vf € gn(k)",VE € gn(k).

This is called the coadjoint action, and a G, (k)-orbit in g, (k)* is called a coadjoint
orbit. Similarly, one can define the coadjoint action of P,(k) on p,(k)* and the
corresponding coadjoint orbit.
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By taking the trace, we can define a G,,(k)-invariant nondegenerate bilinear form

on g,(k) X gu(k),
(X,Y) = tr(XY), XY € g, (k).

We have a G, (k)-module isomorphism
pr:gn(k) = gu (), X = (Y = tr(XY),VY € g,(k)), VX € g,(k).

Let pr': gn(k) = pu(k)*, X = (Y = tr(XY),VY € p,(k)),VX € g,(k), then

ker pr’ = {(8 ?) :Osz”_l,tGk}.

Let pu(k) = { ( 4 )A€ gua(k),af € K"t} then g, (k) = kerpr' @ pu(k), and

pr’[5, (k) is an isomorphism. We use pr,, (resp. prj,) to denote pr (resp. pr’) if there
is ambiguity.

2.2. Classification of P,(k)-coadjoint orbit
A 0
Let Lo(k) = {( - ) | Ae Gn_l(k;)}

and k) = {( oo ) laer}

Let [,(k) and n,(k) denote the Lie algebra of L, (k) and N, (k), respectively.
Then L, (k) is the Levi subgroup of P,(k), N,(k) is the unipotent radical of P,(k),
and P,(k) = L,(k) x N,(k). We have following key theorem.

Theorem 2.1.  Every element of p,,(k)* is P,(k)-conjugated to an element of the

form a = pr'(§), where & = ( A 7 ), where A € g,,—;(k), and
j

J; = o € g;(k).
1 0
The stabilizer Stabp, )(a) is isomorphic to Stabg, k) (A) X Ny_ji1(k).
Proof.  See Liu-Yu, [23], 3.2. n

Definition 2.2.  In Theorem 2.1, define the depth of pr'(£) in p,(k)* as j.

Corollary 2.3.  The elements with depth n form a unique dense open P, (k)-orbit
in p,(k)* and they are all strongly reqular elements in p,(k)*.

Proof.  Applying Theorem 2.1, we have o € p,(k)* has depth n if and only if
Stabp, (x)(«) has minimal dimension, if and only if Stabp, () = 1. So we get the
statement immediately. [ |
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Example 2.4.  Set ay

B= € gu(k),
Ap—1
by -+ b, 0
where a; # a; when 1 <4 # j <n—1; b; # 0, when 1 <7 <n —1, and where
f=pr'(B) € p,(k)*. Then f has depth n.

Proof. It is sufficient to check that Stabp,)(f) = {1}. See Liu-Yu [23], 3.2. =

3. Geometry of the moment map p: Oy — p*

3.1. Moment map in the GL,(C) case

Let n € Z,, let G = G,(C) and let P = P,(C) be the mirabolic subgroup of G. g
(resp. p) denotes the Lie algebra of G (resp. of P). Let g* (resp. p*) denote the
dual space of g (resp. of p). By the Lie theory, we have

n = Héin dim(Stabg(x)).
reg*

For any element f € g*, we call f a regular element in g*, or say that f is regular,
if dim(Stabg(f)) = n. And we call a G-coadjoint orbit Oy a regular orbit if f is
regular.

We will calculate the moment map p : Oy — p* for any f € g*. We find that the
results about an regular element f € g* is similar to the results about a semisimple
regular element, for example, p(Oy) contains the unique strongly regular orbit of
p* (see Liu-Yu [23]). Using the results about the regular elements, we can settle the
cases of the singular elements in g*.

Furthermore, using the results of the case of g,(C), one can settle the case of g,(R)
immediately.

3.1.1. Regular orbits

a

1 a
Write Js(a) = N € 9s(C), s€Z and s> 2,a € C,

1 a
and Ji(a) = aixi1,a € C. Set Jy; = J4(0), Vs € Z,. Let a; € C, s; € Z,
V1 <i <m, such that a; # a; when 1 <i# j <m, and Z?ilsi:n. Set
6: diag(Jsl(al)a o 7Jsm(am)) € 9,

and set f = pr(§) € g*. It is clear that every regular G-coadjoint orbit in g* is of
the form Oy. Firstly, we describe all P-orbits in O;. For any s € Z, , let

T

T2 I

[% ::Stabcng(J;):: . .. . ‘ﬂﬁ S (271 E;i stald #20 )

:US PP $2 xl
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Set L = Stabg(f) = {diag(Xs,, - , Xs,) | Xs, € Ls,, 1 < i < m}.
We have Of = G/L and P\ O = P\ G/L. Define the right action of G on C" by
v-g= (3:17"' 7$n)A7

where v = (z1, -+ ,2,)' € C" and g = A € G,(C). Set vy = (0,---,0,1)", we get
Stabg(vg) = P, and C* — {0} = P\ G. To find the representatives of P\ Oy, we
need to find the representatives of (C* — {0})/L.

Proposition 3.1.  Set Io ={1,2,--- ,n}, Ko ={1,--- ,m} and s =0. For any
0#KCKyand r, € {1,2,--- ,sx} for k € K, define

k—1
[:{Zsj+rk] keK}gIo
=0

attached to K and {ry,k € K}. Define vy = (1, ,2,) by x; = 1 when i € I
and x; =0 when i ¢ I. Let I, be the set of all I’s constructed as above.
Then {v;| I € 1,} form all different representatives of (C™ — {0})/L.

Proof. The L-orbit of v; is the set

{1, y) |y €C1<i<myy #0ifi € Ly, =0ifi ¢ J,

k—1 k—1
J = U{Zsj +1,--- ,Zsj—i—rk}}.
keK j=0 7=0
It follows that {v;| I € I,} are all different representatives of (C* —{0})/L. [

Let g; € G be the element corresponding to the representative v; under the
isomorphism C" — {0} = P\ G, then

G= || PgL.

Iel,

So there are #1, = [[,<;c,,(si +1) =1 P-orbitsin O, {P-(g9r- f) [ I € L.}

Set S = {s1,$1 + S2,---,n}, then PggL is the unique dense open subset of G
among {Pg;L,I € I,}, since vg - L is the unique dense L-orbit in C" — {0}. As a
consequence, P - (gs - f) is the unique dense open P-orbit in Oy.

By definition, we can choose {g;| I € I,} as follows.
When n € I, g; = <I"’§1 (1)>, B = (z1, -+ ,Tp_1) is defined by z; = 1 when
iel—{n} and 2; =0 when i ¢ I — {n}.
T
When n ¢ I,let k=max{i:ie€l}, gr = ik |, B=(x1, ,Tk_1)
3 1
is defined by z; = 1 when ¢ € I — {k} and z; =0 when ¢ ¢ I — {k}.
We go to calculate the image of each P-orbit of g; - f under the moment map

p: Oy — p* and find that p(Oy) contains the unique dense open P-orbit in p*,
more precisely, p(gs - f) is a strongly regular element in p*.
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Lemma 3.2.  We have Stabp(gs - f) = 1, so the dimension of P-orbit of gs - f
equals dimP =n? —n.

Proof. It is obvious that Stabp(gs - f) = P N gsStaba(f)gg’

and PN gsStabe(f)gs' = PNgsLgs' = gs(gs' Pgs N L)gg'.

Since g§1P95 is the stabilizer of vy - g5 = vg, we have gEIPgS N L = Staby(vg).
By direct calculation, Staby(vs) =1, so Stabp(gs - f) = 1. n
For convenience, let [Uy,--- ,Ug] denote an n x n matrix with & blocks, where the

i-th block is an n x n; (1 < n; < n) submatrix U; for 1 <i < k, and Zle n; =n.

Lemma 3.3.  If x € p* is not strongly reqular, then for any element z € p'~*(z),
the P-orbit of z has dimension < n®>—n. Herep' : g* — p* is the natural projection.

Proof. Take any element x = pr’([:X , ngﬂ) € p* which is not strongly regular,
by the definition, p"~!(z) = {pr([X,Y]),Y € C"}. Fix an element z € p'~(z),
z =pr([X,Y]) for some Y = (y1,--- ,yn)" € C".

Since the P-orbit of z has dimension
dimP — dim(Stabp(2)) = n? — n — dim(Stabp(z)),
we only need to prove dim(Stabp(z)) > 1.
Since {pr([0,Y]),Y € C"} is a P-stable subspace, Stabp(z) C Stabp(z).
Using the result of the classification of P-coadjoint orbits in p*, we know that x is

P-conjugated to an element of the form a = pr’ ( A ) , where A € g,,_«(C),

Jk
Stabp(a) = Stabgn_k(c) (A) X Nn—k+1 (C)

with dimension > 2(n — k) and k < n — 1 as x is not strongly regular. It doesn’t
matter to replace x by the elements in its P-orbit and we assume that * = «. By
direct calculation, we get

Stabp(a) = {( ¢ | ) C€Guw(©), cact =abu {( T ) ‘

N =[Ny, ,NJ, N e C"*,1 gz‘gk,Ni:A"-lNl,zgzgk}.

