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Abstract. We generalize Duflo’s conjecture to understand the branching laws of non-discrete
series. We give a unified description on the geometric side about the restriction of an irreducible
unitary representation π of GLn(k) , k = R or C , to the mirabolic subgroup, where π is attached
to a certain kind of coadjoint orbit.
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1. Introduction
One goal of the orbit method is to establish a correspondence between coadjoint
orbits and irreducible unitary representations of Lie groups. One can benefit a lot
from such a correspondence, for example, finding out irreducible unitary represen-
tations through coadjoint orbits; or predicting the decomposition of π|H by looking
at the decomposition of p(Oπ) as H -orbit, where π is a unitary representation of
the Lie group G and is attached to the coadjoint orbit Oπ , H is a closed subgroup
of G , and p is the moment map from Oπ to h∗ with h∗ the dual of the Lie algebra
of H ; etc. (see Kirillov [12], Introduction).
The orbit method is brought up by Kirillov, who attached an irreducible unitary
representation to a coadjoint orbit for nilpotent groups in a perfect way. Later,
Kostant (see Auslander-Kostant [3]) established the theory of quantization and built
up the orbit method for solvable groups. Duflo [6] constructed all irreducible unitary
representations of almost algebraic groups from certain coadjoint orbits, assuming
one knew unitary dual of reductive groups. It suggested that to build up the orbit
method for general Lie groups, one should concentrate on reductive groups. The
quantization problem of coadjoint orbits of reductive groups can be reduced to
quantizing nilpotent coadjoint orbits. It has not been solved completely, but there
are some wonderful results (see Vogan [31], Chapter 10).
Through the orbit method, it’s possible to describe the branching laws in a geo-
metric way. Heckman [11] and Guillemin-Sternberg [10] described it for compact
groups, and Fujiwara [9] solved for exponential solvable groups. Later, Kobayashi
[14],[15],[16],[17] obtained geometric conditions for ”admissibility” of the restriction
of irreducible representations of reductive groups to their reductive subgroups. In
spite by these results, Duflo (see Duflo-Vargas [8]) formulated a conjecture for the
branching problem of discrete series of almost algebraic group (see also Liu [21]).
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Let G be an (almost) algebraic group, let H be a closed algebraic subgroup of G .
Let g (resp. h) be the Lie algebra of G (resp. of H ). Let g∗ (resp. h∗ ) be the dual
of g (resp. of h). Let π be a discrete series representation of G . By Duflo [7], π is
attached to a strongly regular G-coadjoint orbit Oπ . Consider the restriction of π
to H , denoted by π|H , Duflo’s conjecture says that

(i) π|H is H -admissible if and only if the moment map p : Oπ → h∗ is weakly
proper.

(ii) If π|H is H -admissible, then each irreducible H -representation σ which ap-
pears in π|H is attached to a strongly regular H -coadjoint orbit Ω which is
contained in p(Oπ) .

(iii) If π|H is H -admissible, then the multiplicity of each such σ can be expressed
geometrically in terms of the reduced space of Ω with respect to the moment
map p .

Let us explain in detail. The notion “almost algebraic group” is explained in [7].
An element f ∈ g∗ is called strongly regular if f is regular (i.e. the coadjoint orbit
containing f is of maximal dimension) and its “reductive factor”

s(f) := {X ∈ g(f) : adX is semisimple}
is of maximal dimension among the reductive factors of all the regular elements in
g∗ , where g(f) denotes the centralizer of f in g .
Let O be a G-coadjoint orbit in g∗ . Then O is equipped with the Kirillov-
Kostant-Souriau symplectic form ω and becomes an H -Hamiltonian space. The
corresponding moment map is the natural projection p : O → h∗ .
In (i), the notion “H -admissible” is due to Kobayashi(see [14]), which means that
π|H is discretely decomposable (i.e. π|H is a direct sum of irreducible unitary
representations of H ) and all irreducible representations of H has only finite mul-
tiplicities in π|H . The notion “weak properness” means that the preimage (for p)
of each compact subset which is contained in p(Oπ)∩Υsr is compact in Oπ , where
Υsr denotes the set of strongly regular elements in h∗ .
In (iii), the reduce space of Ω is equal to p−1(Ω)/H .
Duflo’s conjecture has been proved for some cases including that Liu [21] proved it
for the branching problem to the Iwasawa AN -subgroup of a semisimple Lie group,
Kobayashi-Ørsted [20] proved it for branching problem of unitary representations
attached to minimal nilpotent coadjoint orbits in O(p, q) , Kobayashi-Nasrin [18],[19]
proved it for branching problem to the symmetric pairs, Paradan [25],[26] proved it
for branching problem to the reductive subgroup of a real reductive group, Liu-Yu
[23] generalized Duflo’s conjecture to the restriction of tempered representations of
GLn(k) (for k = R or C) to its mirabolic subgroup and gave a geometric interpre-
tation of Kirillov’s conjecture, and Liu-Oshima-Yu [22] verified it for the restriction
of irreducible unitary representations of Spin(N, 1) to its parabolic subgroups.
This article generalizes Duflo’s conjecture in the framework of Kirillov’s conjecture
in spirit by Liu-Yu [23]. We obtain a generalization for the irreducible unitary
representations of GLn(k) (for k = R or C) which are attached to some coadjoint
orbits in section 5.
Let us say a few words about Kirillov’s conjecture. The conjecture says that the
restriction of any irreducible unitary representation of GLn(k) (for k = R,C or Qp )
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to the mirabolic subgroup is also irreducible. It was proved by Bernstein for p-adic
fields [5], Sahi [27] for tempered representations of GLn(R) or GLn(C) , and Sahi-
Stein [29] for Speh representations of GLn(R) , and Baruch [4] for the archimedean
fields.
Here are the main results of this article. Let k = R or C , let G = GLn(k) , and let
P = Pn(k) be the mirabolic subgroup of G , consisting of the elements whose last
row is (0, · · · , 0, 1) . Let p denote the Lie algebra of P and p∗ denote the dual of p .
Assume that π is an irreducible unitary representation of G and π is attached to
the G-coadjoint orbit Oπ in section 5. It turns out that the image of the moment
map p : Oπ → p∗ contains finite P -coadjoint orbits, and there is a unique dense
P -coadjoint orbit in p(Oπ) , denoted by Ω . The moment map p is proper over Ω .
Moreover, π|P is attached to Ω in the sense of Duflo. It explores more about the
geometry of Kirillov’s conjecture.
The article is organized as follows. In Section 2, we present the classification of the
Pn(k)-coadjoint orbits and its proof, which comes from Liu-Yu [23]. In Section 3, we
compute the moment map and obtain similar results as Liu-Yu [23] on the geometric
side. In Section 4, we summarize some results of Kirillov’s conjecture, from which we
obtain the restrictions of all irreducible unitary representations of GLn(k) to Pn(k) .
In Section 5, firstly, we summarize the orbit method for reductive groups, and obtain
the correspondence between coadjoint orbits and irreducible unitary representations
of GLn(k) . Secondly, we show how to construct irreducible unitary representations
from coadjoint orbits of Pn(k) in the sense of Duflo. In Section 6, our generalization
is presented and proved by comparing the results of the moment maps and the
restrictions of irreducible unitary representations of GLn(k) to Pn(k) .

2. Pn(k)-coadjoint orbit
This section is mainly adapted from Liu-Yu [23], section 3, which will be used in the
rest of the article.

2.1. Coadjoint action, the dual map and the moment map
Let k be the field R or C , and let n ∈ Z+ . Set Gn(k) = GLn(k) and

Pn(k) =
{(

A α
0 1

)
: A ∈ GLn−1(k), α ∈ kn−1

}
be the mirabolic subgroup of Gn(k) . gn(k) denotes the Lie algebra of Gn(k) and

pn(k) =
{(

A α
0 0

)
: A ∈ gln−1(k), α ∈ kn−1

}
denotes the Lie algebra of Pn(k) . gn(k)

∗ and pn(k)
∗ denote the dual spaces of gn(k)

and pn(k) , respectively. Gn(k) acts on gn(k)
∗ through

(g · f)ξ = f(g−1 · ξ),∀g ∈ Gn(k),∀f ∈ gn(k)
∗,∀ξ ∈ gn(k).

This is called the coadjoint action, and a Gn(k)-orbit in gn(k)
∗ is called a coadjoint

orbit. Similarly, one can define the coadjoint action of Pn(k) on pn(k)
∗ and the

corresponding coadjoint orbit.
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By taking the trace, we can define a Gn(k)-invariant nondegenerate bilinear form
on gn(k)× gn(k) ,

(X,Y ) 7→ tr(XY ), X, Y ∈ gn(k).

We have a Gn(k)-module isomorphism

pr : gn(k) → gn(k)
∗, X 7→ (Y 7→ tr(XY ),∀Y ∈ gn(k)),∀X ∈ gn(k).

Let pr′ : gn(k) → pn(k)
∗ , X 7→ (Y 7→ tr(XY ), ∀Y ∈ pn(k)),∀X ∈ gn(k) , then

ker pr′ =
{(

0 α
0 t

)
: α ∈ kn−1, t ∈ k

}
.

Let p̄n(k) =
{(

A 0
α 0

)
|A ∈ gn−1(k), α

t ∈ kn−1
}

, then gn(k) = ker pr′ ⊕ p̄n(k) , and
pr′|p̄n(k) is an isomorphism. We use prn (resp. pr′n ) to denote pr (resp. pr′ ) if there
is ambiguity.

2.2. Classification of Pn(k)-coadjoint orbit

Let Ln(k) =
{(

A 0
0 1

)
| A ∈ Gn−1(k)

}
and Nn(k) =

{(
In−1 α
0 1

)
| α ∈ kn−1

}
.

Let ln(k) and nn(k) denote the Lie algebra of Ln(k) and Nn(k) , respectively.
Then Ln(k) is the Levi subgroup of Pn(k) , Nn(k) is the unipotent radical of Pn(k) ,
and Pn(k) = Ln(k)nNn(k) . We have following key theorem.

Theorem 2.1. Every element of pn(k)∗ is Pn(k)-conjugated to an element of the
form α = pr′(ξ), where ξ =

(
A

Jj

)
, where A ∈ gn−j(k), and

Jj =


0

1
. . .
. . . . . .

1 0

 ∈ gj(k).

The stabilizer StabPn(k)(α) is isomorphic to StabGn−j(k)(A)nNn−j+1(k).

Proof. See Liu-Yu, [23], 3.2.

Definition 2.2. In Theorem 2.1, define the depth of pr′(ξ) in pn(k)
∗ as j .

Corollary 2.3. The elements with depth n form a unique dense open Pn(k)-orbit
in pn(k)

∗ and they are all strongly regular elements in pn(k)
∗ .

Proof. Applying Theorem 2.1, we have α ∈ pn(k)
∗ has depth n if and only if

StabPn(k)(α) has minimal dimension, if and only if StabPn(k)(α) = 1 . So we get the
statement immediately.
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Example 2.4. Set

B =


a1

. . .
an−1

b1 · · · bn−1 0

 ∈ gn(k),

where ai 6= aj when 1 ≤ i 6= j ≤ n − 1 ; bi 6= 0, when 1 ≤ i ≤ n − 1 , and where
f = pr′(B) ∈ pn(k)

∗ . Then f has depth n .

Proof. It is sufficient to check that StabPn(k)(f) = {1}. See Liu-Yu [23], 3.2.

