Journal of Lie Theory
Volume 32 (2022) 563-600
© 2022 Heldermann Verlag

Curvatures of Stiefel Manifolds with Deformation Metrics

Du Nguyen

Communicated by L. San Martin

Abstract. We compute curvatures of a family of metrics on Stiefel manifolds, introduced
recently by Hiiper, Markina and Silva Leite. We derive the formulas from two approaches, one
using curvature formulas for left-invariant metrics on homogeneous spaces, computed for the case
of Cheeger/Jensen deformation metrics of a quotient space of a compact Lie group; another from
a global curvature formula derived in our recent work. Allowing more than one deformation
parameter, we compute Ricci curvature for a large family of diagonal metrics explicitly and obtain
new Einstein metrics. We analyze the sectional curvature range and identify the parameter range
where the manifold has non-negative sectional curvature. We provide the exact sectional curvature
range when the number of columns in a Stiefel matrix is 2, and a conjectural range for other cases.
We expect the method developed here generalizes to other homogeneous spaces.
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1. Introduction

The purpose of this paper is to compute and analyze curvatures of a Stiefel manifold
with the family of metrics defined in [13] and its generalization. It turns out that this
family of metrics can be identified with metrics arising from a Cheeger deformation,
one of the main tools to construct non-negative curvature metrics [7]. It was also
studied by Jensen [14] in the same issue of the Journal of Differential Geometry to
construct new Einstein metrics. In the case of a normal homogeneous space G/K, the
quotient of two connected compact Lie groups, with G equipped with a bi-invariant
Riemannian metric, the deformation scales the metric of a connected subgroup of G
but maintains left-invariance and the quotient structure. Using a result of Michor
[15] and the Euler-Poisson-Arnold framework [1], we derive curvature formulas from
a more Lie theoretic point of view, expressing the Ricci curvature in terms of traces
constructed from the ad operator and apply the result to Stiefel manifolds. We
provide estimates for the sectional curvature range. For the special orthogonal
group SO(n), we also show the Ricci curvature has a simple form when we allow
a larger family of deformation metrics, generalizing previous results and providing
new examples of Einstein metrics.

A contribution of the article is providing the curvature formulas for homogeneous
spaces in basis-free forms, in many cases applicable to semi-Riemannian geometry.
The trace form of the Ricci curvature makes computation more intuitive in the
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instances we consider. In addition, the interest in these metrics arises from the
fact that they appear in the field of Riemannian optimization, where two instances
of the metrics appeared [9]. In [25], the authors show the rate of convergence of
optimization algorithms on manifolds depends on sectional curvature range, thus
the result here will also be helpful in applications.

In a recent paper [18], we derived global formulas to compute the curvature of a
manifold M, embedded differentiably in a Euclidean space £, with metric defined by
an operator g from M to the space of positive-definite operators on £. The formulas
have similar forms to the classical formula for the curvature in local coordinates, and
it is straightforward conceptually to apply these formulas to Stiefel manifolds. We
show this approach also gives the same curvature formulas.

Recall for two positive integers p < n, the real Stiefel manifold St,, consists of
real orthogonal matrices Y of size n x p. If a1, oy are two positive numbers, the
metric in [13] could be reparameterized so that the inner product of two tangent
vectors £,m on St,,, considered as elements of R"*? at Y € St,, is given by
ao Tr(E™n) + (a — ap) Tr(€TYY ™). Set a = a1/ag, and up to scaling, we can
take ap = 1. This family of metrics contains both well-known metrics on Stiefel
manifolds, the embedded (« = 1, where the metric is induced from the embedding
in R™*?) and canonical metrics (o = 3) (St,, is normal homogeneous in this case).
It will be shown in theorem 4.1 that if SO(n) is equipped with a Cheeger/Jensen
deformation metric with deformation parameter 2« (reviewed in Theorem 2) from
the right-multiplication action of SO(p) embedded diagonally then SO(n)/SO(n—p)
with the quotient metric could be identified with St,,, with the metric just described.
The main differential geometric concept we use is Riemannian submersion. The
quotient map of a manifold by a group of isometries acting freely and properly is a
Riemannian submersion. Tangent vectors on a quotient manifold could be lifted to
the original manifold via horizontal lifts, and [19, 20] provide horizontal lift formulas
for covariant derivatives and curvatures.

While Jensen [14] has provided a framework to compute curvatures for Cheeger/Jen-
sen deformation metrics for the case of principal bundles, which applies to Stiefel
manifolds, and recently [2, 4] provided explicit computation and extensions for Ricci
and scalar curvature, a study of the sectional curvature range is not yet available to
the best of our knowledge (note [22] is an early paper dealing with the embedded
metric). We analyze the sectional curvature for the Stiefel manifold equipped with
the deformation metric. We show the sectional curvature range always contains
a specific interval, which is likely to be the full curvature range for metrics in
the family. The ends of the interval are piecewise smooth functions described in
Table 2. In particular, except for some special cases, for the embedded metric
(a = 1) on the Stiefel manifold, we show the curvature range contains the interval
[—%, 1], thus it could have negative curvatures, in contrast to the canonical metric
(= %), which has range 0, ?J The values at the ends of each interval correspond
to certain root configurations, therefore we expect that this picture generalizes to
other homogeneous spaces.

Specifically, Stos has positive curvature for a < %, non-negative curvature for
a = % and both negative and positive curvature for o > % With n > 3, the
Stiefel manifold Sty, has non-negative curvature for a < %, and both negative and

positive curvature for o > %, and we identify the exact sectional curvature range in
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this case. For p > 3, we show St ,, has non-negative curvature for o < % and both
negative and positive curvature otherwise. This agrees with [12] and we show the
curvature range contains negative values in the indicated intervals.

Benefitting from earlier studies of Einstein metrics on SO(n) and St,,,, in [2, 4, 5, 14],
we find that expressing the Ricci curvature in terms of traces give us a simple formula
for Ricci curvature for certain metrics generalizing the Cheeger/Jensen metrics, and
the flexibility allows us to construct new Einstein metrics. We express the Ricci
curvature in eq. (9) as a sum of four traces, one is the Killing form and the others
are constructed from the adjoint of the ad operator. Relative to the left-invariant
metric, we have four operators. If they commute, the Ricci curvature and the Killing
form could be diagonalized simultaneously, simplifying the Einstein equations. We
demonstrate a family of diagonal metrics on SO(n) and St,,, satisfy this condition
and provide formulas for the Ricci curvature in this case, and recover a family of
Einstein metrics depending on two parameters when n is even (see [24]).

For notations, if n and m are two positive integers, by R™*"™  we denote the space
of n x m matrices in R, the field of real numbers. We denote by o(p) the space
of antisymmetric matrices in RP*P. The transpose of matrix is denoted by T.
Working on a manifold, say M, by D¢ F', we denote the directional (Lie) derivative
of a scalar/vector /operator-valued function F' on M in direction £ (either a tangent
vector defined at a point x € M, or a vector field on M ). The Frobenius norm is
denoted by || - |[|z. The convention for the curvature of three vector fields X,Y,Z is

RXY 7= V[X,Y}Z - VxVYZ + Vyvxz

We would like to thank the anonymous referee for constructive suggestions and for
pointing us to important references resulting in a much-improved article, the editors
for the service, and our family for their support in this project.

2. Curvature formulas and deformation metrics

For a Lie group G, with U € G, we will denote by Ly the left-multiplication map
and by dLy its differential. As usual, ads denotes the operator X — [A, X] on
the Lie algebra g of G (A, X € g). A left-invariant metric on G is defined by an
inner product ()p on g, and the inner product of two tangent vectors £,n at U € G
is defined by (dLy-1&,dLy-1m)p. For a quotient manifold G/K, with K a connected
subgroup of G with Lie algebra £, a vertical vector is a tangent vector on G that
maps to zero by the differential of the quotient map, and a horizontal vector is a
tangent vector of G orthogonal to vertical vectors. At the identity of G, a vertical
vector corresponds to an element of €, while a horizontal vector corresponds to an
element of m, the orthogonal complement of £ in g. In the following we introduce
a bracket [ |p, depending on the inner product P, we also use the notation [ ],
to denote the projection of the usual Lie bracket to the space m. We believe there
is little risk of confusion. We recall a few results on curvatures.

Proposition 2.1.  Let G be a connected Lie group with Lie algebra g with a left-
invariant metric given by an inner product (-)p on g. For A € g, let audf4 be the

adjoint of adsy under {-)p, that means ad', is a linear operator on g such that
<[A, Al]; A2>P = <A1, adTA A2>P . Deﬁne

[A,Blp :=[A,B] —ad'4y B —ad' A. (1)
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Define ady B == adfp A and ad', B := [A, Blp. Then ady and ad’, are antisym-
metric and [A, Blp — [B, Alp = 2[A, B]. Let V¢ be the Levi-Civita connection on G.
For two vector fields X,Y on G, there exists g-valued functions A(U), B(U), U € G
such that X(U) = dLyA(U),Y(U) = dLyB(U). We have

(Vi)(U) = dLy((Dx B)(U) + %[A(U), B(U)lp) (2)

where Dx B is the Lie-derivative of the g-valued function B by the vector field X.
For wy,ws,ws € g, the curvature of G at the identity is given by

1 1 1

R,y W3 = 5[[W17W2]7W3]P — Z[wl [wa, walp]p + Z[WQ[W17W3]P]P (3)

Let € be a subalgebra of g such that P is ad(¥) -invariant, ([A, K|, B)p = (A, [K, B])p
for K € £, A,B € g, and £ corresponds to a closed subgroup K C G, such that K
acts freely and properly on G by isometries under right multiplication and G/XK is a
homogeneous space. If g = €@ m is an orthogonal decomposition under (-)p, then
the horizontal lift of the curvature of M = G/K at o, the equivariant class containing
the unit of G, evaluated at three horizontal vectors wy,ws,ws € M is

1 1 1
Rgl,wg w3 = (5[[“17002];003]13 - Z[M[M;%]P]P + Z[W2[W17WB]P]P n
4
1 1

1
+5 ad',,[wi, wale — 1 adt,,, [wa, wsle + 1 ad',, (w1, Wsle)m

Here, w, denotes the orthogonal projection of w to v for an element w € g and a
subspace v of g. Also, given two vector fields X,Y on M, which lift to horizontal
vector fields X,Y on G, with X(U) = dLyA(U), Y = dLyB(U) for two g-valued
functions A(U), B(U) on G then the horizontal lift of VxY is given by

VA¥0) = dLu((Dx B)(U) + 3 [A0), BU) ) )

Proof. To show ady is antisymmetric, consider A, B,C € g. We have
(ada B,C)p = (ad'p A, C)p = (A, [B,C))p = —(A,[C, B])p = —(ad'c A, B)p

which is —(B,ad4 C)p. Since ad; = ady —adf4 —ady, ady is antisymmetric.

For each smooth function F': G — g denote by L[F] the vector field U — dLy F(U).
Denote by (-)¢ the left-invariant Riemannian metric induced by P on G. For three
vector fields X,Y,Z with X = L[A],Y = L[B] and Z = L[C] with three smooth
g-valued functions A, B,C', we have

Dx(Y,Z)¢ = Dy(B,C)p = (Dx B,C)p + (B, Dy C)p
— (L[DxB + %[A, Blp], Z)6 + (¥, £[(De C + %[A, Clolbe

as the metric is left-invariant, P is constant on g, and ad’, is antisymmetric.
We can verify LDy B + 3[A, Blp| satisfies the derivative rules of a connection,
and we have just proved it is metric compatible. Torsion-freeness follows from
[A, Blp — [B, Alp = 2[A, B], thus L[Dx B + 3[A, Blp] is the Levi-Civita connection.
Equation 2 is from [15], equation 3.3.2 (the author uses a right-invariant metric).
It is related to the Euler-Poisson-Arnold equation (EPDiff), see equation (55) in
Arnold’s classical paper [1]. See also [16].
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Eq. (3) now follows from the definition of the curvature Vi yZ — ViVyZ 4+ VyVxZ
applied to the invariant vector fields Llw;], i € {1,2,3}. Eq.4 follows from the
O’Neill equation (Theorem 2, [19]), written in (1,3) tensor form. Indeed, the O’Neill
tensor of two vector fields £[A], L[B] on G for g-valued functions A and B evaluated
at the coset o is %[A, BJ; as the just proved result for covariant derivatives shows
the Lie bracket {L[A], L|B]} = L[[A, B]], then we use Lemma 2, [19]. By properties
of adjoint and projection, the right-hand side of eq. (4) is the unique vector in m
such that the O’Neill equation (equation 4, theorem 2, [19]) is satisfied. Equation
(5) follows from the result for G and property of horizontal lift of a connection in
Riemannian submersion, e.g. Lemma 7.45 in [20] (because of left-invariance, we can
translate the projection to the identity). [ |

With the notation of Proposition 2.1, we denote the projection to £ and m by
and my. They are both idempotent and self-adjoint. For p € m, wi,w2 € g,
<adu Ty, Wo)p = <adT7rem [y Wa)p = (fh, [Tewr, Tmwa])p = ([1, Tew1], Tmwa)p by ad(€)-
invariance, which gives us the equalities below and their adjoints

ad, m = mn ad, T = ad, T = T, ad, ™ (6)
(ﬁu )| = e adTM T = T adTM = —T Eu T (7)

We reformulate a formula for the Ricci curvature [6], chapter 7, in terms of trace,
for use in section 5. The proof works for semi-Riemannian metrics.