Let t = ( ¢ C}iv ) € Stabp(x), then ¢ € Stabp(z) if and only if
(7SO )70 Z)=(" 5 ) v,
So Y1 Yn—k+1 Y1
t € Stabp(z) & —CA*N, + C : +CN : = :
Yn—k Yn Yn—k

Since 1 € Stabp(z), we obtain a nonempty subvariety Stabp(z) of Stabp(x) given
by n — k algebraic equations.
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Therefore dim(Stabp(z)) > dim(Stabp(z)) — (n — k).
Since dim(Stabp(z)) > 2(n — k) and n — k > 1, we get dim(Stabp(z)) > 1. [

Proposition 3.4.  p(gs - f) is a strongly reqular element in p*.

Proof. By Lemma 3.2, the P-orbit of gs - f has dimension n? — n. Applying
Lemma 3.3, we see that p(gg - f) is strongly regular. [

For convenience, let A(Iy,I5) denote the submatrix of the matrix A with rows
indexed by I; and columns indexed by I, and let a(/;) denote the subvector of the
vector ¢ with index 1.

With the result above, we can calculate the P-orbit of p(g; - f) for any I € I,. We
find out that {p(g; - f) | I € 1.} represent all different P-orbits in p(Oyf). More
precisely, we have the following result.

Proposition 3.5.  For any ) # K C Ky and r, € {1,2,--- s} for k € K,
define I = {Zf;é s;+ryl k € K} and g; as above. Then p(gr - f) has depth
d="> ek k- Moreover, if we set

P Tk, k?EK,
T lo0, keK,-K,

then p(gr - f) is P-conjugated to pr'(n), where

n= diag(Jsl—tl (a'l)7 ) Jsm—tm(am)7 Jd)

Proof.  Firstly, we change p(gr-f) = pr/(g:-§) to a good form by a series of explicit
P-conjugations, then we use the result of Proposition 3.4 to get the statement. Set

Ar=gr-¢.
In the case of n € I, by direct calculation, we have

Ar = diag( (a0 ey )+ (200,

o
where a = (aq, -+, @), o = (Qg1, -+, s, ) is defined by
((0,---.,0), kd K —{n),
( ) ¢ {n}
Sk
(ar — am,0,---,0), ke K—{n},r,=1
Qg = h\/1—’
Sk—
0,---,0,1,ap — ap,0,---,0), k€ K —{n},r, > 1.
H,2_/ ——
\ TR— SE—Tk

We claim that pr'(Aj) is P-conjugated to pr'({), where
Jtl (al)
Jsl—tl (al)

Jt'm (am)
JSmftm (am)
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It is sufficient to prove that pr'(A;) is P-conjugated to pr'((;) for 0 < k < m,
where

Jt1 (al)
JS1*t1 (al)

— th(ak) O(nfl)xn
G = Jop—ti (ak) - el ’

J3k+1 (ak’-i-l)

‘Jsm(am)

since (,, = (. We prove it by induction on k. When k = 0, it is trivially true.
Assume that k£ > 1 and it is true for k& — 1.

If £k ¢ K,orif k € K and r, = s, then (, = (41 and so it is true for k.
Assume that k& € K,rp < s, we go to prove that it is true for k. Since we assume
that pr'(A;) is P-conjugated to pr'((x_1), it is sufficient to prove that pr'((x_1) is
P-conjugated to pr'((y).

Step 1. We have B 0 0 0 0
0 C; 0 0 0

Go1=] 0 D C, 0 0 [,
0O 0 0 By O

vi w1 0 vy am

where Bl = dia’g(l]tl (al)y Jsl—t1 (a1)7 Ty ‘]tk—l (ak—1)7 Jsk_l—tk_l (ak‘—l));
By = diag<JSk+1 (a’k+1>7 T Jsmfl (amfl)v Jsmfl(am))v

Cl == ‘]T’k(ak)702 == Jsk—rk(ak)avl - (aly T ,Oék_l),wl == (ak‘,la e 7ak,Tk)7
(ak—i-l’ e 7am—1)7 Sm = ]-7
Vo = (ak—‘rh'" ,Oém_l,(),"' a071)7 Sm>]-7
2
Sm—

D is the (s —ry) X r;, matrix with 1 in the position (1,7;) and zero elsewhere. Let

Itoss, O 0 0 0
0 I, O 0 0
P = 0 Ny Iy, 0 A
0 0 0 Iy totsm1 O
0 0 0 0 1
with N1 = [0(s,—rp)x(re—1); 1], No = —n4 and
1 1 —1)skretl
nlz( ,— e, ( ) )tecskfrk.
g — . (ag — ap)? (g — @)% T*
By direct calculation we obtain
By 0 0 0 0
0 C; 0 0 0
Plck,lpfl = Ngvl 0 02 NQUQ amNQ — CQNQ
0 0 0 By 0

V1 wp O V9 A
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Step 2. Let Ioyogs, O 0 0 0
0 I, 0 0 0
Py = My 0 Iy_p M, 0 |,
0 0 0 Iy, ttsn1 O
0 0 0 0 1

My isan (sg—rg) X (814 -+Sg_1) matrix, and My isan (sp—rg) X (Skp1+- - +Sm—1)

matrix, then
Py(PiG PPy =

B 0 0 0 0
0 Ci 0 0 0
Novi + (MlBl - Cle) 0 Cy Novy+ (MQBQ — CQMQ) amNg — Co Ny
0 0 0 By 0
U1 wp 0 V2 A,

By solving the linear equations, one see that there exist M; and My, such that
NQUl + (MlBl — Cng) = 07 and NQ’UQ + (MQBQ — CQMQ) =0.

Actually, we can write B; = D'+ N’ and Cy = D" + N” as Jordan decomposition,
where D', D" are semisimple matrices and N’, N” are nilpotent matrices. It is easy
to see that the linear map M; — M; N’ — N”M; is nilpotent, that the linear map
M, — MDD’ — D"M; is semisimple, and that they commute with each other.

Moreover, the linear map M; — M;D’" — D"”M; is nondegenerate since B; and
C5 have no common eigenvalues. Therefore, we can easily see that the equation
Novy + (M By — CoM;) = 0 has a (unique) solution M. Similarly we can get Ms.
Using such P, defined as above, we have pr'(Py(Pi( 1P/ )Py ") = pr'(¢). By
induction, one can finish the proof of the claim.

Let ¢’ be the submatrix of ¢ with the rows and columns indexed by
h—1 h—1
U{ZSJ' +1, ,ZSj+Th}.
heK j=0 5=0

Applying Proposition 3.4, we see that pr/,(¢’) is P;(C)-conjugated to prl(.J;), where
prl, : 94(C) — pa(C)*. So pr'(¢) is P-conjugated to the element pr'(n) in the
statement, and so is p(g; - &) .

In the case of n ¢ I, m € K, one can prove the statement similarly. We have

B 0 0
A[ = C B2 V1 y

vo 0 apm

where By = diag(Jg, (a1), -+, Js,, 1 (@m-1), Jr,—1(am)), Be = Js,, —r, (am),
O < —vp(L, oo n— (S — 1) — 1) )’

O(sym—rm) X (n—(8m—Tm)—1)

(Oé(lf"7n_3m)507"'7071)7 rm22
U1:<1707"'70)tav2— Ty —2
Sm—Tm—1 (Oé(]_, 7n Sm)7 Tm - ]-
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We can use the method of step 2 to show that p(A;) is P-conjugated to pr({’),

where
B 0 0

C/: 0 B2 V1
vo 0 ap

Then the submatrix of ¢’ with rows and columns indexed by
{1 n) = {n— (s =)o 0= 1)

. ( Bi 0 )
1S )
V2  Qm

which is of the form in the case of n € I. Applying the result of the case of n € I,
we can get the statement in the case of n ¢ I,m € K.

In the case of n ¢ I, m ¢ K, assume that mg = max{k € K}. By direct calcula-
tion we derive that the submatrix of A; with rows and columns indexed by the set
{1,2,--- ,s1+ -+ Smy — 1} U {n} is of the same form as in the above two cases.
Applying the results of the above two cases, we can get the statement in the case of
né¢ I, m¢ K. This completes the proof of the statement. [

3.1.2. General orbits
We go to calculate the moment map p : Oy — p* for any f € g*. Write

Ji(a) = diag(Ji(a), - , Ji(a)),

lb?orcks
forany a € C, k,l € Zy. Let m € Zy, m <n. Let a1, ---, a, € C, a; # q;
when 1 <i# j <m. Set J,lwi = J'(a;) for 1<i<m, k,l€Z,. Let
. l l lir Im Lo lnrm
5 = dla’g(‘]kllll,al’ Jk'1122,a17 T klrll ,a1’ e ’Jk'»mll,am7 km227am7 T 7Jk’mrmyam)’

where r; € Z+71 Sj <m; and lji7kji S Z+’ V1 Sj < m,l <1< T3 kjil < kin
when 1 <j7<m, 1< <iy <rj;and
Z k:]lﬂ:n
1<j<m,1<i<r;

So & has m different eigenvalues, denoted by a;,1 < j < m, and has r; different
kinds of Jordan blocks for the eigenvalue a;, with size kj; and [;; pieces of such size
for 1 <i <nwj.

