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Abstract.  The paper deals with the cortex of real nilpotent Lie algebras. We first show that
for any real nilpotent Lie algebra g of dimension less or equal to 6, its cortex coincides with the
set of the common zeros of the G-invariant polynomials on g* namely the I-cortex, where G is
the corresponding connected and simply connected Lie group and g* is its dual. Next we give
an example of 7-dimensional (real) nilpotent Lie algebra for which the cortex is a proper semi-
algebraic set in the I-cortex. Finally we study the cortex of a class of nilpotent Lie groups given by
a semi-direct product of abelian groups G := R" x, V where 7 is the continuous representation of
R™ on the m-dimensional (real) vector space V defined by m(t1,...,t,) = exp (>, t;A;) with
{4;,...,A,} is a set of pairwise commuting nilpotent matrices in R”*™.
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1. Introduction

Let G be a locally compact, the set G of the equivalence classes of the irreducible
unitary representations of G is naturally equipped with the Fell topology. It is well
known that this topology is generally not Hausdorff, especially, there are classes [r]
of unitary representations which are not separated to the class [1] of the trivial
representation. By definition, the cortex of the group G is the set of all such classes
of representations.

Suppose now that G = expg is an exponential Lie group, with Lie algebra g.
Then G is homeomorphic to the set g*/Ad*G of coadjoint orbits in the dual g* of
g, equipped with the quotient topology. Using this identification, we can see the
cortex of G as the set of orbits which are not separated to the trivial orbit {0}. For
simplicity, in [6], the authors define the cortex of g* as the union of these orbits.
In other words, the cortex of g* is the set of points y of g* which are limit of a
sequence z( = Ad*spf(p), where, for each p, s, belongs to G = expg, (P to g*
and lim, (P =0:

Cor(gh) = {y € g": y =limAd} (@) lim (P = 0}.
P P

p
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Motivated by this situation, the authors in [8] generalize this notion and define the
cortex Cor(V') = Cy(G) of a representation of a locally compact group G on a finite-
dimensional vector space V' as the set of all v € V' for which G.v and {0} cannot
be Hausdorff-separated in the orbit-space V/G. They give a precise description of
Cy(G) in the case G = R.

In fact the cortex of V' (or g*) is generally not easy to determine and describe, even
if G =V x H is a nilpotent, connected and simply connected Lie group. From now
one, we restrict ourselves to this nilpotent situation.

For this reason, in [6] and [8], the authors consider another subset of V' (or g*),
called the I-Cortex. By definition, the [-Cortex of V' is the set of zero of all the
H -invariant polynomial functions on V:

ICor(V) = {y € V: P(y) =0 for any invariant polynomial function P}.

It is easy to see that Cor(V) is a closed subset of ICor(V), and if G =V x H is
nilpotent, and this last set is a projective subvariety of V.

Moreover, when G is nilpotent, connected and simply connected, ICor(V') is really
casier to describe. However, in [6] the authors presented an example of a 8-
dimensional, simply connected nilpotent Lie group G for which Cor(g*) C ICor(g*).
In this example Cor(g*) is a projective variety in g*.

On the other hand, in [5], by a proof based on a computation of the Pukanszky
parametrization of the generic coadjoint orbits, the author proves that the equality
Cor(g*) = ICor(g*) holds for any nilpotent Lie algebra g such that dimg < 6.

These results bring up two natural questions

1. Is the equality Cor(g*) = ICor(g*) holding for every nilpotent 7-dimensional
Lie algebra?

2. If this equality does not hold, is it however true that the cortex of a nilpotent
Lie algebra is an algebraic set?

Recall that the dimension 7 is the minimal dimension for which there are continuous
series of non-equivalent nilpotent Lie algebras.

In a previous work (see [13]) we investigate the cortex of a class of Lie groups
G =V %, R" where R" is identified with exp (Z?Zl RAZ-) with {A;,...,A,} isa
set of pairwise commuting non-singular matrices in R™*™ (in [4] G is called the
semi direct product of the vector groups V and R").

In this paper, we first concentrate ourselves to the case of the dual of the 7-
dimensional nilpotent Lie algebras. We prove that the equality Cor(g*) = ICor(g*)
holds if the generic coadjoint are of dimension 0,2 or 6, or the dimension of the
center of g is greater than 1. Then we compute explicitly the sets ICor(g*) for all
the remaining cases.

Then we answer by the negative to the two above questions, by computing an
example of a 7-dimensional nilpotent Lie algebra g for which Cor(g*) is not an
algebraic set, and especially Cor(g*) C ICor(g*).

In a previous work (see [13]) we investigate the cortex of a class of Lie groups
G =V x; R" where R" is identified with exp (3" | RA;) with {A4;,..., A,} is
a set of pairwise commuting non-singular matrices in R™*™ (in [4] G is called an
inhomogeneous vector group).
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In this article, we study the cortex of such a semi-direct product group G =V xR"
where R” is identified with exp (3 ; RA4;) with {A4;,...,A4,} is a set of pairwise
commuting nilpotent matrices in R™*™ and 7 the continuous representation of R"
given by m(t1,...,t,) = exp (D i, t;iA;).

The paper is organized as follows: in Section 2, we recall the definition and general
properties of cortex and I-cortex of Lie algebra or a vector space on which a matrix
group H acts. We recall also some basic tools which will be useful for the rest of
the text. In Section 3, we investigate the cortex of the nilpotent Lie algebras g with
dim g < 6, we show, by a different way from [5], that the equality Cor(g*) = ICor(g*)
holds for any nilpotent (real) Lie algebra g such that dimg < 6. In Section 4, we
give the list of the “interesting” 7-dimensional (real) nilpotent Lie algebras, namely
the nilpotent Lie algebras with 1-dimensional center and 4-dimensional generic
coadjoint orbits. Then we present the complete computation of the cortex of two
examples among these Lie algebras and proving it is not algebraic for one of these
two examples. Finally and in Section 5, we consider the class of nilpotent Lie groups
G =V x,R"™ where V is a real vector space of dimension m and 7 is the continuous
representation of R" = exp (> | RA;) given by n(ty,....t,) = exp (D i, t;:A;)
with {A;,...,A,} is a set of pairwise commuting nilpotent matrices in R"™*"™.

2. Background material and notations

If G is a locally compact group, Vershik and Karpushev [26], introduce the notion
of cortex of GG as the set of all unitary irreducible representations of G that cannot
be Hausdorff separated from the trivial representation. If G' a Lie group with Lie
algebra g, it’s known that G acts on g by the adjoint action denoted by Ad and
on g* by the coadjoint action denoted by Ad*. More generally, if 7 is a finite
dimensional representation of G on V', then G acts on the space R[V*] of the
polynomial functions on V' by:

(s- P)(v) = P(r(s™ ")) (s e G, PeR[VY).
Following [8], we recall the following:

Definition 2.1. Let 7 be a continuous representation of a locally compact Lie
group G on a finite (real) space W we define

Cw(m) = {w = lim 7(s,))w® : {w®}, € W, lim w® =0,{s,}, C G},
P—00 P—>00

and the cortex of invariants of 7 as
ICw(m) ={weW: P(w)= P(0) for all G — invariant polynomials P on W}.

In particular when 7 is the contragredient representation of G on the dual space g*
of the Lie algebra g of G, we define the cortex of g* as

Cor(g") = { lim Ad], ey (s}, C G, {{P}, C g* with lim ¢(®) =0},

p—0o0

and the cortex of invariants

ICor(g*) ={f €g*: P({) = P(0), forall G — invariant polynomial P on g*}.
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Note that one has the inclusion Cy (7) C ICy (7) (see [8]), and if G is exponential
non nilpotent Lie group, then it can happen that the only invariant polynomial func-
tions on g* are the constant functions. If o, 09 are two continuous representations
of G on W such that it exists a non-singular matrix P in R™*™ ( dimW =m)

with o1(g) = Poy(g)P™t, Vg€ G,
then CW(O-I) == PCW(O'Q)

Now if U is a Zariski open set in W then by density of U one has

Cw(m) = {lim 7*(g,)w® : {g,}, C G, {w?}, C U, with lim w® = 0}.
pP—00

p—00

When G is nilpotent Lie group and g*/Ad*(G) denotes the orbit space of the
coadjoint representation of G on g*, Kirillov’s theory establishes a bijection between
g*/Ad*(G) and G (the unitary dual of G). More precisely, let ¢ € g* and p; be a
Pukanszky polarization at ¢, we define the representation m,,, by

Top, = ind%xg,
where P, = expp, and x, is the unitary character associated with P, given by
xelexp X) = e <HX> 0 X cp,,

then one has

Theorem 2.1.  The representation myy, is an irreducible representation of G, its
equivalence class [my,,] does not really depend on ¢ or the choice of p,, it depends
only upon the coadjoint orbit O, of £, and each unitary irreducible representation w
of G is equivalent to a representation ey .