Proposition 2.2. For A, B,C,D € m we have
1
<lelB C, D>P = —Z<adTA C + adTC A, adTB D + adTD B>p

+1(adTB C+adlgB,ad'y D +ad'p A)p — 1([A, Blw, [C, D]w)p
y ! 0 ®)
+_<[B7 O]mn [A7 D]m>P - Z<[A7 C]tm [B7 D]m>P + Z<[[A7 B]? C], D>P

(A, B, D},C)p — ([A,[C, D]}, B)p — 1([B.[D.CI}, A)e

W

The Ricci curvature is given by

R’IC(AJA) Tr adadTAAﬂ-m + - Z U17UJ]>P<A7 [U;k?U#DP

J
2] 1
N N

~5 S v (Aot = 5 DA vl A = 5 S (e (O

i=1 i=1

I\DH

1 1 1
= Tradagt , 4 ™m — ZTradAwmadAwm - §TradTA7rmadA7rm — §TradA ad 4

where {v; }8M™ s a basis of m, and {v} its dual basis, thus (v;,vj)p = d;; for

1 <4,j <dimm with ;; is the Kronecker’s delta.

}dlmm

Since RIC(A, A) is the trace of X — R y A, we can derive this result using
trace manipulation only. However, we introduce eq. (8), generalizing the formulas
of Piittmann [21] and Arnold [1], Jensen and Besse for (R"z A, B)p. This equation
clearly shows (R'\5 C, D)p satisfies the Bianchi identities.

Proof. For A,B,C,D € g, set Sup = ad'4B + adfg A then for X € g,
(Sap, X)p = (A, [B, X])p + (B, [4, X])p.
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From eq. (3), since ad” is antisymmetric, we have
4<R?4,B C’ D>P = _2<07 [[A7 B]? D]P>P + <[B> Ch’» [A7 D] >P <[A> ]P> [87 D]P>P
= —2(C,[[4, B], D])p + 2(C, ad' (4 g D)p + 2(C,ad' p[A, B])p + ([B, C], [A, D])p
- <SBC’ [A> DDP - <[B’ C]> SAD>P + <SBCv SAD>P - < 70]7 [ ]>
+ (Sac, [B, D])p + ([A,C], Sgp)p — (Sac, Sep)p
= (Spc: Sap)p — (Sac, Sep)p — 2(C, [[A, B], D))e + 2([[4, B], C], D)p
+2([D, CL,[A, B)p + ([B,C], [A, D])p — (B, [C, [A, D]))p
—(C,[B,[A, D]))p — ([A,[B,C]], D)p — ([D, [B,C]], A)p
—([4,C1,[B, D)p + (C, [A[B, D]])p + (A, [C[B, D]])p
+([B,[A, C]}, D)p + ([D, [A, C]], B)p

Applying the Jacobi identity we get eq. (8) for the case of G reducing to

—([D;[B, CJl, A)p + (A, [C[B, Dll)p = —(A, [BD, CT])p
—(B,[C,[A, Dll)p +([D, [A, Cl], B)p = =([A, [C, DI}, B)p
—2(C, [[A, B], D)p — (C, [B, [A, Dl])p + (C, [A[B, D]])p = —(C, [[A, B], D])p
2([[4, B], CT, D)p — ([A,[B,C]], D)p + ([B, [A,C]], D)p = ([[4, B], C], D)p

If A,B,C, D € m, the expression for (R C, D)p contains additional terms
1 1 1
§<[A> B]b [Cv D]E>P - Z([Bv C]g, [A7 D]{’>P + ZL<[A> 0]37 [37 D]?>P

partially offsetting the corresponding terms (without €) giving us eq. (8).

Let N = dimm. For an operator T on m we have TX = 3.~ (T(X),v;)pv} and
TeT = 2N (Tw;,vf)p. For T defined on g, Tr Ty = S0 (Tw;,vf)p, hence

N
1
- __ Ty T ,
RIC(4, A) = — (4, [4, Z ad’y, v} + ad’,: vi])p (10)
. N i=1
+ Z izl<adT”i A + adTA Vi, adTA U: + adTU;« A)P
1 & 1 & 1 &
- 5 Z([A’ Ui]ma [A7 U:]m>P + Z Z([Uu A]mv [Av Ur]m>P + Z Z<[[Aa Ui]a A]’ U:>P
i=1 i=1 i=1
e = e
- Z Z(HA7 Ui}vvﬂ’ A>P - Z Z([A’ [A’ Uﬂ] Ui>P - Z Z([Ui’ [U; AH’ A>P
i=1 i=1 i=1
from eq.(8). Note (C,3°N adl,, vi)p = SN (v, C],vf])p = — Trade T, the
first term of eq. (10) reduces to —(A, [A, 2N, adf,, v}])p = Tr adaqt , 4 Tm. Using
(ad4)f = —ad, and invariance of trace, we have
TI'EA adTA Tm = TI“(EA adTA Wm)T = — Tl“ﬂ'm adAﬁA =—"Tr adAﬁA Tm

Write (ad',, A 4 ad4 v;, ad"4 v} + adl,- A)p = {(ads +adt4)(ad s +adf 4)vi, v})p,
and use the just proved equality, the second term of eq. (10) is
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3 Tr(—adaads — adaadi 4 +adsads +ad 4 ad’ 4) 7
= % Tr(—adyady +2adyady +ady adTA)Wm
= % Tr(2ady Ty ady — ady T adg + ady T adTA)Wm

as 2Trady meady T — Trady meady mm + Trady madf 4 1 = 0 by egs. (6) and (7)
(converting all terms to the form Trad, m adf4 Twm). The third and fourth term of
eq. (10) is —= Tr adl 4 7rm ad g Ty, the fifth and seventh is —= Tr ady adg Ty, the sixth

and eighth term is —3 L Trad ady mm. Combine,
Ric(A, A) = Trad,gt , 4 Tm
+ i(2TradA7rm£A7rm—TrﬁAﬂmﬁA%—TradAWmaduﬂm)
— %TradTAWmadAwm - %TradAadAﬂm - %Trﬁadf; T
= Trad,gt , 4 Tm — %TrﬁA T ad g —%TradTA T adg Ty

1 1 —
3 Trady ady my — 3 Trady meadyg mn

Since Trady mady mm = Trads mm ads m = Trad ady T, the last two terms com-
bine to —% Trads ads, we have the trace form of eq. (9). Expand

Trads mmada m = Tr(X = ada(D _(ada X, 03)po;))
=Tr(X — Z (ady X, v)padav)) = Tr(X — Z(adTX A v)p adTU; A)
N .

Xl—)Z (X, vil)padly: A) =) (A, [vj, vi])p(ad’y: A,07)p

3,j=1
== Z v“U] [U17U]]>P

i,j=1

and combine with the remaining traces, we get the summation form of RIc(A, A). =

Remark 2.3. On m, we have four symmetric bilinear forms for A, B € m:

(A,B) — Tradsadp (Killing form), (A, B) — %(Tr adagt , B Tm + Tradaqi, 4 Tm),
(A,B) — Trady myadg T, (A, B)— Trad' 47, adp 7.

Represent them with respect to (,)p by the self-adjoint operators B, By, Bs, Bs.
Then RiIC(A, B) is expressed as (BiA — 1BA — B34 — 3BA, B)p.

Since Tr By = —Tr By = >, ([vi, vy, [v], vj])e, if 2 =— Zf\; ad’,, v} is the vector
representing the functional X — Trady my, then TrB; = —||Z||3, thus the scalar
curvature formula [6], equation (7.39) becomes

1
—1ZI3 - iTng—§TrB (11)

For a subspace v C g, we write wy, for (w;),, the projection of w; to v (wy € g).
We write [wy,ws]y, [w1,ws]py for the corresponding projections of brackets.

On a Lie group with a bi-invariant metric (), we now review the Cheeger/Jensen
deformation metrics ([7, 12, 14, 26]) (we will call it the deformation metric for short).
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The Lie algebra used in the deformation will be called a here (it is often called ¢,
but we use K for the stabilizer group. The letters a, b introduced below correspond
to the components A, B of a Stiefel tangent vector in Section 4). Let A be a
connected subgroup of G with Lie algebra a. With the bi-invariant metric on G, A
acts via right multiplication as a group of isometries on G. Give G x A a bi-invariant
metric corresponding to the inner product on g @ a evaluated as (g, g) + r(a,a) for
(g,a) € gxa with » > 0, we have the submersion G x A — G given by (U, Q) — UQ
(U €G, QeA). Let g=adn be an orthogonal decomposition with respect to (-).
The submersion induces a new metric on G which is shown in [26] to be
<wm Wn> + ﬁ(waa Wa)

for w € g. Denote the deformation metric P; on g by the formula {(wy, wy) +#{ws, w,)
for t > 0. At ¢t = 1, it is the original metric. For ¢ < 1, the metric corresponds to the
submersion above with r = t/(1—t), thus G has non-negative curvature by O’Neill’s
equation. For £ > 1, the metric on G X A is semi-Riemannian but the corresponding
metric on G is Riemannian. If n contains a subalgebra £ corresponding to a closed
subgroup K of G, such that € commutes with a then G/K could be equipped with
the quotient metric induced from P;. Hence, we will consider the situation when &
is a subalgebra of an algebra §h commuting with a. Note that G/K with the original
bi-invariant metric is called a normal homogeneous space.

Proposition 2.4.  Assume the Lie algebra g has a bi-invariant metric (-). Let
h C g be a Lie subalgebra of g and b be the orthogonal complement of b in g
under {-), g =bh®bt. Then b:=[h,b] C b, or b* is a h-module. Let a be the
orthogonal complement of b in ht, i.e. b* =b®a under {-). We can characterize

a as the subspace {A € h*|[A, 5] = 0}. Then
g=adbdh (12)

We have [a,b] C b, a is a Lie subalgebra of g, [a,h] =0 and b is both a b and a
module. The correspondence b — a is involutive on the set of all subalgebras of g,
that means if we apply the same procedure on a, we recover fy.

Proof. Let X € bt and A, H € h. Then ([A, X],H) = —(X, [A, H]) = 0 since
h is a subalgebra of g, thus [4, X] € h*. Let b = [h,h*] and bt = b @ a, then
for A € a, {[4,p],5%) C (A, [h,b]) C {0} and [A,h] C bt as bt is a h-module.
Hence, [A,h] = 0 as (-) is non-degenerate on h*. Conversely, if A € h+ and
[A, 5] = 0 then (A, [h,bt]) C ([A,b],51]) C {0}, thus A € a. We have proved a is
characterized as the subspace of h* such that [A, ] =0 for A € a.

Next, for A € a, ([A,b],b) C (A, [p*,b]) € {0}, thus [4,b*] C h-. Then
([A, [5,670], @) € ([[4,b],b7], a) + ([, [A, b7]],a) {0}

as in the middle sum, the first item is zeros because [A,h] = 0, the second is
(10, (4.5, @) © ([4,5'],[b,al) © {0} as [p,a] = {0}. This shows [a, b] is in the
orthogonal complement of a in b, or [a,b] C b.

Now, ([a,a],h) C (a,[a,b]) C {0}, thus [a,a] C h*. But then we have
([a,a],b) C (a,[a,b]) C (a,b) C {0},

hence [a,a] C a, therefore a is a subalgebra of g, and b is an a-module.
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Involutiveness follows from the orthogonal decomposition g = h & b @ a, and the
characterization of a by the relation [a, h] = 0, which implies at =b @ b. [

Proposition 2.5.  Assume g has a non-degenerate bi-invariant bilinear form (-).
Let P be a self-adjoint operator under (-). Then under the bilinear form (-)p
defined by (A1, Ay)p == (A1, P Ay), we have adiy X = —P YA PX] for X € g,
or adfy = =P 'oadyoP. Also ady = P 'oadp4. If (-)p is positive definite this
defines a left-invariant inner product on the corresponding Lie group.

Let t be a positive number and a,b, b as in Proposition 2.4. Let n = b @ b, thus
g=adn. Define the operator P =P; by Pw = tw, +w,. Then for wi,wy € g

(ad'y, wp) = —[w1a, Waa] = 7 (Wi, wrela (13)
(ad',,, wo)n = —[Wia, wae] + t{waa, Wis] — [Wa1, Wann (14)
[wi, walp = w1, wa] + (1 — ) ([wia, wab] + [waa; Wib)) (15)

Let £ C b be a Lie subalgebra of h and m = a® b D0 where h = £ B0 is an
orthogonal decomposition, thus g =t d m. For w3 € g

(ad’ y [w1, Walt)m = —[Wam[w1, wale] (16)
Proof. Let AY,X € g. From ([4,Y],PX) = (Y,—-PP7'[4,P X]), the first
statement follows. For eq. (13) and eq. (14), we expand
ad’y, wo = — P wiq + Wi, twag + woy)
- (_1/t)([tw1a’w2u] + [W1n7w2n]a> - ([W1a7w2n] + [Wlm tha] + [Wlmw2n]>n

then use the fact that [a, h] = {0}. Equation 15 follows from this and the definition
of [ ]p, using anti-commutativity to cancel 1/t([win, wonla + [Won, Wina) -
For eq. (16), let wy € m, we have

(adTw3 w1, wale, wa)p = ([wr, wale, Plws, wa]) = (w1, wale, [w3, wale)

as when we expand Plws,wy], only [ws,wsle could be not orthogonal to [wy,wsle.
From here we get ([wi,wsle, [ws, wale) = ([wi,wale, (w3, wa]) = —([ws, [wi, wale], wa) -
But [wse, [w1,ws]e is orthogonal to wy € m, so we are left with

—([Wam, [w1, wale], wa) = —([wam, [w1, wale], wa)p
as [Wsm, (w1, walela = 0, because [wsq, [w1,ws]e] = 0 while the remaining term is
in [n,¢] C n. By proposition 2.4 [wsm, [w1,ws]e] € m since m is the orthogonal
complement of £, this proves eq. (16). n

Recall o is the coset containing the identity in the homogeneous manifold G/K. The
expression R in the following theorem is the curvature of a normal homogeneous
manifold, probably not usually known in this format.

