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The Cortex of Nilpotent Lie Algebras of Dimensions Less
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Abstract. The paper deals with the cortex of real nilpotent Lie algebras. We first show that
for any real nilpotent Lie algebra g of dimension less or equal to 6 , its cortex coincides with the
set of the common zeros of the G -invariant polynomials on g⋆ namely the I-cortex, where G is
the corresponding connected and simply connected Lie group and g⋆ is its dual. Next we give
an example of 7 -dimensional (real) nilpotent Lie algebra for which the cortex is a proper semi-
algebraic set in the I-cortex. Finally we study the cortex of a class of nilpotent Lie groups given by
a semi-direct product of abelian groups G := Rmoπ V where π is the continuous representation of
Rn on the m -dimensional (real) vector space V defined by π(t1, . . . , tn) = exp (

∑n
i=1 tiAi) with

{A1, . . . , An} is a set of pairwise commuting nilpotent matrices in Rm×m .
Mathematics Subject Classification: 22E25, 22E15, 22D10.
Key Words: Nilpotent and solvable Lie groups, unitary representations of locally compact Lie
groups.

1. Introduction
Let G be a locally compact, the set Ĝ of the equivalence classes of the irreducible
unitary representations of G is naturally equipped with the Fell topology. It is well
known that this topology is generally not Hausdorff, especially, there are classes [π]
of unitary representations which are not separated to the class [1G] of the trivial
representation. By definition, the cortex of the group G is the set of all such classes
of representations.
Suppose now that G = exp g is an exponential Lie group, with Lie algebra g .
Then Ĝ is homeomorphic to the set g⋆/Ad⋆G of coadjoint orbits in the dual g⋆ of
g , equipped with the quotient topology. Using this identification, we can see the
cortex of G as the set of orbits which are not separated to the trivial orbit {0} . For
simplicity, in [6], the authors define the cortex of g⋆ as the union of these orbits.
In other words, the cortex of g⋆ is the set of points y of g⋆ which are limit of a
sequence x(p) = Ad⋆spℓ

(p) , where, for each p , sp belongs to G = exp g , ℓ(p) to g⋆

and limp ℓ
(p) = 0 :

Cor(g⋆) =
{
y ∈ g⋆ : y = lim

p
Ad⋆

spℓ
(p), lim

p
ℓ(p) = 0

}
.
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Motivated by this situation, the authors in [8] generalize this notion and define the
cortex Cor(V ) = CV (G) of a representation of a locally compact group G on a finite-
dimensional vector space V as the set of all v ∈ V for which G.v and {0} cannot
be Hausdorff-separated in the orbit-space V/G . They give a precise description of
CV (G) in the case G = R .
In fact the cortex of V (or g⋆ ) is generally not easy to determine and describe, even
if G = V oH is a nilpotent, connected and simply connected Lie group. From now
one, we restrict ourselves to this nilpotent situation.
For this reason, in [6] and [8], the authors consider another subset of V (or g⋆ ),
called the I-Cortex. By definition, the I-Cortex of V is the set of zero of all the
H -invariant polynomial functions on V :

ICor(V ) =
{
y ∈ V : P (y) = 0 for any invariant polynomial function P

}
.

It is easy to see that Cor(V ) is a closed subset of ICor(V ) , and if G = V o H is
nilpotent, and this last set is a projective subvariety of V .
Moreover, when G is nilpotent, connected and simply connected, ICor(V ) is really
easier to describe. However, in [6] the authors presented an example of a 8-
dimensional, simply connected nilpotent Lie group G for which Cor(g⋆) ( ICor(g⋆) .
In this example Cor(g⋆) is a projective variety in g⋆ .
On the other hand, in [5], by a proof based on a computation of the Pukànszky
parametrization of the generic coadjoint orbits, the author proves that the equality
Cor(g⋆) = ICor(g⋆) holds for any nilpotent Lie algebra g such that dim g ≤ 6 .
These results bring up two natural questions

1. Is the equality Cor(g⋆) = ICor(g⋆) holding for every nilpotent 7-dimensional
Lie algebra?

2. If this equality does not hold, is it however true that the cortex of a nilpotent
Lie algebra is an algebraic set?

Recall that the dimension 7 is the minimal dimension for which there are continuous
series of non-equivalent nilpotent Lie algebras.
In a previous work (see [13]) we investigate the cortex of a class of Lie groups
G = V oπ Rn where Rn is identified with exp

(∑n
i=1RAi

)
with {A1, . . . , An} is a

set of pairwise commuting non-singular matrices in Rm×m (in [4] G is called the
semi direct product of the vector groups V and Rn ).
In this paper, we first concentrate ourselves to the case of the dual of the 7-
dimensional nilpotent Lie algebras. We prove that the equality Cor(g⋆) = ICor(g⋆)
holds if the generic coadjoint are of dimension 0, 2 or 6 , or the dimension of the
center of g is greater than 1 . Then we compute explicitly the sets ICor(g⋆) for all
the remaining cases.
Then we answer by the negative to the two above questions, by computing an
example of a 7-dimensional nilpotent Lie algebra g for which Cor(g⋆) is not an
algebraic set, and especially Cor(g⋆) ( ICor(g⋆) .
In a previous work (see [13]) we investigate the cortex of a class of Lie groups
G = V oπ Rn where Rn is identified with exp (

∑n
i=1RAi) with {A1, . . . , An} is

a set of pairwise commuting non-singular matrices in Rm×m (in [4] G is called an
inhomogeneous vector group).
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In this article, we study the cortex of such a semi-direct product group G = V oπRn

where Rn is identified with exp (
∑n

i=1 RAi) with {A1, . . . , An} is a set of pairwise
commuting nilpotent matrices in Rm×m and π the continuous representation of Rn

given by π(t1, . . . , tn) = exp (
∑n

i=1 tiAi) .
The paper is organized as follows: in Section 2, we recall the definition and general
properties of cortex and I-cortex of Lie algebra or a vector space on which a matrix
group H acts. We recall also some basic tools which will be useful for the rest of
the text. In Section 3, we investigate the cortex of the nilpotent Lie algebras g with
dim g ≤ 6 , we show, by a different way from [5], that the equality Cor(g⋆) = ICor(g⋆)
holds for any nilpotent (real) Lie algebra g such that dim g ≤ 6 . In Section 4, we
give the list of the “interesting” 7-dimensional (real) nilpotent Lie algebras, namely
the nilpotent Lie algebras with 1-dimensional center and 4-dimensional generic
coadjoint orbits. Then we present the complete computation of the cortex of two
examples among these Lie algebras and proving it is not algebraic for one of these
two examples. Finally and in Section 5, we consider the class of nilpotent Lie groups
G = V oπRn where V is a real vector space of dimension m and π is the continuous
representation of Rn ≡ exp (

∑n
i=1RAi) given by π(t1, . . . , tn) = exp (

∑n
i=1 tiAi)

with {A1, . . . , An} is a set of pairwise commuting nilpotent matrices in Rm×m .

2. Background material and notations
If G is a locally compact group, Vershik and Karpushev [26], introduce the notion
of cortex of G as the set of all unitary irreducible representations of G that cannot
be Hausdorff separated from the trivial representation. If G a Lie group with Lie
algebra g , it’s known that G acts on g by the adjoint action denoted by Ad and
on g⋆ by the coadjoint action denoted by Ad⋆ . More generally, if π is a finite
dimensional representation of G on V , then G acts on the space R[V ⋆] of the
polynomial functions on V by:

(s · P )(v) = P (π(s−1)v) (s ∈ G, P ∈ R[V ⋆]).

Following [8], we recall the following:

Definition 2.1. Let π be a continuous representation of a locally compact Lie
group G on a finite (real) space W we define

CW (π) = {w = lim
p→∞

π(sp)w
(p) : {w(p)}p ∈ W, lim

p→∞
w(p) = 0, {sp}p ⊂ G},

and the cortex of invariants of π as

ICW (π) = {w ∈ W : P (w) = P (0) for all G− invariant polynomials P on W}.

In particular when π is the contragredient representation of G on the dual space g⋆

of the Lie algebra g of G , we define the cortex of g⋆ as

Cor(g⋆) = { lim
p→∞

Ad⋆
sp(ℓ

(p)) : {sp}p ⊂ G, {ℓ(p)}p ⊂ g⋆ with lim
p→∞

ℓ(p) = 0},

and the cortex of invariants

ICor(g⋆) = {ℓ ∈ g⋆ : P (ℓ) = P (0), for all G− invariant polynomial P on g⋆}.
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Note that one has the inclusion CW (π) ⊂ ICW (π) (see [8]), and if G is exponential
non nilpotent Lie group, then it can happen that the only invariant polynomial func-
tions on g⋆ are the constant functions. If σ1, σ2 are two continuous representations
of G on W such that it exists a non-singular matrix P in Rm×m ( dimW = m)

with σ1(g) = Pσ2(g)P
−1, ∀g ∈ G,

then CW (σ1) = PCW (σ2).

Now if U is a Zariski open set in W then by density of U one has

CW (π) = { lim
p→∞

π⋆(gp)w
(p) : {gp}p ⊂ G, {w(p)}p ⊂ U, with lim

p→∞
w(p) = 0}.

When G is nilpotent Lie group and g⋆/Ad⋆(G) denotes the orbit space of the
coadjoint representation of G on g⋆ , Kirillov’s theory establishes a bijection between
g⋆/Ad⋆(G) and Ĝ (the unitary dual of G). More precisely, let ℓ ∈ g⋆ and pℓ be a
Pukànszky polarization at ℓ , we define the representation πℓ,pℓ by

πℓ,pℓ := indGPℓ
χℓ,

where Pℓ = exp pℓ and χℓ is the unitary character associated with Pℓ given by

χℓ(expX) = e−i<ℓ,X>, X ∈ pℓ,

then one has

Theorem 2.1. The representation πℓ,pℓ is an irreducible representation of G, its
equivalence class [πℓ,pℓ ] does not really depend on ℓ or the choice of pℓ , it depends
only upon the coadjoint orbit Oℓ of ℓ, and each unitary irreducible representation π
of G is equivalent to a representation πℓ,p(ℓ) .
Moreover the mapping, called the Kirillov map:

K : g⋆/Ad⋆
G −→ Ĝ, Oℓ 7−→ [πℓ,p(ℓ)] := πOℓ

is a homeomorphism between g⋆/Ad⋆
G , equipped with the quotient topology and Ĝ,

with the Fell topology.

Auslander and Kostant extended the Kirillov map to the case of an exponential Lie
group (see [7, 3, 17] for instance). In [17], the authors show that the Kirillov mapping
is still a homeomorphism. With this in mind, we see that if G is an exponential Lie
group, then the following assertions are equivalent

1. π := πℓ,pℓ is not separated to the trivial representation,

2. ℓ belongs to Cor(g⋆) .