Moreover the mapping, called the Kirillov map:

K :g*/Ad; — G, O — [Top(e)] = 7o,

is a homeomorphism between g*/Ady,, equipped with the quotient topology and G ,
with the Fell topology.

Auslander and Kostant extended the Kirillov map to the case of an exponential Lie
group (see [7, 3, 17] for instance). In [17], the authors show that the Kirillov mapping
is still a homeomorphism. With this in mind, we see that if G is an exponential Lie
group, then the following assertions are equivalent

1. m:=m,, is not separated to the trivial representation,
2. (¢ belongs to Cor(g*).

Throughout the paper, G will always denote a connected and simply connected
nilpotent Lie group with (real) Lie algebra g. We denote by 3 the center of g and
g~ its dual space.

For any a C g, we write at = {¢ € g*: {(A) =0 forall A € a}, which is a
subspace in g*.
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2.1. Stratification of g*

We let G be a connected and simply connected nilpotent Lie group with Lie algebra
g such that dimg =7 and let

0=0n D012 D@1 Dgo={0}

be a Jordan-Hoélder sequence for g, i.e. a decreasing sequence of ideals such that
dimg; = j and [g,9;] C gj—1 for j = 1,...,n. For { € g* we have the skew-
symmetric bilinear form B, defined on g by

By(X,Y)=(X,Y]), X,Yeg.
The radical of By is equal to the Lie algebra g of the stabilizer G, of ¢:
g ={Xe€g: B(X,Y)=0, VY €g}.
For ¢ € g* we define e, to be the set

eéz{jzla"'an: gjggj*1+g£}'

It is easily seen that, if X; € g; \ g;—1 for j =1,...,n, then

eg:{j:]_,...,ni Xj¢gj_1+ge}.

The set e, (may be empty) is called the set of jump indices of ¢ (see [1, 21]) and
we know that |e/ = dim Oy = rank(B,), which must be an even number; here

O, = Ad*(G)? is the coadjoint orbit of /.
The set £ = {es, £€g*} has a total ordering: if e,e’ €& with e = {e; < -+ < ea},
e ={ef <---<é,,}, wesay that e < € if:
d>d, or
d=d and e, <e., wherer =min{s : es# €.}
For each e € £, let Q. be the set Q. ={l € g* : e =e}.

Each Q, is a G-invariant algebraic set, the collection {{2.} constitutes a partition
of g*, and for each e, the set |J, . Qe is a Zariski-open subset of g*. Let e € £
with e # 0, then set e = {e; < iy < --- < ey}, and let £ € Q.. We define the
skew-symmetric matrix Me(¢) by

M(0) = <Be([XeT7 Xes]))

’
1<r,s<2d

and let P.(¢) denotes its Pfaffian. Note that if e = () we set Po(¢) = 1. Each layer
e in g is given by (see [21])

Qe ={l € g"; Pe(l) #0 and P (¢) =0 for € < e}.
Foree &, let To={leg":{(X;) =0 Vj€e},asitis well known, the set
Ye=0QeNTe={e€Qe: U(X;)=0, j¢e},

is a cross-section to the coadjoint orbits in 2. Each coadjoint orbit O, in 2e meets
> . in a unique and single point called the fundamental element.
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In [25], M. Vergne constructs canonical coordinates for generic coadjoint orbits in
the dual of a nilpotent Lie algebra. Let {2, be the minimal coarse Zariski-open. As
it is well-known, the projection onto the cross-section is given by rational functions
(X\;),1 ¢ e, which are regular on €, and each )\; is of the form

Ni(0) =i+ filly, ... limy), (6 =0(X;)).
Each coadjoint orbit O, € {2 can be characterized as follows

O( = {g = (Il, . ,ZL‘n) c g* : )\Z(g) = /\z(£>}

Let G be a connected and simply connected nilpotent Lie group with Lie algebra
g. In all that follows we assume that dimg < 7, and hence if O is a coadjoint orbit
in g*, then dimO € {0,2,4,6}.

It is obvious that when the coadjoint orbits in the minimal layer of g* are 0-dimen-
sional then Cor(g*) = ICor(g*) since g is abelian. We denote by Q the minimal
layer in g*. Then, since it is Zariski open, due to the density one has

Cor(g*) = {lim AdX ((®): {s,}, C G, {{P}, C Q with lim (® =0},
p—r00 p p—r00

Our study of the cortex of nilpotent Lie algebras g satisfying dimg < 7 is based on
the dimension of its generic coadjoint orbits.

3. The cortex of nilpotent Lie algebras of dimensions less or equal to 6

In this section we assume that g is a nilpotent Lie algebra with dim g < 6, then it is
known that Cor(g*) = ICor(g*) (see [5]). The technics used in [5] are based on the
computation of the Pukanszky’s polynomials appearing in the parametrization of
the generic coadjoint orbits of any nilpotent real Lie algebras g satisfying dimg < 6
and hence the proof turns out to be very long. Below we give an alternate short
proof of this result. To this end, let 2 denotes the minimal layer in g* then each
coadjoint orbit O C Q satisfies dim O € {0,2,4}. It is obvious that if dimO = 0
then g is abelian and Cor(g*) = ICor(g*) = g*.

3.1. The generic orbits are 2-dimensional

Proposition 3.1. ([2]) Let G be a connected, simply connected solvable Lie
group whose coadjoint orbits have dimension smaller or equal to two. Let g be the
corresponding Lie algebra. Then, up to a direct central factor, g belongs to the
following list of algebras:

(i) RT @ a, where a is an abelian ideal and adr € End(a).
(ii) RT @ b3, where by is the 3-dimensional Heisenberq Lie algebra spanned by
(2,Y,X) with [X,Y]=Z and
— either [T, X] = X,[T,Y]| = Y,[T,Z] = 0 (the 4-dimensional Diamond
algebra).
— or [T,X]=Y,[T,Y] = —X,[T,Z] =0
(iii) g @s 5-dimensional with basis (X1, Xo, X3, Y1, Ya) with
[X17X2] = X37 [X17X3] = }/17 [X27X3] = }/2

(iv) g is 6-dimensional with basis (X1, Xo, X3,Y1,Ys,Y3) with
(X1, Xo] = Y5, [ X0, X5] = V1, [ X5, X4] = Ya.
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Proposition 3.2.  Let g be a real nilpotent Lie algebra with dimg < 6 and such
that the dimension of its generic coadjoint orbits are smaller or equal to 2, then

Cor(g*) = ICor(g*).

Proof. The proof is based on the results given in Proposition 3.1. Let G be
a connected, simply connected nilpotent Lie group whose coadjoint orbits have
dimension smaller or equal to two and let g be the corresponding nilpotent Lie
algebra.

(i) g = RT & a, where a is an abelian ideal and ady € End(a). In this case
the corresponding Lie group, is up to a direct central factor, G = R" x R (with
1 <n <5) and by [8], one has Cor(g*) = ICor(g*).

(ii): g is b-dimensional with basis (X, Xs, X3,Y7,Ys) with
[X17X2] = X37 [X17X3] = )/17 [X27X3] = }/2
Let (U =Y3,Uy = Y1,Us = X3,Uy = X5, Us = X;) then the minimal layer is
5
Qi=Qe={l=) LUfcg 6 #£0}, e={34}.

i=1
The corresponding cross-section mapping is given by

T:0—=Q, (V) =(l,0,0,0, f(£)),

where f(¢) = {5+ ({2 — 2050,)/2¢;. Hence we get three invariant rational functions
generating algebraically the field of invariant rational functions:

x% — 2x9%4

AM(z) =21, M(x) =29, N(z) =25+ 5 ,
T

and any invariant polynomial function is a rational function of these three polyno-
mials. Therefore we have the fundamental invariant polynomials:

2
r1, To, P(x) =54 2x105 — 20974.

This immediately gives: [Cor(g*) ={¢ € g*: {; ={y = {l3=0}.
On the other hand, the coadjoint orbit of £ € €2 is given by

O={z=(21,...,75) €g": a1 =4, 32=10y, P(x)=P(()}.