Proposition 2.6.  For a Lie group G with Lie algebra g and a bi-invariant metric
(-), the curvature of the homogeneous manifold M = G/K under the metric P, at o
with € C b are subalgebras of g, (g=adbdh=a@n=ma ¢t as in Proposition
2.4) at wy,wq, w3 € M is given by

Roiwpws =R ws+(1—)RY  ws+(1—)?RY | ws (17)

wi1,w2 wi,w2 wi,wW2
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R, ws = %(Hwbwz]’w:&]m + 2[[wr, wale, wa] — [[w2, wale, wi] + [[wr, wale, wo])  (18)

9.,
Rﬂ,% w3 = %(HWLWQ]WW%] + [wsa, [wr, wals]) (19)
= o, e ] + [ ] + [t s o] + [, 5l 16
+ i([wm [Wia, w3p] + [W3a, wie]] + [Waa, (w1, ws]e] + [[w1, Ws]as W] )m
RE, ws = (=10, [wae, wse] + [wsa, wae]] + [w2a; 010, W] + e, wiel])  (20)

The Ricci curvature for w € m is
Ric(w,w) = i Trad, mn ady, T — % Trad, ad, +(1—t)Riclt + (1—t)?Ric?  (21)
Ricl(w,w) = % Tr(ad,, ady, T — ad,,, mq ady, ) (22)

1
Ric?(w,w) = —7 Tr(ady, ady, m) 29)

Proof.  We apply the formulas for [ |p, using the notation [ |pg4,|[ |pn for the
a and n components of [ |p

[[wl,w2]7W3]P,u = [[w1, wa], w3l
[[w1, wa], walpn = [[wr, wa], wala + (1 =) ([[wr, wala, W3] + [W3,a5 [W1, Wo]e]
[wi[wa, wslp]p = w1, [wa, w3]] + (1 — t)[w1, [wa,a, wap] + (W34, Wa,p]]
(1 = t)([wia, w2, wale] + [[w2, wsla, wie]) + (1 = 1) ([wra, [waas Wao] + [wsa, wa]])

By the Jacobi identity, the R component of the first line of eq. (4) is

(3 [fwr, wal, ws] = & fon, fw, wal] + § (w2, w1, w3l = 5 [, 2], w3l

while the second line has the O’Neill terms ad’,, [w;,wi]e (4,7, k in a permutation
of {1,2,3}) evaluated as —[wim|w;,wk]e] by eq. (16). Since we assume w; € m, this
gives us the expression for R, Only the first line of eq.(4) contributes to R
and R and we get the egs. (19) and (20) by permuting the indices and collecting
terms. Some of the expressions, for example, R , w3 are already in m so we do

w1 w
not need to apply the projection again.
From the expression for R, the Ricci curvature is a quadratic polynomial in ¢. The
term where ¢ = 1 corresponds to a bi-invariant metric, thus in eq. (9) the first trace
term is zero, and in this case adf, = —ad,, ad,, = ad,,, which gives us the first two
terms in eq. (21). Ric™ is the trace of X RBJX w. From eq. (19) it is

1 1
Tr(Xa = —[we, [=we, Xalla) + Tr(Xe = S ([—wp, [w, Xo]a] + [wa, [w, Xe]o])

B i([w, [wa, Xp]] + [wa, [—w, Xe]o] + [wo[w, Xea])m)

1
- i Trad,, ady, T+ B Tr(— ady, mq ady, —ad,, T, ady, +ady, 7 ad,, +ady, T ady, )T
— i Tr(ad,, ad,, T — ad,, ™ ady, + ady, 74 ad,,)m

The first two terms of the second line cancel as we have

Tr(ad,, m ad,, m) = Tr(ad,, m ad,, m) = Tr(ad,, ad,, ),
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the first term of the first line and the last of the second line cancel as we have
Tr ad,,, 7 ad,, m = Trad,, 7 ad,,, 7, = Trad, ad,, 7, = Trad,, ad,, 7,

the second term of the first line is zero as m,ad, m, = 0, the last term of the first
line is zero as

Tr ad,,, m ad,,, m =Trad,, ad,, m =Trad,, ad., — Trad,, ad,, 7="Trad,, ad,, =0

since Trad,,, 74 ad,, T, = 0. Therefore Ric!! :% Tr(— ady, mq ady, +ady, T ady, )T -
Then observe that 7, ad,, m = ad,, m,. The term Ric? is

Tr(X — R\ w) = L Te(—(ady, (— ady, ) e + ady, ad., 7)),

but the first term is zero as ad,, ad,, ma C b. |

Remark 2.7.  From the egs. (21), (22), (23) we deduce

1 1 1-—1t
RIC(wp, wp) = 1 Trad,, Tm adw, Tm — 3 Trad,, ady, -

Tr(ady, mq ady, ™)
= RIc®(wp, wp) + %Tr ady, mq ady, T

where RIC®(wy,wy) = }lTr ad,,, mp ady, T — %Tr ad,, ad,, would be the Ricci cur-
vature of the quotient space B := M/A if such quotient exists. This follows from

1 1
1 Trad,, Tm adw, Tm — 3 Tr(ady, mq ady, ™)
= E(Tr ady, mq ady, ma+2 Trad,, 74 ad,,, m+Trad,, m ady, ) —% Trad,,, mq ady, T
As the first term vanishes, the above reduces to %Tr ady, m ady, m. Next,
RiIC(we, wq) = i Trad,, mm adw, Tm — % Trad,, ad,, = —i Trad,, ady,

since [a,€] = 0, myad,, Tm = ad,,, thus Trad,, mn ad,, ™ = Trad,, ad,,. Using
the same observation and note 7, ad,,, m, = ady, T

1 1—t (1—1t)?
RIC(wq, wq) = - Tr ad,, ad,, +—-Tr ady, ad,,, T — 1 Tr(ad,, ad,, m)

1 t?
= Trad,, ad,, T4 — n (Tr wawy — Tr waw,my)

where we expand and collect terms, using ad,,, m = ad,,, —ad,,, m,. Thus, our result
is consistent with proposition 10 in [14], if we replace ¢ by t* in our formulas, and
evaluate the expressions on t *w,. We only need a to be a subalgebra, and & C b,
slightly more general assumptions than [14] (which reproved the O’Neill formula.)

3. Curvature formulas for embedded manifolds with metric operators

We will introduce some notations for embedded ambient structures that will be used
subsequently, and a curvature formula that will be used in Appendix B to provide
another curvature calculation for Stiefel manifolds.

Let M C & be a differentiable embedding, where £ is a Fuclidean space with a given
inner product (-)¢, and M is a differentiable submanifold, and g is an operator-
valued function from M to End(€), such that g is positive-definite, then g induces
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a Riemannian metric on M, where the inner product of two tangent vectors &, 7 at
a point x € M is defined by (£, g,n)s. Here, each tangent space T, M is identified
with a subspace of £ thanks to the embedding, so £,n are considered as elements
of £, while g, denotes the evaluation of the operator g at z.

We call (M,g,€) an embedded ambient structure. The embedding allows us to
identify vector fields on M with £-valued functions, thus we can take directional
derivatives. Hence, for two vector fields X,Y on M, DxY makes sense with Y
identified with an £-valued function from M. A Christoffel function is a function
I' from M with value in Hom(E ® &, ), the space of £-valued bilinear forms, such
that the Levi-Civita connection on M is given by

VxY - DX Y + F(X, Y)
In [18] we proved the following curvature formula for three tangent vectors &, 7, ¢

R, d = —(DeD)(n,¢) + (D, 1)(§,6) = T(§,T(n.9)) + T(n.T(§,0))  (24)

where D¢ I" denotes the directional derivative of I', considered as an operator-valued
function, in the direction £, for example. This formula has the same form as the
local curvature formula, lemma 3.38 in [20].

4. Curvatures of Stiefel manifolds

In the following, p < n are two positive integers. The Stiefel manifold St,, of

orthogonal matrices in R"*? could be considered as the homogeneous space G/K =

SO(n)/SO(n—p). We can extend Y € St,,,, considered as an orthogonal matrix in

R™P to a full orthogonal basis (YY) of R", by adding an orthogonal complement

Y, € R™(™=P) Here, () denotes the division of a matrix in R™" to the first p

(in R™?) and last n — p (in R"*("P)) column blocks. Thus, Y, Y =1, -YYT,

Y'Y, =1,.,,YTY, =0,YTY = 0. Any matrix w € & = R"? could be represented

in this basis as w = YA+ Y, B with A € R?*?, B € R?*(®P) and w is a tangent

vector to St,, at Y if and only if A is antisymmetric, A € o(p), or equivalently

YTw+wTY =0.

In the notation of Section 2, we divide a matrix in g = o(n) to blocks of the form
A -BT
B H

compactly by a triple [A, B, H]. Take ¢ = h = o(n — p) to be the subalgebra

generated by the H-blocks, identified with the bottom right (n —p) x (n —p) block
of o(n), then m is the subspace of o(n) where the H-block is zero, the subalgebra

a is o(p) identified with the A-block, and b is the subspace generated by the B

and BT-blocks, as below

g:[a,b,b] n:[0,b,5] m:[a,b,0]
The Lie bracket of [ Ay, By, Hi]], [ A2, B2, H2 ] € o(n) is given by

], with A € o(p), B € R"P*P and H € o(n — p), represented more

[[[Ala Bla Hl Ha [[AZa B27 H2 ]H
= [[A1, Ag)+ B, By — B By, BiAy+H,By— By Ay — Hy By, [Hy, Ho|+ BoB] — BB, |

For U = (Y|Y,) € SO(n), if w = (n|n.) is a tangent vector at U to SO(n) then
w=dLy(UTw) = U[YTn,Yn,Yn.].
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We describe the submersion SO(n) — St,,,, identifying St,,, with SO(n)/SO(n—p)
by the map U +— Y, where U = (YY) as just described. The map is clearly a
differentiable submersion on to Sty ,,, the fiber over ¥ consists of matrices of the form
(YYLQ), Q € SO(n—p), hence the vertical space consists of (0|Y.q), q € o(n—p).
Take the bi-invariant inner product on g = o(n) to be (wjws) = 3 Tr(wfws),
wi,ws € 0(n). Equip SO(n) with the metric P; with

1A, B, H] |2, = L(t Tr AAT + 2T BBT + Tr HH)

in Proposition 2.5. At U =1,,, the horizontal space consists of matrices of the form
[A, B,0], with A € o(p), B € R™P)*P and a horizontal vector at U € SO(n) is in
general of the form U [ A, B,0]. The submersion maps w = (n|n.) € Ty SO(n) to
n € TySt,, C R™P satisfy Y5 € o(p). From eq. (15)

[[ A1, B1, H1 ], [ A2, Ba, Ha |]p = [[A1, As] + BgTBl — BlTB2>

(25)
tB1Ay + H By + (t — 2)Bo Ay — HyBy, [Hy, Ho) + Bo B — BBy |

In [13], the authors introduced a family of metrics on St,,,, which could be repa-
rameterized using two positive real numbers ag, o1 with ratio o = £t in [17]. In
the convention of Section 3, we have M := St,,, C £ := R"*?, with the base in-
ner product on & is the Frobenius inner product, thus {(w;,ws)e = Tr(wjw, ) for

wi,ws € €. Consider the metric operator
gw = gyw 1= apw + (a1 — ag)YY Tw (26)

for Y € St,,, with inverse g7'w = ay'w+ (o' —ay')YYTw and the inner product
on £ induced by g is (wy,gywa)e = g Trwiwg + (a1 — ag) Trw! YY Tw,y, and this
induces a Riemannian metric on St,,,.