Set f = pr(§). It is clear that every orbit in g* is of the form O;. Now we fix a ¢

and set I Lo Lir
& = diag(J L Tl L), (1)

J
and n; =17, kj - 1j, for 1 < j < m. For convenience, set ng =0, kjo = 0,10 =0
for 1 < j <m. Let Myys(C) be the set of all s x s matrices over C. Write

T
K(o,oe)=| 0 0 4 E€C1<i<s,
l’s “ e e :1’/‘2 xl

then {X € Ms(C) | XJg = J, X} ={K (21, ,25) | z; € C,1 < i < s}, and we
have the following Proposition.
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Proposition 3.6. Forany a € C, kil e€Z,,
Lyy = Stabar, o) (Ji(a)) =

Kz, ,zuk) - K(rug, - Tuk) ziin € C, VI <45 <1,
Kxpna, - ong) - Klzga, - zur) det(zj1)1<ij<t # 0

Proof. By direct calculation, we see that the determinate of the element on the
right-hand side equals (det(z;;1)1<i;<;)" and get the statement immediately. [ |

For any ki, ko € Zy such that k; < ko, and xq,--- , x5, € C, define Hy(zq,-- -, xg,)
as the k; x ko matrix

[K("Eh T 7Ik‘1>7 Ok’1><(k‘2—k’1)]7

and define Hy(zq,--- ,xy,) as the kg X k; matrix

O(kz—k‘l)xkl
K(xy, - on) )
Proposition 3.7. Forany a € C, ki, ko, l1,ls € Z,, ky < ks,

My, = X € Myt (C) | X(J2(a) = (1 (a)) X}

{ Hl($11,17”' 7x11,k1) H1($112,17"' 7x1l2,k1)

Hl(mhl,l?"' 7ml11,k‘1) Hl(mhlg,ly'” 7xlll2,k1)

.TZhEC,VlSZSll,lgjSlg,lghgkl s
‘77

N2 = {X € Miyiyxins (C) | X(J}(a)) = (J2(a)) X}

{ Ho(ziia, - s ®1ie) - Ho(xua, - %y k)

H2($121’1,"' 737121,]61) HQ(xl2l1,17"' 7xlgll,k1)

xzh€C7V1§Z§1271§jSlbléhgkl .
J7

Proof. This is easy to check out. u
For convenience, we fix j and set r = r;, k, = kjy,l, = ljy, for 1 <u < rj, in the
Proposition 3.8 and its proof.

Proposition 3.8.  The stabilizer is

X1 X2 -+ Xyp quELku,lua V1 <u< T,
Xot Xoo - X
.21 .22 . .2T XstGM;l:S:l;ét, Vi<s<t<r,

L; = StabGLnj © (&) = : : . :
: : . : ls,lt
Xrl Xr2 . er XStENkS7kt’ V1 S t < S "
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Proof. It is clear that

X1 X2 - Xy
Xo1 Xoo -0 Xop Xy € M,l:’l,;, Vi<s<t<r,
Stabg,, () (&) € . : o
: : IR Xat € Ny, Vi<t <s<r
Xrl X'r2 e er

so we only need to prove the element on the right-hand side is invertible if and only
if X, is invertible for all 1 < u < r. It follows from the fact that the determinant
of the element on the right hand side is equal to [], cusr 460 Xy [ ]

It is clear that
Stabg(f) = Stabg(§) = {diag(Xy, -+, Xn) | Xi € Li, 1 <i <m}.
We have Oy = G/L and P\ O = P\ G/L. Define the right action of G on C" by
veg= (21, Tn)A,

where v = (z1, -+ ,2,)" € C" and g = A € G,,(C). Set vy = (0,---,0,1)", we get
Stabg(vg) = P, and C" — {0} = P\ G.

To calculate P\ G/L, we need to calculate (C™ — {0})/L. Actually, we only
need to calculate (C" — {0})/L;. Once we obtain all the different representatives

of (C% — {0})/L;, denoted by V;, we can get all the different representatives of
(C* —{0})/L as follows,

{v="(v1,- o) #0 | v; € C" v; € V;orv; =0,1 <i<m}.

We fix j and adopt the same notation as Proposition 3.8. We have following
proposition about (C" — {0})/L;, see Baruch [4], Chapter 5.

Proposition 3.9.  Write Ry = {1,--- ,r}. Forany 0 # RC Ry and 1 < x; < k;
for i € R, such that

(1) x; <y for any i,i' € R such that i <7,

(2) ki —xi <ky—xy for any i, € R such that i <1,

we define the set I = {Zk‘l +ki(li = 1)+, i € R} C {L,2,---,n;}, and

= (W1 Y2, " s Yny) 5 yz—l when i € I and y; =0 when i ¢ I. Let I, be the set

of all I'’s constructed as above. Then {vr | I € 1,} represent all different L;-orbits
in C" — {0}.

Remark 3.10. Let R = {r} and z, = k,, define I° = {n;}, and the correspond-
ing vro. From the structure of L;, we can see that the L;-orbit of v is the unique
dense open orbit in C" — {0}.

Remark 3.11.  If we just assume [kj; # k;i for any 1 < ## ¢’ <r;] rather than
[kj; < kjy for any 1 < i < ¢ < rj], the conditions (1) and (2) in Proposition 3.9
should be replaced by (1)’ x; < x; for any i,7’ € R such that kj; < k;», and (2)’
k; —x; < ky — xy for any i,’él € R such that kji < kji/.
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With the result above, we can get the representatives of (C" —{0})/L immediately.

Proposition 3.12. Set My = {1,2,--- ,m} and Rjp ={1,2,--- ,r;}, 1 <j<m.
For any 0 # M C My, and O # R; C Rjy for each j € M, cmd 1 <z < kj for
1€ R;, j €M satisfying the following two conditions,

(1) zji, < xji, for any iq,i2 € R such that i; < is,

(2) kji, — xﬂl < kji, — xm for any 11,12 € R; such that i, < ig,

set I = U{va—l—Zk‘]ul]u—i—kﬂ i— 1) +x;,i€e R} C{1,2,--- ,n},
JEM v=0
and vr = (Y1,Y2, " ,yn),yZ =1 when i € I and y; = 0 when i ¢ I. Let I, be

the set of all such I1’s. Then {v; | I € I,} form all different representatives of

(C"—{op/L.

Proof. This follows from the Proposition 3.9. [ ]

Remark 3.13.  Set M = My, R; = {r;} and zj,, = kj,, for 1 < j <m. Let I°
be the set corresponding to such M, R; and ., ie. I° = {ny,ni +ng,--- ,n}.
Then vyo is the unique dense open L-orbit in C* — {0}.

We can define g; in the same way as the contents about regular orbits, see the
content above the Lemma 3.2, and such g; - f’s form all different representatives of
P\ Oy and the orbit of gjo - f is the unique dense open orbit among them.

We go to calculate the moment map p : Oy — p*. Let’s fix some I corresponding
to the given M, R;j(j € M) and 1 < zj; < k;i(1 € Rj,j € M). For any j, let
q; = #R;, and R; = {cj1, -+ ,¢jq,} With ¢j1 < ¢jp < --- < ¢j,. For j € M, set
Ejp = xjcjp,kjp = kjcjp fOI' 1 S P S Qja fjg = 0, and dj = quj.

Proposition 3.14.  Given I as above, then p(g; - f) has depth d = ZJEM dj,
and is P-conjugated to the element pr'(n), where

n= diag(Ah e 7Am7 Jd)7

where A; =& if j & M (& is defined by (1) after the definition of & and f); and
A; = diag(Aji, Ajo, -+, Ajr)), if § € M, where Aj;’s are defined as follows:
T e if i ¢ Rj,
Aji = dlag(Jk a0 Jt a]) with t = Ejh — Tjp + Tj(h-1),
if i =c;n € Ry for 1 < h <g.

Proof. As in the proof of Proposition 3.5, by block calculation, we can assume
lj; =1, V1l <i<rjand R; = {1,---,r;} for all 1 < j < m at the beginning.
Hence, d; = T for 1 < j < m. For convenience, set A; = g7 - £.