Let us show that ICor(g*) = Cor(g*), to this end let y = (0,0,0,y4,ys5) € ICor(g*)
with y4 # 0 and consider

le = (e, %,0,0, 0), v.= (e %,O,y4,y5) with e # 0.

We can easily check that /. and y. are in the same coadjoint orbit in €2, and
y = lim._,qy.. Thus any generic element in the I-cortex is in the cortex and hence

Cor(g*) = ICor(g*).
(iii): g is 6-dimensional with basis (X, Xs, X3, Y], Ys,Y3) with

[X1>X2] = Yz’n [X27X3] = Y'17 [X3’X1] =Y.
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Let (Uy =Y3,Uy =Y5,Us =Y1,Uy = X3,Us = X5,Us = X;1). The minimal layer is
6
Q:i=Qe={l=) LU g :l#0}, e={45}.
=1

The corresponding cross-section mapping is given by

@:Q%Q’ gr_)qj(g):(glygbg&oao»gﬁ"'M).
3
Hence the algebra of G-invariant polynomials is

Pol(g*) = R[ly, by, ls, L3l + lols + (104],
and [Cor(g") ={leg:l,=10,=1(3=0}.

Now if y = (0,0,0, y4,ys,ys) € [Cor(g*) with ys +ys # 0 and £ # 0 let

b= (e, ——H_ 00,0 R TR TR
1> (7 y5+y67 y5+y67 ) 9 )7 yE (7 y5+y67 y5+y67y7y7y)

We can easily check that /. and y. are in the same coadjoint orbit in €2, and
y = lim._,qy.. Hence any generic element in the I-cortex is in the cortex and thus

Cor(g*) = ICor(g*) = 3*. [

3.2. The generic coadjoint orbits are 4-dimensional

Let g be a nilpotent Lie algebra with dimg < 6 and such that the coadjoint orbit
in the minimal layer is 4-dimensional.

3.2.1. dimg =5
Since g is nilpotent, then the orbit of ¢ is Oy = {¢} + 3, thus Cor(g*) = 3.
On the other hand, since Pol(g*)¢ = Pol(3*), therefore Cor(g*) = ICor(g*) = 3*.

3.2.2. dimg =6

(i): dimj = 2. In this case, if O, is the coadjoint orbit of a generic ¢ then

Or={l} +3- and Pol(g")% = Pol(3*).

Thus Cor(g*) = ICor(g*) = 3™

(ii): dimj = 1. There are 13 nilpotent Lie algebras corresponding to this case (see
[20]). For all these Lie algebras, the minimal layer €2 is given by

O={leg: 0 +£0}

The field of invariant rational functions is generated by two invariant rational func-
tions z; and P. Below we give the list of these nilpotent Lie algebras (g;)1<t<13 with
the non trivial invariant polynomial function P and the corresponding I-cortex.
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N° Brackets Invariant polynomial P I- Cortex
Xo, Xs5] = Xu, [Xo, Xa] = X,
1 [ 65 <25 45 6,24 ) Q1T —$2 — =0
[Xg,Xl] - X, 125 4 Y1 = Y4
) [XGaX5] - X4) [X63X4] - X37 2£L‘1"E4 o x% Y1 =y3 = 0
[X67X3] - Xla [X5aX4] - Xl
5 (X6, X5] = X4, [X6, X4] = X3, 5 ) =0
(X6, X3] = X1, [X5,X4] = Xy, 71(24 = 72) = 73 h1=4=
(X5, Xo] = Xy
Xo, Xs5] = X3, [Xo, Xa] = X5
g | Ko Xs g k6 ’ lzg + 223 Y1 ="1y2y3 =0
(X5, Xo] = Xu, [Xy, X5] =X,
5 [XﬁaX5] :X3) [X67X4] :X27 2£C1£C57x§ yl :y3:0
(X6, X3] = X1, [X4, Xo] = X3
6 [Xo, X5] = X, [Xo, Xu] = Xo, T126 + 5 + T3 y1=y2=y3=0
(X5, X3] = X1, [X4,Xo] =Xy
(X6, X5] = X3, [X6, X3] = Xo,
7| [Xe, Xo] = X1, [X5, X4] = Xy, 3rizs — 3wiTom3 + T3 y1=y2=0
(X4, X3] = X4
(X6, X5] = X4, [X6, X4] = X3,
8 | [Xe, X2 = X1, [X5,Xy] = Xo, T1T4 — T2T3 Y1 =yoyz =0
(X5, X3] = X4
[XG,X5] = Xy, [XG,X4] = X3,
9 | [X6, X3] = X1, [X5, Xy] = Xo, 2z1w4 — 73 — 73 y=y2=y3=20
(X5, Xo] = Xy
(X6, X5] = X4, [X6, X4] = X3,
10 | [X6, X3] = Xa, [X6, Xo] = X, 2x123 — 23 y=y2=0
(X5, X4] = X4
[XG,X5] = Xy, [X(;,X4] = X3,
11 | [Xe, X3] = Xo, [X5, Xo] = X1, 22126 — 2094 + T3 Y1 =93 — 2yoys = 0
[X47X3] = Xl
(X6, X5] = X4, [X6, X4] = X3,
12 | [X6, X3] = Xo, [X6, Xo] = X, 3x3xy — 3r12003 + X3 y=y2=0
(X5, Xy] = Xo, [X5,X3] =Xy
[XG,X5] = Xy, [Xg,X4] = X3,
13 | [X6, X3] = Xa, [Xe6, Xa] = X1, | 62226 + 32103 — 6217074 — 73 y1 =142 =0
1 3 5
(X5, Xu] = Xo, [Xy, X5] =X,

Proposition 3.3.

Proof.

Cor(g*) = ICor(g*).

For each Lie algebra of the above list, one has

Since Cor(g*) C ICor(g*), then we shall prove the converse inclusion. To
this end, and for any generic y € ICor(g;) (¢t =1,...,13), we give below a sequence
(4®)),, C Q converging to zero and a sequence (y®), such that y® € Ad*(G)¢®
(for any positive integer p) and lim, ., y® = y. On the other hand, recall that the
coadjoint orbit O, (for ¢ € Q) is given by

Og:{l':(l'l,...

,I’G)EQI

xy =¥, and P(x) = P({)}.
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3.3. Case of the Lie algebras g;, t =1,2,5,10

For these Lie algebras the G-invariant polynomial P is of the form P = 2z zy, — x?t
where 2 < k; ¢ e and j, =k, — 1 or k; — 2. On other hand

ICor(g}) = {y = (Y1, ..., ys) : 41 =y; =0}
For y = (y1,...,ys) € ICor(g}) such yx, # 0 we let g, = f;_l’:" y®) = (y§p>, o ,yép))
and () = (¢7,0,...,0) with

W=z ifi=1

y" = 2L i =k

Yis otherwise.

3.4. Case of the Lie algebra g3

In this case, one has P = 2x(zy — z3) — 23 and

ICor(g3) ={y = (y1,---,¥) : y1 =y3 =0}
If v = (0,92,0,94,¥y5,96) € 1Cor(g;) has the property that y, — yo # 0, we let
S = ) U = (0. 0) and £ = % with

lya—y2|

W=z ifi=1

Y

R RV =R

Yis otherwise.

3.5. Case of the Lie algebras g;, t = 4,8
For both of these Lie algebras, one has

ICor(g;) = {y=(n,--,u6) : w1 =1yoys =0}

For any y € ICor(g;) we let

1 1 e : —
1 = — ¥%.0.0,0), ift=4
(») — (») — PP VP
Yy - <_7y27y37y47y57y6) and /¢ - { 1 1 Y : _
Y% (1—7,7]3,——4]),0,0,0), if t =8.
3.6. Case of the Lie algebras g;, t =6,9
For both of these Lie algebras, one has

ICOT(GI) = {?J = (yh . 7y6> i =Y =Yz = 0}.

On other hand, the G-invariant polynomial P takes the form P = 2xyxy, 4 (23 +3)
(for some 2 < k;). Now if y € ICor(g;) with yg, # 0 we let g, = Ty and

y(p) _

_ &t 2|ys| 0 ift=6 _ &t if t =
( P p 7y47y5)y6)7 1 and g(p): ( p’O’O’O’O’O)’ if t 6
(2t /2wl (,0,0,0,0,0), ift=09.