Throughout the paper, G will always denote a connected and simply connected
nilpotent Lie group with (real) Lie algebra g . We denote by z the center of g and
g⋆ its dual space.
For any a ⊂ g , we write a⊥ = {ℓ ∈ g⋆ : ℓ(A) = 0 for all A ∈ a} , which is a
subspace in g⋆ .



Dali and Sayari 647

2.1. Stratification of g⋆

We let G be a connected and simply connected nilpotent Lie group with Lie algebra
g such that dim g = 7 and let

g = gn ⊃ gn−1 ⊃ · · · ⊃ g1 ⊃ g0 = {0}

be a Jordan-Hölder sequence for g , i. e. a decreasing sequence of ideals such that
dim gj = j and [g, gj] ⊂ gj−1 for j = 1, . . . , n . For ℓ ∈ g⋆ we have the skew-
symmetric bilinear form Bℓ defined on g by

Bℓ(X,Y ) = ℓ([X,Y ]), X, Y ∈ g.

The radical of Bℓ is equal to the Lie algebra gℓ of the stabilizer Gℓ of ℓ :

gℓ = {X ∈ g : Bℓ(X,Y ) = 0, ∀Y ∈ g}.

For ℓ ∈ g⋆ we define eℓ to be the set

eℓ = {j = 1, . . . , n : gj ( gj−1 + gℓ}.

It is easily seen that, if Xj ∈ gj \ gj−1 for j = 1, . . . , n , then

eℓ = {j = 1, . . . , n : Xj /∈ gj−1 + gℓ}.

The set eℓ (may be empty) is called the set of jump indices of ℓ (see [1, 21]) and
we know that |eℓ| = dimOℓ = rank(Bℓ) , which must be an even number; here
Oℓ = Ad⋆(G)ℓ is the coadjoint orbit of ℓ .
The set E = {eℓ, ℓ∈g⋆} has a total ordering: if e, e′∈E with e = {e1 < · · · < e2d} ,
e′ = {e′1 < · · · < e′2d′} , we say that e ≺ e′ if:{

d > d′, or
d = d′ and er < e′r, where r = min{s : es 6= e′s}.

For each e ∈ E , let Ωe be the set Ωe = {ℓ ∈ g⋆ : eℓ = e} .
Each Ωe is a G-invariant algebraic set, the collection {Ωe} constitutes a partition
of g⋆ , and for each e , the set

⋃
e′≽e Ωe′ is a Zariski-open subset of g⋆ . Let e ∈ E

with e 6= ∅ , then set e = {e1 < i2 < · · · < e2d} , and let ℓ ∈ Ωe . We define the
skew-symmetric matrix Me(ℓ) by

Me(ℓ) =
(
Bℓ

(
[Xer , Xes ]

))
1≤r,s≤2d

,

and let Pe(ℓ) denotes its Pfaffian. Note that if e = ∅ we set Pe(ℓ) = 1 . Each layer
Ωe in g is given by (see [21])

Ωe = {ℓ ∈ g⋆; Pe(ℓ) 6= 0 and Pe′(ℓ) = 0 for e′ ≺ e}.

For e ∈ E , let Te = {ℓ ∈ g⋆ : ℓ(Xj) = 0 ∀j ∈ e} , as it is well known, the set

Σe = Ωe ∩ Te = {ℓ ∈ Ωe : ℓ(Xj) = 0, j /∈ e},

is a cross-section to the coadjoint orbits in Ωe . Each coadjoint orbit Oℓ in Ωe meets∑
e in a unique and single point called the fundamental element.



648 Dali and Sayari

In [25], M. Vergne constructs canonical coordinates for generic coadjoint orbits in
the dual of a nilpotent Lie algebra. Let Ωe be the minimal coarse Zariski-open. As
it is well-known, the projection onto the cross-section is given by rational functions
(λi), i /∈ e , which are regular on Ωe and each λi is of the form

λi(ℓ) = ℓi + fi(ℓ1, . . . , ℓi−1), (ℓi = ℓ(Xi)).

Each coadjoint orbit Oℓ ∈ Ωe can be characterized as follows

Oℓ = {ξ = (x1, . . . , xn) ∈ g⋆ : λi(ξ) = λi(ℓ)}

Let G be a connected and simply connected nilpotent Lie group with Lie algebra
g . In all that follows we assume that dim g ≤ 7 , and hence if O is a coadjoint orbit
in g⋆ , then dimO ∈ {0, 2, 4, 6} .
It is obvious that when the coadjoint orbits in the minimal layer of g⋆ are 0-dimen-
sional then Cor(g⋆) = ICor(g⋆) since g is abelian. We denote by Ω the minimal
layer in g⋆ . Then, since it is Zariski open, due to the density one has

Cor(g⋆) = { lim
p→∞

Ad⋆
sp(ℓ

(p)) : {sp}p ⊂ G, {ℓ(p)}p ⊂ Ω with lim
p→∞

ℓ(p) = 0}.

Our study of the cortex of nilpotent Lie algebras g satisfying dim g ≤ 7 is based on
the dimension of its generic coadjoint orbits.

3. The cortex of nilpotent Lie algebras of dimensions less or equal to 6

In this section we assume that g is a nilpotent Lie algebra with dim g ≤ 6 , then it is
known that Cor(g⋆) = ICor(g⋆) (see [5]). The technics used in [5] are based on the
computation of the Pukànszky’s polynomials appearing in the parametrization of
the generic coadjoint orbits of any nilpotent real Lie algebras g satisfying dim g ≤ 6
and hence the proof turns out to be very long. Below we give an alternate short
proof of this result. To this end, let Ω denotes the minimal layer in g⋆ then each
coadjoint orbit O ⊂ Ω satisfies dimO ∈ {0, 2, 4} . It is obvious that if dimO = 0
then g is abelian and Cor(g⋆) = ICor(g⋆) = g⋆ .

3.1. The generic orbits are 2-dimensional
Proposition 3.1. ([2]) Let G be a connected, simply connected solvable Lie
group whose coadjoint orbits have dimension smaller or equal to two. Let g be the
corresponding Lie algebra. Then, up to a direct central factor, g belongs to the
following list of algebras:

(i) RT ⊕ a, where a is an abelian ideal and adT ∈ End(a).
(ii) RT ⊕ h3 , where h3 is the 3-dimensional Heisenberg Lie algebra spanned by

(Z, Y,X) with [X,Y ] = Z and
– either [T,X] = X, [T, Y ] = Y, [T, Z] = 0 (the 4-dimensional Diamond

algebra).
– or [T,X] = Y, [T, Y ] = −X, [T, Z] = 0

(iii) g is 5-dimensional with basis (X1, X2, X3, Y1, Y2) with
[X1, X2] = X3, [X1, X3] = Y1, [X2, X3] = Y2.

(iv) g is 6-dimensional with basis (X1, X2, X3, Y1, Y2, Y3) with
[X1, X2] = Y3, [X2, X3] = Y1, [X3, X1] = Y2.
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Proposition 3.2. Let g be a real nilpotent Lie algebra with dim g ≤ 6 and such
that the dimension of its generic coadjoint orbits are smaller or equal to 2, then

Cor(g⋆) = ICor(g⋆).

Proof. The proof is based on the results given in Proposition 3.1. Let G be
a connected, simply connected nilpotent Lie group whose coadjoint orbits have
dimension smaller or equal to two and let g be the corresponding nilpotent Lie
algebra.
(i): g = RT ⊕ a , where a is an abelian ideal and adT ∈ End(a) . In this case
the corresponding Lie group, is up to a direct central factor, G = Rn o R (with
1 ≤ n ≤ 5) and by [8], one has Cor(g⋆) = ICor(g⋆) .

(ii): g is 5-dimensional with basis (X1, X2, X3, Y1, Y2) with

[X1, X2] = X3, [X1, X3] = Y1, [X2, X3] = Y2.

Let (U1 = Y2, U2 = Y1, U3 = X3, U4 = X2, U5 = X1) then the minimal layer is

Ω := Ωe = {ℓ =
5∑

i=1

ℓiU
⋆
i ∈ g⋆ : ℓ1 6= 0}, e = {3, 4}.

The corresponding cross-section mapping is given by

Ψ : Ω → Ω, ℓ 7→ Ψ(ℓ) = (ℓ1, ℓ2, 0, 0, f(ℓ)),

where f(ℓ) = ℓ5 + (ℓ23 − 2ℓ2ℓ4)/2ℓ1 . Hence we get three invariant rational functions
generating algebraically the field of invariant rational functions:

λ1(x) = x1, λ2(x) = x2, λ3(x) = x5 +
x2
3 − 2x2x4

2x1
,

and any invariant polynomial function is a rational function of these three polyno-
mials. Therefore we have the fundamental invariant polynomials:

x1, x2, P (x) = x23 + 2x1x5 − 2x2x4.

This immediately gives: ICor(g⋆) = {ℓ ∈ g⋆ : ℓ1 = ℓ2 = ℓ3 = 0} .
On the other hand, the coadjoint orbit of ℓ ∈ Ω is given by

O = {x = (x1, . . . , x5) ∈ g⋆ : x1 = ℓ1, x2 = ℓ2, P (x) = P (ℓ)}.

Let us show that ICor(g⋆) = Cor(g⋆) , to this end let y = (0, 0, 0, y4, y5) ∈ ICor(g⋆)
with y4 6= 0 and consider

ℓε = (ε,
εy5
y4
, 0, 0, 0), yε = (ε,

εy5
y4
, 0, y4, y5) with ε 6= 0.

We can easily check that ℓε and yε are in the same coadjoint orbit in Ω , and
y = limε→0 yε . Thus any generic element in the I-cortex is in the cortex and hence

Cor(g⋆) = ICor(g⋆).

(iii): g is 6-dimensional with basis (X1, X2, X3, Y1, Y2, Y3) with

[X1, X2] = Y3, [X2, X3] = Y1, [X3, X1] = Y2.
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Let (U1 = Y3, U2 = Y2, U3 = Y1, U4 = X3, U5 = X2, U6 = X1) . The minimal layer is

Ω := Ωe = {ℓ =
6∑

i=1

ℓiU
⋆
i ∈ g⋆ : ℓ3 6= 0}, e = {4, 5}.

The corresponding cross-section mapping is given by

Ψ : Ω → Ω, ℓ 7→ Ψ(ℓ) = (ℓ1, ℓ2, ℓ3, 0, 0, ℓ6 +
ℓ2ℓ5 + ℓ1ℓ4

ℓ3
).

Hence the algebra of G-invariant polynomials is

Pol(g⋆)G = R[ℓ1, ℓ2, ℓ3, ℓ3ℓ6 + ℓ2ℓ5 + ℓ1ℓ4],

and ICor(g⋆) = {ℓ ∈ g⋆ : ℓ1 = ℓ2 = ℓ3 = 0}.

