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1. Introduction

The notion of Lie bialgebras was introduced by Drinfeld in his remarkable work [12],
where he also introduced the Drinfeld double Lie bialgebra D(g) = gr<g*®?. Some
years later, the theory of matched pairs of Lie algebras (g, m) was introduced by
Majid in [16]. The double cross sum space gp><m is more general than Drinfeld
classical double since m need not to be the dual space of g. In [23], Sommerhé&user
introduced the concept of braided Lie bialgebras (he call it Yetter-Drinfeld Lie
algebra) to give a construction of symmetrizable Kac-Moody algebras. It is in fact an
algebraic object in the module category p) M. The theory of braided Lie bialgebras
was also developed further by Majid in [18], where the bosonisation theorem for
braided Lie bialgebras are proved. See also Grabowski’s papers [13, 14, 15] for some
concrete examples and [25, 26, 27| for ordinary Lie bialgebras. For the theory of
Yetter-Drinfeld Hopf algebra, see [10, 11, 22, 24, 28|.

There is a close relation between extension theory and cross product Lie bialgebras,
see Masuoka [19]. For an abelian Lie bialgebra A, an abelian extension theory for
Lie bialgebras was developed by Benayed in [7, 8, 9]. The general non-abelian Lie
bialgebras case was not known since then. One of the motivations of this paper is
to give a non-abelian extension theory for Lie bialgebras.

On the other hand, the theory of unified product and extending structure for many
types of algebras were well developed by Agore and Militaru in [1, 2, 3, 4, 5, 6]. Let
A be a Lie (associative, Leibniz, etc.) algebra and E a vector space containing A
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as a subspace. The extending problem is to describe and classify all Lie (associative,
Leibniz, etc.) algebras structures on E such that A is a subalgebra of E. They show
that associated to any extending structure of A by a complement space V', there is a
unified product on the direct sum space £ = A® V. Recently, extending structures
for 3-Lie algebras and Lie conformal superalgebras were studied in [31, 32].

It is a natural question whether can we develop a unified product theory to solve
the extending problem for Lie bialgebras. In fact, this is more complicated than the
theory founded in [4, 2, 6]. Thanks to the theory of braided Lie bialgebra developed
by Sommerh&auser, we find that this problem can be solved affirmatively. In this pa-
per, we give a most general construction of Lie bialgebras by using Sommerhauser’s
braided Lie bialgebra, see Theorem 3.9 and Theorem 3.29. We will study unified
products and extending systems for braided Lie bialgebras. In order to doing so, we
have to introduced some new concepts of generalized Lie algebras and Lie coalge-
bras, such as o-Lie algebras, ()-Lie coalgebras, see Definition 3.11. We also show
how to classify extending systems for braided Lie bialgebras. As a by-product, a
non-abelian extension theory for non-abelian Lie bialgebras is found, see Theorem
3.30, Theorem 4.1 and Theorem 4.2. Furthermore, one dimensional flag extending
systems of Lie bialgebras are also investigated. The key observation of this paper is
that we found Sommerhauser’s braided Lie bialgebra appeared naturally and play
an important role in considering extending problem for Lie bialgebras.

The organization of this paper is as follows. In section 2, we review some basic facts
and notations about Lie bialgebras and braided Lie bialgebras. In section 3, the
definition of unified product for braided Lie bialgebras is introduced. We give the
necessary and sufficient conditions for a unified product to form Lie bialgebras. In
the last section 4, we study some applications of unified products, which include
extending problem for braided Lie bialgebras and Lie bialgebras. We also study the
flag extending systems.

Throughout this paper, all Lie algebras are assumed to be over an algebraically
closed field k of characteristic different from 2 and 3. The space of linear maps
from V to W is denoted by Hom(V,W). The identity map of a vector space
V' is denoted by idy : V. — V or simply by id : V — V. The twisting maps
T:LRL—->L®L,T9,793: LR®LX®L— L®L®L are denoted by

T(a®b)=b®a, T2(aRbRc)=bRa®c, T3(aRbRc)=a®c®b>.

2. Preliminaries

Definition 2.1. [12] A Lie bialgebra H is a vector space equipped simultaneously
with a Lie algebra structure (H, [-,]) and a Lie coalgebra (H,d) structure such that
the following compatibility condition is satisfied,

(LB) 6(fa.b) = Y labi] @b+ 3 b @labo] + Y 0 @ faa, b + Y lar, b @ as.

where we use the sigma notation d(a) = > a; ® ay = a; ® ay and we denote it by
<H7 [7]75) |

We can also write the above equation as ad-actions on tensors by

d([a,b]) = [a,6(b)] + [6(a),b], where
[a,é(b)] = Z[a,bl] ® bQ + Zbl &® [a,bg], [5(@),17] = Zal ® [&2, b] + Z[al,b] ® aa,.
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A homomorphism of Lie bialgebras ¢ : (H,[-,-],d) — (H',[-,:]’,d') is both a homo-
morphism of Lie algebras and a homomorphism of Lie coalgebras, i.e.,

@(la,0]) = [p(a), p(D)], d'pla) = (p®¢)é(a) foralla,be H,

Let A, H be both Lie algebras and Lie coalgebras. For a,b € A, x,y € H, we define
the maps

a:HA—-A P HRXA—H, ¢:A—>HRRXA v:H—->HKRA

by a(r®a) =z>a, flrx®a)=x<a,

= Z a(—1) & a(, Y(x) = ZJ:(O) Q@ z(1)

We now fix some notions. For a Lie algebra H and a linear map a: HRA — A with
[T,y|pa=z>(y>a)—y> (r>a), foralz,y€ H, a€ A,

(A, «) is called a left H-module.
For a Lie coalgebra H and a linear map ¢ : A — H ® A such that

ZéH(a(_l))@)a( Za( 1) ®¢ a(O) 2712 1)®¢ ))

(A, @) is called a left H-comodule. If H and A are Lie algebras, A is a left H-
module and
x> [a,b] = [x>a,b] + [a,z> b,

then (A, [,],«) is called a left H-module Lie algebra. If H is a Lie coalgebra and A
is a Lie algebra, A is a left H-comodule and

o([a, b)) = > acy b1+ by @ [a, b,

then A is called a left H-comodule Lie algebra. Right Lie (co)module and Lie
(co)module Lie (co)algebra can be defined similarly, see [17].

Definition 2.2. Let (A, [,]) be a given Lie algebra (Lie coalgebra, Lie bialgebra),
E a vector space. An extending system of A through V is a Lie algebra (Lie
coalgebra, Lie bialgebra) on E such that V' a complement subspace of A in E,
the canonical injection map i : A — E,a + (a,0) or the canonical projection map
p: E— A, (a,x) — a is a Lie algebra (Lie coalgebra, Lie bialgebra) homomorphism.
The extending problem is to describe and classify up to an isomorphism the set of all
Lie algebra (Lie coalgebra, Lie bialgebra) structures that can be defined on E. =

We remark that our definition of extending system of A through V' contains not
only extending structure in [3, 1, 4] but also the global extension structure in [5].
The reason is that when we consider extending problem for Lie bialgebras, both of
them are necessarily used, this will be clear in the context of next two sections. Note
that in our extending system we do not demand (A, [-,-]) to be a subalgebra of E
although A is always a Lie algebra. In fact, the canonical injection map i : A — F
is a Lie (co)algebra homomorphism if and only if A is a Lie sub-(co)algebra of E.
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Definition 2.3. Let A be a Lie algebra (Lie coalgebra, Lie bialgebra), E be
a Lie algebra (Lie coalgebra, Lie bialgebra) such that A is a subspace of E and
V' a complement of A in E. Let (E,[-,-]) and (E',[,]) be two Lie algebra (Lie
coalgebra, Lie bialgebra) structures on F. For a linear map ¢ : E — E’ we consider
the diagram:

0—A—>E-">V 0 (1)

o o ]
5! /

0 A——=FE "=V 0.

where 7 : E — V is the canonical projection of E =A@V onto V and i: A - F
is the inclusion map. We say that ¢ : E — E’ stabilizes A if the left square of
the diagram (1) is commutative. Two extending system (E,[-,-]) and (E',[,]")
are called equivalent, and we denote this by (E,[-,]) = (£',[-,-]'), if there exists
a Lie algebra (Lie coalgebra, Lie bialgebra) isomorphism ¢ : (E, [, ]) = (E',[-,"]")
which stabilizes A. Denote by Extd(E, A) (CExtd(E,A), BExtd(E, A)) the set of

equivalent classes of Lie algebra (Lie coalgebra, Lie bialgebra) structures on £. m

3. Unified product for braided Lie bialgebras

In this section, we construct unified product for braided Lie bialgebras. First, we
review the notion of matched pairs of Lie algebras and Lie coalgebras.

Definition 3.1. ([16]) Assume that A and H are Lie algebras. If (A4, «) is a left
H-module, (H, ) is a right A-module, and the following (M1) and (M2) hold, then
(A,H,a,5) (or (A, H)) is called a matched pair of Lie algebras.