P » 707y4ay57y6)7 ift =9.
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3.7. Case of the Lie algebras ¢;, t = 7,12,13
For these Lie algebras, one has

ICor(g;) ={y=(y1,.--,96): y1=y2=0}, t=7,12,13

On other hand, the G-invariant polynomial P is homogeneous of degree 3. For
t=17,12,13, we define

5, ift=7
k=4 4, ift=12
6, ift =13
and Ut = {y = (0707y3)y47y57y6) Y Yk ?A O}

For y € U, we let (®) = (fﬁp’, 0,0,0,0,0), (o), a real sequence converging to zero
and y® € Q as follows

N° y®) Condition on (&),
7 ) Bapys £ 1/902y3 — 1203ys apys <0
(61 = 6yr aap7y37y4;y57y6)
12 ») 3apys = A/ 904;2)93 - 12042?/4 apys <0
(61 = 6y4 705p7y3ay47y57y6)
3 - -
s (o — Gapys — 3aj, & \/ (Baj — 6apya)? + 24aye N ) apye > 0
1 — 12y6 s Opy Y3, Y4, Ys, Y6

3.8. Case of the Lie algebra gi;

For this Lie algebra the G-invariant polynomial P is 2x1xq — 22014 + x% and

ICor(gyy) ={y=(v1,-. -, %) €911 = y§ — 2yoys = 0}.

Then we let y(p)z(%,yg,yg,y@ym%) and (@ = (L L o % 0 .

pa %7 7\/]37

4. The cortex of 7-dimensional nilpotent Lie algebras

This section is devoted to the study of the cortex of the 7-dimensional nilpotent Lie
algebras over the field of real numbers, and we are essentially concerned with the
postulate if the cortex and the I-cortex of a given nilpotent Lie algebra coincide as in
the case of nilpotent Lie algebras of dimension smaller or equal to 6. As it is known
there are infinite non isomorphic 7-dimensional nilpotent Lie algebras. Historically,
there has been a good deal of activity in the subject of nilpotent Lie algebras. Since
Safiullina’s first attempt to classify all 7-dimensional nilpotent Lie algebras there
have been a number of works in that direction, for instance see [15, 18, 19, 23, 24].
In [24] the author gave a classification of all 7-dimensional nilpotent Lie algebras
over the filed of complex numbers, however in [15] one also gives a classification on
the field of real numbers. His classification was based on the upper central series of
the Lie algebras and knowledge of all lower dimensional nilpotent Lie algebras.
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We continue with same reasoning as is Section 3, that is, we focus on the dimension
of the generic coadjoint orbits. For this purpose, if g is a 7-dimensional (real)
nilpotent Lie algebra and if O is a generic coadjoint orbit then dim O € {0,2,4,6}.
It is easy to conclude that the cortex and I-cortex coincide when dim O € {0,6},
and if dim @ = 2 then by Proposition (3.1), the corresponding Lie group is, up to a
central factor, G = R" xR (n < 6) and due to [8] one has again Cor(g*) = ICor(g*).
Finally it remains to dissect the class of 7-dimensional (real) nilpotent Lie algebras in
which the generic coadjoint orbits are 4-dimensional. In this situation the center 3 of
g is either of dimension 1 or 2. The case dim 3 = 2 can be treated as in Proposition
3.3, and therefore it seems that the ’interesting’ case is when g is a 7-dimensional
(real) nilpotent Lie algebras with 1-dimensional center and 4-dimensional generic
coadjoint orbits.

Let g be a nilpotent Lie algebra with a Jordan-Holder basis (X7, ..., X7) with dual
basis (X7,...,X?) and let Qe be the minimal layer (Zariski open set) in g*. As it
is well known the set

QenN{leg:0X,;)=0, j¢e}

is a cross-section for the coadjoint orbits in €2 and the projection onto the cross-
section is given by rational functions \;,i ¢ e, which are regular on €2 and each \;
is of the form

)\1(6) :gki+fi(€17"'7€ki—1)7 fj :E(XJ), Z == ]_,2,

and all G-invariant rational functions are rational combinations of the \;, i ¢ e.
Note that, since dim3 = 1 then 2 must be a jump index (2 € e) and the corre-
sponding cross-section mapping has the form

v Qe — Qeg = (gl, e ,€7> — £1Xf + )\1(€)le —+ )\2(€)X]:2,

where {k; < ko} = {2,...,7} \ e. We use the methods of [1] for finding the set
of jump indices of the minimal layer, then we compute explicitly the G-invariant
rational functions A;, Ay associated to the cross-section mapping and hence we
deduce the ICor(gy).

Below the list of all these Lie algebras (we refer the reader to [15, 24]), and for any
Lie algebra of this list, we give the we give the non zero brackets, the non trivial
fundamental invariants A1, Ay, the set of jump indices and the I-cortex. We see that
for any Lie algebra of this list, one has

Qi=Q.={leg: {#£0}

[X'?a XG] = X5> [X7a X5] = X47 [X7) X4] = Xla [X37 XQ] = Xl

2 3
x T5T4 €z
g1 M =x5— L, A= — =
211 3y

[Cor(gy)={¢: (1 =0,=0}, e=1{2,3,4,7}
{X77 XG] = X37 [X77X3] = le [X57 X4] = X27 [X57 XQ] - Xl

92 )\1:1'4—7, )\2:I6—7
1

ICor(gs) ={¢: ¢, =4ly=103=0}, e={2,3,57}
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(X7, Xo| = X35, [ X7, X5] = X1, [X6, X5] = X1, [ X5, Xy] = Xs,
(X5, Xo] = X4
g3 2 2
)\12.”54—%*2, )\2:3764’372_&
211 211
ICOI‘(gg) = {g : él = 62 = £3 = 0}, e = {2, 3, 5, 7}
(X7, Xo] = X, [X7, X5] = X, [X7, Xs] = X, [X5, Xy] = X,
(X4, Xo) = =Xy
94 2
)\1:%_@13’ >\2=$6—£
I 2161
[Cor(gy) ={¢: (1 =403=0}, e=1{2,3,4,7}
(X7, Xo] = X5, [ X7, X5] = X35, [ X7, X5] = X, [Xe, Xu] = X5,
[X57 X4] - X17 [X4a XQ} = Xl
g5 X 5 $3
— _ 3 - Rt A 1
A= 25 + T 222’ Ay = g 1 322
ICor(gz) ={¢: 01 =43=0}, e=1{2,3,4,7}
{X7,X6] - X5, [X7,X5] - Xg, [X7,X4] - XQ, [X7,X5] - Xl,
(X4, Xo] = X,
96 1'2 sl 1'3
_ _ T3 — _ 453, 43
A1 = 5 22, Ay = g -~ 327
ICor(gg) ={¢: 61 =43=0}, e=1{2,3,4,7}
(X7, Xeo] = X5, [X7, X5] = X3, [X7, Xs] = X, [Xe, Xy] = X,
[XGJXZ:I = Xl
g7 2 2
— _ 72 — _ 73
Al =Ty 92, Ao = T 97,
ICOI’(Q;) = {f . 61 = 62 = €3 = 0}, e = {2, 3, 6, 7}
(X7, X6 = X5, [ X7, X5] = X35, [ X7, X5] = X, [Xg, Xu] = Xo,
(X4, Xo] = X4
Bs 2 2r5T 3
— _ 3 — 753 3
A= T 221’ Ay =6 + 211 + 3z?
ICor(gy) ={¢: 1 =43=0}, e=1{2,3,4,7}
(X7, Xo] = X5, [ X7, X5] = X35, [ X7, Xy] =X, [ X7, X5] =X,
[X67X4] - X37 [XﬁvXQ] = Xl
g9 5
)\125754—303962, )\2:$5—E
T 2.7J1
ICor(gs) ={¢: (1 =03=0}, e=1{2,3,6,7}
(X7, X6] = X (X7, X5] = X3, [X7, Xy] = Xy, [X7, X3] = X1,
(Xe, Xa) = X3, [ X5, Xa] = X1, [ Xy, Xo] = X,
glo Jf2 T .13
_ _ _ T3 — _ 53 I3
A=A = T5 + 22 52, Ao = T o 522
ICOI‘(QTO) = {E : 61 = 53 = 0}, e = {2, 3, 6, 7}
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(X7, Xe] = X5, [ X7, X5] = X3, [ X7, Xy] = Xy,
g (X7, Xo) = Xq, [Xg, X5] = X, [X6, X3] =X,
11
2 .
)\12354—;7217 )\22555—25;2
ICor(gh)) ={l: 61 =10,=0}, e={2,3,4,7}
(X7, X6) = X5+ Xy, [X7,X4] = X5,
[X77X3] = X17 [X67X5] = X27 [X67X2] = Xl
912 2 $2
-y, — X3 -y %2
Al =Ty 22’ Ao = T3 92,
[Cor(gyy) ={l: t1 =4ly=1(3=0}, e={2,3,6,7}
(X7, X6 = X5, [ X7, X5] = Xy, [ X7, X4] =X,
g [X77X3] = X17 [X67X2] = Xl
13
2 Al 1'3
)\1=$4—2x?31> Ao = T5 — ;13 é
ICor(gyy) ={¢: 1 =43=0}, e=1{2,3,6,7}
(X7, X6] = X5, [ X7, X5] = Xy, [X7,X4] = X5,
g (X7, X3) = Xq, [Xe, Xo] = X, X6, X5] =X
14
2 Ty x3
)\125154—23%, Ay =Ty — Ty — ;13 ﬁ
ICor(gyy) ={¢: (1 =103=0}, e={2,3,6,7}
(X7, Xo| = X5, [ X7, X5] = Xy, [ X7, Xy] = X35, [ X7, X5] = X7,
g (X6, X5) = X3, [Xg, Xo| = X, [Xe6, X =X,