Now if y = (0, 0, 0, y4, y5, y6) ∈ ICor(g⋆) with y5 + y6 6= 0 and ε 6= 0 let

ℓε = (ε,− εy4
y5 + y6

,− εy4
y5 + y6

, 0, 0, 0), yε = (ε,− εy4
y5 + y6

,− εy4
y5 + y6

, y4, y5, y6).

We can easily check that ℓε and yε are in the same coadjoint orbit in Ω , and
y = limε→0 yε . Hence any generic element in the I-cortex is in the cortex and thus

Cor(g⋆) = ICor(g⋆) = z⊥.

3.2. The generic coadjoint orbits are 4-dimensional

Let g be a nilpotent Lie algebra with dim g ≤ 6 and such that the coadjoint orbit
in the minimal layer is 4-dimensional.

3.2.1. dim g = 5

Since g is nilpotent, then the orbit of ℓ is Oℓ = {ℓ}+ z⊥ , thus Cor(g⋆) = z⊥.

On the other hand, since Pol(g⋆)G = Pol(z⋆) , therefore Cor(g⋆) = ICor(g⋆) = z⊥.

3.2.2. dim g = 6

(i): dim z = 2 . In this case, if Oℓ is the coadjoint orbit of a generic ℓ then

Oℓ = {ℓ}+ z⊥ and Pol(g⋆)G = Pol(z⋆).

Thus Cor(g⋆) = ICor(g⋆) = z⊥.

(ii): dim z = 1. There are 13 nilpotent Lie algebras corresponding to this case (see
[20]). For all these Lie algebras, the minimal layer Ω is given by

Ω = {ℓ ∈ g⋆ : ℓ1 6= 0}.

The field of invariant rational functions is generated by two invariant rational func-
tions x1 and P . Below we give the list of these nilpotent Lie algebras (gt)1≤t≤13 with
the non trivial invariant polynomial function P and the corresponding I-cortex.
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N◦ Brackets Invariant polynomial P I - Cortex

1 [X6, X5] = X4, [X6, X4] = X1, 2x1x5 − x2
4 y1 = y4 = 0

[X3, X1] = X1

2 [X6, X5] = X4, [X6, X4] = X3, 2x1x4 − x2
3 y1 = y3 = 0

[X6, X3] = X1, [X5, X4] = X1

3
[X6, X5] = X4, [X6, X4] = X3,

2x1(x4 − x2)− x2
3 y1 = y3 = 0

[X6, X3] = X1, [X5, X4] = X1,

[X5, X2] = X1

4 [X6, X5] = X3, [X6, X4] = X2, 1x6 + x2x3 y1 = y2y3 = 0
[X5, X2] = X1, [X4, X3] = X1

5 [X6, X5] = X3, [X6, X4] = X2, 2x1x5 − x2
3 y1 = y3 = 0

[X6, X3] = X1, [X4, X2] = X1

6 [X6, X5] = X3, [X6, X4] = X2, x1x6 + x2
2 + x2

3 y1 = y2 = y3 = 0
[X5, X3] = X1, [X4, X2] = X1

[X6, X5] = X3, [X6, X3] = X2,

7 [X6, X2] = X1, [X5, X4] = X1, 3x2
1x5 − 3x1x2x3 + x3

2 y1 = y2 = 0

[X4, X3] = X1

[X6, X5] = X4, [X6, X4] = X3,

8 [X6, X2] = X1, [X5, X4] = X2, x1x4 − x2x3 y1 = y2y3 = 0

[X5, X3] = X1

[X6, X5] = X4, [X6, X4] = X3,

9 [X6, X3] = X1, [X5, X4] = X2, 2x1x4 − x2
2 − x2

3 y1 = y2 = y3 = 0

[X5, X2] = X1

[X6, X5] = X4, [X6, X4] = X3,

10 [X6, X3] = X2, [X6, X2] = X1, 2x1x3 − x2
2 y1 = y2 = 0

[X5, X4] = X1

[X6, X5] = X4, [X6, X4] = X3,

11 [X6, X3] = X2, [X5, X2] = X1, 2x1x6 − 2x2x4 + x2
3 y1 = y23 − 2y2y4 = 0

[X4, X3] = X1

[X6, X5] = X4, [X6, X4] = X3,

12 [X6, X3] = X2, [X6, X2] = X1, 3x2
1x4 − 3x1x2x3 + x3

2 y1 = y2 = 0

[X5, X4] = X2, [X5, X3] = X1

[X6, X5] = X4, [X6, X4] = X3,

13 [X6, X3] = X2, [X6, X2] = X1, 6x2
1x6 + 3x1x

2
3 − 6x1x2x4 − x3

2 y1 = y2 = 0

[X5, X4] = X2, [X4, X3] = X1

Proposition 3.3. For each Lie algebra of the above list, one has
Cor(g⋆) = ICor(g⋆).

Proof. Since Cor(g⋆) ⊂ ICor(g⋆) , then we shall prove the converse inclusion. To
this end, and for any generic y ∈ ICor(g⋆t ) (t = 1, . . . , 13), we give below a sequence
(ℓ(p))p ⊂ Ω converging to zero and a sequence (y(p))p such that y(p) ∈ Ad⋆(G)ℓ(p)

(for any positive integer p) and limp→∞ y(p) = y . On the other hand, recall that the
coadjoint orbit Oℓ (for ℓ ∈ Ω) is given by

Oℓ = {x = (x1, . . . , x6) ∈ Ω : x1 = ℓ1 and P (x) = P (ℓ)}.
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3.3. Case of the Lie algebras gt , t = 1, 2, 5, 10

For these Lie algebras the G-invariant polynomial P is of the form P = 2x1xkt −x2jt
where 2 < kt /∈ e and jt = kt − 1 or kt − 2 . On other hand

ICor(g⋆t ) = {y = (y1, . . . , y6) : y1 = yj = 0}.

For y = (y1, . . . , y6) ∈ ICor(g⋆t ) such ykt 6= 0 we let εt =
ykt
|ykt |

, y(p) = (y
(p)
1 , . . . , y

(p)
6 )

and ℓ(p) = (ℓ
(p)
1 , 0, . . . , 0) with

y
(p)
i =


ℓ
(p)
1 = εt

p
, if i = 1√

2|yk|
p
, if i = kt

yi, otherwise.

3.4. Case of the Lie algebra g3

In this case, one has P = 2x1(x4 − x2)− x23 and
ICor(g⋆3) = {y = (y1, . . . , y6) : y1 = y3 = 0}.

If y = (0, y2, 0, y4, y5, y6) ∈ ICor(g⋆k) has the property that y4 − y2 6= 0 , we let
y(p) = (y

(p)
1 , . . . , y

(p)
6 ) , ℓ(p) = (ℓ

(p)
1 , 0, . . . , 0) and ε = y4−y2

|y4−y2| with

y
(p)
i =


ℓ
(p)
1 = ε

p
, if i = 1√

2|y4−y2|
p

, if i = 3

yi, otherwise.

3.5. Case of the Lie algebras gt , t = 4, 8

For both of these Lie algebras, one has

ICor(g⋆t ) = {y = (y1, . . . , y6) : y1 = y2y3 = 0}.

For any y ∈ ICor(g⋆t ) we let

y(p) = (
1

p
, y2, y3, y4, y5, y6) and ℓ(p) =

{
(1
p
, 1√

p
, y6√

p
, 0, 0, 0), if t = 4

(1
p
, 1√

p
,− y4√

p
, 0, 0, 0), if t = 8.

3.6. Case of the Lie algebras gt , t = 6, 9

For both of these Lie algebras, one has

ICor(g⋆t ) = {y = (y1, . . . , y6) : y1 = y2 = y3 = 0}.

On other hand, the G-invariant polynomial P takes the form P = 2x1xkt±(x22+x
3
3)

(for some 2 < kt ). Now if y ∈ ICor(g⋆t ) with ykt 6= 0 we let εt = yk
|yk|

and

y(p)=

(− εt
p
,
√

2|y6|
p
, 0, y4, y5, y6), if t = 6

( εt
p
,−

√
2|y4|
p
, 0, y4, y5, y6), if t = 9.

and ℓ(p)=

{
(− εt

p
, 0, 0, 0, 0, 0), if t = 6

( εt
p
, 0, 0, 0, 0, 0), if t = 9.
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3.7. Case of the Lie algebras gt , t = 7, 12, 13

For these Lie algebras, one has

ICor(g⋆t ) = {y = (y1, . . . , y6) : y1 = y2 = 0}, t = 7, 12, 13

On other hand, the G-invariant polynomial P is homogeneous of degree 3 . For
t = 7, 12, 13, we define

kt =


5, if t = 7
4, if t = 12
6, if t = 13

and Ut = {y = (0, 0, y3, y4, y5, y6) : ykt 6= 0}.

For y ∈ Ut we let ℓ(p) = (ℓ
(p)
1 , 0, 0, 0, 0, 0) , (αp)p a real sequence converging to zero

and y(p) ∈ Ω as follows

N◦ y(p) Condition on (αp)p

7
(ℓ

(p)
1 =

3αpy3 ±
√
9α2

py
2
3 − 12α3

py5

6y5
, αp, y3, y4, y5, y6)

αpy5 < 0

12
(ℓ

(p)
1 =

3αpy3 ±
√
9α2

py
2
3 − 12α3

py4

6y4
, αp, y3, y4, y5, y6)

αpy4 < 0

13
(ℓ

(p)
1 =

6αpy4 − 3α3
p ±

√
(3α3

p − 6αpy4)2 + 24α3
py6

12y6
, αp, y3, y4, y5, y6)

αpy6 > 0

3.8. Case of the Lie algebra g11

For this Lie algebra the G-invariant polynomial P is 2x1x6 − 2x2x4 + x23 and

ICor(g⋆11) = {y = (y1, . . . , y6) ∈ g⋆11 : y1 = y23 − 2y2y4 = 0}.

Then we let y(p) = (
1

p
, y2, y3, y4, y5, y6) and ℓ(p) = (

1

p
,− 1

√
p
, 0,

y6√
p
, 0, 0) .