Theorem 4.1.  With the above setting, the horizontal lift of a tangent vector
n € TyStyn, C R™P to SO(n) at U = (Y|Y,) € SO(n) under P; is j = (n|=YnTY,)
and the induced metric is

(1) = Telo” + (5 = DYY ") (27)

identical to the metric given by eq.(26) for oy = 1, ay = a = 5. The Levi-Civita
connection for two vector fields V,Z on St,, under this metric is given by

N |+

1 2—1
VvZ =DyZ+ 5Y(sz +V'z) + —— (I ~YY")(vz" +zvh)Y (28)
thus a Christoffel function for the induced metric with t = 2a is

1
[wi,ws) = §Y(w;rw2 +wgwi) + (1 —a)I, =YY ) (wiwg + waw! )Y (29)

for wi,ws € R™P . Representing three tangent vectors §,m,¢ € R™P at Y € St,,
in an orthogonal basis (YY) of R" as

E=YA+Y B, n=YA,+Y. By, ¢=YA3+Y, B3,

where Ay, Ay, A3 € o(p) and By, By, Bs € R""P*P - Then the Riemannian curvature
tensor is RM¢, ¢ = Y Ap + Y| Br with A € o(p), Br € R™=P)XP yhere
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1-2
Ap=YTRM, ¢ = Ta(AlBgTBQ — AyB] By — B] BsA, + B) B3 Ay)
11—«
2
1
+ 1 ([Avr, Ao], As] — ALBy By + A2 B Bs + B3 BiAy — Bs By Ay)

+

(A3BT By — A3BJ By — Bl ByAs + B} B, As) (30)

20% —
BR = YJ—_I— RM&) ¢ = @ 2 a(BlAgAQ - BQAgAl)
+ (Oé2 — Oz)(BgAlAQ — BgAQAl) + (1 — Oé)(BgBirBQ — BgBérBl) (31)
-2
+ “5=(B1By By— By B By)+ (B Ay Ay — Bi Bj By~ By Ay Ay + By B B)
Christoffel functions for the cases & = 1 and o = 5 are provided in [9]. A geodesic
equation for the family was derived in [13] and later in [17]. Thus we provide here
another derivation of the Christoffel function.

Proof. A matrix multiplication shows U7 is antisymmetric and could be repre-
sented as [YTn,Yn,0] € m C o(n), which is horizontal at I,,, thus # is horizontal
and maps to 7, hence it is the horizontal lift.

Using the relations Y, Y + YYT =1, the induced metric is

T 7Ty 1 YTn =Y | [ty nTY,
(.U e = 5 Tr [an 0 [[-YTn o

1 t
=5 (YY" +2Y1Y Inn") = Te(mn” + (5 — 1)YY ")

Let V and Z be two vector fields on the manifold St,,,, which lift to SO(n)-vector
fields V= (V| —=YV'Y)) and Z = (2| = YZ'Y)). Let F =U'Z=[Y"2,Y[Z,0],
by eq. (5), Vyz lifts to UCy with C' = Dy F + 3[[YTV,YV,0],[YTZ, Y Z,0]]p.
Expand the Lie-derivative and the P-bracket using eq. (25)

C=[V'Z+Y"Dyz, —Y/VY'Z+YDyZ 0]
o YTV YTZ 4 2TV YTV VTV YTz oIV Tz (- 2)YT2YTY, Cy ]
for Cy € o(n — p). Thus, the submersion maps UCy, to its left p columns
Y(V'Z+YTDyZ+ %([YTV, Y7+ 2'Y, Y'V-VvTY, Y [2Z))
+ Y=YV 2+ YT Dyz+ (0T T2+ (- 2)Y T2y V)
=DyZ+YV'Z+ %(YYTVYTZ —YYTZY'V+YZTY, Y V-YV'Y Y 7)
+ %YLYI(—QVYTZ VY TZ + (t —2)ZY V)
The last line simplifies to
% (L, =YY (Y TZ+2zY V) = % (L, —YYHvz" + zv")Yy
while twice the remaining terms, except for Dy Z is
YV Z4+YY WY TZ—YYTZY ' V+ YZ' (L, - YY)V - YV (I, -YYT)Z
=YV ZHYZVHY(YTVHV Y)Y Z-Y(YTZ4+Z2Y)YTV=YV'Z+YZV.

Thus we have proved eq. (28).
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Let us proceed to a proof of the curvature expressions. To show f(t) = g(t/2)
with f(t) = fo + (1 —t)fi + (1 —t)®fy, where fi, fo, f3 are constant matrices
and ¢ is a matrix-valued quadratic function in ¢, we need to show fo = g(1/2),
—2f1 = ¢'(1/2) and 8f, = ¢”(1/2). From left invariance we can take U = I,,.
Thus, we need to compute RO RM RPN and compare with values and derivatives
of g(a) = [ Ar(a), Br(a),0] with Ag, Bg defined from eq. (30) and (31) evaluated
at a =1/2.

Let £ = w1, = wy, ¢ = wsy with w; = [A;, B;, 0] we have [wag, wsp] is [0, —B3 Az, 0],
[W1a, [W2a, w3s]] = [0, B3A2A1,0] and permuting the indices
4RP w3 =0, —BsAyAy — ByAsAy + BsAy Ay + By AsA,, 0]

wi,w2

On the other hand, eq. (30) and 31 gives A}, ,_,, =0 and By ,_, is
4
;%7&:1/2 = 5 <B1A3A2 — B2A3A1> + (2)(33141142 — B3A2A1)

which confirms SR | ws = ¢”(1/2). Next,

leaw2]aaw3b] = [[07 —B3(([A1,A2] + BQTB1 - BlTBQ)ao]]
(W3, (w1, walela = [0, —(B1As — B2A1)As,0]
w1, [Waa, wap]Jm = [[ A1, B1,0], [0, —BsAg, 0]Jm = [ A2B3 By + B] B3Ay, BsAy A, 0]

By permuting indices we evaluate the a component of 4 R‘[jl] wp W3 from four expres-
sions similar to [wy, [waq, w3s]a as

—AyB] By — Bl BsAy — A3B, B) — B] ByAs
+A, By By + By B3A, + A1 By Bz + B By A,
and evaluate the b component of 4R , w3 from the remaining items as

W1 ,w

2(—Bs([A1, Ag) + By By — Bl By) — (B1Ay — ByAp) As)
—B3AyA; — ByA3zA; + (ByAs — BsAy) Ay + By([Ag, A3] + B3 By — By B3)
+B3A1A2 + BlAgAQ - (BlAg - BgAl)AQ - BQ([Al, Ag] + B;{Bl — BIBg)

Let us collect terms. Terms starting with Bs and two A factors are
—B3[A1, Ag] — B3AsA) — B3As Ay + BsA1As + B3A1 Ay =0
Terms starting with By and two A factors:
2By A1 A3 — BoA3Ay + By AsAy — By[Ay, As] = BoA1As + By AsAg
Terms starting with By and two A factors:
—2B1AsAs + B1[Ag, A3 + B1AsAy — B1AsAy = —B1AsAs — B1AsA,
Terms with B’s only factors

—2B3(B, By — B! By) + B,(B] By — By B3) — By(B4 B, — B] B3)
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On the other hand, we have
-2
Ra=1j2 = T(AlBST By — AyB] By — Bl BsAy + B, BsA;)
+ S (AsBI By — AsB] By — Bl ByAs + B] By A;)

4(1/2) -1
;%,azl/Q = %(31143/12 - B2A3A1)
+(2(1/2) — 1)(B3A, Ay — B3AyAy) — (BsB] By — B3Bj) By)
1 1
+ 5(BlBZTB3 — ByB| Bs) + 5(BlAQALq, — BB By — By A1 Az + By B3 By)

and we can confirm by inspection —2 R([j}’wg w3 = ¢’(1/2). The constant term R

is verified similarly, at o = %, Ag and Bp reduces to

1
Apa=1j2 = (A3B{ By — A3 By By — Bf By As + By BiAs)
1
+ 1 ([Avr, Ao], As] — ALBy By + A2 B By + B3 BiAy — Bs BaAy)

Bracijo = =1 (BsAiAs — ByAsAv) + L (BsBI By — ByBL By)
— (BB Bs — BB By) + 1(BiAsA; — BiBY By — By Ay As + ByB] By)
We note that [[wy,ws], ws|m is
[[[A1, As) + By By — B By, As] + B3 (B1Ay — ByAy) — (B1 Ay — By Ay)' Bs,
(B1Ay — BoAy)As + (ByB! — BiB, )Bs — Bs([Ay, As] + By By — B B),0]

The first line verifies the formula for Ag, while Bg follows from the second line and
permutations of [[wy, wale,ws] = [0, (B:Bf — B1Bj)B3,0]. u

For two tangent vectors  and 7 at a point on the manifold, denote by (-) and || ||g
the inner product and the norm defined by a metric operator g. We will denote the
wedge, the sectional curvature numerator, and the sectional curvature by

: K(& )

el = IEllgllnlls = (€ mg. K(€m) = (RYey &g, K(Em) = 1 = - (32)
g

Proposition 4.2. With notations as in Theorem 4.1 the sectional curvature

numerator K is computed from one of the following

K =Te(3 2 BI BB By + 2 Bl B\B] By + B] By Bl By — %[ Ay, As)

+aTr((4a—3)A1 Ay By Bi+(3—2a)A1 Ay B! By—aA2B] Bi—aA?B, By)  (33)

K

%H[Ah As] 4+ (3 —4a)(By By — B By)||%

1 1—2a)3
+a2||B1A2—B2A1||%+§||BlB2T_3231T|,%+( 2a)

IB; Bi — B Bs|[7: (34)

In particular, if o < %, the sectional curvature is non-negative. If & and n are

orthogonal, the sectional curvature denominator is

(o Tr AyAT + o Tr B1B] ) (a1 Tr Ay Ay + ag Tr By By).
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The following expansion of eq. (34) is convenient when A; or A, is zero:

3 4
K= 2liAr A3+ “C A (A, A)(BI By - BT By)T
(35)

— Bl By||% + o?|| BiAs — BoAi||% + 5||Bu_f32T — BB/}

Proof.  We substitute Ay, B; in place of As, B3 in the expressions for Az and
Bpg, then compute Tr(—aArAy + BrBy )

K(€.m) = Tr(—a ("2 (AB] By — AB] By — B B As + B] By Ay)
+ 252 (A BT By — A,BI By — Bl By Ay + B] Bi Ay)
+ 1([[As, As], A1) — A BI By + Ao B] By + BY BiAs — B] B A1) Ay)
(2

a(BlAlAQ — BQAlAl) + (CK2 — a)(BlAlAg — BlAQAl)
+(1—a)(BiB]By — BB} By) + &

2 (B\B] B, — B,BTB))
+ %(BlAgAl — B1B{ B, — ByA| A, + Bo,B! By))B)).

We collect terms. From — Tr([[A1, As]A1]As) = Tr[A;, As][A1, As]T, terms involving
Ay, Ay only are a/4 Tr[Ay, As][Ay, A5]T. Terms with both A’s and B’s:

Te(o (V2% (— A1 B] ByAy + Ay BI B Ay + BI By A3 — B By Ay Ay)

l1—«

(=AB] BoAy + A\ B,y Bi Ay + B} ByAj Ay — By By A1 Ay)
+ L (A\B] BiAs — AyBI Bi Ay — Bl Bi A} + B] By A1 Ay))
L aTr <2a 1

(BlA AQBT BQAlAl ) (Oé—]_)(BlAlAQB;——BlAQAlB;—)
1
+ 5(3114214132 — ByA1 A B,y ))

= OzTI'((l_Ta + i — (Oé-l) + %)AQAlB;Bl + (—1_42a — 1_?06)14214133—32

200 -1
+ (_ 1 — 5 —+ @ )AlAQB;—Bl
11—« T 1—-2a 2\ 12T 2a—1 1\ 12T
+ (T + )AlAQB BQ + (2 4 - *)A B Bl + (— 9 - *)Ale BQ)
=a'Tlr ( AQAlBTBl —|— AgAlBTBQ —|— A AQBTBl

B! B, — aAgBlT B, — aA?B) Bg)

= aTr((4a — 3)A1 Ay B, By + (3 — 2a) A1 Ay Bf By — aA3B] By — a A} B,y By)

where we use Tr(AyA;B] By) = Tr((AyA1B) B1)T) = Tr(A; A, B] By) and similarly
TI'(AQAlBing) = TI'(AlAQB;Bl) .
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Next, we collect the terms with B, and B, only:
Tr((1 — o) (B1B] BoB] — ByBI BB} ) + 2= (BlBTBlBT ByB! B, B))
+ g(—1}31191T32192T + By,BIBB)))
- Tr((l—g—a)BlBTBQBT + (a—l—i— BBIBB] + (-2 + 2)B.B] By B])

= Tr(

BT B,BY + 2~ 4B, BT B, BT + B,BT B, B)

This proves eq. (33). On the other hand, it is clear on the right-hand side of eq. (34),
the A’s only term is & Tr[A;, Ao][A1, A5]T, the B’s only term is:

(o= taf | Q=207 (T, — BT B)(BIB, - BBy
+ 3 Te(BiBY — ByBY)(BiBY — ByB)"

= 223 (BT B, BT By — B} B\BIB, — BY B,BY B, + BT B, B] B))

+ %Tr(BlBQT BoB! — B\B] BiB] — ByB] ByB] + BB B\ B,)

2 — 3«

= Ty(22 —20)BiB] BiB] +2,B,B] B\ B])

B! ByB; + (-2

= Tr(

BTByBI + 2~ 2B BT BBl + B,B] B, B]).