15 2 . 3
)\12354—352—;731, )\22335—%7316d 3:%
ICor(gis) = {¢: 61 =0;=0}, e={2,3,67}
(X7, Xo] = X5, [X7, X5] = Xy, [X7, Xy] = X5,

g (X7, X3] = Xq, [Xe, X5] = X, [Xe, Xo] =X,
16
112 _ XT43 . x% Lg
)\121’4—%7 Ao = T5 — o E 322
ICor(gyg) ={¢: l1=103=0}, e={2,3,6,7}
(X7, Xo] = X5, [ X7, X5] = Xy, [ X7, X4] =Xy,
g (X7, Xo] = X, [X6, X5] = X, [ X5, X5] =X,
17
ZE2 - o5 I%I;l . L%
)\1:1.4_%7 )\2_'/1:6_71 2.%% 8.%‘1)
ICor(gy,) ={l: €1 =14y =0}, e=1{2,3,5,7}
(X7, X6] = X5, [ X7, X5] = Xy, [X7,X4] = X,
(X7, Xo] = Xq, [X6, X3] = Xo+ X, [ X5, X3 =X,
91 x% T4To — ToTs 3373334 — 237% . x%
)\1:1’4—%, )\2:I6—1'5—|— o + 61’% @
ICor(gis) ={¢: (1 =10,=0}, e={2,3,5T7}
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[X77X6] = X57 [X77X5] = X4) [X77X4] = XQ’
(X6, Xa] = X, [X6, Xo] = X1, [X5, Xy] = —X4

glg 2 2
)\12353—;7217 )\22357—1—2372%;71_%4
ICOI‘(QTQ) = {E : 61 = 62 = 64 = 0}, e = {2, 4, 5, 6}
(X7, Xeo] = X5, [X7, X5] = Xy, [X7, X5] = Xo, [X7, Xp] = X,
- (X6, X5) = X3, [Xe, Xa| = X, [ X5, X4 =X,
2 _
)\1 = T3 — QL;’ )\2 = Tg + 7‘%43331‘1 7205
[Cor(gsy) ={0: (1 =10y =130, =0}, e={2,4,57T}
(X7, X6 = X5, [ X7, X5] = Xy, [ X7, Xu] =X, [ X7, X5] = X5,
921 [X77X2] - X17 [X67X5] - X37 [X67X4] = X27 [X57X4] = Xl
o L% _ 3Ty — T2T5 — T2T3 Lg
A= 221’ Ay = T6 + 1 + 3z2
ICor(gs,) ={l: t1=10,=0}, e={2,3,57}
(X7, Xg] = X5, [X7, X5] = X3, [X7, X3] = Xy, [ X7, Xo] = X7,
922 [X67X4] - X37 [X57X4] - X27 [X47X3] = _Xl
. _ Tax3 Lg’ . _ x% + 2x515 rar3 Ty
A= s x1 32’ A2 = T 221 + x3 4z3
[Cor(ghy) ={¢: 61 =0,=0}, e={2,3,4,7}
(X7, Xo| = X5, [ X7, X5] = X35, [ X7, X5] = X, [ X7, X5] = X7,
s [(Xe, Xu] = X5+ Xy, [ X5, Xy = Xy, [Xy, X] = =X,
. 3 2 4249, a2 pd
)\1:%5_%:;2 ;72%, )\2:1’6_$3—l3 zéxl stz—i—x;?—%
ICor(gss) ={¢: t1=0,=0}, e={2,3,4,7}
(X7, Xo] = X5, [X7, X5] = Xy, [X7, Xy] = X5,
s (X7, X5] = Xo, [X7, Xo] = X, [X6, X5] = X3
2 3
— _ T3 _ _ X3T2 | T
A = T3 221’ Ay =24 1 3z
ICor(gs,) ={(: {1 =0,=0}, e={2,56,7}
(X7, Xo] = X5, [ X7, X5] = Xy, [ X7, Xu] = X5, [ X7, X5] = Xs,
925 [X77X2] - X17 [X67X5] = X27 [X67X4] = Xl
. T3 _ . wawy | x3xy T3
A = 23 2z’ A2 = 5 x1 212 8z3
[Cor(gss) ={¢: (1 =10,=0}, e={2,4,6,7}
[X7,X6] — X5, [X7,X5] — X4, [X7,X4] - X3, [X7,X3] - XQ,
Go6 (X7, Xo] = Xq, [X6, X5] = Xo + X, [Xe, X4 =X,

9 =5 — Tq + + — a5 T o3
2z’ b z1 227 3rf  8af

.Z% T3Xx2 — T4T2

)\1:1'3—

ICor(gss) ={¢: (1 =0,=0}, e={2,4,6,7}
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[X7 Xg] =X
: 5 [ X7, X5) =X
3 4, X =
927 (X7, Xo] = X1, [X6, X5] =X e eIy
, X5 3, (X6, Xu] = Xy, [Xg, X .
)\1 - -~ . lg . ’ 65 3] = Xl
2 Z, Ny = a5 — 73 +2z4m0 33 Th
ICor(g3;) = {¢: ¢ iy - =
. 1262:0}, 82{2367 1
[X77X6] - X57 [X77X5] - X X }
[X%X ] :X 4, [X77X4] =X [X X3] =
N 2 § [XG,XE)] _ X3 . « [X ¥ 3 7 3] - X2a
1, ) =
A\ =24 — LTy 4 i 6 3 e
T 3x%’ Ay =15 — 13 + 2 b T 2
hoeh = Ladn
28_{ .61262:0}, e:{2367 8 4Ii13
[X77X6] = X57 [X77X5] = X “x }
[X’?’X ] _ X 4, [X77X4] = X [X X =
929 o] = X1, [Xe, Xs] = X, )
: s A5 35 [X67X4] :XQ [X X X
M =a3— 2, Mg =g+ 24T e
=z, T 2T5 x2:v§ i 2x§x3 223
ST x1 x3 323 15 -
. 126220}, 82{2457 .
(X7, X6 = X5, [ X7, X5] =X e
N oy e 3, [ X7, Xa] = X1,
)\ g 5y M4 — X27 [X67X2] = _Xl
_ x
1 $4+ﬁ7 >\2:$5—;f§ L%
ICOI‘(ggO) = {K . 61 = EQ =/ . 0}3w1
_ 3 pu— pu—
[X7,X6] = X, [X7 X ] = - {2’376’ 7}
. [XG’XE)] _ _X2 [)7( ;(_ X37 [X77X4] = XZ’ [X77X3] =X
)\ 3 6 4] = X37 [XGaXQ] = Xl ;
— 'Z.( ]
1= T4 — ;Tz’ )\22335_795%—%3:3
2x
ICor(gsy) ={l: l1 =10y =1l35= :
N 2—3—0}, e:{2367
[ 77X6]:X57 [X'?X]_X ’ ”}
. [X67X5] e % s A5 — A4, [X77X4] = _X2 [X X
2 3, [Xe, X3 = =X, [X5, X3] = )7( e
M= 4 2 T
) T4+ i, Ag = zg— w% + Toxs 2 4
1 2 +3 24 i
ICor(gsy) ={l: t1 =1 1 o
1=1V0=0}, e={2,3,57}
[X7,X6] = Xy, [X7 X4] =X y
] [XG . ] x ) 35 [X77X3] =X [X
N g e 2, [X7, Xo] =X
) 59 4] — _X27 [X5 X ] - X ;
Al:x4_x3z2 Lg sy A3 — T Al
- e
Icor(ggg) . {g - 21 3 "Xy Xy
: 1252:0}, e:{2357 -
(X7, X6 = X5, [ X7, X5] =X o
oy 4 (X7, Xy = X3, [X7, Xs] =
934 2 1, [X6, X5] = X 7 o
(X5l = X+ Xy, [Xe, Xu] = X ’
WL R § 7 A
! 322’ Ay =I5+ T3+ ik R
— . 2 ]
or(gsy) ={0: t4=0=0}, e={2 - =
) 737 67 7}
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Most, but not all, of the Lie algebras of the above list verify the equality between
the cortex and the I-cortex. Below we present two interesting examples.
Example 4.1.  The Lie algebra g := g5 has a basis (Xi,...,X;) with:

[X77X6] = X5a [X7a XS] = X37 [X77X3] = Xla

[X67X4] = X37 [XE)) X4] - X17 [X47X2] == Xl-

The minimal layer is © = {z : x; # 0} and there are three invariant polynomial
functions, xy, Pi(z) = 2x1(zy + x5) — 23, and Py(z) = 322xe — 3v12523 + 75, and
any invariant polynomial function is a rational function of these three polynomials.
This immediately gives the set:

ICor(g") ={y€g': yi=ys =0}
On other hand, the coadjoint orbit O, of any ¢ € () is given by
Or={z=(x1,...,27) €9": x,=10,P(x)=P((), i=12}

Proposition 4.2. The cortex of the Lie algebra g is the semi-algebraic set given by
Cor(g") ={y € g": y1=ys =0, (2y2 — y5)(2y2 + 3y5) < 0} & 1Cor(g").
Proof. First we put:
Qi(x,€) = Pi(x) = Pi(0)]ty=a, = 221 (29 + 25 — lo — £5) — (25 = £3),
Q2(x,0) = Po(x) — Po()|py =0, = 3073 (16 — {g) — 31 (w525 — 5l3) + (w3 — £3).
The points x and ¢ such that z; = ¢; # 0 are in the same orbit if and only if
Q1(z,0) = Q2(z,£) = 0.

We consider these functions as polynomial functions in z; and compute their resul-
tant (or, in this case, express z; by Q1(z,¢) = 0 in term of the other variables, then
put it in Qy(x,£)). We get the polynomial:

2($2 + Ty — fg — £5) 0 3($6 — EG)
R(% 5) = —(x% - @) 2(552 + a5 — by — l5) —3(ws573 — l5l3)
0 —(23 - 65) x3— 63

= d(x9 + 5 — o — U5)* (23 — 03) + 3(wg — L) (x5 — (3)*
— 6(272 + x5 — 62 — 65)(33?;’ — gg)(l'g,ﬂfg — gg,gs)

Recall that R(z,¢) = 0 is equivalent to say that @; and () have a common root
in z,. Thus if (@, ¢®) — (y,0), and z® and ¢®) are in the same generic orbit
in Q, we have R(2® ¢®)) =0 for any p.

Suppose now that y is in ICor(g*) and that y, + y5 # 0. In consequence we have
(xép ))2 - (fgp ))2 # 0 for any p, thus we can suppose that at least one of the sequences
(#”) and (¢%)) does not vanish.

We claim that xgp ) = o(éép )) is impossible. In fact, if it was the case, we could write

for any p 27 = u®¢P | with ) — 0.
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But we can write, forgetting the superscripts:

R($7£> = gg(l - U)R(:C,g),
with
R(x,l) = —4(xy + x5 — by — 65)2(1 +u+ u2) + 3(zg — lg)l5(1 + u2)2(1 —u)
= 6(x2 + x5 — lo — L5)(1 + ) (uzs — C5).

Recall that £3(1 — u)(1 +u + u?) = €3 — 23 # 0, thus we have R(z,¢) = 0 and at
the limit:
limR(z,f) = —4(ya +ys5)* # 0.

This is impossible proving our claim.

We now suppose that a:'gp) # 0 for each p, that egp) = t(p)xép) and t® — s, where s
is a real number.

We replace in R(z, (), getting (without superscript) R(z, () = z3(1 — t)R(z, ()

R(x,0) = 4(wg + x5 — by — l5)* (L +t +1%) + 3(zg — Le)zs(1 +1)*(1 — 1)
—6(zg + x5 — by — l5) (1 + t) (x5 — tls5),
passing to the limit, we get that s is a root of the equation:
0= 4(ys +y5)*(1 + 5+ 5%) — 6ys(y2 + y5)(1 + )
=2(y2 + u5) [2(y2 + y5)s” + (2y2 — y5)s + (2y2 — y5)]-

The second degree polynomial in s which is in the bracket has a real root, its
discriminant is positive, thus:

A= (2y2 — ys)® — 8(y2 + y5) (2y2 — y5) = —3(2y2 — y5)(2y2 + 3y5) > 0.

We thus have

{yeCor(g"): ya+uys #0} C{y: y1 =y3 =0, (2y2 — y5)(2y2 + 3y5) < 0},

and

Cor(g") ={yeC: ya+uys #0} C{y: 11 =y3=0, (22 — ¥5)(2y2 + 3y5) < 0}
C ICor(g*).

We proved that Cor(g*) does not coincide with I1Cor(g*).

It remains to prove that we have the equality

Cor(g") ={v: vi=y3=0, (2y2 — y5)(2y> + 3ys) < 0}.

For this purpose we fix y such that the conditions yoy6(y2 + y5) # 0, y1 = y3 =0
and (2y, — y5)(2y2 + 3y5) < 0 are fulfilled. We solve the above equation, and find s:

1
s=— (2 )+ 2 )2y + 3
e +y5)( yo — y5) £/ —3(2y2 — y5) (252 + 3ys)) -
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Remark that s # 4+1. Indeed, replacing s by 1 in our equation gives:
Ays +ys5)* (1 + 5 + %) — 6ys(y2 +y5) (1 + 5) = 12(y2 + y5)y2 # 0,
similarly, replacing s by —1 gives:
Ay2 +y5)* (1 + 5+ 5%) = 6ys(y2 + ys) (1 + 5) = 4(y2 +5)* # 0.

We now use the same method than in the preceding example, we fix € ‘small’, put
t(y,e) = s(y) + &, where s(y) is one of this solution, and choose

x(y,e) = (21(y, ), Y2, 23(Y: €), Ya, Y5, Y6, Y7)
and Uy, e) = (x1(y,€),0,t(y,e)z3(y,€),0,0,0,0).
It remains only z3(y,e) and z;(y,e) to determine.
Now z3(y, €) is solution of the equation:
0=4(y2 +ys)* (1 + (s +2) + (s +2)") + Byers(l+ s +2)°(L — s — ¢)
—6(y2 +us) (1 +5+€)ys
= 4(yy +y5)%e(1 + 25 + &) + 3ysr3(1 + 5 +)*(1 — s — &) — 6(ya + ys)yse.

6ys — 4(y2 +y5)(1 + 25+ ¢)
Bys(l+s+e)?(1—s—e)

Since yg(1 + s+ ¢€)*(1 — s —¢) — ys(1 + 5)*(1 — s) # 0, we have x3(y,e) — 0.

Moreover we have

Therefore: z3(y,e) = 2e(y2 + ys)

%(695 —4(y2 +ys)(1 + 25 +¢)) = =8(y2 + y5) # 0,

thus we can choose ¢ sufficiently small such that z3(y,e) # 0 is € # 0.
Finally, we come back to the first equation Q1(z,¢) =0, getting x1(y, ¢):

1
2(y2 + y5)
Clearly z1(y,e) — 0 and z4(y,e) # 0 for £ # 0 ‘small’.

r1(y,€) = w3(y,6)*(1 = (s +¢)%).