(BB1) ava,b =[z>a,b+ [a,x>b]+ (x<a)>b— (x<b)>a,
(BB2) [z,y]<a=[z,y<al+[r<a,y]+xa(yra)—y<(z>a). n

Lemma 3.2. [16] Let (A, H) be a matched pair of Lie algebras, then we get a new
Lie algebra on the vector space A @® H with bracket given by

[(a,x),(b,y)] = ([a,b]—l—xbb—yba,[x,y]+J:<lb—y<la).
We denoted it by A< H .

The dual version is the matched pair of Lie coalgebras which is introduced in [29, 30].

Definition 3.3. Two Lie coalgebras (A, H) form a matched pair of Lie coalgebras
if (A,¢) is a left H-comodule and (H,1) is a right A-comodule, obeying the
conditions

(BB3) (1d®6)¢ = (¢ ®id)d + (7 ®id)(id ® ¢)6 + (v ® id)p + (id ® 7) (¢ ® id)¢,
(BB4) (d®id)y = (id®@¥)d+ (id®7)(id®@)d + (id ® @)Y + (7 @ id)(id ® ¢).
In sigma notation, the above conditions are
(BB3) > a1 ®dalaw) = - ¢lar) ® az + 3 12 (a1 ® d(az))

"‘Zd’(a( 1)) ® agy — Y T3 ( a(—1) ®a(o))7
(BB4) > 0u(x(0) ® (1) = Do 21 @ ¥(w2) + 3 73 (¥(21) ® 22)

+Za: ® () = e (20) ® V() .- -
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Lemma 3.4. [29, 30] Let (A, H) be a matched pair of Lie coalgebras. We define
E = Avda H as the vector space A@® H with Lie cobracket

op(a) = 0a+¢—79)(a), Op(r)= (o +¢ —T1)(x),

that is dp(a) = Z a1 @ ag + Z a-1) @ ago) — Z ag) ® a-1),
T) = Zﬁﬁ ® To + ZI(O) Ty — qu) ® T (0)

Then Awa H is a Lie coalgebra.
Definition 3.5. [23] Let H be simultaneously a Lie algebra and a Lie coalgebra.
If V is a left- H module and left H-comodule, satisfying
(YD1)  ¢(z>v) = [z,v1)] @ v0) + V-1) @ T > @)+ 21 @ 22D,
then V is called a left Yetter-Drinfeld module over H . [ |

We denote the category of Yetter-Drinfeld modules over H by £M. Tt can be shown
that M form a monoidal category if H is Lie bialgebra [18].

Definition 3.6. Let A be simultaneously a Lie algebra and a Lie coalgebra. If V/
is a right A-module and right A-comodule, satisfying

(YD2) ¢(v<a) =wv@ ® [vay,a] +ve)da@vay +v<a @ ag,

then V' is called a right Yetter-Drinfeld module over A. ]

We denote the category of Yetter-Drinfeld modules over A by M4.

Definition 3.7. [23] If A be a Lie algebra and Lie coalgebra and H is a right
Yetter-Drinfeld module over A, we call H a braided Lie bialgebra in M7, if the
following condition is satisfied

(LBS) for H: [z, y]) = [z, 0(y)] + [0(2), 4] = s(z @),
where s(z ®y) = 2(0) @ Yy <2q) + T AY1) @ Yo) — Yo DTAYw) — Y1) @ T(gy. M

In the rest of this section, we construct the double cross biproduct of braided Lie
bialgebras. First, we give the condition for A to be a braided Lie bialgebra in ZM:

(LBS) for A:  §([a,b]) = [a, (5(6)] +[0(a),b] —s(a®0D),
where s(a ® b) = b1y >a ® by + a@) ® a1y >b— a1y >b® ap) — b @ b1)>a

Definition 3.8. Let A, H be two braided Lie bialgebras. If the following condi-
tions hold:

(BB5) da(zpa)=2>a;®az+ a3 @ x> az+ 20> a® xq) — Ta) @ T(0) > a,
(BB6) dp(x<a) —x1®x2<a+x1<la®x2+a( 1) ®x<ag) — T <a@) ® a1,
(BB7)  ¢([a,b]) = ac1) ® |a(), b] + b—1) ® [a, bo)] + a(-1) 1b @ a() — b—1) 1a @ b
(BB8)  ([z,y]) = [ z,Y0)) @Yy + [20): Y] ® 2(1) + Y0) ® > Y1) — To) @ Y > T(1),
(YDB) ¢(xzva)+y(z<a)=[r,a-1)] ®ag) + a1y @T>a—) +1 Qx>0

+2(0) @ [T(1),a] + Ty a @ 1)+ x <1 ® ag,
then (A, H) is called a matched pair of braided Lie bialgebras. ]
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Theorem 3.9. [29, 30] Let (A, H) be matched pair of Lie algebras and Lie
coalgebras. If we define the double cross biproduct of A and H, denoted by A< H ,

Ap<H = A H as Lie algebra, Av<H = Ava H as Lie coalgebra, then Av<aH
become a Lie bialgebra if and only if A is a braided Lie bialgebra in TM, H is a
braided Lie bialgebra in M“4, and (A, H) is a matched pair of braided Lie bialgebra.

Example 3.10. Let g be a finite-dimensional Lie bialgebra and g* its dual Lie
bialgebras, then (g, g*) is a matched pair of Lie bialgebras by the adjoint action
a = ad and coadjoint action 8 = coad. Then the condition (YDB) is reduced to

Zx1®x2>a+2$4a1®a220,

and D(g) = g > g*” becomes a Lie bialgebra which is called the classical Drinfeld
double for Lie bialgebras. It was proved by Majid in [18] that if g be a finite-
dimensional quasitriangular Lie bialgebra and g* the dual of its transmutation. Its
bosonisation g*>dg is isomorphic as a Lie bialgebra to the Drinfeld double D(g). m

Next, we will introduce the concept of unified product for braided Lie bialgebras.
Define the maps

c:H®®H A, 0:ARA—H, P:A—-H®H @ H—->A®RA
by o(x,y) € A, 0(a,b) € H,
Pla)=) ay®ay € HRH, Q(z)=) 7.>®7 € A® A

An antisymmetric bilinear map o : H ® H — A is called a cocycle on H if
(CCL) avo(y,z)+yro(z,z)+zro(z,y) =o([z,y],2) +o(ly, 2], z) +o([z,z],y).
An antisymmetric bilinear map 6 : A ® A — H is called a cocycle on A if
(CC2)  H(a,b)<c+0(b,c)<a+0(c,a)<ab=060(a,l[b,c])+0(b,[c,a]l) + 0(c,[a,b]).
A co-antisymmetric linear map P: A — H ® H is called a cycle on A if
(CC3) a1y ® P(aq)) + T2 (a(,l) ® P(a(o))) + TosTi2 (a(,l) ® P(a(o)))
= d(ap) @ apg) + 72723 (0(ap) @ ap) + 723712 (6(ap) @ apz).
A co-antisymmetric linear map @) : H — A ® A is called a cycle on H if
(CC4)  Q(z0)) ® (1) + T12m23 (Q(z(0) @ (1)) + T23T12 (Qz(0)) ® T(1))
=To1s ®0(Teos) + Ti2Toz (Ta1s> @ 0(T<2s)) + Ti2To3 (Taas ® §(2cas)).

In the following definitions, we introduce the new concept of cocycle Lie algebras
and cycle Lie coalgebras, which are in fact not really ordinary Lie algebras and Lie
coalgebras, but generalized ones.

Definition 3.11. (i): Let ¢ : H ® H — A be a cocycle on a vector space H
equipped with an antisymmetric bilinear map |[-,-] : H ® H — H , satisfying the the
following cocycle Jacobi identity:

(CC5) [z, y], 2] + [y, 2], 2] + [[z, 2] y) = v <0(y,2) + y<o(z,2) + 220(z,y).
Then H is called a o-Lie algebra.
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(ii) Let #: A® A — H be a cocycle on a vector space A equipped with an anti-
symmetric bilinear map [-,-] : A® A — A, satisfying the following cocycle Jacobi
identity:

(CC6)  [[a,b],c] +[[b,c],a] + [[c,a],b] = 8(a,b)>c+0(b,c)>a+6(c,a)>b.

Then A is called a 6-Lie algebra.

(iii) Let P: A — H ® H be a cycle on a vector space H equipped with a co-
antisymmetric linear map 0 : H — H ® H, satisfying the the following cycle co-
Jacobi identity:

(CC?) 5(.1[1) & X9 + T12T23 ((5(1‘1) X $2> + To3T12 (5($1) & .1'2)
= Z(0) & P(l‘(l)) + T12723 (l’(o) & P(l‘(l))) + To3T12 (iL‘(o) ® P(l‘(l))) .
Then H is called a P-Lie coalgebra.