3. Geometry of the moment map p : Of → p∗

3.1. Moment map in the GLn(C) case
Let n ∈ Z+ , let G = Gn(C) and let P = Pn(C) be the mirabolic subgroup of G . g
(resp. p) denotes the Lie algebra of G (resp. of P ). Let g∗ (resp. p∗ ) denote the
dual space of g (resp. of p). By the Lie theory, we have

n = min
x∈g∗

dim(StabG(x)).

For any element f ∈ g∗ , we call f a regular element in g∗ , or say that f is regular,
if dim(StabG(f)) = n . And we call a G-coadjoint orbit Of a regular orbit if f is
regular.
We will calculate the moment map p : Of → p∗ for any f ∈ g∗ . We find that the
results about an regular element f ∈ g∗ is similar to the results about a semisimple
regular element, for example, p(Of ) contains the unique strongly regular orbit of
p∗ (see Liu-Yu [23]). Using the results about the regular elements, we can settle the
cases of the singular elements in g∗ .
Furthermore, using the results of the case of gn(C) , one can settle the case of gn(R)
immediately.

3.1.1. Regular orbits

Write Js(a) =


a
1 a

. . . . . .
1 a

 ∈ gs(C), s ∈ Z and s ≥ 2, a ∈ C,

and J1(a) = a1×1, a ∈ C . Set Js = Js(0) , ∀s ∈ Z+ . Let ai ∈ C , si ∈ Z+ ,
∀1 ≤ i ≤ m , such that ai 6= aj when 1 ≤ i 6= j ≤ m , and

∑m
i=1 si = n . Set

ξ = diag(Js1(a1), · · · , Jsm(am)) ∈ g,

and set f = pr(ξ) ∈ g∗ . It is clear that every regular G-coadjoint orbit in g∗ is of
the form Of . Firstly, we describe all P -orbits in Of . For any s ∈ Z+ , let

Ls = StabGs(C)(Js) =




x1
x2 x1
... . . . . . .
xs · · · x2 x1

| xi ∈ C, 1 ≤ i ≤ s, x1 6= 0

 ,
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Set L = StabG(f) = {diag(Xs1 , · · · , Xsm) | Xsi ∈ Lsi , 1 ≤ i ≤ m}.
We have Of

∼= G/L and P \Of
∼= P \G/L . Define the right action of G on Cn by

v · g = (x1, · · · , xn)A,

where v = (x1, · · · , xn)t ∈ Cn and g = A ∈ Gn(C) . Set v0 = (0, · · · , 0, 1)t , we get
StabG(v0) = P , and Cn − {0} ∼= P \ G . To find the representatives of P \ Of , we
need to find the representatives of (Cn − {0})/L .

Proposition 3.1. Set I0 = {1, 2, · · · , n}, K0 = {1, · · · ,m} and s0 = 0. For any
∅ 6= K ⊆ K0 and rk ∈ {1, 2, · · · , sk} for k ∈ K , define

I =

{
k−1∑
j=0

sj + rk| k ∈ K

}
⊆ I0

attached to K and {rk, k ∈ K}. Define vI = (x1, · · · , xn) by xi = 1 when i ∈ I
and xi = 0 when i /∈ I . Let Ia be the set of all I ’s constructed as above.
Then {vI | I ∈ Ia} form all different representatives of (Cn − {0})/L.

Proof. The L-orbit of vI is the set

{(y1, · · · , yn)t | yi ∈ C, 1 ≤ i ≤ n; yi 6= 0 if i ∈ I; yi = 0 if i /∈ J,

J =
⊔
k∈K

{
k−1∑
j=0

sj + 1, · · · ,
k−1∑
j=0

sj + rk}}.

It follows that {vI | I ∈ Ia} are all different representatives of (Cn − {0})/L .

Let gI ∈ G be the element corresponding to the representative vI under the
isomorphism Cn − {0} ∼= P \G , then

G =
⊔
I∈Ia

PgIL.

So there are #Ia =
∏

1≤i≤m(si + 1)− 1 P -orbits in Of , {P · (gI · f) | I ∈ Ia} .
Set S = {s1, s1 + s2, · · · , n} , then PgSL is the unique dense open subset of G
among {PgIL, I ∈ Ia} , since vS · L is the unique dense L-orbit in Cn − {0} . As a
consequence, P · (gS · f) is the unique dense open P -orbit in Of .
By definition, we can choose {gI | I ∈ Ia} as follows.

When n ∈ I , gI =
(

In−1 0
β 1

)
, β = (x1, · · · , xn−1) is defined by xi = 1 when

i ∈ I − {n} and xi = 0 when i /∈ I − {n} .

When n /∈ I , let k = max{i : i ∈ I} , gI =

 Ik−1

In−k

β 1

 , β = (x1, · · · , xk−1)

is defined by xi = 1 when i ∈ I − {k} and xi = 0 when i /∈ I − {k} .
We go to calculate the image of each P -orbit of gI · f under the moment map
p : Of → p∗ and find that p(Of ) contains the unique dense open P -orbit in p∗ ,
more precisely, p(gS · f) is a strongly regular element in p∗ .
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Lemma 3.2. We have StabP (gS · f) = 1, so the dimension of P -orbit of gS · f
equals dimP = n2 − n.

Proof. It is obvious that StabP (gS · f) = P ∩ gSStabG(f)g
−1
S

and P ∩ gSStabG(f)g
−1
S = P ∩ gSLg−1

S = gS(g
−1
S PgS ∩ L)g−1

S .

Since g−1
S PgS is the stabilizer of v0 · gS = vS , we have g−1

S PgS ∩ L = StabL(vS) .
By direct calculation, StabL(vS) = 1 , so StabP (gS · f) = 1 .

For convenience, let [U1, · · · , Uk] denote an n× n matrix with k blocks, where the
i-th block is an n× ni (1 ≤ ni ≤ n) submatrix Ui for 1 ≤ i ≤ k , and

∑k
i=1 ni = n .

Lemma 3.3. If x ∈ p∗ is not strongly regular, then for any element z ∈ p′−1(x),
the P -orbit of z has dimension < n2−n. Here p′ : g∗ → p∗ is the natural projection.

Proof. Take any element x = pr′([X, 0n×1]) ∈ p∗ which is not strongly regular,
by the definition, p′−1(x) = {pr([X, Ỹ ]), Ỹ ∈ Cn}. Fix an element z ∈ p′−1(x) ,
z = pr([X,Y ]) for some Y = (y1, · · · , yn)t ∈ Cn .
Since the P -orbit of z has dimension

dimP − dim(StabP (z)) = n2 − n− dim(StabP (z)),

we only need to prove dim(StabP (z)) ≥ 1 .
Since {pr([0, Ỹ ]), Ỹ ∈ Cn} is a P -stable subspace, StabP (z) ⊆ StabP (x) .
Using the result of the classification of P -coadjoint orbits in p∗ , we know that x is
P -conjugated to an element of the form α = pr′

(
A

Jk

)
, where A ∈ gn−k(C) ,

StabP (α) ∼= StabGn−k(C)(A)nNn−k+1(C)

with dimension ≥ 2(n − k) and k ≤ n − 1 as x is not strongly regular. It doesn’t
matter to replace x by the elements in its P -orbit and we assume that x = α . By
direct calculation, we get

StabP (x) =
{(

C
Ik

)
| C ∈ Gn−k(C), CAC−1 = A

}
n
{(

In−k N
Ik

) ∣∣∣∣
N = [N1, · · · , Nk], Ni ∈ Cn−k, 1 ≤ i ≤ k,Ni = Ai−1N1, 2 ≤ i ≤ k

}
.

Let t =
(

C CN
Ik

)
∈ StabP (x) , then t ∈ StabP (z) if and only if

(
C CN

Ik

)((
A

Jk

)
+ [0, Y ]

)(
C−1 −N

Ik

)
=
(

A
Jk

)
+ [0, Y ],

So
t ∈ StabP (z) ⇔ −CAkN1 + C

 y1
...

yn−k

+ CN

 yn−k+1
...
yn

 =

 y1
...

yn−k

.
Since 1 ∈ StabP (z) , we obtain a nonempty subvariety StabP (z) of StabP (x) given
by n− k algebraic equations.
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Therefore dim(StabP (z)) ≥ dim(StabP (x))− (n− k).

Since dim(StabP (x)) ≥ 2(n− k) and n− k ≥ 1 , we get dim(StabP (z)) ≥ 1 .

Proposition 3.4. p(gS · f) is a strongly regular element in p∗ .

Proof. By Lemma 3.2, the P -orbit of gS · f has dimension n2 − n . Applying
Lemma 3.3, we see that p(gS · f) is strongly regular.

For convenience, let A(I1, I2) denote the submatrix of the matrix A with rows
indexed by I1 and columns indexed by I2 , and let a(I1) denote the subvector of the
vector a with index I1 .
With the result above, we can calculate the P -orbit of p(gI · f) for any I ∈ Ia . We
find out that {p(gI · f) | I ∈ Ia} represent all different P -orbits in p(Of ) . More
precisely, we have the following result.

Proposition 3.5. For any ∅ 6= K ⊆ K0 and rk ∈ {1, 2, · · · , sk} for k ∈ K ,
define I = {

∑k−1
j=0 sj + rk| k ∈ K} and gI as above. Then p(gI · f) has depth

d =
∑

k∈K rk . Moreover, if we set

tk =

{
rk, k ∈ K,

0, k ∈ K0 −K,

then p(gI · f) is P -conjugated to pr′(η), where

η = diag(Js1−t1(a1), · · · , Jsm−tm(am), Jd).

Proof. Firstly, we change p(gI ·f) = pr′(gI ·ξ) to a good form by a series of explicit
P -conjugations, then we use the result of Proposition 3.4 to get the statement. Set
AI = gI · ξ .
In the case of n ∈ I , by direct calculation, we have

AI = diag(Js1(a1), · · · , Jsm(am)) +
(

0(n−1)×n

α

)
,

where α = (α1, · · · , αm) , αk = (αk,1, · · · , αk,sk) is defined by

αk =



(0, · · · , 0︸ ︷︷ ︸
sk

), k /∈ K − {n},

(ak − am, 0, · · · , 0︸ ︷︷ ︸
sk−1

), k ∈ K − {n}, rk = 1

(0, · · · , 0︸ ︷︷ ︸
rk−2

, 1, ak − am, 0, · · · , 0︸ ︷︷ ︸
sk−rk

), k ∈ K − {n}, rk > 1.

We claim that pr′(AI) is P -conjugated to pr′(ζ) , where

ζ =


Jt1(a1)

Js1−t1(a1)
. . .

Jtm(am)
Jsm−tm(am)

+

(
0(n−1)×n

α

)
.



Zhang 527

It is sufficient to prove that pr′(AI) is P -conjugated to pr′(ζk) for 0 ≤ k ≤ m ,
where

ζk =



Jt1(a1)
Js1−t1(a1)

. . .
Jtk(ak)

Jsk−tk(ak)
Jsk+1

(ak+1)
. . .