The terms with both A and B in eq. (34) are:
3 - 4a

OéTI'( (AQAl AlAg)(B;Bl — BTBQ> + Oé(BlAQ — BQA )T(BlAQ — BgAl))

_&Tr{(3 4o 3— 4a 3 — 4a

34a

+ Oé)AQAlB;Bl AQA BTBQ AlAQBTBl

+ ( +a)A Ay B! By — aAgBlTBl — aA%BQTBg}

32a

=oa'lr { AQAlBTBl

32a

+ Ay AyB By — aAZB! B, — aA2B) By}

= aTr{(4a —3)A1A3B) By + (3 — 2a) A Ay B! By — aA3B! By — aA1B, By}.

Therefore, eq. (34) gives us the sectional curvature numerator. For the sign of the
sectional curvature, in eq. (34) the terms are all positive, except for the last, which
is non-negative if a < % The formula for the curvature denominator is clear. ]

Remark 4.3. We have shown the metric in eq.(4) is P, for t = §. The
submersion associated with the Cheeger deformation gives a sectional curvature
formula for G with the metric P, in proposition 2.4 of [12]. Using the O’Neill
equation and eq. (16), it implies the following sectional curvature formula for M = G/K

(the norm || - || corresponds to the bi-invariant inner product (-))
1
<R1f,1 w2 Wi, Pt w2> = Z || [wlm WQn]n + t[Wlay w2n] + t[wlm w2u] ”2
1 1
+ ZH [Win, Wanla + t*[wia, wad] | + Zt(l —1)*[|[Wia, waal 1

3 3
+ 71 = )| [win, wanJa + twra, waa][I* + wr, wale])” (36)
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It is a weighted sum of squares in a different format from eq. (34). It implies both the
non-negativity of curvature when ¢ < 1 and in the case a is abelian, when t < 4/3.

5. Ricci curvature for diagonal homogeneous metrics

Recall an Einstein manifold is a Riemannian manifold where the Ricci curvature
tensor is proportional to the metric tensor. The Einstein equation for a homogeneous
space is RIC(A, A) = A(A4, A)p for A € m. Jensen [14] has shown we could solve for
the parameter ¢ of the deformation metrics to find Einstein manifolds. To find new
Einstein metrics, we need to go beyond one parameter. From eq. (9), we expect the
Ricci curvature to have a simpler form when the metric is diagonal, by which we
mean the four trace forms could be diagonalized simultaneously. We demonstrate
this for the case of SO(p) and Stiefel manifolds (the general construction will likely
involve a root system). Let E;; 1 <1i < p be the elementary matrix in RP*? with
the (i,7) entry is 1, and other entries 0. An element A of o(p) could be written as
A=3"icicp @ij(Eij — Eji). The standard bi-invariant inner product is 3, _; a3;.

Proposition 5.1. Let {t;;|]1 <i < j < p} be a set of positive numbers. Consider the
metric (A, A)yp =37 <, i<, tijaz; on SO(p), where A=37 ;. ai(Eij—Ej)€o(p).

Its Ricci curvature is given by RIC(A, A) = 37, ;. Tijaj; with

1 2. tq  ty
g=p—2+- 3 A 37
=P +2 o taty oty ty (37)
1<I<p,l#i,l#]

Thus, the Einstein equation in this case is the system r;; = M;; for 1 <1 <37 <p
for a constant \. The scalar curvature is given by

p—2 1 u tij
Z ty 2 Z Z tutji

1<i<j<p 1<i<j<p I=1,I#i1#]

(38)

The simultaneous diagonalized condition is proved in the proof. We will use the items
(4), (5) and (6) of Lemma A.1 to compute the traces in the Ricci curvature, using
the weighted traces Trwg, Trwy, Trw.q defined there. Relative to the bi-invariant
trace inner product (-), any left-invariant metric is defined by a positive-definite
self-adjoint operator T on o(p) (denoted by P previously but we will use T in this
section, considered as an operator version of the deformation parameter t). We
identify T with an operator on RP*P such that T(A") = T(A)T. Here, the operator
T defined by T(A) = > ., tijai;(Eij — Eji). We extend T to an operator on RP*?,
by defining ¢;; = t;; and t; = 0, and set T(E;;) = t;;E;;, 1 < 4,7 <p. On o(p),
T~! operates by multiplying by ti_jl and we extend it to RP*P symmetrically, setting
the diagonal entries to 0. This is an abuse of notation as T~! as defined is only
an inverse of T on off-diagonal entries, but this is sufficient. By 1,4, we denote the
identity operator on RP*P multiplying all entries by 1.

Proof. From eq. (9) we need to compute Trad, ad, and Tradf4ady, as Trad, ady
is well-known to be (p — 2)Tr A* = 2(2 — p)>_._.aZ;, (see Lemma A.1(3)) and

1<j iJ )
Tradugr, 4 = 0. Assume W = T(A) with the entries w;; = ¢;;a;;. Then we have
adgady X =TT X, W], W] and Tradaads = — Trwaq wwr—1,1-1) -
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Using Lemma A.1(6) we obtain
Tradsada = — Y w dty ) = =2 a; —.
; JZZ (ta gt vl Z J Z taty
1<J #i,l#7 1<J l#t,l#]

Next, adlgads X = —T71[A, T[A, X]] = —T7YT[X, 4], A] = T7![A, T[X, A4]], and

p
Tr adTA adA = TI‘Wad (A, AT,T- Z ZJ Z (ti_lt]l + t_lt )
1<J I=1,l#£14,0#7

Thus, the three components give us eq. (37). The scalar curvature formula follows
from here and the identity Tr By = — Tr B in remark 2.3

I D k) DD D -

t:it
i<j 1<I<pitii£j Il i<j 1<I<pitii£j 4ol

For the Stiefel case, as € = o(n — p) acts trivially on a = o(p) and as p copies
of the standard representation on b = R" P any ad(f) invariant bilinear form on
m = a®b could be given by an operator P represented by a pair (T, S), with S = 8T
is a positive-definite matrix in RP*?. Assume P acts as the identity on b, we have

P[A B, H]=[T(A),BS, H] (39)
([A B H][A B H])p = TrA"I(A) + T BSBT+ . Tt HTH  (40)
With this inner product on g, using adf, = — P 'ad, P for w € g, we get
ad'[ 4, 5wy [ A, Bo, Hy | = [T H{[A1, T(A2)] + SB, B1 — B{ B,S},  (41)
—BT(A2)S™' — H 1By + BySA;S™ ' + HyBiS™', —[Hy, Hy) — BoSB[ + BiSB, |

Let e;; be the elementary matrix in R=P>XP (1 <j<n—p1<j<p) with the
(1,7) entry is 1 and the other entries are zero. When T and S are both diagonal,
the following proposition shows the Ricci curvature is also diagonal.

Proposition 5.2.  Representing a tangent vector at Y € St,, as YA+Y, B for
(YYL) € SO(n) with A =31 ;5 aij(Eij — Eji) € 0(p), B = 32000 Y05 bijei;

If the metric on Sty is given by || [ A, B,0] I = D" cicjcp @it + 2ot D 0—1 V55,

j=1 Y55
then the Ricci curvature is given by ZKKKP awcw +> 7 f 1 Z]fJ with

n—p, 2 s s 1 t3; ta t;

2 sispS; S 2 LA Latjy  tiy  ty
Lt sy

fi=n—2+- ( ; —il——l> (43)

2 1<i< Sltjl S tjl

1]

The Einstein equations are c;j = At;;, fj = As;. The scalar curvature is

p
n—2 (n—2)(n—p) _l { oy i S8 s; tij }
Z ti]‘ Sj 2 Z <n p>( S;S5 + Sjt,'j + Sitij ) + lzl tz’ltjl (44)

- X - J
1<J 7j=1 1<J =
I, I#j
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Proof. Letw =[A,B,0]. Then Trad, ad, = 2(2—n)(}, ;a5 +> 2 D27 V7).

Jlu

Using eq. (41), and the definition ad, X =ad’x w, where X =[ X,, X;,0] = X, + X,
with X, = [ X,,0,0], X, = [0, X,0], using eq. (41) we obtain
Wma[[A,B,O]] X = Tm adeX [[A, B,O]]
= [T Y([Xs, T(A)] +SBT X, — X BS), — X, T(A)S™ ' + BSX,s7*,0]
(ady, T ady Xg)a = =T {[-T'[X,, T(A)], T(A)] + SBTBSX,S™' + 7' X,SBTBs}
(ad,, T ady, Xp)e = XeT(A)STIT(A)S™! — BST(SBTX, — X/ BS)S™!
(adf, T ady, Xo)a = —T7Y[A, T[A, X,]] + T (SX,B"B + B"BX,S)

(ad’, 7 ad, Xy)s = BT(BTX, — X/ B)S™! — X, ASAs™!
From here

TI‘(Xa — (ﬁw Wmﬁ X ) ) = — TI‘Wad (T(A),T(A),T-1,1-1) — TrWl,(SBTBS,S*1,T*l,Ipxp)

-2 ¥ 3

1<i<j<pl#i,l#]

)
n—p p
=22 W
z i ] Slt]l
=1 j=1

For Tr(Xy— (ad,, mm ad, Xy )s), write the operator X »—>BST‘l(SB-'—X[,—X;,'—BS)S_1
as Xy — FhoT 'o X, with F} : Xy — SB'X, — X/BS, I, : Z — BsZs™!
(Z € o(p)). Hence, we have Tr Fbo Tt o [} = TrT~! o I} o F} equals

]ltzl

Tr(Z — T ' (SB'BSZS™' +87'ZSB"BS)) = Trwy (spTpss-11-11,,,)
Together with (1) of Lemma A.1 we obtain

Tr( X, — (ﬁw T ad,, Xb)b) =(n—p) Tr(T(A)SflT(A)Sfl) — TI’W17(SBTBS7S—1’T—l’Ipo)

9 2. 52
i ] J
= —2(n—p) Y, Wij e IR IS sity
1<i<j<p T 1<i<n—pl<j<p  1<I<pl#j

TI'(Xa — (adTw T adw Xa)a) = TrWad,(A,A,T—l,T) + TrWl,(BTB,&T_l,IRpo)
t; t;
=D ah D G+ Y X b
i< l#ilEG ’ 1<i<n—p1<j<p  I#j

Similarly, for Tr(X, + (ad, 7, ad, Xb)b, write Xy — BT(B'X,— X/ B)S™! as
GyoToGy with GoZ = BZS™' (Z € o(p)), GiXy = B"X, — X/B. Then
TrToGyoGy = Te(Z — T(B'BZS ' +871ZB™B)) = Trwy (pTBs—111,y,), and
together with (1) of Lemma A.1 we get

Tr(Xp — (ad', 7y ad,, Xb)b) = Trwl (BTB S1T1,,) — (1 — D) Tr(ASAs™)

=(-p) 3@+ 3 Yy

1<i<j<p 1<i<n—p 1<5<p I#j

Thus in the expression of the Ricci curvature in eq. (9), the coefficient of a?j is

(= 2X o) ) - (S 4 )+ (2 4+ 2)) — 2

T tiiti 8iS; ti S5 S;

I#5 I#j
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and of b; is
2

p 5 p
1 _51_51‘)_1 s ity o
HON )5 Y ) -2

!
I=1,1#j ‘ I=11#j 7

and they rearrange to the coefficients ¢;; and f; in the proposition. The scalar
curvature formula follows by noting there are n—p terms f;/s; foreach j € 1,--- ,p,
thus the first, second terms in eq. (44) are clear. The last term follows a similar
cancelation as for SO(p), while the third term is a simplification of

)t pZ >0 - o)
Sltgl Slsg tj1s;

S S S Sqt
i<j J itii ! ” j=1 1<I<p
i
s; s i tij
Sl T T sums to zero and Z LA s = 2 Zz‘<j oy [ ]

Corollary 5.3. For SO(p), consider a partition of {1,--- ,p} = Ujezl to disjoint
consecutive non-empty intervals. If the coefficients t;; depends only on the partition
sets, that is t; ;, = ti,j, = try if 11,02 € 1,751,752 € J forany I,J € L, then the Ricci
coefficients r;; are also only dependent on the partition sets, 1;,;, = Ti,j, = T15 and

] -2 LI,

rIr 5 + Z 5 t%L if |I] > (45)
LET,LAI
rry = _2_|I|__1t£_|‘]|_1tJ_J
Y Y 2 tIJ 2 t[J
Ll t, ¢ _
D S Y (46)
LeL,L#I,L#J ILYJL JL IL

For Sty , if we have further s; = s;, = sy for i1,i0 € I, I € I, then the Ricci
coefficients are also dependent the partition set and

_n-p tH 11| - |£| fi .
(=5 2 + 24 Z > 2, if [I]>1 (47)
LET,LAI
Tf S S |I|—1 t[[ |J| 1 tJJ
oy =Pty st syy I 4
r + 2 (SISJ sy 81) 2 iy 2 iy ( 8)
|L|, 2, trn tyr .
+ == 2= 2= if I #£J
Z 2 (tILtJL tir tIL) I
LAILLAJ
J|=1t;, L[, 5 tin  SL
— _ 2 _ | vJJ = J _ L 7L 4
fr=n 2 sy +L;] 2 (SLtJL Sy, tJL) ( 9)