(iv) Let @ : H - A® A be a cycle on a vector space A equipped with a co-
antisymmetric linear map 6 : A — A ® A, satisfying the following cycle co-Jacobi
identity:

(CC8)  d(a1) ® ag + 71273 (6(a1) ® az) + 723712 (6(a1) ® as)

= Q(a(1)) ® aq) + T127o3 (Q(a(fl)) ® a(o)) + T23T12 (Q(a(ﬂ)) ® a(o)) :

Then A is called a @Q-Lie coalgebra. u
Note that when A =k or H = k, then our o-Lie algebra or 6-Lie algebra is in fact
the w-Lie algebras introduced by Nurowski in [21] and studied by Zusmanovich in

[33]. When o, 6, P,(Q are zero maps, then we obtain ordinary Lie algebras and Lie
coalgebras.

Example 3.12. A Lie quasi-bialgebra is a triple (g, x), where (g, [-,],) is a finite-
dimensional Lie algebra, [-, ]y : g*Ag* — g*, and y € A’g, satisfying compatibility
conditions which are equivalent to the requirement that 9 = g ® g* is a Lie algebra
with respect to the brackets:

[(ua 0)7 (U7 0)]0 = ([uv ’U]g, O) ) [(Ua O)? (07 M)]D = (_ adZ’u, adz ,u) )

[(07/1’)(07”)]0 = (X(:U’v V)v [:ua V]E*)? for u,v g and JORZAS g*

The Lie algebra (0,[,-]s) is called the Drinfeld double of the Lie quasi-bialgebra
(g,x). If we define o(u,v) = x(p,v), then (g*, [, ]s+) is a o-Lie algebra.

Theorem 3.13. Let A be a 0-Lie algebra and H a o-Lie algebra. Then E = AGH
is a Lie algebra with bracket given by

[(a,2),(b,y)] :== (Ja,b] + x> b—y>a+o(z,y), [z, y +r<b—y<a+0(a,b)) (2)
if and only if the following compatibility conditions hold:
(TM1) [z,y]>a+[o(z,y),a] =x>(ypa)—y>(z>a)+o(x,y<a)+o(zx<a,y),
(TM2) z<la,b] + [2,0(a,b)] = (x<a)db— (z<b)<da+6(x>a,b)+ 0(a,z>b),
(TBB1) x> la,b] + o(z,0(a,b)) = [x>a,b] + [a,z>b] 4+ (x<a)pb— (x<b)>a,
(TBB2) [x,y]<a+0(c(z,y),a) =[x,y<a]+ [z<a,y|+z<(y>a)—y<(z>a).

In this case, (A, H) is called a cocycle cross product system. This Lie algebra will

be denoted by Ay oF#poH .
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Proof. We have to check whether [z,[a,b|g|g + [a,[b,2]e]E + [, [z, a]g]g = 0.
In fact, [z,[a,blg|lg = x> [a,b] + x < a,b] + [z,0(a,b)] + o(x,0(a,b)),

la, [b,z]g|lg = —[a,2>b] — O(a,z>b) + (x<b)>a+ (x<b)<a,

b, [z,a|g|lg = [b,x>a] +0(b,z>a) — (x<a)>b— (x<a)<b.
By (TM2) and (TBB1) we get the result. The other cases can easily be checked too. ®

There are two cases for (A, |-, -] to be a Lie algebra. The first case is when « = 0,
0 # 0. From (TBB1) we get o(z,0(a,b)) = 0, since § # 0 we assume o = 0 for
simplicity, thus we obtain the following type (al) unified product for Lie algebras.

Corollary 3.14.  Let (A,[,¢]) be a Lie algebra and V a vector space. An
extending datum of A by V of type (al) is QW (A V) = (B,0,]-,]y) consisting
of the bilinear maps

B:AXxASV, B:VxASV, [v:VxVoV.
Denote by Ag#3V the vector space E = A&V with the bracket [-,-] : EX E — E
given by
[(a,2), (b,y)] = ([a, 0], z<b—y<a+[z,y] + 6(a, D)), (3)

forall a, b € A, z, y € V. Then Ag#sV is a Lie algebra if and only if the
following compatibility conditions hold for all a, be A, x, y, z€ V:

(A1) 6(a,a)=0, [z,z]=0,

A2) [z, y) 2] + [y, 2], 2] + [z, 2], 9] = 0,

3) [zyl<aa=[zr,y<a+[r<ay],

4)  x<la,bl+ [x,0(a,b)] = (r<a)<b— (zr<bd)<a,

(A5)  f(a,b)<c+0(b,c)<a+0(c,a)<ab=0(a,l[b,c|])+0(b,[c,al) + 0(c,[a,b]).

In the above Corollary 3.17, (A2) is derived from (CC5), (A3) is derived from
(TBB2), (A4) is derived from (TM2), (A5) is derived from (CC2). Note that in

this case by (A2) we obtain that V is a Lie algebra. Furthermore, V' is in fact a
subalgebra of Ag#3V but A is not although (A, [-,-]) is itself a Lie algebra.

Denote the set of all Lie algebra extending datum of A by V of type (al) by
AD(A, V).
Note that Ag#3V is a Lie algebra containing V' as a Lie sub-algebra. In fact any

Lie algebraic structure on E containing A as subspace and V' as Lie sub-algebra is
isomorphic to such a unified product of this type.

>

(
(
(

b

In the following, we always assume that A is a subspace of a vector space E, there
exists a projection map p : E — A such that p(a) = a, for all @ € A. Then the
kernel space V' := ker(p) is also a subspace of F and a complement of A in F.

Lemma 3.15.  Let (A, [-,:]) be a Lie algebra and E a vector space containing A
as a subspace. Suppose that there is a Lie algebraic structure (E,|[-,-]g) on E such
that V' is a Lie subalgebra of E and the canonical projection map p : E — A is
a Lie algebra homomorphism. Then there exists a Lie algebraic extending datum

QW(A, V) of A by V such that (E,[,"]g) = Ag#sV .
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Proof. Since V is a Lie subalgebra of E, we have [z,y|g € V. We define the
extending datum of A through V' by the following formulas:

B:VxA—=YV, rda :=[r,a|g,
0:Ax A=YV, 0(a,b) == [a,b]r — p([a,b]E),
['7']V VXV = Vv [:U7y]V = [$7y]E

for any a,b € A and x,y € V. It is easy to see that the above maps are well defined
and QW (A, V) = (6,8,[,]v) is an extending system of A through V and
@ Ag#sV — E, ola,x) ' =a+x

is an isomorphism of Lie algebras. [ |

Lemma 3.16.  Let QW (A V) = (0,5,[-,lv) and QWA V) = (#,5,[,]}) be
two Lie algebraic extending datums of A by V of type (al) and Ag#5V , Ag#sV
be the corresponding unified products. Then there exists a bijection between the set
of all homomorphisms of Lie algebras ¢ : Ag#sV — Ag#3V whose restriction on
A is the identity map and the set of pairs (r,s), where v :V — A and s:V -V
are two linear maps satisfying

r(x<a) = [r(z),d,

la,b]" = [a,b] + r0(a,b),

r(lz,y)) = [r(x), r ()],

s(x)<d a+0(r(x),a) =s(xr<a),

0'(a,b) = s6(a,b), 8

s(lz,y]) = [s(2), s(y)]" + s(z) < r(y) — s(y) < r(2) + 0 (r(z),r(y),  (9)
forall a,b € A and x, y € V. Under the above bijection the homomorphism of Lie
algebras o = @, 5+ Ag#sV — Ag 'V to (r,s) is given by p(a,x) = (a+r(x),s(z))

for all a € A and x € V. Moreover, ¢ = ¢, is an isomorphism if and only if
s:V =V is a linear isomorphism.

AAAAA
[@))
 — D D

Proof. Let ¢ : Ag#3V — Ap#pV be a Lie algebra homomorphism whose
restriction on A is the identity map. Then ¢ is determined by two linear maps
r:V — Aand s:V — V such that ¢(a,z) = (a + r(x),s(z)) for all a € A and
x € V. In fact, we have to show

([(a, ), (b,;y)]) = [p(a, z), 0 (b,y)]"
The left hand side is equal to
o([(a,z), (b,9)]) = ¢ (la,b], z<b—y<a+[z,y] + 6(a,b))
= ([a,b] + r(z <b) — r(y<a) + r([z,y]) + rb(a,b),
s(zab) — s(y aa) + s([z,y]) + s0(a, b)),
and the right hand side is equal to

[p(a, ), 0(b,y)] = [(a+7r(z),s(x)), (b+7(y),s(y))]
([a+7r(x),b+r(y)) s(x) < 0+ r(y) —s(y) < (a+r(x))
+ [s(z), s()] + 0 (a+r(x),b+r(y))).
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Thus ¢ is a homomorphism of Lie algebras if and only if the above conditions
hold. [

The second case is when 6 = 0,a # 0, we obtain the following type (a2) unified
product for Lie algebras which was developed in [4, Theorem 2.2].