Jsm(am)


+

(
0(n−1)×n

α

)
,

since ζm = ζ . We prove it by induction on k . When k = 0 , it is trivially true.
Assume that k ≥ 1 and it is true for k − 1 .
If k /∈ K , or if k ∈ K and rk = sk , then ζk = ζk−1 and so it is true for k .
Assume that k ∈ K, rk < sk , we go to prove that it is true for k . Since we assume
that pr′(AI) is P -conjugated to pr′(ζk−1) , it is sufficient to prove that pr′(ζk−1) is
P -conjugated to pr′(ζk) .
Step 1. We have

ζk−1 =


B1 0 0 0 0
0 C1 0 0 0
0 D C2 0 0
0 0 0 B2 0
v1 w1 0 v2 am

,
where B1 = diag(Jt1(a1), Js1−t1(a1), · · · , Jtk−1

(ak−1), Jsk−1−tk−1
(ak−1)),

B2 = diag(Jsk+1
(ak+1), · · · , Jsm−1(am−1), Jsm−1(am)),

C1 = Jrk(ak), C2 = Jsk−rk(ak), v1 = (α1, · · · , αk−1), w1 = (αk,1, · · · , αk,rk),

v2 =


(αk+1, · · · , αm−1), sm = 1,
(αk+1, · · · , αm−1, 0, · · · , 0︸ ︷︷ ︸

sm−2

, 1), sm > 1,

D is the (sk − rk)× rk matrix with 1 in the position (1, rk) and zero elsewhere. Let

P1 =


Is1+···+sk−1

0 0 0 0
0 Irk 0 0 0
0 N1 Isk−rk 0 N2

0 0 0 Isk+1+···+sm−1 0
0 0 0 0 1


with N1 = [0(sk−rk)×(rk−1), n1] , N2 = −n1 and

n1 = (
1

ak − am
,− 1

(ak − am)2
, · · · , (−1)sk−rk+1

(ak − am)sk−rk
)t ∈ Csk−rk .

By direct calculation we obtain

P1ζk−1P
−1
1 =


B1 0 0 0 0
0 C1 0 0 0

N2v1 0 C2 N2v2 amN2 − C2N2

0 0 0 B2 0
v1 w1 0 v2 am

.
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Step 2. Let

P2 =


Is1+···+sk−1

0 0 0 0
0 Irk 0 0 0
M1 0 Isk−rk M2 0
0 0 0 Isk+1+···+sm−1 0
0 0 0 0 1

,
M1 is an (sk−rk)×(s1+· · ·+sk−1) matrix, and M2 is an (sk−rk)×(sk+1+· · ·+sm−1)
matrix, then

P2(P1ζk−1P
−1
1 )P−1

2 =
B1 0 0 0 0
0 C1 0 0 0

N2v1 + (M1B1 − C2M1) 0 C2 N2v2 + (M2B2 − C2M2) amN2 − C2N2

0 0 0 B2 0
v1 w1 0 v2 am

.
By solving the linear equations, one see that there exist M1 and M2 , such that

N2v1 + (M1B1 − C2M1) = 0, and N2v2 + (M2B2 − C2M2) = 0.

Actually, we can write B1 = D′ +N ′ and C2 = D′′ +N ′′ as Jordan decomposition,
where D′, D′′ are semisimple matrices and N ′, N ′′ are nilpotent matrices. It is easy
to see that the linear map M1 7→M1N

′ −N ′′M1 is nilpotent, that the linear map
M1 7→M1D

′ −D′′M1 is semisimple, and that they commute with each other.
Moreover, the linear map M1 7→ M1D

′ − D′′M1 is nondegenerate since B1 and
C2 have no common eigenvalues. Therefore, we can easily see that the equation
N2v1 + (M1B1 − C2M1) = 0 has a (unique) solution M1 . Similarly we can get M2 .
Using such P2 defined as above, we have pr′(P2(P1ζk−1P

−1
1 )P−1

2 ) = pr′(ζk) . By
induction, one can finish the proof of the claim.
Let ζ ′ be the submatrix of ζ with the rows and columns indexed by⊔

h∈K

{
h−1∑
j=0

sj + 1, · · · ,
h−1∑
j=0

sj + rh}.

Applying Proposition 3.4, we see that pr′d(ζ
′) is Pd(C)-conjugated to pr′d(Jd) , where

pr′d : gd(C) → pd(C)∗ . So pr′(ζ) is P -conjugated to the element pr′(η) in the
statement, and so is p(gI · ξ) .
In the case of n /∈ I , m ∈ K , one can prove the statement similarly. We have

AI =

 B1 0 0
C B2 v1
v2 0 am

,
where B1 = diag(Js1(a1), · · · , Jsm−1(am−1), Jrm−1(am)), B2 = Jsm−rm(am),

C =

(
−vI(1, · · · , n− (sm − rm)− 1)

0(sm−rm)×(n−(sm−rm)−1)

)
,

v1 = (1, 0, · · · , 0︸ ︷︷ ︸
sm−rm−1

)t, v2 =


(α(1, · · · , n− sm), 0, · · · , 0︸ ︷︷ ︸

rm−2

, 1), rm ≥ 2

(α(1, · · · , n− sm), rm = 1.
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We can use the method of step 2 to show that p(AI) is P -conjugated to pr(ζ ′) ,
where

ζ ′ =

 B1 0 0
0 B2 v1
v2 0 am

.
Then the submatrix of ζ ′ with rows and columns indexed by

{1, · · · , n} − {n− (sk − rk), · · · , n− 1}

is
(

B1 0
v2 am

)
,

which is of the form in the case of n ∈ I . Applying the result of the case of n ∈ I ,
we can get the statement in the case of n /∈ I,m ∈ K .
In the case of n /∈ I , m /∈ K , assume that m0 = max{k ∈ K} . By direct calcula-
tion we derive that the submatrix of AI with rows and columns indexed by the set
{1, 2, · · · , s1 + · · · + sm0 − 1} ∪ {n} is of the same form as in the above two cases.
Applying the results of the above two cases, we can get the statement in the case of
n /∈I , m /∈K . This completes the proof of the statement.

3.1.2. General orbits
We go to calculate the moment map p : Of → p∗ for any f ∈ g∗ . Write

J l
k(a) = diag(Jk(a), · · · , Jk(a)︸ ︷︷ ︸

l blocks

),

for any a ∈ C , k, l ∈ Z+ . Let m ∈ Z+ , m ≤ n . Let a1 , · · · , am ∈ C , ai 6= aj
when 1 ≤ i 6= j ≤ m . Set J l

k,ai
= J l

k(ai) for 1 ≤ i ≤ m , k, l ∈ Z+ . Let

ξ = diag(J l11
k11,a1

, J l12
k12,a1

, · · · , J l1r1
k1r1 ,a1

, · · · , J lm1
km1,am

, J lm2
km2,am

, · · · , J lmrm
kmrm ,am

),

where rj ∈ Z+, 1 ≤ j ≤ m ; and lji, kji ∈ Z+ , ∀1 ≤ j ≤ m, 1 ≤ i ≤ rj ; kji1 < kji2
when 1 ≤ j ≤ m , 1 ≤ i1 < i2 ≤ rj ; and∑

1≤j≤m,1≤i≤rj

kji · lji = n.

So ξ has m different eigenvalues, denoted by aj, 1 ≤ j ≤ m , and has rj different
kinds of Jordan blocks for the eigenvalue aj , with size kji and lji pieces of such size
for 1 ≤ i ≤ rj .
Set f = pr(ξ) . It is clear that every orbit in g∗ is of the form Of . Now we fix a ξ
and set

ξj = diag(J
lj1
kj1,aj

, J
lj2
kj2,aj

, · · · , J
ljrj
kjrj ,aj

), (1)

and nj =
∑rj

r=1 kjr · ljr for 1 ≤ j ≤ m . For convenience, set n0 = 0 , kj0 = 0, lj0 = 0
for 1 ≤ j ≤ m . Let Ms×s(C) be the set of all s× s matrices over C . Write

K(x1, · · · , xs) =


x1
x2 x1
... . . . . . .
xs · · · x2 x1

 , xi ∈ C, 1 ≤ i ≤ s,

then {X ∈ Ms×s(C) | XJs = JsX} = {K(x1, · · · , xs) | xi ∈ C, 1 ≤ i ≤ s} , and we
have the following Proposition.



530 Zhang

Proposition 3.6. For any a ∈ C, k, l ∈ Z+ ,

Lk,l = StabGLk·l(C)(J
l
k(a)) =

=


( K(x11,1, · · · , x11,k) · · · K(x1l,1, · · · , x1l,k)

... . . . ...
K(xl1,1, · · · , xl1,k) · · · K(xll,1, · · · , xll,k)

) ∣∣∣∣∣∣
xij,h ∈ C, ∀1 ≤ i, j ≤ l,

1 ≤ h ≤ k,

det(xij,1)1≤i,j≤l 6= 0

 .

Proof. By direct calculation, we see that the determinate of the element on the
right-hand side equals (det(xij,1)1≤i,j≤l)

k and get the statement immediately.

For any k1, k2 ∈ Z+ such that k1 ≤ k2 , and x1, · · · , xk1 ∈ C , define H1(x1, · · · , xk1)
as the k1 × k2 matrix

[K(x1, · · · , xk1), 0k1×(k2−k1)],

and define H2(x1, · · · , xk1) as the k2 × k1 matrix(
0(k2−k1)×k1

K(x1, · · · , xk1)

)
.

Proposition 3.7. For any a ∈ C, k1, k2, l1, l2 ∈ Z+ , k1 ≤ k2 ,

M l1,l2
k1,k2

= {X ∈Mk1l1×k2l2(C) | X(J l2
k2
(a)) = (J l1

k1
(a))X}

=

{ H1(x11,1, · · · , x11,k1) · · · H1(x1l2,1, · · · , x1l2,k1)
... . . . ...

H1(xl11,1, · · · , xl11,k1) · · · H1(xl1l2,1, · · · , xl1l2,k1)


| xij,h ∈ C,∀1 ≤ i ≤ l1, 1 ≤ j ≤ l2, 1 ≤ h ≤ k1

}
,

N l1,l2
k1,k2

= {X ∈Mk2l2×k1l1(C) | X(J l1
k1
(a)) = (J l2

k2
(a))X}

=

{ H2(x11,1, · · · , x11,k1) · · · H2(x1l1,1, · · · , x1l1,k1)
... . . . ...

H2(xl21,1, · · · , xl21,k1) · · · H2(xl2l1,1, · · · , xl2l1,k1)


| xij,h ∈ C, ∀1 ≤ i ≤ l2, 1 ≤ j ≤ l1, 1 ≤ h ≤ k1

}
.

Proof. This is easy to check out.

For convenience, we fix j and set r = rj , ku = kju, lu = lju , for 1 ≤ u ≤ rj , in the
Proposition 3.8 and its proof.

Proposition 3.8. The stabilizer is

Lj = StabGLnj (C)(ξj) =




X11 X12 · · · X1r

X21 X22 · · · X2r
...

... . . . ...
Xr1 Xr2 · · · Xrr


∣∣∣∣∣∣∣∣
Xuu∈Lku,lu , ∀1 ≤ u ≤ r,

Xst∈M ls,lt
ks,kt

, ∀1 ≤ s < t ≤ r,

Xst∈N ls,lt
ks,kt

, ∀1 ≤ t < s ≤ r

 .
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Proof. It is clear that

StabGLnj (C)(ξj) ⊆




X11 X12 · · · X1r

X21 X22 · · · X2r
...