4. The cortex of 7-dimensional nilpotent Lie algebras
This section is devoted to the study of the cortex of the 7-dimensional nilpotent Lie
algebras over the field of real numbers, and we are essentially concerned with the
postulate if the cortex and the I-cortex of a given nilpotent Lie algebra coincide as in
the case of nilpotent Lie algebras of dimension smaller or equal to 6 . As it is known
there are infinite non isomorphic 7-dimensional nilpotent Lie algebras. Historically,
there has been a good deal of activity in the subject of nilpotent Lie algebras. Since
Safiullina’s first attempt to classify all 7-dimensional nilpotent Lie algebras there
have been a number of works in that direction, for instance see [15, 18, 19, 23, 24].
In [24] the author gave a classification of all 7-dimensional nilpotent Lie algebras
over the filed of complex numbers, however in [15] one also gives a classification on
the field of real numbers. His classification was based on the upper central series of
the Lie algebras and knowledge of all lower dimensional nilpotent Lie algebras.
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We continue with same reasoning as is Section 3, that is, we focus on the dimension
of the generic coadjoint orbits. For this purpose, if g is a 7-dimensional (real)
nilpotent Lie algebra and if O is a generic coadjoint orbit then dimO ∈ {0, 2, 4, 6} .
It is easy to conclude that the cortex and I-cortex coincide when dimO ∈ {0, 6} ,
and if dimO = 2 then by Proposition (3.1), the corresponding Lie group is, up to a
central factor, G = RnoR (n ≤ 6) and due to [8] one has again Cor(g⋆) = ICor(g⋆) .
Finally it remains to dissect the class of 7-dimensional (real) nilpotent Lie algebras in
which the generic coadjoint orbits are 4-dimensional. In this situation the center z of
g is either of dimension 1 or 2 . The case dim z = 2 can be treated as in Proposition
3.3, and therefore it seems that the ’interesting’ case is when g is a 7-dimensional
(real) nilpotent Lie algebras with 1-dimensional center and 4-dimensional generic
coadjoint orbits.
Let g be a nilpotent Lie algebra with a Jordan-Hölder basis (X1, . . . , X7) with dual
basis (X⋆

1 , . . . , X
⋆
7 ) and let Ωe be the minimal layer (Zariski open set) in g⋆ . As it

is well known the set
Ωe ∩ {ℓ ∈ g⋆ : ℓ(Xj) = 0, j /∈ e}

is a cross-section for the coadjoint orbits in Ωe and the projection onto the cross-
section is given by rational functions λi, i /∈ e , which are regular on Ωe and each λi
is of the form

λi(ℓ) = ℓki + fi(ℓ1, . . . , ℓki−1), ℓj = ℓ(Xj), i = 1, 2,

and all G-invariant rational functions are rational combinations of the λi , i /∈ e .
Note that, since dim z = 1 then 2 must be a jump index (2 ∈ e) and the corre-
sponding cross-section mapping has the form

Ψ : Ωe → Ωeℓ = (ℓ1, . . . , ℓ7) 7→ ℓ1X
⋆
1 + λ1(ℓ)X

⋆
k1
+ λ2(ℓ)X

⋆
k2
,

where {k1 < k2} = {2, . . . , 7} \ e . We use the methods of [1] for finding the set
of jump indices of the minimal layer, then we compute explicitly the G-invariant
rational functions λ1, λ2 associated to the cross-section mapping and hence we
deduce the ICor(g⋆i ) .
Below the list of all these Lie algebras (we refer the reader to [15, 24]), and for any
Lie algebra of this list, we give the we give the non zero brackets, the non trivial
fundamental invariants λ1, λ2 , the set of jump indices and the I-cortex. We see that
for any Lie algebra of this list, one has

Ω := Ωe = {ℓ ∈ g⋆ : ℓ1 6= 0}.

g1

[X7, X6] = X5, [X7, X5] = X4, [X7, X4] = X1, [X3, X2] = X1

λ1 = x5 −
x2
4

2x1
, λ2 = x6 −

x5x4

x1
+

x3
4

3x2
1

ICor(g⋆1) = {ℓ : ℓ1 = ℓ4 = 0}, e = {2, 3, 4, 7}

g2

[X7, X6] = X3, [X7, X3] = X1, [X5, X4] = X2, [X5, X2] = X1

λ1 = x4 −
x2
2

2x1
, λ2 = x6 −

x2
3

2x1

ICor(g⋆2) = {ℓ : ℓ1 = ℓ2 = ℓ3 = 0}, e = {2, 3, 5, 7}
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g3

[X7, X6] = X3, [X7, X3] = X1, [X6, X5] = X1, [X5, X4] = X2,
[X5, X2] = X1

λ1 = x4 −
x2
2

2x1
, λ2 = x6 + x2 −

x2
3

2x1

ICor(g⋆3) = {ℓ : ℓ1 = ℓ2 = ℓ3 = 0}, e = {2, 3, 5, 7}

g4

[X7, X6] = X3, [X7, X5] = X2, [X7, X3] = X1, [X5, X4] = X3,
[X4, X2] = −X1

λ1 = x5 −
x2x3

x1
, λ2 = x6 −

x2
3

2x1

ICor(g⋆4) = {ℓ : ℓ1 = ℓ3 = 0}, e = {2, 3, 4, 7}

g5

[X7, X6] = X5, [X7, X5] = X3, [X7, X3] = X1, [X6, X4] = X3,
[X5, X4] = X1, [X4, X2] = X1

λ1 = x5 + x2 −
x3

2x2
1

, λ2 = x6 −
x5x3

x1
+

x3
3

3x2
1

ICor(g⋆5) = {ℓ : ℓ1 = ℓ3 = 0}, e = {2, 3, 4, 7}

g6

[X7, X6] = X5, [X7, X5] = X3, [X7, X4] = X2, [X7, X3] = X1,
[X4, X2] = X1

λ1 = x5 −
x2
3

2x1
, λ2 = x6 −

x5x3

x1
+

x3
3

3x2
1

ICor(g⋆6) = {ℓ : ℓ1 = ℓ3 = 0}, e = {2, 3, 4, 7}

g7

[X7, X6] = X5, [X7, X5] = X3, [X7, X3] = X1, [X6, X4] = X2,
[X6, X2] = X1

λ1 = x4 −
x2
2

2x1
, λ2 = x5 −

x2
3

2x1

ICor(g⋆7) = {ℓ : ℓ1 = ℓ2 = ℓ3 = 0}, e = {2, 3, 6, 7}

g8

[X7, X6] = X5, [X7, X5] = X3, [X7, X3] = X1, [X6, X4] = X2,
[X4, X2] = X1

λ1 = x5 −
x2
3

2x1
, λ2 = x6 +

x2
2 − 2x5x3

2x1
+

x3
3

3x2
1

ICor(g⋆8) = {ℓ : ℓ1 = ℓ3 = 0}, e = {2, 3, 4, 7}

g9

[X7, X6] = X5, [X7, X5] = X3, [X7, X4] = X2, [X7, X3] = X1,
[X6, X4] = X3, [X6, X2] = X1

λ1 = x4 −
x3x2

x1
, λ2 = x5 −

x2
3

2x1

ICor(g⋆9) = {ℓ : ℓ1 = ℓ3 = 0}, e = {2, 3, 6, 7}

g10

[X7, X6] = X5, [X7, X5] = X3, [X7, X4] = X2, [X7, X3] = X1,
[X6, X4] = X3, [X5, X4] = X1, [X4, X2] = X1

λ1 = λ1 = x5 + x2 −
x2
3

2x1
, λ2 = x6 −

x5x3

x1
+

x3
3

3x2
1

ICor(g⋆10) = {ℓ : ℓ1 = ℓ3 = 0}, e = {2, 3, 6, 7}
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g11

[X7, X6] = X5, [X7, X5] = X3, [X7, X4] = X2,

[X7, X2] = X1, [X6, X5] = X2, [X6, X3] = X1

λ1 = x4 −
x2
2

2x1
, λ2 = x5 −

x3x2

2x1

ICor(g⋆11) = {ℓ : ℓ1 = ℓ2 = 0}, e = {2, 3, 4, 7}

g12

[X7, X6] = X5 +X4, [X7, X4] = X3,

[X7, X3] = X1, [X6, X5] = X2, [X6, X2] = X1

λ1 = x4 −
x2
3

2x1
, λ2 = x5 −

x2
2

2x1

ICor(g⋆12) = {ℓ : ℓ1 = ℓ2 = ℓ3 = 0}, e = {2, 3, 6, 7}

g13

[X7, X6] = X5, [X7, X5] = X4, [X7, X4] = X3,

[X7, X3] = X1, [X6, X2] = X1

λ1 = x4 −
x2
3

2x1
, λ2 = x5 −

x4x3

x1
+

x3
3

3x2
1

ICor(g⋆13) = {ℓ : ℓ1 = ℓ3 = 0}, e = {2, 3, 6, 7}

g14

[X7, X6] = X5, [X7, X5] = X4, [X7, X4] = X3,

[X7, X3] = X1, [X6, X2] = X1, [X6, X5] = X1

λ1 = x4 −
x2
3

2x1
, λ2 = x5 − x2 −

x4x3

x1
+

x3
3

3x2
1

ICor(g⋆14) = {ℓ : ℓ1 = ℓ3 = 0}, e = {2, 3, 6, 7}

g15

[X7, X6] = X5, [X7, X5] = X4, [X7, X4] = X3, [X7, X3] = X1,

[X6, X5] = X3, [X6, X2] = X1, [X6, X4] = X1

λ1 = x4 − x2 −
x2
3

2x1
, λ2 = x5 −

x4x3

x1
+

x3
3

3x2
1

ICor(g⋆15) = {ℓ : ℓ1 = ℓ3 = 0}, e = {2, 3, 6, 7}

g16

[X7, X6] = X5, [X7, X5] = X4, [X7, X4] = X3,

[X7, X3] = X1, [X6, X5] = X2, [X6, X2] = X1

λ1 = x4 −
x2
3

2x1
, λ2 = x5 −

x4x3

x1
− x2

2

2x1
+

x3
3

3x2
1

ICor(g⋆16) = {ℓ : ℓ1 = ℓ3 = 0}, e = {2, 3, 6, 7}

g17

[X7, X6] = X5, [X7, X5] = X4, [X7, X4] = X2,

[X7, X2] = X1, [X6, X3] = X2, [X5, X3] = X1

λ1 = x4 −
x2
2

2x1
, λ2 = x6 −

x2x5

x1
+

x2
2x4

2x2
1

− x4
2

8x3
1

ICor(g⋆17) = {ℓ : ℓ1 = ℓ2 = 0}, e = {2, 3, 5, 7}

g18

[X7, X6] = X5, [X7, X5] = X4, [X7, X4] = X2,

[X7, X2] = X1, [X6, X3] = X2 +X1, [X5, X3] = X1

λ1 = x4 −
x2
2

2x1
, λ2 = x6 − x5 +

x4x2 − x2x5

x1
+

3x2
2x4 − 2x3

2

6x2
1

− x4
2

8x3
1

ICor(g⋆18) = {ℓ : ℓ1 = ℓ2 = 0}, e = {2, 3, 5, 7}
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g19