Corollary 3.17. [4] Let A be a Lie algebra and V' a vector space. An extending
datum of A by V of type (a2) is Q@ (A, V) = (a, 8,0, [,-]) consisting of four bilinear
maps

a:VxA—=A [ VxA-V, o:VxV—oA [ VxV =W

Denote by Ao#s.,H the vector space E=A®V with the bilinear map [-,-]: EXE—E
given by

[(a,2), (b,y)] := ([a,b] + x> b—y>a+o(x,y), xdb—y<a+[z,y]), (10)
forall a,be A, x,yeV . Then Ay#s.H is a Lie algebra if and only if the following
compatibility conditions hold for all a,b € A, z,y,z €V :

(Bl) o(z,x)=0, [z,z]=0,

(B2) (V.<«) is a right A-module,

(B3) xv>[a,b] =[z>a,b+ [a,z>b] + (x<a)>b— (x<ab)>a,

(B4) [zr,y]<a=[r,y<al+[z<a,y]+x<(yra)—y<(z>a),

(B5) [zyylpa=z>(yra)—y>(z>a)+[a,0(x,y)]+o(x,y<a) +o(x<a,y),

(B6) o(z,[y,2]) +o(y, [z 2]) + (2 [z,y])
+avo(y,z)+yvo(z,x)+z>o(x,y) =0,

(B7) [z, [y, 2] + [y, [z, x]] + [2, [z, 9]] + x <o(y,2) + y<o(z,2) + z<0(z,y) = 0.

Note that in the above Corollary 3.17, (B2) is derived from (TM2), (B3) is derived
from (TBB1), (B4) is derived from (TBB2), (B5) is derived from (TM1), (B6) is in
fact (CC1) and (B7) is in fact (CC5). Thus V is in fact a o-Lie algebra acting on A.
Denote the set of all Lie algebra extending datum of A by V of type (a2) by
AP (A V).

Note that A,#s,H is a Lie algebra containing A as a Lie sub-algebra. In fact any

Lie algebraic structure on E containing A as a Lie sub-algebra is isomorphic to such
a unified product.

Lemma 3.18. [4] Let (A,[,]) be a Lie algebra and E a vector space containing
A as a subspace. Suppose that there is a Lie algebraic structure (E,[-,-]) on E such
that (A,[,-]) is a Lie subalgebra of E. Then there exists a Lie algebraic extending
system Q@ (A, V) of A by V such that (E,[-,],0r) = Au#ts.V .

Lemma 3.19. [4] Let Q@ (A, V) = (o, 8,0,[,+]) and YD (A, V) = («/, 8, 0", [-,-])
be two Lie algebraic extending datums of A by V' of type (a2) and A.#s,V ,
Ay #p .oV be the corresponding unified products. Then there exists a bijection
between the set of all homomorphisms of Lie algebras ¢ : Ag#p.V — Av#p oV
whose restriction on A is the identity map and the set of pairs (r,s), where
r:V—Aand s:V —V are two linear maps satisfying
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s(x)<d a=s(z<a), (11)
r(z<a) =[r(z),a] —x>a+ s(z)> a, (12)
s([z,y]) = [s(2), s(y)]" + s(z) < r(y) — s(y) < r(x), (13)

r(lz,y]) = [r(@), r()] + s(x) o' r(y) — s(y) o' r(z) + 0'(s(z), s(y)) — olz,y) (14)

forallae A and x, ye V.
Under the above bijection the homomorphism of Lie algebras
© =Prs: Aa#ﬁ,ov — Ao/#ﬂ’,a’v
to (r,s) is given by p(a,z) = (a+r(x),s(x)) for all a € A and x € V. Moreover,

© = @rs 15 an isomorphism if and only if s : V — V' is a linear isomorphism.

Let (A,[,:]) be a Lie algebra and V a vector space. Two Lie algebra extending
systems Q@ (A, V) and VD (A, V) are called equivalent if ¢, , is an isomorphism.
We denote it by Q@ (A, V) = Q@ (A, V). From the above lemmas, we obtain the

following result.

Theorem 3.20. Let (A,[-,-]) be a Lie algebra, E a vector space containing
A as a subspace and V' be a complement of A in E. Denote HA(V,A) =
ADA VYU AP (A, V)/ =. Then the map

U:HAV,A) = Extd(E, A), (15)
QWA V) = Ag#sV, QA V) — Au#s,V (16)
is bijective, where QW(A, V) is the equivalence class of QW (A, V) under =.

Next we consider the coalgebra structures on £ = AT #VQH

Theorem 3.21. [30] Let A be a Q-Lie coalgebra and H be a P-Lie coalgebra. If
we define E = A»PHYCH as the vector space A ® H with the Lie cobracket
op(a) =da(a)+o(a) —7d(a)+ Pla), Op(z) = du(x)+id(x)—m(z)+Q(z), (17)
then APTH#VYQH s a Lie coalgebra if and only if the following compatibility condi-
tions hold:
(TM3) (5H((Z(_1)> X a(0) + P(al) X as
= a1 ® (o) =712 (a-1) @ (o)) +am @ (a) + 723 (V(ap) @ apg),
= ¢(w(0))®x( 1) —T23 (¢(ZL‘( ))®IE(1))+@Z)($<1>)®l’<2>+7'12 (1= RU(T o)),
(TBB3) a(-1) X 5A(a(0)) + an) (29 Q(G[Q})
= ¢(a1) @ az + 112 (a1 @ P(az)) + Y (a-1)) ® a@) — T3 (1/1(@(71)) ® a(o));
(TBB4) 0n(z0) ® a1y + P(rc1s) ® o>
=21 @ Y(12) + To3 (V(21) ® T2) + 2(0) @ Y(T(1)) — T12 (90(0) & w(ﬂU(l))) .
In this case, (A, H) is called a cycle cross coproduct system.
The proof of the above Theorem 3.21 can be found in [30].

There are two cases for (A,04) to be a Lie coalgebra. The first case is when
¢ #0,Q =0, we obtain the following type (c1) unified product for Lie coalgebras.
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Corollary 3.22. Let (A,64) be a Lie coalgebra and V' a vector space. An extending
datum of A by V' of type (c1) is Q°(A, V) = (¢, ¢, P, dy) with linear maps

p:A=>VRA v VaVA P A-VV, 6 Voa2VeV
Denote by APHYV the vector space E = ADV with the linear map 0p : E — EQFE
given by
op(a) =da(a) + ¢(a) — 7é(a) + Pla), dp(z) =dv(z) + () —7¢(z). (18)

Then A®PHYV is a Lie coalgebra with the Lie cobracket given by (18) if and only
if the following compatibility conditions hold:

(Cl) P(a)=—-7P(a), oy(x)=—1dy(z),

(C2) §V(a(_1)) ® a) + P(a1) ® as
= a1y ® dag)) — T2 (a1 @ lag))) + ap @ 9 (ag) + 723 (Y(ap) @ apy),

(C3) 20 ®@dalz) = Y(z@) @ x0) — Ta3 (V(2(0) @ 2(1)) ,

(C4) a(-1) @ 5A(a(0)) = ¢(a1) ® ag + 712 (a1 ® @(az))
+(a1)) ® a) — To3 (@Z)(a(fl)) ® a(o)) ;

(C5) v (z(0) ® ) = 71 @ Y(x2) + 23 (Y(71) ® 72)
+a0) @ P(x)) — T2 (2(0) @ P(2(1))) -

(C6) a1y ® Plag)) + T2 (a(-1) ® Plag))) + 23712 (a(-1) ® Pla)))
= d(ap)) @ ajg) + T1a7as (6(ap) ® agy) + 372 (3(ap)) © ag) ,

(07) (5(1‘1) (024 To + T12T23 (5(%1) & 33'2) + To3T12 (5(1’1) & .]32)
= T(0) &® P(:c(l)) + T12723 (SL’(()) & P(SL’(D)) + To3T12 (LU(()) &® P(:c(l))) .

Note that in the above Corollary 3.22, (C2) is derived from (TM3), (C3) is derived
from (TM4), (C4) is derived from (TBB3), (C5) is derived from (TBB4), (C6) is in
fact (CC3) and (C7) is in fact (CCT7).

Denote the set of all Lie coalgebra extending datum of A by V of type (cl) by
CW(A,V).

Lemma 3.23.  Let (A,04) be a Lie coalgebra and E a vector space containing A
as a subspace. Suppose that there is a Lie coalgebra structure (E,dg) on E such
that p : E — A is a Lie coalgebra homomorphism. Then there exists a Lie coalgebra

extending system Q°(A, V) of (A,04) by V such that (E,0p) = APTH#YV .

Proof. Let p:FE — A and 7: E — V be the projection maps and V' = ker(p).
Then the extending datum of (A,d4) by V' is defined as follows:

p: A= VR A, ¢(r) = (r ®p)ig(a),
PV = VoA, ¢(z) = (7 @ p)op(),
Sy VoVav, ov(z) = (m @ m)dp(x),
P:A—-VQRYV, P(a) = (r @ m)dg(a).