... . . . ...
Xr1 Xr2 · · · Xrr


∣∣∣∣∣∣∣∣
Xst ∈M ls,lt

ks,kt
, ∀1 ≤ s ≤ t ≤ r,

Xst ∈ N ls,lt
ks,kt

, ∀1 ≤ t < s ≤ r

 ,

so we only need to prove the element on the right-hand side is invertible if and only
if Xuu is invertible for all 1 ≤ u ≤ r . It follows from the fact that the determinant
of the element on the right hand side is equal to

∏
1≤u≤r detXuu .

It is clear that

StabG(f) = StabG(ξ) = {diag(X1, · · · , Xm) | Xi ∈ Li, 1 ≤ i ≤ m}.

We have Of
∼= G/L and P \Of

∼= P \G/L . Define the right action of G on Cn by

v · g = (x1, · · · , xn)A,

where v = (x1, · · · , xn)t ∈ Cn and g = A ∈ Gn(C) . Set v0 = (0, · · · , 0, 1)t , we get
StabG(v0) = P , and Cn − {0} ∼= P \G .
To calculate P \ G/L , we need to calculate (Cn − {0})/L . Actually, we only
need to calculate (Cnj − {0})/Lj . Once we obtain all the different representatives
of (Cnj − {0})/Lj , denoted by Vj , we can get all the different representatives of
(Cn − {0})/L as follows,

{v = (v1, · · · , vm) 6= 0 | vi ∈ Cni , vi ∈ Vi or vi = 0, 1 ≤ i ≤ m}.

We fix j and adopt the same notation as Proposition 3.8. We have following
proposition about (Cnj − {0})/Lj , see Baruch [4], Chapter 5.

Proposition 3.9. Write R0 = {1, · · · , r}. For any ∅ 6= R ⊂ R0 and 1 ≤ xi ≤ ki
for i ∈ R , such that
(1) xi < xi′ for any i, i′ ∈ R such that i < i′ ,
(2) ki − xi < ki′ − xi′ for any i, i′ ∈ R such that i < i′ ,

we define the set I =
{ i−1∑

u=0

kulu + ki(li − 1) + xi, i ∈ R
}

⊆ {1, 2, · · · , nj}, and

vI = (y1, y2, · · · , ynj
), yi = 1 when i ∈ I and yi = 0 when i /∈ I . Let Ia be the set

of all I ’s constructed as above. Then {vI | I ∈ Ia} represent all different Lj -orbits
in Cnj − {0}.

Remark 3.10. Let R = {r} and xr = kr , define Io = {nj} , and the correspond-
ing vIo . From the structure of Lj , we can see that the Lj -orbit of vIo is the unique
dense open orbit in Cnj − {0} .

Remark 3.11. If we just assume [kji 6= kji′ for any 1 ≤ i 6= i′ ≤ rj ] rather than
[kji < kji′ for any 1 ≤ i < i′ ≤ rj ], the conditions (1) and (2) in Proposition 3.9
should be replaced by (1)’ xi < xi′ for any i, i′ ∈ R such that kji < kji′ , and (2)’
ki − xi < ki′ − xi′ for any i, i′ ∈ R such that kji < kji′ .
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With the result above, we can get the representatives of (Cn−{0})/L immediately.

Proposition 3.12. Set M0 = {1, 2, · · · ,m} and Rj0 = {1, 2, · · · , rj}, 1 ≤ j ≤ m.
For any ∅ 6= M ⊆ M0 , and ∅ 6= Rj ⊆ Rj0 for each j ∈ M , and 1 ≤ xji ≤ kji for
i ∈ Rj , j ∈M satisfying the following two conditions,

(1) xji1 < xji2 for any i1, i2 ∈ Rj such that i1 < i2 ,

(2) kji1 − xji1 < kji2 − xji2 for any i1, i2 ∈ Rj such that i1 < i2 ,

set I =
⊔
j∈M

{
j−1∑
v=0

nv +
i−1∑
u=0

kjulju + kji(lji − 1) + xji, i ∈ Rj} ⊆ {1, 2, · · · , n},

and vI = (y1, y2, · · · , yn), yi = 1 when i ∈ I and yi = 0 when i /∈ I . Let Ia be
the set of all such I ’s. Then {vI | I ∈ Ia} form all different representatives of
(Cn − {0})/L.

Proof. This follows from the Proposition 3.9.

Remark 3.13. Set M = M0 , Rj = {rj} and xjrj = kjrj for 1 ≤ j ≤ m . Let Io
be the set corresponding to such M , Rj and xjrj , i.e. Io = {n1, n1 + n2, · · · , n} .
Then vIo is the unique dense open L-orbit in Cn − {0}.

We can define gI in the same way as the contents about regular orbits, see the
content above the Lemma 3.2, and such gI · f ’s form all different representatives of
P \ Of and the orbit of gIo · f is the unique dense open orbit among them.
We go to calculate the moment map p : Of → p∗ . Let’s fix some I corresponding
to the given M , Rj(j ∈ M) and 1 ≤ xji ≤ kji(i ∈ Rj, j ∈ M) . For any j , let
qj = #Rj , and Rj = {cj1, · · · , cjqj} with cj1 < cj2 < · · · < cjqj . For j ∈ M , set
xjp = xjcjp , kjp = kjcjp for 1 ≤ p ≤ qj , xj0 = 0 , and dj = xjqj .

Proposition 3.14. Given I as above, then p(gI · f) has depth d =
∑

j∈M dj ,
and is P -conjugated to the element pr′(η), where

η = diag(A1, · · · , Am, Jd),

where Aj = ξj if j /∈ M (ξj is defined by (1) after the definition of ξ and f ); and
Aj = diag(Aj1, Aj2, · · · , Ajrj), if j ∈M , where Aji ’s are defined as follows:

Aji =


J
lji
kji,aj

if i /∈ Rj,

diag(J
lji−1
kji,aj

, Jt,aj) with t = kjh − xjh + xj(h−1),

if i = cjh ∈ Rj for 1 ≤ h ≤ qj.

Proof. As in the proof of Proposition 3.5, by block calculation, we can assume
lji = 1 , ∀1 ≤ i ≤ rj and Rj = {1, · · · , rj} for all 1 ≤ j ≤ m at the beginning.
Hence, dj = xjrj for 1 ≤ j ≤ m . For convenience, set AI = gI · ξ .
In the case of n∈I , we have rm = 1 since {xmi, i∈Rm} satisfies condition (1) and (2).
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We claim that pr′(AI) is P -conjugated pr′(ζj) for 0 ≤ j ≤ m− 1 , where

ζj =



A1

Jd1,a1
. . .

Aj

Jdj ,aj
ξj+1

. . .
ξm


+

(
0(n−1)×n

αj

)
,

and αj = (β′
1, · · · , β′

j, βj+1, · · · , βm).

When 1 ≤ i ≤ m− 1 , β′
i and βi are defined as follows:

β′
i =


(0, · · · , 0︸ ︷︷ ︸

ni−2

, 1, ai − am), di > 1,

(0, · · · , 0︸ ︷︷ ︸
ni−1

, ai − am), di = 1,
and βi = (βi1, · · · , βiri) for 1 ≤ h ≤ ri,

βih =


(0, · · · , 0︸ ︷︷ ︸

xih−2

, 1, ai − am, 0, · · · , 0︸ ︷︷ ︸
kih−xih

), xih > 1

(ai − am, 0, · · · , 0︸ ︷︷ ︸
kih−1

), xih = 1,
and βm = (0, · · · , 0︸ ︷︷ ︸

nm

).

It is trivially true that pr′(AI) is P -conjugated pr′(ζj) for j = 0 . Assume that it
is true for j − 1 , let’s prove that pr′(ζj−1) is P -conjugated pr′(ζj) , so we get that
pr′(AI) is P -conjugated pr′(ζj) .
Recall that nj′ =

∑
1≤i≤rj′

kj′i for 1 ≤ j′ ≤ m , n0 = 0 . For convenience, set r = rj ,
ku = kju for 1 ≤ u ≤ rj , xh = xjh for 1 ≤ h ≤ rj , x0 = 0 . Set

V = {
j−1∑
j′=0

nj′ + 1,

j−1∑
j′=0

nj′ + 2, · · · ,
j−1∑
j′=0

nj′ +
r∑

u=1

ku}

and U = V ∪ {n} . We claim that one can use P -conjugations, which only change
the elements in the positions (U, V ) or in the n-th column, to change ζj−1 to B
such that

B(U, V ) =

(
diag(Je1(aj), · · · , Jer(aj), Jxr(aj))

β′
j

)
,

where eh = kh − xh + xh−1, 1 ≤ h ≤ r .

Step 1. Let

P1 =



In1+···+nj−1

Ik1
E1 Ik2

E2
. . .
. . . . . .

Er−1 Ikr
Inj+1+···+nm


,
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where Ei is the ki+1 × ki matrix, with −1 in the positions
(xi+1, xi), (xi+1 − 1, xi − 1), · · · , (xi+1 − xi + 1, 1)

(here we use xi+1 > xi ) and 0 in the other positions, for 1 ≤ i ≤ r − 1 . Let
B1 = P−1

1 ζj−1P1 , then

B1(U, V ) =



Jk1,aj
E′

1 Jk2,aj

0 E′
2

. . .
... . . . . . . . . .
0 0 · · · E′

r−1 Jkr,aj
0 0 · · · 0 βjr


,

where E ′
i is ki+1 × ki matrix with −1 in the position (xi+1 + 1, xi) and 0 in other

positions, for 1 ≤ i ≤ r − 1 .

Step 2. Using the method of in Proposition 3.5, one can use P -conjugation, which
just change the elements in the positions (U, V ) or in the n-th column, to change
B1 to B2 such that

B2(U, V ) =



Jk1,aj
E′

1 Jk2,aj

0 E′
2

. . .
... . . . . . . . . .

0 0
. . . E′

r−2 Jkr−1,aj

0 0 · · · 0 0 Jxr,aj

0 0 · · · 0 E′′
r 0 Jkr−xr,aj

0 0 · · · 0 0 β′
j 0


,

E ′′
r is the (kr − xr) × kr−1 matrix with 1 in the position (1, xr−1) and 0 in other

positions.

Step 3. Let

P2 =



In1+···+nj−1

Ik1 F1

. . . . . .
. . . Fr−2

Ikr−1 Fr−1

Ikr
Inj+1+···+nm


,

Fi is the ki × ki+1 matrix with −1 in the positions
(xi + 1, xi+1 + 1), · · · , (ki, xi+1 + ki − xi)

(here we use ki+1 − xi+1 > ki − xi ), and 0 in other positions, for 1 ≤ i ≤ r .
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Let B3 = P−1
2 B2P2 . Then B3(U, V ) =

Jx1,aj

0 Jk1−x1,aj

0 0 Jx2,aj

E′′
1 0 0 Jk2−x2,aj

0 0 0 0 Jx3,aj

0 0 E′′
2 0 0 Jk3−x3,aj

...
...

... . . . . . . . . . . . .
...

...
... . . . . . . . . . . . .Jxr−1,aj

...
...

... . . . . . . . . . . . . 0 Jkr−1−xr−1,aj

0 0 0 0 0 0
. . . 0 0 Jxr,aj

0 0 0 0 0 0 · · · E′′
r−1 0 0 Jkr−xr,aj

0 0 0 0 0 0 · · · 0 0 β′
j 0



,

where E ′′
i is the (ki+1 − xi+1) × xi matrix with 1 in the position (1, xi) and 0 in

other positions, for 1 ≤ i ≤ r− 1 . Now we can easily see B3 is P -conjugated to ζj .
This finishes the proof of the claim.
Applying Proposition 3.5, by block calculation, we can easily show that pr′(ζm−1)
is P -conjugated to pr′(η) . This completes the proof of this case.
In the case of n /∈ I , using a similar method we can also get the statement.
This completes the proof of the statement.