Proof.  Since t; is not defined for ¢ € {1---p}, for r;; we means any value

of riiy, 11 # 1o and 41,95 € I, which requires |I| > 1. For SO(p), in the sum
D i<i<pisiisi tt” — t”—ll in eq. (37), the indices [ € I contribute m%(—l), while

ittji tj1 t
each L € 7 contributes %

o _M=2 N~ Loy, o M=2_ gy =2
p=2- ==Y J@)=p-2- = (- ) = S

(2—2 — 2). We can simplify
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For r;; with I # J, | € I contributes the second term and [ € J contributes the
third term, while L # I, J contributes the last term. The proof for the Stiefel case

follows similarly. [ |
We will denote a partition of p consisting of consecutive intervals Z = {I,--- , I, }
by its collection of non decreasing sizes (k1,- -+, kq), > 5_; kj = p. Denote by t(4,4,],

1 < ¢ < q2 < g the coefficient ¢y, 1,,, and define s,,) = sy, -

Several calculations of the scalar and Ricci curvature for SO(p) and the Stiefel
manifold appear in the literature [14, 2, 5] could be deducted from the results of
this section. For a Stiefel manifold with deformation metric, apply the corollary for
Z={I} where I ={1,--- ,p}, t;;=tfor 1<i<j<pandsj=sforl1<j<p

o apt po2 2, p—2
Cij =i = — §+ 5 =2(n —p)a” + 5 (50)
—1t
fj:n—Q—pT;:n—Q—(p—l)a (51)

The Einstein equation in this case gives us the Jensen metrics, if ¢/s satisfies the
equation (n —1)(t/s)* —2(n — 2)(t/s) + (p — 2) = 0. The scalar curvature is

(-2 =20 e 20D ) Ly (0 p)2 4 222

_prp—1(p—2) n (n=2)(n—p)p  (n—p)p(p—1)t
4t s 452

which reduces to the formula in section 5 of [2], where t = 2(n—2)z1, s = 2(n—2)x12,
ki = p, ke = n — p in that paper. The results of [5], equations (16), (17) could be
derived from our result for SO(n) by a partition Z = {I, I, I3} of {1,---  p} to
three intervals of length ki, ko, k3 for positive integers ki + ko + k3 = p, if we set
trg, =2(n—2)x;, tr,r;, = 2(n —2)xy; (4,5 € {1,---,3}). The coefficients 7;,7;; in
that paper are 7y, Iitl_i}i, 11 tl_i}j in our notation. The results of section 6 in [2] of the

Stiefel manifold Sty 44+ for positive integers ¢, k,1 (we use ¢ for s in that paper to
avoid conflict of notation) corresponds to Z = {/;|1 < j < ¢} obtained by dividing
{1,---, ¢k} to ¢ intervals I; each of size k, where t;; =2(n—2)z, t;; =2(n—2)y
if I #J¢€Z and s; = 2(n — 2)z for positive numbers z,y,z, I,J € Z. We now
present an explcit construction of a family of Einstein metrics for SO(p), likely an
instant of the metrics of type 1 in [24].

Proposition 5.4. Let p = 2dk for k > 3, d > 1. Consider a partition I of
{1,---,p} to q = 2d consecutive intervals I,--- , Iy each of size k. Let ty,ty be
two positive numbers. Consider the metric on SO(p) with t;,;, = 1, tr,, =ty if
1 <v<w<2d and |[v—w| =b mod 2, b =1,2. Then the Ricci curvature
coefficients also takes three values ro, 1,19 with r7,7, =70, T1,1, =T if [v—w| = b
for b=1,2,1 <wv #w < 2d. These are the only Finstein metrics in this family:
(a) t; =ty =1, the bi-invariant metric;

() =t = (2d+ 1)k —2)/(k—2);

(d) t; is given by eq. (52), to = xty where x is the only positive root of eq. (53)

. 2(k — 1)(x + 1)

= 2((=3d + 2)kz + 2k — 4 + dk) (52)
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F(z) := (3d — 2)dk*s® + d((—d — 2)k* + 4k)2? (53)
+{(Bd*+d)k* +(—6d—2)k+4}x+(—d*—3d)k*+ (6d+2)k—4 = 0,

where x 1s between 0 and W and t1 >ty > 0.

For the metrics in the proposition, the ¢ diagonal blocks have ¢;; = 1, blocks
Lo, sy v ted—1,2q) equal ¢y and tpg), - - tjpg—22q equal 3. We can also show
F(z) has only one real root and t; > t; > 1, the metrics b), ¢), d) are identical
when d = 1 and distinct otherwise. The proof of these facts, which we will not
show here, reduces to showing several long polynomial expressions are positive, by
providing estimates for large k,d then analyzing the remaining range case-by-case.

Proof.  From eq. (45), all the 77,7, 1 < v < 2d have the same value

k—2+ dk N (d—1)k
ro=———+-—>+-—5—

0T 2 T 212

The first term is clear, the d terms L = I; with |l —v| =1 contribute k/(2t3) each,
and 2d —d — 1 terms with |l —v| = 2, | # v contribute k/(2t3) each. Similarly
from eq. (46), let r, = rp,7, for [v —w|=b mod 2,0 = 1,2 for fixed v, w then

k—1 -2 t
+ k(- 2)

r=p—2-—
1=p t 2 t

the first term is clear, the next two terms combined to (k — 1)/t;, the last sum has
g — 2 components, both the odd and even case contribute —kts/(2t;). For ry, the
first three terms are similar, for the last sum, the case L = I; with [|—v| = [l-w| =1
contributes d terms k(ty/t; — 2), while the remaining case contributes k/2(—1)
k—1 d t (d—2)k
Zh(2 9y
Lo taMg oY 2

rp=p—2—

We will provide the main arguments for the proof but skip the detailed expansions
as the manipulations are easier done symbolically. Let x := t5/t;. We need to solve
e1 = ey =0 for x and t; with ey := 222, (rot; — 1), ey := 2t12(rots — 7o)

e1 = k(2d — 2)2°t, + (k — 2)t1a? + t1(4 — 4kd)2® + (2k — 2 + dk)z* + (d — 1)k
eg = (k — 2)ti2* — kdzt, + dka® + tyx(—kd + 4 — 2k) + dk + k — 2
Let e3 := e; — eq, then ez factors to

es = (x — V){t1ix(3dkx — dk — 2kx — 2k +4) +2(k — 1)(x + 1)}

If x =1, e = 0 is quadratic in ¢; with two solutions ¢t; = 1 and t; = % giving
us the solutions in a) and b). If z # 1 then we can solve for ¢; from ez = 0, giving
us the relationship between ¢; and z in eq. (52). Substitute eq. (52) to e; = 0, we
get an equation of degree 6 in z, which factors to z?((3dk —2)z +2—dk)F(x) = 0.
The case ¢) corresponds to the second factor with = = (dk —2)/(3dk — 2), t1,ty are
obtained by substitution. We are left with the case F'(x) = 0. It is clear F'(0) <0
when k& > 3.
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Next, let Tosym = (dk+2k—4)/(k(3d—2)) be the value of  making the denominator
of eq. (52) vanishes then

F(@asymp) = 8(k —2)(k —1)(dk — 1)

k(3d — 2)

thus F(z) =0 has a root between 0 and Zqsym,, and t1,t2 > 0 at this root. n

>0

We can generalize (b) to ¢ € N, with t; = to = ((¢ + 1)k — 2)/(k — 2), it seems
probable d) extends to Stiefel manifolds as in [2]. The reason ¢) and d) do not
generalize for odd ¢ is then r(;, ) # (1,1, giving us an extra equation. Observing
p = 2dk = 2d1k; with d; = 1,k; = dk, ¢) is an rearrangement of b) using (dy, k).
The metric in d) is not naturally reductive for the embedding SO(k)? C SO(p).

Our construction is different from the approach using an Ad-invariant metric of a
subgroup of SO(p) but the results often turn out to be the same. In either case,
several coefficients ¢;; become identical, reducing the actual number of parameters.
With our general formula, conceptually, we could have an Einstein metric on SO(p)
with all distinct coefficients. In practice, for small p, the Einstein metrics found
numerically has significantly reduced parameter count, we find no instance with
p(p—1)/2 distinct parameters, but the parameters found are clustered and could be
arranged to come from a partition Z of {1,--- ,p} to ¢ < p subsets (which has the
parameter counts of dz = q(¢ + 1)/2 — njy=1 where nj;—; is the number of I € T
with size 1). Further, as seen in the examples above, there are additional relations
between the parameters ¢;; and ¢;; so we may have much less than d; parameters.
The bi-invariant metric has one parameter, b) and c) of proposition 5.4 has two and
d) has three (with one parameter normalized to 1).

We will not discuss the numerical methods to solve the Einstein condition. The
following results could be verified independently. We find two new Einstein metrics
for SO(9) with the partition (1,1,3,4) and the parameters

the) = 117750044, tpz = 3.49295668, t;q = 11.00395784, tp3 = 11.42167356,

and the partition (1,2,3,3) with the parameters

tng = 11.41086965, tns) = 10.83434028, tpa = 3.50463883,
tag) = 5.68181449, tg = 4.25394966, ty = 11.04723483,
t33 = 1.02563286, tis = 10.45556196, fag = 1.

For St;7 we find a new Einstein metric, in addition to Jensen’s and those in [4, 8],
for the partition (1,1, 3), with
Loy = 4.15568493, 1tz = 3.86531511, tp3 = 1.78072637, t33 = 0.49956303,
Sny = 1, Sp2] = 4.09222372, S[3] = 3.79800548.

6. Sectional curvature range

We have seen the sectional curvature numerator K could be expressed as a weighted
sum of squares, this allows us to estimate the sectional curvature range. If p = 1
then the Stiefel manifold is a sphere and has constant sectional curvature. Therefore
we will assume p > 1 below.
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It is easy to establish upper and lower bounds (not tight) for the sectional curvature
from eq.(34). Using the triangle inequality we can bound K from eq.(34) by
bounding an expression of the form

K1 = al|[A1, Ag]|[5 + b]| BiB; — Bo Bl |5 + ¢|| B] Bo— By Bul[. + d|| BuAs — Bo A ||

by the curvature denominator S := (a||A;||% + || B1||%)(a||A2||% + || B2||%). We use
the inequality ||[X, Z]||% < || X||%]|Z]|%, for two antisymmetric matrices in o(n) if

n > 3 ([10], Lemma 2.5 provides the explicit matrices where we have equality, see
also [11], Proposition 4.2). Apply that inequality with

X:i \/20&141 —Bir : and Z:L \/204./42 Bg—
V2| B 0 V2| B2 0

and similar inequalities for By = B, =0, A; = Ay = 0, we can bound each term of
K; by S, thus getting a bound for K.

We will attempt to provide more refined bounds. The analysis of sectional curva-
ture range for Stiefel manifolds is more complicated than that of symmetric spaces
because of the presence of both the A and B components. The manifold is homo-
geneous, therefore the sectional curvature range is the same at any point.

In Table 1, we show sectional curvature values of St,,, at several sections (pairs of
linearly independent tangent vectors), each defined by a quadruple (Ay, By, Ag, Bs).

K A and B condition

0 Ay = Ay = Eyy — Ey, By = 2e13, By = —aegs n>4p=>3

0 Ay =Ay=0,B) = e, By = e n>4 p<n-—2

1 A=Ay =0,By =en, By = ey n>4 p<n-—2
WIH Ay = Eyy — Ey, Ay = By, — B, By = —eqp, By = eq p=>3

= Ay =Fiyy— Eg1, Ay = FEs— E3, Bi=DBy =0 p=3

t A=Fo—En+E,1,—E,,1 p=>4

Ay=FEp 1 —Ep 11— Fyp+Eyy Bi=DB,=0
5 Ay = (B2 — En), A2 =0,B1 =0, By=en
2_23a A =0, Ay =0, By =e1, By = ey
4_23a Ay =Ay=0, By =e1n +exn, By=-en—en n>4 p<n-—2
[(a) Ay = Fig — Ey, Ay = Ey — F3y
By = Yumin(@)Y2€11, By = Ymin () %13 p>3,a<7/10

Table 1: Sectional curvature at representative sections. [(&) = ¢(Vmin(@)), from
eq. (55) and eq. (54).

A few of those sections come from the corresponding sections for SO(n), in [10] as
cited. We have noted that I is non-negative if o < %, and Table 1 shows a section
with I = 2’23‘1, thus, if a > %, KC always has negative values in its range. When
p = 2, we will show K is non-negative if o < % When p > 2, K could be negative
if % <a< % To see this, recall we denote E;; and e;; to be the elementary
matrices in RP*P and R(nfp)xp‘ Let Al = E12 — Egl, Bl = ’}/1/2611, A2 = E23 — E32,

BQ = ")/1/2613 fOI' Y - R,")/ > O Thus, [Al,AQ] = E13 — Egl, BlA2 = BgAl = O,




NGUYEN 589

BB} =0, B By — B] B = y(FE13 — E31). By eq.(35), the corresponding sectional
curvature is
/2 + a(da — 3)y + (2 — 3a)y?/2

c«(v) = (2a + )? (54)
with %c(’y) = a((7 - 10a)y — 1 — 6a + 8a?) /(v + 2a)?, ¢ is minimized at
Yamin (@) = (1 4+ 6a — 8a?) /(7 — 10a) (55)

Substitute in, the function [(«) := ¢(Ymi()) is slightly negative for « in the interval

(%, %), which contains % Note that a = 1—70 is a removable singularity of [, and

setting [($5) = lim, 0 ¢(7) = 2(2 — 3 x &) = 5+ makes it a smooth function. This
function is strictly decreasing and negative in the interval (3, &), with [(3) = 0 and

2710
[(3) around —0.02.