In the caseof n€ I, we have r,, = 1 since {z;, i € R,,,} satisfies condition (1) and (2).
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We claim that pr/(A;) is P-conjugated pr'((;) for 0 < j < m — 1, where

Aq
Jd1,a1
— Aj O(n—l)Xn
C] - !]d]-’aj + ( O[J 5
§i+1
Em
and aj:(ﬂij...75;,’5].“’...75”1).
When 1 <i<m—1, 8 and f; are defined as follows:
(07 ,0,1,@1‘ _am>7 dz > 17
2
! = i d B:=(Bi, - ,B.) for 1< h<r
67, (()’__,707(11,_6%71)7 dZ:17 an /6 (517 7/8 l) or <~ <1y,
—1
(07 70717ai_am707“' 70)7 Tip > 1
w \_k —_—
- Tih ih=Tih d —(0.---.0).
Blh (ai - am707 e 70)7 Tin = 17 an Bm (u)
ih ™

It is trivially true that pr’(A;) is P-conjugated pr'(¢;) for j = 0. Assume that it
is true for j — 1, let’s prove that pr'((;_1) is P-conjugated pr'(¢;), so we get that
pr'(A;) is P-conjugated pr'((;).

Recall that n; = Zléz‘ﬁrj/ kj; for 1 < j' <m, ny = 0. For convenience, set r = r;,
ky =kj, for 1 <u <7, xp =x,, for 1 <h <r;, 2y =0. Set

j—1 j—1 i1 !
V={d ny+ 1) np 42,3 np+ Y k)
§’=0 3'=0 =0 u=t

and U = V U {n}. We claim that one can use P-conjugations, which only change
the elements in the positions (U,V) or in the n-th column, to change (;_; to B

such that .
B<U7 V) — ( dlag<J61 (aj)7 te .[37/"]67'(&.7)7 Jl'v(a])) ) ,
J

where e, =k, —xp +xp_1, 1< h<r.
Step 1. Let
In1+~--+nj_1

Iy,

Ey I,

Ey

B
[

E. 1 I,

Inj+1+---+nm
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where F; is the k; 11 X k; matrix, with —1 in the positions
(iv1, i)y (@igr — Loy — 1), -, (T — @ + 1,1)

(here we use ;11 > x;) and 0 in the other positions, for 1 < i < r — 1. Let
Bl = Pl_ICj—lply then

Jk’l,aj
Ei Jk27aj
El
puvy=| " P ,
0 0 s E;,1 Jk,«,aj
0 0 .. 0 Bir

where E! is k;y1 X k; matrix with —1 in the position (z;41 + 1,2;) and 0 in other
positions, for 1 <7 <r —1.

Step 2. Using the method of in Proposition 3.5, one can use P-conjugation, which
just change the elements in the positions (U, V') or in the n-th column, to change
B; to B, such that

Jkl,aj
Ei JkQ:U«j
0 E
BZ(Ua V) = s
0 0 E : E?’"—Z Jk?"—l7aj
0 0 0 0 Jxr,aj
0 0 0 B/ 0 Jiaa
0 0 0 0 B, 0

E! is the (k, — x,) X k,_; matrix with 1 in the position (1,z,_1) and 0 in other
positions.

Step 3. Let

In1+“‘+nj71
I, Fi

Py = F,._, )

Ikr_l FT—I
I,

T

Inj+1+"'+nm

F; is the k; x k; ;1 matrix with —1 in the positions
(i + 1w+ 1), -, (Kg, D1 + ki — 24)

(here we use kjy1 — ;41 > ki — x;), and 0 in other positions, for 1 <i <r.
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Let B3 = Py 'ByP,. Then B3(U,V) =

J:Jcl,aj
0 Jkl—zl,aj
0 0 Jua
EY 0 Jk?z—’m,aj

0
0 0 0 0 Jasa,
0 0o E/ 0 I/

“Jr

O Jkr—l_-rr—lyaj

0 0 0 0 0 0 . 0 0 Teva;
0 0 0 0 0 0 . 0 ([ —
0 0 0 0 0 0 -+ 0 0 B, 0

where E! is the (kjy1 — z;41) X x; matrix with 1 in the position (1,z;) and 0 in
other positions, for 1 <7 <7 —1. Now we can easily see B3 is P-conjugated to ;.
This finishes the proof of the claim.

Applying Proposition 3.5, by block calculation, we can easily show that pr'((,,_1)
is P-conjugated to pr’(n). This completes the proof of this case.

In the case of n ¢ I, using a similar method we can also get the statement.
This completes the proof of the statement. u

Theorem 3.15.  We have that p : Oy — p* sends different P-orbits of Oy to
different P -orbits of p*, the image p(Oy) contains a unique dense orbit P-(gro - f),
and p is proper over P - (gro - f). The reduce space of the unique open dense orbit
s a singleton.

Proof. The first statement and the last statement is from the Proposition 3.14.
Let’s check the properness.

In the case of m =1, set r =1ry, k; = ky;, [; =1y; for 1 <i <rq.

Because of Lemma 3.2 we have Stabp(gr - f) = Staby(vs.). For convenience, we
denote G,(C) by Gy for any k € Z,. We know that

r—1 T
L= (G x Gl x - G) x NO kili- Qisa + -+ + 1)+ Y (ki — 1)),
i=1 i=1
where N(a) means the unipotent group which is homeomorphic to C* as manifold.

We also have

r—1

StabL<U]o) & (Gll X Glg Xoee Gh—l) X N(Z k‘zlz . (2(lz+1 + -+ lr))
=1

+Xr:li2<’fi -)+0-1)- (TX_: kil + (k, — 1)1,)).
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Similarly, we have
r—1

Stabp(p(gre - ) = (Gi, X Gl X -+ Gr, 1) X NO kil - (2(liga + -+ + 1 — 1))

i=1
+§:F + (I — 1)*(k, — 1) §:kl+l-—1 ).
By direct calculation, we have that the quotient

Stabp(p(gre - f))/Stabp(gre - f)

is a single element. So the restriction of p on P - (g - f) is proper.
In the case of m > 1, one can get the statement immediately. ]

3.2. Moment map in the GL,(R) case

Now, we can calculate the moment map in the G,,(R) case and get the similar results
as the case of G,,(C).

Let n € Zy, let G = G,(R) and let P = P,(R) be the mirabolic subgroup of G. g
(resp. p) denotes the Lie algebra of G (resp. of P). Write

Js(a) = N € gs(R), s€Z and s> 2, a € R,
1 a

and Ji(a) = aijx1,a € R. Set J; = J4(0), Vs € Z, . Write

Ji(a) = diag(i]k(a), e ,Jk(a)l) VieZ,.

lbf(:cks
Write Je(a,b) = < bl Jla) ) Va,b e R, k€ Z,,
and Ji(a,b) = diag(Ji(a,b),--- , Je(a, b)),
lbfc:cks
Let u,v € N such that 2u +v < n. Let a1, -+ ,ay14,b1, - ,b, € R such that
Zop—1 = Ak + by, 2o = ax — by, for k=1,--- ju, and 29y = ayyy for 1 < k <w,

are 2u+v distinct complex number, [], ., bi # 0. Let £ = diag(&1, -+, §ury) With

. lj lj l]’"
f dlag(‘]kjll(ajvbj)7 ‘]k;(a%bj)? T 7‘]k (CL]7b )) 1< J <,
diag(J,ilel(aj), J,i;i(aj), I Jk]j:_ (aj)),u +1<j<u+v,

where r; € Z1,1 < j <u+wv, lj,kj € 24, V1 <53 <u+wv,1 <1 <7, and
kji1<kji2 for 1§j§u+v, 1§i1<i2§ri,and

Z Qkﬂl]l + Z kjilji =N

1<5<u,1<i<r; ut+1<j<u+v,1<i<r;
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Set f =pr(€). It is clear that every orbit in g* is of the form Oy.
Now, we fix a £. Set

ity 2kyi L, 1<) <u,
n; = v
’ il ki L, u+1<j<u+w,

and no=0. For convenience set kjo=0, l;o=0 for 1 < j <wu+v and L=Stabgs(f).
Then P\O; =P\ G/L=(R"—{0})/L.

By calculating the representatives of (R™ —{0})/L, one can get the representatives
of the P-orbits in Oy. We have the following results about (R™ — {0})/L.

Proposition 3.16.  Set Ko ={1,--- ,u+v}, Rjo={L,---,m},V1 <j<u-+w.
Let 0 # K C Ky, and ) # R; C Rjo for any j € K. Choose an integer 1 < x;; < kj;
for j € K,i € R;, such that

(1) xji, < xjy,, for any iy,is € R; such that iy < iy,

(2) kjy, — iy, < kji, — :vﬂz, for any iy,i2 € R; such that i, < is.