)
One check that o : AYPH#YV — E given by ¢(a,z) =a+x forall a € A,z €V is
a Lie coalgebra isomorphism. [ |
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Lemma 3.24.  Let QW(A, V) = (9,9, P,6v) and QYW(A, V) = (¢, ', P',5},) be
two Lie coalgebra extending datums of (A,04) by V. Then there exists a bijection
between the set of Lie coalgebra homomorphisms @ : APT#YV — AP UV whose
restriction on A is the identity map and the set of pairs (r,s), where r: V — A
and s:V —V are two linear maps satisfying

P'(a) = s(ap)) @ s(ap), (19)
¢'(a) = s(a(-1)) @ aq) + s(ap) @ r(ag), (20)
0a(a) = da(a) + r(a1) ® ap) — a@) @ r(a-y) +rlay) @ r(ap) (21)
oy (s(z)) = (s ® s)dv (), (22)
V' (s(x)) = s(x1) @ r(22) + s(2(0)) @ T(1), (23)
34(r(z)) = r(z1) @ r(z2) + r(z@) @ Ta) — 20) @ r(2())- (24)

Under the above bijection the Lie coalgebra homomorphism ¢ = ¢, : APTH#YV —
APV to (r,8) is given by p(a,x) = (a+7(x),s(z)) foralla € A and x € V.
Moreover, ¢ = ¢,s is an isomorphism if and only if s : 'V — V is a linear
isomorphism.

Proof. Let ¢ : APP#YV — AYP'4Y'V be a Lie coalgebra homomorphism whose
restriction on A is the identity map. Then ¢ is determined by two linear maps
r:V — Aand s:V — V such that ¢(a,z) = (a + r(x),s(z)) for all a € A and
x € V. We will prove that ¢ is a homomorphism of Lie coalgebras if and only if
the above conditions hold. First we easily see that d¢(a) = (¢ ® ¢)dr(a)

dpp(a) = 0p(a) = 8 (a) + ¢'(a) — 7¢'(a) + P'(a) for all a € A, and

(» @ p)on(a)

= (¢ @) (0a(a) + ¢(a) — T¢(a) + P(a))

= da(a) +r(ac) @ a) + sa-) @ ag) = a) ® r(a-1) = ae) @ s(a-)

+r(ap) @ r(ag) +rlag) @ s(ag) + s(ap) @ r(ag) + s(ap) @ s(ag).
Thus we obtain that dp¢(a) = (¢ ® p)dg(a) if and only if the conditions (19), (20)
and (21) hold. Then we consider that épp(z) = (¢ ® ¢)dg(x) for all x € V.
pe(r) = 0p(r(x), s(x)) = Op(r(z)) + dp(s(z))
= 54 (r(x)) + 0y (s(x)) + ¢ (s(x)) — 7¢/(s(x))),

and (¢ ® ¢)dp(z)
= (¢ ® ¢)(0v(z) + ¥(z) — T(z))
= (p® @) (71 ® 22+ T(0) ® T(1) — T(1) ® T(0))
=r(21) @ () + r(z1) @ s(22) + s(21) @ r(z2) + 8(21) @ 5(22)
+7(20) @ x1) + 5(20) © 21) — 21) ©7(2(0) — T) © 5(2(0))-
Thus we obtain that dpp(z) = (¢ ® ¢)or(z) if and only if the conditions (22),

(23) and (24) hold. By the definition of ¢ = ¢, s, we obtain that ¢ = ¢, is an
isomorphism if and only if s: V — V is a linear isomorphism. [ |
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In the case ¢ = 0,Q # 0, then from (TBB3) we get that ap; ® Q(agy) = 0, since
Q # 0 we assume P = 0 for simplicity, thus we obtain the following type (c2)
unified product for Lie coalgebras.

Corollary 3.25. Let (A,84) be a Lie coalgebra and V' a vector space. An extending
datum of (A,04) by V of type (c2) is QP (A, V) = (¥, Q, dv) with linear maps

V:V-o>VRA Q:V-oARA v V-o2VRV
Denote by A#YRV the vector space E = A®V with the linear map 6 : E — EQFE
given by

op(a) =da(a), Op(x)=dv(z)+¥(z) — TY(z) + Q). (25)
Then A#YQV s a Lie coalgebra with the Lie cobracket given by (25) if and only if
the following compatibility conditions hold:
(D1) Qz) = —7Q(z), dv(z)=—7év(z),
(D2) (5\/(33'1) (%9 To + T12T23 (5‘/(1'1) X .Tz) + To3T12 (5{/(1’1) X 1’2) =0

(D3) (o) ®dalz()) + 11 @ Y(2)
= (@) ©r =723 (V(20) © 7)) +P(@<1>) OT <> +712 (T<1> © P(7225))

(D4) 5V(x(0)) & T(1) = T1 & lz)(xQ) + To3 (77D(x1) X xQ)

(D5)  Q(z0)) ® x) + T12T23 (Q(x(0)> ® 90(1)) + To3Ti2 (Q(SU(O)) & I(1))
=T ®04(Tcos) + T12703 (1> @ Ia(Tos)) + TogTio (Tais ® 04(T<2s)) .

Note that in the above Corollary 3.25, (D2) is derived from (CC7), (D3) is derived
from (TM4), (D4) is derived from (TBB4) and (D5) is in fact (CC4). From (D1)
and (D2) we obtain that (V,dy) is a coalgebra.

Denote the set of all Lie coalgebra extending datum of A by V' of type (¢2) by
CA(A V).

Similar as Lie algebra case, one show that any Lie coalgebra structure on E con-
taining A as a Lie sub-coalgebra is isomorphic to such a unified coproduct.

Lemma 3.26.  Let (A,04) be a Lie coalgebra and E a vector space containing A
as a subspace. Suppose that there is a Lie coalgebra structure (E,0p) on E such
that (A,04) is a Lie sub-coalgebra of E. Then there exists a Lie coalgebra extending
system QP (A V) of (A,84) by V such that (E,0g) = A#VPV .

Proof. Letp: EF — A and 7: E — V be the projection map and V = ker(p).
Then the extending datum of (A,04) by V is defined as follows:

vV = VoA, ¢(z) = (7 ® p)dg(w),
oy V—=VRYV, dy(z) = (m@m)dp(x),
Q:V 5 AR A, Q(z) = (p @ p)op(x).

One easily checks that ¢ : A#¥QPV — E| given by p(a,r) =a+x forall a € A,
x € V', is a Lie coalgebra isomorphism. [ ]
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Lemma 3.27. Let Q@ (A V) = (¢,Q,0y) and QP (A, V) = (',Q',6,,) be two
Lie coalgebra extending datums of (A,04) by V. Then there exists a bijection
between the set of Lie coalgebra homomorphisms ¢ : A#VCV — A#Y'C'V whose
restriction on A is the identity map and the set of pairs (r,s), where r: V — A
and s:V — 'V are two linear maps satisfying for all x € V

P(s(x)) = s(z1) @ r(22) + s(x0) @ 2(1), (26)
oy (s(x)) = (s ® 5)dv (), (27)
3y (r(z)) + Q' (s(x)) = r(z1) @ r(22) +7(20) @ Z(1) — T(1) ® 7(2(0)) + Q). (28)
Under the above bijection the Lie coalgebra homomorphism
0= prs ABVRV o AV QY

to (r,s) is given by p(a,z) = (a +r(z),s(x)) for all a € A and x € V. Moreover,
© = @ps 15 an isomorphism if and only if s:V — V' is a linear isomorphism.

Proof.  The proof is similar as the proof of Lemma 3.24. Let
@ AFVRV — AV QY

be a Lie coalgebra homomorphism whose restriction on A is the identity map.
First we see that dzp(a) = (¢ ® ¢)dg(a) for all @ € A. Then we consider that
Ipp(x) = (p @ )op(z) for all z € V:

Opp(r) = 0p(r(z), s(z)) = 0p(r(z)) + dp(s(x))
= 04(r(2)) + 0y (s(x)) + ¢'(s(2)) — T¢'(s(2)) + Q'(s(2)),
and (¢ ® p)dp(r)
= (p @ p)(Ov(z) +¥(z) — T(z) + Q(z))
= (@ ¢) (21 @ T2+ () ® (1) — T(1) ® T(0) + Q(x))
=r(x1) @r(xe) +r(x;) @ s(x2) + s(x1) @ r(xe) + s(x1) ® s(xq)
+1(x0) @ z) + 5(20) @ x0) — 201) @ 7(2(0)) — 21) © 8(2(0)) + Q).

Thus we obtain that dzp(z) = (¢ ® ¢)dr(z) if and only if the conditions (26),
(27) and (28) hold. By the definition of ¢ = ¢, , we obtain that ¢ = ¢, is an
isomorphism if and only if s: V' — V is a linear isomorphism. [ |

Let (A,d4) be a Lie coalgebra and V' a vector space. Two Lie coalgebra extending
systems Q@ (A, V) and VD (A, V) are called equivalent if ¢, , is an isomorphism.
We denote it by Q@ (A, V) = Q@ (A, V). From the above lemmas, we obtain the
following result.

Theorem 3.28.  Let (A,04) be a Lie coalgebra, E a vector space containing A
as a subspace and V' be an A-complement in E.