[X7, X6] = X5, [X7, X5] = X4, [X7, X4] = X2,

[X6, X3] = X2, [X6, X2] = X1, [X5, X4] = −X1

λ1 = x3 −
x2
2

2x1
, λ2 = x7 +

2x2x5 − x2
4

x1

ICor(g⋆19) = {ℓ : ℓ1 = ℓ2 = ℓ4 = 0}, e = {2, 4, 5, 6}

g20

[X7, X6] = X5, [X7, X5] = X4, [X7, X3] = X2, [X7, X2] = X1,

[X6, X5] = X3, [X6, X4] = X2, [X5, X4] = X1

λ1 = x3 −
x2
2

2x1
, λ2 = x6 +

x4x3 − x2x5

x1

ICor(g⋆20) = {ℓ : ℓ1 = ℓ2 = ℓ3ℓ4 = 0}, e = {2, 4, 5, 7}

g21

[X7, X6] = X5, [X7, X5] = X4, [X7, X4] = X1, [X7, X3] = X2,

[X7, X2] = X1, [X6, X5] = X3, [X6, X4] = X2, [X5, X4] = X1

λ1 = x3 −
x2
2

2x1
, λ2 = x6 +

x3x4 − x2x5 − x2x3

x1
+

x3
2

3x2
1

ICor(g⋆21) = {ℓ : ℓ1 = ℓ2 = 0}, e = {2, 3, 5, 7}

g22

[X7, X6] = X5, [X7, X5] = X3, [X7, X3] = X2, [X7, X2] = X1,

[X6, X4] = X3, [X5, X4] = X2, [X4, X3] = −X1

λ1 = x5 −
x2x3

x1
+

x3
2

3x2
1

, λ2 = x6 −
x2
3 + 2x2x5

2x1
+

x2
2x3

x2
1

− x4
2

4x3
1

ICor(g⋆22) = {ℓ : ℓ1 = ℓ2 = 0}, e = {2, 3, 4, 7}

g23

[X7, X6] = X5, [X7, X5] = X3, [X7, X3] = X2, [X7, X2] = X1,

[X6, X4] = X3 +X1, [X5, X4] = X2, [X4, X3] = −X1

λ1 = x5 −
x3x2

x1
+

x3
2

3x2
1

, λ2 = x6 − x3 −
x2
3 − x2

2 + 2x5x2

2x1
+

x3x
2
2

x2
1

− x4
2

4x3
1

ICor(g⋆23) = {ℓ : ℓ1 = ℓ2 = 0}, e = {2, 3, 4, 7}

g24

[X7, X6] = X5, [X7, X5] = X4, [X7, X4] = X3,

[X7, X3] = X2, [X7, X2] = X1, [X6, X5] = X1

λ1 = x3 −
x2
2

2x1
, λ2 = x4 −

x3x2

x1
+

x3
2

3x2
1

ICor(g⋆24) = {ℓ : ℓ1 = ℓ2 = 0}, e = {2, 5, 6, 7}

g25

[X7, X6] = X5, [X7, X5] = X4, [X7, X4] = X3, [X7, X3] = X2,

[X7, X2] = X1, [X6, X5] = X2, [X6, X4] = X1

λ1 = x3 −
x2
2

2x1
, λ2 = x5 −

x4x2

x1
+

x3x
2
2

2x2
1

− x4
2

8x3
1

ICor(g⋆25) = {ℓ : ℓ1 = ℓ2 = 0}, e = {2, 4, 6, 7}

g26

[X7, X6] = X5, [X7, X5] = X4, [X7, X4] = X3, [X7, X3] = X2,

[X7, X2] = X1, [X6, X5] = X2 +X1, [X6, X4] = X1

λ1 = x3 −
x2
2

2x1
, λ2 = x5 − x4 +

x3x2 − x4x2

x1
+

x3x
2
2

2x2
1

− x3
2

3x2
1

− x4
2

8x3
1

ICor(g⋆26) = {ℓ : ℓ1 = ℓ2 = 0}, e = {2, 4, 6, 7}
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g27

[X7, X6] = X5, [X7, X5] = X4, [X7, X4] = X3, [X7, X3] = X2,

[X7, X2] = X1, [X6, X5] = X3, [X6, X4] = X2, [X6, X3] = X1

λ1 = x4 −
x2x3

x1
+

x3
2

3x2
1

, λ2 = x5 −
x2
3 + 2x4x2

2x1
+

x3x
2
2

x2
1

− x4
2

4x3
1

ICor(g⋆27) = {ℓ : ℓ1 = ℓ2 = 0}, e = {2, 3, 6, 7}

g28

[X7, X6] = X5, [X7, X5] = X4, [X7, X4] = X3, [X7, X3] = X2,

[X7, X2] = X1, [X6, X5] = X3 +X1, [X6, X4] = X2, [X6, X3] = X1

λ1 = x4 −
x2x3

x1
+

x3
2

3x2
1

, λ2 = x5 − x3 +
x2
2 − x2

3 − 2x2x4

x1
+

x2
2x3

x2
1

− x4
2

4x3
1

ICor(g⋆28) = {ℓ : ℓ1 = ℓ2 = 0}, e = {2, 3, 6, 7}

g29

[X7, X6] = X5, [X7, X5] = X4, [X7, X4] = X3, [X7, X3] = X2,

[X7, X2] = X1, [X6, X5] = X3, [X6, X4] = X2, [X5, X4] = X1

λ1 = x3 −
x2
2

2x1
, λ2 = x6 +

x3x4 − x2x5

x1
− x2x

2
3

x2
1

+
2x3

2x3

3x3
1

− 2x5
2

15x4
1

ICor(g⋆29) = {ℓ : ℓ1 = ℓ2 = 0}, e = {2, 4, 5, 7}

g30

[X7, X6] = X5, [X7, X5] = X3, [X7, X3] = X1,

[X6, X5] = X2, [X5, X4] = X2, [X6, X2] = −X1

λ1 = x4 +
x2
2

2x1
, λ2 = x5 −

x2
3

2x1
+

x3
3

3x2
1

ICor(g⋆30) = {ℓ : ℓ1 = ℓ2 = ℓ3 = 0}, e = {2, 3, 6, 7}

g31

[X7, X6] = X5, [X7, X5] = X3, [X7, X4] = X2, [X7, X3] = X1,

[X6, X5] = −X2, [X6, X4] = X3, [X6, X2] = X1

λ1 = x4 −
x3x2

x1
, λ2 = x5 −

x2
2 + x2

3

2x1

ICor(g⋆31) = {ℓ : ℓ1 = ℓ2 = ℓ3 = 0}, e = {2, 3, 6, 7}

g32

[X7, X6] = X5, [X7, X5] = X4, [X7, X4] = −X2, [X7, X2] = X1,

[X6, X5] = X3, [X6, X3] = −X2, [X5, X3] = −X1

λ1 = x4 +
x2
2

2x1
, λ2 = x6 −

x2
3 + x2x5

2x1
+

x2
2x4

2x2
1

+
x4
2

8x3
1

ICor(g⋆32) = {ℓ : ℓ1 = ℓ2 = 0}, e = {2, 3, 5, 7}

g33

[X7, X6] = X4, [X7, X4] = X3, [X7, X3] = X2, [X7, X2] = X1,

[X6, X5] = X3 −X1, [X5, X4] = −X2, [X5, X3] = −X1

λ1 = x4 −
x3x2

2x1
+

x3
2

3x2
1

, λ2 = x6 + x3 +
2x3x

2
2 − 2x4x2 − x2

3 − x2
2

2x1
− x4

2

4x3
1

ICor(g⋆33) = {ℓ : ℓ1 = ℓ2 = 0}, e = {2, 3, 5, 7}

g34

[X7, X6] = X5, [X7, X5] = X4, [X7, X4] = X3, [X7, X3] = X2,

[X7, X2] = −X1, [X6, X5] = X3 +X1, [X6, X4] = X2, [X6, X3] = −X1

λ1 = x4 +
x2x3

x1
− x3

2

3x2
1

, λ2 = x5 + x3 +
2x2x4 + x2

2 + x2
3

2x1
− x4

2

4x3
1

ICor(g⋆34) = {ℓ : ℓ1 = ℓ2 = 0}, e = {2, 3, 6, 7}
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Most, but not all, of the Lie algebras of the above list verify the equality between
the cortex and the I-cortex. Below we present two interesting examples.

Example 4.1. The Lie algebra g := g5 has a basis (X1, . . . , X7) with:

[X7, X6] = X5, [X7, X5] = X3, [X7, X3] = X1,

[X6, X4] = X3, [X5, X4] = X1, [X4, X2] = X1.

The minimal layer is Ω = {x : x1 6= 0} and there are three invariant polynomial
functions, x1 , P1(x) = 2x1(x2 + x5) − x23 , and P2(x) = 3x21x6 − 3x1x5x3 + x33 , and
any invariant polynomial function is a rational function of these three polynomials.
This immediately gives the set:

ICor(g⋆) =
{
y ∈ g⋆ : y1 = y3 = 0

}
.

On other hand, the coadjoint orbit Oℓ of any ℓ ∈ Ω is given by

Oℓ = {x = (x1, . . . , x7) ∈ g⋆ : x1 = ℓ1, Pi(x) = Pi(ℓ), i = 1, 2}.

Proposition 4.2. The cortex of the Lie algebra g is the semi-algebraic set given by
Cor(g⋆) = {y ∈ g⋆ : y1 = y3 = 0, (2y2 − y5)(2y2 + 3y5) ≤ 0} ( ICor(g⋆).

Proof. First we put:
Q1(x, ℓ) = P1(x)− P1(ℓ)|ℓ1=x1 = 2x1(x2 + x5 − ℓ2 − ℓ5)− (x23 − ℓ23),

Q2(x, ℓ) = P2(x)− P2(ℓ)|ℓ1=x1 = 3x21(x6 − ℓ6)− 3x1(x5x3 − ℓ5ℓ3) + (x33 − ℓ33).

The points x and ℓ such that x1 = ℓ1 6= 0 are in the same orbit if and only if

Q1(x, ℓ) = Q2(x, ℓ) = 0.

We consider these functions as polynomial functions in x1 and compute their resul-
tant (or, in this case, express x1 by Q1(x, ℓ) = 0 in term of the other variables, then
put it in Q2(x, ℓ)). We get the polynomial:

R(x, ℓ) =

∣∣∣∣∣∣
2(x2 + x5 − ℓ2 − ℓ5) 0 3(x6 − ℓ6)

−(x23 − ℓ23) 2(x2 + x5 − ℓ2 − ℓ5) −3(x5x3 − ℓ5ℓ3)
0 −(x23 − ℓ23) x33 − ℓ33

∣∣∣∣∣∣
= 4(x2 + x5 − ℓ2 − ℓ5)

2(x33 − ℓ33) + 3(x6 − ℓ6)(x
2
3 − ℓ23)

2

− 6(x2 + x5 − ℓ2 − ℓ5)(x
2
3 − ℓ23)(x5x3 − ℓ5ℓ3).