Set 1= || {Zm+22k]psz+kﬂ 25 — 1) +ajii € R} |

JEK,1<j<u [=0

|_| an+z plip + Kji(lji — 1) + 2501 € By},
jeKu+1<j<u+v [=0
and vy = (vy, -+ ,v,) with v; =1 when i € I and v; =0 when i ¢ I. Let I, be the
set of all I’s constructed above, then {v; | I € I,} form all different representatives

of (R"—{0})/L.
Proof. It can be proved similarly as Proposition 3.12. [ |

We can define g; in the same way as the contents about regular orbits, see the
content above the Lemma 3.2, and such g; - f’s form all different representatives of
P\ Oy and the orbit of gro - f, I° = {ny,n; +ng,--- ,n}, is the unique dense open
orbit among them.

We go to calculate the moment map p : Oy — p*. Let’s fix some I corresponding to
the given K, Rj(j € K) and 1 <uz;; <r;(i € R;,j € K). Forany 1 <j <u+wv,
let q; = #Rj, and Rj = {le,"' ,quj}, Cj1 < Cj2 < e K qu].. Set Ejh = Ct?jcjh,
Ejh = kjcjh7 Zjh = ljcjh for 1 S h S qj- Set dj = quj and Tj() =0.

Proposition 3.17.  We have that p(gr - f) has depth

d= > 2di+ ). dj

JEM,1<j<u jEMut1<j<utv

and is P-conjugated to the element pr'(n), where n = diag(Ay,---, Am, Jq), where
Aj=§& if j & M, and A; = diag(Aj1, Ajo, -+, Aj,), if j € M, where Aj;’s are
defined as follows, when i ¢ R;,

A Jli;i-i-(aﬁbj)? 1 SJ < u,
ji = y ‘
Joa),  u+1l<j<u+tov,
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when i = c;p, € R; for some 1 < h <gj,

A — diag(‘]li;i_1<aj7bj)aJt(ajvbj>>7 1 SJ < u,
’ diag(Jy" " (a), Ji(a)), ut1<j<u-tu,
here t = k‘ji — Tjp + Tj(h-1) -

Proof.  We regard p,(R) as the real form of p,(C). Use the result of G,,(C), we
get that p(g;-f) is P,(C)-conjugated to pr'(n). So p(g;-f) is also P,(R)-conjugated
to pr'(n). n

Theorem 3.18.  p: Oy — p* sends different P-orbits of Oy to different P -orbits
of p*, the image p(Oy) contains a unique dense orbit P-(gro- f), and the restriction
of p on P-(gro- f) is proper. The reduce space of the unique open dense orbit is a
singleton.

Proof. It follows from Proposition 3.17 and the similar result of the G,,(C) case
(see Theorem 3.15). |

4. Results of Kirillov’s conjecture
Let k be the field R or C, let P,(k) be the mirabolic subgroup of GL, (k). Kirillov’s

conjecture states that the irreducible unitary representations of GL, (k) remains ir-
reducible upon restriction to P,(k) and was proved by Sahi ([27]) for tempered
representations of GL,(R) or GL,(C), and Sahi-Stein ([29]) for Speh representa-
tions of GL,(R), and Baruch ([4]) in archimedean fields general. Later Aizenbud-
Gourevitch-Sahi ([2]) calculated the adduced representations of the Speh comple-
mentary series.

Sahi’s and Sahi-Stein’s proofs are based on Mackey’s theory of the unitary repre-
sentations of semi-direct products and Vogan’s result about the classification of the
irreducible unitary representations of GL,(k), and their key method is construct-
ing the intertwining operator by Fourier transform. Baruch proved by studying the
P, (k)-invariant distribution. Aizenbud-Gourevitch-Sahi’s used annihilator variety
and degenerate Whittaker models to get the adduced representations of the Speh
complementary series. Here we summarize some results of Kirillov’s conjecture.

Firstly, we show how to get the unitary dual of P,(k), denoted by P/n(?) The
following two facts are easy to see.
(i) P.(k) = GL,_1(k) x k"1,

(i) GL,_1(k) has two orbits in (k"71)*: {0} and (k"~1)*—{0}. Let £ (k" 1)*—{0}
be defined by &(x1,- -+ ,2n—1) = Tn—1. Then Stabqr,, ,x)(§) = Po-1(k).
Based on Mackey’s theory, we have the following:

Every irreducible unitary representation of P, (k) is obtained in one of the following
two ways:

(i) by trivially extending an irreducible unitary representation of GL,,_;(k),

(i) by extending an irreducible unitary representation of P, (k) to P, (k) x k"~
by the character ¢ and then unitarily inducing to P, (k).
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We use E and I to denote functors from the above constructions (i) and (ii)
respectively. Then,

Po(k) = BE(GLo1(k)) || I(Pas(k

Moreover, we have the following fact: each irreducible unitary representation 7 of
P, (k) is of the form 7 = I[""'Eo, where the integer j > 1 and o € GL,,_;(k) are
uniquely determined by 7.

Now we describe the unitary dual of GL,(k), which is finally obtained by Vogan
[30]. Let m and my be the representations of GL,, (k) and GL,,(k), m X 7o de-
notes the unitary parabolic induction from the representation m; ® 7y of the Levi
subgroup GL,, (k) x GL,,(k) to GL;,4n,(k). Then every irreducible unitary rep-
resentation of GL,(R) is a x-product of unitary characters, Stein representations,
Speh representations, and Speh complementary series representations. And every
irreducible unitary representation of GL,(C) is a x-product of unitary characters
and Stein representations.

For convenience, we give the descriptions of Speh representations, Stein represen-
tations, and Speh complementary series representations. They can be described as
the (subrepresentations of) degenerated principle series.

(i): Speh representations. Let @ be the subgroup of GLa,(R) defined as

Q= {( 81 v ) | A,D € GL.(R), B € Mm(R)}.

For any m € Z, , we define a character x,, : Q — C* as

<AB
0 D

) — | det(A)[™2sgn(det(A))™ | det(D)|~™/2.

The Speh representation of GLg,(R), denoted by §(n,m), is the unique nonzero
irreducible subrepresentation of Indg(xm)7 where the smooth vector in Indg (Xm) is

{f € C™(G) | flgg) = Ma)xm(@) f(9),Vq € Q,g € G},
here X is the modular character defined as
( A B

o p ) ldet( A2 der(D) 2,

Simply speaking, the Speh representation d(n,m) is the unique nonzero irreducible
subrepresentation of

(| det |m/2 . sgn(det)m+1)|GLn(R) x | det |_m/2|GLn(R).

(ii): Stein representation. For any s € (0,1/2), we can define the Stein represen-
tation of GLy,(R), denoted by o(n,s) (or o(n, s)|gL,, ) When there is ambiguity),
as the representation

’ det |S|GLn(]R) X | det |_S|GLTL(]R)'

The Stein representation of GL2,(C), denoted by o(n,s)(or o(n,s)|grL,.(c) When
there is ambiguity), can be defined the same as that of GLs,(R),

’ det ’8|GLn((C) X | det ‘_S|GLn(C)-
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(iii): Speh complementary series representation. For any m € Z, , and s € (0,1/2),
we can define the Speh complementary series representation of GLy,(R), denoted
by A(n,m,s), as the representation

| det [°0(n, m) x | det |~*d(n, m).

We now state some results on Kirillov’s conjecture. Firstly, S.Sahi [27] established
Kirillov’s conjecture of GL, (k) for the x-product of unitary characters and Stein
representations. Sahi [27] defined that

(i) a unitary representation of P,(k), denoted by 7, is homogeneous of depth j
if 7= I""'Eo for some unitary representation o of GL,_;(k),

(ii) a unitary representation of GL,(k), denoted by p, is adducible of depth j if
plp. k) is homogeneous of depth j, and if p|p,y = I?"'Eo, we shall write
o = Ap and call it the adduced representation of p.

Then Sahi obtained the following key fact based on Mackey’s theory and the partial
Fourier transform, and got the result in that paper.

Theorem 4.1 ([27], Theorem 2.1).  If p and o are adducible representation of
GL,.(k) and GLs(k) of depths | and m, then p X o is adducible of depth | + m.
Moreover, A(p x o) = (Ap) x (Ao).

We also have the following result.

Theorem 4.2 ([27], Lemma 3.1).  Let m be a unitary character of GL,(k), then
7 is adducible of depth 1 and Am = m|gL,_, k), where GL,_1(k) is imbedded on the
top left corner of GL, (k).

Later Sahi [28], Sahi-Stein [29] obtained the adduced representations of Stein rep-
resentations and Speh representations. The key method is constructing the inter-
twining operator by partial Fourier transform.

Theorem 4.3 ([28],2.4).  Let o(n+1,s) be the Stein representation of GLa,12(R),
s €(0,1/2), then Ao(n+1,s) = o(n,s).