By our construction, we have Qi(z(y,¢),4(y,€)) = 0 and R(z(y,¢),{(y,e)) = 0,
thus as polynomial in z;, @)1 and Q2 have a common root, namely x;(¢,¢), and
we have also, Qa(z(y,¢€),(y,e)) = 0, since z1(y,e) = ¢1(y,e) # 0, this proves that
z(y, ) and {(y,e) belong to the same orbit in €. Moreover:

m(z(y,e),(y,€)) = (y,0).

g
This proves that:
{vea™: vys(yatys) 0, y1 = y3 = 0 and (242 — y5)(2y2 + 3ys) < 0} C Cor(g"),
thus:
Cor(g") D{yeg : y1=ys=0, (22 — y5)(2y2 + 3ys) < 0}

={yeo: wysly2+ys) #0, y1=y3 =0, (2y2 — y5)(2y2 + 3ys) < 0}.

We finally conclude that, the cortex is the semi-algebraic set:

Cor(g*) = {y €g:y1 =y3=0and 2y — y5)(2y2 + 3ys) < O} C ICor(g*). m
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Remark 4.3. The cortex of the Lie algebra g5 is also a semi-algebraic set and
we can show that

Cor(gi;) ={vegis: 1 =y3=0, (2y2 + ya)(—2y2 + 3ys) > 0} C ICor(g7s).

Example 4.4. Let b := gog be the 7-dimensional (real) nilpotent Lie algebra
with basis (X7,...,X7) and the non zero brackets

[X77 Xﬁ] — X57 [X77X5] - X47 [X77 X4] — X37 [X77X3] - X27
[X77 XQ] - X17 [X67X5] - X37 [X67X4] = X27 [X57X4] = Xl'

The minimal layer is Q = {z : x; # 0} and the generic coadjoint orbits are
4-dimensional. The invariant polynomials are x; and

Py (z) = 21123 — 23,
Py(z) = 155 w6 + 1503 (2324 — Tox5) — 15232023 + 10212525 — 225,

Therefore ICor(h*) ={y € b* : y; = y» = 0}.

Now we give the following

Proposition 4.5.  The cortex of the Lie algebra b is a proper algebraic set in
ICor(bh*) given by

Cor(h*) ={y € b*: y1 =yo =y3 = 0} C ICor(h*).
Proof. As in Example 4.1., consider:

Qu(x,0) = Pi(2) = Pi(0)|ey=ay = 221(x5 — €3) — (a3 — (3),
QQ(Q?,K) = PQ(x>_P2(£>’£1:I1 = 15x%(m6—€6)+15x:{'((x3x4—€3€4)—(x2x5—€2€5))
— 1527 (w0x3 — £o03) + 102, (zhw3— 3 l3) — 2(25 —£3).

We compute the resultant or we substitute x; from the first equation and we report
it in the second one. Let y € Cor(h*) and suppose that ¢; = tzy, then we get:

0= 25(]1(ZE3 - 63) - ZL’%(]_ — tQ),

5
Daflwe — () (1 — )" + 2281 — )% ((wszs — lal) — wa(w5 — t5))

155
4

0=
51— )2 (22 — t03) + 5a5(1 — 1) (w3 — t343) — 225(1 — t°).
Dividing by x5 and assume that ¢ — s € R, then when ¢ tends to zero we get,
15 2\2, 2 2 5
O:—Z(l—s )7y; 4+ 5(1 — %)y — 2(1 — 7).
On the other hand, since x; # 0, then 1 — 2 # 0, and by taking the limit:

0= —%(1 —s)(1+ )3 +5(1+ s)ys — 2(1 + s + 5>+ 5° +5%). (1)
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Let a be a non zero real number. It is clear that if (z,¢) — (y,0), then we have
(az,al) — (ay,0); if £ is in the orbit of x, af is in the orbit of az, az; # 0 and if
To = tly, axy = atly, thus if s is finite, we may substitute y3 by ays, and we get:

0= —115(1 —8)(1+ s)%ays + 5(1 + s)ays — 2(1 + s + 5% + 5* + s%).
Therefore: 0= (a — 1)yz [(a+ 1)15(1 — s)(1 + s)?yz — 20(1 + s)], and if y3 # 0,
we obtain 15(a+1)(1 —s)(1+s)ys —20(1+5), a€R

Taking the derivative with respect to a, we get 15(1 — s)(1 + s)?y3 = 0, that is,
1—s*=0. If s=1 we obtain from eq. (1):

10@/3 = 10, Ys = 1.

But this is impossible since we get ays = 1 (for any non zero real number a). Hence
s = —1 and eq. (1) lead to

0=—-2(1-14+1-1+4+1)=-2.

This is also impossible. Therefore either ¢ — +00 or y3 = 0.

In the first situation, we let x9 = ufy, with u — 0 and the resultant is:
_ 15,8 2 4, 156, 2 3
0= EEQ([BG — Eﬁ)(u - 1) + §€2(U - 1) (($3l‘4 — 6364) — 62(U$5 — £5))
15
— Zﬁg(ug —1)*(uxl — 03) + £5(u? — 1) (uzs — £3) — 205(u’® — 1).

Taking the limit, after dividing by £3, we obtain 0 = 2.
This is impossible, thus y3 = 0 and

Cor(h*) C {y € b" 1 y1 = y2 = y3 = 0} C ICor(h*).
Conversely let y = (0,0,0, y4,ys, Ys, y7) € b* such that ys # 0, we can check that

x:(e,%a,o,y4,y5,yﬁ,y7) and Ez(e,%s,0,0,0,0,0), with e £0, € = 0

are in the same orbit since Q1 (z,¢) = Q2(x,¢) = 0. Finally since Cor(h*) is closed
in ICor(h*), we get:

Cor(h*) ={y € bh*: y1 =y = y3 = 0} C ICor(h*). [

5. The cortex of semi-direct product of vector groups: nilpotent case

5.1. The cortex of a unipotent representation

Let V' be a real vector space or dimension m and {A1,..., A,} be a set of pairwise
commuting matrices in R™*™. Then h = Z?Zl RA; is an abelian sub-Lie algebra
in gl(m,R), and let H = exph, here exp : gl(m,R) — GL(m,R) denotes the
exponential matrix mapping.
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The group H is acting on V' via
HxV =V, (e*v) et

In equivalent way, we have a continuous finite dimensional representation of the
topological additive (abelian) group R™:

T :R" = GL(V), t=(ts,...,t,) — 7(t) = e,

where tA =) 1Ay, t=(t,... 1) ER", A=(Ay,... Ay).
j=1

The orbit of v € V under 7 is denoted by O and is given by

OF = {c**v, t=(t,...,t,) € R"}.

v

On other hand, the representation 7* on the dual space V* of V' derives from 7 as:
() =(m(-t)), teR™

The orbit, under 7*, of x € V* is given
(92* ={n*(t)x, teR"}.

By Engel’s theorem H = exph may be viewed as a closed connected group of
upper triangular matrices with 1 on the diagonal. To this end, let (eq,...,e,) be
a Jordan-Holder basis in V* and fix (Ny,...,N,) a basis in h such that each N;
(1 < j < n) is strictly lower triangular matrix. That is, it exists a non-singular
matrix P € R™*™ such that

Aj=PN;P7', j=1,...,n

In this paper we are concerned with the nilpotent case, that is, {A1,..., A,} is a set
of pairwise commuting nilpotent matrices in R™*™ and hence the representation 7
(respectively 7*) is unipotent.

5.1.1. Parametrization of the orbits of V*

By Engel’s theorem H = exp h may be viewed as a closed connected group of upper
triangular matrices with 1 on the diagonal. To this end, let (vy, ..., v,,) be a Jordan-
Holder basis in V' in which any matrix A € b is written in strictly upper triangular
form and let (ey,...,e,) be the corresponding dual basis in V*. Following [9] (see
also [7]), one has

Theorem 5.1. (Chevalley-Rosenlicht) For x € V*, there are Xy, ..., Xy € b such
that the orbit of x is

OF ="H. &= {exp(t;! X))+~ exp (B! Xp)z, ti,...,t € R}

The map o(ty,...,tr) = (exp (t1°X1) - -exp (t,' X))z is a diffeomorphism between
R¥ and the orbit of x, which is a closed submanifold in V*.
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Let (eq, ..., en) be a Jordan-Hélder basis in V* and define a map Q and polynomials
Q1. .., Qm such that

Qtrs - t) = (exp (111 - exp (6 X))e = 3 Qyltas -, e,
=1

Then there are disjoint sets of indices SUT = {1,...,m} with S = {j1 <--- < ji}
such that Q); depends only on the variables t; with j; < j. Moreover

Q;, = t; + (a polynomial in) t,... t;_1, 1<i<k.
Remark 5.2. Note that, since the action of H is unipotent, then for z € V*
such that S # 0, one has S = {j; <--- <jp} C{2,...,m}.