Recall that R(x, ℓ) = 0 is equivalent to say that Q1 and Q2 have a common root
in x1 . Thus if (x(p), ℓ(p)) → (y, 0) , and x(p) and ℓ(p) are in the same generic orbit
in Ω , we have R(x(p), ℓ(p)) = 0 for any p .
Suppose now that y is in ICor(g⋆) and that y2 + y5 6= 0 . In consequence we have
(x

(p)
3 )2−(ℓ

(p)
3 )2 6= 0 for any p , thus we can suppose that at least one of the sequences

(x
(p)
3 ) and (ℓ

(p)
3 ) does not vanish.

We claim that x(p)3 = o(ℓ
(p)
3 ) is impossible. In fact, if it was the case, we could write

for any p x
(p)
3 = u(p)ℓ

(p)
3 , with u

(p)
3 → 0 .
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But we can write, forgetting the superscripts:

R(x, ℓ) = ℓ33(1− u)R(x, ℓ),

with

R(x, ℓ) = −4(x2 + x5 − ℓ2 − ℓ5)
2(1 + u+ u2) + 3(x6 − ℓ6)ℓ3(1 + u2)2(1− u)

− 6(x2 + x5 − ℓ2 − ℓ5)(1 + u)(ux5 − ℓ5).

Recall that ℓ33(1 − u)(1 + u + u2) = ℓ33 − x33 6= 0 , thus we have R(x, ℓ) = 0 and at
the limit:

limR(x, ℓ) = −4(y2 + y5)
2 6= 0.

This is impossible proving our claim.
We now suppose that x(p)3 6= 0 for each p , that ℓ(p)3 = t(p)x

(p)
3 and t(p) → s , where s

is a real number.
We replace in R(x, ℓ) , getting (without superscript) R(x, ℓ) = x33(1− t)R(x, ℓ)

R(x, ℓ) = 4(x2 + x5 − ℓ2 − ℓ5)
2(1 + t+ t2) + 3(x6 − ℓ6)x3(1 + t)2(1− t)

− 6(x2 + x5 − ℓ2 − ℓ5)(1 + t)(x5 − tℓ5),

passing to the limit, we get that s is a root of the equation:

0 = 4(y2 + y5)
2(1 + s+ s2)− 6y5(y2 + y5)(1 + s)

= 2(y2 + y5)
[
2(y2 + y5)s

2 + (2y2 − y5)s+ (2y2 − y5)
]
.

The second degree polynomial in s which is in the bracket has a real root, its
discriminant is positive, thus:

∆ = (2y2 − y5)
2 − 8(y2 + y5)(2y2 − y5) = −3(2y2 − y5)(2y2 + 3y5) ≥ 0.

We thus have

{y ∈ Cor(g⋆) : y2 + y5 6= 0} ⊂ {y : y1 = y3 = 0, (2y2 − y5)(2y2 + 3y5) ≤ 0},

and

Cor(g⋆) = {y ∈ C : y2 + y5 6= 0} ⊂ {y : y1 = y3 = 0, (2y2 − y5)(2y2 + 3y5) ≤ 0}

( ICor(g⋆).

We proved that Cor(g⋆) does not coincide with ICor(g⋆) .
It remains to prove that we have the equality

Cor(g⋆) = {y : y1 = y3 = 0, (2y2 − y5)(2y2 + 3y5) ≤ 0}.

For this purpose we fix y such that the conditions y2y6(y2 + y5) 6= 0 , y1 = y3 = 0
and (2y2− y5)(2y2+3y5) ≤ 0 are fulfilled. We solve the above equation, and find s :

s =
1

4(y2 + y5)

(
− (2y2 − y5)±

√
−3(2y2 − y5)(2y2 + 3y5)

)
.
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Remark that s 6= ±1 . Indeed, replacing s by 1 in our equation gives:

4(y2 + y5)
2(1 + s+ s2)− 6y5(y2 + y5)(1 + s) = 12(y2 + y5)y2 6= 0,

similarly, replacing s by −1 gives:

4(y2 + y5)
2(1 + s+ s2)− 6y5(y2 + y5)(1 + s) = 4(y2 + y5)

2 6= 0.

We now use the same method than in the preceding example, we fix ε ‘small’, put
t(y, ε) = s(y) + ε , where s(y) is one of this solution, and choose

x(y, ε) = (x1(y, ε), y2, x3(y, ε), y4, y5, y6, y7)

and ℓ(y, ε) = (x1(y, ε), 0, t(y, ε)x3(y, ε), 0, 0, 0, 0).

It remains only x3(y, ε) and x1(y, ε) to determine.
Now x3(y, ε) is solution of the equation:

0 = 4(y2 + y5)
2(1 + (s+ ε) + (s+ ε)2) + 3y6x3(1 + s+ ε)2(1− s− ε)

− 6(y2 + y5)(1 + s+ ε)y5

= 4(y2 + y5)
2ε(1 + 2s+ ε) + 3y6x3(1 + s+ ε)2(1− s− ε)− 6(y2 + y5)y5ε.

Therefore: x3(y, ε) = 2ε(y2 + y5)
6y5 − 4(y2 + y5)(1 + 2s+ ε)

3y6(1 + s+ ε)2(1− s− ε)
.

Since y6(1 + s + ε)2(1 − s − ε) → y6(1 + s)2(1 − s) 6= 0 , we have x3(y, ε) → 0 .
Moreover we have

∂

∂ε
(6y5 − 4(y2 + y5)(1 + 2s+ ε)) = −8(y2 + y5) 6= 0,

thus we can choose ε sufficiently small such that x3(y, ε) 6= 0 is ε 6= 0 .
Finally, we come back to the first equation Q1(x, ℓ) = 0 , getting x1(y, ε) :

x1(y, ε) =
1

2(y2 + y5)
x3(y, ε)

2(1− (s+ ε)2).

Clearly x1(y, ε) → 0 and x1(y, ε) 6= 0 for ε 6= 0 ‘small’.
By our construction, we have Q1(x(y, ε), ℓ(y, ε)) = 0 and R(x(y, ε), ℓ(y, ε)) = 0 ,
thus as polynomial in x1 , Q1 and Q2 have a common root, namely x1(ℓ, ε) , and
we have also, Q2(x(y, ε), ℓ(y, ε)) = 0 , since x1(y, ε) = ℓ1(y, ε) 6= 0 , this proves that
x(y, ε) and ℓ(y, ε) belong to the same orbit in Ω . Moreover:

lim
ε→0

(x(y, ε), ℓ(y, ε)) = (y, 0).

This proves that:{
y ∈ g⋆ : y2y6(y2 + y5) 6= 0, y1 = y3 = 0 and (2y2 − y5)(2y2 + 3y5) ≤ 0

}
⊂ Cor(g⋆),

thus:
Cor(g⋆) ⊃

{
y ∈ g⋆ : y1 = y3 = 0, (2y2 − y5)(2y2 + 3y5) ≤ 0

}
=

{
y ∈ g⋆ : y2y6(y2 + y5) 6= 0, y1 = y3 = 0, (2y2 − y5)(2y2 + 3y5) ≤ 0

}
.

We finally conclude that, the cortex is the semi-algebraic set:

Cor(g⋆) =
{
y ∈ g⋆ : y1 = y3 = 0 and (2y2 − y5)(2y2 + 3y5) ≤ 0

}
( ICor(g⋆).
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Remark 4.3. The cortex of the Lie algebra g15 is also a semi-algebraic set and
we can show that

Cor(g⋆15) = {y ∈ g⋆15 : y1 = y3 = 0, (2y2 + y4)(−2y2 + 3y4) ≥ 0} ( ICor(g⋆15).

Example 4.4. Let h := g29 be the 7-dimensional (real) nilpotent Lie algebra
with basis (X1, . . . , X7) and the non zero brackets

[X7, X6] = X5, [X7, X5] = X4, [X7, X4] = X3, [X7, X3] = X2,

[X7, X2] = X1, [X6, X5] = X3, [X6, X4] = X2, [X5, X4] = X1.

The minimal layer is Ω = {x : x1 6= 0} and the generic coadjoint orbits are
4-dimensional. The invariant polynomials are x1 and

P1(x) = 2x1x3 − x22,

P2(x) = 15x41x6 + 15x31(x3x4 − x2x5)− 15x21x2x
2
3 + 10x1x

3
2x3 − 2x52.

Therefore ICor(h⋆) = {y ∈ h⋆ : y1 = y2 = 0} .

Now we give the following

Proposition 4.5. The cortex of the Lie algebra h is a proper algebraic set in
ICor(h⋆) given by

Cor(h⋆) = {y ∈ h⋆ : y1 = y2 = y3 = 0} ( ICor(h⋆).

Proof. As in Example 4.1., consider:

Q1(x, ℓ) = P1(x)−P1(ℓ)|ℓ1=x1 = 2x1(x3 − ℓ3)− (x22 − ℓ22),

Q2(x, ℓ) = P2(x)−P2(ℓ)|ℓ1=x1 = 15x41(x6−ℓ6)+15x31
(
(x3x4−ℓ3ℓ4)−(x2x5−ℓ2ℓ5)

)
− 15x21(x2x

2
3−ℓ2ℓ23)+10x1(x

3
2x3−ℓ32ℓ3)−2(x52−ℓ52).

We compute the resultant or we substitute x1 from the first equation and we report
it in the second one. Let y ∈ Cor(h⋆) and suppose that ℓ2 = tx2 , then we get:

0 = 2x1(x3 − ℓ3)− x22(1− t2),

0 =
15

16
x82(x6 − ℓ6)(1− t2)4 +

15

8
x62(1− t2)3

(
(x3x4 − ℓ3ℓ4)− x2(x5 − tℓ5)

)
− 15

4
x52(1− t2)2(x23 − tℓ23) + 5x52(1− t2)(x3 − t3ℓ3)− 2x52(1− t5).

Dividing by x52 and assume that t→ s ∈ R , then when ℓ tends to zero we get,

0 = − 15

4
(1− s2)2y23 + 5(1− s2)y3 − 2(1− s5).

On the other hand, since x1 6= 0 , then 1− t2 6= 0 , and by taking the limit:

0 = − 15

4
(1− s)(1 + s)2y23 + 5(1 + s)y3 − 2(1 + s+ s2 + s3 + s4). (1)
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Let a be a non zero real number. It is clear that if (x, ℓ) → (y, 0) , then we have
(ax, aℓ) → (ay, 0) ; if ℓ is in the orbit of x , aℓ is in the orbit of ax , ax1 6= 0 and if
x2 = tℓ2 , ax2 = atℓ2 , thus if s is finite, we may substitute y3 by ay3 , and we get:

0 = − 15

4
(1− s)(1 + s)2a2y23 + 5(1 + s)ay3 − 2(1 + s+ s2 + s3 + s4).