Theorem 4.4 ([29], Theorem 3).  Let 6(n+1,m) be the m-th Speh representation
of GLoni2(R), m € Zy, then Ad(n+1,m) =d6(n,m).

After Baruch [4] proved Kirillov’s conjecture in archimedean fields, Aizenbud-Gou-
revitch-Sahi [2] calculated the adduced representations of the Speh complementary
series.

Theorem 4.5 (2], Theorem 4.2.4). Let A(n+1,m,s) be the Speh complementary

series representation of GLyy4(R), m € Zy and s € (0,1/2). Then
AA(n+1,m,s) = A(n,m,s).

Example 4.6. In the case of GL,(C), let a; € R;s; € Zy, 1 < i < m,

doimisi = n, let m = (det)|ar, () X --- x (det)™"|aL,, () be the irreducible
unitary representation of GL,(C), then

lp, = " E((det)'™ |ar,, y(c) X -+ % (det) ™ |ar,, 1 (©):
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5. Orbit method

The orbit method tries to establish a close connection existed between irreducible
unitary representations of a Lie group and its orbits in the coadjoint representation,
and to provide a clear geometric picture of irreducible unitary representations. In the
1950s , before the orbit method developed, Mackey and others had obtained some
wonderful results on the irreducible unitary representations of Lie groups, showing
how to use induced representation to obtain irreducible unitary representations,
see Mackey [24]. In the 1960s, Kirillov found a way to think about the set of
all irreducible unitary representations of a simply connected nilpotent Lie group,
establishing a bijection between the coadjoint orbits and the irreducible unitary
representations (see Kirillov [12]), and brought up the orbit method. Later, Kostant
developed a quantization theory to obtain irreducible unitary representations, and
generalized the results of Kirillov to solvable Lie groups (see Auslander-Kostant [3]).
In the 1970s-1980s, Duflo got all the irreducible unitary representations of (almost)
algebraic groups assuming the unitary dual of reductive Lie groups, see Duflo [6].

The orbit method (or the quantization problem) of reductive groups is not com-
pletely solved until now. Roughly speaking, the quantization of coadjoint orbits can
be reduced to the case of nilpotent coadjoint orbits (defined below), and such irre-
ducible unitary representations attached to nilpotent coadjoint orbits, called unipo-
tent representations, are not easy to understand in general, see Vogan [33]. We will
summarize some results about the orbit method of reductive Lie groups and alge-
braic groups in the following two parts. The method of constructing representations
is using induced representation (includes parabolic induction and cohomological in-
duction).

5.1. Representations attached to coadjoint orbits of GL, (k)

5.1.1. Jordan decomposition
To begin with, we use Jordan decomposition to describe the coadjoint orbits of
reductive groups (see Vogan [33], Lecture 2).

Let GG be a reductive Lie group and let g be its Lie algebra. Let 6 be a Cartan

involution of g and let
G =Kexps

be the Cartan decomposition, where K = G? and s = —1 eigenspace of # on g.
Let B be a nondegenerate GG-invariant and f-invariant bilinear form on g such that
the quadratic form

g> X — —B(X,0X)
on g is positive definite. Let g* be the dual of g. Then we have a GG-isomorphism
p:g—>9,X— (Y~ BX,)Y)VYeg),VX €g.

For any A € g*, we call it semisimple (resp. nilpotent, hyperbolic, elliptic) if ¢~1(\)
is a semisimple (resp. nilpotent, hyperbolic, elliptic) element in g. By the Jordan
decomposition, we can decompose any A € g* uniquely as

A=+ A+ A,

where ), is hyperbolic, A, is elliptic, A, is nilpotent, and ¢=1(\;), ¢71(Ae), o071 (\,)
commute with each other.
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Set X; = o7 (\n), Xe =7 1(\e), and X,, = ¢71(\,). Let G(X) (resp. G()\)) be
the stabilizer of X (resp. of X), and g(X) (resp. g(\)) be the Lie algebra of G(X)
(resp. of G(A)). Then we have the following.

Proposition 5.1 (Vogan [30], Proposition 2.10, 2.11, and 2.12).

(i) Any hyperbolic element in g is conjugated into s. If X € s is hyperbolic, then
G(X) is reductive group with Cartan involution 0|q(x)-

(ii) There is a bijection between the G-orbits of elements in g, which hyperbolic
part are G-conjugated to Xy, and the G(X})-orbits of elements in g(Xp),
which hyperbolic part is zero.

(iii) Any elliptic element in g is conjugated into €. If X € ¢ is elliptic, then G(X)
is a reductive group with Cartan involution 0|q(x).
(iv) There is a bijection between the G -orbits of elements in g, which semisimple

part are G -conjugated to X, + X, and the G(X,, + X.)-orbits of elements in
9(Xy + X.), which semisimple part is zero.

Therefore we can assume X, € s and X, € ¢.

An irreducible unitary representation which is attached to a coadjoint orbit has a
kind of “Jordan decomposition”. To attach an irreducible unitary representation to
the orbit of X\, we firstly attach an irreducible representation 7, of G(A,+\.) to the
G (A + Ae)-orbit of Ap|ga, 4200+, Which is called as nilpotent step; then using A. and
applying cohomological induction to 7, , we get an irreducible unitary representation
7, of G(Ap), which is called as elliptic step; finally, using A, and applying parabolic
induction to 7, we get an irreducible unitary representation of G, which is called
as hyperbolic step.

5.1.2. Hyperbolic step

The easiest step is the hyperbolic step, which uses parabolic induction, see Vogan
[33], Lecture 2. Set L = G(\) with its Lie algebra [. Set

g =1{Y €¢g|[Xp,Y]=rY},reR

and u = @,-00,. Set U = expu and () = LU. We define the unitary character
X(An) of L as follows:

X(An)(k-exp(Z)) = exp(idn(Z)), ke LNK, Z €Ns.

Suppose that 7 is any unitary representation of G(\,) attached to the G(Ap)-
coadjoint orbit of (A, + A,)|(, then the unitary representation of G (this unitary
representation may be reducible)

e = Indg(mr @ x(An))
is attached to the coadjoint orbit of .

5.1.3. Elliptic step

The elliptic step is more complicated, which uses cohomological induction, see Vogan
[32]. Set Ay = A\, + A be semisimple part of A\, and set Xy = X, + X,.
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Let gc be the complexification of g, and let g be the parabolic subalgebra having
gc(As) as a Levi factor with nilpotent radical u such that the eigenvalues of X
acting on u are in

{z € C | Re(z) >0, or Re(z) = 0,Im(z) > 0}.

Let €2 be the character of the adjoint action of G()\,) on the top exterior power
of u. Assume that 7 is any irreducible representation of G(\;) such that

dr = iXs + p(u).

Then there is attached to A a unitary representation m, such that the underlying
(gc, K)-module II(A) is defined as follows,

,G(ANK
II(A) = (D% ) (Prof S N (1 @ ), (2)

where I' is the Zuckerman functor, pro is a kind of Hom functor, d is the dimension
of uN¢, m, is the unipotent representation of G'(\,) which is attached to A,|gx,))= -
To define the Zuckerman functor (see Knapp-Vogan [13], Introduction), we need to
define the Hecke algebra. Assume that b is a complex reductive Lie algebra of Lie
group H, M is a compact subgroup of H, then the Hecke algebra R(h, M) can be
defined as the algebra of left M -finite distributions on H with support in M, with
convolution as multiplication.

Let us fix some notations to define the Zuckerman functor and the functor pro. Let
G be a linear connected reductive Lie group and G¢ be the complexification of G.
Let K be the maximal compact subgroup of G. Let g denote the Lie algebra of G
and gc be the complexification of g.

Assume that T is a torus in G, and L = Z5(T') with Lie algebra [. Let L¢ be the
analytic subgroup of G¢ with Lie subalgebra [c. Let @ be a parabolic subgroup in
Gc containing L¢ as Levi subgroup and let g be the Lie algebra of Q).

Assume that V' is a (g¢, LN K)-module, W is an (I¢, LN K)-module, hence is also
a (q, L N K)-module by trivial extension to the radical u of q.

Define the functor pro from (q,L N K)-module to (g¢, L N K)-module as

profeg (W) = Homg(U(ge), W)z

Here the subscript L N K means taking all the L N K finite vectors.
Define the functor from (g¢, L N K)-module to (g¢, K)-module as

Fﬁifm(v) = Homp(ge, 1nx) (R(gc, K), V) k.

It is left exact and has i-th right derivative functors, denoted by (Fggfm )
Let (“Rﬁ‘?L’IgK)i(W) denote (ngﬁm)i(pmﬁfiﬁ}K(W)), then equation (2) can be
written as

up e, K

("R (T @ ).