Define HC(V, A) :=CO(A,V)UCPH(A,V)/ =. Then the map
U :HC%(V, A) — CExtd(E, A), (29)
QWA V) s APPLYY Q@A V) s A#VCRY (30)

is bijective, where QW(A, V) is the equivalence class of QW (A, V) under =.
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The next theorem says that we can obtain an ordinary Lie bialgebra from two
braided Lie bialgebras.

Theorem 3.29. [30] Let (A, H) be a cocycle cross product system and a cycle cross
coproduct system. Then the Lie algebra A, o#5,H and Lie coalgebra A>T#VQH fit
together to form an ordinary Lie bialgebra if and only if the following compatibility
conditions hold:

(TBB5) da(z>a)+ Q(r<a)=x>da(a )+m(0)>a®x()—x(1)®x(0)l>a
+[Q(x), a] + o (x,a(-1) ® a) — a©) @ (2, a-1));
(

(TBB6) dp(z<a)+ P(x>a) =iy x)<1a+a 1) ® T Aap) — T a0 @ a-1)
+z, Pla)] + z0) ® 0(zy, a) = 0(zq), @) @ 20 ;

(TBBT) ¢(la,b]) +98(a,b) = a(-1) @ [a(0), 0] + b-1) @ [a, b)) + a1y <0 @ a)
b <1a®b(0) —I—@(CL bl) ® ba +9(a1, b) @ ag +ap Qap >b— bm ®b[2} >a

(TBBS8) ([, y]) + ¢olz,y] = [2,y0)] @ ya) + [2©): Y] @ 1) + Y©o) @ >y
—T(0) ®YP>r) + 21 ®0(T2,Y) + Y1 @ 0(2,Y2) + TAY<1> @ Yoo
—Y<Tc1> X Teos

(TLBl) 5H(9(CL, b) + P[a, b] =aq-1) ® 9(@(0), b) + b(_l) (9 9(&, b(o))
—0(a, b(o)) X b(_l) — 9(&(0), b) ® a(-1) + P(a)<b— P(b)<a;

(TLB2) da0(z,y) + Qlx,y] = o(z0),y) @ 21y + (2, Y©0)) @ Y)
—1) ® 0(2(0),y) —y) @ o(z,y©) +2>Qy) —y>Q(x);

(TLB3) 84([a, b]) + Q6(a,b) = [84(a), ] + [a, 64(b)] — b1 > a ® b
—a(o) (024 a(-1) > b+ a(-1) > b® ao) + b(o) (24 b(_l) >a;

(TLB4) ou([x,y]) + Po(z,y) = [0u(x),y] + [z, 6u([y)] — z0) @y 2zq)
—T<Ya) @Y+ Yo) KT <AYya) +yx1) Q T);

(TYD) ¢(zra)+9v(x<a) = |2, a-n] @ ae) +a-1) @r>acy + 2 Q2> 0a
+r0) @ [21), 6] +2(0) e @ z1) + T <ar @ ag + apy ® oz, apy).
+r<1> ® 0(r<2>, a).

This Lie bialgebra is denote by A g#g QH . We call it the unified product for braided
Lie bialgebra A and H .

The above Theorem 3.29 can also be found in [30]. Note that (TBB5), ..., (TBBS)
are extended from (BB5), ..., (BB8); (TLB3) and (TLB4) are extended from (LBS);
(TYD) from (YDB). Thus Theorem 3.29 is a generalization of Theorem 3.9. In this
case § =0, P =0, then (A, [,]) is a Lie algebra and (A, d,4) is a Lie coalgebra and
by (TLB3) we obtain that (A, [-,:],04) is a braided Lie bialgebra in M. In this
case 0 = 0,Q = 0, then (H,[-,]) is a Lie algebra and (H,0y) is a Lie coalgebra
and by (TLB4) we obtaln that (H,[-,-], ) is really a braided Lie bialgebra in M?4.

That is why in Theorem 3.29 we call A% fj#g CH the unified product for braided
Lie bialgebras.

Put 6 = 0,Q = 0, then from (TLB3) we get that A is a braided Lie bialgebra. By
the above Theorem 3.29, we obtain:
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Theorem 3.30. Let A be a braided Lie bialgebra and V a vector space. An
extending datum of A by V is Q(A, V) = (a, B,0,[,],,0,Q,dy) consisting of

eight linear maps

a:VxA—=A [ VxXA-V, o:VxV—oA [ ]: VXV,
o A=-V®RA ¢Yv:VoVRA P A->VRV, 6 VaVV

Then the unified product AS#52V with bracket
[(a,2), (b, y)] := ([a,b] + x> b—y>a+o(z,y), [z, y] + x<ab—y<a) (31)
and cobracket
op(a) =da(a) + ¢(a) — 7¢(a) + P(a), dp(x) =dv(z) +¢(x) —T¢(z)  (32)

form a Lie bialgebra if and only if Aa#tso.V form a Lie algebra, A*#¥CV form a
Lie coalgebra and the following conditions are satisfied:

(El) (5A<JI > CL) =xrD> 5A(CL) + Ty Pa@xra —xq)QTE)>a
+o(r,a-1)) ® ap) — ap) @ oz, a-1))

(E2) dp(x<a)+ Plxra) =dp(x)da+ay @z <dag) — 2 dag) ® a1y + [z, P(a)];

(E?)) gb([a, bD =aq-1) ® [a(o), b] + b(,l) & [a, b(o)] + a-1) < b® ) — b(,l) <4a® b(o)
tap) ® agg > b — by @ by > a;

(BE4) ([z,y])+oolz,y] = (2, y0) @ya)+ [2©0), Y @T0) +Y0) @T>Y ) —T(0) DY>T(1)
+11 @ 0(22,Y) + Y1 @ 0(2,Y2) + T<Yc1> @ Yeos —YITa1s @ Taos )

(E5) Pla,b] = P(a)<b— P(b)<a;
(E6) da0(z,y) = o(x(0), y)@x0)+0 (2, Y0) Y1) —T1) D0 (2(0), ¥) = Y1) @0 (2, Y(0)) ;

(E7) da(la,b]) = [0a(a), b] + [a,04(b)] = b(—1) > a @ bo) — a0) @ a(-1) > b
ta1) > b ® ap) +be) ® b1 > a;

(E8) du([z,y]) + Po(x,y) = [6n(x),y] + [z,0u([y)] — T@0) @ y<x0) — T <ya) @ y(o)
FY) @xAY) +y<x1) @ X0,

(E9) ¢(zra)+y(r<a) = [z, a-1)]@a@)+ a1y @r>ap) +21 Q@xa>a+20)® [2(1), al
FT)y<a @ xa) +Fr<a; @az +apnq & o(z, a[z]) .

We denote in the following the set of all braided Lie bialgebra extending datum of
A by V by BLB(A,V). In consequence of Lemmas 3.15, 3.18, 3.23 and 3.26, we
have

Theorem 3.31.  Let (A,[-,-],d4) be a non-trivial braided Lie bialgebra, E a vector
space. Suppose that there is a Lie bialgebra structure (E,[-,-|g,0g) on E containing
A as a Lie subalgebra and the projection map p : E — A as a Lie coalgebra
homomorphism. Then there exists a Lie bialgebra extending system Q°(A, V) of A
by V such that (E,[-, g, 0p) = Aﬁ#gf V.
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From Theorem 3.20, Theorem 3.28 we obtain

Theorem 3.32. Let (A, [-,],04) be a non-trivial braided Lie bialgebra, (E, [, g, k)
is Lie bialgebra containing A as a Lie subalgebra and the projection map p: E — A
as a Lie coalgebra homomorphism. Define HBLB(V, A) := BLB(A,V)/ =.

Then the map

O : HBLB(V,A) — BExtd(E, A), QMA V) — AS#52V (33)

is bijective, where QV(A, V) is the equivalence class of QP(A, V) under =.

4. Applications

In this section, we will study the extending problem and non-abelian extension
problem for Lie bialgebra. We will find some special cases when the braided Lie
bialgebra (A, [,-],04) is deduced to an ordinary Lie bialgebra. It is proved that
these problems can be solved by using the non-abelian cohomology theory based on
our unified product for braided Lie bialgebras in last section.

4.1. Unified products and extending problem for Lie bialgebras

A special case is that we assume a = 0,0 = 0,Q = 0, in the above Theorem 3.29.
In this case (A, [-,],04) is reduced to a Lie bialgebra, and we obtain the following
result.