Theorem 3.15. We have that p : Of → p∗ sends different P -orbits of Of to
different P -orbits of p∗ , the image p(Of ) contains a unique dense orbit P · (gIo ·f),
and p is proper over P · (gIo · f). The reduce space of the unique open dense orbit
is a singleton.

Proof. The first statement and the last statement is from the Proposition 3.14.
Let’s check the properness.
In the case of m = 1 , set r = r1 , ki = k1i , li = l1i for 1 ≤ i ≤ r1 .
Because of Lemma 3.2 we have StabP (gIo · f) ∼= StabL(vIo) . For convenience, we
denote Gk(C) by Gk for any k ∈ Z+ . We know that

L ∼= (Gl1 ×Gl2 × · · ·Glr)nN(
r−1∑
i=1

kili · (2(li+1 + · · ·+ lr)) +
r∑

i=1

l2i (ki − 1)),

where N(a) means the unipotent group which is homeomorphic to Ca as manifold.
We also have

StabL(vIo) ∼= (Gl1 ×Gl2 × · · ·Glr−1)nN(
r−1∑
i=1

kili · (2(li+1 + · · ·+ lr))

+
r∑

i=1

l2i (ki − 1) + (lr − 1)− (
r−1∑
i=1

kili + (kr − 1)lr)).
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Similarly, we have

StabP (p(gIo · f)) ∼= (Gl1 ×Gl2 × · · ·Glr−1)nN(
r−1∑
i=1

kili · (2(li+1 + · · ·+ lr − 1))

+
r−1∑
i=1

l2i (ki − 1) + (lr − 1)2(kr − 1) + (
r−1∑
i=1

kili + (lr − 1)kr)).

By direct calculation, we have that the quotient

StabP (p(gIo · f))/StabP (gIo · f)

is a single element. So the restriction of p on P · (gIo · f) is proper.
In the case of m > 1 , one can get the statement immediately.

3.2. Moment map in the GLn(R) case
Now, we can calculate the moment map in the Gn(R) case and get the similar results
as the case of Gn(C) .
Let n ∈ Z+ , let G = Gn(R) and let P = Pn(R) be the mirabolic subgroup of G . g
(resp. p) denotes the Lie algebra of G (resp. of P ). Write

Js(a) =


a
1 a

. . . . . .
1 a

 ∈ gs(R), s ∈ Z and s ≥ 2, a ∈ R,

and J1(a) = a1×1, a ∈ R . Set Js = Js(0) , ∀s ∈ Z+ . Write

J l
k(a) = diag(Jk(a), · · · , Jk(a)︸ ︷︷ ︸

l blocks

) ∀l ∈ Z+.

Write Jk(a, b) =

(
Jk(a) bIk
−bIk Jk(a)

)
, ∀a, b ∈ R, k ∈ Z+,

and J l
k(a, b) = diag(Jk(a, b), · · · , Jk(a, b)︸ ︷︷ ︸

l blocks

),

Let u, v ∈ N such that 2u + v ≤ n . Let a1, · · · , au+v, b1, · · · , bu ∈ R such that
z2k−1 = ak + ibk , z2k = ak − ibk , for k = 1, · · · , u , and z2u+k = au+k for 1 ≤ k ≤ v ,
are 2u+v distinct complex number,

∏
1≤i≤u bi 6= 0 . Let ξ = diag(ξ1, · · · , ξu+v) with

ξj =

 diag(J
lj1
kj1

(aj, bj), J
lj2
kj2

(aj, bj), · · · , J
ljrj
kjrj

(aj, bj)), 1 ≤ j ≤ u,

diag(J
lj1
kj1

(aj), J
lj2
kj2

(aj), · · · , J
ljrj
kjrj

(aj)), u+ 1 ≤ j ≤ u+ v,

where rj ∈ Z+, 1 ≤ j ≤ u + v , lji, kji ∈ Z+ , ∀1 ≤ j ≤ u + v, 1 ≤ i ≤ rj , and
kji1 < kji2 for 1 ≤ j ≤ u+ v , 1 ≤ i1 < i2 ≤ ri , and∑

1≤j≤u,1≤i≤rj

2kjilji +
∑

u+1≤j≤u+v,1≤i≤rj

kjilji = n.
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Set f = pr(ξ) . It is clear that every orbit in g∗ is of the form Of .
Now, we fix a ξ . Set

nj =

{ ∑rj
i=1 2kji · lji, 1 ≤ j ≤ u,∑rj
i=1 kji · lji, u+ 1 ≤ j ≤ u+ v,

and n0=0 . For convenience set kj0=0 , lj0=0 for 1 ≤ j ≤ u+ v and L=StabG(f) .

Then P \ Of
∼= P \G/L ∼= (Rn − {0})/L.

By calculating the representatives of (Rn −{0})/L , one can get the representatives
of the P -orbits in Of . We have the following results about (Rn − {0})/L .

Proposition 3.16. Set K0 = {1, · · · , u+ v}, Rj0 = {1, · · · , rj},∀1 ≤ j ≤ u+ v .
Let ∅ 6= K ⊆ K0 , and ∅ 6= Rj ⊆ Rj0 for any j ∈ K . Choose an integer 1 ≤ xji ≤ kji
for j ∈ K, i ∈ Rj , such that
(1) xji1 < xji2 , for any i1, i2 ∈ Rj such that i1 < i2 ,
(2) kji1 − xji1 < kji2 − xji2 , for any i1, i2 ∈ Rj such that i1 < i2 .

Set I =
⊔

j∈K,1≤j≤u

{
j−1∑
l=0

nl +
i−1∑
p=0

2kjpljp + kji(2lji − 1) + xji, i ∈ Rj}
⊔

⊔
j∈K,u+1≤j≤u+v

{
j−1∑
l=0

nl +
i−1∑
p=0

kjpljp + kji(lji − 1) + xji, i ∈ Rj},

and vI = (v1, · · · , vn) with vi = 1 when i ∈ I and vi = 0 when i /∈ I . Let Ia be the
set of all I ’s constructed above, then {vI | I ∈ Ia} form all different representatives
of (Rn − {0})/L.
Proof. It can be proved similarly as Proposition 3.12.
We can define gI in the same way as the contents about regular orbits, see the
content above the Lemma 3.2, and such gI · f ’s form all different representatives of
P \ Of and the orbit of gIo · f , Io = {n1, n1 + n2, · · · , n} , is the unique dense open
orbit among them.
We go to calculate the moment map p : Of → p∗ . Let’s fix some I corresponding to
the given K , Rj(j ∈ K) and 1 ≤ xji ≤ rj(i ∈ Rj, j ∈ K) . For any 1 ≤ j ≤ u + v ,
let qj = #Rj , and Rj = {cj1, · · · , cjqj} , cj1 < cj2 < · · · < cjqj . Set xjh = xjcjh ,
kjh = kjcjh , ljh = ljcjh for 1 ≤ h ≤ qj . Set dj = xjqj and xj0 = 0 .

Proposition 3.17. We have that p(gI · f) has depth

d =
∑

j∈M,1≤j≤u

2dj +
∑

j∈M,u+1≤j≤u+v

dj,

and is P -conjugated to the element pr′(η), where η = diag(A1, · · · , Am, Jd), where
Aj = ξj if j /∈ M , and Aj = diag(Aj1, Aj2, · · · , Ajrj), if j ∈ M , where Aji ’s are
defined as follows, when i /∈ Rj ,

Aji =

{
J
lji
kji
(aj, bj), 1 ≤ j ≤ u,

J
lji
kji
(aj), u+ 1 ≤ j ≤ u+ v,
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when i = cjh ∈ Rj for some 1 ≤ h ≤ qj ,

Aji =

{
diag(J

lji−1
kji

(aj, bj), Jt(aj, bj)), 1 ≤ j ≤ u,

diag(J
lji−1
kji

(aj), Jt(aj)), u+ 1 ≤ j ≤ u+ v,

here t = kji − xjh + xj(h−1) .
Proof. We regard pn(R) as the real form of pn(C) . Use the result of Gn(C) , we
get that p(gI ·f) is Pn(C)-conjugated to pr′(η) . So p(gI ·f) is also Pn(R)-conjugated
to pr′(η) .

Theorem 3.18. p : Of → p∗ sends different P -orbits of Of to different P -orbits
of p∗ , the image p(Of ) contains a unique dense orbit P ·(gIo ·f), and the restriction
of p on P · (gIo · f) is proper. The reduce space of the unique open dense orbit is a
singleton.
Proof. It follows from Proposition 3.17 and the similar result of the Gn(C) case
(see Theorem 3.15).

4. Results of Kirillov’s conjecture
Let k be the field R or C , let Pn(k) be the mirabolic subgroup of GLn(k) . Kirillov’s
conjecture states that the irreducible unitary representations of GLn(k) remains ir-
reducible upon restriction to Pn(k) and was proved by Sahi ([27]) for tempered
representations of GLn(R) or GLn(C) , and Sahi-Stein ([29]) for Speh representa-
tions of GLn(R) , and Baruch ([4]) in archimedean fields general. Later Aizenbud-
Gourevitch-Sahi ([2]) calculated the adduced representations of the Speh comple-
mentary series.
Sahi’s and Sahi-Stein’s proofs are based on Mackey’s theory of the unitary repre-
sentations of semi-direct products and Vogan’s result about the classification of the
irreducible unitary representations of GLn(k) , and their key method is construct-
ing the intertwining operator by Fourier transform. Baruch proved by studying the
Pn(k)-invariant distribution. Aizenbud-Gourevitch-Sahi’s used annihilator variety
and degenerate Whittaker models to get the adduced representations of the Speh
complementary series. Here we summarize some results of Kirillov’s conjecture.
Firstly, we show how to get the unitary dual of Pn(k) , denoted by P̂n(k) . The
following two facts are easy to see.
(i) Pn(k) ∼= GLn−1(k)n kn−1 .

(ii) GLn−1(k) has two orbits in (kn−1)∗ : {0} and (kn−1)∗−{0} . Let ξ∈(kn−1)∗−{0}
be defined by ξ(x1, · · · , xn−1) = xn−1 . Then StabGLn−1(k)(ξ)

∼= Pn−1(k) .
Based on Mackey’s theory, we have the following:
Every irreducible unitary representation of Pn(k) is obtained in one of the following
two ways:
(i) by trivially extending an irreducible unitary representation of GLn−1(k) ,

(ii) by extending an irreducible unitary representation of Pn−1(k) to Pn−1(k)nkn−1

by the character ξ and then unitarily inducing to Pn(k) .
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We use E and I to denote functors from the above constructions (i) and (ii)
respectively. Then,

P̂n(k) = E( ̂GLn−1(k))
⊔

I(P̂n−1(k)).