5.1.4. Nilpotent step

We focus on the special unipotent representations which are defined by Arthur,
Barbasch, and Vogan (see Adams-Barbasch-Vogan [1], Chapter 27).
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Let’s introduce notation about partition firstly. Let n € Z,,let r € Z,, k;,l; € Z+
such that >, kili =n and k; > k; for any 1 <i < j <r. We use (Kl kY
to denote the partition of n,

{kla"'7k17"'akr7"'7k7’}-
! l
1 T
Let P denote this partition. We will use Jp to denote diag(],ill, e ,J,lc’r‘), Jp(a) to

denote diag(J,ill(a), e J,i:(a)), and Jp(a,b) to denote diag(J,?l(a, b), -+, J,i:(a, b)).
For the case of G = G,(R), let f = pr(§) with £ = Jp. The special unipotent
representation attached to Oy is

7 = sgn(det)" |Gt1 R) X+ X Sgn(det)wP|th(R)’

where {t;,--- ,t,} is the dual partition of {k!" ---kl"} and w; = 0,1 for 1 <i < p.
For the case of G = G,,(C), let f = pr(§) with £ = Jp. The special unipotent
representation attached to Oy is

™ = 1‘th(c) X X 1’th(([j)

where {t;,---,t,} is the dual partition of {k{*---klr}.

In general, we have the following correspondence between coadjoint orbits and
irreducible unitary representations.

Let us consider the case of G = G, (R).

When n = 2m, assume that P = {k!* ... kl} is a partition of m. Let f € g* and
f=rpr(§) with £ = Jp(0,0/2), be Z, .

Firstly, we use the nilpotent step and attach the orbit f, = pr(&,), & = Jp(0,0),
with the irreducible unitary representation m, of G(fs) = G,,(C)

Ue,, @ X -+ x g, ()

where {t;,--- ,t,} is the dual partition of {k}---k}. By direct calculation, we get

det

det m
| det |) ‘Gm(c)'

| det |

m= ()o@ and o =

Using Vogan [30], Theorem 17.6, we have

p
(REG ) (T @ ) = X 0(ti,).

So the irreducible unitary representation i d(t;, b) is attached to the coadjoint orbit
i=1
of f=pr(§) with £ = Jp(0,b/2). When f = pr(§) with

§= diag<JP1 (07 61/2)7 T JPr(()? bT/2)7 JP)7

where r € Z,, b; € Zy, for 1 < i <r, by > by >--->b., P is a partition of n;
and P is a partition of ng with Z:zl 2n; +ng =n.

Let {t;1, - ,tis,} be the dual partition of P; for 1 <+i <r. Let {t1,---,ts} be the
dual partition of P.
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Let H = Gap, (R) X -+ X G, (R) X Gy (R),

then G(fs) C H. Let b be the Lie algebra of H and h¢ be the complexification
of h. Let q1 = hec N g, and let u; be the nilpotent radical of q;. Let () be the
parabolic subgroup containing H and the invertible upper triangular matrices. Set
d; = dim(u; N€). We use Vogan [30], Theorem 17.6, and get

u K " KAH
(R (7 ) = IO RY )" (7 @ 7))

p S s _
= (X X 0(tj,05)) x ( x sgn(det)|q, &),
j=1li=1 j=1 J

where w; = 0,1 for any 1 < j <s.

5.1.5. Representations of GL, (k) attached to some kind of coadjoint orbits
In general, for the case of G,,(R), let f = pr(§) with £ = diag(&y, -+ ,&m), m € Z,

and SZ :diag(‘]Pz‘1<ai7bi1/2),"' ,Jp

ip;

(ai7 bzpl/2)7 JPi<ai))7 1 S { S m,

where p; € Zy, a; € Rfor 1 <i<m, a1 >+ > ay, bj; € Zy,and by > -+ > by, ,
P;; is a partition of n;; for 1 <7 <m and 1 < j < p;, F; is a partition of n; for

1 <@ <m, ny,n; satisfy
S SEUES SR

1<i<m 1<j<p; 1<i<m
Assume that {t;1,--- %y, is the dual partition of P, and that {t;1,--- ,tis}
is the dual partition of P;.

The representation attached to Oy is m# = m; x - -+ X 7, where

Sij

. 1 S
m = det [ ® (( X X 6tye, big)) > ( x sgn(det)”*|g, @),
j= — — s

with w;, = 0,1 forany 1 <1 <m, 1<k <s.
For the case of G = G,(C), let f = pr(¢) with

5 - diag<JP1 (a1)7 Ty JPm(am))7

where a; € R for any 1 < ¢ < m, and a; > --- > a,,, P; is a partition of n; for
1 <i<m,and n;(1 <i<m)satisfy >, n =n.

The representation attached to Oy is

7= X % |det[]
j=1k=1 G;Djk (©)s

where {pj1,---,pjs;} is the dual partition of P; for 1 < j <m.

5.2. Representations attached to coadjoint orbits of P, (k)

Given an (almost) algebraic group G, Duflo [6] constructed all the irreducible
unitary representations of G assuming the unitary dual of some reductive groups,
basing on Mackey’s theory. It suggests that the problem of attaching irreducible
unitary representations with coadjoint orbits can be reduced to the problem in the
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case of reductive groups. We summarize some results of Duflo [6] without proofs in
the following.
5.2.1. Coadjoint orbits of algebraic groups

Duflo showed how to get all the coadjoint orbits of g* assuming that one knew the
coadjoint orbits of reductive groups.

Let g be the Lie algebra of G, and let g* be the dual of g. For any = € g*, let
G(x) be the stabilizer of z in G and let g(x) be the Lie algebra of G(x), let “G(z)
be the unipotent radical of G(x) and let “g(z) be the Lie algebra of “G(z).

On g/g(z), there is a natural symplectic form, denoted by w,,

w. (@, B) = (e, B]),

where o, 3 € g and @, 3 denote the image of o« and 3 in g/g(z).

Firstly, we need to define the linear forms of unipotent type (see [6], I). If G is
unipotent, all of g* are of unipotent type, and if G is reductive, 0 is the unique
element of g* of unipotent type. In general, its definition depends on the following
things.

Definition 5.2. Let z € g* and b be a subalgebra of g. We say that

(i) b is coisotropic relative to = (or coisotropic) if the orthogonal of b in g with
respect to w,, denoted by bt is contained in b.

(ii) b is a polarization of x if b+ =b.
(iii) An coisotropic subalgebra b is of strongly unipotent type if b is algebraic (i.e.
there exists algebraic subgroup with Lie subalgebra b) and b = g(x)+ “b.

Definition 5.3. An element z in g* is said to be of unipotent type if it satisfies
(i) There exists a reductive factor of g(z) contained in kerx.

(ii) There is a subalgebra of strongly unipotent type relative to x.

Let x € g* be a form of unipotent type, then we can construct a subalgebra of
strongly unipotent type relative to = by induction on dimg canonically (see [6],
[.20). Let w = z|uy and let h = g(u). If h = g, then set b = h. If b # g,
then y = z|, is a form of unipotent type. Let [ C b be the canonical subalgebra
of strongly unipotent type relative to y, set b =“g+ h. Then b is the canonical
subalgebra of strongly unipotent type relative to x.

Let D be the set of pairs (x, A), where x is a linear form of unipotent type on g, and
A is an element in L(x), L(z) is the set of linear forms over g(x) whose restriction
to “g(x) is equal to x|ug(y).

Let v be a reductive factor of g(z), then the restriction map establish a bijection of
L(z) and t*, sending y € L(x) to yl,.

Let (z,A) € D. Let b be a subalgebra of g, which is of unipotent type relative to
x (see [6],1.8 for definition, from [6], 1.9, .22, we have that when x is of unipotent
type, a subalgebra is of unipotent type relative to x if and only if it is strongly
unipotent type relative to x). Let f be an element of g* whose restriction to “b
is equal to x|upy, and whose restriction restriction to g(x) is equal to A. Such an
element f exists by the definition of L(z).
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Let G act on D naturally, then we have the following.

Proposition 5.4 ([6], I1.5). (i) The orbit G - f in g* does not depend on the
choices of b and f. We denote it by Oy .

(ii) The map (x,\) — Oy induces a bijection from D/G to g*/G.

5.2.2. Construction of unitary dual of algebraic groups

Duflo showed how to construct the irreducible unitary representations of G using
the coadjoint orbits and the irreducible unitary representations of some reductive
groups. The construction of representations used Metaplectic groups.

Since G(z) acts on g/g(z) and keeps the form w,, we get a morphism

¢ : G(x) — Sp(g/9(z), ws).

Let Mp(g/g(z),w,) be the metaplectic group, i.e., there is a nontrivial connected
double cover

¢ : Mp(g/g(x), wz) = Sp(g/8(2), we).
We define a double cover of G(z) as

G(x)* ={(g,t) | g € G(z),t € Mp(g/g(x),w:) and ¢(g) = (1)}

Let ¢ : G(z)® — G(z) be the covering morphism, and let (1,—1) denote the
nontrivial element of ker ).