Curvature range n=4, p=3

T 1/(8a) 10 A

1(142a)
(2-3a)/2 0 -
a?

min sim

oo || ]

0.0 1

| max sim
S -05 -
I|
21 b -1.0 1
1 N -15
0 - —2.0
10 15 20

sectional curvature

D0 02 04 06
alpha alpha

Figure 1: Numerical test for curvature range n = 4,p = 3. Max, min sims are
curvature ranges from numerical optimization.

Curvature range n>=5, p=3

[ 121-4 10

1/{8a) -]

1(1+2a) |—| gs{

(2-3a)/2 T o

4 (4-3a)i2

Ln

a2 0.8 1 0.0
& min sim
& maxsim 0.6 1 —0.5 1

sectional curvature
L

04 =101
o2 {0/ —— | 15

0.0 - _._\.______ —2.01

DO 02 D4 D55 060 065
alpha alpha alpha

-

Figure 2: Numerical test for curvature range n > 4,p =3

The curvature range contains the interval between the maximum and minimum of
values in Table 1 if the condition in the last column of the table is satisfied. For
p = 2, Proposition 6.1 determines the exact curvature range. For p > 2, numerically,
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the sections in that table seem to determine the range completely. For each «, the
lower and upper bound of the curvature range, found numerically by optimizing I
over the space of all sections, the Grassmann manifold of two-dimensional subspaces
of RImSt.n js within the maximal and minimal values of the sections in the table if
the condition in the last column is satisfied, as shown in the Figures 1, 2, 3, 4.

Curvature range n-2 >= p>=4

— 121-9 10 A
— 1(4a) i
101 Lil+2a) w|—| g5
— (2-3a)2
L BA 4-3a)/2 | |
% a2 08 0.0
E ® min sim
~ B @ maxsim 0.6 1 —0.5 4
m
5 _
= pal  ————| -101
h —
0.2 4 \ -1.5
00 {—e—a—=| 201
T T T T T T T T
0.0 0.2 04 055 060 065 1 2
alpha alpha alpha

Figure 3: Numerical test for curvature range n — 2 > p > 4. Max, min sims are
curvature ranges from numerical optimization.

Curvature range n, n-1

05
— ! L““‘\‘ ol
— 1fi4a)
10 -
— Lil+2a) 04 \ 05
2-3a)2
L 84| — a2
0.0
= ® minsim 03 4 /
e & maxsim
a -0.5
2 0.2 1
(=]
b -1.0 -
b
01
-1.5 1
00 {~S——g—>| 201
T T T T T T T T
0.0 02 0.4 055 060 065 1 2
alpha alpha alpha

Figure 4: Numerical test for curvature range p=n—12>4

There, we plot the graphs of the curvatures of the list of sections as functions
of a for the scenarios, and also plot the results of the numerical optimization
for curvature range, for a set of 30 values of a. The optimization is done for
n=4p=3, n=>5pc¢€ {34}, n=26p € {3,4,5}, n =10,p € {3,5,10,9},
n =100, p € {10,20}. The curve Il in the figure is for the function [. The reason the
numerically optimized maximum is sometimes smaller than the proposed maximum,
for small «, is because the optimizer may be stuck at a local maximum.
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Proposition 6.1. If p = 2 and n = 3, then the sectional curvature range of

Sty 1S [‘2‘,@] if a < l and |22 3"‘, $] otherwise. In particular, if a < %, Sto s

has strictly positive sectzonal curvature.

If p=2 and n > 3 then the sectional curvature range is [0, *52] if a < 2, [2522 1]

if 2 <a<2and [33,%] if a > 2. Hence, when n > 3, Sty, has non-negative

curvature if o < g

Proof. When p = 2, 0(2) is one dimension so [A;, 4] = 0 and we can set

Ay = (2a)Y2¢1J, Ay = (20) 7 ?¢yJ for J = _01 (1) :
two orthogonal matrices in U,V of compatible dimensions, the sectional curvature
is unchanged if we replace (A1, By, Ay, Bo) with (VAVT,UB,V,VAVT, UB,V).
Thus, we can assume B; is rectangular diagonal, with diagonal entries denoted by
d;, 1 <i<min(n—p,p). We denote entries of By by b;;, 1 <i<n-—p, 1<j<p.
We note By Ay — ByAy = (2a)"V?(cyB1J — ¢1ByJ), and since JJT = I,

|| BiAy — BoAs||7 = a/2(c3 Tre(B1BY ) + ¢; Tr(By By ) — 2¢16, Tr(B1By)).
The orthogonal condition o Tr A;A] + Tr ByBg = 0 implies

with ¢, co € R. Further, for

mln(p/n'*p)
c1co + Tr BlB;— =cCi1Co + Z dlb“ = O,
1=1

or cico =—TrB1Bj, so —2cic; Tr BiB) = c3c3 + (Tr By By)?. This implies
A?||B1A; — BoAs||% = a/2(c3 Tr(ByB) + ¢t Tr(By By ) + cics + Tr(B1 B,y )?)
For the case n = 3, from eq. (35), the curvature numerator K is reduced to
= 3a b di + (ngQ + ey (b, +0ty) + cic; + diby)
and the curvature denominator is S = (¢? + d?)(c3 + b?, + b3,). We have
K—a/28 = (1 — 2a)b%,d2,
K—(1—3a/2)S = (2a — 1)(c3d} + ¢} (b3, + bY,) + cich + dibiy).

Thus, the signs of the differences are dependent on 1 — 2«, and K is between the
smaller and the larger of «/2S and (1 — 3«/2)S. The bound is tight based on
Table 1.

When n > 3, the denominator is S = (¢} + Y7, d?)(c3 + >i;b%;). By consists of a
square diagonal block of size 2 x 2 and the remaining zero block of size (n —4) x 2.
Expand ||ByBJ — By B[ ||% by dividing B, to a square block corresponding to indices
not exceeding two, which contributes Q(bgldl — biads)? and the remaining blocks,

which contributes 22?:1 S A2, K s

1>2 7ig g0

(bgldg — blgdl <C2 Z d2 -+ C{ Z b + 0102 Z d; b“ )

+(bardy — brady)? + Z > b,

7j=1 i>2

2 -
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The above expression appears when o < 2/3, K > 0. In this case, 1 < 2 — 3a/2,
a/2 <2 —3a/2, thus 2321 S 2 < (2-3a/2) 37 d2Y B2 and

1>2 717 g =1 " 1>2 1)

(022d2+c%2b +clcz>_4 3a< Zd2+c%Zb +0102>

To show K < (2 — 3a/2)S, we only need to show

2_23a (borda—biady)? + (boydy —biady)? ( Z d; b“> <( Sa Z dz Z bZ..

1<2
This follows from Cauchy-Schwarz’s theorem, applymg to three dlfferent combina-
tions on the left-hand side then sum up the inequalities, as the first two terms on
the left-hand side are dominated by ((2 — 3«a)/2 + 1)(d3 + d3) (b3, + b2,), while the
last one is dominated by «/2(d? + d2)(b?, + b35) < (2 — 3a/2)(d? + d2)(b?, + b3,).
Next, when « > 2/3, by Cauchy-Schwarz,

~

K> (1—3a/2) (b3, + b2,)(d2 + d2) > (1 — 3a/2)8,

as 1 —3a/2 < 0. When 2/3 < a <2, a/2 <1, thus £ < 5, as the first term of
K is negative, while we can use Cauchy-Schwarz on (> d;b;)* and (b21d1 — biady)?

as before. Finally, for o > 2, K < a/2S, again because the first term of K is nega-
tive, while the remaining terms are domlnated by the corresponding terms in «/25,
using Cauchy-Schwarz if necessary. Again, the bounds are tight using Table 1. =

We note Styz is SO(3), and could be considered as the sphere S® with antipodal
points identified (via the quaternion representation, for example). From the formula
for the metric, we see this is the projective version of the Berger sphere.

Proposition 6.2.  For p > 3, the sectional curvature range of St,, contains an
interval I = I(n,p,a) as described in Table 2. The first row describes the applicable
combination of (n,p), the columns labeled o, specify the range of o where the
interval formula next to it is applicable. The interval is applicable for o greater than
the previous «v, (if exists) and not exceeding the current c,.

(n=4, p=3) (n,3), n>5 (n,p)yn—2>p>4| (n,n—1), n>5
Qy, 1 Qy, I Qy, 1 Qy, I
g |52 0g |52 pd |12 bl
2 ekl | U2 0= | 2 0 | D (i) ol
1w @) o5l | 5 Ma).52] ] 3 (o), 352] | 2L (250 ]
AL (e ] [((er), 1] 1 [((a), 1] 00 25, 5]
. (232 g] 9 (2532 ] 9 (2530 ]
o [FE | (==, 5]

Table 2: Interval contained in the sectional curvature range of the Stiefel manifold
Sty with metric defined by a. (o) = ¢(Ymin) With ¢ defined in eq. (54), and Ymin
in eq. (55).
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For illustration: If (n,p) = (4,3), for a < é, the sectional curvature range contains

the interval [0, z;], for § < a < 3, it contains the interval [0, ;75-], etc. In the final

2— 304’ Lzy]

row, for a > *ﬁ 1 , it contams the interval |

Proof. Tt is straightforward to check that for each pair (n,p) in Table 2, the
values indicated correspond to a quadruple (Aj, By, As, By) in Table 1, which is
applicable for the pair. For example, in the case (n,p) = (4,3), the only applicable
values from Table 1 are 0 (from the first row), 5=, 5=, @) and 25**. To show
that the sectional curvature range contains [, it remains to verify the lower end of
is not greater than the upper end, which is immediate, as [(«) is negative between

d 2-3a - . 72
0 and {5, and =5** is negative for a > {5 > 3.

The graphs in Figures 1, 2, 3, 4 display the relative values of these functions. As all
the functions involved are simple algebraic functions, except for [, if we can assess
the contribution of [, it will be easy to check that the lower end of I corresponds
to the smallest value among the applicable values, and the upper to the largest of
the applicable values.

The function v, from eq. (55) has a root at ay = 3+‘ﬁ at around 0.89, and is
negative in the interval (10, as), hence |/min and 31,32 for this section are not
defined, so [(a) cannot be an extremum for a € (:% In the interval [ag, 2], |

has the approxunate range of [0.14,0.38], less than 1, and in the interval |y, ‘ﬁ 1]

it is less than —5-. For large a, Ymin is approxnnated by 0.8, thus [(«) has an

1+2
asymptote with slope % ~ (.286, smaller than the slope of 5. It is also

easy to graph [ in the interim to show beyond the contribution to the lower bound
in [1/2, 1—0] [ has no other effect on the curvature range.

10’ )

With that analysis, for the case (n,p) = (4, 3), the only applicable values from Table
1 are 0 (from the first row), ﬁ, & l(a) and 222,

If @« < 1/2, all these functions are non-negative, and thus 0 is the smallest value
among them.

L], 2222 is also negative,

a) has no effect for a > 5.

When 3 < o < &, [(@) is negative, and in the interval [2,
but I(« ) is the lesser of the two, while we have discussed [

/\C»JII\J

Thus, for a@ > {5 the upper end of I is rnam(l+2 .

%. In general, consider the upper or lower ends of [ as functions of «a, the
values in column «, corresponds to nonsmooth points of these functions or infinity.

For the case n > 5, p = n — 1, (O,ﬁ,i,ﬁ, (), 2’23‘“, $) are the applicable
curvature values. Again, with [ having only an effect in [%, %], it is straightforward

to verify the piecewise smooth function max(0, i, %, 2a1+17 (), 2 23“ ) has the

form corresponding to the upper end of I, and the lower end corresponding to the
minimum of those functions, for a > 5 We address the case p < n—2 similarly. =

), with the break-even point

For a = 1, when p = n —1,n > 4, the range contains [0,1], and it could be
shown to be exactly [0, 1] as the manifold is isometric to SO(n) with a bi-invariant
metric. If 2 <p <n—2,n > 5, the range contains [0,2 — 3a/2] = [0,5/4], which
is proved to be the exact range in [23]. For a = 1, the interval is [—1/2,1]. From
the numerical evidence mentioned, this seems to be tight. We note for p > 3, both

when « is large or « is small, the curvature range becomes large.
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7. Discussion

In this paper, we have obtained explicit formulas for curvatures of real Stiefel
manifolds with deformation metrics and obtained several results related to Ricci
curvature and sectional curvature range, including parameter values corresponding
to non-negative sectional curvatures. We expect similar results could be obtained
for complex and quaternionic Stiefel manifolds. We hope the availability of explicit
curvature formulas for a family of metrics on an important class of manifolds will
be helpful in both theory and applications. The curvature formula for diagonal
homogeneous metrics has good potential for generalization. Besides the family of
Einstein metrics obtained here, the approach pioneered in [2, 4, 5, 3] could be applied
to yield more low parameter count families of metrics. It is also of interest to apply
the symbolic approach for diagonal metrics on a low dimension group. The set of
solutions to the Einstein equation on SO(p) of the equation has a structure based
on partitions of p, which could be extended to other Lie groups, and we hope future
studies may reveal additional interesting properties.