Therefore: 0 = (a− 1)y3 [(a+ 1)15(1− s)(1 + s)2y3 − 20(1 + s)] , and if y3 6= 0 ,

we obtain 15(a+ 1)(1− s)(1 + s)2y3 − 20(1 + s), a ∈ R

Taking the derivative with respect to a , we get 15(1 − s)(1 + s)2y3 = 0 , that is,
1− s2 = 0 . If s = 1 we obtain from eq. (1):

10y3 = 10, y3 = 1.

But this is impossible since we get ay3 = 1 (for any non zero real number a). Hence
s = −1 and eq. (1) lead to

0 = −2(1− 1 + 1− 1 + 1) = −2.

This is also impossible. Therefore either t→ ±∞ or y3 = 0 .
In the first situation, we let x2 = uℓ2 , with u→ 0 and the resultant is:

0 =
15

16
ℓ82(x6 − ℓ6)(u

2 − 1)4 +
15

8
ℓ62(u

2 − 1)3
(
(x3x4 − ℓ3ℓ4)− ℓ2(ux5 − ℓ5)

)
− 15

4
ℓ52(u

2
2 − 1)2(ux23 − ℓ23) + ℓ52(u

2 − 1)(u3x3 − ℓ3)− 2ℓ52(u
5 − 1).

Taking the limit, after dividing by ℓ52 , we obtain 0 = 2 .
This is impossible, thus y3 = 0 and

Cor(h⋆) ⊂ {y ∈ h⋆ : y1 = y2 = y3 = 0} ( ICor(h⋆).

Conversely let y = (0, 0, 0, y4, y5, y6, y7) ∈ h⋆ such that y5 6= 0 , we can check that

x = (ε,
y6
y5
ε, 0, y4, y5, y6, y7) and ℓ = (ε,

y6
y5
ε, 0, 0, 0, 0, 0), with ε 6= 0, ε→ 0

are in the same orbit since Q1(x, ℓ) = Q2(x, ℓ) = 0 . Finally since Cor(h⋆) is closed
in ICor(h⋆) , we get:

Cor(h⋆) = {y ∈ h⋆ : y1 = y2 = y3 = 0} ( ICor(h⋆).

5. The cortex of semi-direct product of vector groups: nilpotent case

5.1. The cortex of a unipotent representation
Let V be a real vector space or dimension m and {A1, . . . , An} be a set of pairwise
commuting matrices in Rm×m . Then h =

∑n
j=1RAj is an abelian sub-Lie algebra

in gl(m,R) , and let H = exp h , here exp : gl(m,R) → GL(m,R) denotes the
exponential matrix mapping.
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The group H is acting on V via

H × V → V, (eA, v) 7→ eAv.

In equivalent way, we have a continuous finite dimensional representation of the
topological additive (abelian) group Rn :

π : Rn → GL(V ), t = (t1, . . . , tn) 7→ π(t) = etA,

where tA :=
n∑

j=1

tjAj, t = (t1, . . . , tn) ∈ Rn, A = (A1, . . . , An).

The orbit of v ∈ V under π is denoted by Oπ
v and is given by

Oπ
v = {etAv, t = (t1, . . . , tn) ∈ Rn}.

On other hand, the representation π⋆ on the dual space V ⋆ of V derives from π as:

π⋆(t) = t(π(−t)), t ∈ Rn.

The orbit, under π⋆ , of x ∈ V ⋆ is given

Oπ⋆

ξ = {π⋆(t)x, t ∈ Rn}.

By Engel’s theorem H = exp h may be viewed as a closed connected group of
upper triangular matrices with 1 on the diagonal. To this end, let (e1, . . . , em) be
a Jordan-Hölder basis in V ⋆ and fix (N1, . . . , Nn) a basis in h such that each Nj

(1 ≤ j ≤ n) is strictly lower triangular matrix. That is, it exists a non-singular
matrix P ∈ Rm×m such that

Aj = PNjP
−1, j = 1, . . . , n.

In this paper we are concerned with the nilpotent case, that is, {A1, . . . , An} is a set
of pairwise commuting nilpotent matrices in Rm×m and hence the representation π
(respectively π⋆ ) is unipotent.

5.1.1. Parametrization of the orbits of V ⋆

By Engel’s theorem H = exp h may be viewed as a closed connected group of upper
triangular matrices with 1 on the diagonal. To this end, let (v1, . . . , vm) be a Jordan-
Hölder basis in V in which any matrix A ∈ h is written in strictly upper triangular
form and let (e1, . . . , em) be the corresponding dual basis in V ⋆ . Following [9] (see
also [7]), one has

Theorem 5.1. (Chevalley-Rosenlicht) For x ∈ V ⋆ , there are X1, . . . , Xk ∈ h such
that the orbit of x is

Oπ⋆

x := tH · ξ = {exp (t1tX1) · · · · · exp (tktXk)x, t1, . . . , tk ∈ R}.

The map φ(t1, . . . , tk) = (exp (t1
tX1)·· · ··exp (tktXk))x is a diffeomorphism between

Rk and the orbit of x, which is a closed submanifold in V ⋆ .
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Let (e1, . . . , em) be a Jordan-Hölder basis in V ⋆ and define a map Q and polynomials
Q1, . . . , Qm such that

Q(t1, . . . , tk) = (exp (t1
tX1) · · · · · exp (tktXk))x =

m∑
i=1

Qj(t1, . . . , tk)ej.

Then there are disjoint sets of indices S ∪T = {1, . . . ,m} with S = {j1 < · · · < jk}
such that Qj depends only on the variables ti with ji ≤ j . Moreover

Qji = ti + (a polynomial in) t1, . . . , ti−1, 1 ≤ i ≤ k.

Remark 5.2. Note that, since the action of H is unipotent, then for x ∈ V ⋆

such that S 6= ∅ , one has S = {j1 < · · · < jk} ⊂ {2, . . . ,m} .

The space V ⋆ is systematically split into disjoint tH -invariant and disjoint layers
and a similar parametrization exists for each layer (see [3, 9, 1]). We are concerned
with the layer of generic orbits, and under the same assumptions we have

Theorem 5.3. (Theorem 3.1.6 [9]) Let (e1, . . . , em) be a Jordan-Hölder basis in
V ⋆ as in Theorem (5.1). Then there are disjoint sets of indices S ∪T = {1, . . . ,m},
a Zariski open set U ⊂ V ⋆ , and rational functions Q1(x, t), . . . , Qm(x, t) of the
variables (x, t) = (x1, . . . , xm, t1, . . . , tk) where k = Card(S), with the following
properties: if S = {j1 < · · · < jk} and if we identify x ∈ V ⋆ with (x1, . . . , xm) ∈ Rm ,
then

• The functions Q1(x, t), . . . , Qm(x, t) are rational non singular on U ×Rk . For
fixed x, they are polynomial in t.

• For each x ∈ U , Q(x, t) =
∑m

i=1Qi(x, t)ei maps Rk diffeomorphically onto
the orbit tH · x.

• For fixed x ∈ U , Qj(x, t) depends only on those ti such that ji ≤ j .

• If j /∈ S the Qj(x, t) = xj + Rj(x1, . . . , xj−1, t1, . . . , ti) where i is the largest
index such that ji ≤ j and Rj rational. Moreover Q1(x, t) = x1 .

• Qji(x, t) = ti + xji +R(x1, . . . , xji−1, t1, . . . , ti−1).

With the same notations as in Theorem 5.3, we let

V ⋆
T = spanR{ej, j ∈ T}, V ⋆

S = spanR{ej, j ∈ S}.

Then every tH -orbit in U meets V ⋆
T in a unique point, in particular V ⋆

T ∩ U is a
Zariski open set in V ⋆

T . On other hand the cross-section mapping

Ψ : U → V ⋆
T , x 7→ Ψ(x1, . . . , xm) =

∑
j∈T

Ψj(x)ej, (2)

is rational and tH -invariant. Note that every Ψj has the form

Ψj(x1, . . . , xm) = xj + φj(x1, . . . , xj−1), j ∈ T, (3)

where φj is rational invariant non-singular function on U (j ∈ T ).
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Proposition 5.4. With use the same notations as in Theorem (5.3) and we
assume that dim tH · x+ j1 = dimV +1. Then CV ⋆(π⋆) is the vector space given by

CV ⋆(π⋆) =
m∑

j=j1

Rej.

Proof. Let x = (x1, . . . , xm) ∈ U then
tH · x = {y = (y1, . . . , ym) ∈ U : yj = xj for j = 1, . . . , j1 − 1}

= {(x1, . . . , xj1−1)} ×
m∑

j=j1

Rej.

Therefore CV ⋆(π⋆) =
m∑

j=j1

Rej , completing the proof.

Now let us consider the general settings, to this end recall that orbit of each x ∈ U
is given by

Oπ⋆

x = {y = (y1, . . . , ym) ∈ U : Ψ(y) = Ψ(x)}, x = (x1, . . . , xm) ∈ U ,

where Ψ is the cross-section mapping and which can be written as

Ψ(x1, . . . , xm) =

j1−1∑
j=1

xjej +
∑

j∈T,j>j1

ψj(x)ej, x = (x1, . . . , xm) ∈ U .

Each ψj(j ∈ T, j > j1) is a rational non singular function on U and π⋆ -invariant.
On other hand, since the representation π⋆ is unipotent, each coordinate function
ψj can be written as:

ψj =
Uj

Vj
, g.c.d(Uj, Vj) = 1, Uj, Vj ∈ Pol(V ⋆)π

⋆

.

Now let F : V ⋆ × V ⋆ → Rm+1−k−j1 be the mapping given by

F (x, y) = ((xj − yj)1≤j≤j1−1, (Uj(x)− Uj(y))j∈T,j>j1 , (Vj(x)− Vj(y))j∈T,j>j1). (4)

We see that x, y ∈ U are in the same orbit if and only if F (x, y) = 0 with x, y ∈ U .
Therefore we deduce that, if x ∈ U , its orbit is characterized by

Oπ⋆

x = {y = (y1, . . . , ym) ∈ U : F (x, y) = 0}.

Due to the density of the Zariski open set U we deduce that

CV ⋆(π⋆) ⊂ ZV ⋆(π⋆), (5)

where

ZV ⋆(π⋆) = {x ∈ V ⋆ : xi = Uj(x) = Vj(x) = 0, i = 1, . . . , j1 − 1, j ∈ T, j1 < j}.