Similarly, for any group H, which acts on a symplectic vector space m and keep
the symplectic form, we have a morphism ¢’ : H — Sp(m) and a double covering
morphism ¢ : Mp(m) — Sp(m). Define a double cover

H ={(h,t) | h e H,t € Mp(m) and ¢'(h) = (t)}.

By Segal-Shale-Weil representation (see Duflo [6], I1.6), any § € Mp(m) which is
mapped to s € Sp(m) can be represented by (s, 6;) (or just denoted by (s, 8)), where
0; is a function depended on 5, with complex value module 1 over the set of maximal
isotropic subspaces in m. Therefore, any element (h,t) € H (h € H,t € Mp(m))

can be represented by (h,6;). We will also use H™ to denote H.
Since “G(z) is unipotent, “G(x) can be embedded into G(x)?. Let

Y7 (x) = {irreducible unitary representation 7 of G(x)®/*G(z) | =((1,—1)) = —1}.

Let C' denote the set of couples (x,7), where x is a linear form of unipotent type,
and 7 € Y (z). Then the group G acts on C naturally.

Now, we can construct an irreducible unitary representation 7, , of G (see [6], III
for details). Let b be a subalgebra of strongly unipotent type relative to = which
is stable under G(z), and let v denote the nilpotent radical of b. Let V' be the
subgroup corresponding to v. Set B = G(z)V. Let v denote the restriction of x
to v, and G(z)° is defined.

Let [ C v be a polarization relative to v, and let L be the unipotent subgroup with
Lie algebra [. Define the irreducible unitary representation of V' attached to v as

T, = Ind} e™l.
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Define Ty = Ind$ (7' ® S,T.,),

where 7/ and S, are defined as follows, and we have that T}, ; is independent of the
choice of B (see [6], II1.16). Define 7’ to be the representation of G(z)° as

(y,¥) = (e )T (y, ¢),

here 7 = 7 ® x, of (G(z)?/"G(x))x"G(x) = G(x)® with x, defined by dx, =
z’m\ug(z), and

Pt = (U + gt )y(r)
is a constant which is independent on the choice of the maximal totally isotropic
subspace [' of v (see [6], I1.8). Define S, to be the action of G(z)° on T, by

Su(y, ) = (1) - 5, (v),
and S, is the action of G(z) on T, defined by

Siay) = A FiyAly),

Fi, is the intertwining operator from 7}, to T, and A(y) is the operator from T,
to T, with
Ay)a(z) = aly H(2),a € Ty, z € V.

It can be checked that S, is independent of the choice of [ (see [6], I1.10).

Proposition 5.5 ([6], I11.12).  For any element (x,7) € C, we get an irreducible
unitary representation T, of G. Moreover, the map (x,7) — T, . induces a

bijection from C/G to G.

Now, we can obtain the correspondence between coadjoint orbits and irreducible
unitary representations of an algebraic group G (see [6], I11.19, I11.20).

Let f € g*, by Proposition 5.4, we get Of = O, for some x € g* of unipotent
type and A € L(z) = (g(z)/"g(x))*. Assume that 7 is an irreducible unitary
representation of G(z)?/"G(x) attached to A such that 7((1,—1)) = —1, then T, ,
is an irreducible unitary representation of G attached to Oy.

5.2.3. Duflo’s construction in the P,(k) case

Set G = P, (k), we show how to attach representations with coadjoint orbits by the
above method (using the same notation).

For any element f € g*, applying the results in Section 2, we have that f is
conjugate to an element pr'(diag(A, J,,)) for some meZ, and A € gl,,_,, (k). Let
x = pr'(diag(0, J,,)), then x is of unipotent type. Actually, g(z) has reductive factor

g = {diag(X, Opum) | X € gl,_,.(k)} C ker(z).

Lt b={( 7 3 )X €0 (k)Y €My mpn(k). Z € un()},

where u,,(k) is the set of strictly upper triangular matrices over k, then b is a
subalgebra of strongly unipotent type relative to x. Therefore, x is of unipotent

type.
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Let X' = pr'(diag(A,0)), then A := N|y) € L(x), since 2|ugm) = 0 and A|ugg) = 0.

(a(x)/"g())" = gl (K)".

Also it is easy to see that Oy = O, \. Furthermore, we have that G(z)?® is a trivial
double cover of G(x), that is G(z)? = G(z) X Zy. Actually,

12

Moreover, L(z)

Y 7 0
G(z) = 01 0 | Y € GL,_n(k), Z € Mp—myx1(k)
0 0 Inp—
It is not hard to see that the image of the reductive factor
{diag(Y, Im) [ Y € GLyp_m(k)}

: -~ m
in Sp(e/g(2), wz) = Sp((n — ) (m — 1), k)

has trivial double cover in the metaplectic group Mp((n — % )(m —1), k). Therefore,
G(x)? is a trivial double cover of G(z).

To attach Oy to the representation of P,(k), we assume that 7 is the irreducible
unitary representation of

G(x)/"G(x) = GLym (k)

which is attached to the GL,_,,(k)-orbit of A € L(z) = gl,_,,(k)*. Define an
irreducible unitary representation of G(x)/“G(x) X Zs, denoted by 7, such that
T|G) ) = 7o and 7((1,—1)) = —1. Then the irreducible representation of the
irreducible unitary representation attached to Oy is

T,, = Ind§ (7' ® S,T,,).

The subalgebra of unipotent type relative to x constructed above, b, is the canonical
one. And the corresponding subgroup B is

Y Z
B={( 1 )Y €GCL (k). Z € M _myn(k).U € Un(k)}.
Here U, (k) is the set of upper triangular unipotent matrices over k. Moreover,
b ="b itself is the polarization of v = z|,, and we get a one dimensional unitary
representation of V', T, = el

Since w, is trivial on b, we get G(r)° = G(z) x Zy and G(x)* = G(z) x Z,, and
therefore S,|c(z) is the one dimensional trivial representation, so we have

7 ®S,T, =1 & <.

Therefore, the irreducible unitary representation of G' attached to O; with f =
pr'(diag(A, Jy,)) is |
TCE,’T = Indg(ﬁ) X 6“) = Im_lETo,

where 7y is an irreducible unitary representation of GL,_,,(k) attached to the

GL,—m(k)-orbit of pr,_,,(A).

n—m



550 ZHANG

6. A generalization of Duflo’s conjecture

We establish a generalization of Duflo’s conjecture for the restriction of an irreducible
unitary representation m of G = GL,(k) to the mirabolic subgroup P = P,(k),
k =R or C, where 7 is attached to a G-coadjoint orbit of f € g* in Section 5.
Set O = Oy. Let p: O — p* be the moment map. Then we have the following
theorem.

Theorem 6.1.  There are only finitely many P-orbits in p(O,), including a
unique open P-orbit Q0 in p(O,). Moreover,
(1) the moment map p: Op — p* is proper over €2,
(2) the restriction of w to P, 7|p is irreducible, and is attached to ) in the sense
of Duflo,
(3) the reduced space of Q0 (with respect to the moment map p) is a single point.

Proof. By Theorem 3.15, Theorem 3.18, we get (1),(3) immediately. To get (2),
we firstly get 7|p from section 4 and get 2 = p(gso - f) from the results of moment
maps in Section 3. It remains to verify if 7p is attached to {2 by Duflo’s construction
in Section 5. We verify one example and one can verify the other cases easily.

Let 1 < t, < --- <t € Z; such that Zle t; = n. Let m be the unipotent
representation
g, © % -+ X g, ©

of G,,(C), which is attached to the coadjoint orbit of f = pr(£) with
¢ = diag(Jit, -+, Jyr),

where k;,l; € Z, for 1 < i < r, and {ky, - k1, ,k.,--- ,k.} is the dual
I I
1 r
partition of {ty,---,t,} (so ky > --- >k, ). Then
mlp=I1"E(l|q, ) X X 1a,, 1)
For obtaining the unique dense open P-orbit in p(Oy), we define f = pr({) with
¢ = diag(J,i:,'-- ,J,ill). Then f is G,(C)-conjugated to f, so Oy = Of. By
Theorem 3.15, we have Q@ = P - p(gpo - f) is the unique dense open P-orbit in

p(Oy). Since I° = {n} and gro = I,, we have gro - f = f. It is easy to see that
p(f) is P-conjugated to the element pr'(¢) with

¢ =diag(J L 2, v i),

So we have Q = P-pr’(¢). Based on Duflo’s construction, we get that the irreducible
unitary representation of P attached to € is

IME(1

., (© X - X g, (©),

where {sq,---,s,} is the dual partition of {ky,--- ki, ko, -+ ko, - kp,- - K}

o1 Iy I
By definition of dual partition, we have p = ¢q, s; =t;—1 for 1 <i < p, and k; = p.
Hence we get that 7|p is attached to Q. [
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