A. A few trace formulas

We collect a few results on the trace of common operators that will be useful in the
computation of the Ricci curvature for matrix spaces. Some are known, item 3 gives
us the Killing form of o(p), but we do not have the exact references.

Lemma A.1. (1) Let X be a matriz in R™*"™. The trace of the operator
X — AXB where A € R™™ and B € R™" 4s Tr(A) Tr(B). In particular, the
trace of X — AX is n'Tr(A), the trace of X — XB is mTr(B). The trace of the
operator X — AXTB where A and B are matrices of size m x n is Tr(ABT).

(2) The trace of the operator X — AXB+BTXAT from the space Sym,, to itself is
Tr(A) Tr(B) + Tr(ABT). In particular, the trace of the operator X — AX + X AT
is (p+1)Tr(A). The trace of the operator X — Tr(AX)B, with B is a symmetric
matriz and A is a p x p matriz is Tr(3(A+ AT)B).

(3) The trace of the operator X + AXB + BTXAT, from the space o(p) to itself,
where A and B are p x p matrices, is Tr(A) Tr(B) — Tr(ABT). In particular, if A
and B are antisymmetric matrices then the trace of X — [[AX]|B] is (2—p) Tr(AB).
(4) Let P and Q be two diagonal operators on RP*P that is for X € RP*P =
(Xijh<ij<i, P(X)y = piXij, Q(X)ij = Xy for two matrices (pij)i<ij<p,
(¢ij)i<ij<p- Assume further that they are symmetric, pi; = pji, ¢j = ¢ji- Let
A = (aij)1<ij<p and B = (b;j)1<ij<p be two matrices in RP*P. Then the operator
X — Q{AP(BX) + P(XBT)AT}, X € o(p) operates on o(p). We have

Trwo 40P : = Tr(X — Q{AP(BX)+ P(XBT)A™})

PP P
=D > agby( Y auva) (56)
i=1 j=1 I=1,1#
In particular, Tr(X — Q{AP(X) + P(X)A}) ds D0 i Dy 1z Qupar- If A and
B are antisymmetric, Tr(X — Q(AP(BX) + P(XB)A)) is
PP P
- Z Z aijbij{%‘j(pii + pjj) + Z (Qilpjl + lepz‘z)} (57)

i=1 j=i+1 I=1,1i,1#]
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(5) With the same assumption as above, the operator
X — Q(AP(XB) + P(BTX)AT)
operates on o(p), with trace
Trwy a,B,0,p) = Z 4ij (pijaiibjj — pjjaijbi; + pijbiaj; — piibjiaji) (58)
i<j
In particular, if B is diagonal, Trwy ds 37 30 i Qijpijaiibys, if A and B are
antisymmetric, the trace is Zi<j —qij@ijbi; (pii + Djj) -

(6) If A and B are antisymmetric then Tr(X — Q[A, P[X, B]]) is Trw; — Trwg, or

Trwaq,4,B,0,P) Z a;jbi; Z (qapji + ¢ipa) (59)

1<j 1=1,l#3,l#7

Proof. Let E;; be the matrix with the ij-entry equal to 1, and other entries
equal to 0 and of the same size as X . All the statements are proved similarly, by
summing the coefficients of the operators on an appropriate base based on E;;. Let
entries of A be a;; and entries of B be b;;.

(1) (AEl]B)Z] = aiibjj7 so the trace of X — AXB is Zzg a;b i = TI'(A) TI‘(B)
Since (AE;EB)Z] = aijbz-j, TI'(X — AXTB) is ZU a”b” = TI'(ABT)
(2): A basis of Sym,, consists of matrices Ej; (i =1,---,p) and E;;+ Ej; for i < j.
We now compute the trace of X + AXB + BT X AT with respect to this basis. For
Eii7 (AE”B + BTE”AT)“ = 20,“‘6“‘, for Eij + Ejia the coeflicient is

(A(Eij + Eji) B+ BT (Eyj + Eji) A")ij = aubj; + aijbji + buaj; + bijay;
Hence the trace is

Z QCL“b“ + Z a”b]] + az]bz] + b”CLJ] + bwaw Z (077 Z bjj + Z aijbij
7 J iJ

1<J
which is Tr(A) Tr(B) + Tr(ABT), as Y7, aubii + Y, ;(aibs; + biaj;) rearranges to
the first sum, and the sum of remaining terms is Tr(ABT).
With B =1, we have the trace of X — AX + XA is (p+ 1) Tr(4).

For the operator X +— Tr(AX)B, the coefficient corresponding to FEj; is a;bi;,
corresponding to E;; + Ej; is (ai; + aj;)bi;. The trace is

1
Z ambzz + Z azj + ajz 1.7 2 TI'((A —|— AT)B)
1<J

(3): A basis of o(p) consists of matrices E;; — Ej;; for ¢ < j. The coefficient
corresponds to E;; — Ej; is

(A(Eyj — Eji) B+ BT (Eyj — Eji)AT)yj = aibj; — aybyj + bisag; — bjiazi
The trace is

E aiibjj — aijbij + biiaz; — bjiaz = E aiibjj — g aijbij,

1<j i i

which is Tr(A4) Tr(B) — Tr(ABT).
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For the trace of
X — [[AX]B] = (AX — XA)B—- B(AX — XA)=AXB+ BXA—- BAX — XAB,
we have:
Tr(X — AXB + BXA) = —Tr(AB") = Tr(AB)
Tr(X — BAX + XAB) = Tr(1,) Tr(BA) — Tr(BA) = (p — 1) Tr(BA)

from here we get Tr(X — [[AX]B]) = (2 — p) Tr(AB).

(4): We note the symmetric assumption means P(E}) = p;;E;; = P(E;;)T, so
P(XT) = P(X)T and similarly Q(XT) = Q(X)T for X € RP*P, 5o it is clear
X — Q{AP(BX) + P(XBT)AT} maps o(p) to itself. We have

(AP(B(E;j — Eji)) + P((Eyj — E;i)BT)A )i = Y prjaabi + pabija
l

We can see this by first noting the terms ending or starting with Ej; does not
contribute, then enumerate for each remaining term on the left, the possible three
steps paths from 7 to j, starting or ending with E;; and count the contribution
applying the corresponding factor p. Applying ) contribute a factor g¢;;, thus the
trace is ZK]. Y1 > Qi + qijpabijag . For each pair of integer 1 <r,s <p,
the coefficient of ag,.b.s from the first term of the sum is > o5 QsiDri s in the second

term is ) .. qispir. Combining, the trace is ) Zl# Agrbrs Zl# qapr as stated.
For the case B = I, we get the next statement. Flipping indices when r > s, the
antisymmetric case follows from

Z(_arsbrs(z QSlp'rl) - - Z arsbrs(qrspr'r + QrsPss + Z (qslprl + Q'rlpsl))

rSs l#s r<s l#£s,l#r
(5): We have
(AP((Ei;— Eji)B)+P(B™(Ei; — Eji))A")i; = pijabj; — pjjaibij + pisbias; — pibjia;

(each term on the left contributes a 3-step path going from ¢ to j, bridged by E;;
and Ej;). Applying ) would add a factor of ¢;;, thus the trace is

Z ij(Pijaiibj; — pyjaijbi; + pijbiiaj; — pibjias:)

i<j

The special cases of (5) are clear, and (6) is also clear. |

B. Direct calculation of the curvature of a Stiefel manifold
We use eq. (24) to prove the curvature formulas in theorem 4.1 directly. First, with
I given by eq. (29)
1
DeT(n, ¢) = 6" ¢+ 6 n)
+ (1 —a{(L =YY ) (no" +on")E — (YT +YEN) (o' + ¢n")Y}



NGUYEN 597

Expanding &, 7, ¢ we obtain

1
Y[ (DeD)(1.¢) = 5 Bi(~A2 Ay — Ay Ao + By By + B] By)
+ (1 —a){Ba(—=AsYT + BJY)) + By(—AY T + By Y ) HY AL + Y. By)
— (]_ — Oé)(BlYT(—YAQAg — YAgAQ)

T T
_ 31322 By 31323 By | (5 — a)(B1AyAs + B1 Az Ay)

+ (1 — Oé)(-BQAgAl + BngBl — BgAQAl + BgB;—Bl)

1

Simplify as follows: YT(EYT +YET) = A, YVT — A YT+ BIYT = BIY[. Then

1
YT(Dg F) (77, Qb) = §A1<—A2A3 + B;—Bg — A3A2 + B;—BQ)
— (1 —a)(B]Y ) (=Y. ByAsYT — Y| B3 A, Y)Y
= (1—a)(BlTBQAg—i—BlTBgAQ)—i—%(—AlAgAg—AlAgAQ + Ay B, B3+ A, B, By)
As noted, any w € R™P could be expressed as w = YA + Y, B, however A may
not be antisymmetric. By direct substitution we have

(L =YY (" +wn")Y =Y, (B,AT — BA,)
and  T(5,w) = JY (~AsA+ ATAy + BT By + BIB) + (1— 0)Y1(B,AT — BAy)

In particular we have

YT (n,w) = L(~AsA+ ATAy + BBy + B B),
and Y T'(n,w) = (1 —a)(BAT — BA,).

Use the formula for I'(§,w) with w =T'(n, ¢)

1
YTI(¢T(n, ¢)) = %(—Al(é(—Aﬁ:ﬂ — A3As + By B, + B Bs))
+ (%(—AgAg — AyAs + BIBy + BIB3))T Ay + BT (1 — a)(—ByAs — ByAy))
+ ((1—a)(—ByAs — B3A,)) ' By)

1- 1
= —~(A2B] B + A3B] By — B{ By As — Bl By A) + (A1 As 4y

+ A1 AsAy — A\ B) Bs — A\ B] By — AyAs Ay — AsAy Ay + B Bs A, + Bj ByA))
1
Yi(D(§,T(n, ¢)) = (1 — a){Bi(5(—A2As — AsAs + By By + B, Bs)'
+ ((1 — Oé)(—BQAg — B3A2>>A1>}
-1
= (@ = 1)*(BaAs Ay + ByAs Ay) + “—=(BiAs Ay + BiAy Ay — BBy By — B\ B] By)
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Therefore:
YTRMy 0 = —{(1 - a)(BI B2As + BI By o)
+ 5(=A1As Ay — Ay Ay Ay + A\ B] By + ABY By) }
+{(1-0) (B By As+ B] By A1)+ (— As A1 As— Ay As Ay + Ay B] B+ A, B By )}

~ (75 (ABIBy + AsBI B — BIByAy — BI Bys) + (A1 Andy
+ A1AsAy — A1B] By — A1 B] By — Ay AzAy — A3 Ay Ay + By BsAy + B{ BoAy)}
+ {1_?&(1413;32 + A3B{ B, — By B1As — By BsAy) + ;l(AgAlAg,

+ Ay A3Ay — A BI By — Ay BI By — Ay AgAs — Ay Ay As + B] ByAs + By BiAs)}

1-2
= — © (AyBI By — AyBI B, — BI B3A;y + Bl B3 Ay)

_ 1
+ 5% (AsBT By — AsBI By — B] ByAy + BI Bidy) + (1A Ay — A1 BI By
— AgA1 Az + Ay B] By — A3 A1 Ay + A3Ay Ay + B BiAy — By By Ay).

The last expression follows from a term by term collection, for example, the coeffi-
cient of A1 AsAs is —(—1/2)—1/4 = 1/4, and similarly for all terms with coefficient
1/4. The coefficient for A;B] By is —1/2+1/4+(1—a)/2 = (1—2a/4), and similar
to all the terms with that coefficient.

1

+ (* — Oé) (B1A2A3 + BlA3A2)

B\BB; _ BiB]B,
2

2 2
1 — a)(—BaA3 A, + ByB] By — By Ay Ay + B3 B, By))

ByBIBs | ByBIB

1
9 + 5 + (5 — Oé)(BQAlA3 + B2A3A1)

(
(
(1 — a)(=B1A3Ay + By B; By — B3A1 Ay + B3 B By))
(
(

YIRMe 6= —(

— (a=1)%(BaAsAr+ By Ay Ay) — “_L(By Ay As+ By Ay Ay — By B] By — By B By)
—1)2(ByAsAs+ By A1 Ag) + © 0 (ByAy As+ By Ay Ay — By Bl Bs— ByBY By).
Again, we collect term by term, (we do use a symbolic calculation program helper).
The coefficient for By By By is —1/24+(a—1)/2 = (a—2)/2, and similar for B, B B3.
The coefficient for By B By is —1/2+ (1 —a) + (a — 1)/2 = —a/2, and similar for
ByBJ By . The coefficient for By Ay A is —(1/2 —a) — (o —1)/2 = /2, and similar
for By AjAsz. The coefficient for B; Az As is

~d-a)—(—a) =2t (a =1 = a2 - g = 2

and similar for ByA3A;. The coefficient for B3AyA; is (1—a)—(a—1)*> = a—a?,
and BsA; Ay follows by permutation. The coefficient for BsBJ B; is —(1 — a), and
similar for B3 B By. Finally we have

202 —
YT RMg ¢ = =—=(B1AsAs — BoAsAy) + (o — a)(BsA1 A — ByAsAy)
-2
+ (1 — @)(ByB] By — B3By B1) + “==(B1B; By — By B] By)
+ %(BlAQAg - BIB;-BQ — BQAlAg + BngBl) |
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