Theorem 4.1.  Let (A, [-,-],04) be a Lie bialgebra and V' a vector space. An ex-
tending datum of A by V' of type (I) is QW (A, V) = (B, ¢,%, P, [-,-]v,dy) consisting
of linear maps

B:VXA=V, 0:AxA=V, [, Jv: VXV =V,

Pp:A=>VRA v V-oVRA P A->VRV, v:VoVV
Then the unified product A®* #g’a V' with bracket
[(a,2), (b,y)] == ([a, 0], [z,y] + z<b—y<a+0(a,b)) (34)

and cobracket
op(a) =da(a) + d(a) — 7¢(a) + P(a), 6g(r) =dv(x) +¢(z) —7¢(x)  (35)

form a Lie bialgebra if and only if A#s,V form a Lie algebra, A>T#YV form a
Lie coalgebra and the following conditions are satisfied:

(F1) éy(z<a) =dy(z)a+ a1y ®zaap) —xAa@) @ a1 + [z, P(a)]
+2(0) ® 0(z(1), a) — 0(2(1), a) ® (0) ;

(FQ) gb([a, bD =+ 77/}9(@, b) = Q(-1) X [a(o), b] + b(,l) X [a, b(o)] + a(-1) < b® a(0)
—b—1y<9a ® by + 0(a,by) @ by + 0(ay,b) ® ay;

(F3) ¥([x,y]) = [, y(o)] ® Yy + [513(0)73/] @ x(1);

(F4) (5\/8(@, b) + P[a, b] =a-1)® Q(CL(O), b) + b(_l) ® Q(CL, b(o)) - Q(CL, b(o)) (9 b(_l)
—H(CL(O), b) (%9} a(-1) + P(a) ab— P(b) <a,

(F3) dv(lz,y]) = [ov(z),y] + [, ov ([y)] = 2(0) @y 920) = 2 9ya) @ y()
TYo) @TAY) +y<ra) ® T();

(F6) Y(z<a)=[z,a1)] ®ap) +x0) ® [20),a] + 20)a @ zq) + T <a; ® as.
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Conversely, any Lie bialgebra structure on E with the canonical projection map
p: E — A both a Lie algebra homomorphism and a Lie coalgebra homomorphism is
of this form.

Note that in this case, although (A, [-,+],d4) is not a Lie sub-bialgebra of A%* #g? V,
it is indeed a Lie bialgebra and a subspace A%* #g? V. Denote the set of all Lie
bialgebra extending datum of type (I) by £LBW(A,V).

Another special case is that we assume 6 = 0, P = 0,¢ = 0 in the above Theorem
3.29. In this case A is also a Lie bialgebra, and we obtain the following result.

Theorem 4.2. Let A be a Lie bialgebra and V a vector space. An extending
datum of A by V of type (II) is QP (A, V) = (o, B, 0,0, Q, [, ]v,6v) consisting of

linear maps
a:VxA—=A [ VXAV, o: VXV oA []v:VxV =V,
V:VoaVRA Q:V->ARA 6 : V-V

Then the unified product Aa#gf V' with bracket

[(a,2),(b,y)] := ([a, 0] + z>b—y>a+o(x,y), [z, y] + x<b—y<a) (36)
and cobracket

dp(a) =dala), Op(z)=dv(z)+¢(z) — T¥(z) + Q) (37)
form a Lie bialgebra if and only if Ao#tso.V form a Lie algebra, A#¥RV form a
Lie coalgebra and the following conditions are satisfied:
(G1) da(zpa)+Q(raa)=x>da(a) + o) >a®ra) —2a) T >a
+Q(x),a]l + o(z,ai—1)) ® ap) — a) @ oz, a—1));

(G2) dy(r<a)=dy(zr)<a;

(G3) Y([z,y]) = [r,y0)] @y + [20), ¥] @ 201) +Y0) @ T > Y1) — T©) ®Y D> T()
+21 @ 0(22,y) + Y1 ® 0(2,92) + T <AY<1s> D Yos —Y<ITa1s @ Taos |

(G4) do(x,y) + Qlx,y] = 0(x(0),y) @ xa) + 0(2,y©0) DY) — 1) ® 0(z0),Y)
—ya) ®@o(z,y) + 2> Q(y) —y> Qz);

(G5) 6([z,y]) = [z,6(y)] + [6(x), y] — z(0) ®y<dz0) — T AY1) @ Y(0)
FY) @xTAY) +y<x1) @ X0,

(G6) Y(r<a)=x1Q@x2>a+ 200) @ [21),a] + Ty <a@ Ty +x<da; ® ay.

Conversely, any Lie bialgebra structure on E with the canonical injection map
1: A— E both a Lie algebra homomorphism and a Lie coalgebra homomorphism is
of this form.

Denote the set of all Lie bialgebra extending datum of type (II) by £LB® (A, V).

Note that A®” #gp V and Aa#gf V' are all Lie bialgebra structures on F. Con-
versely, any Lie bialgebra extending system FE of A through V' is isomorphic to
such a unified products of the two types. Now from Theorem 3.20, Theorem 3.28
in last section and Theorem 4.1, Theorem 4.2 we obtain the main result of in this
section, which solve the extending problem for Lie bialgebra.
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Theorem 4.3.  Let (A,[-,-],04) be a Lie bialgebra, E a vector space containing
A as a subspace and V' be a complement of A in E. Denote by
HLB(V, A) = LBY(A, VU LBP (A V) =.
Then the map T :HLB(V,A) - BExtd(E, A), (38)
QA V) = APPHS V. QDA V) = A #52V (39)
is bijective, where QW (A, V) is the equivalence class of QW (A, V) under =.

A very special case is that we assume ¢ = 0,P = 0, a = 0, ¢ = 0 in the above
Theorem 3.29. In this case A is also a Lie bialgebra, and we obtain the following
result.

Theorem 4.4. Let A be a Lie bialgebra and V' a vector space. An extending datum
of A by V is Q(A,V) = (o, B,0,[], 0,0, Q, ) consisting of eight linear maps

B:VXA—=YV, o:VxV—=A, [,]: VXV =V,
Yv:V-=2>VeA Q:Vo>ARA v V-o2VeV
Then the unified product Ag#gf V' with bracket
[(a,2), (b,y)] == ([a,b] + o(z,y), [z, y] + z<b -y <a) (40)
and cobracket

op(a) =dala), op(x)=dv(z)+¢(z) —T¢(z) + Q) (41)

form a Lie bialgebra if and only if A#3,V form a Lie algebra, A#YCV form a
Lie coalgebra and the following conditions are satisfied:

(H1) Q(z<a)=[Q(x),al;

(H2) dy(z<a) =dy(z)<a;

(H3) ¢([z,9]) = [, y0)] ® ya) + [T©), y] @ v0) + 21 @ 0(22,y) +y1 @ 0(,y2)
FTAY<1> @ Yco> —YIToi> @ Teos |

(H4) do(z,y) + Qlz,y] = o(x(0),y) @ 20y + o(2,y0)) DY)
—7(1) ®@ o(2(0),Y) — Y1) @ (2, Y(0)) 5

(H5) o([z,y]) = [2,6(y)] + [6(2),y] — 20) ®y<2x0) — T Aya) @ Y(o)
FY) @TAYa) +y<x1) QX0

(H6) 9Y(r<a) =20 @ [ra),a] +20)a@r0)+T<901 @ ay.
Yet an other special case is that we assume § =0, P =0,¢0 =0,8=0,[-,-]a =0, in

the above Theorem 3.29. In this case A is an abelian Lie bialgebra, and we obtain
the following [8, Theorem 2.10].

Corollary 4.5. [8] Let A be an abelian Lie bialgebra and V' a Lie bialgebra. An
extending datum of A by V is Q(A, V) = (a, 0,1, Q) consisting of linear maps

a:VxA—=A o VxVosA [[]: VXV =V,
VvV:V-=2VA Q:Vo>ARA v V-o2VeV
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Then the unified product A,#%9V with bracket

[(a, ), (b;y)] := (x> b —y>a+o(r,y),lr,y]) (42)

and cobracket

op(a) =da(a), op(x) =dv(z)+¢(z) —T¢(z) + Qz) (43)

form a Lie bialgebra if and only if Ag#,V form a Lie algebra, A#YCV form a Lie
coalgebra and the following conditions are satisfied:

da(za)=x>0a(a) +z0)>a®xn)—201) @ T >a

+ o(x,a-1)) ® ap) — a@) @ o(x, a—1)), (44)
(l2,9]) = [2,90)] @ ya) + [20),¥] © 20) + Yo @ 2> ya) — T0) @Y P> T)

+ 21 ®@0(T2,y) +y1 @0(T,Y2) + T AY<1s> @ Ycos —Y<ITaas @ Toos,  (45)
dac(w,y) + Qlz,y] = o(z0),y) ® za) + (2, y0)) ® ya) — Ty @ o((0),Y)

— Y ®o(z,y©) + 2> Qy) —y> Q). (46)

4.2. Flag extending systems

In this section, we study the case when V' is a 1-dimensional vector space. This will
be called flag extending system. Since V' is a 1-dimensional vector space, then the
bracket and cobracket of V' is given by [z,y] =0 and dy(z) =0 for all z,y € V.