Moreover, we have the following fact: each irreducible unitary representation τ of
Pn(k) is of the form τ = Ij−1Eσ , where the integer j ≥ 1 and σ ∈ ̂GLn−j(k) are
uniquely determined by τ .
Now we describe the unitary dual of GLn(k) , which is finally obtained by Vogan
[30]. Let π1 and π2 be the representations of GLn1(k) and GLn2(k) , π1 × π2 de-
notes the unitary parabolic induction from the representation π1 ⊗ π2 of the Levi
subgroup GLn1(k) × GLn2(k) to GLn1+n2(k) . Then every irreducible unitary rep-
resentation of GLn(R) is a ×-product of unitary characters, Stein representations,
Speh representations, and Speh complementary series representations. And every
irreducible unitary representation of GLn(C) is a ×-product of unitary characters
and Stein representations.
For convenience, we give the descriptions of Speh representations, Stein represen-
tations, and Speh complementary series representations. They can be described as
the (subrepresentations of) degenerated principle series.
(i): Speh representations. Let Q be the subgroup of GL2n(R) defined as

Q =
{(

A B
0 D

)
| A,D ∈ GLn(R), B ∈Mn×n(R)

}
.

For any m ∈ Z+ , we define a character χm : Q→ C× as(
A B
0 D

)
7→ | det(A)|m/2sgn(det(A))m+1| det(D)|−m/2.

The Speh representation of GL2n(R) , denoted by δ(n,m) , is the unique nonzero
irreducible subrepresentation of IndG

Q(χm) , where the smooth vector in IndG
Q(χm) is

{f ∈ C∞(G) | f(qg) = λ(q)χm(q)f(g), ∀q ∈ Q, g ∈ G},

here λ is the modular character defined as(
A B
0 D

)
7→ | det(A)|n/2| det(D)|−n/2.

Simply speaking, the Speh representation δ(n,m) is the unique nonzero irreducible
subrepresentation of

(| det |m/2 · sgn(det)m+1)|GLn(R) × | det |−m/2|GLn(R).

(ii): Stein representation. For any s ∈ (0, 1/2) , we can define the Stein represen-
tation of GL2n(R) , denoted by σ(n, s) (or σ(n, s)|GL2n(R) when there is ambiguity),
as the representation

| det |s|GLn(R) × | det |−s|GLn(R).

The Stein representation of GL2n(C) , denoted by σ(n, s)(or σ(n, s)|GL2n(C) when
there is ambiguity), can be defined the same as that of GL2n(R) ,

| det |s|GLn(C) × | det |−s|GLn(C).
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(iii): Speh complementary series representation. For any m ∈ Z+ , and s ∈ (0, 1/2) ,
we can define the Speh complementary series representation of GL4n(R) , denoted
by ∆(n,m, s) , as the representation

| det |sδ(n,m)× | det |−sδ(n,m).

We now state some results on Kirillov’s conjecture. Firstly, S.Sahi [27] established
Kirillov’s conjecture of GLn(k) for the ×-product of unitary characters and Stein
representations. Sahi [27] defined that

(i) a unitary representation of Pn(k) , denoted by τ , is homogeneous of depth j
if τ = Ij−1Eσ for some unitary representation σ of GLn−j(k) ,

(ii) a unitary representation of GLn(k) , denoted by ρ , is adducible of depth j if
ρ|Pn(k) is homogeneous of depth j , and if ρ|Pn(k) = Ij−1Eσ , we shall write
σ = Aρ and call it the adduced representation of ρ .

Then Sahi obtained the following key fact based on Mackey’s theory and the partial
Fourier transform, and got the result in that paper.

Theorem 4.1 ([27], Theorem 2.1). If ρ and σ are adducible representation of
GLr(k) and GLs(k) of depths l and m, then ρ × σ is adducible of depth l + m.
Moreover, A(ρ× σ) = (Aρ)× (Aσ).

We also have the following result.

Theorem 4.2 ([27], Lemma 3.1). Let π be a unitary character of GLn(k), then
π is adducible of depth 1 and Aπ = π|GLn−1(k) , where GLn−1(k) is imbedded on the
top left corner of GLn(k).

Later Sahi [28], Sahi-Stein [29] obtained the adduced representations of Stein rep-
resentations and Speh representations. The key method is constructing the inter-
twining operator by partial Fourier transform.

Theorem 4.3 ([28], 2.4). Let σ(n+1, s) be the Stein representation of GL2n+2(R),
s ∈ (0, 1/2), then Aσ(n+ 1, s) = σ(n, s).

Theorem 4.4 ([29], Theorem 3). Let δ(n+1,m) be the m-th Speh representation
of GL2n+2(R), m ∈ Z+ , then Aδ(n+ 1,m) = δ(n,m).

After Baruch [4] proved Kirillov’s conjecture in archimedean fields, Aizenbud-Gou-
revitch-Sahi [2] calculated the adduced representations of the Speh complementary
series.

Theorem 4.5 ([2], Theorem 4.2.4). Let ∆(n+1,m, s) be the Speh complementary
series representation of GL4n+4(R), m ∈ Z+ and s ∈ (0, 1/2). Then

A∆(n+ 1,m, s) = ∆(n,m, s).

Example 4.6. In the case of GLn(C) , let ai ∈ R, si ∈ Z+ , 1 ≤ i ≤ m ,∑m
i=1 si = n , let π = (det)ia1|GLs1 (C) × · · · × (det)iam|GLsm (C) be the irreducible

unitary representation of GLn(C) , then
π|Pn = Im−1E((det)ia1|GLs1−1(C) × · · · × (det)iam|GLsm−1(C)).
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5. Orbit method
The orbit method tries to establish a close connection existed between irreducible
unitary representations of a Lie group and its orbits in the coadjoint representation,
and to provide a clear geometric picture of irreducible unitary representations. In the
1950s , before the orbit method developed, Mackey and others had obtained some
wonderful results on the irreducible unitary representations of Lie groups, showing
how to use induced representation to obtain irreducible unitary representations,
see Mackey [24]. In the 1960s, Kirillov found a way to think about the set of
all irreducible unitary representations of a simply connected nilpotent Lie group,
establishing a bijection between the coadjoint orbits and the irreducible unitary
representations (see Kirillov [12]), and brought up the orbit method. Later, Kostant
developed a quantization theory to obtain irreducible unitary representations, and
generalized the results of Kirillov to solvable Lie groups (see Auslander-Kostant [3]).
In the 1970s-1980s, Duflo got all the irreducible unitary representations of (almost)
algebraic groups assuming the unitary dual of reductive Lie groups, see Duflo [6].
The orbit method (or the quantization problem) of reductive groups is not com-
pletely solved until now. Roughly speaking, the quantization of coadjoint orbits can
be reduced to the case of nilpotent coadjoint orbits (defined below), and such irre-
ducible unitary representations attached to nilpotent coadjoint orbits, called unipo-
tent representations, are not easy to understand in general, see Vogan [33]. We will
summarize some results about the orbit method of reductive Lie groups and alge-
braic groups in the following two parts. The method of constructing representations
is using induced representation (includes parabolic induction and cohomological in-
duction).

5.1. Representations attached to coadjoint orbits of GLn(k)

5.1.1. Jordan decomposition
To begin with, we use Jordan decomposition to describe the coadjoint orbits of
reductive groups (see Vogan [33], Lecture 2).
Let G be a reductive Lie group and let g be its Lie algebra. Let θ be a Cartan
involution of g and let

G = K exp s

be the Cartan decomposition, where K = Gθ and s = −1 eigenspace of θ on g .
Let B be a nondegenerate G-invariant and θ -invariant bilinear form on g such that
the quadratic form

g 3 X 7→ −B(X, θX)

on g is positive definite. Let g∗ be the dual of g . Then we have a G-isomorphism

ϕ : g → g∗, X 7→ (Y 7→ B(X,Y ),∀Y ∈ g),∀X ∈ g.

For any λ ∈ g∗ , we call it semisimple (resp. nilpotent, hyperbolic, elliptic) if ϕ−1(λ)
is a semisimple (resp. nilpotent, hyperbolic, elliptic) element in g . By the Jordan
decomposition, we can decompose any λ ∈ g∗ uniquely as

λ = λh + λe + λn,

where λh is hyperbolic, λe is elliptic, λn is nilpotent, and ϕ−1(λh) , ϕ−1(λe) , ϕ−1(λn)
commute with each other.
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Set Xh = ϕ−1(λh) , Xe = ϕ−1(λe) , and Xn = ϕ−1(λn) . Let G(X) (resp. G(λ)) be
the stabilizer of X (resp. of λ), and g(X) (resp. g(λ)) be the Lie algebra of G(X)
(resp. of G(λ)). Then we have the following.

Proposition 5.1 (Vogan [30], Proposition 2.10, 2.11, and 2.12).
(i) Any hyperbolic element in g is conjugated into s. If X ∈ s is hyperbolic, then

G(X) is reductive group with Cartan involution θ|G(X) .
(ii) There is a bijection between the G-orbits of elements in g, which hyperbolic

part are G-conjugated to Xh , and the G(Xh)-orbits of elements in g(Xh),
which hyperbolic part is zero.

(iii) Any elliptic element in g is conjugated into k. If X ∈ k is elliptic, then G(X)
is a reductive group with Cartan involution θ|G(X) .

(iv) There is a bijection between the G-orbits of elements in g, which semisimple
part are G-conjugated to Xh +Xe , and the G(Xh +Xe)-orbits of elements in
g(Xh +Xe), which semisimple part is zero.

Therefore we can assume Xh ∈ s and Xe ∈ k .
An irreducible unitary representation which is attached to a coadjoint orbit has a
kind of “Jordan decomposition”. To attach an irreducible unitary representation to
the orbit of λ , we firstly attach an irreducible representation πn of G(λh+λe) to the
G(λh+λe)-orbit of λn|g(λh+λe)∗ , which is called as nilpotent step; then using λe and
applying cohomological induction to πn , we get an irreducible unitary representation
πh of G(λh) , which is called as elliptic step; finally, using λh and applying parabolic
induction to πh , we get an irreducible unitary representation of G , which is called
as hyperbolic step.

5.1.2. Hyperbolic step
The easiest step is the hyperbolic step, which uses parabolic induction, see Vogan
[33], Lecture 2. Set L = G(λh) with its Lie algebra l . Set

gr = {Y ∈ g|[Xh, Y ] = rY }, r ∈ R

and u = ⊕r>0gr . Set U = exp u and Q = LU . We define the unitary character
χ(λh) of L as follows:

χ(λh)(k · exp(Z)) = exp(iλh(Z)), k ∈ L ∩K, Z ∈ l ∩ s.

Suppose that πL is any unitary representation of G(λh) attached to the G(λh)-
coadjoint orbit of (λe + λn)|l , then the unitary representation of G (this unitary
representation may be reducible)

πG = IndG
Q(πL ⊗ χ(λh))

is attached to the coadjoint orbit of λ .

5.1.3. Elliptic step
The elliptic step is more complicated, which uses cohomological induction, see Vogan
[32]. Set λs = λh + λe be semisimple part of λ , and set Xs = Xh +Xe .
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Let gC be the complexification of g , and let q be the parabolic subalgebra having
gC(λs) as a Levi factor with nilpotent radical u such that the eigenvalues of Xs

acting on u are in

{z ∈ C | Re(z) > 0, or Re(z) = 0, Im(z) > 0}.

Let e2ρ(u) be the character of the adjoint action of G(λs) on the top exterior power
of u . Assume that τ is any irreducible representation of G(λs) such that

dτ = iλs + ρ(u).