The space V* is systematically split into disjoint ‘H -invariant and disjoint layers
and a similar parametrization exists for each layer (see [3, 9, 1]). We are concerned
with the layer of generic orbits, and under the same assumptions we have

Theorem 5.3. (Theorem 3.1.6 [9]) Let (eq,...,em) be a Jordan-Hélder basis in
V* as in Theorem (5.1). Then there are disjoint sets of indices SUT = {1,...,m},
a Zariski open set U C V*, and rational functions Q1(x,t),...,Qm(z,t) of the
variables (x,t) = (x1,...,Zm,t1,...,tx) where k = Card(S), with the following
properties: if S = {j1 < -+ < jx} andif we identify v € V* with (x1,...,2,) € R™,
then

e The functions Qi(z,t),...,Qm(z,t) are rational non singular on U x R*. For
fixed x, they are polynomial in t.

o For each x €U , Q(z,t) = >, Qi(w,t)e; maps R* diffeomorphically onto
the orbit *H - x.

e For fized x €U, Qj(x,t) depends only on those t; such that j; < j.

e If j &S the Q(x,t) =x;+ Rj(x1,...,xj-1,t1,...,t;) where i is the largest
index such that j; < j and R; rational. Moreover Q(x,t) = x1.

4 QJI([L’,t) = tz +Iji + R(C(]l, ce 7xji—17t17 ce 7ti—1)~

With the same notations as in Theorem 5.3, we let
Vi = spang{e;, jeT}, V§ = spang{e;, j € S}

Then every ‘H-orbit in U meets V5 in a unique point, in particular VZ N is a
Zariski open set in V. On other hand the cross-section mapping

ViU Ve, oo U(an,.. o) = Y W), (2)

JET
is rational and 'H -invariant. Note that every ¥; has the form
\I/j(ﬁl,...,xm):l'j—F(Pj(fL‘l,...,[L‘j_l), jGT, (3)

where ¢; is rational invariant non-singular function on U (j € T').
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Proposition 5.4.  With use the same notations as in Theorem (5.3) and we
assume that dim'H - x +j; = dim V 4+ 1. Then Cy«(7*) is the vector space given by

Cy+«(m Z Re;.

J=i

Proof. Let z = (x1,...,%,) €U then

"Ho={y= . ym) EU:y;=a; for j=1,....5 — 1}

:{(.Tl,...7$j1,1 } ZREJ
J=n
Therefore Cy«(m Z Re;, completing the proof. ]

J=j1
Now let us consider the general settings, to this end recall that orbit of each z € U
is given by

OF ={y=(1,...,ym) EU:TV(y) =V (2)}, 2= (z1,...,2m) €U,

where W is the cross-section mapping and which can be written as

Ji—1

U(zy,..., 2y, ZI]6]+ Z Yi(z)ej, ©=(x1,...,0,) EU.

JET.j>5

Each ;(j € T,j > j1) is a rational non singular function on U and 7*-invariant.
On other hand, since the representation 7* is unipotent, each coordinate function
1; can be written as:

b=, gedUs, V) =1, UV; € Pol(V*)"
J

Now let F : V* x V* — R™+1=%k=i1 he the mapping given by
F(z,y) = (2 = yih<j<in—, (Ui(@) = UjW)jergsi, (Vi(x) = Vi())jersi).  (4)

We see that z,y € U are in the same orbit if and only if F(z,y) =0 with x,y € U.
Therefore we deduce that, if € U, its orbit is characterized by

O ={y=(y1,...,ym) EU: F(z,y)=0}.
Due to the density of the Zariski open set U we deduce that

Cy«(m*) C Zy+(77), (5)
where

ZV*(W*):{JIGV*ZZL’Z':U]‘(ZE):V}(ZL‘):0, i:17...,j1—1,j€T, 7 <j}

Theorem 5.5. Let S,U as in Theorem (5.3). If for any x = (x1,...,2Ty) € Zy«(7*)
the map
(i, Yi)ies —

<(Uj($) = UjW)ly=ei, 1<i<ii—1) jer g <o (Vi(@) = Vi) lyi=a,, 1§i5j1—1)j6T7j1<j>-

is of maximal rank in ((xj,,...,2T,),0), then Cy«(1%) = Zy«(7*).
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Proof. Two elements x,y € U, are in the same orbit if and only if F(x,y) = 0.
Fix x € U and by substituting each of y, by z; (for k =1,...,j; — 1) in (5.1.1),
we consider the map f: V* x V* — R?$ given by

fla,y) =
((W3) - Ustw)

If for any x = (x1,...,2,) € Zy«(7*) (note that zy = --- = x;,_1 = 0), the rank of
the map

Yi=Ti, 1Si§j1_1)j€T,j1<j> .

Yi=;, lfigjl_l)jeT,j1<j’ ((%(I> - ‘/J(y»

(i, Yi)ies — [(z,y)
is maximum in ((z;,,...,%n),0), then, by implicit function Theorem, there is a
sequence (2P, y®) of generic elements, converging to (x,0) and such that

f@® y®)y=0 forallpeN.
This, together with the relation (5) we conclude Zy.(7*) = Cy«(7*), completing
the proof. [ ]

5.2. The cortex of G =V x,R": nilpotent case

First let’s recall some of the results of [3, 10], if G =V %, R™ be the group endowed
with the law

(v,t) - (w,8) = (V+7(t)w,t +58) = (v+ ePw, t +s),

where v,w € V, tA =" t A, s=>" s4;,asin[4]. G is called the semidirect
product of the vector groups V' and R™. The Lie algebraof G is g =V xh =V xR"”
is equipped with the Lie bracket

[(v,t),(w,8) =(t-w—s-0v,0), vyweV, t,seR"

where t-v= ZtiAz-v,
i=1
so that [(v,t), (w,s)] = (Z Ai(tiw — sv),0), v,weV.
i=1

Since g =V x R", ad, := ad(,0) and ad¢ := ad(g¢) can be written in 2 X 2 matrix

form:
0 N, | tA 0O _ |t O
=y v ][5 5] =00 )

where tA = Y7  t;A; and N, : h — V is the linear mapping (which we identify
with its matrix) given by N,(s) = —s-v. Since ad> = 0 thus

etA Nv
Adwe) = { 0 I, } '

Similarly, if g* denotes the dual space of g, then g* = V* x h* and the coadjoint
action of g on g* is given by

t= 3= 2R 03]

where t = > | t;"A; and *N_, is the map dual (or transpose) to N,.
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We next turn to the coadjoint action of G on g*, we get

N T temtA T
Adgu { /\} a { ~IN, L, || \]
From these formulae, we derive that, one has spec(ad(y)) C {0} U spec{t} with
t=> " t;A; (for more details see [10]). For z € V* let

f)m:{haA:ZRAi: "Az = 0} :=ker [A — "Az]

i=1

and br={Aebh*: <\b,>=0},

where < , > is the duality pairing between h*and h. By Lemma 15 ([10]), on has
A (G) (3, ) = ((Ad*H)z) x (A +b),

where H = {eXimti ¢ t, € R}

Note that b is a subspace in h*. Now we give the following
Theorem 5.6. Let G be the connected and simply connected nilpotent Lie group
giwen by G =V x, R" with Lie algebra g = V x h where fh = Z?ZlRAj with

{A1,..., A} is a set of pairwise commuting nilpotent matrices in R™*™ and V is
a m-dimensional (real) vector space. The cortex of the Lie algebra g* is given by

Cor(g*) C Cy+(7*) x by, where by = {lin%) e, Ao € bE).
T—

Proof.  This a direct consequence of the definition of Cor(g*) and the fact that
AdY(G)(z,\) = Ad*(H)x x (A + b). [

Finally we conclude the paper by the following

Corollary 5.1.  Under the same assumptions as in Theorem (5.6) one has
by = | b2
xelU

Proof.  First note that for any z € i and € # 0 (¢ € R) one has h, = bh.,. This
gives that if \ € [’Ji‘, then \ := A\, = lim._,o A\., which is in b, and so

b chg.
zeU
On other hand, the cortex is closed, and thus

U bt cbg = by

zeld

Conversely, if A € by, then for any norm on h* and & > 0, there exists z € U and
A € bt C Uyeu b, such that [|]A — ;|| < e, which is equivalent to

b < [ vs- m

zel
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