Lemma 4.6. Let (A,[-,-],04) be a braided Lie bialgebra and V = k{z} be a
1-dimensional vector space. A flag datum consists of

ANA—k, D:A—A T:A—A aqe€cA

satisfying the following compatibility conditions:

A([a, 0]) = 0, (47)
D(la, 0]) = [D(a), b] + [a, D(b)] + A(a) D(b) — A(b) D(a), (48)
T(la,b]) = [T(a),b] + [a, T(b)] + A(b)T (a) — Ma)T'(b), (49)
T(D(a)) = D(T(a)) + [ao, a] + Aar)as. (50)

The corresponding the extending datum Q(A, V') is given by:
z>a=D(a), z<a=Aa)zr, ¢a)=2xT(a), V(r)=1z® ay, (51)
o(x,x) =0, [z,z]=0, Pa)=0, dy(z)=0. (52)

The unified product associated to this flag extending system is given by
(@,2), (9] = ([0, + D(a)y — DO)z, Na)y ~ AB)), and  (53)
dp(a) =04(a) +2@T(a) —T(a) @z, Odp(zr)=2®ay— ay® z. (54)
Denote the set of all flag datums of braided Lie bialgebra by FB(A).
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Definition 4.7. Two flag datums (A, D,T,a9) and (N,D',T,ay) € FB(A) are
called equivalent if N = X\, a, = ap and there exist some element ry € A such that

Ma)rg = [ro,a] — D(a) + sD'(a), (55)
0’4 (ro) = 10 ® ag — ag & ro, (56)
dy(a) =0d4(a) + 10T (a) — T(a) @ ro. (57)

By the above lemma, we have

Theorem 4.8. Let (A, [-,-],04) be a braided Lie bialgebra and V' be a 1-dimensional
vector space. Then there is a bijection between the set BLB(A, V') of all Lie bialgebra
extending systems of A by V and FB(A).

Next, we consider flag extending systems for Lie bialgebras.
Lemma 4.9. Let (A, [-,-],04) be a Lie bialgebra. A flag datum of type (I) consists of
ANA—k, T:A— A a€A

satisfying the following compatibility conditions:

A([a,b]) =0, (58)
T(la,0]) = [T(a),0] + [a, T(D)], (59)
[ag, a] + A(ay)ay = 0. (60)

The corresponding estending datum QM (A, V) of type (1) is given by:

rda=Na)x, ¢a)=2T(a), ¥(r)=2z® ay, (61)
0(a,b) =0, [z,z]=0, Pa)=0, dy(z)=0. (62)

The unified product A#MV  associated to the flag extending system is given by
(@2, (b,)] = ([a,6), A®)z = Ma))y),  and (63)
dp(a) =04(a) +2®@T(a) —T(a) @z, Op(xr)=1®a)—ay® . (64)
Denote the set of all flag datums of type (I) by FM(A).
Lemma 4.10. Let (A, [-,],04) bea Liebialgebra. A flag datum of type (I1) consists of
AMA—k, D:A—A a€A QeANA

satisfying the following compatibility conditions:

Aa, b]) =0, (65)
D([a,b]) = [D(a), b] + [a, D(b)] + Ma)D(b) — A(b)D(a), (66)
lag, a] + A(ay)ag =0, (67)
64(D(a)) + A(a)@

= [a, Q] + D(a1) ® az + a1 ® D(az) + D(a) ® ag — ag ® D(a), (68)

a®Q -T2 (A RQ)+QRay = (Id®§ — n(ild®J) —i®id) Q. (69)
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The corresponding estending datum Q@ (A, V) of type (1) is given by:

r<da=MNa)r, xp>a=D(a), w(z,z)=0, (70)
(r) =x®a0, Q) =Q. (71)
The unified product A#PV is given by the bracket
(a,2), (b,)] = ([a,6] + D(a)y — D(B)z, Ma)y — AB))e) (72)
and cobracket dp(a) =da(a), Odp(r)=2®a)—as®@z+ Q, (73)

Denote the set of all flag datums of type (II) by F®(A).
By the above two lemmas, we have

Theorem 4.11. Let (A,[-,:],04) be a Lie bialgebra and V = k{z} be a 1-
dimensional vector space. Then there is a bijection between the set LB(A,V) of
all Lie bialgebra extending systems of A by V and F(A) = FO(A)u FA(A).

Definition 4.12. Two flag datums (), T, ag) and (X, T",a}) € FH(A) are called
equivalent if X' = X\, a{y = ap and there exist some element 7y = r(z) € A such that

Ma)ro = [ro, al, (74)
0’4 (ro) =10 ® ag — ag @ ro, (75)
§y(a) =da(a) +ro @ T(a) —T(a) @ ro. (76)

Definition 4.13. Two flag datums (A, D,a, Q) and (N, D', a}, Q") € FP(A)
are called equivalent if X' = A, a, = ao and there exist some element 7y = r(z) € A
and s € k* such that

Na)rg = [ro,a] — D(a) + sD'(a), (77)

da(ro) +5Q =19 ®ag— ag @79+ Q. (78)
From the above discussion, we obtain:

Theorem 4.14.  Let (A, [-,+],04) be a Lie bialgebra of codimension one in a vector
space E. Then we have BExtd(E, A) = HLB(V,A) = F(A)/ =.

Finally, we give an example to compute the flag extending datums.

Example 4.15. Let A = sl(2) = span{H, X,Y} be the three dimensional Lie
algebra with the Lie bracket given by
H, X]=2X, [H)Y]=-2Y, [X,Y]=H.
There is a standard Lie bialgebra structure on A with the Lie co-bracket given by
S(H) =0, §(X)=XAH, &§Y)=YAH.
Then by the equation (58) A([a,b]) = 0 and the fact that [s[(2),s((2)] = sl(2), we
have A = 0. Since T([a,b]) = [T'(a),b] + [a, T(b)], define

aq b1 C1
TH,X,Y)=(H,X,Y)T = (HX,Y)| a2 by

a3 bz c3
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0 b1 C1
By direct computations, we have T = | —2¢; b2 0
—2b; 0 —by

Since A = 0, thus by equation (60) we have [ag,a] =0 for all a € A.

But the center of sl(2) is zero, so we have ag = 0. Therefore we obtain the flag
datum of type (I) by A =0,a9 =0 and T as above.

Now we compute the flag datum of type (II). By similar discussion, we obtain
A=0,a0 =0 and D as above. Assume QQ = kt1X N H + kY N H + k3 X NY,
then by equation (69) we get (id ® 6)Q — T12(1d ® §)Q — (§ ® id)@ = 0. By direct

computations, we have
([d® 5 —12(id®6) —d®id) Q = ks X AY A H = 0.

Thus we obtain k3 =0 and Q = k1 X AN H + kY A H.
Next, we check the equation (68): d4(D(a)) = [a,Q] + D (a1) ® az + a3 ® D (ag) .
When a = H, we have
LHS = 5A(D(H)) = 5A (—201X - 261Y) = —261X NH — 2b1Y AN H,
RHS = [H,kyX N H + koY NH] =2k X N H — 2kY N H.
Thus we have ¢; = kq, ks = —by. When a = X, we have
LHS =04(D(X)) =084 (b1H +b2X) = by X N H,
RHS = [ X, lxsX NH+ kY ANH|+ DX)NH+ X AND(H)

=2k XANY +0XANH-200XNY
= —2ky—2b1 =0= ky = —by.

When a =Y, we have

LHS =64(D(Y)) =0a(c1H —bY) = c10a(H) — b204(Y) = =Y AN H
RHS =[Y,kiHANx+keHAY]+D(Y)NH+Y AND(H)

=2kY NX —0Y NH—-2Y NH

= ¢ =k =0.

Therefore we obtain the flag datum of type (II) by

0 by 0
A=0, a=0, D=| 0 b 0 |, Q=-hYAH
9 0 —by

If we are given another flag datum of type (II) by

0 ¥ 0
A=0, a=0, D'=| o ® o |, @=-dYAH
—2b) 0 —b
Let o = Y,s = 1. By equation (78), 6(Y) = Q@ — sQ" = —(by — b}))Y N H, we
0 -1 0
have by — b} = —1. Then by direct computations we get [rg,al]=1 0 0 0 |(a).
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Thus by equation (77), [ro,a] = (D — D’)(a), we obtain

0 by — b 0 0 -1 0
(D—D')= 0 by — b, 0 =0 0o o
—2(by—b) 0 —(by— b)) 2 0 0

Therefore these two flag datum (A, D,ao, Q) and (X, D', af, Q') are equivalent if
and only if A= XN =0,a0=ay, =0, by +1 =15} and by = b;.

5. Conclusions and problems

In this paper, the theory unified product for (braided) Lie bialgebras was developed.
An important type of braided Lie bialgebras is constructed from quasitriangular Lie
bialgebras, see [18]. A natural interesting problems arise: when the unified product
is a quasitriangular Lie bialgebra? On the other hand, the theory Yetter-Drinfeld
modules for Hopf algebras have been well studied in recent years (see [24] and
reference therein), but we have not seen any process in the Lie bialgebra direction.
So another problem arise: How to classify the braided Lie bialgebras over a fixed
Lie bialgebra? Finally, I conjecture that the symmetrizable Kac-Moody algebras
can be realized by the unified product for some cocycle o,6 or cycle P,(). Since
all these problems fall outside of the scope of this paper, their solutions are left to
future investigations.

Acknowledgements. The author would like to thank Professor Yorck Sommer-
hauser for discussing Yetter-Drinfeld Lie algebras with him, and the referee for very
helpful comments and suggestions for this paper.
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