Then there is attached to λ a unitary representation πλ such that the underlying
(gC, K)-module Π(λ) is defined as follows,

Π(λ) = (ΓgC,K
gC,G(λs)∩K)

d(pro
gC,G(λs)∩K
q,G(λs)∩K (τ ⊗ πn)), (2)

where Γ is the Zuckerman functor, pro is a kind of Hom functor, d is the dimension
of u∩ k , πn is the unipotent representation of G(λs) which is attached to λn|(g(λs))∗ .
To define the Zuckerman functor (see Knapp-Vogan [13], Introduction), we need to
define the Hecke algebra. Assume that h is a complex reductive Lie algebra of Lie
group H , M is a compact subgroup of H , then the Hecke algebra R(h,M) can be
defined as the algebra of left M -finite distributions on H with support in M , with
convolution as multiplication.
Let us fix some notations to define the Zuckerman functor and the functor pro . Let
G be a linear connected reductive Lie group and GC be the complexification of G .
Let K be the maximal compact subgroup of G . Let g denote the Lie algebra of G
and gC be the complexification of g .
Assume that T is a torus in G , and L = ZG(T ) with Lie algebra l . Let LC be the
analytic subgroup of GC with Lie subalgebra lC . Let Q be a parabolic subgroup in
GC containing LC as Levi subgroup and let q be the Lie algebra of Q .
Assume that V is a (gC, L∩K)-module, W is an (lC, L∩K)-module, hence is also
a (q, L ∩K)-module by trivial extension to the radical u of q .
Define the functor pro from (q, L ∩K)-module to (gC, L ∩K)-module as

progC,L∩Kq,L∩K (W ) = Homq(U(gC),W )L∩K .

Here the subscript L ∩K means taking all the L ∩K finite vectors.
Define the functor from (gC, L ∩K)-module to (gC, K)-module as

ΓgC,K
gC,L∩K(V ) = HomR(gC,L∩K)(R(gC, K), V )K .

It is left exact and has i-th right derivative functors, denoted by (ΓgC,K
gC,L∩K)

i .
Let (uRgC,K

q,L∩K)
i(W ) denote (ΓgC,K

gC,K∩L)
i(progC,L∩Kq,L∩K (W )) , then equation (2) can be

written as
(uRgC,K

q,G(λs)∩K)
d(τ ⊗ πn).

5.1.4. Nilpotent step
We focus on the special unipotent representations which are defined by Arthur,
Barbasch, and Vogan (see Adams-Barbasch-Vogan [1], Chapter 27).
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Let’s introduce notation about partition firstly. Let n ∈ Z+ , let r ∈ Z+ , ki, li ∈ Z+

such that
∑

1≤i≤r kili = n and ki > kj for any 1 ≤ i < j ≤ r . We use {kl11 · · · klrr }
to denote the partition of n ,

{k1, · · · , k1︸ ︷︷ ︸
l1

, · · · , kr, · · · , kr︸ ︷︷ ︸
lr

}.

Let P denote this partition. We will use JP to denote diag(J l1
k1
, · · · , J lr

kr
) , JP (a) to

denote diag(J l1
k1
(a), · · · , J lr

kr
(a)) , and JP (a, b) to denote diag(J l1

k1
(a, b), · · · , J lr

kr
(a, b)) .

For the case of G = Gn(R) , let f = pr(ξ) with ξ = JP . The special unipotent
representation attached to Of is

π = sgn(det)w1|Gt1 (R) × · · · × sgn(det)wp |Gtp (R),

where {t1, · · · , tp} is the dual partition of {kl11 · · · klrr } and wi = 0, 1 for 1 ≤ i ≤ p .
For the case of G = Gn(C) , let f = pr(ξ) with ξ = JP . The special unipotent
representation attached to Of is

π = 1|Gt1 (C) × · · · × 1|Gtp (C)

where {t1, · · · , tp} is the dual partition of {kl11 · · · klrr } .
In general, we have the following correspondence between coadjoint orbits and
irreducible unitary representations.
Let us consider the case of G = Gn(R) .
When n = 2m , assume that P = {kl11 · · · klrr } is a partition of m . Let f ∈ g∗ and
f = pr(ξ) with ξ = JP (0, b/2) , b ∈ Z+ .
Firstly, we use the nilpotent step and attach the orbit fn = pr(ξn) , ξn = JP (0, 0) ,
with the irreducible unitary representation πn of G(fs) ∼= Gm(C)

1|Gt1 (C) × · · · × 1|Gtp (C),

where {t1, · · · , tp} is the dual partition of {kl11 · · · klrr } . By direct calculation, we get

τ = (
det

| det |
)b+m|Gm(C) and eρ(u) = (

det

| det |
)m|Gm(C).

Using Vogan [30], Theorem 17.6, we have

(uRgC,K
q,G(fs)∩K)

d(τ ⊗ πn) =
p
×
i=1

δ(ti, b).

So the irreducible unitary representation
p
×
i=1

δ(ti, b) is attached to the coadjoint orbit
of f = pr(ξ) with ξ = JP (0, b/2) . When f = pr(ξ) with

ξ = diag(JP1(0, b1/2), · · · , JPr(0, br/2), JP ),

where r ∈ Z+ , bi ∈ Z+ , for 1 ≤ i ≤ r , b1 > b2 > · · · > br , Pi is a partition of ni

and P is a partition of n0 with
∑r

i=1 2ni + n0 = n .
Let {ti1, · · · , tisi} be the dual partition of Pi for 1 ≤ i ≤ r . Let {t1, · · · , ts} be the
dual partition of P .
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Let H = G2n1(R)× · · · ×G2np(R)×Gn0(R),

then G(fs) ⊂ H . Let h be the Lie algebra of H and hC be the complexification
of h . Let q1 = hC ∩ q , and let u1 be the nilpotent radical of q1 . Let Q be the
parabolic subgroup containing H and the invertible upper triangular matrices. Set
d1 = dim(u1 ∩ k) . We use Vogan [30], Theorem 17.6, and get

(uRgC,K
q,G(fs)∩K)

d(τ ⊗ πn) = IndG
Q((

uRhC,K∩H
q1,G(fs)∩K)

d1(τ ⊗ πn))

= (
p
×
j=1

sj
×
i=1

δ(tji, bj))× (
s
×
j=1

sgn(det)wj |Gtj (R)),

where wj = 0, 1 for any 1 ≤ j ≤ s .

5.1.5. Representations of GLn(k) attached to some kind of coadjoint orbits
In general, for the case of Gn(R) , let f = pr(ξ) with ξ = diag(ξ1, · · · , ξm) , m ∈ Z+ ,

and ξi = diag(JPi1
(ai, bi1/2), · · · , JPipi

(ai, bipi/2), JPi
(ai)), 1 ≤ i ≤ m,

where pi ∈ Z+ , ai ∈ R for 1 ≤ i ≤ m , a1 > · · · > am , bij ∈ Z+ , and bi1 > · · · > bipi ,
Pij is a partition of nij for 1 ≤ i ≤ m and 1 ≤ j ≤ pi , Pi is a partition of ni for
1 ≤ i ≤ m , nij, ni satisfy ∑

1≤i≤m

∑
1≤j≤pi

2nij +
∑

1≤i≤m

ni = n.

Assume that {tij,1, · · · , tij,sij} is the dual partition of Pij , and that {ti,1, · · · , ti,si}
is the dual partition of Pi .
The representation attached to Of is π = π1 × · · · × πm , where

πl = | det |ial ⊗ ((
pl
×
j=1

slj
×
k=1

δ(tlj,k, blj))× (
sl
×
k=1

sgn(det)wl,k |Gtl,k
(R))),

with wl,k = 0, 1 for any 1 ≤ l ≤ m , 1 ≤ k ≤ sl .
For the case of G = Gn(C) , let f = pr(ξ) with

ξ = diag(JP1(a1), · · · , JPm(am)),

where ai ∈ R for any 1 ≤ i ≤ m , and a1 > · · · > am , Pi is a partition of ni for
1 ≤ i ≤ m , and ni (1 ≤ i ≤ m) satisfy

∑
1≤i≤m ni = n .

The representation attached to Of is

π =
m
×
j=1

sj
×
k=1

| det |iaj |Gpjk
(C),

where {pj1, · · · , pjsj} is the dual partition of Pj for 1 ≤ j ≤ m .

5.2. Representations attached to coadjoint orbits of Pn(k)

Given an (almost) algebraic group G , Duflo [6] constructed all the irreducible
unitary representations of G assuming the unitary dual of some reductive groups,
basing on Mackey’s theory. It suggests that the problem of attaching irreducible
unitary representations with coadjoint orbits can be reduced to the problem in the
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case of reductive groups. We summarize some results of Duflo [6] without proofs in
the following.
5.2.1. Coadjoint orbits of algebraic groups
Duflo showed how to get all the coadjoint orbits of g∗ assuming that one knew the
coadjoint orbits of reductive groups.
Let g be the Lie algebra of G , and let g∗ be the dual of g . For any x ∈ g∗ , let
G(x) be the stabilizer of x in G and let g(x) be the Lie algebra of G(x) , let uG(x)
be the unipotent radical of G(x) and let ug(x) be the Lie algebra of uG(x) .
On g/g(x) , there is a natural symplectic form, denoted by ωx ,

ωx(α, β) = x([α, β]),

where α, β ∈ g and α, β denote the image of α and β in g/g(x) .
Firstly, we need to define the linear forms of unipotent type (see [6], I). If G is
unipotent, all of g∗ are of unipotent type, and if G is reductive, 0 is the unique
element of g∗ of unipotent type. In general, its definition depends on the following
things.

Definition 5.2. Let x ∈ g∗ and b be a subalgebra of g . We say that
(i) b is coisotropic relative to x (or coisotropic) if the orthogonal of b in g with

respect to ωx , denoted by b⊥ , is contained in b .
(ii) b is a polarization of x if b⊥ = b .
(iii) An coisotropic subalgebra b is of strongly unipotent type if b is algebraic (i.e.

there exists algebraic subgroup with Lie subalgebra b) and b = g(x)+ ub .

Definition 5.3. An element x in g∗ is said to be of unipotent type if it satisfies
(i) There exists a reductive factor of g(x) contained in kerx .
(ii) There is a subalgebra of strongly unipotent type relative to x .

Let x ∈ g∗ be a form of unipotent type, then we can construct a subalgebra of
strongly unipotent type relative to x by induction on dim g canonically (see [6],
I.20). Let u = x|ug and let h = g(u) . If h = g , then set b = h . If h 6= g ,
then y = x|h is a form of unipotent type. Let l ⊂ h be the canonical subalgebra
of strongly unipotent type relative to y , set b = ug + h . Then b is the canonical
subalgebra of strongly unipotent type relative to x .
Let D be the set of pairs (x, λ) , where x is a linear form of unipotent type on g , and
λ is an element in L(x) , L(x) is the set of linear forms over g(x) whose restriction
to ug(x) is equal to x|ug(x) .
Let r be a reductive factor of g(x) , then the restriction map establish a bijection of
L(x) and r∗ , sending y ∈ L(x) to y|r .
Let (x, λ) ∈ D . Let b be a subalgebra of g , which is of unipotent type relative to
x (see [6],I.8 for definition, from [6], I.9, I.22, we have that when x is of unipotent
type, a subalgebra is of unipotent type relative to x if and only if it is strongly
unipotent type relative to x). Let f be an element of g∗ whose restriction to ub
is equal to x|ub , and whose restriction restriction to g(x) is equal to λ . Such an
element f exists by the definition of L(x) .
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Let G act on D naturally, then we have the following.