Theorem 5.5. Let S, U as in Theorem (5.3). If for any x = (x1, . . . , xm) ∈ ZV ⋆(π⋆)
the map

(xi, yi)i∈S 7→((
Uj(x)− Uj(y))|yi=xi, 1≤i≤j1−1

)
j∈T,j1<j

,
(
(Vj(x)− Vj(y))|yi=xi, 1≤i≤j1−1

)
j∈T,j1<j

)
.

is of maximal rank in ((xj1 , . . . , xm), 0), then CV ⋆(π⋆) = ZV ⋆(π⋆).



Dali and Sayari 667

Proof. Two elements x, y ∈ U , are in the same orbit if and only if F (x, y) = 0 .
Fix x ∈ U and by substituting each of yk by xk (for k = 1, . . . , j1 − 1) in (5.1.1),
we consider the map f : V ⋆ × V ⋆ −→ R2s given by

f(x, y) =((
Uj(x)− Uj(y))|yi=xi, 1≤i≤j1−1

)
j∈T,j1<j

,
(
(Vj(x)− Vj(y))|yi=xi, 1≤i≤j1−1

)
j∈T,j1<j

)
.

If for any x = (x1, . . . , xm) ∈ ZV ⋆(π⋆) (note that x1 = · · · = xj1−1 = 0), the rank of
the map

(xi, yi)i∈S 7→ f(x, y)

is maximum in ((xj1 , . . . , xm), 0) , then, by implicit function Theorem, there is a
sequence (x(p), y(p)) of generic elements, converging to (x, 0) and such that

f(x(p), y(p)) = 0 for all p ∈ N.

This, together with the relation (5) we conclude ZV ⋆(π⋆) = CV ⋆(π⋆) , completing
the proof.

5.2. The cortex of G = V oπ Rn : nilpotent case
First let’s recall some of the results of [3, 10], if G = V oπRn be the group endowed
with the law

(v, t) · (w, s) = (v + π(t)w, t+ s) = (v + etAw, t+ s),

where v, w ∈ V , tA =
∑n

i=1 tiAi , s =
∑n

i=1 siAi , as in [4]. G is called the semidirect
product of the vector groups V and Rn . The Lie algebra of G is g = V ×h ≡ V ×Rn

is equipped with the Lie bracket

[(v, t), (w, s) = (t · w − s · v, 0), v, w ∈ V, t, s ∈ Rn,

where t · v =
n∑

i=1

tiAiv,

so that [(v, t), (w, s)] = (
n∑

i=1

Ai(tiw − siv), 0), v, w ∈ V.

Since g ≡ V × Rn , adv := ad(v,0) and adt := ad(0,t) can be written in 2× 2 matrix
form:

adv =

[
0 Nv

0 0

]
, adt =

[
tA 0
0 0

]
≡

[
t 0
0 0

]
,

where tA =
∑n

i=1 tiAi and Nv : h → V is the linear mapping (which we identify
with its matrix) given by Nv(s) = −s · v . Since ad2

v = 0 thus

Ad(v,t) =

[
etA Nv

0 In

]
.

Similarly, if g⋆ denotes the dual space of g , then g⋆ = V ⋆ × h⋆ and the coadjoint
action of g on g⋆ is given by

ad⋆
(v,t) =

[
x
λ

]
=

[
−t(tA) 0
−tNv 0

] [
x
λ

]
,

where t =
∑n

i=1 ti
tAi and tN−v is the map dual (or transpose) to Nv .
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We next turn to the coadjoint action of G on g⋆ , we get

Ad⋆
(v,t)

[
x
λ

]
=

[
te−tA 0
−tNv In

] [
x
λ

]
,

From these formulae, we derive that, one has spec(ad(v,t)) ⊂ {0} ∪ spec{t} with
t =

∑n
i=1 tiAi (for more details see [10]). For x ∈ V ⋆ let

hx = {h 3 A =
n∑

i=1

RAi :
tAx = 0} := ker

[
A 7→ tAx

]
,

and h⊥x = {λ ∈ h⋆ : < λ, hx >= 0},

where < , > is the duality pairing between h⋆and h . By Lemma 15 ([10]), on has

Ad⋆(G)(x, λ) = ((Ad⋆H)x)× (λ+ h⊥x ),

where H = {e
∑n

i=1 tiAi , t1, . . . , tn ∈ R}.

Note that h⊥x is a subspace in h⋆ . Now we give the following

Theorem 5.6. Let G be the connected and simply connected nilpotent Lie group
given by G = V oπ Rn with Lie algebra g = V × h where h =

∑n
j=1RAj with

{A1, . . . , An} is a set of pairwise commuting nilpotent matrices in Rm×m and V is
a m-dimensional (real) vector space. The cortex of the Lie algebra g⋆ is given by

Cor(g⋆) ⊂ CV ⋆(π⋆)× h⊥0 , where h⊥0 = {lim
x→0

λx, λx ∈ h⊥x }.

Proof. This a direct consequence of the definition of Cor(g⋆) and the fact that

Ad⋆(G)(x, λ) = Ad⋆(H)x× (λ+ h⊥x ).

Finally we conclude the paper by the following

Corollary 5.1. Under the same assumptions as in Theorem (5.6) one has

h⊥0 =
⋃
x∈U

h⊥x .

Proof. First note that for any x ∈ U and ε 6= 0 (ε ∈ R) one has hx = hεx . This
gives that if λ ∈ h⊥x , then λ := λx = limε→0 λεx which is in h⋆0 , and so⋃

x∈U

h⊥x ⊂ h⊥0 .

On other hand, the cortex is closed, and thus⋃
x∈U

h⊥x ⊂ h⊥0 = h⊥0 .

Conversely, if λ ∈ h⊥0 , then for any norm on h⋆ and ε > 0 , there exists x ∈ U and
λx ∈ h⊥x ⊂

⋃
y∈U h⊥y such that ||λ− λx|| < ε , which is equivalent to

h⊥0 ⊂
⋃
x∈U

h⊥x .



Dali and Sayari 669

Acknowledgements. The authors would express their thanks and gratitude to
Professor Didier Arnal for the helpful comments and fruitful discussion, especially
in Example 4.1. and Example 4.4. We also present our thanks to the referee.

References
[1] D. Arnal, M. Ben Ammar, B. Currey, B. Dali: Canonical coordinates for coadjoint

orbits of completely solvable Lie groups, J. Lie Theory 2 (2005) 521–560.
[2] D. Arnal, M. Cahen, J. Ludwig: Lie groups whose coadjoint orbits are of dimension

smaller or equal to two, Lett. Math. Phys. 33 (1995) 183–186.
[3] D. Arnal, B. Currey: Representations of Solvable Lie Groups: Basic Theory and

Examples, Cambridge University Press, Cambridge (2020).
[4] D. Arnal, B. Currey, V. Oussa: Characterization of regularity for a connected Abelian

action, Monatshefte Math. 180/1 (2016) 1–37.
[5] A. Baklouti: Le cortex en dimension 6 , Publication du Centre Universitaire de

Luxembourg, Fascicule V (1993) 7–45.
[6] M. E. B. Bekka, E. Kaniuth: Irreductible representation of locally compact group that

cannot be Hausdorff separated from the identity representation, J. Reine Angew.
Math. 385 (1988) 203–220.

[7] P. Bernat, N. Conze, M. Duflo, M. Lévy-Nahas, M. Rais, P. Renouard, M. Vergne:
Représentations des Groupes de Lie Résolubles, Monographies de la S.M.F., Dunod
(Paris) (1972).

[8] J. Boidol, J. Ludwig, D. Müller: On infinitely small orbits, Studia Math. 88 (1988)
1–11.

[9] L. Corwin, F. P. Greenleaf: Representations of Nilpotent Lie Groups and their Appli-
cations. Part I: Basic Theory and Examples, Cambridge University Press, Cambridge
(1990).

[10] B. Currey, H. Führ, K. F. Taylor: Integrable wavelet transforms with abelian dilation
groups, J. Lie Theory 26/2 (2016) 567–595.

[11] B. Dali: On the cortex of a class of exponential Lie algebras, J. Lie Theory 22 (2012)
845–867.

[12] B. Dali: Infinitely small orbits of two-step nilpotent Lie algebras, J. Algebra 461
(2016) 351–374.

[13] B. Dali, C. Sayari: The cortex of a class of matrix groups and exponential Lie groups,
preprint.

[14] J. M. G. Fell: Weak containment and induced representations of groups, Canad. J.
Math. 14 (1962) 237–268.

[15] M.-P. Gong: Classification of Nilpotent Lie Algebras of Dimension 7 (over Al-
gebraically Closed Fields and R), Ph. D. Thesis, University of Waterloo (Canada)
(1998).

[16] I. Kedim, H. Megdiche: The cortex of nilpotent Lie groups, J. Math. Kyoto Univ. 49/1
(2009) 161–172.

[17] H. Leptin, J. Ludwig: Unitary Representation Theory of Exponential Lie Groups,
Expositions in Mathematics vol. 18, De Gruyter, Berlin (1994).

[18] L. Magnin: Sur les algèbres de Lie nilpotentes de dimension ≤ 7 , J. Geom. Phys. 3/1
(1986) 119–144.



670 Dali and Sayari

[19] V. V. Morozov: Classification of nilpotent Lie algebras of dimension 6 , Izv. Vyssh.
Uchebn. Zar. 4 (1958) 161–171.

[20] O. A. Nielsen: Unitary representations and coadjoint orbits of low-dimensional nilpo-
tent Lie groups, Queen’s Papers in Pure and Applied Mathematics Vol. 63, Queen’s
University, Kingston (1983).

[21] N. V. Pedersen: Geometric quantization and the universal enveloping algebra of a nil-
potent Lie group, Trans. Amer. Math. Soc. 315 (1989) 511–563.

[22] J. H. Rawnsley: Representations of a semi direct product by quantization, Math. Proc.
Cambridge Philos. Soc. 78 (1975) 345–350.

[23] M. Romdhani: Classification of real and complex nilpotent Lie algebras of dimension
7, Linear Multilinear Algebra 24/3 (1989) 167–189.

[24] C. Seeley: 7-dimensional nilpotent Lie algebras, Trans. Amer. Math. Soc. 335/2
(1993) 479–496.

[25] M. Vergne: La structure de Poisson sur l’algèbre symétrique d’une algèbre de Lie
nilpotente, Bull. Soc. Math. France 100 (1972) 301–335.

[26] A. M. Vershik, S. I. Karpushev: Cohomology of groups in unitary representations, the
neighbourhood of the identity and conditionally positive definite functions, Math.
USSR Sbornik 47 (1984) 513–526.

Béchir Dali and Chaïma Sayari, Department of Mathematics, Faculty of Sciences of Bizerte,
University of Carthage, Bizerte, Tunisia;
bechir.dali@fsb.u-carthage.tn, bechir.dali@fss.rnu.tn, sayari.chayma@gmail.com.

Received March 5, 2021
and in final form January 31, 2022