Proposition 5.4 ([6], II.5). (i) The orbit G · f in g∗ does not depend on the
choices of b and f . We denote it by Ox,λ .
(ii) The map (x, λ) 7→ Ox,λ induces a bijection from D/G to g∗/G.

5.2.2. Construction of unitary dual of algebraic groups
Duflo showed how to construct the irreducible unitary representations of G using
the coadjoint orbits and the irreducible unitary representations of some reductive
groups. The construction of representations used Metaplectic groups.
Since G(x) acts on g/g(x) and keeps the form ωx , we get a morphism

ϕ : G(x) → Sp(g/g(x), ωx).

Let Mp(g/g(x), ωx) be the metaplectic group, i.e., there is a nontrivial connected
double cover

φ : Mp(g/g(x), ωx) → Sp(g/g(x), ωx).

We define a double cover of G(x) as

G(x)g = {(g, t) | g ∈ G(x), t ∈ Mp(g/g(x), ωx) and ϕ(g) = φ(t)}.

Let ψ : G(x)g → G(x) be the covering morphism, and let (1,−1) denote the
nontrivial element of kerψ .
Similarly, for any group H , which acts on a symplectic vector space m and keep
the symplectic form, we have a morphism ϕ′ : H → Sp(m) and a double covering
morphism φ′ : Mp(m) → Sp(m) . Define a double cover

H̃ = {(h, t) | h ∈ H, t ∈ Mp(m) and ϕ′(h) = φ′(t)}.

By Segal-Shale-Weil representation (see Duflo [6], II.6), any ŝ ∈ Mp(m) which is
mapped to s ∈ Sp(m) can be represented by (s, θŝ) (or just denoted by (s, θ)), where
θŝ is a function depended on ŝ , with complex value module 1 over the set of maximal
isotropic subspaces in m . Therefore, any element (h, t) ∈ H̃ (h ∈ H, t ∈ Mp(m))
can be represented by (h, θt) . We will also use Hm to denote H̃ .
Since uG(x) is unipotent, uG(x) can be embedded into G(x)g . Let

Y irr(x) = {irreducible unitary representation π of G(x)g/uG(x) | π((1,−1)) = −1}.

Let C denote the set of couples (x, τ) , where x is a linear form of unipotent type,
and τ ∈ Y irr(x) . Then the group G acts on C naturally.
Now, we can construct an irreducible unitary representation Tx,τ of G (see [6], III
for details). Let b be a subalgebra of strongly unipotent type relative to x which
is stable under G(x) , and let v denote the nilpotent radical of b . Let V be the
subgroup corresponding to v . Set B = G(x)V . Let v denote the restriction of x
to v , and G(x)v is defined.
Let l ⊂ v be a polarization relative to v , and let L be the unipotent subgroup with
Lie algebra l . Define the irreducible unitary representation of V attached to v as

Tv = IndV
Le

iv|l .
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Define Tx,τ = IndG
B(τ

′ ⊗ SvTv),

where τ ′ and Sv are defined as follows, and we have that Tx,τ is independent of the
choice of B (see [6], III.16). Define τ ′ to be the representation of G(x)v as

τ ′(y, ψ) = (φψ−1)τ(y, φ),

here τ = τ ⊗ χx of (G(x)g/uG(x))o uG(x) ∼= G(x)g with χx defined by dχx =
ix|ug(x) , and

φψ−1 = φ(l′ + g⊥)ψ(l′)−1

is a constant which is independent on the choice of the maximal totally isotropic
subspace l′ of v (see [6], II.8). Define Sv to be the action of G(x)v on Tv by

Sv(y, φ) = φ(l) · S ′
v,l(y),

and S ′
v,l is the action of G(x) on Tv defined by

S ′
v,l(y) = ||A(y)||−1Fl,ylA(y),

Fl,yl is the intertwining operator from Tyv to Tv , and A(y) is the operator from Tv
to Tyv with

A(y)α(z) = α(y−1(z)), α ∈ Tv, z ∈ V.

It can be checked that Sv is independent of the choice of l (see [6], II.10).

Proposition 5.5 ([6], III.12). For any element (x, τ) ∈ C , we get an irreducible
unitary representation Tx,τ of G. Moreover, the map (x, τ) 7→ Tx,τ induces a
bijection from C/G to Ĝ.

Now, we can obtain the correspondence between coadjoint orbits and irreducible
unitary representations of an algebraic group G (see [6], III.19, III.20).
Let f ∈ g∗ , by Proposition 5.4, we get Of = Ox,λ for some x ∈ g∗ of unipotent
type and λ ∈ L(x) ∼= (g(x)/ug(x))∗ . Assume that τ is an irreducible unitary
representation of G(x)g/uG(x) attached to λ such that τ((1,−1)) = −1 , then Tx,τ
is an irreducible unitary representation of G attached to Of .

5.2.3. Duflo’s construction in the Pn(k) case
Set G = Pn(k) , we show how to attach representations with coadjoint orbits by the
above method (using the same notation).
For any element f ∈ g∗ , applying the results in Section 2, we have that f is
conjugate to an element pr′(diag(A, Jm)) for some m∈Z+ and A ∈ gln−m(k) . Let
x = pr′(diag(0, Jm)) , then x is of unipotent type. Actually, g(x) has reductive factor

g′ = {diag(X, 0m×m) | X ∈ gln−m(k)} ⊂ ker(x).

Let b =
{(

X Y
0 Z

)
| X ∈ gln−m(k), Y ∈M(n−m)×m(k), Z ∈ um(k)},

where um(k) is the set of strictly upper triangular matrices over k , then b is a
subalgebra of strongly unipotent type relative to x . Therefore, x is of unipotent
type.
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Let λ′ = pr′(diag(A, 0)) , then λ := λ′|g(x) ∈ L(x) , since x|ug(x) = 0 and λ|ug(x) = 0 .

Moreover, L(x) ∼= (g(x)/ug(x))∗ ∼= gln−m(k)
∗.

Also it is easy to see that Of = Ox,λ . Furthermore, we have that G(x)g is a trivial
double cover of G(x) , that is G(x)g ∼= G(x)× Z2 . Actually,

G(x) =


 Y Z 0

0 1 0
0 0 Im−1

 | Y ∈ GLn−m(k), Z ∈M(n−m)×1(k)

 .

It is not hard to see that the image of the reductive factor

{diag(Y, Im) | Y ∈ GLn−m(k)}

in Sp(g/g(x), ωx) ∼= Sp((n− m

2
)(m− 1), k)

has trivial double cover in the metaplectic group Mp((n− m
2
)(m−1), k) . Therefore,

G(x)g is a trivial double cover of G(x) .
To attach Of to the representation of Pn(k) , we assume that τ0 is the irreducible
unitary representation of

G(x)/uG(x) ∼= GLn−m(k)

which is attached to the GLn−m(k)-orbit of λ ∈ L(x) ∼= gln−m(k)
∗ . Define an

irreducible unitary representation of G(x)/uG(x) × Z2 , denoted by τ , such that
τ |G(x)/uG(x) = τ0 and τ((1,−1)) = −1 . Then the irreducible representation of the
irreducible unitary representation attached to Of is

Tx,τ = IndG
B(τ

′ ⊗ SvTv).

The subalgebra of unipotent type relative to x constructed above, b , is the canonical
one. And the corresponding subgroup B is

B =
{(

Y Z
0 U

)
| Y ∈ GLn−m(k), Z ∈M(n−m)×m(k), U ∈ Um(k)}.

Here Um(k) is the set of upper triangular unipotent matrices over k . Moreover,
v = ub itself is the polarization of v = x|v , and we get a one dimensional unitary
representation of V , Tv = eix|v .
Since ωx is trivial on b , we get G(x)v ∼= G(x) × Z2 and G(x)b ∼= G(x) × Z2 , and
therefore Sv|G(x) is the one dimensional trivial representation, so we have

τ ′ ⊗ SvTv = τ0 ⊗ eix.

Therefore, the irreducible unitary representation of G attached to Of with f =
pr′(diag(A, Jm)) is

Tx,τ = IndG
B(τ0 ⊗ eix) = Im−1Eτ0,

where τ0 is an irreducible unitary representation of GLn−m(k) attached to the
GLn−m(k)-orbit of prn−m(A) .
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6. A generalization of Duflo’s conjecture
We establish a generalization of Duflo’s conjecture for the restriction of an irreducible
unitary representation π of G = GLn(k) to the mirabolic subgroup P = Pn(k) ,
k = R or C , where π is attached to a G-coadjoint orbit of f ∈ g∗ in Section 5.
Set Oπ = Of . Let p : Oπ → p∗ be the moment map. Then we have the following
theorem.

Theorem 6.1. There are only finitely many P -orbits in p(Oπ), including a
unique open P -orbit Ω in p(Oπ). Moreover,

(1) the moment map p : Oπ → p∗ is proper over Ω,
(2) the restriction of π to P , π|P is irreducible, and is attached to Ω in the sense

of Duflo,
(3) the reduced space of Ω (with respect to the moment map p) is a single point.

Proof. By Theorem 3.15, Theorem 3.18, we get (1),(3) immediately. To get (2),
we firstly get π|P from section 4 and get Ω = p(gIo · f) from the results of moment
maps in Section 3. It remains to verify if πP is attached to Ω by Duflo’s construction
in Section 5. We verify one example and one can verify the other cases easily.
Let 1 ≤ tp ≤ · · · ≤ t1 ∈ Z+ such that

∑p
i=1 ti = n . Let π be the unipotent

representation
1|Gt1 (C) × · · · × 1|Gtp (C)

of Gn(C) , which is attached to the coadjoint orbit of f = pr(ξ) with

ξ = diag(J l1
k1
, · · · , J lr

kr
),

where ki, li ∈ Z+ for 1 ≤ i ≤ r , and {k1, · · · , k1︸ ︷︷ ︸
l1

, · · · , kr, · · · , kr︸ ︷︷ ︸
lr

} is the dual

partition of {t1, · · · , tp} (so k1 ≥ · · · ≥ kr ). Then

π|P = IpE(1|Gt1−1(C) × · · · × 1|Gtp−1(C)).

For obtaining the unique dense open P -orbit in p(Of ) , we define f̃ = pr(ζ̃) with
ζ̃ = diag(J lr

kr
, · · · , J l1

k1
) . Then f̃ is Gn(C)-conjugated to f , so Of = Of̃ . By

Theorem 3.15, we have Ω = P · p(gIo · f̃) is the unique dense open P -orbit in
p(Of ) . Since Io = {n} and gIo = In , we have gIo · f̃ = f̃ . It is easy to see that
p(f̃) is P -conjugated to the element pr′(ζ) with

ζ = diag(J l1−1
k1

, J l2
k2
, · · · , J lr

kr
, Jk1),

So we have Ω = P ·pr′(ζ) . Based on Duflo’s construction, we get that the irreducible
unitary representation of P attached to Ω is

Ik1E(1|Gs1 (C) × · · · × 1|Gsq (C)),

where {s1, · · · , sq} is the dual partition of {k1, · · · , k1︸ ︷︷ ︸
l1−1

, k2, · · · , k2︸ ︷︷ ︸
l2

, · · · , kr, · · · , kr︸ ︷︷ ︸
lr

} .

By definition of dual partition, we have p = q , si = ti−1 for 1 ≤ i ≤ p , and k1 = p .
Hence we get that π|P is attached to Ω .
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